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Abstract
Biological motors are specialized motor proteins that act on the nanometer scale and
convert chemical energy into mechanical work and motion. All active transport processes
and movements which occur within a living cell are driven by such motors. We study
two fundamental model systems with respect to collective effects. In the first part of this
thesis we present several models for early endosome dynamics in the biological fungal
model system Ustilago maydis. We propose a novel mechanism for bidirectional cargo
transport and compare our results to in vivo experiments by Schuster et al. [1]. We
find quantitative characteristics for each model suggesting that bidirectional intracellular
movement in vivo is organized in a collective manner. In the second part of this thesis we
study the collective stretch-activation and stretch-inactivation behavior of voltage-gated
ion channels in the fundamental Hodgkin-Huxley model system. We therefore present
a simple modification of the Hodgkin-Huxley model and perform extensive simulations
of the equations of motion. We compare our results to existing experimental data and
discuss possible applications such as disease.
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I give what I got until I got no more
I take what I get until I even the score
Ain’t complaining ’bout what I got
Seen better times, but who has not?
B. Dylan
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1. Introduction
1.1. Outline and Scope
The subject of the present thesis are collective effects in biological motor systems. In
the first part of this thesis we present three models for early endosome (EE) dynamics
in the biological fungal model system Ustilago maydis during the hyphal tip growth: A
microtubule hopping model, a trapping model, and a tug-of-war model. We assume that
the EE is transported on a linear, polarized microtubule track by linear molecular motors.
EE start their walk at the hyphal nucleus and turn partially before their reach the tip.
We show that a proposed novel mechanism for this bidirectional cargo transport leads to
the required turning behavior. Our results are compared to parallel performed in vivo
experiments by Schuster et al. [1]. We find quantitative characteristics for each model
suggesting that bidirectional intracellular movement in vivo is organized in a collective
manner.
In the second part of this thesis we study the collective stretch-activation and stretchinactivation behavior of voltage-gated ion channels in the fundamental Hodgkin-Huxley
model system. We therefore present a simple modification of the Hodgkin-Huxley model.
This modification tends to alter the opening kinetics of the ion channels. While the
Hodgkin-Huxley model system treats globally coupled voltage-gated ion channels we also
present the theory for a model that includes local coupling of voltage-gated ion channels
modulated or influenced by tension. For the globally coupled Hodgkin-Huxley ion channel cluster under tension influence we offer a proof of principle and perform extensive
simulations of the equations of motion. We compare our results to existing experimental
data and argue possible applications such as disease.
The main propose of this study is the examination of well-known systems or system
players under new conditions. In the first model system the behavior of individual molecular motors is well-known, both, experimentally and theoretically. However, a bidirectional
cargo movement transported by this linear motors requires new efforts in applying these
known deliberations. The second model system was constructed to explain the firing behavior of a single neuron, i.e. a voltage-gated ion channel cluster. The modification of
this model towards tension influence leads to unknown system behavior which cannot be
answered a priori.
Another propose of this study was the simultaneous development of a theory for experimental measurement and the coordination of this measurement respecting the theory and
vice versa. Therefore, the first part of this thesis was done in close collaborations with
experimental biologists. At the beginning of the study almost nothing was known about
the underlying mechanism, i.e. the first part of this thesis is also about ideas describing
quantitatively a biological system.

1

2

CHAPTER 1. INTRODUCTION

1.2. Organization of the Thesis
This thesis is organized as follows. The first part deals with U. maydis. It starts with
an introduction of the system and the formulation of the problem. The following two
sections introduce the two system players kinesin and dynein and their dynamics in the
model system U. maydis. We end this first chapter with a presentation of experimental
data provided by Schuster et al. [1]. In chapter 3 we discuss basic modeling of molecular
motor traffic such as modeling scales and single motor behavior. The proceeding chapters
introduce the individual models. We start with the hopping model, followed by trapping
models. A review of a tug-of-war model is given. Each of these chapters discuss its model
in detail and ends with a presentation of numerical or analytical results. We end the first
part of this thesis with a closing discussion.
The second part of this thesis deals with the Hodgkin-Huxley model system. After introducing the model system and discussing physiological properties of voltage- and mechanogated ion channels, experimental evidence for stretch-(in)activation of voltage-gated ion
channels is discussed. The following methods chapter starts with a statistical mechanics
description of voltage- and mechano-gated ion channels. Hodgkin-Huxley equations for
voltage-gated channels are introduced and extended for mechanical manipulations. We
review a mean-field model of cooperative gating and extend it to the case of tension. The
methods close with a short description of the data analysis. We close this thesis part with
the results and a closing discussion which also includes an application section. The thesis
closes with an overall closing chapter.

Part I.
Bidirectional Molecular Motor Assisted
Transport Models

3

2. Model System Ustilago maydis
We consider the bidirectional dynamics of a cargo moved by the molecular motors kinesin
and dynein which step on a heterogeneous track like linear microtubules. Motivated by
single-molecule experiments by Schuster et al. [1], we model early endosome dynamics
during the hyphal tip growth in the fungal model system Ustilago maydis. We propose
a novel mechanism for bidirectional cargo transport and compare our results to in vivo
experiments by Schuster et al. [1]. We find quantitative characteristics for each model
suggesting that bidirectional intracellular movement in vivo is organized in a collective
manner.

2.1. Introduction
In the last few years several models for directed stochastic transport have been treated
to a relative large extent. The main idea is always the same since all these models are
(more or less) related to the asymmetric simple exclusion process (ASEP), i.e. a single
particle is moving stochastically on a n-dimensional lattice. We apply variations of these
theoretical deliberations to the fungal model system Ustilago maydis. In a similar way to
polarized mammalian neurons, U. maydis forms elongated hyphal cells1 that expand at
their tip, see Fig. 2.1. The genome of this fungus shares high sequence similarity with human genes and, therefore, this genetically tractable filamentous fungus has emerged as a
powerful model system for mammalian cell biology [3]. The tip growth and pathogenicity
of this corn smut fungus involve apical endocytic recycling by early endosomes2 (EE) [1].
These organelles perform bidirectional long-range movement along microtubules3 (MT)
during the hyphal tip growth (see Fig. 2.1). The transport process is mediated by the
opposing linear motor proteins kinesin-1, kinesin-3, and dynein [2]. These motors are
also crucial for membrane trafficking in mammals [5]. Linear motors step load-dependent
unidirectionally along polarized microtubules, i.e. they are able to move only in one direction, e.g., kinesin and dynein move to the microtubule plus and minus end, respectively
[6]. Thus, we address the question: How is bidirectional cargo transport organized by two
different linear motor species? Several answers have been given in the past while the
only quantitative theoretical model is the so called tug-of-war scenario (for details see
below) [9]. Nevertheless, the experiments by Schuster et al. [1] are inconsistent with
these suggestions. We proof this statement in a qualitative and, especially, in a quantitative manner. Therefore, we also present new minimal models. A novel mechanism for
1

A hypha is a long, branching filamentous cell of a fungus.
Endosomes are membrane bound compartments inside eukaryotic cells. Early endosomes are defined
by the time it takes for endocytosed material to reach them [4].
3
Microtubules are polarized filaments of the eucaryotes cells’s cytoskeleton [6].
2

4

2.2. LINEAR MOLECULAR MOTORS
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bidirectional cargo transport – a dynein ”loading on the run” scenario – where an EE
transported by kinesin motors is loaded ”on the run” onto dynein is introduced. This
model is quantitatively consistent with the data in [1] and makes proposes for numerical
values of experimental measurable observables.
The next two sections introduce the two system players kinesin and dynein and their
dynamics in the model system U. maydis. We end this first chapter with a presentation
of experimental data provided by Schuster et al. [1]. In chapter 3 we discuss basic
modeling of molecular motor traffic such as modeling scales and single motor behavior.
The proceeding chapters introduce the individual models. We start with the hopping
model, followed by trapping models. A review of the tug-of-war model is given. Each of
these chapters discusses its model in detail and ends with a presentation of numerical or
analytical results. We end the first part of this thesis with a closing discussion.

(a) Comparison of the microtubule-based transport machinery in neurons and in U. maydis.
In U. maydis the transport process is mediated
by the opposing linear motor proteins kinesin-1,
kinesin-3, and dynein. These motors are also crucial for membrane trafficking in mammals. Note
that neurons have many more kinesin motors being involved in microtubule organization and trafficking. From [3].

(b) Kymograph showing bidirectional motility of a single EE in
cells that express native levels of
the dynein heavy chain fused to
the red fluorescent mCherry protein. Organelles switch between
processive anterograde and retrograde transport without reaching
the apical dynein comet. From [1].

Figure 2.1.: Microtubule-based transport in neurons and U. maydis.

2.2. Linear Molecular Motors
In U. maydis, early endosomes (EE) are transported by the linear motors kinesin-1,
kinesin-3, and dynein [2]. These molecular motors are nano-machines which step loaddependent along linear tracks consisting of cytoskeletal filaments and transport various

6
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cargos like EE, vesicles, or organelles. Thereby they convert the chemical energy derived
from the hydrolysis of ATP into mechanical work [6]. We now briefly review some facts
about the motor structure and the cytoskeletal filaments.
Motor Structure
The molecular motors dynein and kinesin are complicated protein complexes. Fig. 2.2
illustrates the main features of the motor structure for kinesin and cytoplasmic dynein.
These motors are the most prominent players of the molecular motors zoo [5, 6]. The
main functionality of these protein complexes is accomplished by two homodimerized
heavy chains which form a stalk with one end involved in MT binding and the other
in cargo binding. During a motor forward step the heads perform MT binding and act
as feet. ATP hydrolysis occurs in the motor domains which are identical with the MTbinding heads for kinesin. For dynein motors they are arranged in a ring-like structure
at some distance from the MT. Several light or intermediate chains involve cargo binding
[5]. The specific walking mechanism is different for most motors. However, we are only
interested in the walking direction. In this thesis we consider cytoplasmic dyneins of the
two dynein subclasses axonemal and cytoplasmic dyneins. The kinesin family has more
than ten subclasses while we consider kinesin-1 and kinesin-3. Dynein motors will walk to
the MT minus end while here considered kinesin motors walk to the MT plus end [5, 6].

Figure 2.2.: The molecular motors kinesin and dynein transport cargo to the MT plus and
minus end, respectively. The main functionality of these complicated protein
complexes is accomplished by two homodimerized heavy chains. They form a
stalk (gray) with one end involved in MT binding (blue) and the other in cargo
binding (purple). When the motor steps forward the heads (blue) perform
MT binding and act as feet. ATP hydrolysis occurs in the motor domains.
These domains are identical with the MT-binding heads for kinesin, but are
arranged in a ring-like structure at some distance from the MT for dynein
motors. Several light or intermediate chains (green) involve cargo binding
[5, 9]. From [9].

Cytoskeletal Filaments
Molecular motors walk on cytoskeletal filaments which is a network of three major classes:
microtubules, actin filaments, and intermediate filaments. They are spread throughout

2.3. BIDIRECTIONAL MOLECULAR MOTOR ASSISTED TRAFFIC
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the cell [6]. In U. maydis microtubules (MT) are used for molecular motors transport
[1, 2]. MT have a pipe-like structure and form a network throughout the whole cell. Due
to their polarity they serve as tracks for long-range cellular traffic. They act as ”one-waystreets” for molecular motors because they possess an intrinsic direction, with one end
called the plus end and the other end called the minus end [6, 5, 9].

2.3. Bidirectional Molecular Motor Assisted Traffic
Here, we give an explicit formulation of the cell biological problem. The experimental
setup was (schematically) as follows [1]. In U. maydis, labeled early endosomes (EE)
transported 4 by only plus-end directed kinesin-3 motors start their journey at the nucleus.
On their way towards the tip most of the EE turn their direction from anterograde to
retrograde. Three types of turning were observed, see Fig. 2.3. In first type EE reach the
hyphal apex and turn direction. This turning type is well described by the mechanism
in [2]. Dynein motors accumulate at the MT plus-ends. The hyphal tip consists of a
high density of plus-ends, i.e. a high density of dyneins. EE load onto dynein and turn
direction when dynein force takes over the remaining kinesin motor force. This is called
the apical loading zone mechanism. A subapical loading zone can be analogue defined at
MT plus-ends between nucleus and tip. Turning type 2 is due to this fact. Such apical and
subapical loading zones describe a simple static loading behavior. The third turning type
remains an open problem. Obviously, no dynein accumulation is observed but EE turn
direction on their way towards the tip. To describe this turning behavior in a quantitative
manner, consistent with the experimental results is the aim of this thesis part.

Figure 2.3.: Three types of turning are observed in EE motility during the hyphal tip
growth. Type 1 turns in the apical loading zone (right end of the sketch)
where dynein (labeled red) accumulates at MT plus-ends. Type 2 turns at
subapical loading zones where dynein accumulates at MT plus-ends between
tip and nucleus. A third type of turning is observed. EE turn direction from
anterograde to retrograde outside any dynein accumulation. From [1].
4

No experimental evidence for other motors is given.
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2.4. Experimental Data
This section summarizes some important results of the experimental measurements. The
experiments were all done by Schuster et al. [1] under the devision of Gero Steinberg. We
focus on quantitative data which are inevitable for comparison between experiment and
theory. We therefore gave suggestions to some of these experiments.

2.4.1. Microtubule Orientation and Bundling
The microtubule (MT) orientation is an important feature for the characterization of the
EE dynamics due to the linear step-character of the molecular motors. The number of
growing plus-ends were used to determine the direction of these filaments. Fig. 2.4 shows
the MT orientation for U. maydis starting at the nucleus and ending at the tip. The MT
array is unipolar at the cell tip but gradually gets bi-polar towards the central nucleus.
Additionally, nearly the whole cell consists of bundled MT, see Fig. 2.4. Only at the cell
tip and septum MT bundling is reduced. We argue that such a bundling of MT tracks
may open the possibility of ”MT-hopping” of single motors, i.e. motors switch MT by
detaching and re-attaching [8]. We discuss such a scenario in chapter 4 and compare it
to the experimental results.
Towards tip

Number of growing plus-ends (%)

100

Towards nucleus

90
80
70
60
50
40
30
20
10
0
50-45 45-40 40-35 35-30 30-25 25-20 20-15 15-10 10-5

5-0

Distance to tip (%)

(a) The number of growing plus-ends are used to
determine the direction of MT as a function of
hyphal length. Near the tip almost every MT
plus-end shows into the direction of the tip. Average over 139 cells.

(b) MT bundles as a function of hyphal length.
Nearly the whole cell is filled with a equal distributed network of bundled MT. Near the cell tip
and the septum MT bundling is reduced. From
[1].

Figure 2.4.: MT orientation and bundling.

2.4.2. Point of First Cargo Return
For our proposes, the most important quantity of interest is the points of first cargo
returns as a function of distance to the hyphal tip5 . This quantitative measurement
5

We will only focus on turning type 3 of section 2.3.

2.4. EXPERIMENTAL DATA
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allows a direct proof between theory and experiment. Fig. 2.5 shows the experimental
results of this quantity. Near the nucleus almost no first turns occur. At a distance of
35-40 % to the hyphal tip a maximum is arrived. This maximum decreases towards the
tip while local maxima during this process are observed. We argue that these addional
maxima are due to statistical fluctuations.

Relative number (%)

15

10

5

0
45-50 40-45 35-40 30-35 25-30 20-25 15-20 10-15 5-10

0-5

Distance to tip (%)

Figure 2.5.: Points of first EE returns as a function of distance to tip in U. maydis during
the hyphal tip growth (turning type 3). The number first increases and then
decreases with local peaks. Average over 321 EE and 30 cells.

2.4.3. Dynein Accumulation
Another important result of the experimental measurements by Schuster et al. [1] are
quantifications of the apical loading zone in the hyphal apex. Fig 2.6 summarizes these
findings. The dynein density reaches a maximum at the hyphal tip where most EE reach
the last 640 nm and turn direction in an area of high density. The proposed static EE
loading onto dynein mechanism leads to a change in direction [2]. We will use the turning
behavior during the last 640 nm to the hyphal tip to determine specific quantities. These
parameters are used to calculate a loading ”on the run” scenario.
The dynein accumulation at the hyphal tip and in subapical loading zones has its origin
in so-called traffic jams [9]. Dynein motors are delivered by kinesin-1 motors to the MT
plus-ends where they are released and start their backward motion. This can theoretically
been shown by setting up a asymmetric simple exclusion process (ASEP), see e.g. [9].

10
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Figure 2.6.: Dynein motors accumulate at the hyphal tip and at subapical loading zones:
(A) Signal intensity of labeled dyneins in the apical dynein comet, i.e. the
last 1 µm to the hyphal tip. (B) Turning of three EE (green) in the apical
loading zone. A static EE loading onto dynein (red) mechanism leads to
the change in direction. (C) Graph showing the intensity of labeled dynein
over a distance of 12 µm to the hyphal tip. (D) Turing behavior of EE in
the apical comet. A significant portion reaches the last 640 nm where high
dynein density is measured. From [1].

3. Basic Modeling of Molecular Motor
Traffic
In this chapter we introduce basic steps in modeling single molecular motor traffic. We
first define the modeling scale and setup the physical system. Thereafter, a detailed
description of single motor behavior is given. We follow the approach derived by Müller
et al. [9]. They formulated single motor rates derived from in vitro experiments.

3.1. Modeling Scales
Molecular motors perform movement on several length scales ranging from nanometers
up to meters (e.g. in axons). A single step usually has the length of a few nanometers.
Measuring several steps allows one to define a velocity of a motor protein. In general, this
is in the order of one micrometer per second. Due to the thermal environment the motor
will undergo detachments and attachments from the filament after several steps. We will
focus on length scales of about 1 − 40 µm, i.e. we are able to omit all microscopical details
of the motor structure. The motor is modeled as a particle which undergoes diffusion when
it is not bound to the filament. It is able to bind and unbind from the filament. When it
is bound it walks with a given step rate linearly into its predetermined direction due to
its polarity. Since this step rate is in general much faster than the binding and unbinding
process we consider the forward motion as a smooth process with a given velocity (in the
physical sense). The binding and unbinding process will be discussed in more detail in
the following sections.

3.2. Basic Modeling Steps.
In the following we consider EE that are transported by N active motors of a single
species. For the scenario considered here these motors are kinesin-3. Nevertheless, our
analysis is rather general and is applicable to other types of plus- or minus-end MT motors.
Each single motor is irreversibly attached to the EE and walks along a MT with step size
0
∆x = 8 nm and velocity v = 1.5µm/s. They detach from the MT with rate kdet
, and
0
(re-)attach to the MT with rate katt
, see Fig. 3.1. If all N motors are detached from the
MT the EE diffuse freely in solution with diffusion constant DEE = 2 · 10−3 µm2 /s.1 Table
1

Due to the Einstein relation a molecule of size r at room temperature in water, which has a viscosity
η ≈ 10−3 pN s/µm2 , undergoes diffusion with diffusion constant D = kB T /6πηr ≈ 0.25 µm2 /s · 1/r,
where r is measured in µm, kB is Boltzmann’s constant, and T the temperature. In the cell, diffusion
is additionally damped by a factor of 10−2 − 10−3 due to crowdedness and filament meshworks. Thus,
a particle of size r = 0.1 − 1 µm has got a diffusion coefficient of D ≈ 2 · 10−3 µm2 /s [9].

11
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3.1 summarizes important single-motor parameters and system properties.
We now model the MT-motor system as a one-dimensional lattice of length L = 40
µm = 5000 steps and lattice constant ∆x = 8 nm. Considering N such individual2
motors transporting an EE on such a MT track, the average walking distance h∆xb i of
the cargo in one direction (given by the average distance at which all motors are detached)
obeys [7]
v
h∆xb i =
0
Nkatt

"
#
N
0
katt
1+ 0
−1 ,
kdet

(3.1)

where we assume that no external load is applied. Eq. 3.1 implies that a larger number
of bound motors leads to a larger average walking distance of EE in one direction. To be
more specific, with the parameters values listed in table 3.1 we get h∆xb i = 1.5 µm, 5.25
µm, 21.5 µm and 97.125 µm for one, two, three, and four kinesin-3 motors, respectively.
This simple scheme is the backbone of our models following in the next chapters. However, we now take a deeper look at unbinding and binding rates with respect to external
load forces. The tug-of-war model will make important use of this generalization.

Figure 3.1.: Attachment (katt ) and detachment (kdet ) rates for a single motor. These
rates are in general load dependent. The motor walks with a load dependent
velocity v(F ) into its intrinsic direction. From [9].

3.3. Single Motor Behavior under Load Forces
The binding and unbinding rate and, thus, the velocity are in general load dependent. If
an external load force is applied or opposing motors are attached at the same time to the
cargo one cannot describe these rates as constant parameters. However, one can describe
them as a function of force. We briefly review the results by [9] who determined these
functions from in vitro experiments.
2

We consider individual motor proteins, which have well separated anchor points on the cargo surface
and, thus, do not experience mutual interactions.
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Values for single-motor parameters and system properties
Parameter
Meaning
Kinesin-3 value
0
kdet
Detachment rate
1/s = 1/187.5 step−1 *** [9, 10], **
0
katt
Attachment rate
5/s = 5/187.5 step−1 *** [9, 10], **
Pnew *
Probability attachment to new MT
0.5 [see text]
Palt *
Probability attachment to MT
of altered orientation
via Eq. 4.1**
v
Velocity
1.5 µm/s**
∆x
Step size
8 nm [10]
L
System length
40 µm = 5000 steps
DEE
Free EE diffusion constant
2 · 10−3 µm2 /s
*values per step, **data of this study, ***kinesin-1 value.
Table 3.1.: Values for single-motor parameters used in the simulations.

Binding Rate
Under external load F the binding rates behave approximately as the load independent
rate
0
katt (F ) = katt
.

(3.2)

This is due to the fact that the binding process of a motor is not interrupted by a force
when the motor is close to the filament.
Unbinding Rate
The unbinding rate increases under an external force F because the filament-motor bond
is put under strain. Due to Kramer/Bell theory the increase of the rate for this bond
breaking process is in good approximation exponential
0
kdet (F ) = kdet
exp (|F | /Fd ),

(3.3)

where the force scale is set by the detachment force Fd . We assume that forces act roughly
parallel to the filament, i.e. depend only on the absolute value |F | of the force and not
on the direction.
Motor Velocity
When an opposing load force F is applied to the motor it will slow down. This decrease
in velocity is approximately linear up to the so called stall force Fs where the motor has
zero velocity
v(F ) = vF (1 − F/Fs )

for 0 ≤ F ≤ Fs ,

(3.4)
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where vF is the forward velocity. For even higher forces3 F ≥ Fs the motor is forced to
move backwards. In a linear approximation the velocity-force relation is given by
v(F ) = vB (1 − F/Fs )

for F ≥ Fs ,

(3.5)

where vB is the backward velocity. This is assumed to be vB << vF due to the slow backward motion of the motor. Analogously, for assisting forces F ≤ 0 a linear approximations
leads to


vF
v(F ) = vA
− F/Fs
for F ≥ Fs ,
(3.6)
vA
with the assisting velocity vA . The parameter values used in the ”tug-of-war” model are
summarized in table 3.2.
Values for single-motor parameters under load forces
Parameter
Meaning
Kinesin-1 value
Dynein value
Fs
Stall force
6 pN
1.1 pN (’weak’), 7 pN (’strong’)
Fd
Detachment force
3 pN
unknown
vF
Forward velocity
1 µm/s*
1 µm/s*
vB
Backward velocity
6 nm/s
unknown
0
kdet
Detachment rate
1 s−1
0.5 s−1
0
katt
Attachment rate
5 s−1
2.5 s−1
Table 3.2.: Values for single-motor parameters under load forces given in [9]. Since no
kinesin-3 values are available kinesin-1 values are listed. For unknown dynein
values kinesin-1 values are used. (*In [9] a kinesin and dynein velocity of 1
µm/s was given. However, the results in [1] obtained 1.5 µm/s).

3

F is assumed to be not too large. Otherwise the motor would unbind with high probability due to Eq.
3.3.

4. Microtubule Hopping Model
In this section we introduce what we call the microtubule-hopping model. This genuinely
minimal model explains the contradiction between bidirectional cargo transport and unidirectional motor movement by extracting the linear MT track to a pseudo two-dimensional
surface with tracks of altered orientations, see Fig. 4.1. We discuss two different ”MThopping” models, while we calculate the first one explicitly. In model type I we do not
take into account the possibility that individual MT-detached motors can rebind to a
different (nearest-neighbor) MT while the other motors are still bound to the ”‘original”’
MT. In this model switching of MT occurs only if all N motors are detached from the
MT. In this case the motor that rebinds first to a MT (which can be either a new or the
old MT) determined the direction of the EE. Thus, this model is of an ”‘all-or-none”’
kind. The second model includes the effects excluded in the first one: unbound motors
are allowed to reattach to a new MT of altered or equal direction even if not all N motors
are detached from the MT. We show by a simple argument that in comparison to model
type I the second model will not improve the agreement between the theoretical model
and the experimental findings by Schuster et al. but rather increases disagreements.

Figure 4.1.: MT hopping model for bidirectional EE motility. Kinesin-3 motors move EE
in anterograde direction towards the tip of the cell. On their way towards
the MT plus-ends kinesin-3 motors can stochastically detach from the MT
and reattach to a new MT of altered orientation. EE turn the direction of
motility. From [1].
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4.1. Hopping Probabilities
For both ”‘MT-hopping”’ model types the hopping probability, i.e the turn probability
Pturn consists of four probabilities: the detachment probability Pdet (that is a function of
motor number), the re-attachment probability Patt as a function of motor number, the
probability Pnew to attach to a new MT, and the probability Palt to attach to a MT of
altered orientation (see table 3.1). The latter probability is a function of hyphal length
x. Since kinesin-3 is a plus-end MT motor, Palt is defined via the number of growing
plus-ends as a function of hyphal length as shown in Fig. 2.4.
(
0.5
for 0 ≤ x < 1500 steps
(4.1)
Palt =
0.5 − 0.0001429 · (x − 1500) for 1500 ≤ x ≤ 5000 steps,
where x = 0 is the position of the nucleus and x = 5000 steps the position at the tip.
To compare the predictions of the models with the experimental data we calculate in the
following the number of first turns as a function of distance to hyphal tip.
For the first MT-hopping model we calculated Pdet as a function of motor number by
requiring that all motors are detached from the MT. Therefore, we set up the Master
equation for the probability P (n) that n out of N motors are active, i.e. bound to the
MT:
∂P (n)
= kdet (n + 1)P (n + 1) + katt (n − 1)P (n − 1)
∂t
− [kdet (n) + katt (n)] P (n),

(4.2)

where now the detachment and attachment rates are functions of active motor number
n. However, when the bound motors do not interact and no external load is applied to
0
0
the cargo, the rates are simple given by katt (n) = (N − n)katt
and kdet (n) = nkdet
. We
are interested in the probability P (n = 0) that no motor is bound to the filament. All
movements of bound cargo motors begin and end with n = 0, i.e. every additional motor
binding implies an unbinding of a motor at some later time. We can therefore, without
loss of generality, concentrate on the stationary solution of the master equation [7]
kdet (n + 1)P (n + 1) = katt (n)P (n) for 0 ≤ n ≤ N.
P
Using the normalization N
n=0 P (n) = 1 we get
#−1 "
#−1
"
N
−1 Y
n
−1 Y
n
0 N
X
X
katt (i)
(N − i)
katt
P (0) = 1 +
= 1+ 0
,
k
(i
+
1)
k
i
+
1
det
det
n=0 i=0
n=0 i=0
 
Q
α
, i.e.
= nk=1 α−k+1
where the last product is the binomial coefficient
k
n
"
#−1
−1 
0 N
X
katt
N
P (0) = 1 + 0
kdet n=0 n

−1
0
katt
N
= 1 + (2 − 1) 0
.
kdet

(4.3)

(4.4)

(4.5)
(4.6)

4.2. RESULTS

17

Thus, using the rate values in table 3.1 the probability that all motors are detached from
the filament as a function of motor number N is given by Pdet = 1/6, 1/16, 1/36, 1/76,
1/156, 1/316 for N = 1, . . . , 6 motors, respectively.
Given Pdet with random initial conditions, we calculated the probability that at least
0
one motor re-binds to a new or the old MT, which happens with probability Pdet = Nkatt
.
If this is not the case, the EE diffuses freely in solution with diffusion constant DEE . After
the next time step the motors get a new chance to bind to a MT. If at least one motor
binds to a MT, then with probability 1 − Pnew new MT and old MT are identical and
no change in direction occurs. Otherwise, the motor binds to a new MT that is with
probability Palt of altered orientation (i.e. is minus-end directed) leading to a change
in moving direction. Similarly, with probability 1 − Palt no change in moving direction
occurs. In the simulations we have set Pnew = 0.5. But we have also noted that this
parameter value does not have much influence on the results.

4.2. Results
To analyze model type I we implemented numerical simulations (programmed as a selfwritten C-code) by using the parameter values given in table 3.1. In the simulations we
started with 100000 EE at the nucleus (with coordinate x = 0). We found that for N = 1
98.6 ± 0.5% of EE changed direction before they reached the hyphal tip at x = 40 µm
= 5000 steps (see Fig. 4.2). This result does not agree with the experimental finding
that 66.4% of EE change direction. Furthermore, the theoretically calculated histogram
of first turns as a function of distance from the tip does not agree with the experimentally measured histogram. To quantify the agreement between experiment and theory we
calculated the Spearmans rank correlation coefficient1 r between the theoretical and the
experimental data. For one kinesin-3 motor we obtain rN =1 = −0.07 (corresponding to
7% negative linear correlation between experimental and theoretical data). For N = 2
our theoretical prediction is a turning number of 69.3 ± 0.5% with a correlation coefficient
of rN =2 = −0.07 , see Fig. 4.2. For N = 3 we get a turning number of 24.5 ± 0.5%
with a correlation coefficient of rN =3 = −0.04. For N = 4, 5, 6 almost no turning occurs
(as follows from Eq. 3.1 and 4.6). The corresponding turning numbers are 5.8 ± 0.5%,
1.2 ± 0.2%, 0.24 ± 0.05%, respectively. For N > 6 practically no turning event of EE
occurs in the system.
Some Notes on the Second Model. In the second MT-hopping model detached motors
are allowed to re-attach to a different MT even if not all N motors are detached from
the MT. This is the only difference between these two models and correspondingly for
N = 1 the results are identical for both models. For N > 1 additionally a tug-of-war (see
chapter 6 for details) between motors of the same type might take place if a detached
motor re-attaches to a new MT of altered orientation. But this tug-of-war highers the
turning probability of the EE since we are only interested in the first cargo return. We
conclude that this modification does not improve the agreement between the theoretical
1

Spearman’s
rank correlation coefficient between two data sets xi , yi is given by r = 1 −
P
6 i (rg(xi )−rg(yi ))2
, where rg(x) denotes the rank of x and n the number of data points.
n(n2 −1)
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model and the experimental findings but rather increases the turning number near the
nucleus.
Thus, the theoretical and experimental findings are not in agreement and even the first
model is not able to explain the experimental observation, i.e. the ”MT-hopping” as
described in this chapter is most likely not the cause for the first change in direction of
EE.
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Figure 4.2.: Simulation (green) of anterograde-to-retrograde turning events relative to the
cell length assuming MT-hopping of 1-6 kinesin-3 motors (model type I) in
comparison to experimental data (red). The predicted distribution does not
correlate with the experimental data in no case (Spearman’s rank correlation
coefficient is denoted by r).

5. Trapping Model
In this chapter we introduce what we call trapping models. This novel mechanism for
bidirectional motility explains the contradiction between bidirectional cargo transport
and unidirectional motor movement by a trapping reaction similar to the dynamics of
chemical reaction. Two trapping models are presented. A direct simulation, called Gaussian ”loading on the run” model, calculates the dynamics of EE and free dynein motors on
a one-dimensional lattice. Once they meet there is certain probability that EE loads onto
dynein and turns direction. The dynein loading process in the so called apical and subapical dynein loading zones are used to determine this probability. In a second step, called
Diffusion ”loading on the run” model, we model dynein motility as a one-dimensional diffusive medium where EE walk with constant velocity through this medium. Again, once
EE and dynein meet there is certain probability that EE loads onto dynein and turns
direction. We compare both models to experimental data by Schuster et al. [1] and find
excellent agreement.

Figure 5.1.: Model for the interaction of kinesin-3 and dynein during bi-directional EE
motility. Kinesin-3 moves EEs in anterograde direction towards the tip of
the cell. On their way towards the MT plus-ends the EEs meet retrogradely
moving dynein that can stochastically bind to the EEs. In tug-of-war dynein
takes over and turns the direction of motility. Kinesin-3 remains bound to the
EEs but is unable to take the EEs back towards MT plus-ends until dynein
is released. From [1].
The basic idea of our trapping models is quite simple and follows the rule
EEkinesin + Dynein −→ Turn.

(5.1)

As illustrated in Fig. 5.1, an EE transported by kinesin-3 motors meets on its way to
the hyphal tip a free dynein and loads onto the retrograde running motor. The EE turns
direction because of an local interaction such as a local tug-of-war (see discussion below
and chapter 6). Thus, we first want to calculate the trapping probability Ptrap that EE
and dynein meet. Intuitively, this probability will depend on the velocity of the two
motor species and the density of free dynein motors. Second, we want to know what is
the probability that EE loads onto dynein once they meet. This loading probability Pload ,
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as detachment and attachment rates of single motors, will be the result of a complex
microscopic reaction between cargo and motor.

5.1. Concept of Apical and Subapical Loading Zones
We start with the estimation of the loading probability Pload . Therefore, we take a look
at the apical and subapical loading zones. While the main focus of this chapter is on the
loading ”on the run” scenario a simple model of the apical and subapical loading zones
gives us a consistent value of Pload .
The basic idea of an apical and subapical dynein loading zone was first described in [2].
Fig. 5.2 shows this idea schematically. First, dynein motors are delivered by kinesin-1
motors to the MT plus-ends which are of high density at the hyphal tip but exist also
with lower density between nucleus and tip, see Fig. 2.4. Then dyneins accumulate at
the plus-ends or start moving towards MT minus-ends due to their intrinsic direction. In
[2] the first case was used to define the (sub-) apical loading zone: kinesin-3 motors move
EE towards the plus-ends, meet dynein motors, EE load onto dynein, and start moving
back to the nucleus. This simple static loading process will be modeled in the following.

Figure 5.2.: Concept of an apical or subapical loading zone. (A) Kinesin-1 motors deliver
dynein motors to the MT plus-ends. Dynein motors release or accumulate at
the plus-ends. (B) Kinesin-3 carries EE towards the MT plus-ends. EE load
onto dynein and turns direction from anterograde to retrograde. From [1].
We set up a model for the apical loading zone where quantitative experimental data
of the intensity of labeled dynein are available (see Fig. 2.6 and 5.3). But we also note
that in principle this model can also be applied on subapical loading zones. To arrive
at the model, we consider the last 80 kinesin-3 steps, i.e. the last 640 nm before the
hyphal tip. We assume that dynein motors have velocity zero and are piecewise linear
distributed over the system size of 80 steps with a maximum at the hyphal tip [1]. As
known from [1], 30−35 of 60 present dynein motors in the apical loading zone are involved
in the loading process, i.e. we have to consider 30 − 35 free dynein motors. Since the
dynein density ρdynein (x) is proportional to the trapping probability Ptrap (x) we suppose
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Figure 5.3.: Intensity of labeled dynein motors in the final apical loading zone (black curve
and points). As known from [1], 30 − 35 of 60 present dynein motors in the
apical loading zone are involved in the loading process. We associate the
trapping probability Ptrap with the dynein density and propose an effective
curve for Ptrap involving ∼ 34 dyneins (red curve). (1 step = 8nm).
a trapping probability of
(
0.175
for 0 ≤ x ≤ 30
Ptrap (x) =
0.0165 · x − 0.32 for 30 ≤ x ≤ 80,

(5.2)

where x is measured in steps, i.e. x = 80 is at the hyphal tip (see Fig. 5.3). This trapping
profile corresponds to a dynein density of ca. 34 dynein motors in the apical loading
zone. To estimate the loading probability Pload for our further calculations in the ”on
the run” scenarios we let EE start 80 steps away from the tip. The turning behavior,
i.e. the turning probability at each step of these EE is given by Ptrap (x) · Pload , where we
assumed a constant loading probability. To find the loading probability from this process
we tuned Pload as a parameter in such a way that the turning behavior of the model fits
the experimental data provided by [1]. From mathematical theory, the turning probability
is Poisson-distributed, i.e.
Pturn (x) = 1 − e−xρ·Pload ,

(5.3)

with dynein density ρ. If we associate ρ with the trapping probability Ptrap , we would
have an exact expression for our problem. However, Eq. 5.3 is only valid for constant ρ.
This is not the case here and a constant Ptrap would not lead to the same turning behavior
as shown in the results section.
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5.2. Loading “on the Run”: A Gaussian Model
The Gaussian dynein loading “on the run model” addresses the question: what is the
probability that an EE walking on a MT towards the tip, meets a free retrograde walking
dynein motor, loads onto dynein, and changes direction from anterograde to retrograde?
To analyze this, we divided this process into two parts: first, we analyzed the “first-passage
process” between EE and dyneins by calculating explicitly the trapping probability Ptrap
(i.e. the spatially dependent probability that an EE meets dynein). Then, we found,
from the loading process in the apical loading zone, an effective probability Pload for the
loading process once an EE and a dynein meet. In other words, we use a self-consistent
Pload which fulfills the dynein-loading process ”on the run” and in the hyphal tip. We
neglect in this model effects arising from unbinding of kinesin-3 from MT due to Eq. 3.1
and the number of kinesin-3 motors on the cargo which were experimental determined to
be 3-4 on average [1].
An important quantity in the first-passage process between EE and dynein is the density
of free dyneins ρdynein between nucleus and tip. Since this quantity is hard to determine
experimentally we chose a more microscopic approach in describing the system. In doing
so we followed the time-evolution of all motors. Every dynein starts its one-dimensional
retrograde walk at the hyphal tip in the apical loading zone (at x = L). Its trajectory is
given by
yi (t, τi ) = −v · (t − τi ) + L ≡ −v · t + L + yi0 (τi )

(5.4)

Every EE starts its one-dimensional walk at the nucleus (at x = 0) with trajectory
zi (t) = v · t. In this description, the first-passage point is determined by the release
time τi , i.e. EE and dynein meet at x1 = L/2 + y10 (τ1 ). If the EE does not load onto
dynein it keeps walking until it meets another dynein at x2 = L/2 + y20 (τ2 ) and so on.
Since no information is available about the dynein density and the release time τi we set
x2 ≡ x1 + ∆2 , x3 ≡ x2 + ∆3 , ... and we assume that x1 and all ∆i are Gaussian distributed
random variables with mean hx1 i, h∆i and standard deviations σx1 , σ∆ . Thus, the mth
possible turning point is given by a sum of Gaussian distributed random distances
xm = x1 +

m
X

∆i .

(5.5)

i=2

If the EE reach one of these points they load onto dynein with probability Pload and turn
direction from anterograde to retrograde. This “loading onto dynein” probability was
chosen in such a way that it is consistent with the loading process in the apical loading
zone at the hyphal tip, see section 5.1.
The advantage of this model is that no a priori information about the free dynein
density is necessary. However, the single parameter ρdynein is replaced by four parameters,
namely, hx1 i, h∆i, σx1 , and σ∆ . On the other hand, this allows us to determine a posteriori
an effective free dynein density. We will use this density in the diffusion loading ”on the
run” model which will be discussed in the following section.
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5.3. Loading “on the Run”: A Diffusion Model
In the diffusion dynein loading “on the run” scenario we model the dynamics of the
free dynein motors as a diffusing medium. They diffuse on an one-dimensional lattice
of length L with diffusion constant Ddynein and average density ρdynein = N/L, i.e. we
assume N such dynein motors. The dynein motors should act independently and start
their trajectories at random initial conditions. The single EE starts its walk with constant
velocity v at the nucleus (x = 0) as a tracer particle through this medium, see Fig. 5.4.
Again, we neglect in this model effects arising from unbinding of kinesin-3 from MT. Thus,
the dynamics can be expressed using the Langevin equations
ẋ0 = v
ẋi = ξi (t), i = 1, . . . , N

(5.6)
(5.7)

in which x0 denotes the deterministic EE trajectory and xi the trajectories of the free
dynein motors, which are modeled as Gaussian white noise trajectories with zero mean
and correlator
hξi (t)ξj (t′ )i = 2Ddynein δij δ(t − t′ ).

(5.8)

This would be the starting point for extensive numerical simulations to find the survival
probability of the EE as a function of distance to tip. However, we want to find an exact
analytic expression for such a probability. We therefore recall the so-called trapping
reactions or first-passage problems. The asymptotic dynamics of such systems has been
a long-standing problem while an direct exact analytic solution is often hopeless due to
the notorious difficulty. Nevertheless, our model allows us to determine an direct exact
analytic description of the EE survival dynamics [11].

Figure 5.4.: A schematic picture of the trajectories of the diffusing dynein (solid curves)
and that of the EE (dashed line). The diffusing trajectories are allowed to
cross each other. From [11].
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The next part of this section follows the mathematical deliberations by [11]. We apply
these ideas to our problem. For a moving EE moved by kinesin-3 motors, we ask: what
is the turning probability Pturn , i.e. that a (diffusing) dynein motor hits the cargo and
attaches to it? On the other hand we could ask: what is the survival probability PS (t) up
to time t of an EE moving in a diffusing sea of dynein motors? Of course, Pturn ≡ 1 − PS
by definition. Let x0 (t) be the trajectory of the cargo and Q(xi , t) the probability that
the ith dynein motor, starting from the random distributed initial position xi 1 , does
not meet the trajectory x0 (t) of the cargo up to time D
t, hence PS (xiE
, t) = Q(xi , t). Since
QN
the dynein motors are independent, one gets PS (t) =
i=1 Q(xi , t) where the angular
brackets denote the average over the initial positions xi of the N dynein motors. We next
use the product measure of the initial condition to write

N
Z
PS (t) = 1 − 1/L Pturn (z, t)dz
(5.9)
and taking the L → ∞ limit at fixed ρdynein = N/L gives
PS (t) = exp {−µ(t)},
with µ(t) = ρdynein

R

PS (z, t)dz which satisfies the exact integral equation
Z t
ρdynein =
dt′ µ̇(t′ )G(x(t), t|x(t′ ), t′ ),

(5.10)

(5.11)

0

with the standard diffusion propagator
o
n
(x(t)−x(t′ ))2
exp − 4D
′
dynein (t−t )
.
G(x(t), t|x(t′ ), t′ ) = p
4πDdynein (t − t′ )

If we now insert the EE trajectory x(t) = vt, we get
n 2
o
v ·(t−t′ )
Z t
exp − 4D
dynein
ρdynein (t) =
dt′ µ̇(t′ )
.
4πD
(t
− t′ )
dynein
0

(5.12)

(5.13)

The solution of this integral equation is given by [11]


√
√
√
√ −αt
√
π
4Ddynein ρdynein
√
erf( αt) + αte
(1 + αt) πerf( αt) −
µ(t) =
, (5.14)
2
πv
with α = v 2 /4Ddynein . We now assume that the dynein motors undergo standard one
dimensional diffusion, i.e. Ddynein = 12 ∆xv, where dynein motors have the same step size
∆x and velocity v as kinesin-3 motors [1, 6, 9]. Then we get

√
p
p
√
2∆xρdynein
π
√
µ(x) =
(1 + x/2∆x) πerf( x/2∆x) −
erf( x/2∆x)
π
2
i
p
+ x/2∆x e−x/2∆x .
(5.15)
1

Note that in this context xi and xi (t) are completely independent mathematical objects.
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If we now consider that not every dynein motor which meets the EE loads onto it, we
have to include the loading probability Pload which acts like a reduced dynein density
ρdynein → ρredu
dynein := ρdynein · Pload , i.e. µ → µ · Pload . The survival probability is now given
by
PS (x) = exp {−µ(x) · Pload }

(5.16)

or the turn probability via Pturn (x) = 1 − PS (x) = 1 − exp {−µ(x) · Pload }.
The advantage of this model is that the only remaining parameters2 are the free dynein
density ρdynein and the EE loading onto dynein probability Pload . These two variables
are in principle measurable since the counting of molecular motors is possible and the
determination of attachment rates of molecular motors is a prominent research topic in
biophysics. Additionally, because of µ ∝ ρdynein · Pload one has to measure only one
parameter. However, the determination of even one of these parameters seems to be
highly sophisticated experimental research since no values are available in the literature.
Nevertheless, our model is able to make suggestions for parameter values which can be
compared to future experiments. We will use the a posteriori proposed free dynein density
of the Gaussian loading ”on the run” model. The loading probability will be used from
the loading process in the apical loading zone.

5.4. Results
In this section we will show results starting with the EE turning behavior in the apical
loading zone. We will use results from this process for the proceeding Gaussian loading
”on the run” model. Again, results from the preceding models are used for the diffusion
loading ”on the run” model.

5.4.1. Apical Loading Zone
Using the trapping probability Ptrap in Eq. 5.2 we tuned the turning behavior of EE starting 80 steps away from the tip. We found for Pload = 0.05 that 84 ± 1% of (100000) startet
EE at x = 0 turn before they reach the MT ends in good agreement with experimental
results where 84% EE turned, i.e. only 16% reached the MT ends (see Fig. 5.5). This
loading onto dynein probability is now used for calculations in the ”on the run” scenarios.

5.4.2. Gaussian Model
For the Gaussian loading ”on the run” model we first calculate the number of first EE
turns as a function of the distance to hyphal tip. Then we use the results of this calculation
to determine an effective density of free dyneins.
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Figure 5.5.: Bar chart showing the number of turns of EE in the apical dynein comet.
84 ± 1% EE turn before they reach the hyphal tip. The simulation was
adjusted so that best fit to the observed experimental results, where 84% EE
turn, was provided (for the experimental results see Schuster et al. submitted
[1]). From this the loading probability Pload = 0.05 was derived and used in
the simulations for ”on-the-run” loading along the length of the MT.
Points of First Cargo Returns
To compare the predictions of the model with the experimental findings we calculated the
number of first turns as a function of distance to the hyphal tip. We therefore have to
know the values of the remaining open parameters. We heuristically set3 hx1 i = 900 steps,
σx1 = 450 steps, h∆i = 200 steps, and σ∆ = 100 steps, where x = 0 steps is at the nucleus
and x = 5000 steps is at the hyphal tip. For Pload we use the results of the simulations
in the apical loading zone, i.e. we set Pload = 0.05. Fig. 5.6 shows the results using
these parameter values. The results obtained from these parameter values are in excellent
agreement with the experimental findings: the simulations yield a turning number 65±1%
(of 100000 EE) while experimentally 66.4% was obtained. The theoretically calculated
histogram is nearly identical to the experimental one. For Spearman’s rank correlation
coefficient, which is defined in section 4.2, we obtained here r = 0.72, implying a strong
positive linear dependence between model and experiment. Plotting the sum of turns as
a function of distance to the hyphal tip (see Fig. 5.6) shows this result in a even more
drastic way. This is due to the fact that binning effects are excluded.
We conclude, that our results suggest that the Gaussian dynein ”loading on the run”
model is a very likely scenario for the first change in direction of EE. This does not imply
2

If we exclude the diffusion constant of free dynein Ddynein. In general, this would be an additional
parameter.
3
We note that these settings are pure heuristically and one may find other values which lead to even
better results.
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Gaussian trapping model
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(a) Simulation (green) of anterograde-to-retrograde turning events relative to
the cell length in comparison to experimental data (red). The predicted distribution correlates excellent with the experimental data. We obtain a correlation
coefficient of r = 0.72.
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(b) Same as (a) but the sum of turning events
relative to the cell length. This representation
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(c) Effective dynein density ρdynein (x) as a function of distance to the tip obtained from the simulations of the Gaussian model.

Figure 5.6.: Gaussian dynein ”loading on the run” model.
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that the Gaussian model is the only way to describe such ”on the run” loading dynamics.
We will see in the next section that other ”on the run” models are also able to describe
such a behavior. However, this strongly underlines that an ”on the run” loading is a
very likely scenario and not that the Gaussian model is a noisy artifact which one may
conclude due to the setting of the parameter values.
Dynein density: an effective Ptrap
From the simulations we calculated an effective dynein density ρdynein (x) as a function of
distance x to the tip (see Fig. 5.6) by averaging Eq. 5.5 over 100000 realizations. Because
of the assumed Gaussian distributions the density increases with decreasing distance to
the tip. At a distance of ∼ 30% (of total length) the density saturates at a value of
0.625 dyneins/µm, i.e. 2.5 dyneins per 5% histogram interval. Integrating over the whole
interval ranging from nucleus to tip (40 µm) we get an average dynein number of 21.1,
corresponding to an average dynein density of 0.53 dynein/µm. This values can now be
used for experimental verifications. We use it for our second “on the run” model whose
results will be discussed in the following.

5.4.3. Diffusion Model
For the diffusion dynein loading ”on the run” model the only open parameters in Eq.
5.16 for the survival probability PS are the free dynein density ρdynein (which has to be
constant for the calculation of the model), the kinesin/dynein step size ∆x, and loading
probability Pload . The kinesin/dynein step size is known from many experiments and is
set to ∆x = 8 nm [10]. The loading probability is chosen consistent with the dynein
loading process in the apical loading zone, i.e. Pload = 0.05. It remains the free dynein
density ρdynein as an open parameter. We use the results from the last section and set
ρdynein = 0.53 dynein/µm. We note that we calculate with a constant dynein density
as required by the mathematical model. However, the Gaussian model proposes a none
constant density. We will see the influences of such a modification.
Choosing the parameters in such a way is consistent to the other models of the trapping
scenario. Hence, this may not lead to the best results of this model formulation, i.e. other
parameter values may give better results. However, we want to keep the trapping theory
self-consistent and use as much as possible values consistent with the other models.
Points of First Cargo Returns and Survival Probability.
To compare the predictions of the model with the experimental findings we calculated
the number of first turns as a function of distance to the hyphal tip. Fig. 5.7 shows
the results using the parameter values as described above. The results obtained from
these parameter values are in very good agreement with the experimental findings: the
simulations yield a turning number 63.2% while experimentally 66.4% was obtained. The
theoretically calculated histogram is also in very good agreement with the experimental
one. For Spearman’s rank correlation coefficient, which is defined in section 4.2, we
obtained here r = 0.33, implying a relative strong positive linear dependence between
model and experiment. The only objective difference in model and experiment is the
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turning behavior near the nucleus and the tip. This is due to the equal distribution of
the dynein motors which in experiments may not be the case.
The direct observable of the model is the survivable probability PS of the EE. Fig.
5.7 shows this probability in comparison to experimental data and the Gaussian model.
Again, from this plot one may argue that no difference between both models and experiment exist. We conclude, that our results suggest that the diffusion dynein “loading on
the run” model is a very likely scenario for the first change in direction of EE.
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Diffusion trapping model
Experimental data
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(a) Simulation (green) of anterograde-to-retrograde turning events relative to
the cell length in comparison to experimental data (red). The predicted distribution correlates very good with the experimental data except in the nucleus
and the tip area. We obtain a correlation coefficient of r = 0.33.
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(b) Survival probability of EE towards their way to the hyphal tip. Comparison
of Diffusion model (solid black line), experimental data (red), and Gaussian
model (green). Gaussian model and experimental data fit nearly perfect. The
same is true for the diffusion model except near the nucleus (5000-4000 steps
to tip).

Figure 5.7.: Diffusion dynein ”loading on the run” model.

6. Tug-of-War Model
In this section we review a tug-of-war model which was recently established by Müller
et al. [9]. This model was derived to explain short scale bidirectional motility of motorassisted cargo transport. The basic idea is quite simple but leading to a rich and complex
behavior. Two motor teams of opposing walking direction are simultanously attached to a
cargo, see Fig. 6.1. Each motor acts independently according to the single motor behavior
described in section 3.3 and feels each other only because of the mechanical interaction
with their common cargo. However, from the experimental point of view [1] such a model
a priori will not describe the turning behavior of the EE. This is due to the fact that only
one motor species was found on the cargo, namely kinesin-3. We will proof this statement
in a quantitative way by taking a look at the results obtained by [9].

Figure 6.1.: Schematic view of a cargo which is transport by two plus motors (blue) and
two minus motors (yellow). In configuration (0), the motors block each other
and no motion of the cargo is possible. In configuration (-) and (+), the cargo
exhibits minus and plus motion, respectively. From [9].

6.1. The Master Equation
The starting point of the tug-of-war model is setting up the Master equation for the
probability p (n+ , n− , t) that n+ out of N+ plus-directed and n− out of N+ minus-directed
motors are attached to the filament
∂
+
p (n+ , n− , t) = kdet
(n+ + 1, n− ) p (n+ + 1, n− , t)
∂t
−
+ kdet
(n+ , n− + 1) p (n+ , n− + 1, t)
+
+ katt (n+ − 1, n− ) p (n+ − 1, n− , t)
−
+ katt
(n+ , n− − 1) p (n+ , n− − 1, t)
 +
−
− katt (n+ , n− ) + katt
(n+ , n− )

+
−
+ kdet (n+ , n− ) + kdet
(n+ , n− ) p (n+ , n− , t) ,
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where
+
0+
kdet
(n+ , n− ) = n+ kdet
exp [FC (n+ , n− )/ (n+ Fd+ )]
+
0+
katt (n+ , n− ) = (N+ − n+ ) katt

(6.2)
(6.3)

are the rates describing the binding and unbinding of a single plus (+) motor (minus
motors follow an analogue expression). They are obtained from the single motor rates
of section 3.3 where it is assumed that they act independently and recognize each other
only because of: opposing motors act as mutual load and same-directional motors share
this load. Each plus motor should feel the force F+ and each minus motor the force
−F− . In other words, the force balance on the cargo transported by n+ plus- and n−
minus-directed motors is given by1
FC (n+ , n− ) := n+ F+ = −n− F− .

(6.4)

6.2. Cargo Force and Velocity
Both minus- and plus-directed on the cargo have to move with the same velocity vC while
they feel the force −FC /n− and FC /n+ , respectively:
vC (n+ , n− ) = v+ (FC /n+ ) = −v− (FC /n− ).

(6.5)

Using this equation and Eq. 6.4 we get the cargo force and velocity
FC (n+ , n− ) = λ(n+ , n− )n+ Fs+ + [1 − λ(n+ , n− ] n− Fs−

(6.6)

and
vC (n+ , n− ) =

n+ Fs+ − n− Fs−
,
n+ Fs+ /v0+ + n− Fs− /v0−

(6.7)

where λ(n+ , n− ) = 1/ [1 + (n+ Fs+ v0− ) / (n− Fs− v0+ )]. Here, the plus/minus motor forward
velocity vF± and backward velocity vB± are replaced by the parameters v0± , depending
on whether the respective motor moves forward or backward.
The cargo force Eq. 6.6 together with the Master Eq. 6.2 and the boundary conditions
+
−
+
−
katt
(−1, n− ) = 0, katt
(n+ , −1) = 0, kdet
(N+ + 1, n− ) = 0, kdet
(n+ , N− + 1) = 0 (6.8)

defines the starting point for calculations of the system behavior. In the next section we
review some results obtained from numerical simulations done by Müller et al. [9].
1

The sign of the force is chosen positive if it points into the minus direction, i.e. it is a load on the plus
motors.
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6.3. Results
For our proposes, the most important quantity of interests is the distribution of run
length of the tug-of-war model. As the Master Eq. 6.2 is a linear differential equation,
the solutions are sums of exponentials. Thus, we expect a exponential decay of the run
length. As an example, Fig. 6.2 (A) shows the run length for a symmetric tug-of-war
of six plus- and six minus directed motors. A strong exponential decay with run lengths
of less than 3 µm is observed. Run lengths larger than 3 µm have only probabilities
less than 0.001. Compared to our model system U. maydis with a system size of 40µm
this would mean that 99.9 % of EE would turn direction in the interval 45 − 50 % of
distance to the tip in Fig. 2.5. We conclude that the tug-of-war model is only able to
describe short range bidirectional motility. Furthermore, the tug-of-war model shows a
significant variation in the velocity distribution depending on the run length, see Fig. 6.2
(B). Experiments by [1] do not show such a variation in velocity distribution before the
first EE turing event but are measured to be constant [1]. Thus, the tug-of-war model is
a very unlikely scenario for describing EE dynamics during the hyphal tip growth in U.
maydis.

Figure 6.2.: Example of a tug-of-war of six plus- and six minus-directed motors (For parameters see [9]). (A) Plot of the distribution of first cargo return (pauses
are included). Minus (plus) run lengths are negative (positive). The solid
lines are double exponential fits with decay lengths of ∼ 0.1 µm and 1 µm
in both directions. (B) Scatter plot of the run velocity (positive for plus and
negative for minus runs) as a function of the run length of 500 runs in each
direction. Longer runs have higher velocities and have nearly the maximal
velocity which is the single motor velocity. From [9].

7. Conclusion and Outlook
We presented three different scenarios for bidirectional motility of motor-assisted transport. The first scenario describes a cargo transported by several individual acting motors.
Each of these motors attaches and detaches from the MT. If all motors are detached there
is a certain possibility that at least one motor rebinds to a MT of altered orientation. The
model proposes that EE turn because of this hopping behavior. However, we found that
the first EE turn does not correlate with experimental data by [1] but shows contrary
turning behavior. We suggest that MT-hopping is most likely not the cause for the first
change in direction of EE.
The second scenario treats trapping models. We propose that EE meet on their onedimensional move towards the tip free dynein motors. With a given chance they load onto
dynein and turn direction due to a force disbalance of dynein and kinesin-3 motors. Two
approaches of this ”on the run” mechanism were discussed: a Gaussian and a diffusion
model. The Gaussian ”on the run” loading overcomes the absence of experimental data
for the free dynein density by replacing it by a sum of Gaussian random points. Each of
this points represents a dynein motor. If an EE reaches one of these points it loads onto
the dynein motor with a certain probability and turns direction. The turning behavior
of such modeled EE fits the experimental data remarkable good. The second approach
treats the free dynein motors as a diffusive medium where the EE act as tracer particles.
Once an EE and a dynein meet EE loads with a certain probability onto dynein. The
survival probability and, thus, the turning behavior of EE moving in such a dynein sea
can be calculated analytical. In doing so experimental and theoretical data are in good
agreement. We conclude, that our results suggests that the dynein ”loading on the run”
model is a very likely scenario for the first change in direction of EE. This turning occurs
in a collective manner, i.e. because of the interplay of single motors.
There is also experimental evidence given that anterograde moving EE load onto retrograde moving dynein and turn direction, see Fig. 7.1. However, experimental observations
of this kind are very rare or difficult to find. As long as no experimental data for the
(free) dynein density in the area between hyphal nucleus and tip are available one is not
able to answer the question whether the EE turning is caused by an ”on the run” loading
or not.
For a third scenario we reviewed a tug-of-war model recently established by Müller et
al. [9]. Two opposite-directed teams of motors are simultaneously attached to a single
cargo. While each motor follows its intrinsic single motor behavior it feels the generated
load forces of the other motors. Such a model set up leads to a rapid exponential decay
of run length of the cargo, i.e. EE would turn with high probability for the first time at
walking distances smaller than a few µm. This short-range bidirectional motility is not
able to explain EE dynamics in hyphal tip growth of U. maydis.
Looking at future work there are two superficial possible projects. On the one hand
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Figure 7.1.: Kymographs showing the dynamic interaction of dynein (green) and EE (red).
Binding of dynein results in anterograde-to-retrograde turning (Loading),
whereas dynein release results in either retrograde-to-anterograde turning or
in pausing (Release). From [1].
one could combine model types we proposed here. For example, consider the ”on the run”
scenario where an EE meets a dynein motor and loads onto it. An obviously question
which arises in this context is how the turning explicitly occurs. A model concerning this
question would be, e.g., a combination of a ”on the run” and a ”tug-of-war” scenario.
Thus, the aim would be to describe the whole trajectory of an single EE, starting at the
nucleus and ending at the tip or the nucleus. This would be the starting point for another
project: further quantification of trajectories. While the main focus of this work lays on
the first turning points a complete trajectory would allow one to determine quantities
such as the fractal dimension or the scaling behavior of the average end-to-end distance
of a cargo trajectory. Finally, one could determine turning rates of the cargo and compare
it to experimental one.

Part II.
Mechanically Manipulated Ion Channel
Dynamics
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8. Model System Hodgkin-Huxley-Ion
Channel Cluster
In this part we consider the collective stretch-activation and stretch-inactivation behavior
of voltage-gated ion channels in the fundamental Hodgkin-Huxley model system. Therefore, we present a simple modification of the Hodgkin-Huxley model, i.e. we introduce an
additional variable for the influence of tension into the equations. Extensive simulations of
the equations of motion are performed. We compare our results to existing experimental
data and argue possible applications such as disease.

8.1. Introduction
Ion channels are found in all cell membranes, hence they are essentially ubiquitous in
all biological life [18]. An important function of these specialized membrane proteins
is the regulation of many aspects of cell function by controlling the movement of ions
and molecules between intra- and extra-cellular compartments. Most remarkably, the
passage through those aqueous pores is gated in an all-or-none event via specific stimuli,
including mechanical tension, voltage stimuli, and thermal noise. Thus, ion channels
build a molecular basis for excitability in many tissues, e.g. nerve and muscle, while
problems arise in the connection between microscopic properties of the ion channels and
the macroscopic properties of cells and tissues. In 1952 Hodgkin and Huxley established
the theoretical (quantitative) framework for our present understanding of nerve membrane
ion currents [12]. From the mathematical point of view Hodgkin and Huxley modeled the
average probabilities of many individual ion channels being open as a function of time.
These opening probabilities are assumed to be solutions of first-order rate equations with
voltage-dependent transition rates.
The behavior of individual channels can be well described by continuous-time Markov
processes with finitely many states which represent the conformational states of the channels [23]. While on the one hand voltage-gated ion channels are well described by HodgkinHuxley-like models, there exist (among others) another important and wide class of ion
channels: mechanosensitive channels. Their open probability depends on stress at the
membrane, where it is usually assumed that the membrane is stimulated isotropically.
We would like to introduce a simple Hodgkin-Huxley-like model describing (globally and
locally) coupled voltage-gated ion channels, influenced or modulated by mechanical stress.
Both on the single channel as well as on the macroscopic level evidence for such a collective behavior was shown in [13, 14]. It was demonstrated robust mechanosensitive channel
behavior for an archetypical voltage-gated channel (Shaker -IR; inactivation-removed), i.e.
mechanosensitivity and voltage sensitivity co-exist. In [15] they examined and found os-
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mosensitivity and mechanosensitivity of neurons from rat brain. While the authors in
[13, 14] discuss what it might signify in biological, i.e., in evolutionary terms, we are
interested in the understanding of physics of cell communication based on a quantitative
description. We also note that an ever-increasing number of human and animal diseases
have been found to result from defects in ion channel functions [25]. We argue that
mechanical deformations may lead to such a defect in voltage-gated ion channels.

(a) Response to osmolality change in perfusate and negative pressure.

(b) Response to osmolality changes in perfusate and positive pressure.

Figure 8.1.: Whole-cell recordings of neurons in response to the osmolality changes in
pressures applied to the patch pipette. From [15].

This thesis part is organized as follows. In the following sections of this chapter we first
discuss physiological properties of voltage- and mechano-gated ion channels. The chapter
closes with a review of ion channel models. The methods chapter starts with a statistical
mechanics description of voltage- and mechano-gated ion channels. HH equations for
voltage-gated channels are introduced and extended for mechanical manipulations. We
review a mean-field model of cooperative gating and extend it to the case of tension. The
methods close with a short description of the data analysis. We close this thesis part with
the results and a closing discussion where also possible applications such as diseases are
argued.
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8.2. Voltage- and Mechano-Gated Ion Channels
In this section we discuss physiological properties of ion channels. As shown in Fig.
8.2 ion channels are transmembrane proteins, i.e. machines that have evolved to allow
cells to detect and respond to changes in their environment [19]. These proteins detect
external influences, such as the presence of forces or voltage. Hence, the channels alter
the permeability of the cell membrane and allow ions, water and other molecules to cross
or to trigger specific receptors for signaling [19].
In the mechanosensitive channel of large conductance (MscL) a bilayer deformation
and a change in membrane area comes along with the change in permeability of the cell
membrane. The change ∆A in membrane area A occupied by conformation transitions at
a given membrane tension σ will be of use in the following chapters. Our first remark is
concerning typical distances r between two (closed) ion channels. Since surface densities
of 100 to 400 (Na) channels per µm2 are typical of unmyelinated axons and vertebrate
skeletal muscles [18] (p. 69), we infer a typical interval between two channels of r ≈ 50-100
nm (Fig. 8.2). Secondly, channels that exhibit ion selectivity have pore diameters d (see
Fig. 8.2) in the open state of less than d < 1 nm, ion channels that are mechanosensitive
have pore diameters in the open state of d ≈ 2-4 nm [17, 20]. Thus, we derive
∆A
≃
A

 2
d
≈ 10−5 to 10−3 ,
r

(8.1)

where ∆A ∼ 1nm2 [20] is the difference in membrane area A occupied by conformation
transitions at a given membrane tension σ. We will use this number for our tension
modified Hodgkin-Huxley model.

8.3. Models
The model of a single voltage-gated ion channel cluster (or a neuron) is by now well
established and based on the work by Hodgkin and Huxley [12]. The focus of nowadays theoretical work lays on the analysis of the solutions of the Hodgkin-Huxley (HH)
equations and their modifications and generalizations under the impact of external and
internal parameters. We will use this model as an archetypical mathematical model for a
single neuron to describe the influence of mechanical stress on voltage-gated ion channel
clusters. Mechanosensitive channels are often described by a simple two state process,
following a Boltzmann distribution. We will therefore treat the mechanical influence on
the voltage-gated dynamics as a two state process. This allows us to keep the model as
simple as possible while regarding the single channel behavior.
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(a) Typical distance r between two (closed) ion channels. We infer a typical interval between two channels of r ≈ 50-100 nm. From [19].

(b) Typical pore diameter
d of a single open channel.
Ion selective channels have
pore diameters in the open
state of less than < 1 nm,
mechanosensitive of ca. 24 nm. From [20].

(c) Schematic view of Bilayer Deformations due to MscL. MscL is shown
schematically at zero tension in its closed and open states with relevant dimensions. From [19].

Figure 8.2.: Introduction of channel properties.

9. Methods
We start this chapter with a statistical mechanics description of voltage- and stretchactivated ion channels dynamics. The original voltage and the stretch-modified HodgkinHuxley equations are introduced and discussed in detail. Thereafter, a mean-field model
of cooperative gating is presented. While this Hodgkin-Huxley-like model was originally
developed by Naundorf et al. [26], we extend this model to the influence of mechanical stress. The chapter concludes with a discussion of compartmental models and the
introduction of data analysis.

9.1. Statistical Mechanics of Ion Channels
9.1.1. General Formalism
The opening behavior of individual ion channels can be well described by continuous-time
Markov processes with finitely many states which represent the conformational states of
the channels1 . Quantifying such a random behavior is based on the convenient scheme
for characterizing the state of (voltage- or mechanosensitive) ion channels in terms of the
state variable λ. This state variable is defined by λ = 1 if the channel is open and λ = 0
if the channel is closed. Thus, we model the channel dynamics as easy as possible, i.e.
in terms of a simple two state system,
neglecting (possible) other existing states. The
P1
opening probability Po = hλi = λ=0 λp(λ) (h · i denotes an average) is now given via
the Boltzmann distribution. It says that the probability of finding the system in a state
with energy E(λ) is given by
p(λ) = e−βE(λ) /Z,

(9.1)

P
with the partition function Z = 1λ=0 e−βE(λ) and β = 1/kB T . kB and T are the Boltzmann constant and the temperature measured in Kelvin, respectively. If we now introduce
the energies ǫopen and ǫclosed of the open and closed states, respectively, we are able to
write the channel energy as
E (λ) = (1 − λ) ǫclosed + λǫopen − λ

X

Eiext ,

(9.2)

i

where the energies ǫopen and ǫclosed contain only contributions from deformations of the
surrounding lipid bilayer as well as internal protein energetics. Eiext represents energy
contributions from external forces such as the application of voltage or mechanical stress.
1

Some authors argue that ion channel gating is not memoryless, i.e. show fractal behavior. See e.g. [21]
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The evaluation of the partition function gives
Z =

1
X

e−βE(λ) = e−βǫclosed + e−β (ǫopen −

λ=0

P

i

Eiext )

,

(9.3)

i.e. the probability of finding the channel open is given by
Po

e−β (ǫopen − i Ei )
1
=
P ext =
P ext .
e−βǫclosed + e−β (ǫopen − i Ei )
1 + eβ (ǫopen −ǫclosed − i Ei )
P

ext

(9.4)

This equation is the starting point for applications of voltage and tension on the random
single channel behavior. In the following we will leave the modeling scale of a single
channel to higher scales such as ion channel clusters or nerve membranes, i.e. we are
interested in the collective behavior of such channels. But on the other hand we will keep
the picture of single channel dynamics in mind to provide a direct relation between the
microscopic properties of a single ion channel and the macroscopic behavior of ion channel
clusters.

9.1.2. Voltage-Gated Ion Channels
The working model for voltage-gated ion channels is based on the nonlinear HodgkinHuxley (HH) equations which describe the quantitative firing dynamic of single neurons,
i.e. the average dynamics of many, globally coupled voltage-gated ion channels in one ion
channel cluster [12]:
C

X
dV (t)
=
Gj [V (t)] · (Ej − V (t)) + Iext (t),
dt
j

(9.5)

where C is the membrane capacitance per unit area (we will set C ≡ 1µF/cm2 in what
follows, i.e. we will omit C; see table 9.1), V the membrane potential with rest state
Vrest ≡ 0, Gj the potential-dependent (macroscopic) conductances per unit area of channel
types j, Ej the reversal potentials, and Iext (t) represents current density from an external
source. Macroscopic conductances Gj can be thought of as arising from collective effects
of many microscopic ion channels in the membrane, i.e.
Njopen (V )
,
Gj [V ] = g j
Nj

(9.6)
(open)

where g j is the maximal conductance when all channels are open and Nj
the number
of (open) channels of type j per unit area. Thus, to determine the solution of Eq. 9.5 we
have to know the number of open channels of type j as a function of membrane potential
V at time t.
Deterministic Hodgkin-Huxley Equations
As we know from the last section, individual
Pchannels act randomly, i.e. we generally have
to simulate Eq. 9.4 for each channel with i Eiext being a function of voltage. Since this
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function is in general unknown one can use the law of large numbers, i.e if the number of
channels are large and they act independently of each other, then Njopen /Nj ≈ Po,m ∀ m,
where Po,m is the probability that any one j channel type is in an open state. In Hodgkin
and Huxley’s work [12] this probability is represented as continuous deterministic gating
variables. This can be understood as follows: each individual microscopic channel can be
modeled via a number of gates that regulate the flow of ions through the channel. Each
gate can be in one of two states, namely permissive or non-permissive. Only if all gates
of a particular channel are in the permissive state, the channel is open and ions will pass
through; otherwise the channel is closed. The macroscopic conductances are now given
by
Gj [V ] = g j

Y
Njopen (V )
≈ gj
pi (V ) for Nj large,
Nj
i

(9.7)

where pi is the probability of a gate being in the permissive state2 . Transitions between
permissive and non-permissive states are modeled using first-order rate equations [12]:
dpi
= αi (V )(1 − pi ) − βi (V )pi ,
dt

(9.8)

with voltage-dependent rate functions αi (V ) and βi (V ), which determine the transitions
from non-permissive to permissive and permissive to non-permissive states, respectively.
For a fixed value V (t) = Vfixed (e.g. Vfixed = Vrest ) the fraction of gates in the permissive
state will reach a steady-state (dpi /dt = 0) value for t → ∞:
p∞
i (Vfixed ) =

Values for
Parameter
C
g Na
gK
gL
ENa
EK
EL
Vrest

1
αi (Vfixed )
=
.
αi (Vfixed ) + βi (Vfixed )
1 + βi (Vfixed )/αi (Vfixed )

(9.9)

parameters and quantities of the HH equations
Meaning
Value
Specific membrane capacitance
1 µF/cm2
Sodium channel conductance
120.0 mS/cm2
Potassium channel conductance
36.0 mS/cm2
Leakage conductance
0.3 mS/cm2
Sodium reversal potential
115.0 mV
Potassium reversal potential
−12.0 mV
Leakage reversal potential
10.613 mV
Membrane potential rest state
0 mV

Table 9.1.: Values for parameters used in the simulations and quantities of the HH equations [16].

2

To be more correctly, pi has to be replaced by the average hpi i for large numbers of channels (i.e. in
the macroscopic view), but we will omit the brackets h·i in what follows.
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Sodium and Potassium Ion Channels. In HH-model [12, 16] two channel types are
included, namely sodium and potassium channels. Sodium conductance is modeled using
three gates of type m (conductance activation) and one gate of type h (conductance
inactivation). Potassium conductance is modeled with four gates of type n (conductance
activation). Fig. 9.1 shows a kinetic scheme for these potassium and sodium channels.
For the macroscopic conductances we get
GNa = g Na p3m ph ≡ g Na m3 h,
GK = g K p4n ≡ g K n4 .

(9.10)
(9.11)

If we introduce an additional Ohmic leakage conductance with constant conductance g L
the deterministic HH equations read
dV (t)
= g Na m3 h(ENa − V (t))
dt
+ g K n4 (EK − V (t)) + g L (EL − V (t)) + Iext (t)
dpi
= αi (V )(1 − pi ) − βi (V )pi , i = h, m, n,
dt

(9.12)
(9.13)

where the parameters are given in table 9.1. Finally, the rate functions in Eq. 9.8 and
9.13 are given at a temperature3 of 6.3◦ C by [16]
αm =
βm =
αh =
βh =
αn =
βn =

0.1(25 − V )
exp [0.1(25 − V )] − 1
4 exp (−V /18)
0.07 exp (−V /20)
1
exp [0.1(30 − V )] + 1
0.01(10 − V )
exp [0.1(10 − V )] − 1
0.125 exp (−V /80).

(9.14)
(9.15)
(9.16)
(9.17)
(9.18)
(9.19)

Stochastic Hodgkin-Huxley Equations
The deterministic HH equations are mean-field equations for many globally coupled
voltage-gated ion channels, i.e. they describe the membrane potential V without the
need to treat the underlie activity of individual ion channels. However, for a limited
number of channels, the approximation in Eq. 9.7 is no longer valid. We have to take statistical fluctuations into account and for specific channel densities they will play a major
role. Therefore, we have to determine in Eq. 9.6 the number of open channels Njopen as
a function of time by a stochastic method. However, the possible conformation states of
each channel should still be based on the scheme shown in Fig. 9.1. For this purpose, in
the following two popular methods are presented and briefly discussed.
3

At other temperatures, these rates change in a manner that can be accounted for by multiplying by
the factor 3(Temp−6.3)/10 , where ”Temp” is the Celsius temperature [16].
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Figure 9.1.: Kinetic scheme for a stochastic potassium channel ([nk ]) and sodium channel ([mi hj ]). n4 and m3 h1 are open states, while the other states are noconducting. From [23].
Langevin Method. The Langevin method adapts the mean-field character of the deterministic HH equations. The membrane voltage equation 9.13 will be the same as in the
deterministic version. But transitions between permissive and non-permissive states of
the channel gates are now modeled using stochastic first-order rate equations [22]
dpi
= αi (V )(1 − pi ) − βi (V )pi + ξi (t),
dt

i = n, m, h

(9.20)

with statistically independent zero mean Gaussian white noises ξi with δ-correlation
hξi (t)ξj (s)i =

2αi (V )βi (V )
δij δ(t − s),
Ni (αi (V ) + βi (V ))

i, j = n, m, h.

(9.21)

The noise strength Di = αi βi / [Ni (αi + βi )] is inverse proportional to the channel number
Ni , i.e. for very large channel numbers Eq. 9.21 goes over into the deterministic Eq. 9.13.
The Langevin method is useful for large channel numbers [23].
Occupation Number Method. The occupation number method is based on representing
the ion channel cluster by the occupation number of channel states updated by a discrete
Markov process [23]. Every channel can be in different states with a specific number
of gates being open. E.g. HH potassium and sodium channels can be in five and eight
different states, respectively, see Fig. 9.1. With the opening and closing rates given in Eq.
9.14-9.19 transitions between the different states can be calculated. Hence, the numbers
of potassium channels [nk ] in the states nk and the number of sodium channels [mi hj ] in
the states mi hj fully determine the states of the potassium and sodium channels in the
membrane patch. The focus of interest are the number of active potassium and sodium
channels which are given by [n4 ] and [m3 h1 ], respectively. For example, let the transition
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rate between state A and state B be r and the number of channels in these states be nA
and nB . Then, a channel switches within the time interval (t, t + ∆t) from state A to B
with probability p = r∆t. The number of channels ∆nAB that switch from state A to B
in the same time interval satisfies the binomial distribution


nA
(9.22)
p∆nAB (1 − p)nA −∆nAB .
P (∆nAB ) =
∆nAB
The numbers have to be updated sequentially, starting with the process with the largest
rate and so forth, to make sure that the number of channels in each state is positive.

Figure 9.2.: Opening probability of MscL as a function of applied tension. The experimental results follow a Fermi-Dirac distribution Eq. 9.24 with ǫopen − ǫclosed =
18.61 kB T and ∆A = 6.52 nm2 at room temperature. From [17].

9.1.3. Mechanosensitive Ion Channels
The working model for mechanosensitive ion channels is based on the energy equation for
a single mechanosensitive channel
E (λ, τ ) = (1 − λ) ǫclosed + λǫopen − λσ∆A,

(9.23)

where ∆A is the difference in membrane area A occupied by conformation transitions at
a given membrane tension σ. Obviously, the term −λσ∆A favors the open state, i.e. any
increase in protein area is energetically favored when membrane tension is present [19].
The open probability is due to Eq. 9.4 and given by
Po (σ) = =

1
1+

eβ(ǫopen −ǫclosed −σ∆A)

.

(9.24)
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Fig. 9.2 shows an example for the open probability as a function of tension for the
mechanosensitive channel MscL (in E.coli).
Mechanosensitive channels perform cooperative behavior. This is due to enthalpic and
entropic interactions [19]. To establish a HH-like model for stretch-(in)activated voltagegated ion channel clusters we will make use of this possible interactions.

9.1.4. Voltage-Gated Ion Channels Under Stress
Next we consider the effect of mechanical stress on the dynamics of voltage-gated ion
channels, i.e. the firing behavior of a single ion channel cluster under the influence of
tension σ. The single channel energy is given by
E (λ) = (1 − λ) ǫclosed + λǫopen − λσ∆A − λf (V )∆A,

(9.25)

with the change of in-plane area ∆A being the dominant energy term, ∆Aσi , and membrane potential V . f (V ) is an unknown function describing the closing behavior of the
channel as a function of the membrane potential V . The open probability as a function
of voltage and tension is given by
Po (σ, V ) = =

1
1+

e−∆Af (V )/kB T e−2κσ

,

(9.26)

where we assume, without loss of generality, that the open and closed states have the same
energy in the absence of an applied force or voltage, i.e. ǫopen − ǫclosed = 0. Furthermore,
we introduced κ := ∆A/2kB T .
Hodgkin-Huxley-like Model
We now recall the opening behavior of many voltage-gated ion channels in the HH model.
The dynamics are described by first-order rate equations 9.8. In the steady-state these
equations read p∞ = α(Vfixed )/(α(Vfixed ) + β(Vfixed )) for any fixed Vfixed . If we now interpret the steady-state case of HH rate equations as the average of single channel opening
probabilities Eq. 9.26, it is natural to define4
f (Vfixed ) :=

ln (α(Vfixed )/β(Vfixed ))kB T
∆A

(9.27)

for any fixed Vfixed . Since this equation holds for any fixed value V (t) = Vfixed , we derive
dp
(V, σ) = α(V )eκσ (1 − p) − β(V )e−κσ p,
dt

(9.28)

dp
(V, σ) = α̃(V, σ)(1 − p) − β̃(V, σ)p,
dt

(9.29)

or

4

We assumed no interactions between voltage- and mechanic-gating, i.e. voltage caused dynamics are
independent of ∆A.
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with new rate functions
α̃(V, σ) := α(V ) · eκσ
β̃(V, σ) := β(V ) · e−κσ .

(9.30)
(9.31)

The equations of motion for stretch-(in)activated voltage-gated ion channels are now given
by
dV (t)
= g Na m3 h(ENa − V (t))
dt
+ g K n4 (EK − V (t)) + g L (EL − V (t)) + Iext (t)
dpi
= αi (V )eκi σi (1 − pi ) − βi (V )e−κi σi pi , i = h, m, n,
dt

(9.32)
(9.33)

with rate functions αi , βi as in Eq. 9.14-9.19 and parameters as in table 9.1. Stochastic
modifications are analogous to the classical HH equations.

9.2. Mean-Field Model of Cooperative Gating
The deterministic HH equations are mean-field equations for a large cluster of globally
coupled voltage-gated ion channels, i.e. they describe the membrane potential V without
the need to treat the underlie activity of individual ion channels. The same is true for
the equations for stretch-(in)activated voltage-gated ion channels since these equations
are based on HH model. Thus, cooperative channel activation is not included in these
equations. Naundorf et al. introduced a simple mean-field model of cooperative gating
for voltage-gated ion channels. In the following, we briefly describe this model and extend
it for the case of stretch-(in)activated voltage-gated ion channels.

9.2.1. The Model by Naundorf et al. [26]
One of the easiest ways to introduce a mean-field model of cooperative gating for ion
channels can be introduced via a modification of the rate functions α and β in Eq. 9.13
for each channel type [26]. It assumes that each channel is coupled to K neighboring
channels. Any opening of these neighbors causes a shift of the instantaneous activation
curve of the channel by −J towards lower membrane potentials. To be specific, the rate
functions for the single channel ν read as follows
X
αν (V ) := α(V +
Jνµ φµ )
(9.34)
µ

βν (V ) := β(V +

X

Jνµ φµ ),

(9.35)

µ

where the membrane shift is given by
(
J if channels ν and µ are coupled
Jνµ =
0 else

(9.36)
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and φµ is a binary single channel state variable labeling channels in the permissive state,
i.e.
(
1 channel µ is open
(9.37)
φµ =
0 channel µ is not open.
The mean-field model is now given by the replacement
X
Jνµ φµ → KJΦ(t),

(9.38)

µ

where Φ(t) := N open [V (t)] is the fraction of open channels as a function of time. In [26]
Φ(t) was calculated using the single channel model by Aldrich, Corey, and Stevens (1983)
which incorporates three channel states: open, closed, and inactivated [26]. However,
our focus lays on the HH model where the fraction of open channels is calculated as we
described it in section 9.1.2.

9.2.2. Mean-Field Model of Cooperative Gating Including Tension
We extend the model by Naundorf et al. [26] to a mean-field model of cooperative gating
including tension σ. Therefore, we proceed analogue to section 9.2.1, i.e we introduce a
tension shift Q and modify the transition rates α and β for each channel type:
X
X
αν (V, σ) = α(V +
Jνµ φµ , σ +
Qνµ φµ )
(9.39)
βν (V, σ) = β(V +

µ

µ

X

X

µ

Jνµ φµ , σ +

Qνµ φµ ),

(9.40)

µ

where the membrane and tension shifts are given by
(
J if channels ν and µ are coupled via voltage
Jνµ =
0 else
(
Q if channels ν and µ are coupled via tension
Qνµ =
0 else

(9.41)
(9.42)

and, again, φµ is a binary single channel state variable labeling channels in the permissive
state, i.e.
(
1 channel µ is open
(9.43)
φµ =
0 channel µ is not open.
We arrive at the mean-field model of cooperative ion channel gating including tension by
the replacements
X
Jνµ φµ → KJΦ(t)
(9.44)
µ

X
µ

Qνµ φµ → LQΦ(t).

(9.45)
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Again, Φ(t) is the fraction of open channels as a function of time which can be calculated
via the scheme described in section 9.1.2. We assume that each channel is coupled to K
and L neighboring channels via voltage and tension, respectively.

9.3. Data Analysis
In this section we introduce two fundamental observables. We will use them later to
analyze the neuronal system. They allow us to determine the influence of mechanical
stress on the voltage-gated ion channel dynamics.

9.3.1. Average Spike Amplitude
The spike itself is an all-or-none phenomenon, so information is coded not in the amplitude
Vmax of a spike but in the timing of spikes. But tension in voltage-gated ion channels could
inhibit spiking events. Thus, the average spike amplitude is also an useful observable and
hence manipulates physiological processes.

9.3.2. Mean Interspike Interval
We denote the set of spike occurrence by {ti } and the interspike interval by Ti := ti+1 − ti .
Then the mean interspike interval hT i is given through
hT i =

1 X
Ti .
N →∞ N
i
lim

(9.46)

Obviously, the mean interspike interval observable neglects information resulting from the
exact temporal sequence of the spikes, i.e. it ignores all correlations among the intervals.
Assuming that the gating behavior of individual channels is Markov this will not have any
influences on the data analysis. However, if we would assume fractal ion channel gating
this statement would no longer be valid.

10. Results
In this chapter we present some results concerning the influence of mechanical stress on
the firing behavior of a voltage-gated ion channel cluster. Therefore, we act up to a proof
of principle procedure. We perform a test measurement and show on the basis of selected
examples that tension indeed influence the firing of voltage-gated ion channels. In the
next section we present basic analytic considerations based on the varied forms of the rate
equations for the opening-closing-kinetics. Thereafter, we consider the long-time behavior
of a single ion channel cluster under the influence of tension. Contour plots for the average
spike amplitude and the mean interspike interval are shown. We close this chapter with
an example of transient firing behavior induced by tension.
The results for the mean-field model of cooperative gating (including tension) are not
shown. A program calculating such a scenario is currently in progress. The same is true
for the influence of stochastic disturbances which are inevitable for small channel numbers
in the ion channel cluster.

10.1. Basic Analytic Considerations
Here, we take a look at the rate equations 9.33 describing the opening dynamics of the
globally coupled channels. Fig. 10.1 shows the dynamics of the rate quotients βi (V )/αi (V )
for sodium and potassium HH ion channel gates at zero tension σ = 0 as a function of
membrane potential V (t). The quotient exponentially decreases for n and m gates and
increases for h gates with increasing membrane potential V . The gating behavior at zero
tension is determined by these rate functions.
In Fig. 10.2 (a) the opening probability as a function of tension and rate function
quotient βi (Vfixed )/αi (Vfixed ) at fixed membrane potential Vfixed is shown. The probability
increases with increasing tension. For a low quotient near zero the probability is also
for negative tension values almost one. Fig. 10.2 (b) shows the opening probability as
a function of tension and membrane potential for channel-gate types m. For potentials
higher than ca. 70 mV the opening probability is for tension values between −15 and
+15 mN/m equal one. However, for lower voltage values the opening probability decays
to zero depending on the exponential character of the tension influence. In Fig. 10.2 (c)
the opening probability as a function of tension and membrane potential for channel-gate
types h is shown. Here, the opposite is true as in (b), i.e. at membrane potential values
of 70 mV and higher the opening probability is zero. At lower values the probability
depends on the tension influence, i.e. for negative tension the opening probability is low
and for positive tension high (depending on the membrane potential). Finally, Fig. 10.2
(d) shows the opening probability as a function of tension and membrane potential for
channel-gate types n. For this gate types qualitatively the same is true as for type m.
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Figure 10.1.: Transition rate quotient βi (V )/αi (V ), i = m, h, n, for (a,b) sodium and (c)
potassium HH ion channel gates as a function of membrane potential V (t).
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Figure 10.2.: Contour plot of the opening probability pi = 1/ 1 + αβii exp (−2κi σi ) as a
function of: (a) transistion rate quotient βi (Vfixed )/αi (Vfixed ) and tension σi ;
(b)-(d) membrane potential V (t) and tension σi . We set ∆Ai = 1nm2 and
T = 6.3◦ C, i.e. κi ≈ 129.65s2 /kg. (i = m, h, n).
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10.2. Long-Time Behavior
In this section we take a look at the long-time behavior of the HH equations 9.32 and
9.33 under mechanical stress. Since an analytical solution of the equations is hopeless
we used numerical simulations to study the system behavior (for details on the numerics
see appendix A.1). We calculated the average spike amplitude and the mean interspike
interval as a function of input current Iext and tension σ where we averaged over 5000
ms and neglected the first 50ms. It was set κ ≈ 129.65s2 /kg and the initial conditions
where set to the system rest state (see appendix A.1). Fig 10.2 (a) shows the results
for the average spike amplitude. It is crucial to note that for zero tension σ = 0 the
threshold barrier for periodic firing is given by an input current of Iext ≈ 6.26 µA/cm2 [23].
Beginning at Iext ≈ 5 µA/cm2 a huge tongue of tension influenced spiking occurs (σ > 0).
On the other hand, negative tension suppresses spiking at input currents Iext > 6.26
µA/cm2 .
In Fig. 10.2 (b) the mean interspike interval as a function of tension and input current
is shown. The dynamics for this observable is rather complicated leading to an difficult
numerical measurement of this observable. This becomes explicitly clear in the next
section were trajectories of the tension modulated HH-equations are shown. However,
tension definitely influences the mean interspike interval leading to a manipulation of
information flow from one cell to another.

10.3. Transient Behavior
In this section we consider a specific example of stretch-activation of voltage-gated ion
channels. Therefore, we explicitly calculate the trajectories of the membrane potential as
a function of time for different given tension values. We consider the HH-equations at an
input current value of Iext (t) = 4.0 µA/cm2 . For zero tension no periodic firing occurs since
the input current is below the threshold barrier for periodic firing of Iext ≈ 6.26 µA/cm2 ,
see Fig. 10.4 (a). By increasing the tension value the firing behavior depends extremely
on the influence of mechanical stress. While for too small tension no (periodic) firing
behavior (after sufficient transient time) occurs (Fig. 10.4 (a)-(c), respectively), regular
spiking is observed during increasing mechanical stress (Fig. 10.4 (d)-(g)). Towards
increasing tension a rich and complex behavior comes into being (Fig. 10.4 (d)-(g)), while
for reaching an upper limit of tension influence (σ ≈ 5.5 mN/m), firing behavior vanishes
and solutions converge to a steady-state value which is defined by the input current
Iext (t) (Fig. 10.4 (h)). This demonstrates the results of the last section vividly. Tension
triggers the membrane to fire or depresses firing. But on the other side tension alters the
interspike interval. However, the most prominent feature of tension is the suppression
and inhabitation of periodic firing.
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(a) Plot showing the average spike amplitude hVmax i as a function of input current Iext and
tension σ. For σ = 0 the threshold barrier for periodic firing is given by an input current of
Iext ≈ 6.26 µA/cm2 . (Average over 5000 ms).
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(b) Plot showing the mean interspike interval hT i as a function of input current Iext and
tension σ. (Average over 5000 ms).

Figure 10.3.: Contour plot of the influence of tension on the firing behavior of a single HH
neuron. Tension σ is measured in N/m, membrane potential V in mV, and
input current Iext in µA/cm2 .
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Figure 10.4.: Firing behavior of a single neuron under stress: Trajectory plots of the
membrane potential V (t) at input current Iext (t) = 4.0 µA/cm2 for different positive tension values σ ≥ 0 are shown. (Note: positive tension values
higher transitions of membrane channels from non-permissive to permissive
states and lower transitions from permissive to non-permissive states. The
opposite is true for negative tension values). The initial conditions are the
system values at rest. The firing behavior depends extremely on the influence of mechanical stress on the cell membrane. While for zero tension
or too small tension no (periodic) firing behavior (after sufficient transient
time) occurs (Fig. (a)-(c), respectively), regular spiking is observed during
increasing mechanical stress (Fig. (d)-(g)). Towards increasing tension a
rich and complex behavior comes into being (Fig. (d)-(g)), while for reaching an upper limit of tension influence (σ ≈ 5.5 mN/m), firing behavior
vanishes and solutions converge to a steady-state value which is defined by
the input current Iext (t) (Fig. (h). (Note the different time scales in Fig.
(d) and (g)).

11. Conclusion and Outlook
In this thesis part we considered the influence of mechanical stress on the firing behavior
of a single voltage-gated ion channels cluster. Therefore, we used the Hodgkin-Huxley
model as an archetypical example for voltage-gated ion channels. The Hodgkin-Huxley
equations were modified for the influence of tension by replacing the original rate functions
for the opening kinetics by tension-dependent rate functions. While the Hodgkin-Huxley
model describes globally coupled ion channels, we also introduced a mean-field model of
cooperative gating ion channels. Such a model was originally introduced for voltage-gated
ion channels. We extended this model towards influences of tension.
Within a proof of principle we showed that tension indeed alters the firing behavior of an
voltage-gated ion channel cluster. We calculated numerically average spike amplitude and
mean interspike interval which showed a complex behavior. A specific example for stretchactivation of a Hodgkin-Huxley ion channel cluster was given by calculating explicitly
the membrane potential as a function of time. Thus, tension definitely modifies the
spike amplitude and interspike interval, i.e. suppresses or inhibits spiking and influences
information flow of the cell, respectively.
In comparison to existing experimental data the authors in [15] found such influences on
the firing behavior of a neuron. The mean interspike interval was altered and spiking was
suppressed or inhibit by tension. As an application we also note that an ever-increasing
number of human and animal diseases have been found to result from defects in ion
channel functions [25]. We argue that mechanical deformations of the lipid bilayer may
lead to such a defect in voltage-gated ion channels.
As an outlook several projects are possible since the evaluation of our presented theory
was just partially done and only in a proof of principle. However, due to extreme numerical
cost some calculations could not finished up to now and are under progress. The first goal
would be to include the local coupling of ion channels into the calculations. On the other
hand the influence of noise could be studied. While we here treated a single neuron,
several coupled neurons under stress could also be considered, especially with respect to
synchronization phenomena.
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12. Conclusion
In this thesis we studied collective effects in two biological motor systems: the fungal
model system U. maydis and the Hodgkin-Huxley ion channel cluster for voltage-gated
ion channels. In the first part we presented three different scenarios for bidirectional
motility of motor-assisted transport. The first scenario describes a cargo transported by
several individual acting motors. Each of these motors attaches and detaches from the
MT. If all motors are detached there is a certain possibility that at least one motor rebinds
to a MT of altered orientation. The model proposes that EE turn because of this hopping
behavior. However, we found that the first EE turn does not correlate with experimental
data by [1] but shows contrary turning behavior. We suggest that MT-hopping is most
likely not the cause for the first change in direction of EE.
The second scenario treats trapping models. We propose that EE meet on their onedimensional move towards the tip free dynein motors. With a given chance they load onto
dynein and turn direction due to a force disbalance of dynein and kinesin-3 motors. Two
approaches of this ”on the run” mechanism were discussed: a Gaussian and a diffusion
model. The Gaussian ”on the run” loading overcomes the absence of experimental data
for the free dynein density by replacing it by a sum of Gaussian random points. Each of
this points represents a dynein motor. If an EE reaches one of these points it loads onto
the dynein motor with a certain probability and turns direction. The turning behavior
of such modeled EE fits the experimental data remarkable good. The second approach
treats the free dynein motors as a diffusive medium where the EE act as tracer particles.
Once an EE and a dynein meet EE loads with a certain probability onto dynein. The
survival probability and, thus, the turning behavior of EE moving in such a dynein sea
can be calculated analytical. In doing so experimental and theoretical data are in good
agreement. We conclude, that our results suggests that the dynein ”loading on the run”
model is a very likely scenario for the first change in direction of EE. This turning occurs
in a collective manner, i.e. because of the interplay of single motors.
For a third scenario we reviewed a tug-of-war model recently established by Müller et
al. [9]. Two opposite-directed teams of motors are simultaneously attached to a single
cargo. While each motor follows its intrinsic single motor behavior it feels the generated
load forces of the other motors. Such a model set up leads to a rapid exponential decay
of run length of the cargo, i.e. EE would turn with high probability for the first time at
walking distances smaller than a few µm. This short-range bidirectional motility is not
able to explain EE dynamics in hyphal tip growth of U. maydis.
In the second part of this thesis we considered the influence of mechanical stress on
the firing behavior of a single voltage-gated ion channels cluster. Therefore, we used the
Hodgkin-Huxley model as an archetypical example for voltage-gated ion channels. The
Hodgkin-Huxley equations were modified for the influence of tension by replacing the
original rate functions for the opening kinetics by tension-dependent rate functions. While
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the Hodgkin-Huxley model describes globally coupled ion channels, we also introduced
a mean-field model of cooperative gating ion channels. Such a model was originally
introduced for voltage-gated ion channels. We extend this model towards influences of
tension.
Within a proof of principle we showed that tension indeed alters the firing behavior of an
voltage-gated ion channel cluster. We calculated numerically average spike amplitude and
mean interspike interval which showed a complex behavior. A specific example for stretchactivation of a Hodgkin-Huxley ion channel cluster was given by calculating explicitly
the membrane potential as a function of time. Thus, tension definitely modifies the
spike amplitude and interspike interval, i.e. suppresses or inhibits spiking and influences
information flow of the cell, respectively.
In comparison to existing experimental data the authors in [15] found such influences on
the firing behavior of a neuron. The mean interspike interval was altered and spiking was
suppressed or inhibit by tension. As an application we also note that an ever-increasing
number of human and animal diseases have been found to result from defects in ion
channel functions [25]. We argue that mechanical deformations of the lipid bilayer may
lead to such a defect in voltage-gated ion channels.
As an outlook several projects are possible since the evaluation of our presented theory
was just partially done and only in a proof of principle. However, due to extreme numerical
cost some calculations could not finished up to now and are under progress. The first goal
would be to include the local coupling of ion channels into the calculations. On the other
hand the influence of noise could be studied. While we here treated a single neuron,
several coupled neurons under stress could also be considered, especially with respect to
synchronization phenomena.

A. Appendix
A.1. Numerics: Simulations of the HH Equations
The (modified) Hodgkin-Huxley equations were solved by a self-written C-code using a
4th order Runge-Kutta algorithm with step size h = 0.01 [27]. The calculations start at
the system rest state
V (0)
n(0)
h(0)
m(0)

=
≈
≈
≈

0
0.317676914
0.596120754
0.052932485.

(A.1)
(A.2)
(A.3)
(A.4)

We set ∆A = 1nm2 , T = 6.3◦ C, i.e. κi ≈ 129.65s2 /kg. In contour plots transients were
eliminated by omitting the first 50 ms and averaging over 5000 ms.

A.2. Plots and Programs
Plots are done using the commercial software of ORIGIN [28] and the free available software
GNUPLOT. Parts of the self-written C-code programs use the free available software of GNU
Scientific Library.
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