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Zusammenfassung

Wavelets haben grofle Bedeutung im Bereich der Angewandten Mathematik erlangt,
wo sich Konzepte der Numerik, der Signalanalyse sowie der Funktionalanalysis ver-
kntiipfen. Der Begriff Wavelet wurde von A. Grossman und J. Morlet Anfang der
1980er Jahre eingefithrt und ist eine Ubersetzung des franzosischen Wortes “on-
delette”, welches “kleine Welle” bedeutet. Wavelets werden zur Konstruktion von
Basen des Raumes der quadratintegrierbaren Funktionen L,(R™) verwendet. Diese
Basen entstehen durch skalieren, dilatieren und translatieren einer endlichen Menge
{%i}ier von Funktionen, die auch Mother Wavelets genannt werden:

{iju(x) = 2" 22 — k)i € I,j € Z,k € Z"}.

Da sich Signale fiir gew6hnlich als Funktionen f € Ly(R™) modellieren lassen,
kénnen wir solche Basen nutzen, um eine Waveletdarstellung des Signals f zu er-

halten:
F@) =YY" cijuthijule). (0.1)

i€l j€Z kezr

Die Mother Wavelets konnen so konstruiert werden, dass sie exponentiell abfallend
sind oder einen kompakten Trager haben. Folglich konnen wir eine Darstellung er-
halten, die lokal in der Zeit ist und bei der sich kleine Anderungen des Signals nur
auf wenige Koeffizienten ¢; ;; auswirken. Dies ist ein Vorteil gegeniiber der Fourier-
transformation, die nur im Frequenzbereich lokalisiert ist. Andere wiinschenswerte
Eigenschaften sind eine hohe Anzahl an verschwindenden Momenten, welche eine
diinne Darstellung von f zur Folge hat oder Orthogonalitéit, welche zu einer ein-
fachen Berechnung der Koeffizienten ¢; ; fiihrt.

Ein Beispiel fiir eine Waveletbasis ist die sogenannte Haar-Basis, welche von A.
Haar im Jahr 1910 konstruiert wurde, sieche [43]. Das Mother Wavelet ist definiert
durch

1, 0<z<j,
(x): =< —1, %§x<1,
0 , sonst.

Fiir weitere Beispiele verweisen wir auf [75, 60, 29].

Um Waveletbasen zu konstruieren, nutzt man einen systematischen Ansatz, der
unter dem Namen Multiskalenanalyse bekannt ist. Dieser Ansatz wurde von S.
Mallat und Y. Meyer im Jahr 1986 entwickelt, siehe [57, 62].
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Zusammenfassung

Definition 0.1.
Eine Folge abgeschlossener Unterrdume {S;};ez, S; C L2(R), heifit Multiskalenana-
lyse, wenn die folgenden Bedingungen erfiillt sind:

(Ml) ...CSj_1CSjCSj+1C...,

a2 | S = Lo(R),

j=—o00

o0

(M3) () S, = {0},

(M4) f€S; & f(2°) € i,

(M5) es existiert ein Generator ¢ € Sy, auch Skalierungsfunktion genannt, dessen
Translate {¢(- — k), k € Z} eine Riesz-Basis fiir Sy bilden.

Dass die ganzzahligen Translate von ¢ eine Riesz-Basis fiir Sy bilden sollen be-
deutet, dass

So = span{p(- — k), k € Z} (0.2)

und dass die ganzzahligen Translate von ¢ stabil sind. Stabil heifit, es existieren
Konstanten C4,Csy > 0, sodass

Z cep(- — k)

kEZ

Cille|lerzy < < Oollellezy, ¢ = {crtrez € (7).

L2 (R)

Die Bedingungen (M1), (M4) und (M5) stellen sicher, dass die Skalierungsfunktion
¢ verfeinerbar ist. Das bedeutet ¢ erfiillt die Verfeinerungsgleichung

p(z) =) arp(2z — k) (0.3)

mit der Maske a = {ag}rez € l2(Z). Aufbauend auf dem Konzept der Multiskalen-
analyse werden Wavelets als Basen der Komplementraume W; := S;.1 © 5;,7 € Z,
konstruiert. Aus den Bedingungen (M4) und (M5), bzw. (0.2), ergibt sich, dass sich
das Wavelet ¢/ durch die Gleichung

Y(@) = brp(2w — k) (0.4)

kEZ

bestimmen lasst.
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Zusammenfassung

Das Konzept der Multiskalenanalyse kénnen wir leicht ins multivariate Setting
iibertragen. Dazu betrachten wir das Tensorprodukt von n univariaten Multiskalen-
analysen. In diesem Fall hat der Generator die Form

o(x) = p(xq) - p(za) - ... p(z,) furz=(xq,...,2,) € R".

Man nennt ihn separabel. Fiir weitere Informationen zum Tensorproduktansatz
verweisen wir auf [58]. Ein Nachteil dieses Ansatzes ist die Fokussierung auf die
Koordinatenachsen. Diese Fokussierung kann Probleme in Anwendungen wie der
Bildanalyse verursachen, bei der es darauf ankommt, mehr als nur horizontale
und vertikale Strukturen zu erkennen. Einen Ausweg stellt die Wahl eines nicht
separablen Generators dar. Wir verweisen an dieser Stelle auf die Lehrbiicher
(62, 29, 18, 81, 64], welche eine gute Ubersicht zum Thema univariate und mul-
tivariate Wavelets ermoglichen.

Dariiber hinaus ist es vorteilhaft, das Konzept der Multiskalenanalyse zu verall-
gemeinern. In (0.1) ist es wiinschenswert, die notwendigen Berechnungen zu re-
duzieren. Eine Moglichkeit dies zu tun, ist die Anzahl an Mother Wavelets, bzw.
die Kardinalitdt von I, zu reduzieren. Dies erreicht man durch das Einbinden von
expandierenden Matrizen mit ganzzahligen Eintragen in die multivariate Variante
von Bedingung (M4). Diese Matrizen nennt man Dilations- oder Skalierungsma-
trizen und deren Determinante bestimmt die Anzahl an Mother Wavelets. Es gilt
die Formel |det M| — 1, siehe [61]. In der Literatur wurde der Fall M = 2I iiber
die Jahre eingehend studiert. Bei dieser Skalierungsmatrix werden 2" — 1 Mother
Wavelets benotigt. Wir sehen, dass ein Anstieg der Raumdimension n einen expo-
nentiellen Anstieg der bendtigten Anzahl an Mother Wavelets zur Folge hat. Aus
diesem Grund ist man daran interessiert, eine Skalierungsmatrix mit kleiner Deter-
minante in den Konstruktionsprozess einzubinden. Ein weiterer Vorteil von allge-
meinen Skalierungsmatrizen ist, dass sich die oben beschriebene Fokussierung auf
die Koordinatenachsen durch Einbau einer Rotationskomponente abmildern lasst.

Neben der Wahl eines geeigneten Dilationsparameters ist die Wahl eines geeigne-
ten Generators wichtig. Das liegt daran, dass das Wavelet einen Grofteil seiner
Eigenschaften vom Generator erbt. Jedoch gibt es spezielle Kombinationen von
Eigenschaften, wie orthogonal und interpolierend zu sein oder orthogonal und sym-
metrisch mit kleinem Trager und Approximationsordnung grofier eins zu sein, die ein
Generator alleine nicht besitzen kann, siehe [29, 53, 74]. Dieses Problem lésst sich
16sen, indem man die Anzahl an Generatoren erhoht, siche beispielsweise [53, 40, 66].
In diesem Zusammenhang spricht man von einer Multiskalenanalyse mit Vielfach-
heit. Diese wurde in [3, 41, 46] Anfang der 1990er Jahre eingefiihrt. Wavelets,
die mithilfe einer solchen Multiskalenanalyse konstruiert werden, nennt man Mul-
tiwavelets. Wir bemerken, dass ein Anstieg der Generatoren auch einen Anstieg
der Anzahl benotigter Mother Wavelets zur Folge hat. Insgesamt benétigen wir
(|det M| — 1)N Mother Wavelets, wobei N fiir die Anzahl an Generatoren steht,
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Zusammenfassung

siehe [16, 82]. Fiir N > 1 ist diese Formel jedoch nicht fiir den Tensorprodukt-
ansatz giiltig. In Beispiel 3.1 dieser Arbeit zeigen wir auf, dass im Fall M = 21
sogar (2" —1)N? Mother Wavelets benétigt werden. Fiir weitere Informationen zum
Thema Multiwavelets verweisen wir den Leser auf [52, 67].

Abhéngig von den gewiinschten Eigenschaften der (Multi)Waveletbasis, ist der
Konstruktionsprozess mehr oder weniger restriktiv. Um eine kompakt getragene, or-
thornomale Waveletbasis zu erhalten, benétigt man einen kompakt getragenen Gene-
rator mit orthonormalen Translaten. Es ist notwendig, dass die Translate orthonor-
mal sind, denn ansonsten wiirde das Durchfithren einer Orthogonalisierungsproze-
dur den Verlust des kompakten Tragers verursachen. Die Konstruktion eines solchen
Generators ist alles andere als trivial wie I. Daubechies in [28] fiir den Fall n = 1
aufzeigt. Wie in [21] nachgewiesen, ist bereits eine Anpassung ihrer Methode fiir
die Dimension 2 mit groflen Einschrankungen verbunden. Das fiihrt uns zu den
sogenannten Pre-Wavelets, welche von G. Battle eingefiihrt wurden, siche [7] und
Definition 1 in [8]. Eine Waveletbasis ist eine Pre- Waveletbasis, falls

<wi7j7k7¢i’,j',k'>L2(Rn) =0 fir j 7é jl? jaj, € Za Z.7il € ]endliCh7 k’ ke Zn’

erfiillt ist. Das bedeutet, es liegt nur Orthogonalitat zwischen verschiedenen Skalen
vor. Aus diesem Grund ist es eine schwéchere Bedingung als die Orthonormalitéts-
bedingung

<wi,j,k7 wi'»j'ak'>L2(R") = 51'71'/ 5j7j/ (5k,k”a i, i’ - Iendlich, j,j/ € Z, ]{57 k' c7".

Das hat den Vorteil, dass wir an Flexibilitat gewinnen und der kompakte Trager
eines Generators ohne grofle Einschrankungen erhalten werden kann.

Aufbauend auf den vorherigen Ausfiihrungen ist diese Arbeit durch die folgenden
zwei Fragestellungen motiviert:

(Q1) Was sind Minimalanforderungen, sodass eine Konstruktion von Pre-Wavelet-
basen und Pre-Multiwaveletbasen noch moglich ist?

(Q2) Wie konnen wir die Anzahl an Mother-Wavelets minimieren?

Frage (Q1) ist von theoretischem Interesse. Sie zielt darauf ab, die Grenzen der
Theorie aufzuzeigen. Frage (Q2) ist von theoretischem und praktischem Interesse.
Reduziert man die Anzahl an Mother Wavelets, so werden weniger Berechnungen
in Anwendungen benotigt. Dariiber hinaus sind wir in dieser Arbeit hauptséchlich
daran interessiert, kompakt getragene Pre-(Multi)Wavelets ausgehend von kompakt
getragenen Generatoren zu konstruieren. Die Kombination von kompaktem Trager
und einer minimalen Anzahl an Mother Wavelets ist unter anderem in der Signal-
und Bildverarbeitung von besonderem Interesse. Hier ist es so, dass die Wavelet-
Zerlegung eines Signals mittels Hochpass- und Tiefpassfiltern erfolgt, wobei diese aus
den Koeffizienten der Verfeinerungsgleichung (0.3) bzw. der Funktionalgleichung des



Zusammenfassung

Wavelets (0.4) gewonnen werden, siehe [57]. Diese Gleichungen haben fiir allgemeine
Skalierungsmatrizen die Form

p(r) =Y arp(Mz — k)

keZm™

sowie

Yi(x) = Z birpo(Mz —Fk), 1<i<detM —1.

kezm

Der kompakte Trager der Generatoren reduziert fiir gewohnlich die Lange der Folge
{ag }rezn und daher die Lange des Tiefpassfilters. Der kompakte Trager des Wavelets
hingegen reduziert fiir gewohnlich die Lange der Folge {b; j }rezn, 1 < i < det M —1,
und daher die Lange des Hochpassfilters. Zusétzlich resultiert eine Minimierung
von det M — 1, bzw. eine Minimierung der Anzahl von Mother Wavelets, in einer
Minimerung der Anzahl an Hochpassfiltern insgesamt.

Im Hinblick auf die Frage (Q1) reduzieren wir die Annahmen, die in der Defini-
tion der Multiskalenanalyse getroffen werden, auf die multivariaten Versionen von
(M1), (M2) und (M3). In diesem Zusammenhang sprechen wir von einer verallge-
meinerten Multiskalenanalyse. Anzumerken ist, dass diese Definition einer verall-
gemeinerten Multiskalenanalyse nicht mit der in der Literatur gelaufigen Definition
tibereinstimmt, siehe [6, 59]. Hier ist eine verallgemeinerte Multiskalenanalyse eines
separablen Hilbertraums # als Folge abgeschlossener Rdume {S;},cz in H definiert,
sodass Folgendes gilt:

(1) S C Sjr1,

@ U 5=

j=—o0
o0

3) ) Si={0},

j=—o00
(4) 0(5;) = Sj41,
(5) Sp ist invariant unter der Anwendung von T,

wobei T eine abzahlbare, abelsche Gruppe unitiarer Operatoren auf H ist und ¢ ein
unitirer Operator auf H ist, sodass 6! T § C T gilt. Mit anderen Worten: Die Au-
toren in [6] haben Translation und Dilation durch allgemeinere Operatoren ersetzt.
Dartiber hinaus ist einer der Hauptunterschiede zu unserer Definition die Existenz
der Annahme (4). Daher sprechen wir hier von einer stationdren Multiskalenana-
lyse, wahrend unsere Definition als nicht stationdre Multiskalenanalyse klassifiziert
werden kann.
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Zusammenfassung

Im Hinblick auf die Frage (Q2) binden wir eine Skalierungsmatrix in unser Setting
ein. Dies erfolgt durch das Hinzufiigen der Annahme, dass die Raume {S;};cz M-
shift-invariante Raume sein sollen. Zusammenfassend erhalten wir die nachfolgende
Definition.

Definition 0.2.

Eine Folge abgeschlossener, M ~/-shift-invarianter Unterrdaume {S;};ez, S; C L2(R™),
heifit verallgemeinerte Multiskalenanlayse, wenn die folgenden Bedingungen erfillt
sind:

(Ml) ...CSj_1CSjCSj+1C...,

(M2) G Sj = La(R"),

j=—00

(M3) () s ={0}
j=—00

Dieser Ansatz ist inspiriert durch Resultate von C. de Boor, R. A. DeVore und
A. Ron. In [30] konstruierten sie kompakt getragene und stabile multivariate Pre-
Wavelets. Thre Konstruktionen passen in unser Setting fiir den Spezialfall M = 21.
Aus diesem Grund sind wir bestrebt, verallgemeinerte Konstruktionsprozeduren
fiir allgemeine Skalierungsmatrizen zu finden, welche uns Pre-Wavelets und Pre-
Multiwavelets liefern. Neben [30] gibt es weitere Publikationen, die rund um das
Thema Pre-(Multi)Wavelets und Skalierungsmatrizen erschienen sind. Das Haupt-
interesse galt hier der stationdren Multiskalenanalyse mit einem Generator und
M = 21. In diesem Setting haben sowohl Micchelli [63] als auch Chui und Wang [20]
die Existenz von kompakt getragenen univariaten Pre-Wavelets untersucht. Dabei
nahmen sie an, dass der Generator ¢ ganzzahlige stabile Translate besitzt und sowohl
verfeinerbar als auch kompakt getragen ist. Im multivariaten Setting beschaftigten
sich Jia and Micchelli [49] mit der Existenz von stabilen Pre-Wavelets. Die zugrunde-
liegenden Annahmen an den Generator waren seine Verfeinerbarkeit mit einer Maske
a in ¢1(Z"), Stabilitét seiner ganzzahligen Translate und ), . |o(- — k)| € Lo(T™).
Des Weiteren konstruierten sie kompakt getragene Pre-Wavelets unter der Annahme,
dass ¢ kompakt getragen ist. Wir merken an, dass diese Ergebnisse auf der Erwei-
terbarkeit einer endlichen Menge von Laurentpolynomen und dem Quillen-Suslin
Theorem beruhen, siche [68, 77]. In [54] erweiterte M.-J. Lai die Annahmen von
Micchelli, bzw. Chui und Wang, und konstruierte kompakt getragene und stabile
Pre-Wavelets. Dartiber hinaus beschaftigte sich R. A. Zalik mit der Konstruktion
von Pre-Multiwavelets im Fall einer stationdaren Multiskalenanalyse und einer allge-
meinen Skalierungsmatrix. In [82] leitete er in dem soeben beschriebenen Setting

eine explizite Darstellung der Fouriertransformation von stabilen Pre-Multiwavelets
her.

xii



Zusammenfassung

Im Gegensatz zu den vorgenannten Publikationen, reduzieren wir die anfanglichen
Annahmen durch Verwendung der verallgemeinerten Multiskalenanalyse, siehe Defi-
nition 0.2. Bei der Konstruktion von Pre-Wavelets in Kapitel 6 ist unsere Hauptan-
nahme

suppp; = R",  j € Z,

wobei ¢; der Generator des Raumes S; sei und ¢; die Fouriertransformierte dieses
Generators. Dies ist keine besonders restriktive Annahme. Im Hinblick auf prak-
tische Anwendungen ist man daran interessiert, mit gut lokalisierten Funktionen
zu arbeiten, das heiffit Funktionen mit kompaktem Trager. In diesem Fall besagt
das Paley-Wiener Theorem, dass der Trager der Fouriertransformierten ganz R ist.
Auflerdem ist zu betonen, dass wir nicht annehmen, dass eine Verfeinerungsgleichung
der Form

0; =Y arpja(-+ M Uk (0.5)

kezn

gilt, wobei a eine Folge in ¢5(Z™) ist. Wir hingegen arbeiten mit einer Gleichung der
Form

wobei A 2m(MT)7+17Z - periodisch ist. Diese folgt direkt aus der Schachtelung der
M ~J-shift-invarianten Raume, siehe Kapitel 4. Die Gleichung (0.5) ist nicht aquiva-
lent zu der Gleichung (0.6). Angenommen ¢;,; besitzt M~U+YZ stabile Translate,
dann ist (0.5) dquivalent zu

pj=Apjp1, A=) are MR € 1o(Can),

kezm

wobei Cjyq 1= (MT)+! =, )", siehe [35]. Im Gegensatz dazu kénnten wir die
Funktion A in (0.6) so wéhlen, dass sie nicht lokal quadrat-integrierbar auf C;,; ist.
Wenn es um die Konstruktion von Pre-Multiwavelets geht, nimmt (0.6) die Form

N ~g+1
¥1 ¥1

: =A :
nj Ajtl
PN PN

an. Hierbei ist A eine Matrix mit 27 (M T)i+17Zn periodischen Funktionen als Eintri-
gen und ¢, ..., ¢ sind die Generatoren des Raumes S}, j € Z. Daneben haben wir
zwei Hauptannahmen. Die erste Annahme besteht darin, dass spezielle Translate

xiil



Zusammenfassung

der Generatoren in ®; := {p],..., %} eine Basis fiir den Raum S;.;(®;,) liefern.
Die zweite Annahme ist eine Gleichung der Form

. y
¢r &

: =T , JEL,
o B
&N Sy

wobei I' eine quadratische Matrix ist, welche fast tiberall nicht-singular ist und
2m(MT)I 17 periodische Eintriige besitzt. Weitere Details sind in Kapitel 7 zu
finden.

Diese Arbeit ist wie folgt aufgebaut: In Kapitel 1 fithren wie Lebesgue- und
Hilbertraume sowie fundamentale Hilfsmittel ein, die wir stets bendtigen werden. In
Kapitel 2 stellen wir dem Leser zunachst das klassische multivariate Wavelet-Setting
vor, bei dem man mit einem Generator und der Skalierungsmatrix M = 21 arbeitet.
Im Hinblick auf die Fragen (Q1) und (Q2) verallgemeinern wir dieses Setting in Kapi-
tel 3. Insbesondere fithren wir hier das Konzept der verallgemeinerten Multiskalen-
analyse ein. Die Raume in dieser Art Multiskalenanalyse sind so gewahlt, dass sie
M~ -shift-invariant sind, wobei M einer allgemeinen Skalierungsmatrix entspricht.
Dabei unterscheiden wir, ob die Rdume von einem oder von mehreren Generatoren
erzeugt werden. In Kapitel 4 werden wir beide Arten von shift-invarianten Rdumen
charakterisieren und wir werden analysieren, wann diese die Bedingungen (M2) und
(M3) erfiillen. Anschlieflend diskutieren wir in Kapitel 5 orthogonale Projektionen
von Funktionen des Raumes Ly(R™) auf shift-invariante Rdume und wie man eine
explizite Darstellung ihrer Fouriertransformation herleiten kann. Dies ist wichtig fiir
die nachfolgenden zwei Kapitel, die der eigentlichen Konstruktion von Pre-Wavelets
und Pre-Multiwavelets gewidmet sind. In Kapitel 6 beschaftigen wir uns mit der
Konstruktion von kompakt getragenen Pre-Wavelets. Wir verdeutlichen unseren
Konstruktionsprozesss durch ein Beispiel, bei dem wir exponentielle Box-Splines als
Generatoren fir die Raume S, j € Z, wahlen. Der Vorteil von exponentiellen Box-
Splines im Zusammenhang mit nicht-stationaren Multiskalenanalysen ist, dass sie
fiir die Reproduktion von trigonometrischen Funktionen verwendet werden konnen,
siehe [23]. Im Anschluss diskutieren wir die Konstruktion von stabilen Pre-Wavelets.
In Kapitel 7 verallgemeinern wir unsere Konstruktionsprozedur fiir kompakt getra-
gene Pre-Wavelets um kompakt getragene Pre-Multiwavelets zu erhalten. Genauer
gesagt konstruieren wir Pre-Multiwavelets fiir den Fall, dass die Raume 5;,j € Z,
endlich viele Generatoren besitzen und wir konstruieren kompakt getragene Pre-
Multiwavelets fiir den Fall, dass wir zwei oder drei Generatoren pro Raum S; haben.
Wir beobachten, dass dieser Zuwachs an Generatoren von einem Zuwachs an An-
nahmen an die Generatoren begleitet wird. Neben der Verallgemeinerung der Kon-
struktionsprozedur verallgemeinern wir des Weiteren auch das Beispiel mit den ex-
ponentiellen Box Splines aus dem vorherigen Kapitel. Abschlielend ziehen wir ein
Fazit und diskutieren offene Probleme und Ideen fiir die zukiinftige Forschung.

Xiv



Zusammenfassung

Zusammenfassend lassen sich die Fragen (Q1) und (Q2) wie folgt beantworten:

(Q1) Waihrend des Verallgemeinerungsprozesses der Resultate in [30] fiir eine allge-

meine Skalierungsmatrix und endlich viele Generatoren, begegnen wir eini-
gen Schwierigkeiten. FEine der grofiten Schwierigkeiten tritt auf, wenn es
darum geht sicherzustellen, dass die Determinante einer Grammatrix, welche
sich aus speziellen Translaten der Generatoren von S; ergibt, ungleich 0 ist.
Fiir nahere Informationen verweisen wir auf die Abschnitte 6.1.1 und 7.1.1.
Fiir einen Generator ist dies unter einer relativ schwachen Annahme moglich,
siehe Korollar 6.1.9. Fiir zwei und drei Generatoren hingegen miissen bereits
komplexere Abschétzungen erfiillt sein, siehe (7.4) und (7.5). Fiir endlich
viele Generatoren verscharft sich die Situation weiter, siehe (7.1). Daher
miissen wir eine eher starke Annahme an die Generatorenmengen der Raume
S; hinzufiigen. Dariiber hinaus ist es alles andere als trivial, die Konstruktions-
prozedur einer kompakt getragenen Basis in das Setting mit zwei bzw. drei
Generatoren pro Raum S; zu verallgemeinern, siche Theorem 7.1.10. Dies
weist alles darauf hin, dass es nicht moglich erscheint, die Annahmen in der
Definition der verallgemeinerten Multiskalenanalyse noch weiter zu reduzieren.

Wir schaffen es, eine allgemeine Skalierungsmatrix in unseren Konstruktions-
prozess einzubauen. Daher ist es moglich, die Anzahl an bendétigten Mother
Wavelets zu minimieren, indem man eine Skalierungsmatrix mit Determinante
+2 auswahlt.
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Introduction

Wavelets have become a very powerful tool in the field of applied mathematics where
concepts of numerics, signal analysis and functional analysis are brought together.
The term “wavelet” was first introduced by A. Grossman and J. Morlet in the early
1980s and it is a translation of the french word “ondelette” which means “little
wave”. Wavelets are used to construct bases for the space of square integrable
functions Ly (R™). These bases are obtained by scaling, dilating and shifting a finite
set {1, }ier of functions, also referred to as mother wavelets:

{in(x) = 2" 2200 — k)i € 1,j € Z, k € Z"}.

Since signals are usually modeled by a function f € Ly(R™), we can use such bases
to obtain a wavelet representation of a signal f:

F@) =3 cijutbijul). (0.7)

i€l jET keZn

The mother wavelets can be constructed such that they are exponentially decaying
or compactly supported. Hence, we may obtain a representation which is local in
the time domain and small changes in the signal affect only a few coefficients ¢; j 1.
This is an advantage in comparison to the Fourier Transform which is only localized
in the frequency domain. Other desirable properties are a high number of vanishing
moments which results in a sparse representation of f or orthogonality which leads
to an easy computation of the coefficients ¢; ;1.

An example of a wavelet basis is the so-called Haar-basis which was constructed
by A. Haar in 1910, see [43]. The mother wavelet is given by

1, 0<z<i,
?ﬂ(l’): _17 %§x<17
0 , otherwise.

For more examples we refer the reader to [75, 60, 29].

In order to construct wavelet bases one uses a systematic approach called mul-
tiresolution analysis which was developed by S. Mallat and Y. Meyer in 1986, see
[57, 62].

Definition 0.3.
A sequence of closed subspaces {S;}jez, S; C L2(R), is called multiresolution anal-
ysis if the following conditions are fulfilled:
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(Ml) ..-CsjflcstSjJrlC...’

a2 | S = Lo(®),

j=—o00

(M3) (1) s;={o},

(M4) feS;e f(2) € Sj,

(M5) there exists a generator ¢ € Sy, also called scaling function, whose translates
{¢o(- — k), k € Z} provide a Riesz basis for Sj.

By saying that the integer translates of ¢ provide a Riesz basis for Sy, we mean
that

So = span{p(- — k), k € Z}

and that the integer translates of ¢ are stable, i.e., there exist constants C,Cy > 0
such that

Cillclleyzy < < Collelleyzy, ¢ =A{cktrez € la(Z).

L>(R)

Z k(- — k)

kEZ

Conditions (M1), (M4) and (M5) ensure that the scaling function ¢ is refinable.
This means that ¢ satisfies the refinement equation

plx) =Y arp(2z — k), (0.8)

keZ

with the mask a = {ax}rez € ¢2(Z). Based on the concept of multiresolution
analysis, wavelets are constructed such that they provide bases for the complement
spaces W; 1= Sj41 ©5;,j € Z. Hence, conditions (M4) and (M5) yield that the
wavelet ¢ can be determined by the equation

Y(x) =Y brp(2x — k). (0.9)

The concept of multiresolution analysis can be easily transferred to the multi-
variate setting by considering the tensor product of n univariate multiresolution
analyses. Then the generator is of the form

o(x) = p(xq) - plza) - ...~ p(z,) forx=(x,...,2,) € R™
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Such a generator is called separable. For more details concerning the tensor product
approach see [58]. However, this approach leads to a bias towards the coordinate
axes. This bias can cause problems in applications like image analysis where it is
important to detect not only horizontal or vertical structures. To overcome this
problem we can work with a non-separable generator. We refer the reader to the
textbooks [62, 29, 18, 81, 64] for a good overview of univariate and multivariate
wavelets.

It is beneficial to generalize the concept of multiresolution analysis. In (0.7) it is
desirable to reduce computations to a minimum. One possibility is to reduce the
number of mother wavelets which is equivalent to reducing the cardinality of I. This
can be done by incorporating expanding integer matrices M into the multivariate
counterpart of condition (M4). These matrices are called dilation or scaling matrices
and their determinant is related to the number of mother wavelets by the formula
|det M| — 1, see [61]. In literature the case M = 21 was intensively studied over
the years. This choice for the dilation matrix leads to 2" — 1 mother wavelets. We
observe that as we increase the spatial dimension n, the number of mother wavelets
increases exponentially. Hence, one is interested in incorporating a dilation matrix
with a small determinant into the construction procedure. Another advantage of
general scaling matrices is that the bias towards the coordinate axes can be reduced
by incorporating a rotation component.

Besides the choice of an appropriate dilation parameter, the choice of an appro-
priate generator is important. This is due to the fact that wavelets inherit most of
their properties from their generator. But there are specific combinations of proper-
ties like being orthogonal and interpolating that a single generator cannot possess.
Another example is orthogonality and symmetry with small support and approx-
imation order greater than one, see [29, 53, 74]. This problem can be overcome
by an increase of the number of generators, see, e.g., [53, 40, 66]. In this context
we talk about multiresolution analyses with multiplicity which were introduced in
[3, 41, 46] in the early 1990s. Wavelets which are constructed with such multires-
olution analyses are called multiwavelets. However, more generators lead to more
mother wavelets. In total, we need (|det M| — 1)N mother wavelets where N de-
notes the number of generators, see [16, 82]. This formula does not remain valid for
the tensor product approach if N > 1. In Example 3.1 of this work we derive that
(2" — 1) N? mother wavelets are required in case M = 2I. For more information on
multiwavelets we refer the reader to [52, 67].

In general, the construction procedure of a (multi)wavelet basis is more or less
restrictive depending on the desired properties of the basis. In order to obtain a
compactly supported and orthonormal wavelet basis, a compactly supported gen-
erator with orthonormal shifts is needed. Orthonormality of the shifts is necessary
because otherwise an orthogonalization procedure would cause the loss of the de-
sired compact support. The construction of such a generator is far from being trivial
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as I. Daubechies illustrates in [28] for n = 1. As shown in [21], an adaptation of
her method for two dimensions is already accompanied by major restrictions. This
brings us to the so-called pre-wavelets which were introduced by G. Battle, see [7]
and Definition 1 in [8]. A wavelet basis is called pre-wavelet basis if

<wi7j7k7 wi’7j/,k'>L2(Rn) =0 for .7 7£ j/7 jajl € Zaia i € [ﬁnitea ka K € Zna

is satisfied, i.e., we only have orthogonality between different scales. Hence, it is a
weaker condition in comparison to the orthonormality condition

<1/}i,j,k7 ¢i’,j’,k’>L2(Rn) == 5i,i’ 5j,j’ 5k,k’7 i? Z./ € Iﬁnite7 j7j/ € Z7 k? k/ € Zn

This additional flexibility allows to preserve compact support without major restric-
tions.

Based on the above considerations, this work is mainly motivated by the following
two questions:

(Q1) What are minimal requirements such that a construction of multivariate pre-
wavelet and pre-multiwavelet bases is still possible?

(Q2) How can we minimize the number of mother wavelets?

Question (Q1) is of theoretical interest. It aims to detect limitations of the existing
theory. Question (Q2) is of theoretical and practical interest. Reducing the num-
ber of mother wavelets leads to less computations in applications. Moreover, we
are mainly interested in constructing compactly supported pre-(multi)wavelets from
compactly supported scaling functions in this work. The combination of compact
support and a minimal number of mother wavelets is of special interest in signal
and image analysis for instance. In this field high-pass and low-pass filters are used
to obtain the wavelet decomposition of a signal. These filters are obtained from the
coefficients of the refinement equation (0.8) and the functional equation (0.9), see
[57]. For general dilation matrices these equations turn into

p(z) = app(Mz — k)

kezZn

and

Vi) = ) bigp(Mz —k), 1<i<detM —1.

keZn

Compact support of the generator usually reduces the length of the sequence {ay }rezn
and as a result the length of the low-pass filter. Compact support of the wavelets
usually reduces the length of the sequences {b;x}rezn,1 < i < det M — 1, and as
a result the length of the high-pass filters. In addition, minimizing the number of
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mother wavelets, i.e., minimizing det M — 1, leads to a minimization of the total
number of high-pass filters.

In view of (Q1), we reduce the assumptions made in the definition of the multires-
olution analysis. We only assume that the multivariate versions of conditions (M1),
(M2) and (M3) hold. In this context we talk about a generalized multiresolution
analysis. We remark that this definition does not coincide with the definition usually
found in the literature, see [6, 59]. Here, a generalized multiresolution analysis of a
separable Hilbert space H is a sequence of closed subspaces {S;};ez of H such that

(1> Sj C Sj+1>

(2) G S;="H,

j=—00

3) [ s;=1{o}

j=—00
(4) 0(5;) = Sjs1,
(5) Sp is invariant under the action of T,

where T is a countable abelian group of unitary operators on H and ¢ is a unitary
operator on H such that §~* Y § C Y. In other words, the authors in [6] replaced
translations and dilation by more general operators. Moreover, we observe that
the main difference to our definition of a generalized multiresolution analysis is the
existence of assumption (4). Therefore, we talk about a stationary multiresolution
analysis while our definition can be classified as a non-stationary multiresolution
analysis.

In view of (Q2), we incorporate a dilation matrix into our setting by assuming
that the spaces {S;};ez are M ~J-shift-invariant spaces. In summary, we obtain the
subsequent definition.

Definition 0.4.
A sequence of closed, M ~J-shift-invariant subspaces {S;};cz, S; C La(R™), is called
generalized multiresolution analysis if the following conditions are fulfilled:

(M1) ...Cc S CS;CSjpiC...,

02 | S, = La(®?)
o3 () 5, = (0
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This approach is inspired by the work of C. de Boor, R. A. DeVore and A. Ron.
In [30] they constructed compactly supported and stable multivariate pre-wavelets.
Their constructions fit into our setting for the special case M = 2I. Hence, we
are eager to find generalized construction procedures for arbitrary dilation matri-
ces which lead to pre-wavelets and pre-multiwavelets. Besides [30] there are more
publications which evolved around pre-(multi)wavelets and dilation matrices. The
main interest centered around stationary multiresolution analysis with one genera-
tor and M = 2/. In this setting Micchelli [63] as well as Chui and Wang [20] studied
the existence of univariate compactly supported pre-wavelets in case ¢ is refinable,
compactly supported and has stable integer translates. In the multivariate setting
Jia and Micchelli [49] studied the existence of stable pre-wavelets under the assump-
tion that ¢ is refinable with a mask a € ¢1(Z"™), ¢ has stable integer translates and
Y okezn (- = E)| is in Ly(T™). Moreover, compact support was obtained in case
@ is compactly supported. We remark that their investigations are based on the
notion of extensibility of a finite set of Laurent polynomials and the Quillen-Suslin
Theorem, see [68, 77]. In [54] M.-J. Lai extended the assumptions of Micchelli, Chui
and Wang, and constructed compactly supported and stable pre-wavelets. Besides
that, R. A. Zalik was concerned with pre-multiwavelets in case of a stationary mul-
tiresolution analysis and an arbitrary dilation matrix. In [82] he derived an explicit
representation of the Fourier transform of stable pre-multiwavelets associated with
such a multiresolution analysis.

In contrast to the aforementioned papers, we reduce the amount of initial as-
sumptions by using the generalized multiresolution analysis defined in Definition
0.4. When it comes to the construction of pre-wavelets in Chapter 6, our main
assumption is

suppp; = R", j€Z,

where ¢; is the generator of the space S; with Fourier transform ¢;. This is not a
very restrictive assumption. For practical applications one is interested in working
with well-localized functions, i.e., functions with compact support. Due to the Paley-
Wiener Theorem, such functions have a Fourier transform supported on R"™. Besides
that, we emphasize that we do not assume to have a refinement equation of the form

©j = Z a i1 (- + M~ UTVE), (0.10)

kezn

where a is a sequence in ¢5(Z"). Instead, we work with an equation of the form

¢; = A@ji1, (0.11)

where A is 27x(M7T)/ 1 Z"-periodic. Formula (0.11) holds true in our setting due
to the fact that we work with nested M ~/-shift-invariant spaces, see Chapter 4.
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Notice that (0.10) is not equivalent to (0.11). To this end, suppose that ¢;; has
M~UtD7Zr_stable shifts. Then (0.10) is equivalent to

oj = Apjr1, A= Z ak€i<"7M7(jH)k> € L2(5j+1)7

kezZm

where Cjy := (MT)+ [—r, m)", see [35]. In contrast, (0.11) would allow us to
choose A such that it is not locally square-integrable on C;,;. When it comes to
the construction of pre-multiwavelets, (0.11) turns into

y i
P (&
. — A :
A ~j+1
PN PN
Here, A is a matrix with 21 (MT) 17 periodic functions as entries and cp{, e gp{v

are the generators for the space S;,j € Z. Besides that we have two main as-
sumptions. The first assumption states that special translates of the generators in
;= {¢],...,¢N\} provide a basis for the space Sj41(®;41). The second assumption
is an equation of the form

- By
o &

=T |, jez,
o Py

where I' is a quadratic matrix which is non-singular almost everywhere and has
2m(MT)It1Z - periodic entries. For more details see Chapter 7.

This thesis is organized as follows. In Chapter 1 we introduce Lebesgue and
Hilbert spaces as well as fundamental tools which we use throughout this thesis.
In Chapter 2 we present the classical multivariate wavelet setting where one works
with a single generator and the dilation matrix M = 21. In view of (Q1) and (Q2),
we then generalize this setting in Chapter 3. In particular, we introduce the con-
cept of a generalized multiresolution analysis. The spaces {S;};ez in this kind of
multiresolution analysis are chosen to be M ~/-shift-invariant spaces where M is an
arbitrary dilation matrix. In case these spaces are generated by a single function we
talk about principal shift-invariant spaces and in case they are generated by finitely
many functions we talk about finitely generated shift-invariant spaces. In Chapter 4
we characterize both types of shift-invariant spaces and analyse under which assump-
tions they fulfill conditions (M2) and (M3). Next, we discuss in Chapter 5 orthogonal
projections of functions in Ly (R™) onto such spaces and how we can derive explicit
representations of their Fourier transforms. This is important for the following two
chapters which are dedicated to the actual construction of pre-wavelets and pre-
multiwavelets. In Chapter 6 we are concerned with the construction of compactly
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supported pre-wavelets. We illustrate our construction procedure by an example
where we choose exponential box splines as generators for the spaces S;, 7 € Z. The
advantage of exponential box splines in the context of a non-stationary multireso-
lution analysis is that they can be used to reproduce trigonometric functions, see
[23]. Afterwards, we also discuss the construction of stable pre-wavelets. In Chapter
7 we generalize the construction procedure of compactly supported pre-wavelets in
order to obtain compactly supported pre-multiwavelets. More precisely, we con-
struct pre-multiwavelets in case the spaces S;, j € Z, have finitely many generators
and we construct compactly supported pre-multiwavelets in case each space S; has
two or three generators. We observe that this increase in generators is accompa-
nied by additional assumptions concerning the generators. Besides generalizing the
construction procedure, we also generalize the example concerning exponential box
splines from the previous chapter. Finally, we draw conclusions and discuss open
problems and ideas for future research.
In summary, we can answer the questions (Q1) and (Q2) as follows:

(Q1) During the process of generalizing the results from [30] for a general dilation
matrix and finitely many generators, we encounter several difficulties. One
of the main tasks is to provide sufficient conditions such that the Gramian
matrix corresponding to special translates of the generators of Sy is nonzero,
see Section 6.1.1 and Section 7.1.1. For a single generator this is possible
under a mild assumption but for two and three generators more sophisticated
estimates have to be fulfilled, see Corollary 6.1.9, (7.4) and (7.5). For finitely
many generators the situation is even more complex, see (7.1). Hence, we
have to add a rather strong assumption concerning the generator sets. Besides
that, it is far from being trivial to generalize the construction procedure of a
compactly supported basis such that it is applicable in the setting where each
space S; has two or three generators, see Theorem 7.1.10. This indicates that
it seems not possible to reduce the assumptions made in the definition of a
generalized multiresolution analysis any further.

(Q2) We manage to incorporate a general dilation matrix into our construction
procedures. Hence, we can minimize the number of required mother wavelets
by choosing a dilation matrix with determinant +2.



Chapter 1

Preliminaries

This chapter is dedicated to the repetition and introduction of mathematical con-
cepts which are important for this thesis. It is divided into three sections which
address Lebesgue and Hilbert spaces, the Fourier transform and the bracket prod-
uct.

1.1 Lebesgue and Hilbert Spaces

In this section we define Lebesgue and Hilbert spaces. Moreover, we introduce
the notion of orthogonal projections in Hilbert spaces. We close this section by
summarizing some auxiliary results which we will need in Chapter 4.

Definition 1.1.1.
For 1 < p < oo, we define the space

L,(R") := {f : R" — Cmeasurable ) | fllz,@ny < oo} ,
where the (semi-)norm || - ||z, wn) is given by
1/p
1f 1l emy + = (/!f(ﬂf)!pdl’) , p<oo,
RTL
1 flleo@n) : = essSup |f(z)] < 0.
reR?

In addition, we define the following equivalence relation for functions f, g € £,(R") :
f~g = |f=9l,wr)=0
Then L,(R") := L,(R")/ ~ with || - ||z, @~y == || - || z,@®n) is called Lebesgue space.

The Lebesgue spaces are Banach spaces and for p = 2 we have a Hilbert space.
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Definition 1.1.2.
A Banach space H where the norm || - || is induced by an inner product
()3 : HxH — C, that is,

Il = v/ (e
is called a Hilbert space.

For the most part of this thesis, we are going to work with the Hilbert space
Ls(R™) where the inner product is given by

29 oy = / f(2)9(z) de

for functions f, g € Ly(R™).

Based on the existence of an inner product in a Hilbert space H, we can say that
f,g € H are orthogonal if (f,g),, = 0. Moreover, we can work with the notion of
an orthogonal projection.

Theorem 1.1.3. - [5, Chapter 3.2]

Let S C H be a closed subspace of a Hilbert space H and let S* be the orthogonal
complement of S in H, ie., H = S @ St. Then there exists a unique mapping
Ps : H — S, called orthogonal projection, which satisfies

h—"Ps(h) € S*, heH. (1.1)
Formula (1.1) can be expressed equivalently as
(h—"Pg(h),s),, =0 forallsebs.

Proposition 1.1.4. - [45, Theorem 8.3.6]

Let (e,)nen be an orthonormal sequence in a Hilbert space H and let S be given
by S = span{e,,n € N}. Then the orthogonal projection of h € H onto S can be
written as

Ps(h) = (h,en)y en.

neN

Finally, let us present some results which we will apply in Chapter 4. One of these
results is the continuity of translations in L,(R").

Lemma 1.1.5.
The translation in L,(R"),1 < p < oo, is continuous. For every r € R™ it holds

tim fu(-+7) = wl, e =0, w€ L(R").

10
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Proof.
We follow the proof of Theorem 4.21 in [36] where the lemma above was stated in
a similar manner.

The space of continuous functions with compact support C3(€2) is dense in L, (R™).
Moreover, a continuous function with compact support is uniformly continuous. Let
¢ be such a function. Then, for all £ > 0 there exists a § = d(¢, €) such that

lo(-+ 1) — ¢ <e for |r| <.
For § — 0, we obtain

lim {|¢(- +7) = @l Loc rn) = 0.

|r|—0

Since we consider functions with compact support, we have L,(€2) C L,(2) for
1 <p < g < oo. Consequently,

lr}%”ﬁb( + 1) — Bz, @&
Finally, we consider the estimate
lul-+7) = ullL, @)
< Hlul-+7) = o +1)llL,@ + 100 +7) = dllL,@ + |6 — ullL,@n)-

For |r| — 0, the right-hand side tends to 2||¢ — u||1,@~). But since the continuous
functions with compact support are dense in L,(R"), we can choose the function ¢
such that ||¢ — u||z,®n < €. The proof is complete. O

Besides that we collect results concerning weak convergence in Hilbert spaces. A
sequence (1,,) in a Hilbert space H is weakly convergent to x € H, written z,, — z,
if

(T, y)q = (T,y), forally € H.

The weak limit x is unique, see Lemma 3.6.3 in [44]. For the proof of Theorem
4.1.12 we will need the following results.

Theorem 1.1.6. - [34, Theorem 9.12]
Every bounded sequence in a Hilbert space has a weakly convergent subsequence.

Proposition 1.1.7. - [83, Proposition 21.23]
A bounded sequence (x,,) in a Hilbert space H converges weakly to x if every weakly
convergent subsequence of (z,) has the same limit .

Theorem 1.1.8. - [34, Theorem 9.10]
Let (x,) be a sequence in a Hilbert space ‘H. Then, z,, — x if and only if z, S
and ||z = |[z]]

11
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Moreover, the proof of Theorem 4.1.12 requires knowledge of weakly closed sets.
A subset K of a Hilbert space H is called weakly closed if (x,) € K and z,, — x
implies z € K.

Theorem 1.1.9. - [34, Theorem 9.16]
A convex set is closed if and only if it is weakly closed.

Finally, we present a result which takes advantage of the fact that the notion of
orthogonality exists in a Hilbert space.

Theorem 1.1.10. - [22, Theorem 2.6]

Let S be a closed linear subspace of a Hilbert space H. Moreover, let h € H and let
fo be the unique element of S such that ||h — fy|| = dist(h, S). Then h — fy L S.
Conversely, if fy € S such that h — fo L S, then ||h — fo|l = dist(h, S).

1.2 Fourier Transform

One of the most important tools in wavelet analysis is the Fourier transform. In
this section we give the definition of the Fourier transform and the Fourier series
and recall some basic properties, see [65], Chapter III in [76] and [80].

Definition 1.2.1.
Let f be a function in L;(R"). Then the Fourier transform F' of the function f,
denoted by f, is defined by

~

£(6) = Ff(x) = / f(2) e_e(x) da,

where e¢(z) := €@ for £ € R™. Here, z - £ denotes the Euclidean inner product of
x and &.

The following two results are well-known.

Theorem 1.2.2.
Let f and f be functions in L;(R™). Then the Fourier inversion formula

@) = ()" = P10 = s [ Fenl)ae

holds true for almost every x € R".

Theorem 1.2.3.

Let f, g be functions in the space L;(R™). Then the Fourier transform of the convo-
lution of f and g can be written as the product of the Fourier transforms of f and
g, that is,

P

(f*9)=1fg.

12
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Next, we introduce the Fourier coefficients and the Fourier series.

Definition 1.2.4.
Let f € Ly(T") where T™ denotes the n-dimensional torus. Then the Fourier
coefficients of f are defined by

r)e_(z)dzx, keZ".

The Fourier series of f is given by

> cr(k)ea(k).

kezZm

The following lemma shows that under a certain assumption on the Fourier coef-
ficients, a function f € Ly(T™) can be represented by a Fourier series.

Lemma 1.2.5. - [73, Chapter VII, Corollary 1.§]
Let f € Li(T™) and let {ay}rezn be the Fourier coefficients of f. Moreover, let
> kezn |ax] < o0o. Then it holds

flz) = Z ai ex(x) almost everywhere.

The definition of the Fourier transform can be extended such that it is also ap-
plicable to functions in the Hilbert space Lo(R™).

Theorem 1.2.6.

i) The Fourier transform F' and the inverse Fourier transform F~! have unique
extensions F, F~! on Ly(R™) such that it holds

27" 2 9) Loy = (F L F D pay = (f g>L wy [ € LB, (12)

ii) For a function h € Li(R") N Ly(R™), we have Fh = Fh and F~'h = F~1h.

iii) Let f € Lo(R™) and

- / f(@)e_e(z)dz, fi(z

lz|<¢ \§|<Z

Then we have

Ff=1limf, and F'f=lim f;.
{—00 £—00

13
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Lemma 1.2.7.
Let f,g € Ly(R™). Then it holds

Flaf(z) +bg(x))(€) =a f(€) +b3(&).  abeC, R,
F(f(x—a))(€) = e-a() F(), a,& €R". (1.3)

Proof.

The Fourier transform is linear because

Flaf(x) +bg(x))(€) = lim [ (af (x) + bg(x)) e—¢(x) dz

€—>oo|w|<e
= aglirglo / f(x)e_e(x)dz +b hm / g(z)e_¢(z) da
|z|<¢ |g;\<e
=a f(§) +b9(¢)

Next, we verify that a translation of a function results in a modulation of the cor-
responding Fourier transform. The definition of the Fourier transform yields

We set y = x — a and deduce

lim / f(x —a)e_¢(z) dz = lim / fy)e—e(y+a)dy

{—00 £—o0
|| <2 ly+a|<¢
@ jim [ J6e-ct
ly|<¢
= e—¢(a)f(§)
= e—a(§)f().
O
Lemma 1.2.8.
Let M € R™" be a non-singular matrix and f € Ly(R™). Then we have
1 _
FUMa))(€) = g FDITe) (1.4

14
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Proof.
First, we insert the definition of the Lo-Fourier transform into F(f(Mx))(§) to
obtain

F(f(Mz))(&) = lim /foe§

l—o0
|z|<¢
1
| det M| f%oo

/fo|detM|e (M~ M) de.

|x| <

Then the transformation formula yields

|deiM| Am / f(Mz)| det Mle_¢(M ™" Mz) da
<
1 . B
N |detMlelggo / f(u)e_e(M™ u) du
|M~tu|<t
1 :
~ [ det M| P / fu)e_pr-re(u) du
Jul<¢
1

= P NOTe),

]

The following two theorems are versions of the so-called Paley- Wiener Theorem.
They require knowledge about entire functions of exponential type. An entire func-
tion g on C is of exponential type o if and only if for every ¢ > 0 there exists a
constant C. such that

l9(2)] < C.et9El forall z € C.

Theorem 1.2.9. - [73, Chapter III, Theorem 4.1]
Let f,g € Ly(R). Then g = Ff with supp f C [—%, 2—} if and only if ¢ is the
restriction of an entire function of exponential type o to the real axis.

Theorem 1.2.9 can be generalized for functions f, g in Ly(R™). Beforehand, let us
introduce symmetric bodies and polar sets which are needed for this generalization.
A compact and convex set in R™ which is symmetric about the origin and has non-

empty interior is called symmetric body. Let K denote such a symmetric body. Then
the polar set K* of K is defined by

Kr={¢eR":2-{(<1 forallze K}.
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K* is a symmetric body as well. Now, an entire function g on C" is of exponential
type K* if and only if for every € > 0 there exists a constant C. such that

9(2)| < C.e®™ A" for all z € C™.
Here, the dual norm || - ||* is defined by ||2[|* := sup,cf |y - 2].

Theorem 1.2.10. - [73, Chapter III, Theorem 4.9]

Let f,g € Ly(R™) and let K be a symmetric body. Then g = Ff is the Fourier
transform of a function f with supp f C K if and only if g is the restriction to R"
of a function of exponential type K*, where K* denotes the polar set of K.

1.3 Bracket Product

Another very important tool for our construction procedure of a pre-(multi)wavelet
basis will be the so-called bracket product. In this section we summarize its most
important properties.

Definition 1.3.1.
Let f,g € Ly(R™). Then the 2r(M7T)IZ -periodization of fg, i.e.,

f9i= Y, fC+Bg(+h), jeL (1.5)

Be2m(MT)izm
is called bracket product. We set [f, §] := [f, 9o

A standard procedure for evaluating integrals of bracket products is to partition the
domain of integration into fundamental domains.

Definition 1.3.2. - [1, Definition 5.§]

Let D be either a lattice contained in R™ or R" itself. Furthermore, let ~5 be
an arbitrary subset of D and let £ be a lattice contained in D. The set C' is a
fundamental domain of the lattice £ in D if C' intersects each coset of D/L in
exactly one point.

Definition 1.3.3.
Let £ be a lattice. Then the dual lattice L* is defined by

L={eR": ("L e2rZ forlelLl}

In this thesis we are interested in the lattice £; = M —I7Z" and its dual lattice
Ly =2r(MT)YZ", j € Z. Therefore, we set D =R", C; = (M")/[—7, )" and thus,

we can identify the space Ly(D/L}) with the space Lg(éj). We mention that if we
set 7 = 0, we obtain the n-dimensional torus given by 7™ = R" /27 Z".

Next, we verify that the bracket product [f, ], is an element of the space Ll(éj)
and hence, well-defined. Therefore, we need the subsequent lemma which was proven

in [72, Lemma 1.1.5] for 8 € Z™. The following version can be proven analogously.

16



1.3 Bracket Product

Lemma 1.3.4.
Let f,g € Lo(R"). Then the series 3 gco \yryign [f(-+5)g g(-+ B)|, j € Z, converges
almost everywhere.

Proof.
First, we remark that fg is measurable as a product of measurable functions. Now,
let us consider the series

3 /fx+6 gt Ade= Y /)f

pe2rn(MT) JZn pe2rn(MT) JZn

:/mewm

By Hoélder’s inequality, we deduce

/V ) 4z < e lolzaen < oo. (16)

We conclude by the Levi-Theorem, see [2, Theorem 11.18], that the series
Z,@ezw(MT ign |[f(x 4+ B)g (a: + /)| is integrable and that

[ X versgEiala- Y /\fxw ot B)|d

c Be2r(MT)izm Be2m(MT)i Z”
J

The assertion follows. O

Lemma 1.3.5.
Let f,g € Lo(R™). Then [f,g]; € Ll(C’ ) for j € Z.

Proof.

Due to the Lemma 1.3.4, we know that the series in (1.5) converges almost every-
where. The proof of this Lemma yields

/‘fg 'dx</ Y. @+ Bgle+P)|de < oo

Fol pe2m(MT)izm
J

The following result is a special case of Theorem 3.1 in [49].

17



Preliminaries

Lemma 1.3.6.
Let f and g be compactly supported functions in Lo(R™). Then the sequence

C(f7 g) = {C(f7 g)k}kGZ" with

o(f, e = / f(2)g(z — k) de

Rn

is an element of the sequence space ¢, (Z").
The bracket product is related to the Lo-inner product, see, e.g., [30].

Lemma 1.3.7.
Let f,g € Ly(R™).

i) The inner product (f(- — k), 9),gn), k € Z", is the k-th Fourier coefficient of
the bracket product [f, ], which means that

I P —— / e_L(O)f. §1(6) de. (L.7)

ii) It holds (f(- —j),9(- = k) gny = O for j,k € Z", if and only if [f,4] =0

almost everywhere.

iii) If f, g are compactly supported functions, then the bracket product | 1, glis a
trigonometric polynomial.

Proof.
In order to prove part i), we use (1.2) and (1.3) first to deduce

e2nn <
B o

Since f,§ € Ly(R™), we can use (1.6) to obtain

18



1.3 Bracket Product

/ e_w(&)F (€ + P)FE T B)| de

AN
3
N

)3 /|ek< IIFE + B)TE+ Bl de

fE+B)g(E+B)| d¢

ﬁGQﬂZ”

)| d§ < oo.

Therefore, we can interchange the sum and the integral in (1.8) which yields

=R ae) = T / S e O)fe + BT B

Be2rzn

Now, let us prove part ii). We have already derived the relation

(=996 = iy = oz [ as@F O ke (19)

Co

If [f,§] = 0 almost everywhere, it follows directly from (1.9) that the translates of
the functions f and g are orthogonal to each other. Conversely, assume that the
Lo-inner product vanishes for all j, k € Z™. Then by (1.9), we have

0= 1=l =Byl = >

Jkezn jkezn

(2%)71 / ex—5(€)[f,9(€) d¢|. (1.10)

Co
Since [f, ] € L1(Cy), see Lemma 1.3.5, and since the sequence of the Fourier co-
efficients of the bracket product is in the space ¢,(Z"), see (1.10), all conditions of
Lemma 1.2.5 are fulfilled. Applying this lemma yields the desired result, i.e.,

[f,9] =0 almost everywhere.
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It remains to prove part iii). Again, we will use relation (1.7) and the fact that
[f,3d] € Li(Cy). In addition, the sequence ¢(g, f) = {c(T, f)r }rezn with

(3. i = / f(z — k)g(@) da

is an element of the sequence space ¢1(Z"), see Lemma 1.3.6. Thus, we can apply
Lemma 1.2.5 to deduce that

INOEDY <(2}T)n [en@tfae) ds) e (1.11)

= Z (f(-— k’)79>L2(Rn) er(z) almost everywhere.
kezn

Hence, we have equality in the Li-sense. Moreover, the functions f and ¢ are com-
pactly supported. Consequently, there are finitely many non-vanishing coefficients.
Thus, (1.11) is a trigonometric polynomial.

Lemma 1.3.8.
Let f,g € Lo(R™).

A~

i) If 7 is a 2m(M7T)/Z -periodic function, we have [7f,g]; = lf, gl; = [f,?g]j
for j € Z.

ii) Let f,g € Ly(R™). Then we have the estimate
|[fag]]|2§ [faf]][gvg]ﬁ J €L (112)

Proof.
For the proof of part i), we only need the 2r(M7T)/Z"-periodicity of 7. We have

rfali= > (@HC+Ba(+B)

pe2n(MT)izn

= > T+ +Ri-+8) (1.13)
Be2r(MT)izn

A~ —_—

=7 > fC+8)(+8)

pe2m(MT)izm
= 7(f, 4l;.
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1.3 Bracket Product

Then the assumption follows by (1.13) because
f7ali= > fe+RFENC+B) = Y. fC+BTC+ B+ ).

Be2m(MT)izn pe2r(MT)izn
In order to prove part ii), we have to verify that the bracket product
[', ']j : LQ(R”) X Lg(Rn) — C

satisfies the properties of the inner product, see, e.g., [79, Chapter 1.2]. In particular,
we have to check the following conditions:

(1) Tt holds [f, f]; > 0 for all f € Ly(R™) and [f, f]; = 0 if and only if f = 0.
(2) It holds [f, g]; = [g, f]; for all f,g € Ly(R").

(3) Tt holds [\f,gl; = Alf, g], for all f,g € Ly(R"), A € C.

(4) It holds [f + h, g]; = [f, g]; + [h, g]; for all f,g,h € Ly(R™).

First, we prove condition (1). Since
£ M= X HC+pP=0,
Be2m(MT)izZn

it follows directly that [f, f]; = 0 if and only if f = 0. Next, we verify condition (2).
By Lemma 1.3.4, we have

o.fli= >, gt+BFC+B = D fC+Bg(+B) =fgl

ge2m(MT)igr ge2m(MT)ignr

Moreover, condition (3) is satisfied as well because

Maogli= Y. ME+BgC+B) =X > f(+B)g(-+8) =Alf gl

Be2r(MT)izr Be2m(MT)izn

Finally, condition (4) is fulfilled because
fthgi= Y (J+DC+BC+D)

Be2m(MT)izn
= Y fC+Bg+B) +h(-+B)g(+B)
Be2m(MT)izn
= > SCHBCER+ Y A+ +)
Be2m(MT)izn ye2r(MT)izn
- [fa g]] + [h7 g]]
Consequently, the claim follows from the Cauchy-Schwarz inequality. O
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Chapter 2
The Classical Setting

Before we begin with the construction of wavelet and multiwavelet bases with gen-
eral dilation matrices, we recall the classical wavelet setting. This case has been
intensively studied over the years and it is ideal to explain the basic concepts and
motivate our approach.

A finite set of functions {1;}ie;r C La(R™) is called a wavelet basis if the set

(i jn i= 22 4(20 - —k),i € Ifinite, j € Z,k € Z"}

provides a basis for the function space Lo(R™). The functions v; are also referred to
as mother wavelets. If in addition the condition

<¢i,j,kz7 ¢i’,j’,k’>L2(Rn) - 57§,i’ 5j,j’ 6k,k’a i) i/ € Iﬁnite) jaj/ € Z7 k) k, € Zn) (21)
is satisfied, we obtain a so-called orthonormal wavelet basis. If (2.1) is weakened to
<1/)i,j,k7 wi,,j’,k/>L2(R") =0 for j 7é j/, j,j/ € Z,i, 7:/ c Iﬁnite, k, k/ € Zn,

we call it a pre-wavelet basis. For the construction of such wavelet bases Y. Meyer
and S. Mallat developed a systematic approach named multiresolution analysis, see
[57, 62].

Definition 2.1.
A sequence of closed subspaces {S;}jez, S; C Lo(R™), is called multiresolution
analysis if the following conditions are fulfilled:

(M1) ...Cc S CcS;CSpiC...,

02 | S, = La(®?)
o) () 5 = (0}
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(M4) feS; & f2) €Sy

(M5) there exists a generator ¢ € Sy, also called scaling function, whose translates
{¢(- — k), k € Z"} provide a Riesz-basis for S.

In literature it is not uncommon to assume that {¢(- — k), k € Z"} provides an
orthonormal basis for Sy. We remark that this case is covered by condition (M5), see
[4]. Moreover, the properties (M1), (M4) and (M5) ensure that the scaling function
@ is refinable. This means that ¢ satisfies the refinement equation

p(r) = app(2r — k), (22)

keZn
with the mask a = {ay }rezn € €2(Z™). Applying the Fourier transform to (2.2) yields

1

P(6) = Jar(e-12(6)) $(€/2),

where ay denotes the symbol defined by a,(z) = >, _, axz” with

ze€{(z1,...,2m) €C"||z|=1,i=1,...,n} and 2% = (2" 2k . k)

By taking the concept of multiresolution analysis into consideration, we proceed
as follows to obtain a wavelet basis of Ly(R™). First, we define the functions v;,7 € 1
finite, whose integer translates span the nontrivial complement Wy of Sy in S, i.e.,
S, =Wy @ Sy or equivalently Wy, = 57 © Sy with

Wo = span{¢;(- — k), i € I finite, k € Z"}.
The spaces WW; are given by

W ={f € L(R") | f(277) e Wo}, jEZ (2.3)

We can easily check that S;11 = S; @ W; for j € Z. Let f be a function of the
space S;11. By (M4), we know that f(277:) € S;. A function in S; has a unique
decomposition of the form

f(277x) = so(x) +wo(x), so € So,wo € Wo.

Set y = 277z to obtain f(y) = s(y) + w(y) with s 1= s0(2’-) and w := wy(2’-).
Property (M4) implies s € S; and (2.3) implies w € W;.
Moreover, the subspaces {S;};cz are dense in Ly(R™) by definition and we observe

j=—o00 =0
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The subspace Sy has the equivalent representation

5= (j iosj> ® (@w wj> |

By property (M3), the zero function is the only element in the intersection of the
subspaces {S;};ez and consequently, we obtain the following decomposition of the
space Lo(R™):

Ly(R™) = é W;.

j=—oc

When using appropriately scaled, translated and dilated versions of the mother
wavelets 1;, we finally obtain the wavelet basis

U = {5 = 22 (20 - —k),i € I finite,j € Z, k € Z"}.

If we assume further that W is the orthogonal complement of Sj in S;, we obtain a
pre-wavelet basis. This is due to property (M1) which yields that all spaces {W,} ez
are mutually orthogonal. In case (2.1) is fulfilled, we have an orthonormal wavelet
basis.

Another possibility to construct a pre-wavelet basis is to define the space Wy by
projections. Let Pg, be the orthogonal projector of Ly(R™) onto Sy. Since S; is a
closed subspace of Ls(R™) with S; = Sy & Wy, we may define the space W by

Wo:i={s—Pg,s:5€ 51} (2.4)
Furthermore, by the nestedness of the spaces S;, we have
st O'ng/ = st for aHj < j/,

where the projectors Pg; are obtained from Py by dilation. Thus, Ps, — Ps,_, is
an orthogonal projector of Ly(R"™) onto W;_;. By properties (M2) and (M3), an
arbitrary function f € Lo(R™) can be written as the telescopic sum

f= Z(stf —Ps,_, f).
ez
Hence,
LR") = P W;.

It is also possible to increase the number of generators in (M5). Then the presented
methods yield so-called multiwavelet and pre-multiwavelet bases.
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Chapter 3
The General Setting

In this work we focus on the construction of pre-wavelet and pre-multiwavelet bases.
Motivated by the questions

e How can we minimize the number of mother wavelets?

e What are minimal requirements such that a construction of pre-wavelet and
pre-multiwavelet bases is still possible?

we generalize the concepts presented in Chapter 2. We note that if there is no risk of
confusion, we will often not distinguish between mother wavelets, pre-(multi)wavelets
and (multi)wavelets in the following.

The number of required mother wavelets depends on the so-called dilation matrix
or scaling matriz denoted by M. In Chapter 2 the dilation matrix was given by
M = 21 where I denotes the identity matrix. We assume throughout that M is an
integer n X n matrix which is expanding, that is, all its eigenvalues are greater than
one in modulus. It follows directly that M is invertible. Moreover, the matrix M
satisfies

lim ||[M ]| =0 (3.1)
J—00
which is equivalent to
lim M7 =0 or lim M 7z=0 foralzeR" (3.2)
J—00 J—0

see [15, Theorem 7.17], [47, Theorem 4]. Moreover, (3.1) yields

lim [M’z| = co for any € R™\ {0}, (3.3)

J—00

see [72, Chapter 2.1].
Such an arbitrary dilation matrix can be incorporated into Definition 2.1 by chang-
ing condition (M4) to

(M47) feS;« f(M) e S
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Then the multiresolution analysis approach presented in the previous chapter leads
to

(m—1)N, m:=|det M|, (3.4)

mother wavelets where N is the number of basis generators of Sy, see [61, 16, 82].
Hence, we can minimize the number of required mother wavelets by choosing a
dilation matrix with determinant 42.

Formula (3.4) does not remain valid for the tensor product approach with multiple
generators.

Example 3.1.

Let {S;};ez be a multiresolution analysis for the space Lo(R) with the scaling func-
tion ¢ and the scaling matrix M = 2. Assume further that the mother wavelet 1
provides an orthonormal basis for Ly(R). Then an n-dimensional multiresolution
analysis can be obtained by considering the tensor product

VP=VeVe...oV.

n-times

For simplicity, we choose n = 2. Then the space V;? has the decomposition

V2=nen
= Vo @ Wy) ® (Vo @ Wy)
= (Vo @ V) ® (Vo @ Wy) & (Wo @ Vo) & (Wo @ Wp).

Hence, the wavelet space W¢ can be written as
We = VoW e (W V) ® (W@ W) (3.5)
and the mother wavelets are given by
Vi@y) = e(@)vly), ¥(,y) =d@)ely), V(@y) =v@)wy).
In [58, Chapter VII] it was proven that the set

; 1 (xz—2k y—27k\
{¢j,k,k/(‘ray) = 2_j¢ ( 9j 9j ) 0=1,2,3, (k7 k/) < ZQ}

provides an orthonormal basis for the space Ly(IR?). We observe that formula (3.4)
remains valid. This is not true for N > 1. In this case the presented approach leads
to (2" — 1)N? mother wavelets instead of (2" — 1)N. This can easily be seen by
generalizing the above example for N = 2. Let 1, ¢ be the scaling functions and
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assume that 1, 19 provide an orthonormal basis for Ly(R). Then the decomposition
(3.5) yields the following twelve mother wavelets:

Wz, y) = er(@)n(y), () = ea(@)n(y), (2, y) = er(@)a(y),
P, y) = eax)a(y),  (x,y) = Pi(@)ei(y),  Vo(x,y) = di(x)ea(y),

“(x,y) = Vo(x)1(y), ¢¥(x,y) = tha(x)pa(y), ¥ (x,y) = Pr(x)in(y),
V0w, y) = hi(@)a(y), (2, y) = a(@)n(y), 2 (2,y) = al@)a(y).

As this example illustrates, one should always weigh the simplicity of the tensor
product approach against the number of required mother wavelets.

Another possibility to incorporate the dilation matrix into the definition of the
multiresolution analysis is to specify the spaces S; as h-shift-invariant with h :=
M,

Definition 3.2.
Let @ := {p1,...,on} with ¢; € Lo(R™) for i =1,..., N. Then

S(®) : =span{p1(- — hk),...,on(- — hk), k € Z"}

is called h-shift-invariant space. For N = 1 we call S(p) a principal shift-invariant
space and for some finite N we call S(®) a finitely generated shift-invariant space.

In Chapter 2, we illustrated that the assumptions made in the definition of a
multiresolution analysis ensure that the construction of wavelet bases is possible.
Since we are interested in identifying minimal requirements, we are going to omit
conditions (M4), (M5) and analyse how this affects the construction procedure.
Consequently, we are going to work with the following generalized multiresolution
analysis which can be classified as non-stationary.

Definition 3.3.
A sequence of closed, M /-shift-invariant subspaces {S;}jez, S; C La(R™), is called
generalized multiresolution analysis (GMRA ) if the following conditions are fulfilled:

(Ml) ...Cijlcs‘jCSJLFlC...,

o)

(M3) ) 85 = {0}
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Chapter 4

Shift-Invariant Spaces

Shift-invariant spaces are used not only in wavelet theory but also in approximation,
frame and sampling theory. Their general definition can be found in Chapter 3, see
Definition 3.2. In this chapter we will analyse their properties in detail.

The spaces {S;}jez in the definition of the generalized multiresolution analysis
are specified as M ~/-shift-invariant. Depending on the number of generators, we
distinguish between principal and finitely generated shift-invariant spaces. In both
cases we can describe S; by considering its Fourier transforms S; := { f : f e S}
as Corollary 4.1.2 and Corollary 4.2.2 show. Many important results arise from this
characterization which enable our construction procedures later on. We summarize
these results in the Sections 4.1.1 and 4.2.1.

In view of the generalized multiresolution analysis, we also include an analysis of
the union and the intersection of M ~/-shift-invariant spaces, see Sections 4.1.2 and
4.2.2.

4.1 Principal Shift-Invariant Spaces

4.1.1 Characterization

Principal shift-invariant spaces are generated by a single function. The subsequent
characterization of Sy(¢), ¢ € La(R™), can be found in [31, Theorem 2.14] and [12].

Theorem 4.1.1. X
Let ¢ € Ly(R™). A function f is an element of the space So(p) if and only if f = 7¢
for some 2m-periodic 7.

We generalize this result for the spaces S}, j € Z. The method of proof we present
will be used several times throughout this thesis.

Corollary 4.1.2.
Let ¢ € Ly(R™). A function f is an element of the space S;(¢), j € Z, if and only if
f = 7¢ for some 27 (MT) Z"-periodic 7.

31



Shift-Invariant Spaces

Proof.

Assume that f € Sj(p),j € Z. Then there exists a sequence (fy)een € Sj(p) such
that f; — f in the Ly-sense. The definition of the space S;(y) yields for all elements
of the sequence the representation

fo=") awrep(- — M7k)

kezm

= Z ag (M~ (M7 - —Fk))
kezZm

=" arp s (M- k) (4.)
keZm

with -5 == @(M~-). Next, we define the bijective, linear and continuous operator

J: Ly(R™) — Ly(R™),
fr f(M), (4.2)

and apply it to (4.1) which yields

Jfe= Z agk prr-i (- — k).

keZm
Hence, Jf; € So(@ar-i). With the continuity of the operator J, we obtain
\Jfe—Jfllea@mny =0 for £ — oo.

It follows from the Lo-closure of the space Sy(pa—i) that Jf € So(pa—i). By
Theorem 4.1.1, there exists some 2m-periodic function 7, such that the Fourier
transform of Jf can be written as

(J1)(€) = 7.(6) Pars(€)  almost everywhere.
Due to (1.4), this is equivalent to
m! f(MTY€) = mI,(€)p((MT)7€).
We set € = (MT)’¢ and deduce

F&) = 7,(MT)7E)@(E), (4.3)

where 7,((M7)7¢) is 2n(MT)/Z -periodic. Since the Fourier transform and the
operator J~! are continuous, we obtain

I fo — fHLQ(Rn) —0 for ¢ — oo,
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where f is given by (4.3). A
Conversely, assume that f(£) = 7(£)$(€) holds almost everywhere for a function
[ € Ly(R™) and some 27 (M7)/Z"-periodic 7. Set £ = (M7T)7I¢ to obtain

f((MT)Jg) = 7((MTYE)p((MT)7€)  almost everywhere,

where 7((MT)€) is 2m-periodic. This is equivalent to

—

(J)E) = Turyi (§) P (€) almost everywhere,

with 7(yry; = 7((M7T)7-). By Theorem 4.1.1, it follows that Jf € Sy(¢r-i). By
definition of this space, there exists a sequence of functions (fy)eny € So(@rr-s)
which converges to J f in the Lo-sense, i.e.,

\fe = I fllony = 0 for £ — oco.

Every f, can be represented as

Applying the operator J~! leads to

= Y w08 = X auagle— M)

kezn kezn
Consequently, J 1 f, € S;(p) for all £ € N. By the continuity of .J, we have

T fr = fllza@mny — 0 for £ — oo.
Due to the Ly-closure of S;(¢), we conclude f € S;(yp). O

Corollary 4.1.2 yields the characterization

—

Si(p) = {1p € Ly(R") : 7is 2n(M™" ) Z -periodic}. (4.4)

Remark 4.1.3.
The function 7 in (4.4) is measurable. This can be seen as follows: We have

A

f=1d, f€ LR, (4.5)
where f and ¢ are Lebesgue measurable functions. Formula (4.5) implies

supp f C supp ¢.
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Hence, division by zero causes no problems when considering

‘6>‘|&H>

If ¢ =0, then f = 0 and 0/0 := 0. Consequently, the measuarbility of 7 follows
from the well-known result that the set of Lebesgue measurable functions is closed
under nonzero division, see [37, p. 518 in §20] or [10, Chapter 6.4].

A consequence of the characterization (4.4) is the following proposition which
implies that if two functions generate the same principal shift-invariant space Sj,
then the support of their Fourier transforms are equal.

Proposition 4.1.4.
Let ¢ € Ly(R™) and f € S;(¢),j € Z. Then the function f generates S;(y¢) if and

only if supp ¢ C supp f.

Proof.
We follow the proof of [32, Corollary 2.4] where the result above was derived for
j=0.

Assume that f generates the space Sj(¢). Then the generator ¢ is an element
of the space S;(f) and Corollary 4.1.2 yields ¢ = 7f for some 2w (M? )/ Z"-periodic
function 7. Then the support of ¢ is given by

suppp = {z € R* : (1f)(z) # 0} = {z € R* : 7(z) # Ound f(z) # 0}.

As a consequence, supp ¢ C supp f.
Conversely, assume that it holds supp ¢ C supp f. We have to prove that f and ¢
generate the same space, i.e., S;(f) = S;(¢). Since f € 5;(¢), we can use Corollary

4.1.2 again to obtain f = 7 for some 27(M7)/Z"-periodic function 7. Next, we
define

, {%, on supp 7, (4.6)

T =
0, otherwise.

Hence, we have ¢ = 7/ f almost everywhere on supp 7. Since we know that

supp 7 D supp f D supp @,

the equality holds everywhere. Then the claim follows with the help of Corollary
4.1.2 which tells us that ¢ € S;(f). O
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4.1.2 Density and Intersection

In the definition of the generalized multiresolution analysis the spaces {S;};ez are
required to satisfy

(M2) | J Sjle;) =Lo(R") and  (M3) (] S;(¢;) ={0}.

j:—oo j:—OO

Here, we introduce the notation ¢; for the generator of the space S; because we
work with a non-stationary multiresolution analysis. Hence, every space S; might
be generated by a different function.

In this section we investigate under which assumptions (M2) and (M3) are fulfilled.
In [30] this was done for principal 277-shift-invariant spaces. We generalize these
results for principal M ~7/-shift-invariant spaces.

First, we have a closer look at condition (M2). To this end we need some prepa-
rations. The following lemma was proven within the proof of Theorem 2.3.5 in

72].

Lemma 4.1.5.
Any t € R” can be approximated by vectors of the form M7k, k € Z",j € N, for
arbitrarily large 7 and an n X n expanding integer matrix M.

In addition, we will use the so-called Wiener’s Theorem, see [72, Theorem 2.3.4].

Theorem 4.1.6. .

A closed subspace X of the space Ly(R™) is shift-invariant if and only if X = Ly(Q)
for some measurable set 2 C R™. Here, () is uniquely determined up to a set of
measure zero.

Theorem 4.1.7.
Let (S; := S;(¢;))jez be a nested sequence of subspaces of the space Ly(R™). Then

UjeZ Sj(@j) = Lo(R™) if and only if

Qy = U supp ¢; = R" (modulo a null-set). (4.7)
jez

Proof.

Let X :==J ez 9j- To begin with we verify that X is a closed shift-invariant subspace
of Ly(R"). Let f € X. By assumption, the spaces (5;) ez are nested and therefore,
the function f is an element of S; for all j > j/. Since S; is a M /-shift-invariant
space, f(-+t)isin X for t = M7k, k € Z",j € N. Lemma 1.1.5 states that the
translation of functions in L, is continuous, that is, limy o || f(- +7) = f||L,@n) = 0
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for r € R". Due to Lemma 4.1.5, it follows that f(- +1) € X for all t € R*. Now,
let g € X. Since the Lo-norm is invariant under shifts, we have

lg(- +1) = f(- + Ol zo@ny = lg = fllzo@n)-

Approximating g by functions f € X yields that g(- +t) € X.

With this result at hand, Theorem 4.1.6 tells us that X = L,(f2), where € is
a measurable subset of R". Hence, X = Ly(R") if and only if O = R" modulo a
null-set. It remains to show that €2 = €.

Every function ¢; is an element in X for j € Z. Consequently, supp $; C
modulo a null-set. Therefore, 2y C 2 modulo a null-set. Now, suppose that there
exists a set {2y which is contained in €\ €y with positive measure. The Fourier
transform of an element in S, j € Z, has the representation (4.4). We notice that the
Fourier transform of such an element vanishes on €2; and thus, the Fourier transform
of each element in J;, S; vanishes on §2;. Taking the closure, we observe that each

element in X has a Fourier transform which vanishes on Q. This is a contradiction
to the fact that X contains the space La($). O

The subsequent corollary is a direct consequence of the preceding theorem.

Corollary 4.1.8.
Let (S; := S;(¢;))jez be a nested sequence of subspaces of the space Ly(R") and
U,ezsupp @; = R™. Then the orthogonal projectors Ps; from Ly(R") onto S; satisfy

lim Ps, f = f forall f € Ly(R").
Jj—o0

Proof.
Due to the nestedness of the closed spaces S;, we can apply Theorem 4.1.7 which
yields that

| f — Ps, flloqeny = dist(f,S;) — 0 for j — oo.
O

In case of a stationary multiresolution analysis, that is, condition (M4*) is sat-
isfied, it is sufficient to assume that the generators of Sy do not vanish in some
neighborhood of the origin in order to obtain (4.7).

Theorem 4.1.9.
Let (S := 9;(¢;)) ez be a nested sequence of subspaces of the space Ly(R") and let
¢; be the MI-dilate of ¢g. If pg # 0 almost everywhere in some neighborhood of

the origin, then (J32 _S; = Lo(R™).

j=—o00
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4.1 Principal Shift-Invariant Spaces

Proof.

Due to (1.4), we have ¢; = ¢; @o((M7T)77-) where ¢; is a constant. We know that
lim; oo (MT) ™2 = 0 for all z € R", see (3.2). This means that for sufficiently
large j we are again in some neighborhood of the origin where ¢y # 0 holds almost
everywhere. Consequently, |J;., supp $; = R". Since (5;);ez is a nested sequence
our claim follows by Theorem 4.1.7. O

A possible candidate for ¢;, 7 € Z, in Theorem 4.1.7 and Theorem 4.1.9 would be
a compactly supported Lo(R™)-function because such a function satisfies supp ¢; =
R™, see Theorem 1.2.10.

We proceed with investigations concerning condition (M3). M. Bownik established
the following relation between the number of generators and the dimension of the
intersection of the spaces (S});ez, see [13, Theorem 3.5].

Theorem 4.1.10.
Let (®,)jez be a sequence of finite subsets of Ly(R"™) of cardinality < L, where
Z C Z with inf;cz j = —oo. Let (S; := Sj(®;))jez be a (not necessarily nested)
sequence given by

S; =span{p(- — M~Ik) : p € ;, k € Z"}.
Then Y :=(1;., S; is a linear subspace of Ly(R") of dimension < L.

Setting Z = Z and L = 1 yields that Y = [, S;(p;) is a linear subspace of
Ls(R™) of dimension < 1. In case the dimension equals 1, we have one function f
which belongs to every spaces S;. Hence, with Proposition 4.1.4 at hand, we can
immediately deduce the next proposition.

Proposition 4.1.11.

Let (Sj(¢;))jez be a sequence of subspaces of Ly(R") and let f € [, Sj(¢;). Then
f is a generator for every space S;(y;) if and only if supp f = supp @, for all j € Z.
Moreover, the spaces (S;j(p;));jez are generated all by a single function if and only
if supp ¢; = supp ¢, for all j, 5’ € Z.

In Corollary 4.1.8 we analysed lim; ., Ps; f. Next, we analyse its counterpart,
that is, lim;, o Ps; [

Theorem 4.1.12.
Let (S; := S;(¢;))jez be a nested sequence of subspaces of the space Ly(R™) and let
Y = ﬂjez S;. Then lim;_,_ Ps, f = Py f for all f € Ly(R").

Proof.
We follow the proof of Theorem 4.12 in [30]. First, we define X; := S; and thus,
Y = (N;ez Xj. Moreover, we set P; := Px,. The idea of the proof is to show
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that P;f — g implies g = Py f and g = lim;,_,, P;f. This again implies that the
sequence (P, f); has limit points and that Py f is the only limit point. The existence
of weak limit points follows from the boundedness of the sequence. Therefore, we
initially derive the proof for a convergent subsequence (P;, f);,. With the help of this
proof we deduce that every weak convergent subsequence converges to our desired
limit and by Proposition 1.1.7, the whole sequence converges to our desired limit.

Let g be the weak limit of the subsequence (P, f);,. Every linear subspace X,
with ¢ € Z is closed and convex and therefore, by Theorem 1.1.9, weakly closed.
Since every X, contains every P;, f for j, < ¢, it follows that the weak limit g is an
element of every X,. Thus, g € Y. In addition, (1.1) yields that z;, = f —P;, f is
perpendicular to X, and as a consequence, perpendicular to Y. Hence, the weak
limit x := f — g is perpendicular to Y and g = Py f. Since Y is the intersection of
the nested sequence (X);, we obtain with the help of Theorem 1.1.10

jkl—i>r£loo ijk HLz(R") = Sip diSt(fv Xjk) < diSt<f7 Y) = HxHLQ(R")' (4'8>

From the definition of weak convergence it follows that (z;,, ), gy = (T, %) 1, gn)-
Moreover, we have

1Psf = gl ey = 7 — 2517, @
= H9UH2LQ(Rn) —2Re <$>$jk>L2(Rn) + ijkHQLQ(Rn)- (4.9)
Hence, it holds

1P = 9ll7@ny = —l1zll7,@n) + %Ikn 5, |7, (gny  for jx = —00. (4.10)

While (4.9) is non-negative, (4.8) yields that (4.10) is non-positive. We conclude
that llm]k P]kf =g = ny O

Corollary 4.1.8 and Theorem 4.1.12 ensure that even if Y is nontrivial, we obtain
an orthogonal decomposition of the space Ly(R™). Consequently, a construction of
wavelet bases via multiresolution analysis is possible regardless of the dimension of
Y.

Corollary 4.1.13.
Let (S; := S;(¢;))jez be a nested sequence of subspaces of the space Ly(R™) and let

Qg = U supp ¢; = R" (modulo a null-set).
JEL
Moreover, let Y denote the intersection of the spaces S}, 7 € Z. Then we obtain the
orthogonal decomposition

LR") =Y o Pw;.

JET
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4.1 Principal Shift-Invariant Spaces

Proof.
Since Y C S;j,j € Z, it is orthogonal to each of the wavelet spaces W; := 5,11 © 5.
Our claim then follows by applying Corollary 4.1.8 and Theorem 4.1.12. [

In case (M4") is satisfied, the intersection of the spaces S}, j € Z, is always trivial.

Corollary 4.1.14.
Let ¢ € Ly(R"). We define S; := S;(p(M?-)),j € Z. Then (;,S; = {0}.

Proof.

Suppose that f is a nontrivial function in ) ez Sj- We are in the stationary case
and therefore, we know that the space S, is the M*dilation of the space Sy. Thus,
the intersection of the spaces S; is invariant under M*-dilation. Moreover, Theorem
4.1.10 tells us that the intersection of the spaces is at most one-dimensional. With
these considerations, we conclude that there exists a A such that

f(M*Y) = X\f almost everywhere on R". (4.11)

However, for a nontrivial function f € Ly(R"™) equation (4.11) cannot be fulfilled.
To this end consider the set

Fj:={z|z € D;\ Dj_yand |f(z)| > C|\’,C >0}, j€Z, (4.12)

with D; := {MJz |z € B;(0)} and B1(0) := {& € R"||z] < 1}. Due to (3.3),
R™ can be written as the disjoint union of the sets Fj. Furthermore, we use the
transformation formula to obtain

F; = MF;_y and meas(F};)=|det M| meas(F;_,), j€ Z. (4.13)
The function f is nontrivial and as a consequence the set
Fo:={x|x € Dy\ D_jand |f(z)| > C,C > 0}

has not measure 0. This can be proven as follows: Suppose F; has measure 0.
Since the matrix M is invertible, it holds det M # 0. Then, by (4.13), every set
F; has measure 0. By virtue of (4.12), we observe that Fj,j € Z, is of measure
0 for arbitrary C' > 0. Consequently, C' can be chosen arbitrarily small such that
the factor |\’ gets compensated. It follows that f vanishes almost everywhere on
every Fj. This is a contradiction to our assumption f # 0. Hence, F{ cannot have
measure 0.
Furthermore, M7 Fy = F}; and therefore, for x € M7 F, we have the estimate

(@) = I, (4.14)
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see (4.13) and (4.11). In a last step we verify that f cannot be in Lo(R"). By (4.14)
and (4.13), we obtain

17112, oy = / ()P da

]Rn
> / CIAPPde
U F

= C? / (IA?) d
U; Fi
= C%meas(Fp) Y _(| det M]||A]*). (4.15)
JEZ
The series in (4.15) is divergent. As a consequence the norm of the function f is not

finite and thus, f ¢ Lo(R™). This is a contradiction. O

In summary, it is sufficient to assume in the stationary setting that ¢ is compactly
supported and that the spaces S;(¢(M?+)), j € Z, are nested in order to ensure that
(M2) and (M3) are satisfied.

4.2 Finitely Generated Shift-Invariant Spaces

4.2.1 Characterization
Finitely generated shift-invariant spaces are generated by multiple functions. An
analogon of Theorem 4.1.1 for these spaces can be found in [32, Theorem 1.7].

Theorem 4.2.1.
Let @ := {¢1,...,pn} be a subset of the space Ly(R"). Then f € Sy(®) if and only

if
f = Zﬂp@

ped
for some 27Z"-periodic functions 7.

By adapting the periodicity of the functions 7,,, we obtain an analogue result for
the spaces S;(®),j € Z.

Corollary 4.2.2.
Let @ = {¢1,...,¢n} be a subset of the space Ly(R™). Then f € S;(®) if and only
if

f=> ¢ (4.16)

ped
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4.2 Finitely Generated Shift-Invariant Spaces

for some 27(MT)IZ"-periodic functions 7.

Proof.

Assume f € S;(®). Then there exists a sequence (f¢)een € S;(®) such that fp — f
in the Lo-sense. The definition of the space S;(®) yields for all elements of the
sequence the representation

=Y trprp- = MR =" " argnpa- (M - k) (4.17)

©ED keZn pED keZn

with @y = (M ~7-). Next, we apply the operator J defined in (4.2) to (4.17) and
we obtain

er Zzawk@Mﬂ —k’)

ped kezn

Hence, it holds Jf, € So(®r-i) with @5 1= {pr-i,p € ®}. By the continuity of
the operator J, we have

|Jfe = I fllomny = 0 for £ — oo.

It follows from the Lo-closure of the space So(®y-s) that Jf € So(Pp-i). By
Theorem 4.2.1, there exist 2m-periodic functions 7, such that the Fourier transform
of Jf can be written as

§) = Z 7,(€)oar—(€)  almost everywhere.
ped

Since the Fourier transform and the operator J~! are continuous, we obtain
fe = fllomny = 0 for £ — oo.
Moreover, the function f is given by

Z 7,((MT)77.)$ almost everywhere.
ped

Here, the functions 7,((M*)™.) are 2w (M™)IZ"-periodic.

Conversely, assume that f(§) = > pea To(&) ¢(€) holds alr?ost everywhere for
f € Ly(R™) and some 27 (M7" )/ Z"-periodic functions 7,. Set £ = (M™")77¢. Then
the functions 7,((M7T)’€) are 27-periodic and we obtain

ZTSD (MTYE) p((MTYE)  almost everywhere.

ped
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With 7, iy := 7,((M™)7-) this is equivalent to

ZT (MT)i €) on— (€) almost everywhere.
ped

It follows that J f is an element of the space So(Pyr-s). Hence, there exists a sequence
(fe)een € So(Par—i) with f — Jf in the Ly-sense. For each element of the sequence
we have

= Z Z Aok o3 (- — k).

0ED keZn

Applying the operator J—! leads to

J = Zzaéwk@MJ : Zzaew«@ - M7k).

PED keZ™ pE® kezn
Consequently, J~' f, € S;(®). By the continuity of J~', we deduce further that
1T fo = fllra@ny — 0 for £ — occ.

Due to the Ls-closure of the space S;(®), f is an element of the space S;(®) as
well. O

The characterization above yields

P) = {Z T,@ € Lo(R") : 7,18 2m(M ™) Z"-periodic, ¢ € q)} . (4.18)

ped

Next, we deduce under which assumptions a finite set F' C S;(®) generates the
space S;(®). In the proof of Proposition 4.1.4 it was crucial that we could rearrange
f = 79 to = f ¢ on suppT, see (4.6) for details. The following proposition
generalizes this idea.

Hereinafter, we use the notation ® for the set of functions {1, ..., ¢y} and for
the vector consisting of the functions ¢q, ..., pxN. It will always be clear from the
context which interpretation is required.

Proposition 4.2.3.

Let ® = {¢1,...,on} C Lo(R") and let S;(®),j € Z, be a finitely generated shift-
invariant space. Moreover, let F' := {fi,..., fn} C S5;(®). Then the following
equivalence holds: F' generates S;(®) if and only if there exists a square matrix
[' := (7}4) ferpee which is non-singular almost everywhere and has 27(M7T)/Z"-
periodic functions as entries such that d=TF.
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4.2 Finitely Generated Shift-Invariant Spaces

Proof.
The proof follows from Corollary 4.2.2. Every function f,,1 < ¢ < N, in the set
F C S;(®) can be represented as

Ttk Phs (4.19)

Il
WE

k=1

where the functions 7, are 2m(M7)/Z" periodic functions. This is equivalent to
F =T with I := (7y4)¢k=1,..n. Now, I generates S;(®) if and only if the Fourier
transform of every generator y;, 1 <7 < N, can be represented as

N
—S i (4.20
(=1

where the functions 7, are 27(M7)/Z"-periodic. Condition (4.20) is equivalent to
® =T'F with I' :== (7;4)i4=1,..~. By combining (4.19) and (4.20), we obtain

N N N
Z ZZ Tit Tk Pl

/=1 (=1 k=1

.....

Hence, F' generates S;(®) if and only if

N
E Tit Tk = 5i,k-
=1

In other words, the matrix [ is the inverse of T. O

Following [32] and [30], we call ® a basis for the space S;(®) if the functions 7,
in (4.16) are uniquely determined by f or equivalently, if the determinant of the
Gramian matrix is non-zero almost everywhere. We remark that in this case the
functions 7, are proven to be measurable, see Corollary 3.11 in [32].

Definition 4.2.4.
Let @ = {¢1,...,¢on} C S5, with j € Z. The Gramian matriz associated with ® is
defined by

[Qpla 901}] [9017 (102]] [9017 SON]
G(®) = (=% 851}3 [852,.952]3 (P2, O]
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The Gramian matrix is positive semidefinite and thus, all its eigenvalues are non-
negative. Hence, it holds det G(®) > 0. Consequently, ® is a basis if and only if the
determinant of the Gramian matrix is non-zero almost everywhere.

For application purposes, one is interested in numerically stable algorithms. There-
fore, it is desirable to work with Ls-stable bases.

Definition 4.2.5.
Let @ = {p1,...,on} C La(R™). We call & an Ly-stable basis of S;(®) if every
element f € S;(®) has a unique representation of the form

F=Y" conlf)p(- = M77k) (4.21)

ped kezn

and the coefficients satisfy

CrY D leonNE < FIumn < Co Y D lepn(HP

©ED keZn 0ED keZn
with 0 < 7 < (5 < o0.

Hence, Ls-stability ensures that a small perturbation of the coefficient sequence
has a controllable effect on the linear combination in (4.21).

Now, that we have established the terms basis and Ls-stability, we consider a
space with an (Ly-stable) basis and analyse under which conditions a finite set of
functions from the space provides an (Ly-stable) basis as well, see [30, Theorem
2.26].

Theorem 4.2.6.

Let the finite set of functions ® = {¢1,...,¢on} C Lo(R") provide a basis for Sy(®P).
In addition, let ¥ be any set of functions from Sy(®) and let I' := (7y.,)ypew pea
denote a square matrix with 277Z"-periodic measurable functions as entries. Then
it holds:

i) W provides a basis for Sy(®) if and only if ¥ = I'd for some I which is non-
singular almost everywhere.

ii) W provides a basis for So(®) if and only if W generates the space So(®) and
YU — 4D,

iii) W provides a basis for So(®) if and only if #V = #® and det G(¥) # 0 almost

everywhere.

iv) W provides an Ly-stable basis for So(®) if ® does and ¥ = I'd with ||T||, [T} €
LOO(C()), C() = [—7'(', 7T)n.
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In order to generalize the theorem above for spaces S;, we will need the following
lemma.

Lemma 4.2.7.

Let @ = {¢1,...,pn} C Lo(R™) generate the space S;(®) and let ¥ be any set from
the space S;(®),j € Z. Then S;(®) = S;(V) if and only if So(Py—i) = So(Var-5)
with @5 = {p(M ), € &} and W y,—; == {p(M7.), ¢ € V}.

Proof.
Assume that S;(®) = 5;(V). Then for every generator ¢ € ® there exists a sequence

(fo)een € S;(®) with

fo=Y )" aprton-s (M7 - =k),  dhys == (M),

YED keZn

such that f; — ¢ in the Lo-sense. Consequently, J f, is given by

Tfe=>_> ampstu-i(-— k)

YET keZn

and therefore, J f, € So(¥,;-5). Due to the continuity of the operator J, we have
1T fe = Tl Lo@ny = | T fo — @(M ™) || Ly@ny — 0 for £ — oc.

Then it follows from the Loy-closure of the space Sy that (M=) € So(¥,-5) and
thus, So(®pr-i) C So(Was-i). It can be proven analogously that it holds So(®-5) 2
So(Wp-i) and thus, So(Par—i) = So(Var—i).

Conversely, assume that So(®p;-5) = So(¥p-5). Since J is a bijection, we can use
the same arguments as above to deduce that S;(®) = 5;(). O

Corollary 4.2.8.

Let the finite set of functions ® = {¢1,...,on} C Ly(R™) provide a basis for S;(®).
In addition, let U be any set of functions from S;(®) and let I' = (7y.,)pev peo
denote a square matrix with 27 (M7T)IZ"-periodic measurable functions as entries.
Then it holds:

i) W provides a basis for S;(®) if and only if ¥ = I'd for some I'which is non-
singular almost everywhere.

ii) ¥ provides a basis for S;(®) if and only if ¥ generates the space S;(®) and
HU = #0.

iii) W provides a basis for S;(®) if and only if #V = #® and det G(¥) # 0 almost

everywhere.
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iv) W provides an Ly-stable basis for S;(®) if ® does and U = I'd with ||T||, ||| €
Loo(Cy), Gy = (MT)[—m, )"

Proof.
Let us start with the proof of part i). We assume that ® and ¥ provide a basis for
S;(®). This implies S;(®) = S;(¥) and by Lemma 4.2.7, So(®r-i) = So(Vas-i).
Next, we verify that ®,,-; and ¥ ,,-; provide a basis for Sy(®,,-;). For every function
[ € S;(®) there exist sequences (ff)en € S;(®),i = 1,2, with unique representa-
tions

= Z Z ag7w7kw — M~ J]i] fﬁ = Z Z blgok(p Mﬁjk‘)a

YEY keZn pEd kezn

such that f; — f in the Ly-sense. An application of J yields

TR=3"5" anpatbn-i(- = k), by = 0(M),

YeT kezn

and

Jfi = Z Z aprpr-i (- = k) pu-i = (M),

ped kezn

We observe that Jf; € So(®y-5),7 = 1,2. Since J is a bijection, the representations
above are unique and since J is continuous, we deduce

| = T fllps@ny — 0 for £ — oo.

Due to the La-closure of the space Sy, it follows that Jf € So(®y-5). Now, part i)
of Theorem 4.2.6 yields that

—

W3 (§) = T(§)Par-5(§) (4.22)

for some non-singular I' with 27Z"-periodic entries. We set é = (MT)7¢ and replace
€ by (MT)79¢ in (4.22) to obtain the desired result.

Conversely, we assume that U = I'd holds with T being non-singular almost
everywhere. Moreover, we assume that I' has 2r(M7T)IZ"periodic entries. By
analogue arguments as above, the equality U = I'd can be transformed to (4.22).
Then part i) of Theorem 4.2.6 yields that W,,—; provides a basis for Sy(®,,-;) and
consequently, U provides a basis for S;(®).

Next, we prove part ii). Assume that U provides a basis for the space S;(®). It
follows directly that U generates this space. Moreover, ¥,,—; provides a basis for
So(Pps-i), see proof of part i). By part ii) of Theorem 4.2.6, W,,—; and ®,,-; are of
the same cardinality. Applying the bijective operator J ! yields #WU = #®.
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Conversely, we assume that W generates the space S;(®) and #V = #®. Since J
is a bijection, it follows directly that #®,—; = #W,,—;. Moreover, S;(®) = 5;(¥)
and therefore, So(®y-i) = So(Vs-i), see Lemma 4.2.7. Besides that we know that
if ® provides a basis for S;(®), then ®,,-; provides a basis for Sy(®y-;) as well, see
proof of part i). By part ii) of Theorem 4.2.6, ¥,,—; provides a basis for So(® ;)
and hence, ¥ provides a basis for S;(®).

Now, we prove part iii). In the proof of part ii) we already deduced that every
possible basis ¥ of 5;(®) has the same number of elements as ®. Moreover, ¥
provides a basis for S;(®) if and only if every element in the space S;(®) can be
represented by a unique linear combination of the basis elements. This is the case
if and only if det G(V) # 0 almost everywhere.

It remains to prove part iv). Let ® provide an L,-stable basis for S;(®). Then
every function f € S;(®) has a unique representation of the form

F=> aprp(- — M7k) (4.23)
ped kezZn
with (ay )pea kezn € l2(Z™). Moreover, the coefficients satisfy
CrY o> gkl < I MZany S C2 ) Y lapsl (4.24)
ped kezZn ped kezZn
with 0 < €7 < Cy < oo. Formula (4.23) is equivalent to
=2 aprons(M k).
ED keZn
Next, we apply the operator J in order to obtain
Jf = Z Z g Pr-i (- — k).
ED kern

The inequality (4.24) is still satisfied for the functions Jf. This follows from
the transformation formula. Consequently, ®,,-; provides an Lo-stable basis for
So(Pas-i). Moreover, let

U =Td

with [|T], [T € Le(C)). Then it follows that
Vs = T((MTY )y
with [[T((MT)Y)|, ITL((MT)i-)|| € Loo(Co). An application of part iv) of Theorem

4.2.6 yields that W,,—; provides an Lo-stable basis for So(®j,-i) and thus, ¥ provides
an Lo-stable basis for S;(®). O
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The subsequent corollary states that a basis of a shift-invariant space S; can be
orthonormalized. This result can be found in [30, Theorem 2.28] for j = 0. We
obtain an extension of this result for spaces Sj;, 7 € Z, by using the same arguments
that we have already used several times in the preceding proofs.

Corollary 4.2.9.
Let the finite set of functions ® = {p1,...,¢on} C Lo(R™) provide a basis for the
space S;(®),j € Z.

i) Then there exists a set ®* of generators for S;(®) that provides an orthonormal
basis for S;(®).

ii) If the functions in ® have compact support, then there is another set ¢* =
{¢1,..., ¢} of compactly supported functions which give the orthogonal de-
composition of the space S;(®):

For the proof of Lemma 6.2.1 we generalize the following theorem which can be
found in [49, Theorem 5.2].

Theorem 4.2.10.

Let the finite set of functions ® = {1, ..., pn} C La(R™) generate the space Sy(P).
Moreover, let the functions ¢;,2 = 1,..., N, have compact support and linearly
independent integer translates. Furthermore, let aq,...,ay be sequences on Z". If
Zfil Y kezn Gpki(- — k) is compactly supported, then all the sequences ay, ..., ax
are finitely supported.

Corollary 4.2.11.
Let the finite set of functions ® = {p1,...,on} C Lao(R™) generate the space
S;j(®),j € Z. Moreover, let the functions ¢;,i = 1,..., N, have compact sup-

port and linearly independent M ~7Z" translates. Furthermore, let ai,...,ay be
sequences on Z". If SN S g, yi(- — M~Ik) is compactly supported, then all
the sequences aq, ..., ay are finitely supported.

Proof.

We set o3 (y) = (M y) and x = M’y for z,y € R". Then we have the equality
ov-i(x — k) =@y — M77k), k € Z". The function ¢,;-; has linearly independent
Z™-shifts whenever the function ¢ has linearly independent M —7/Z"-shifts. Since

SN dprens@—k) =3 agrily— M7k),

©ED keZn 0ED keZn

we deduce further that the left-hand side is compactly supported whenever the right-
hand side is compactly supported. By Theorem 4.2.10 our proof is complete. O]
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4.2 Finitely Generated Shift-Invariant Spaces

4.2.2 Density and Intersection

Conditions (M2) and (M3) in the definition of the generalized multiresolution anal-
ysis turn into

(M2) | Sj(@)) = Lo(R") and (M3) () S;(®;) ={0}

j=—o00 j=—o00

if we work with finitely generated shift-invariant spaces. Here, ®; := {gp{, ce @3\,}
denotes the generator set of the space S; and gog ,1 <1 < N, denotes a generator
which belongs to the generator set ®;. Hereinafter, we generalize the results from
Section 4.1.2.

Theorem 4.2.12.
Let (S; := S;(®;)) ez be a nested sequence of subspaces of the space Ly(R™). Then
Ujez S; = L2(R") if and only if

Q= U U supp ) = R" (modulo a null-set). (4.25)
Jj€Zie{l,...,N}
Proof. o
The proot of Theorem 4.1.7 yields that X = (J,;.;5; is a closed shift-invariant

subspace of Ly(R™). The number of generators of the spaces S; does not change the
proof. With this result at hand, Theorem 4.1.6 tells us that

X = Ly(Q),

where ) is a measurable subset of R". Hence, X = Ly(R") if and only if Q = R
modulo a null-set. It remains to show that € = €.

Every function gpg is an element in X for j € Z and i = 1,..., N. Consequently,
supp ¢ C £ modulo a null-set. Therefore, Q5 C © modulo a null-set. Now, suppose
that there exists a set 2; which is contained in 2\ Qq with positive measure. The
Fourier transform of elements in S; has the representation (4.18). We notice that the
Fourier transform of these elements vanishes on §2; and thus, the Fourier transform
of each element in | J ez 9; vanishes on (2. Taking the closure, we observe that each
element in X has/\ a Fourier transform which vanishes on €);. This is a contradiction

to the fact that X contains the space La($)). O

The subsequent corollary is a direct consequence of the preceding theorem.

Corollary 4.2.13.
Let (S; = S;j(®;))jez be a nested sequence of subspaces of the space Ly(R") and

,,,,,

onto S; satisty
lim Pg, f = f forall f e Ly(R").
j—o0
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Proof.
Due to the nestedness of the closed spaces S;, we can apply Theorem 4.2.12 which
yields that

|f = Ps, fll oy = dist(f, S;) = 0 for j — oo.
]

In case of a stationary multiresolution analysis it is sufficient to assume that the
generators of Sy do not vanish in some neighborhood of the origin in order to obtain
(4.25).

Theorem 4.2.14.

Let (S; = Sj(®,)),ez be a nested sequence of subspaces of Ly(R™). Moreover, assume
that S;(®;) is the MI-dilation of Sy(®y), that is, ®; = {?(M7.),i =1,...,N}. If
¢? # 0 almost everywhere in some neighborhood of the origin for ¢ = 1,..., N, then
it holds

U S5 =L@®").
J=—00
Proof.
Due to (1.4), we have ¢/ = ¢; $%((M7T)~7.) where ¢; is a constant. We know that
limj oo (MT) 92 = 0 for all z € R", see (3.2). This means that for sufficiently
large j we are again in some neighborhood of the origin where ¢? # 0 holds almost

77777

sequence our claim follows by Theorem 4.2.12. which yields (J;Z__ Sj = Lo(R"). O

Possible candidates for the generators of the finitely generated shift-invariant
space in Theorem 4.2.12 and Theorem 4.2.14 are compactly supported functions
in Ly(R™) because the support of the Fourier transform of such functions equals R,
see Theorem 1.2.10.

Now, let us have a closer look at condition (M3). Theorem 4.1.10 in Section 4.1.2
yields that

Y = () S;(®)

is a linear subspace of Ly(R™) of dimension < N.
The following theorem states that the orthogonal projection of a function f onto
Y is given by lim;, o, Ps, [

Theorem 4.2.15.
Let (S; = S;(®;))jez be a nested sequence of subspaces of the space Ly(R") and let
Y =,z 5;(®;). Then lim;,_o Ps, f = Py f for all f € Ly(R").
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4.2 Finitely Generated Shift-Invariant Spaces

Proof.
The claim follows from the proof of Theorem 4.1.12 where the number of generators
does not affect the proof. O

Taking Corollary 4.2.13 and Theorem 4.2.15 into consideration, we see that Lo(R™)
has an orthogonal decomposition. Therefore, we can construct wavelet bases via
multiresolution analysis in case of finitely generated shift-invariant spaces as well.

Corollary 4.2.16.
Let (S; = Sj(®;)) ez be a nested sequence of subspaces of the space Ly(R") and let

Qo = U U supp ¢/ = R"™ (modulo a null-set).

j€Zie{1,...,.N}

Moreover, let Y denote the intersection of the spaces S;, j € Z. Then we obtain the
orthogonal decomposition

Ly(R") =Y o PWw;.

jEL
Proof.
Since Y C S;,j € Z, it is orthogonal to each of the wavelet spaces W, := S,;11 ©.5;.
Our claim then follows by applying Corollary 4.2.13. and Theorem 4.2.15. O

Next, we want to prove that Y is trivial in the stationary case. In [50], this was
proven explicitly for M = 2I. In addition, the authors state in Remark 2.6 that the
proof is analgoue for an arbitrary dilation matrix. In the following, we are going to
adapt their method of proof to an arbitrary dilation matrix. The subsequent lemma
is needed in this process, see [50, Lemma 2.3].

Lemma 4.2.17.

Let Sy be generated by @y = {¢Y,..., 9%} C La(R™). Then there exists a set of
functions Wy = {¢?, ... Y%} C Ly(R") such that So(®g) C Sp(¥p) and the shifts of
VY, . .. 9% are orthonormal.

Theorem 4.2.18.

Let (S; = S;(®;))jez be a nested sequence of subspaces of the space Ly(R") and let
S; be the M7-dilation of the space Sy, that is, ®; = {¢?(M7.),i =1,...,N}. Then
it holds

jET
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Proof.
Lemma 4.2.17 and the nestedness assumption S; C S;4; imply that it is sufficient
to prove the theorem for the case that the shifts of the generators of Sy(®g) are
orthonormal. In case the generators of Sy(®g) are not orthonormal, we consider the
space So(¥y) defined as in Lemma 4.2.17. Next, we set S; as the M7-dilation of the
space So(¥). If the intersection of the spaces S;(Wg(M7-)) is trivial then it follows
directly that the intersection of the spaces S;(®o(M?-) is trivial as well.

In the following we denote by Pg; the orthogonal projector from the space Lo(R™)
onto S;. Our claim follows if we are able to prove

Ps,f — 0 as j— —oo for every f € Ly(R"). (4.26)
We note that

LS, {0},
) 7 )

and that the set of continuous functions with compact support is dense in Ly(R™).
Hence, for each f € Ly(R"™) there exists a continuous function with compact support
f with ”fN—fHLQ(Rn) < ¢ for all e > 0. Now, assume we have ngf — 0 for j — —o0.
Then, the estimate

H|stf~HL2(R") - HPij”[Q(R")’ < HPS]]E_ PijHL2(Rn)
= [|Ps,(f = )l Laen)
<f = fllzam
<€

implies that Ps, f — 0 for j — —oc. Hence, it suffices to prove (4.26) for any
continuous function f € Ly(R™) with compact support. If f is such a function the
orthogonal projection of f onto the space S; is given by

N
Ps,f = crula)mPo (M- —a), ¢ =g, (4.27)
k=1 acZ"
where ¢, ;, are sequences in l5(Z") for k = 1,..., N. The orthonormality of the shifts

of ¢1,..., N and (4.27) yield

N N
1Ps, 17 sy = D D lein(@)® =D llejull7,zm- (4.28)
k=1

k=1 aczZm™

Moreover, with Proposition 1.1.4 we obtain

N
Psf =2 3 (FmPon(0 =) om0 —a). (4.29)

k=1 acZ"
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4.2 Finitely Generated Shift-Invariant Spaces

Therefore, we set ¢;i(a) == (f, m?2 oy (M

'_O‘)>L2(Rn)' By (4.28) and (4.29), we
further deduce that

N N 2
= - 2
B / F(@)m?”? oMz —a) da
k=1 acZ™ Rn

If we assume that f is supported in the cube [—R, R]" for some R > 0, it follows
that

2

S| [ e a2y do

k=1 acZr |2,

2
N

:Z / F(M 7z + a)m?? op(z) da

k=1 acZ™ Mi[-R,R]"—a
Next, we apply the Cauchy-Schwarz inequality to obtain

2
N

N
<> [ mrrarie s aPa [ ara
" \ MI[-R,R]"—a Mi[-R,R]"—a
For j < 0,]j] sufficiently large, the intersection
{Mj[_R7 R]n - Oé} N {M][_Rv R]n - O/}

is trivial for o # o/, see (3.2), and the estimate

N
2
P, ey < 1By D | [ loutol? da
k=1 E;
N 2
2
ey D [ (o) lonto)l? da
k=1 \ gn
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holds, where E; := U M’[—R, R]* — a.. Notice that xg,|¢x|* converges point-
aEZm
wise almost everywhere on R" to 0 for j — —oco and |xg,¢x* < [@x]*. Then the

dominated convergence theorem yields
N 2
: . 2
i P <l 1 Y | [ s ) ) o
k=1 \ gin
2
N
i 2
W D ([t @) @ az | o
k=

1 R

Our proof is complete. O

We remark that in contrast to Corollary 4.1.14 we assume in the theorem above
that the spaces S; are nested.
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Chapter 5

Orthogonal Projection onto
Shift-Invariant Spaces

In Chapter 3 and Chapter 4 we defined and analysed the setting of our construction
procedures. Now, let us explain one basic construction idea. Since we are interested
in a pre-(multi)wavelet basis, we define the space W; as the orthogonal complement
of Sj in Sj41. Our aim is to determine a basis for every space W;, j € Z. Considering
the union of these bases then results in a pre-(multi)wavelet basis of the space
Ls(R™). But how do we obtain these bases? As stated in (2.4), the wavelet space
Wy can be defined by

Wy i={s—Pg,s:s €51}

In the following chapters we will construct mother wavelets of the form s — Pg,s
such that they provide a basis for . The analysis we are going to develop will be
applicable to all wavelet spaces W; after a suitable dilation and hence, we are going
to construct a basis for every wavelet space.

Before we start with this construction process, we dedicate this chapter to the
derivation of an explicit representation of the Fourier transform of an orthogonal
projection onto Sy. Later on this will be useful to derive an explicit representation
of these mother wavelets.

For principal shift-invariant spaces Theorem 2.9 in [31] provides us with a repre-
sentation of the Fourier transform of Pg ().

Theorem 5.1.
For every f € Ly(R™) the orthogonal projector Pg(,) is given by P, f = 75 ¢
where 7 denotes a 27-periodic function which is defined by

—_—

__ [If.@)/[8. 4], on supp[p, ], (51)
! 0, otherwise. '

For finitely generated shift-invariant spaces So(®) there exist different represen-
tations depending on the assumptions on the generator set ®. If for example ®
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Orthogonal Projection onto Shift-Invariant Spaces

provides a basis or a Riesz basis for the space Sy(®), see [32, Theorem 3.9] and [48,
Theorem 4.2.5] for details. We are interested in a generalization of the representa-
tion given in Theorem 5.1 which can be found in [51]. Here, the generator set ® is
assumed to be minimal which means that for 1 <7 < N it holds

vi & SO(CI’(i))a o) = \ {ei}-

Minimality is weaker in comparison to Ls-stability and a minimal generator set of
Sp is not automatically a basis.

Lemma 5.2.

Let & = {p1,...,on} C La2(R") be a generator set for the space So(®). If ¢ is
Lo-stable, then ® is minimal but not vice versa.

Proof.

We assume that ® is Lo-stable. Now, suppose ® is not minimal. Then there exists
at least one generator ¢;, 1 < i < N, such that o; € Sp(®®). Consequently, ¢; has
the following representation

Yi = Z Z ag i (- — k)

@E@(Z) keznr

and therefore,

HQOZ' - Z Z Ay k 90(' - k)||L2(R") = 0.

oed(i) keZn

By the definition of Lo-stability this is a contradiction to

1/2

loi = D> D gkl = M)lm@n 21+ | D D lagkl’

ped (@) kezZ™ ped (@) keZm

Hence, ® has to be minimal.

Next, we want to prove that Lo-stability does not follow from minimality. This
can easily be seen with the help of an example for N = 2. As generators for Sy we
choose the Box Splines

1 3 2€0,2)

x):= Bp(x) == =2 -

e1() 2)(%) o X[02) {0’ elsewhere,
xZ, T < [Oa 1)7
pa(2) 1= Bun(a) =42 -2, zell,2),
0, elsewhere.
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To ensure that these two generators are minimal, it is sufficient to prove that

By # ) ar Buy(- = k)

kEZ

or equivalently

X[0,2) 7 Z&k Bpy(-—k) (5.2)

keZ

with a, := 2a; on a set with positive measure. Then it follows directly that there
exists no sequence (fy,)neny with

Jn= Zan,k B[n](' - k)

kEZ

such that f,, — By in the Ly-sense. The only possibility to obtain the value one on
the interval [0,2) on the right-hand side in (5.2) is to set a; := 1 for k € {—1,0, 1}.
Now, we consider the interval [—1,0) and the shifts of the Box Spline B¢ which
are supported on this interval, that is, By 1)(- + 1) and Bjiqy(- 4+ 2). We obtain

a1(r+1)+a 22— (r+2)=x+1—asx on[-1,0).

We observe that for all a_, € R there exists a set of positive measure such that the
right-hand side in (5.2) does not vanish on [—1,0). Hence, ® is minimal. Next, we
check if ® is Lo-stable or not. Box Splines have Ly-stable shifts if and only if the
matrix consisting of the direction vectors is unimodular, see [26]. Hence, the integer
shifts of ¢, are Lo-stable in contrast to the integer shifts of ¢; and consequently,
the generator set ® = {1, p2} cannot be Lo-stable. O

Lemma 5.3.
There exist minimal generator sets ® = {¢1,...,pn} C Lo(R™) of Sp(P) which do
not provide a basis for Sy(P).

Proof.
Let n = 1. Moreover, let the Fourier transform of the generator ¢, be compactly
supported such that

supp ¢ C [6,2m —d) for 6 € [0, 7). (5.3)

Condition (5.3) ensures that supp ¢, C [0,27). Let us now consider two non-trivial
functions

=) anpri(- = k), fa=) asrpr(- — k)

kEZ kEZ
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in So(®) with Fourier transform fl = 71 prand fQ = Ty 1. Here, 7y and 7, are
assumed to be 27Z-periodic functions in the space Ls([0, 27)) with

Ty = Tz ON Supp {1,
T # T on E C [0,27) \ supp ¢1, |E| > 0.

It follows that
fl - fZ = (11 — 7)1 = 0.
Hence, we have a non-trivial representation of zero of the form
> (a1s —azp)er (- — k) = 0.
keZ

Consequently, the generator ¢; does not provide a basis for its span. Now, it is
possible to add finitely many compactly supported generators ¢; to the generator
set with

supp¢; C [0,27), i=2,...,N,
and

suppp; Nsupp @ =0, j#k, jke{l,...,N}L

These conditions ensure that no function in the span of ¢; can be represented by

—

the generators in ®(?. This means that we have a minimal generator set which does
not provide a basis for Sy(P). O

In comparison to [51], we work with a different definition of the bracket product
and of the Fourier transform. Therefore, we have to adapt the results in [51] which
are needed for the derivation of the representation of P/S(E. By combining [51] and
[78], we are also going to include detailed proofs of the presented results.

In preparation for these results, we introduce the weighted Lo-space. Let v > 0 be
a measurable function on a measurable set 2 C R"™. Then a function ¢ is in Ly (2, v)
if o : @ — C is measurable on the set (2 and the norm is given by

1/2

lollaere) == / o(@)Po(z)dr | < oo
Q

Now, that we have established the term weighted Ls-space, we can derive the fol-
lowing variation of Corollary 4.1.2.
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Lemma 5.4.
Let ¢ € Ly(R™). Then f € So(p) if and only if there exists a measurable, 277Z"-
periodic function 7 in the space Ly(Cy, [¢, ¢]) such that

f =71 almost everywhere on R",

and

1

11l 2oy = WI\THL2<50,[¢,¢])- (5:4)

Proof.
First, we prove formula (5.4). We observe that

1 . 1 5 1 .
1 = el s = e | @ o = s [ re)Plota)?da
R R

Furthermore, the 277Z"-periodicity of 7 yields

20 5(2)[2 dar = — 7(z)|*|@(x 2dx
ﬂHw@de—(%»BEZ‘/I(HIM R

_ ﬁ / 7 (2)|*$, ) () da
Co

= I s

We observe that 7 € Ly (Ch, (&, ¢]) if and only if 7¢ € Ly(R™). Consequently, the
claim follows directly by Corollary 4.1.2. O

Under the assumption that ® is a set of orthogonal generators, we deduce a similar
result as Lemma 5.4. Beforehand, we have to state the subsequent lemma which
can be found in [48].

Lemma 5.5.
Let @ = {gpl, oy on} C Lap(R™). A function f € LQ(R”) is orthogonal to Sy(®) if
and only if [f, ¢;] = 0 almost everywhere on Cofori=1,...,N.

Hereinafter, we use the convention 2 o = 0. In particular, this will be used for
expressions of the form

[ R @]
2, 2]
In case the denominator vanishes, the function ¢ has 277Z"-periodic zeros. As a

consequence, the nominator vanishes as well and we obtain % = 0.
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Proposition 5.6.
Let & = {p1,..., o8} C Lo(R™) be a finite set of orthogonal generators for Sy(®).
Fori=1,..., N we define

Then f is an element of the space Sy(®) if and only if m;(f) € Ly(Co, [@s, ¢i]) and

f: Zmi<f> Di- (5-5)

In addition, it holds

N
1
2 _ A 2
||f||L2(R") - (27T)n Z; ||mz(f)||L2(CO,[¢i,¢i]).
Proof.
If N =1, the claim follows from Lemma 5.4. The definition of m; corresponds to

—_—

the representation of the Fourier transform of the orthogonal projection onto Sy(¢p1),
see (5.1).

Now, let N > 1. Since our generators are orthogonal, the bracket product [¢x, Px|
vanishes almost everywhere on Cy for k # kK,1 < kK < N. By Lemma 5.5, it
follows that So(wx) L So(pw) for k # k'. Next, we verify that an arbitrary function
f € So(®) can be written as

N
f= Zfi, fi € Sols). (5.6)

In order to prove (5.6), let P, = Zfil fie with fi, € So(p;) for all £ € N and
limy oo P, = f in Ly(R™). With the completeness of the Hilbert space Lo, the
sequence {P;}72, is a Cauchy sequence. Consequently, for all € > 0 there exists an
L > 0 such that

Py — Prllpymny <€ forall 6,0 > L.
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By the orthogonality of the spaces Sy(p;), we deduce
N N
1P: = Poll7 @ = | Z fie — Z fir o7y gany
17\[1 ¢IJ=V1 N N
= <Z Jie — Z Jiw,s Z Jie — Z fi',5/>
= =1 i=1 =1

(fie = fies fie = fiw) 1y my

Lo(R™)

I
7= 1

=1

N
= " fie = FiollF -

i=1

.

Hence, {f;¢}72, is a Cauchy sequence in Sy(¢p;) for 1 < ¢ < N. By the completeness
of the spaces Sy(p;), these Cauchy sequences converge in Lo(R™). Thus, we have

N
f= izlfv; with f; = Zlglélo fie € So(s).

By Lemma 5.4, there exists a 27Z"-periodic function 7 € Lg(ao, (&, &i]) for every
fi € So(g;) such that
[fir @i = [ris @] = 7[00, @il.

Hence, 7 = m;(f;) and we conclude

=z

’fHLz(Rn ZHszLQ Rm) =

fl HL2 CVO [‘Pz 907.])

Conversely, assume that (5.5) holds. Then m;(f)p; € SO( ;) forall 1 <i < N and
by Lemma 5.4, we obtain f € Sy(®). O

The next proposition describes an orthogonalization procedure for a finite minimal
set of generators. The minimality assumption is needed to avoid early termination
of the algorithm.

Proposition 5.7.
Let ® = {¢1,...,9on} C Lo(R™) be a finite minimal set of generators for the space
So(®). In addition, let the functions {g;}Y, be defined by g; = ¢, and

i—1

Gi=¢i—» bg, 1<i<N, (5.7)
k=1
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where
b = (61060, 9] € La(Co, [0, 1<k <i— L (5:8)

Then g; € So(®;) with ®; := {px}i_; for all 1 < i < N. Furthermore, for j # k
with 1 < 7,k < N it holds

[G;, gk (x) = 0 for almost every x € 6’0. (5.9)

Proof.
We proceed by induction.
Let N = 2. First, we verify that [§1, jo] = 0 almost everywhere on Cy. If b(2 (x) #0

for x € C’O we have

[¢1 902—61 '¢1)()

[ [9027901][¢ 7927 ]_1¢1](£L’)

= [ ]( ) = [1, Pa] (%)[P1, 1] (@) 1, 1] ()
=0.

[91, 92) () =

If otherwise b (z) = 0 for z € Cy, then either [@s, $1](x) or [¢1, $1](x) vanishes. In
the first case the bracket product [ps, ¢1](z) vanishes as well. Hence,

(91, 92)() = [P1, P2)(z) = [P2, 1] () = 0.

In the second case the function ¢, has 27Z"-periodic zeros. Consequently,

[G1,62)(2) = [p1, @e)(2) = D @ulx + B)dalw + B) = 0.

Bse2nzn

Furthermore, it holds

2 2 ~ ~
I8 s = [ 1B @191, 21)) da

Co

— [@27@1](@2 oo
—/ (51, ¢1]() [p1, 1] (2) d

Co

:/H%’@l](‘%)| [f1, ] () da

By (1.12), we obtain

/\902,901 2 (0, 1] <>dx</[<,az,s021< dx—/m )2 dz < oo.

Co
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Hence, b% € Ly(Cy, [41,1]). Moreover, the function gs is an element of the space
So(®2) because of Corollary 4.2.2.

For the induction step, assume that [gy, g;] = 0 for all distinct 1 < k,j </ —1
and some 2 < ¢ < N — 1. We observe that

£—

[Ge, 93] = [Pe — Zbk s 93] = [Pe, 93] — Z 9k, 5.
k=1

By induction hypothesis, [gk, §;] vanishes for k # j with 1 < k, j < ¢— 1. Therefore,
we obtain

-1
I O1a 4 " oA Ora A
[Pe, 93] — Zbl(g)[gkagj] = [¢e, 5] — b§- )[gjagj]

k=1

= [@¢, 93] — [P0, 9]
=0 almost everywhere on R".

Furthermore, we can prove by) € Lg(éo, 1G5, 9;]) for 1 < j < £ — 1 analogously to
b§2’ € Ly(Co, [91,1]) and by Corollary 4.2.2, we obtain g, € So(®,). O

With this orthogonalization procedure we are able to represent a space generated
by a finite minimal set of generators as the orthogonal sum of principal shift-invariant
spaces.

Proposition 5.8.
Let ® = {p1,...,on} C Ly(R™) be a minimal set of generators for the space Sy(®P)
and let the functions {g;}Y, be defined by (5.7). Then it holds

= @So(gz’)-

Proof.

The orthogonality of the spaces Sp(g;),7 = 1,..., N, follows directly from Lemma
5.5. Next, we check that @ | So(g:) € So(® ) Let f e @Y, So(g:). Then f can be
represented as

[ = Zfi, fi € So(gs)-

By Lemma 5.4, we obtain f, = T7;,0;,Ti € Lg(é{), [Gi, §i]). We further deduce that
f = ZZ . 7i 0; and consequently, f € Sy({g:}¥;). According to Proposition 5.7,
every function g; belongs to So(®;) and thus, f € Sp(®). It remains to prove that
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the embedding Sy(®) € @Y, So(g:) holds. Let f e So(®). By (5.7), the generators

can be represented as @; = g; + ZZ ! b(Z g with b € Lz(éo, [Gk, gx]) for 1 <7 < N.
By (5.9), we deduce that on supp[gz7 gz] we have

" 194 9]

[gz + 30 k gkvgl]
[917 gl]
(90 3] + 20t b (G- 6]
(i 9i]
[Aim@i]
=1,
where b( = [¢n, gn][gn, gn] 7t Therefore, the representation

i—1
i =gi+ Z b](;)gk
k=1

is equivalent to

”A+Zb,§)gk Sbge for 1<i< A
k=1

Lemma 5.4 yields that @; € So({gr}i_,) for 1 <i < N. By the orthogonality of the

functions {g;}Y,, we obtain f € @f\il So(g:)- H
Finally, we obtain an explicit representation of the orthogonal projector in terms

of PSO(<I>)-

Theorem 5.9.

Let @ = {¢1,...,¢on} C Lo(R™) be a minimal set of generators for the space Sy (®P).
Then for any function f € Ly(R™) the orthogonal projection Pgy4)f of f onto the
space So(®P) is given by

Q>

N
Pso@)f = Z L/, (5.10)

=1 g

Q>

where the functions {g;}, are defined by (5.7) and (5.8).
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Proof.
Let f be a function in Ly(R™) with

f=fDf, fi€Sy(P),fse So(P)".

By Proposition 5.8, we obtain

N
Pso(q>)f =f = Z h;, h; € S()(gi). (5.11)

i=1

Moreover, Proposition 5.6 yields

Hence, it holds

Pa] = k=3 el
0 1T ~ ~ 7-
— — (9, 9i)

It remains to prove [h;, §i] = [f,§:]. Since g; € So(®) and f, € So(®)*, the bracket
product of these two functions vanishes, see Lemma 5.5. We further deduce that
1.9 = [fi + for 6] = [fr. 63 + [fon 63 = [fr. i) (5.12)

Since the functions ¢;, 1 < ¢ < N, are orthogonal, inserting (5.11) into (5.12) yields
the desired result:

N

g =D lhy, 3] = [ha, i,

j=1

We remark that (5.10) coincides with (5.1) for N = 1.
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Chapter 6

Construction of Wavelets

With the help of the theory from the previous chapters, we now explicitly construct
wavelet bases based on M ~/-principal shift-invariant spaces. In particular, we are
interested in bases with desirable properties. In Section 6.1 we construct a compactly
supported wavelet basis and in Section 6.2 we construct an Lo-stable wavelet basis.
Both sections generalize construction procedures from [30] where the authors work
with 277-principal shift-invariant spaces.

6.1 Compactly Supported Wavelet Bases

For application purposes one is interested in working with well-localized functions,
that is, functions with compact support. Based on the construction idea presented
in the beginning of Chapter 5, we develop a construction process which yields a com-
pactly supported wavelet basis for Wy, see Section 6.1.1. Afterwards, we demonstrate
in Section 6.1.2 how to adapt the presented analysis from Section 6.1.1 in order to
obtain a compactly supported wavelet basis for every space W;,j € Z. In Section
6.1.3 we give an example where we choose exponential box splines as our generators
to demonstrate our construction procedure.

6.1.1 Compactly Supported Wavelet Bases for W,
Let ¢, n € Ly(R™) and assume that

So(w) C Si(n),

where the space Sy is I-shift-invariant and the space S; is M ~!-shift-invariant. Then
the wavelet space W) is given by

W := S1(n) © So(p).

We proceed as follows. In a first step we show that there exist m specific translates
of the generator ¢ which provide a basis for the space S;(n). Projecting m — 1 of
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these basis elements onto the orthogonal complement of Sy(¢) in S;(n) yields a basis
for Wy. Then we modify this basis such that it is compactly supported.

In this process we work with a set of representatives of the disjoint cosets in
Z" |MZ" denoted by R and a set of representatives of the disjoint cosets in Z" /MT7Z"
denoted by RT. Let us collect some properties of R and R” first.

Lemma 6.1.1. - [42, Lemma 2]
The cardinality of R and R” is m = |det M| = | det M|

Lemma 6.1.2.

Let {p1,...,pm} be a full set of representatives of the disjoint cosets of Z"/MT7Z".
If we add an arbitrary element d’ € RT to each of the representatives, we obtain m
new representatives of the disjoint cosets of Z"/MTZ".

Proof.
Suppose p; + d and p; + d with i # j,i,j € {1,...,m}, are representatives of the
same coset. It holds

zh=|J (p+M"z"), (6.1)

pERT

see [42]. Consequently, there exist p € RT and /1, (s € Z" such that

pi+d =p+ M,

p;j+d =p+ Ml
It follows that

pi— Py =M (6 — b).
But since p; and p; are representatives of disjoint cosets, we know that
pi—p; ¢ MTZ".

This is a contradiction. O

Let {p1,...,pm} be a full set of representatives of the disjoint cosets in Z"/MZ"
and let d € R. Then, by the same arguments as above, {p1 +d, ..., p, +d} is a set
of representatives of the disjoint cosets in Z"/MZ" as well.

Lemma 6.1.3. - [19, Lemma 2.3]
Let p; and pj, j = 0,...,m—1, be the full representatives of Z"/MZ" and Z"/M* 7",
respectively. Then it holds

—_

3

en—1p,(27pr) = 609, 0 <L <m —1,
0

1
m

il
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and

m—1

ZGM—lpk(—zﬂ'ﬁ@) :(sho, nggm—l
=0

1
m
Based on the set of representatives R, we can determine certain translates of the

function ¢ which generate the space Si(n).

Theorem 6.1.4.
Let So(p) C S1(n) and supp ¢ = supp 7. Moreover, let 0 € R. Then it holds

Si(n) = Si(e) = So(d), ¢ = (@(- + M~'d))aer-

Proof.
Let us start by showing that Si(¢) = Sp(¢). The space Si(p) is generated by the
M 17" -shifts of ¢. Besides that Z™ can be written as

U(d—l— M7Z"). (6.2)

Therefore, we obtain

Mozt = J(Md+ Z).
deR

This yields

S1(e) = So((p(- + M'd))aer) = So(¢).

It remains to prove that Si(n) = Si(¢). Set g := n(M~') and f = p(M~1.).
By assumption, ¢ € S1(n) and as a consequence f € Sy(g). Furthermore, it holds
supp ¢ = supp 7 and thus, supp f = supp g. By Proposition 4.1.4, we deduce that
So(f) = So(g). Since S;(p) is the M-dilation of Sy(f) and Si(n) is the M-dilation
of Sy(g), the claim follows. O

Next, we will prove that ¢ provides a basis for Sy(¢). We proceed by verifying
that the product of the eigenvalues of the Gramian matrix G(¢) is greater than
zero almost everywhere. In order to determine these eigenvalues, we introduce the
operator Q. For a 2r MTZ"-periodic function f the operator Qg is defined by

Qu(f)(€) =" enal§ +2rd)f({+27d), deR (R (6.3)

deRT

Lemma 6.1.5.
The operator (g in (6.3) is 27Z"-periodic.
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Proof.
For ¢ € Z" and £ € R", we have

Qu(f)(€+2m) = Y en1a(§ + 2m0 + 2md) f (€ + 270 + 27d), d € R.

deRT

Since Z" = Jyepr(d +MTZ"), we set £ = d' + M*'n with n € Z". Furthermore, we
use the 27-periodicity of the exponential function as well as the 27 M T Z"-periodicity
of the function f to deduce

Z enr-14(€ + 210 + 2red) f (€ + 27l + 27d)
deRT
= Z eni—1q(€ + 21d + 20 M 0 + 27d) f (€ + 27d’ + 20 M T + 27d)
deRT
=Y eyal€ +2n(d + d)) f(€ + 2n(d + d)).

deRT
By Lemma 6.1.2, we conclude
> enal€+2n(d + d)f(E+2n(d +d)) = Y ey-ra(€ +2md) f(€ +2md)

deRT deRT

= Qa([f)(&)-

From now on, we always assume that 0 € R and 0 € R”.

Lemma 6.1.6.
A 27 MTZ -periodic function f can be decomposed in its 27Z"-periodic components
by

=S e Qulh) (64

d*eR

Proof.
First of all, we insert the definition of the operator Q4+ into (6.4). We obtain

% Z €_pN—1g* Qd* (f) = % Z €_pN—1g+ Z erld*(' + 27'['6?)]0( + 27TCi)

d*eR d*eR deRT
1 ~ ~
= E Z ( Z Erf-14d* (27Td)> f( + 27Td>
d*eR \ JeRT
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Then, we use Lemma 6.1.3 to deduce

% Z < Z €M1d*(27TCZ)> f(+ 27Td~) = % Z ( Z eMld*(2WJ)) -+ 27TCZ)

d*€R \ deRT deRT \d*€R
1 s
=—mod; -+ 27d
—m g0 f(- +2md)
= f

]

Lemma 6.1.7.
Let ¢ = (¢(- + M~'d))ger. Foralld,d* € R the corresponding entry of the Gramian
matrix G(¢) is given by

lenr-14 @, ep-1a- B = Qa—a- ([$, ¢11)- (6.5)
Proof.
By the definition of the bracket product and (6.1), we obtain

lerr—1a P, enr—1g- @] = Z err—1a(- +2ma)e_pr-1g-(- 4 2ma) [B(- + 2ma) |2

aEZ™

= Z eM_l(d_d*)(~ + 27?06) ‘@( + 271'04)‘2
acZm

= 3 eurrgaany (- 4 2n(d + M) |¢(- + 2n(d + MTa))P.
deRT ael™

Since the exponential function ist 27-periodic, we deduce

>0 emri—an (- +27(d + M ) [@(- + 2m(d + M a))?

deRT a€L™
= Z Z er—1(d—a) (- + ond) |p(- + 2md + 2 M T o) |2
deRT acZm™
= Z err-1(d_a-) (- + 2md) Z 5(- + 21d + 2n M T ) |?
deRT aezn
= > enrra-an (- +27d) [, @i (- + 27d)
deRT

= Qa-a- ([, ¢11)-
[l

Lemma 6.1.8. N
For every d° € R and = € Cj the number m[p, $|i(x + 2wd°) is an eigenvalue of
G(¢)(x) corresponding to the eigenvector ago := (ep-14(x + 27d°))ger-
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Proof.
We have to prove that

G(®) age = m[p, ¢l1(x + 27wd®) age.

Therefore, we calculate the d-th entry of G(¢) age. By (6.5) and the 27Z™-periodicity
of the operator (), we obtain

®) ago = Z Qa—a ([0, 1) enr—1a+ (- + 27d°)

d*eR

= Z Qa—a ([P, @1)(- +27d°) epr—1g+ (- + 27d°) epr—14(- + 27d°) e_pr—14(- + 27d°)
d*€R

= erld(' + 27Tdo) Z Qd—d*([@; @]1)( + 27Tdo) erl(d*fd)<’ + 27Tdo).

d*€R
Applying Lemma 6.1.2 and Lemma 6.1.6 yields
en-14(- + 2md®) Z Qa-a- ([P, P]1) (- + 2md°) epr—1(a=—ay (- + 27wd°)

d*eR

= ey +27d°) D Qu([, @h)(- + 2md°) e_yy 1 g(- + 27d°)
deR
= epy-19(- +2md°) m [p, )1 (- + 27d°).

Corollary 6.1.9.
The set ¢ = (¢(- + M ~1d))ger provides a basis for Sy(¢) if supp $ = R".

Proof.
Lemma 6.1.8 yields that the determinant of the Gramian matrix G(¢) is given by
det G(¢) = C' ] &, @h(- + 2md),
d°€R

where C'is a strictly positive constant. Since supp ¢ = R"™, we have supp [¢, |1 =
R™. Consequently, det G(¢) > 0 almost everywhere and thus, ¢ provides a basis for
the space Sy(¢). O

Combining Theorem 6.1.4 and Corollary 6.1.9 yields that under the assumption
supp ¢ = supp 7 = R" (6.6)

we obtain S;(n) = So(¢), where ¢ provides a basis for Sy(¢). The Paley-Wiener
Theorem 1.2.10 tells us that the support of the Fourier transform of every compactly
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6.1 Compactly Supported Wavelet Bases

supported function equals R". Therefore, we notice that (6.6) is not a very restrictive
assumption.

With the basis ¢ at hand, we want to derive a basis for the orthogonal complement
Wy of So(p) in Sp(¢). The set ¢ consists of m = | det M| elements denoted by ¢g :=
(- +M~d),d € R.In case d = 0, we obtain the generator of the space Sy(¢). Hence,
the idea is to project the m — 1 functions (¢(- + M~'d))ger, R := R\ {0}, onto
the orthogonal complement of Sy(¢). This can be done with the help of Theorem
1.1.3.

Theorem 6.1.10.
Let So(¢) C Si(n) and supp ¢ = supp 7. Moreover, let wy,d € R’, be defined by

Wq = @d — Psy(p)Pa-

Then the space Wy = 51 © .9y is a finitely generated shift-invariant space generated
by the set # := (wq)aer:, that is,

W(] - S()(W)
The set # provides a basis for Wy if supp ¢ = R” holds.

Proof.

First, we prove that So(p) @ So(#) = S1(n) which means that {¢} U # generates
Si(n) and therefore, Wy = So(#'). For every function f € Si(n) there exists a
sequence (fy)reny in the space Si(n) such that f, — f in the Lo-sense. Due to
Theorem 6.1.4, every element of this sequence has a representation of the form

fe= Z Zaf,k,d@d<' —k)

keZr deR
= Z arkop(- — k) + Z Z apapa(- — k) (6.7)
kezZn keZm™ deR’
= Z agkop(- — k) + Z Z e k,dPso(p)Pal- — k) (6.8)
kezZn keZm™ deR’
+ Z Z Qg k.d (Sﬂd(' — k) = Psy(o)pal- — k)) . (6.9)
ke deR’

Since (6.8) lies in the space Sp(¢) and (6.9) lies in the space So(#), we have shown
that S1(n) C So(p) ® So(#'). Conversely, for every function g € Sy(p) ® So(#)
there exists a sequence (gy)een in the space Sy(¢) @ So(#') such that g, — g in the

73



Construction of Wavelets

Lo-sense. Every element of this sequence can be represented as

Qe = Z b&k,o@(' — k’) + Z Z bé,k’,d (de - PSO(W)@d) ( - k)

kezr keZn deR/
= birop- = k) = D> bokaPso)pal- — k) (6.10)
kezr keZn deR/
+ )0 begagal- — k). (6.11)
keZn deR!

Comparing (6.7) with (6.10) and (6.11) yields So(p) ® So(#') C Si(n).

Now, assume that supp® = R™ holds. It remains to prove that # provides a
basis for So(#). Corollary 6.1.9 yields that ¢ = (p(- + M~'d))aer provides a basis
for Sp(¢). Besides that Theorem 6.1.4 yields Si(n) = So(¢). We have already shown
that the integer translates of ¢, := {p}U# generate the space S1(n) and therefore,
also the space Sy(¢). Moreover, the sets ¢ and ¢, have the same number of elements.
In this case part ii) of Corollary 4.2.8 states that ¢, provides a basis for Sy(¢). As
a consequence, we have det G(¢,) # 0 almost everywhere. Due to the orthogonality
between Wy = So(#) and Sy(p), the Gramian matrix G(¢,) has the form

G) 0 )
o) - (O 0.
(@) 0 [& ]
Therefore, an application of the Laplace formula results in

det G(9.) = [, ¢] det G(#).

Hence, det G(#') # 0 almost everywhere. Consequently, #  provides a basis for
Wh. O

Theorem 5.1 provides us with an explicit representation of the Fourier transform
of the functions wy,d € R'. It is given by

[a, ¢]
(2, 6]

Wa = Pd — Psy(p)Pd = Pd — ¢ (6.12)

where [pg, ¢l[¢, @] = 0if [p,¢] = 0.
The next theorem shows that if we modify the representation (6.12) by multipli-
cation with [, @], we obtain a compactly supported basis of the space W.

Theorem 6.1.11.
Let So(e) C Si(n) and supp ¢ = suppn = R™. Moreover, let [¢, ] be bounded.
Then the functions

We = ([, 0Pd — [@a, §0)" ) aer

provide a basis for the space Wj. If in addition ¢ is compactly supported, then the
functions in #, also have compact support.
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Proof.

We obtain 7/ by multiplying W with the 27- periodic diagonal matrix T := [, @] [,
that is, 7/ —T7. By assumption, the matrix I' only consists of bounded entries
and thus, we deduce 7/ C Ly(R™). Since supp ¢ = R", we know that % provides
a basis for Wy = Sy(#), see Theorem 6.1.10. By taking part i) of Corollary 4.2.8
into consideration, we conclude that #, provides a basis for the space Wj.

To complete the proof we have to show that 7, is compactly supported whenever
¢ is compactly supported. Part iii) of Lemma 1.3.7 tells us that if ¢ has compact
support, then [pg, @] is a trigonometric polynomial. As a consequence, the inverse
Fourier transform of [¢g, ¢|¢ is a finite linear combination of the shifts of ¢ and
compactly supported because ¢ is. The same reasoning shows that the inverse
Fourier transform of [, $|pg is compactly supported. Therefore, the functions in
W, are also compactly supported. n

Moreover, we can prove the existence of an orthogonal basis of Wy consisting of
compactly supported functions.

Theorem 6.1.12.
Let 50(90) c 5 (17) and supp ¢ = suppn = R".

i) There exists a set of mother wavelets which provides an orthonormal basis for
Wo.

ii) If the function ¢ is compactly supported there exists a subset W of compactly
supported functions from W, which provides a basis for W,. Moreover, there
exists a set U* := (¢%)4er consisting of compactly supported functions which
provides a basis for Wy and fulfills

So(vy) L So(ws), d#d.

Proof.
We start with the proof of part i). The conditions of Theorem 6.1.10 are satisfied
and therefore, % provides a basis for Wy. Our claim then follows from part i) of
Corollary 4.2.9.

It remains to prove part ii). Here, we assume that ¢ is compactly supported.
Theorem 6.1.11 yields that the set of compactly supported functions #, provides a
basis for Wy. By part ii) of Corollary 4.2.9, the proof is complete. O

The next result answers the question under which conditions a set of compactly
supported functions (w(- + M 'd))ger, w € Lo(R™), provides a basis for W.

Theorem 6.1.13.
Let So(p) C Si(n) and supp¢ = suppn = R™. In addition, let ¢ be compactly
supported.
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i) If w is a compactly supported function contained in the space S;(n), then the
functions w(- + M~1d),d € R, are in W} if and only if [, ¢]; is 2m-periodic.

ii) If w is a compactly supported generator for the space Si(n) and [w, @]y is
2m-periodic, then the functions (w(- + M ~1d))sep provide a basis for Wj.

Proof.
We start with the proof of part i). The functions w(- + M~1d),d € R, are in W if
and only if (w(- + M~'d), (- — k) p,@ny = 0 for all d € R,k € Z". We proceed as
in the proof of part i) of Lemma 1.3.7 to obtain

0= (w(-+ M1d), (- — )

Lo (R”)

1 1

B (2m)" <w( + M=), (- — k)>L2(R")
e C R G GECEGE,
- (27::-)71 / Z ev—1a(§+0)ex(§+0)w(E+0)p(E+0)dE

& Le2nMTzn
~ e | e anl®) 0200 dE

&

It follows that
(271T)" ’ dethT| /eM_ld-&-k’(f) [ﬁ], @]1(5) d€ = 0. (613)
&

Since we know that {(27)""/2e_1(&)}rezn is an orthonormal basis of Ly([—m,7)"),
we can show that {(2m)™"/2|det MT|7Y2¢_p;-1(€) }rezn is an orthonormal system
in Ly(Cy). Let ¢,m € Z", £ # m. Then, we have

el BESIGEIGEE

[_va)n

0 =

:(271r)n / em—e(§) d€

[_ﬂ—vﬂ—)n

1 1 _
= Ty (et 7] / em_t(MTMTE) | det MT|dE.

[=m,m)™
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We set u = MT¢ and use the transformation formula to deduce

1 1 _
(2m)" | det M| / em—o(M~TMTE) | det MT|dE
[771-777)"
1 1 L
= @) [det 37| / em—e(M ™" u)du
MT[—7,m)"
1
N (2m)" | det MT| sttt (1) d
C

As a consequence,
{(27T>_n/2| det MT|_1/26,M71k(£)}k€Zn
is an orthonormal system in Lo(Cy). Besides that, we recall

M7z = J(Md+zm).
deR

With these considerations we conclude that only for d = 0 the Fourier coefficients
n (6.13) do not vanish. In this case, we have

\dethT| (w, (- = k) = (2;-)11 | dethT| /ek(f) [w, ]1(£) dE. (6.14)

Ch

Our aim is to show with the help of Lemma 1.2.5 that [w, ¢]; can be represented
as a 2m-periodic Fourier series where the Fourier coefficients are given by (6.14). In
order to apply Lemma 1.2.5, we have to prove that the Fourier coefficients are in
01(Z™). To this end we define the function

g: 50 — C,
x> [, ¢](M* ).

Since [w, @]y € Ll(Cl) we obtain

/]g \dw—/\ w, ¢l (MT2) |d$_|dtMT|/‘ @l ()| du < oco.
Ch
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Furthermore, the Fourier coefficients of the function ¢ for k, ¢ € Z™,d € R, are

o / ex(€)9(€)dt = f ()i, G (MT€) g

Co Co
1 1 o
= @y derarr] | vl Pl du
i

1 1 o
B (2m)" | det MT| /eM‘ldH(“)[wa(Ph(u)du
e

1 _
- | det MT| (w(-+M7d), (- - £)>L2(R") :

We already observed that these Fourier coefficients are nonzero for d = 0. By Lemma
1.3.6, the sequence {c(w, p)¢}eczn With c(w, @), == | det ML (w, o(- — 0)) 1) 18
an element of the space ¢,(Z"). Consequently, the conditions of Lemma 1.2.5 are
satisfied and with y = M7z, z € R", and e_j(z) = e (M Ty) = e_p-1.(y) we
obtain

1
- Z (2m)" |detMT| /eM (¢ PR | earnly)

keZn

We further deduce

2 (271T)”|det1MT| / en-1(E)[d, Ph(E)dE | e-n-14(y)

kezn 2
C1

1
= Z Z (27)" | det MT| /GM 1o ([, @11 (§)AE | e—(m-1a10)(¥)

deR leZ™

1 A /\
=2\ @ |detMT|/ef (&, h(E)dE | e—ely):

Lezn

In other words, [, ¢|; is 2m-periodic.
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Now, let us prove part ii). Since w is compactly supported, it follows directly
that suppw = R". By Corollary 6.1.9, #, = (w(- + M~'d))qer provides a basis
for S(n). This is equivalent to det G(#4) # 0 almost everywhere on Cy. Thus, the
determinant of the Gramian matrix corresponding to #, \ {w} is nonzero almost
everywhere. Since we assume that [w, |, is 2m-periodic, we can apply part i) to
deduce that 7, \ {w} is in Wy. Hence, we obtain m — 1 functions whose Gramian
matrix is nonzero almost everywhere. Since Theorem 6.1.10 ensures that W, contains
a basis of cardinality m — 1, we conclude by part iii) of Corollary 4.2.8 that #.\ {w}
is a basis for Wj. ]

Remark 6.1.14.
While verifying part i) of Theorem 6.1.13, we proved the following: Let f,g be
compactly supported functions in Ls(R™). Then we have

[f; gh(y) = Z Z aq €—(m—1a+k)(y) almost everywhere, (6.15)

deR keZ™

where the coefficients a4, are given by

1 1 A
Ad e = (2m)7 [det M| /eM—ldJrk(f) [f+g]1 (&) d€
&)
1
= a0 =) e

Theorem 6.1.13 raises the question how such a function w € S;(n) might look
like. On the one hand, it is necessary that

[0, @1 = [th, @)1 = 7[R, @1, T2rM*Z"-periodic,

takes the value 0 or 1 because we need orthogonality between the functions w and
@, see (1.7). As a result, the bracket product [w, @]y is 2m-periodic. On the other
hand, we demand supp w = supp” = R" because this implies that w is a generator
for the space S;(n). Both requirements can be met with the choice 7 = [f), ¢];%, i.e.,
we obtain

~ ~

Wy 1= e = LA (6.16)

1
[777 80]1 [%@7@]1 [@7 @]1’

~

- i

where 7 is 2r M Z"-periodic. This representation has the disadvantage that the
division by [, @] might cause that wy is not an Lo(R"™)-function. Moreover, we
need to ensure that wy is compactly supported. Hence, we have to modify this
representation such that there is no denominator in (6.16).
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Corollary 6.1.15.
Let So(p) C Si(n) and suppy = suppn = R™ Moreover, let ¢ be compactly
supported. Then the function w defined by

. @ L. . A
= o 110 @1 (+27d) = ¢ [ [ 1@, Gh(- +2md) (6.17)
()07()0 1 dER deR/

is an element of the space Ly(R™) and the set {w(- + M~'d) : d € R'} provides a
basis for Wy. Furthermore, the function w is compactly supported.

Proof.

First of all, [¢, @]y is bounded because it is a trigonometric polynomial, see part iii)
of Lemma 1.3.7. It follows that @ and thus, w are functions in Ly(R™). Moreover,
w € S1(n) because we obtain (6.17) by multiplying (6.16) with a 2m M7 Z"-periodic
product.

Since supp ¢ = R, it follows that [@, ¢]; > 0 almost everywhere. Hence, we have
suppw = R™ and Proposition 4.1.4 yields that w is another generator for the space
S1(n).-

Finally, we want to apply part ii) of Theorem 6.1.13 to show that the set of
functions {w(- + M~'d) : d € R’} provides a basis for ;. Beforehand, we have to
verify that [w, @]y is 2m-periodic and that w is compactly supported. We constructed
wo such that [y, @] is 27m-periodic. Hence, it suffices to show that the product
[Licrl®, @)1 (- 4 27d) is 2m-periodic in order to deduce the 27-periodicity of [w, ¢];.
For this purpose we consider

where 1 denotes the vector of ones. Due to (6.2), there exists a d € R and an
¢ € Z" such that 1 can be written as 1 = d + M/{. As we can see in the proof of
Lemma 6.1.2, the summation d + 1,d € R, provides a new set of representatives of
the distinct cosets of Z™/MZ™. Consequently, we obtain

[T, el +2n(d+ 1) = [l @l + 2md").

deR d*eR

It remains to show that the function w is compactly supported. Since ¢ is compactly
supported, we know due to the Paley-Wiener Theorem 1.2.10 that ¢ is an entire
function of exponential type and supp ¢ = R”. Finite sums and finite products of
entire functions are entire functions. Therefore, w is an entire function of exponential
type with suppw = R”. Our claim follows by using the Paley-Wiener Theorem
1.2.10. again. Now, part ii) of Theorem 6.1.13 yields the desired result. O]
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6.1 Compactly Supported Wavelet Bases

6.1.2 Compactly Supported Wavelet Basis for W

Our construction procedure for a basis of Wy can be applied to all spaces W; after a
suitable dilation. We illustrate this for the case j = 1. This choice allows us to clearly
observe how the role of S;(n) is changing when compared with our investigations in
the previous section.

Let n,p € Ly(R™) with

suppn = suppp = R". (6.18)
Further assume that
Si(n) € S2(p), (6.19)

where the space S; is M ~!-shift-invariant and the space Sy is M ~2-shift-invariant.
The subsequent theorem tells us that the properties (6.18) and (6.19) of the gener-
ators n and p are preserved under dilation.

Theorem 6.1.16.
Let ny—1 == (M) and py-1 == p(M~'). Under the assumptions (6.18) and
(6.19) we have

So(mar-1) C Si(par-1), (6.20)
where supp ;-1 = supp pa;—1 = R".

Proof.

First, we prove (6.20). Let f be a function in Sy(ny,-1). Then there exists a sequence
(fo)een € So(nar-1) such that f; — f in the Lo-sense. The definition of the space
So(nar-1) yields for all elements of the sequence the representation

fo= Z aprM-1(- — k)

kez™

= agen(M-—M"k). (6.21)

keZm

Analogue to Chapter 4, we define the following bijective, linear and continuous
operator

J : Ly(R™) — Ly(R™)
fe M)

and apply J ! to (6.21). We obtain

jilfe = Z Qg k T]( — Mﬁlk).

kezn
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Consequently, J~'f, € Si(n) and by (6.19), J1f, € S»(p). Hence, there exists a
sequence (g,)ren € S2(p) such that g, — J~1f; in the Lo-sense. The function g, can
be represented as

G = buap(- = M7°k) =Y brppy(M - =M k).

kezm kezZm

Applying the operator J yields

Jgr =Y bripai(- — M k),

kezZmn

Hence, we have a sequence (ng)TGN € Si(pa-1) which converges to fy in the Lo-
sense. The Lo-closure of S1(pys-1) yields f, € S1(pas-1). Therefore, it holds (fy)en €
S1(pyr—1) and analogously f € Si(pa—1). Besides that supp 7,1 = supp par—1 = R”,
see (1.4). O

The theorem above ensures that the conditions of Theorem 6.1.4 are fulfilled.
Hence, we obtain

Si(par—1) = Si(n-1) = So(Hpr-1),

where Hy-1 := {nar-1,4 := ny-1(- +M'd), d € R}. Moreover, Corollary 6.1.9 yields
that Hj;-1 provides a basis for So(Hjys-1). Consequently, we know by Theorem 6.1.10
that the set of functions

(T]M_l7d o PSO(WMfl)nM_l,d)deR/

provides a basis for

Wo == Si(py—) © So(nm—).

If we further assume that 7 is compactly supported, then 7,,-1 is compactly
supported as well. This implies that [7y;-1,73,-1] is a trigonometric polynomial
and thus, bounded. Consequently, Theorem 6.1.11 provides us with a compactly
supported basis for Wy where the basis elements are defined by

—

Wy = [77/1\4:7771/\4:]77M—1,d - [nM—l,danM—l]U/M:7 de R

Analogue to the proof of part i) of Corollary 4.2.8 and the fact that dilation preserves
orthogonality, we obtain that the compactly supported functions

wyra = wg(M-), de R,

provide a basis for W 1= Sy(p) © S1(n). In case (wy)ger is an Lo-stable basis for
Wo, then (warq)acr is an Lo-stable basis for Wy, see proof of part iv) of Corollary
4.2.8.
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6.1 Compactly Supported Wavelet Bases

6.1.3 Example: Exponential Box Splines

In this section we apply our construction methods for general dilation matrices to
exponential box splines contained in R2. In the following we present two examples
where we reduce the number of required mother wavelets for W, from three in the
case M = 2I,n = 2, to only one. Moreover, we prove within these examples that
there exist non-stationary refinement equations for exponential box splines with
dilation matrices other than M = ¢l with |¢| > 2, ¢ € Z. To the best of the author’s
knowledge, this is a completely new result.

Exponential box splines are a generalization of polynomial box splines. The fol-
lowing definition of polynomial box splines as well as the properties listed below this
definition can be found in [33, Chapter IJ.

Definition 6.1.17.

Let n,p € N with n < p. Moreover, let 2/ = (2],...,27)T € R*\ {0} with
j=1,...,p, be the columns of the matrix X, = (z',...,27). Then the polynomial
box spline Bx, associated with the matrix X, is inductively defined by

Bx, :R" >R,

1
uH/BXpl(u—txp)dt.

0

In case X, is invertible it holds

1 . .
Tdet Xn]? fOl"UGZXn = {Z?thjl'] Ogtj<1},

0, elsewhere.

Bx, (u) = {
The polynomial box spline By, is non-negative and compactly supported on

p
Zx, = {thxj 0<t; < 1}.
j=1

In addition, it is a piecewise polynomial function of degree p — n. Moreover, the
Fourier transform of By, is given by

p 1 — e_ig.xj p e_ig.xj -1

B, ) =[[——=[[———.
7j=1 7=1
In [25] it was shown for certain polynomial box splines in R? that M? = 27 is a nec-
essary condition in order to obtain 2/-refinability. Such a matrix can be constructed

in the following way, see [25, Corollary 4.1]:
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Lemma 6.1.18.
Let M € Z?*2 be a dilation matrix with det M < 0. Then M satisfies M? = 27 if
and only if trace M = 0 and det M = —2.

Our aim is to choose appropriate exponential box splines as generators ¢; for the
spaces S}, J € Z, such that

@; =A@jp, A2r(MTYTZ%periodic, (6.22)

holds in the setting of the generalized multiresolution analysis. We refer to (6.22) as
a non-stationary refinement equation. Since the lemma above leads to refinability in
the special case of polynomial box splines and a stationary multiresolution analysis,
we take it as a starting point. Hence, we choose the dilation matrix as

M= G _11) | (6.23)

It can easily be checked that the trace of M is 0. Besides that, the eigenvalues are /2
and —v/2. Thus, we have an expanding matrix with integer entries. Furthermore,
it holds |det M| = 2. Consequently, we have to determine one mother wavelet in
order to obtain a basis for W,. In contrast, for M = 2I,n = 2, we would need
three mother wavelets. Hence, already in the two-dimensional case, working with
a different dilation matrix leads to a significant reduction of the number of mother
wavelets. The inverse of M is given by

= (1 )

Moreover, we observe that M? = 21 and therefore, we obtain for all ¢ € N:

M?f — 2[]7 M2Z+1 — 2€M7
_ 1 _ 1.
(M 1)2@2 ?[’ (M 1)2@4—1 — ?M 1'

Besides choosing an appropriate matrix, we have to define the spaces 5,7 € Z, to
obtain a generalized multiresolution analysis. We choose exponential box splines as
generators for the spaces S;. The following definition and classification of exponen-
tial box splines can be found in [30].

Definition 6.1.19.
Let I" be a finite index set consisting of pairs v = (27, \,) with 7 € R*\ {0}, A\, € C.
Moreover, let A := (\,),er. Then the ezponential box spline Cy is defined by its
Fourier transform as

Ay—i-xY 1
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6.1 Compactly Supported Wavelet Bases

We refer to (27),er as directions.

Lemma 6.1.20.
The exponential box spline C has the following properties:

i) If span(x.),er = R™, the exponential box spline C) is a compactly supported
piecewise-exponential-polynomial function supported on

Z_p:{thﬂzogtvgl}.

vyel

ii) If A =0, then C) is a polynomial box spline.
iii) If n =1 and 27 =1 for all v € ', then C) is an exponential B-spline.

iv) If all the directions (z7),er are standard unit vectors, then Cy is a tensor
spline.

v) If A € R, we obtain C' > 0 in the interior of Zp.

For more detailed information on exponential box splines we refer to [69], [70] and
[27].

Hereinafter, we assume that (27),cr consists of 2p vectors, p € N\ {0}, and that
these vectors split up into two vectors, each appearing p times. These two vectors

are chosen to be
1 1 1
Y1 o. Y2 . J—
= <0> , =M <0) = (1> (6.25)

Hence, span(z?),er = R?. Next, we state the following important observation.

Lemma 6.1.21.

Let M be defined as in (6.23) and let 27 and 27 be defined as in (6.25). Moreover,
let the directions be given by p-times the vector 7' and p-times the vector 272 with
p € N\ {0}. Furthermore, for j € Z we define

/\j = ()\j7'Yl’ )‘j,“/z)v >‘j—1 = ()\j_lu"ﬂ’ )‘j—l,w) = ()‘Jﬂz/Z: )‘jﬁ1)7

where A;,, € C for i = 1,2. Then the exponential box spline C; given by

~ e)\jmﬂ'g.x“ﬂ -1 p @Ajm*if'v’vw -1 p

satisfies

Or,(MIE) = Ay, 5, (MG, (MP1€)
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with
—iMEz"2 1
-1

1 eNine2

Ay (8 = <—

2 e/\j—laﬂ

izt

Furthermore, Ay, »,

)

is a 27-periodic trigonometric polynomial.

j—1
Proof.
Let £ = (£1,&)" € R? and let j € Z, ¢ € N. Furthermore, we set \,, := ), and
Ay, 1= Aj_1, for i = 1,2. First, we insert the definition of C’A into C’A (Mjg)
obtain
([ A1 —i61 _ e —il€1+é2) _1\P -
< /\v1*251 ) ( )‘72*1'(51;§2) ) ’ » J _07
>"Yl —i2f §1_ 1 e/\'yz_iQ (51"’&2)71 .
< “/1_7'2£§1 ) ( )‘72_i22(§1+52) ) ’ J= 2€ = O’
~ i A2l \P [ ez ete) P .
J — e
Cy,(M7§) = ( Ao =i 7z, ) ( N2 EtE) ) J=—=20<0,
M —i2f (§1+¢€2) ~1 p e/\'yQ*’Q“_lfl,l p .
< )\717121’(£1+§2) ) ( /\7271'2“'1& ) ] —2€+17
*71—12 GRS P e*wz—ifeﬁ_l P -
\( Ay =21 (€1 +62) ) ( Ayp—i27%6 , J=-2-1
For @j,l(Mj—lg) we have
f( oAy —i/2(61+€2) _ 1>P (eiwwsl,ly’ 0
%o 1261 6) Yot ) 7=
A -2l +e) _\P [ A —i2ta )\ P 20> 0
Ayy —i261( §1+§2) Ay —12£€1 ’ J= =Y,
-~ Jeley A —i2 e e\ P (a2l \P _
C)\j,1 (M g) - ( )\ _12 —e=1( §1+£2) 5W2_i2_€€1 ) - 2€ < 07
)\71—12 € Sy —i2é(£1+§2)_1>p .
< Ay —i2¢61 > < :\’Yz_i2£(51+§2) ’ J = 26+1
< Ml—zz =1 1>p (eivz—ﬁ[l(&ﬁ—ﬁz)_l)p o1
L\ Ay —i2=t1g Ay —i27 61 (E14€2) I ’

Since Ay, = A\,,/2 and \,, = \,,, the quotient of Cy,(M7¢) and C),_, (M77'¢) has
the form
1 Me—i@te) g \P o
(Tﬁjmﬁaj)’ J=0,
1 M2~ i2f (E1+€2) _q p o
~ . (5 S"Yl —iofl— l(§1+§2> 1) 3 J — 2€ > O’
C)\J (M‘]£> 1 6/\72—7.2 (§1+§2)_1 p
W = 565\ -2t 1(€1+£2)_1 ) = -2 < O7
/\j71< 5) 1Mo Z-21z+1§171 D oy )
<§W> ; J=20+1,
1 e)\ry27i27 51_1 o
\(§W> ’ Jj=—20—-1.
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Then A is given by

1 e =iME2™ 1\
A)\j7/\j,1(£) = (5 65"‘/17i£'$71 -1 )

1eM2126 — 1\P
(5 M~ _ ] >
1 [ 2Cn/2=i&) _ 1P [ Ma/2-i& L 1\
o ( /2= _ | ) (€>\72/2—z‘§1 T 1)
1

— ﬁ (G)WQ/?—@'& + 1>p'

Since
1 —1i s p 1 —1 p
A)\j7)\j_1 (é— _'_ 27_‘_]]-) — ﬁ (6)\72/2 (£1+2 ) + 1) — 2_p <6A72/2 &1 + 1) = A>\jy)\j—1 (5)7

the function Ay, »,_, is a 27-periodic trigonometric polynomial. O]

Jj—1

Based on the lemma above, we define the generators of the spaces S;, j € Z, by
gy 1= Cy (M) (6.26)

to obtain a non-stationary refinement equation. This can be seen as follows: Formula
(1.4) and the symmetry of the matrix M yield

. I ~ _
Yj = WC’A—J‘(M j')'
Therefore, it holds
. 1 Li1NA i il
Y; = %A)\_]-)\_j_l(M ’ 1')C>\_j—1(M ! 1.) = mA)x_j,)\_j—1(M ! 1')()03'-&—1-
Furthermore, we fix values for A\ for our construction, i.e.,
AL =0 As = Ao,

According to Lemma 6.1.21, we obtain

(2)\’{,2)\ ),
= (A3, 277),
= (AL, AY),
s — (/200
Ag = (AT/2 A5/2),
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or more general

J

(2972 03,202 )3), Jj €27,
(2U=D/2 )5 2UHN/2)\8) - § € 27, 4 1.

Next, we investigate if the conditions (M1)-(M3) of a generalized multiresolution
analysis are fulfilled for the spaces defined above. Due to our non-stationary re-
finement equation the corresponding spaces are nested. Furthermore, the compact
support of the generators yields Uj S; = Ly(R?), see Theorem 4.1.7. Moreover, we
know by Theorem 4.1.10 that the intersection of the spaces S; in the non-stationary
case is of dimension 0 or 1. Besides that, we obtain a stationary multiresolution
analysis if and only if A\g = (0, 0).

In summary, we have shown so far that the spaces defined above fit into the
setting of our construction procedure developed in Section 6.1. For this construction
procedure we have to choose a set of representatives of Z?/MZ?. Since m = 2,
such a set consists of two elements. Furthermore, (0,0)” has to be one of the
representatives. We set

= (o= () = ()}

Moreover, let ¢ := o and 1 := ;. Then Theorem 6.1.4 states that S;(n) = So(¢)
with

6 = {0, = (- + M7'd),i = 0,1},

Since the function ¢ is compactly supported, we have supp ¢ = R% Therefore, ¢
provides a basis for Sy(¢), see Corollary 6.1.9. Since m — 1 = 1, we define a single
mother wavelet for the space W, by

o —

Ed\f: {@_Pw‘)dl :661\1_@[661\1’@]/[@7@]7 [@7@] 7&07
' Pdy » [957@] =Y

By Theorem 6.1.10, the function wg, and its integer translates provide a basis for
Wy = So(wg,). If we want the basis of Wy to be compactly supported, we can
modify wg, by multiplying it with [¢, $]. This bracket product is a trigonometric
polynomial because of the compact support of ¢. Consequently, [p, @] is bounded.
Theorem 6.1.11 yields that

we := ([, ¢lPa; — [@ar, P1#)” (6.27)

provides a compactly supported basis for Wy = Sp(w..).

Next, we want to address stability. Lo-stability of the integer translates of ¢ :=
C), can be deduced from their linear independence, see [49]. In [23] we find the
following important result:

88



6.1 Compactly Supported Wavelet Bases

Lemma 6.1.22.
Let C)\ be an exponential box spline defined as in (6.24). Moreover, let the directions
(27)yer be the columns of the matrix X. Then the integer translates of C) are

linearly independent if and only if X is unimodular and one has A, — A/ ¢ 2miZ\ {0}
for all Ay, Ay € A

In our case the matix X in Lemma 6.1.22 has the form

1 ... 11 ... 1 reom
(0 01 .. 1>€Z :

This is an unimodular matrix since every 2 x 2 submatrix has determinant —1, 0 or
1. Hence, by assuming that

N\ ¢ 2miZ \ {0, (6.28)

we ensure that ¢ = C),, \g = (A}, A\5), has Ly-stable integer translates. We remark,
that if A} and A} are real-valued, (6.28) is always satisfied. Next, we check if (6.27)
preserves the Lo-stability. Therefore, we need the following result which is a special
case of Theorem 3.3 in [49].

Lemma 6.1.23.
Let ¢ € Ly(R™) be compactly supported. Then the integer translates of ¢ are
Lo-stable if and only if

Z |p(& + 2ma)? >0  for all £ € R™
agzn
Hence, in order to deduce Ls-stability of the integer translates of w. we have to
prove that
Z [.(€ 4 2ma)|> > 0 for all £ € R?.
a€Z?
By inserting the definiton of w,., we obtain

> (€ + 2ma)?

a€Z?

= [[#, 2l + 2m) 2, (€ + 2ma) — [2ar, @1(€ + 2ma) (€ + 2mar) .

a€Z?

Due to the 2nZ2-periodicity of the bracket product and (1.3), we obtain

Z (€ + 2ma) [

aEZ?

= [, @l(©)en—1a, (€ + 2ma)p (& + 2ma) — [a;, 2)(€) (€ + 27ma)
a€Z?

= > 19+ 2ma)’|[@, @ (E)enr-1a, (€ + 2ma) — [ar, B(E)I*.
a€Z?

89



Construction of Wavelets

Since

2, 21(E)err1a, (€ + 2ma) — [@ay, P1(E) P
= | D> 1@(€ + 27B)Perr-1a, (€ + 2ma) — [G(€ + 278) [ err-1a, (€ + 27B)

Bez?

we further deduce

D &+ 2ma) P =) 1G(€ + 2ma)ens—1q, (€

a€Z? a€Z?

D 1€+ 2mB) Perr-1a (2ma) — | + 2 8) Perr-1a, (275)|

Bez?

Every summand is non-negative. Hence, this sum is greater than zero for every
£ € R?, if we can find at least one summand greater than zero for every & € R2
Moreover, the integer translates of the generator ¢ are Ls-stable and therefore,
¢ cannot have 2mZ2%-periodic zeros. It follows that it is sufficient to consider a
summand where (€ + 27a) # 0, € Z?%, holds. Let

(86 + 27@)err-1a, ()] D |8(€ + 2mB) Persra, (276) — [P(€ + 2m5) Perr-ra, (278
pez?

be such a summand. Since |p(€ + 2ma)ep-14, (€)[? is strictly positive, we have to

verify that the second factor is strictly positive as well. Since M ~'d; = (1/2,1/2)7,

it follows that

P 1, o A\ 27
erldl (27T6[) — ezw(a1+a2) _ ) (jél + ?52 S ) (629)
1, Q@+ €2Z+1,
for @ = (661,6(2)T S ZQ.
Case A: If a; 4+ gy € 27, the second factor has the form
|3 1€+ 2mB) P — |B(€ + 2m) P02 (6.30)

BeZ?

for 8 = (B1,82)". Since e™H1+52) = 41 every summand is nonnegative. Again, we
only have to determine one strictly positive summand. Therefore, we have a closer

look at
M- _ 1)p eMs—iléité) _ 1\ P
p(E) = - - . 6.31
#) ( AT — & Ay — (&1 +&2) (6:51)
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In case A is real-valued, the first factor vanishes if A\ = 0 and &; = 27k, k € Z\ {0}.
For \] =0 and & — 0, we have

()
511310 —Zfl

cos(&1) —isin(&;) — 1)

< 1H0 —i&1
(4
1.

cos(&) — 1 sin(&))
—i& * &1 )

The second factor in (6.31) vanishes if A5 = 0 and & + & = 2n(,0 € Z \ {0}. For
A5 =0and & + & — 0, we have

y e~ &i+€2) _ 1 p
1m B — =
£1+£2—0 —i(fl + 52)

Hence, there are three different cases which lead to ¢(&) = 0:
(1) Xi=0,X=0, & =27k, &=2n({—k), (keZ\{0},
(2) M#0,X =0, &+&E=2n0, (eZ\ {0},
(3) i =0,X5#0, & =2nk, keZ\{0}.

In (6.30) we consider ¢(§ + 273). Hence, we investigate for the cases above which
choice of B = (B, )T € Z? yields ¢(¢ + 273) # 0. In the first case the choice
f1 = —k,By = —(¢ — k), in the second case the choice 1 + S = —¢ and in the
third case the choice f; = —k, By = k +m,m € 2Z + 1, leads to (£ + 27/) # 0.
We observe that the sum of §; and [ in the first and second case is not always in
27 + 1. Hence, there exist ¢ € R? such that e™%1+52) = 1 in (6.30). Consequently,
we obtain Lo-stability only in case (3) and in case A\j, A5 € R\ {0}.

In case \g is complex-valued, we consider the following two cases:

(1) Ao = (A}, A3) = (iy,iz), y,2 € R\ {0},
(2) o= (A}, \) =(a+idy,b+iz), a,by,zeR\{0}.

First, let us have a closer look at the case (1). We observe that

ezy—zgl — 1 p . i p
lim (—) = (hm ely_lﬁ) =1
G-y \ 1y — &y €1y

| piz—ilé1+€2) _ 1\P
im : : =1.
G+éa—z \ 12 — (& + &)

and that
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Hence, the numerator of the first factor in (6.31) vanishes if & = y + 27k, k € Z,
and the numerator of the second factor in (6.31) vanishes if & + & = z+27(,( € Z.
Hence, (& + 278) with & = y + 27k and & = z — y + 27(¢ — k) is nonzero if and
only if #; = —k and B, = —(¢ — k). Again, the sum of §; and (s is not always in
27,4+ 1 and therefore, we do not obtain Ls-stability. This changes if we consider the
second case where

@(€ +2mp)

( patiy—ity _ | )p obHiz—i€1+6) _ | i
= . . - : . 6.32
a+iy —i(& +275) b+iz —i(& + 2781 + & + 27 5s) (6:32)
Since a and b are nonzero, the denominators cannot vanish. Next, we check if

e WL — e (cos(y — &) +isin(y — &) (6.33)

can take the value 1. Suppose (6.33) takes the value 1. Then sin(y — &) has to
vanish. This is the case if and only if y — & = 7k, k € Z. Consequently, (6.33)
reduces to e* or —e®. Since a € R\ {0}, we obtain a contradiction in both cases.
By the same arguments, we can deduce that the numerator of the second factor in
(6.32) cannot take the value 0. Hence, ¢(€ + 273) is nonzero for every ¢ € R? and
thus, Lo-stability is preserved.

Case B: If &3 +ay € 2Z + 1 in (6.29), we obtain

(=1) D166 +27B) 2 + |B(€ + 2mB) 2o 2,

BeZ?

Therefore, it is possible to obtain a strictly positive summand only if 5, + (5 € 27Z.
Due to analogue arguments as above, we obtain Ls-stability in the same cases as
before.

In summary, the integer translates of w, are Lo-stable if

o \i — N\ ¢ 2miZ )\ {0},
and if one of the following conditions is satisfied:
e A\ )\ € R\ {0},
e \i =0,\ € R\ {0},
e \i=a-+iy,\s=b+iz a,by,z € R\ {0}.

This list can be further extended by considering combinations of all our cases con-
sidered so far:

e \i=a+iy,\; =0, a,b,y e R\ {0},
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6.1 Compactly Supported Wavelet Bases

i =a,\s=b+iz a,b,z € R\ {0},

Al =iy, Ay =b+iz by, z € R\ {0},
o \i =0\ =b+iz b zeR\ {0},
o N =iy, \3=0,byecR\ {0}

This whole construction procedure to obtain a wavelet basis with certain prop-
erties can be done for every W;,j € Z. In order to obtain a wavelet basis for the
whole space Ly(R?), we have to consider the intersection of all spaces S;, denoted
by Y, as well because

Ly(R*) =Y & P W;.
JET
In the stationary case Y is trivial. However, in the non-stationary case it can be
zero- or one-dimensional. The first case has the advantage that we obtain a wavelet
basis for Ly(R?), if we have constructed a wavelet basis for all spaces W;. Therefore,

in Theorem 6.1.25 we are going to deduce another condition for Y to be trivial. For
the proof of this theorem we will need the following lemma, see [30, Lemma 4.6]:

Lemma 6.1.24.

If Q) is a measurable subset of R™ and a # 0 is a fixed real constant such that for each
dyadic t € R", we have Q+at = Q modulo a null-set, then Q = R" or Q = () modulo
a null-set. Furthermore, if f is a measurable function on R" with f(- + at) = f
almost everywhere for each dyadic ¢, then f is constant almost everywhere.

Following the method of proof of [30, Theorem 8.4] we obtain a trivial intersection
if ReA\] =0 or Re \; = 0.

Theorem 6.1.25.
Let {S;};ez be defined as in (6.26) with

M= G —11)

and let (27),er consist of the vectors

1 1
Y1 o Y2
v _<0)’ v _(1>’

each appearing p times, p € N\ {0}. In addition, set

: (2972 )%, 2972 )\5), j € 2Z,
J (20-D/2)\3 2GHD/2)%) - j € 27 + 1.

Then Y = (1, 5; is trivial if Re A\] = 0 or Re A; = 0.

93



Construction of Wavelets

Proof.
Let f €Y, f #£0. It is sufficient to prove

Therefore, we assume throughout this proof that j € 2Z. Next, we define the
function G by

G = <X{ —ilg-xw>p (A; —i1§~x72>p’ RS

Since f € S_;, it can be written as a linear combination of the MJZ>-translates of
the generator p_; = C),(M~/-). Next, we verify that the quotient 2j(p_1)¢,j/@ is
21 M ~IZ2-periodic. For k = (ky,ks)? € Z? the nominator 2/P~Y3 (- 4+ 2w M7 k)
has the form

21—V (& +2nM k)
= 2I0=D| _ 2[0Cy (MY (€ + 2r M 7E))

_ opioons /2< o2 2N —i(2 2 +2mky) _ 1\ e2/ N5 —i(20/2 (1 +6)+2m (ki +h2)) _ P
) )

212Nt — (2026, + 21k1) ) \ 20725 — i(2972(€, + &) + 27 (kn + Ko
and the denominator G(- + 2w M ~7k) has the form
G(& +2nM k)
= (M — i +2m272k)) T (N — (& + & + 27272 (ky + Ky)) )

—-Pp

Consequently, we obtain

200"V (E + 2rM k) _ (P ) (2@ are) )
G(& + 2nM k)
20-D| - 2iCy (M)
G(¢)
_ Y Vg (&)
G()

We observe that 2/P~Yp ./ Gis a trigonometric polynomial. Since the spaces S_;
are linear subspaces we also know that g € S_; if and only if § := 2/(P~Vg € S_;.
Then Corollary 4.1.2 yields for every function g € S_;,j € 27, the representation

QQU

_ 9 j(p— 1)g 2j(p71)7'—j¢fj — QJ(Pl)T.%@ @,
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6.1 Compactly Supported Wavelet Bases

where 7_; and 7_; := (20"D7_;¢_,) /G are 2w279/272-periodic. Due to the nested-
ness assumption, we can also write

- %,jG - ’7’1,]‘+2G.

Qv

This is equivalent to
(T-jy2 —7-3) G = 0.

Since G (€) # 0 for every & € R?, it follows that all 7_; agree almost everywhere with
one measurable function 7 and this function is invariant under all 2w277/2Z2-shifts
for j € 2Z. We observe that 277/2Z2 contains the dyadic points which are dense
in R%. By Lemma 6.1.24 and the choice o = 2, the function 7 is constant almost
everywhere. Hence, the Fourier transform of every function in Y can be represented
by a scalar multiple of G. Therefore, Y is trivial if and only if G ¢ Y. Due to
the 27277/2Z2-periodicity of 7_;, Corollary 4.1.2 yields that G € S_; if and only if
G € Ly(R?). Hence, in the following we are going to prove that if ReA} = 0 or
Re A5 = 0, G cannot be a function in Ly(R?). To this end we calculate the Ly-norm

of G. We obtain

1G 17, @)
1 p( 1 )p 2
_/‘(/\{—if'x%) Ny — i - am de
R2
el ) (el )
= _— _—_— d
/(X{—if‘x’” Ay — & - a2 ¢

-/ <<Rew>>2 T <In11<x;> —¢ ml>2>p<<Re<A;>>2 T <Ir31<A;> —¢ m2>2)pdf-

RQ

In the following we denote the matrix with the columns 27" and 27 by

1 1
YF_(O 1)

and we denote the unit vectors by eq) := (1,0)%, ey := (0,1)”. Then we further
deduce

<(Re(>\’{))2 + (Iril(X{) ¢ ﬂl)Q)p <(Re(>\’{))2 + (Im(i’{) ¢ (YFe(l)))Q)p

1 p
<(Re(/\*£))2 + (Im(A) = (7€) - 6(1))2>
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Construction of Wavelets

and
1

<(Re(A§))2 +(Im(A3) = ¢~ 33”2)2)}7 1

((Re%))2 + (Im(A3) = ¢ (YF€(2)))2)
1 p
<(Re(A§))2+(Im(A*) (YE) - e2))? ) '

Since det(Y)™! = 1, the transformation formula yields

IGIIZ, @2)
1

_/ <<Re<A*>> <1n11<A*> £ ew) 2>p<<Re<A*>> + <Az>—§-e<2>>2>pd5

N //( Re(A})) 2)p( Re(\})) Im(/\*) 52)2)17 d&; d&p

R

:/ Re(\3)) R/ Re(\))) Im(/\*) g)?)p dey déz.

R

If Re(A}) = 0, we obtain

d¢; &,

R/((Re(/\g))Q (Tm(\5) (Re(A1)) Im(/\*) {1)2)1)

)
:/ <<Re<x*>> R/ 7 d6idea.

R

To determine the integral

1
/ m(v) — 6o

R

we calculate

1 1
li li d li li d&;.
b s aHIrLI(I}\’l‘)"" / (Im(A}) — &)? S boroe aﬁlrg(ri n-J (Im(A]) = &) “

Since p > 1, we see that
I *\ 1-2p
Lm0
a—Im(A})+ 2p -1 b——o0 2p -1

L (m(y) - )
a—Im(A])~ 2p —1 b—o0 2p -1
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6.1 Compactly Supported Wavelet Bases

Hence, the second integral does not converge and therefore, G ¢ L,(R?). The case
Re(A3) = 0 can be treated analogue. O

Now, let us summarize the most important results concerning our first example. We
have constructed a compactly supported wavelet basis for Wy in the non-stationary
setting. As stated in the previous section, our analysis can be applied to all spaces
W;,j € Z, after a suitable dilation and hence, we obtain a compactly supported
basis for all spaces ;. Under the assumption

(I) The real part of at least one entry of ), is zero.

the intersection of the spaces S} is trivial. Therefore, the union of our compactly

supported wavelet bases is a compactly supported wavelet basis for the whole space
Ly(R?).

Remark 6.1.26.
But one question still remains open: How can we construct a compactly supported
and Ly-stable wavelet basis of Ly(R?)? If we assume

(IT) The entries of \g satisfy one of the following conditions:

e \[,A; € R\ {0},
e X =0,\ € R\ {0},
o M =a+iy ANy =b+iz aby,zeR\{0}
o M =a+iy,\;=0b,a,byecR\ {0},
e Xi=a,\s=0b+iz,a,b,2€ R\ {0},
o A =iy, \s=b+iz by z€R\{0},
o N =0, =b+iz bzeR\{0}
o NI =iy, \s=b,bycR\{0}

and

(III) The difference of A} and A} satisfies A} — A5 ¢ 2miZ \ {0}.

we obtain compactly supported and Lo-stable wavelet bases for W}, j € Z. The space
Ly(R?) has the orthogonal decomposition

Ly(R*) =Y & PW,.
JEZ
Even if choose the entries of Ay such that Y is trivial, this decomposition does not
imply that the union of Lo-stable wavelet bases is Lo-stable as well. For Lo-stability
we need to ensure that the stability constants can be chosen independently of j. In
the stationary case this is always possible since dilation doesn’t change the stability
constants. In the non-stationary case the answer to this question is far from being
trivial. Therefore, this problem will be the subject of future research.
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Construction of Wavelets

As a second example we consider the matrix

M= (g é) . (6.34)

The absolute value of the determinant is 2 and M? = 2I. Moreover, the inverse of
M is given by
_ 0 l)
1 _ 2
= (1 3).

With the matrix (6.34) at hand, we want to prove an analogon of Lemma 6.1.21.
Let (z.)yer consist of the vectors

= (?) and 72 := <(1)> : (6.35)

each appearing p times, p € N\ {0}. According to part iv) of Lemma 6.1.20, the
corresponding exponential box spline can be classified as a tensor spline. Besides
that, span(z.,).er = R? and the matrix

O ... 01 ... 1 2% 2p
(1 10 . 0) €z
is unimodular. Furthermore, there is a slight change in the Fourier transform of our

generators ¢; because M is not symmetric anymore. We have

5= 0y (7)),

The matrix M7 still satisfies (M7)? = 21I.

Lemma 6.1.27.

Let M be defined as in (6.34) and let 27 and 27? be defined as in (6.35). Moreover,
let the directions be given by p-times the vector 7' and p-times the vector 272 with
p € N\ {0}. Furthermore, for j € Z we define

)‘j = ()‘J}“m )‘jﬁz)v /\j—l = ()\j_1='717 )‘j—1772) = ()‘j772/27 Ajﬁl)a

where A;,. € C for i = 1,2. Then the exponential box spline C; given by

~ eAjm —i€-xV1 1 p @)‘J’»vzfif'l’w -1 p

satisfies

o, (MTYIg) = Ay s, (MTYIE)Cr,, (MT)g)
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6.1 Compactly Supported Wavelet Bases

with

1 el —iM a2 1\ 7
A/\j:)‘jfl(g) = 5 eNi—1m —iEE :
Furthermore, A

i\ 18 a 2m-periodic trigonometric polynomial.
Proof.

Let £ = (£1,&) € R? and let j € Z and ¢ € N. Furthermore we set \,, := \;,, and

Ay, i= Aj_1,, for i = 1,2. First, we insert the definition of C,\ into CA ((MT)JE).
We obtain

”

eM T2 1) < )\72*1'51,1)17 .
< A _152 Ay —i€1 ’ P J= 07
Ml—zz €2 _q A2 —izfgl_l .
< Py —i27¢, ) ( )\72—i2l§1 5 ] = 20 > 0,
—~ ) A —i2 P/ ayy—izle p
T i _ Y1 21 e™r2 11 .
C)\](<M ) f) - < )‘W1722 Z£2 > < )\72,7;2—651 9 j — 2£ < 0,
S izta g M-z tle P =20+ 1
Ny —i20E; Ny — 20T , J = g
eM1 T2 e 1 P e*vz*iZ_eég_l p . _op_1
. Ay —i2767 18 Ayp —i274E2 )= :

For a,\j_l((MT)jflg) we have

( (65‘71—i/251_1)p (eim—@_l)p —0
’Yl 2/261 )"12_1'52 ’ '] ’
)‘71 —i2f= gy 1 p EAW27i2e€2_1 p 90> 0
Xy —i201g Np—i2les ) J= ’
~ -1 p A io—¢ p
Tyvi-ley A -2 e Avp—i2 e g .
Cy,_, (MY =) = ( ST o) 0 1= 2<0,
S -i2'e He-iza 1 \P =20+ 1
)‘71 _12652 5‘72—i2é§1 ’ J =
Ay izt Py Sy, —izmt1 p
71~ &2_1 eM2 §1_q i _9p_ 1
T s e ) 0 I = .

Since A,, = \,,/2 and \,, = \,,, the quotient of @j (M) and @j_l(Mﬂ'—lg) has
the form

\

1 M2 p 0
2 5\71—1/251_1 ) J=Y
p
1 M2ty .
R iy (5 >"‘/1 _qol— 151 1) ) j - 2€ > 07
CAj((M )jé) _ 1 et ‘e = _—920 <0
C W1 ) \2eme e _y) 0 ST <%
/\171(( ) 5) iol+1 4
le}x—yQ i2 5271 _2£+1
2 ekvl—iﬂg? 1 ) J = ’
p
1 M2t o)
((dEiel), =21
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Construction of Wavelets

Then A is given by

1 ern—iMTgam2 _ 1\ P
Aaa (O = s—
AJ,/\Jfl(g) (2 e —ia )

e A
- <§ My —ile )
1 [ e20n/2-i&) _ 1\? [ n/2-i& L 1\
% ( el ] > <€A/2—5+1>

1 .
— §<e>‘“/2/2—1£2 + 1)17

Since
1 . 1 .
Ay (6 +2ml) = (a2 L 1) = (e L 1) = Ay (9),

the function Ay, , is a 27-periodic trigonometric polynomial. O

Hence, the theory developed for the first example remains valid. In the following,
we point out the differences which occur when working with this new matrix. First,
the vector d; = (1,0)7 in R is substituted by d; := (0,1)7. As a result, (6.29) has

the form

1, a €22,

ey (2m@) = €™M =
w1, (2m8) {—1, a1 € 2Z + 1.

Therefore, if &y € 2Z we consider

1> 1G(E +2xB) 2 — [@(€ + 2m8) 2™ |2

BeZ?

and if & € 2Z + 1 we consider

(1) Y12 +2mB)* + [2(£ + 2 B) 2™ 2.

BeZ?

Since the Fourier transform of ¢ is given by

90 = * - * . )
Al — & A5 — 16
we can use similar arguments as in the first example to deduce Ls-stability under
the assumptions

(II') The entries of Ay satisfy one of the following conditions:

100



6.2 Stable Wavelet Bases

e X A5 e R\ {0},
e X eR\ {0}, A3 =0,
e \i =0, €R\{0},
o N =a+iy, \;=b+iz a by, z€R\{0}
o M =a+iy, \;=b,a,byecR\{0},
o N =a+iy A, =iza,y 2 €R\ {0},
e N =a+iy,\;=0,a,y€R\ {0}
e \i=a,\s=iz,a,z€ R\ {0},
e Xi=a,\s=b+iz,a,b,z2€ R\ {0},
o Xl =iy, N =b+iz by, zeR\ {0},
e X\ =0,\3=b+iz,bzeR\{0},
o N =iy \;=b,byecR\ {0}
and (IIT). Hence, our construction procedure yields a compactly supported and Ls-

stable wavelet basis for W, j € Z. Moreover, the quotient 2/®#~Y¢p_;/ G in Theorem
6.1.25 changes to

211 — 217Cy (MT)I (€ + 2m(MT) k)
G(& +2m(MT) k)

because M is not symmetric anymore. Since (MT)7 = 2//2] = M/ for j € 27, the
proof remains valid and Theorem 6.1.25 holds for our new matrix.

6.2 Stable Wavelet Bases

In this section we present a second construction procedure which yields an Lo-stable
basis for every space W, j € Z. As before we consider two Lo(R™)-functions ¢ and
n such that

So(p) C Si(n).

In contrast to Section 6.1, this construction process will not be based on an orthog-
onal projection. Indeed, a main component will be the bracket product

B := [, ¢l = A, )1, (6.36)

where ¢ = Af and A is 2r M T Z™-periodic.
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Lemma 6.2.1.

Let So(p) C Si(n) and supp @ = suppn = R™. Moreover, let the operator @y be
defined as in (6.3). A necessary and sufficient condition for a function w € Ly(R™)
to be an element of the space W) is that there exists a 2m M7 Z"-periodic function
7 such that

W =17 (6.37)
and
Qo(rB) = Y (TB)(- + 27d) = 0. (6.38)
deRT

If n is compactly supported, then a sufficient condition for the the function w to
have compact support is that 7 is a 2rM?Z"-periodic trigonometric polynomial.
Whenever the function 1 has linearly independent M ~!Z"-shifts, the last property
characterizes all compactly supported functions of the space W.

Proof.
First of all, we prove (6.38). Since 7B is 2r MTZ"-periodic, we can insert it into the
definition (6.3) of the operator )y and obtain

Qo(TB) = Z eo(- + 2md) (T B) (- + 2md) = Z (7B)(- 4 27d).

Moreover, Wy C S1(n) and by Corollary 4.1.2; every Fourier transform of a function
in Wy has a representation of the form (6.37). Besides that, we can use (6.1) to
deduce for two arbitrary functions f, g € Lo(R™)

Qo([ﬁgh):Z( > f<-+27rci+v*)g<-+2wd+v*))

deRT \y*€2nMTZn

= > f-+Bg(-+5)
Be2nzn

= [f. g

Together with (6.37) and (6.36) this yields

[0, @] = Qo([77), ¢l1) = Qo(T[N, #1) = Qo(TB).
By Lemma 5.5, the function w € Si(n) belongs to Wy if and only if the bracket
product [, ¢] vanishes almost everywhere on Cy. Thus, (6.38) holds.

In case 7 is a trigonometric polynomial and n is a compactly supported func-
tion, then w = 77 is the Fourier transform of a compactly supported function w.
Furthermore, if f € Si(n) is compactly supported and in addition,  has linearly
independent M ~1Z"-shifts, Corollary 4.2.11 implies that f = 77 holds with 7 being
a trigonometric polynomial. O

102



6.2 Stable Wavelet Bases

In view of Lemma 6.2.1, we want to find m — 1 functions which provide an Ls-
stable basis for Wy. Let Ry be a subset of R with cardinality m — 1. Then it is
our aim to define functions 74, d € Ry such that (6.37), (6.38) are satisfied and we
obtain an Ls-stable basis.

In preparation for this process, we recall Lemma 6.1.6 and apply it to the function
B = [, ¢]1. We obtain

Qd(B).

m

B = ZG,M—ldij Bd —
deR

(6.39)

In case the functions ¢ and n are compactly supported, we have already seen in (6.15)
that B = [f), @], is a 2rMTZ"-periodic trigonometric polynomial. Consequently,
by the definition of Q)4,d € R, the functions B, are 2nZ"-periodic trigonometric
polynomials.

Theorem 6.2.2.

Let the functions ¢ and n fulfill Sp(¢) C S1(n) and supp ¢ = suppn = R™. Further-
more, let By be defined as in (6.39) and let dy € R, Ry := R\{dp}. Then the m — 1
functions

Td -— eM—ld()Bd — eM—ldBdov de RO)
satisfy
Qo(TdB) = 0.

Moreover, if Wy € Lo(R™), then the functions wy, d € Ry, with the Fourier transforms
Wy = 741, are elements of the space Wy. If ¢ and n are compactly supported, then
the functions wg,d € Ry, are compactly supported. If the function 1 has Ly-stable
M~1Z"-shifts and if B and 1/By, are in Lo (Cp), then (wq)4er, provides an Lo-stable
basis for Wj.

Proof.
Let d,d* € R. By the 2nZ"-periodicity of Qo and By, (6.3) and (6.39), we obtain

Qolerr-14«BgB) = ByQo(err—14«B) = ByQa+(B) = ByBg=m. (6.40)
In view of (6.40), we consider two different cases. For d = d, d* = d;, we have
Qo(en—14yBaB) = BaBa,m
and for d = dy, d* = d, we obtain

Qo(err-14Ba, B) = By, Bam.
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It follows that

0 = ByB4, — BayBa
=m ™" (Qo(enr—14,BaB) — Qo(err—14B4, B))
=m"'Qo(err-14yBaB — err-1aBa, B)
=m ™' Qo((enr—14yBa — €rr-1aBa,) B)
=m 'Qo(14B).

Therefore, (6.38) is satisfied and w,; € W for all d € Ry if wy € Ly(R™) holds.

We already mentioned that if the functions n and ¢ are compactly supported,
then B = [1}, @]y is a trigonometric polynomial. Hence, B, and every function 74,
d € Ry, are trigonometric polynomials. This implies that the m — 1 functions wy
are compactly supported.

It remains to show the Lo-stability of (wg)4er,. Let us consider the matrix

— By, 0 Cee e 0
By, —DBag, 0 cee 0
B, 0 —Bgy 0 ... 0
['= (Tqa-)aacr = : : 0 :
: : : R 0
B, . 0 0 .. 0 =By,

The product I'(epr-147)acr can be written as

—Ba,enr—14,7 —Ba,enr—14,7 —Ba,enr—14,1
(Ba,enr-1dy — Bagerr—14,)1) Tay 1) g,
(Bayenr—1dy — Baperr—14,)1 Tdy ) W,
| _ : _ | . (6.41)
(BdmfleM_ldO - BdoeM_ldm—l>n Tdmfllr] wdmfl

We observe that I'(epr-147)4er coincides with (4)aer, in the Ro-entries. As a result,
it is sufficient to prove that the shifts of the inverse transforms of I'(ep-147)acr
are Loy-stable. Since we assume suppf = R" and the Ly-stability of the M ~1Z"-
shifts of the function 7, or equivalently of the Z" shifts of (n(- + M~'d))scr, we
know that (n(- + M~'d))qer provides an Lo-stable basis for S;(n), see Theorem
6.1.4 and Corollary 6.1.9. According to part iv) of Corollary 4.2.8, proving that
IT|| and ||| are essentially bounded on Cy yields our claim. Because of the
boundedness of B, every component of B, is bounded and therefore, also all the
entries of the matrix I'. Applying the Laplace formula yields | det I'| = |Bg,|™ which
is by assumption bounded away from 0. We deduce that ||T'|| and |T~}|| are bounded
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6.2 Stable Wavelet Bases

almost everywhere. Hence, (6.41) provides an Ly-stable basis for Si(n). Since we
know that the functions wgy, d € Ry, are m — 1 linearly independent elements in Wy,

we finally obtain that (wg)aecr, provides an Lo-stable basis for . [
We remark that if [, ¢]; and [, 7], are bounded, then
|1BI* = [, e[, 0l = Al il Al il = [, @l [0, 71

yields the boundedness of B.

Example 6.2.3.

Let us have a closer look at Theorem 6.2.2 with ¢ being the cardinal B-spline of
order 1, i.e., ¢ := x[,1) and we define 1 as the 2-dilate of ¢, that is, n := ¢(2:). It
follows directly that So(y) C S1(n) and supp ¢ = supp 7 = R. Moreover, let M = 2,
R ={0,1} and dy = 1. Due to (6.15), we have

(7,

/\

%

0(2), @)y + 5 (22 + 10+ 1) 5y €172(0)
1

=77t 161/2(?;)-

By (6.39), we further deduce that

Qo(B)
2
_ %B + %B(~ .

_1<1+1 >+1<1+1 (+2))
“o\g T 2) T\ T i

B(y)

I
>
[\3| |t \_/

M

(2 +d),o( — k)>L2(R)€—(d/2+k)(y)

D:J

—~

Hl\')l»—t&

By =

Similarly we can show that

Qi(B)
2

1 1
= 561/23 + 561/2(' + 27T)B( + 271')

1 1 1 1 1 1
= 562 (Z_l + 161/2> + 561/2(' + 27) (Z + Z@l/g(' + 27r))
1

= 161.

Blz
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Construction of Wavelets

Then the function
1 1

70 = 61/230 - By = 61/21 - 161
satisfies
Qo(roB) = > 7o(- + 2md) B(- + 27d)
deRT
1 1 1 1 1 1 1 1
=\7072 " 19\ + 16172 + Y AV
= 0.
Next, we define wy := m9n. We calculate
ol = [ m(oite)? do
R
1 1 ie_yo(z) —if?
= /‘(Z—lel/Q(x) — 161(1')> —1/2‘53 ) dx
R
sin* (2
_ / in 2(4) de
x
R
T <
= — < 00.
8

Therefore, wy € Lo(R) and thus, wg € Wy. Moreover, Theorem 6.2.2 yields that
wy is compactly supported. Finally, we verify that wy provides an Ls-stable basis
for Wy. The generator ¢ has Lo-stable integer shifts, see [26]. Since the stability
constants do not change under dilation, 1 has Lo-stable half-shifts. Furthermore, it
holds

1 1
—+ —e12(x)

I1Bll;. &) = esssup 1711 < - < o0

zeCy

N| —

For the inverse of B; we obtain

1
H— = esssup |de_(z)] =4 < oc.
Billi ay  azedo
Consequently, Theorem 6.2.2 yields the desired result.

Next, we want to present an application of Theorem 6.2.2. For this application,
we need the subsequent theorem which can be found in [64, Theorem 3.4.12]. For a
more general version see also [49, Theorem 3.3].
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6.2 Stable Wavelet Bases

Theorem 6.2.4.
Let the function f be compactly supported. Then the following statements are
equivalent:

i) The function f is Lo-stable.
ii) The Fourier transform f of the function f has no real periodic zeros.

Corollary 6.2.5.

Assume that the functions ¢ and 7 are compactly supported and that they fulfill
So(p) € Si(n) and supp¢ = suppn = R". In addition, let the function ¢ have
Lo-stable shifts and the function n have Lo-stable M ~1Z"-shifts. Moreover, let A in
(6.36) be a trigonometric polynomial. In addition, we define

pr:=(p *P2), @ =p(—),

and

mi=m*n), n-i=n(—).

Then the sequence (wg)ger of compactly supported functions defined in Theorem
6.2.2 with respect to ¢ and n; provides an Lo-stable basis for the space W, if
Wy € Ly(R™) for all d € R'.

Proof.
To prove this corollary, we have to verify that the conditions of Theorem 6.2.2 are
fulfilled for dy = 0.

We start by noticing that the functions ¢ and 7 are elements of the space L;(R™)
because it holds

||90Xsupp<pHL1(R") < ||90HL2(R")||Xsupps0HLz(R") < 00,

and

11 Xsupp nll 2 @) < |10l Lo@) | Xsupp y || or) < 00.

Therefore, we can apply Theorem 1.2.3 and we obtain

(&) = m*1)(€) = AET(E) = AEAE) = |7(E)[*.

Similarly we observe that ¢; = [p[2. Tt follows ¢; = |A|*7; and thus, it holds
So(p1) € S1(m). Moreover, the compact support transfers from ¢ and 1 to ¢; and
n1, respectively. This implies supp ¢1 = supp; = R"™. Next, we use (6.15) and the
fact that A is a trigonometric polynomial to deduce that the non-negative function

B = [, ¢1h = [A] [, )y
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is a trigonometric polynomial as well. The boundedness of B follows directly. Fur-
thermore, the M ~1Z"-shifts of n) are Ly-stable and as a consequence, Theorem 6.2.4
tells us that neither /) nor 9; = |7|? have 2r M1 Z"- periodic zeros. Hence, [f1, 1)1
is strictly positive. With the same arguments (with respect to the function ¢), the
function A := |A]2 = @1/ = |@|?/|A|* cannot have 27Z"-periodic zeros. Conse-
quently, B is a non-negative 2w M T Z"-periodic function which has no 27Z"-periodic

zeros. It follows that By = m™' >~ ;_pr B(-+2md) is a strictly positive 2nZ"-periodic

trigonometric polynomial. In summary, B and 1/By are essentially bounded on 50
and by Theorem 6.2.2, our claim follows. O

Next, we derive a general construction procedure for functions 7 which fulfill
(6.38). To this end we have a closer look at the choice of representatives of Z" /M T Z"
and Z"/M~T7Z". We follow the notation and definitions of [55]. First of all, we state
that our matrix M7 defines the pattern

PMY):={yeR": M'yczZ"} = M 17"

The congruence classes [d'] € Z"/M*Z" can be identified by their representatives
d € Z". Thus, we obtain

M Td]={yeR":y=M"Td mod I}.

The congruence relation x =y mod [ for x,y € R™ holds if and only if there exists
a vector z € Z" with

r=y+Ilz=y+z
Hence, every unit cube of R contains exactly one element of M~T[d']. With
Pr(MT) :=P(MT)n[0,1)"
it follows that an appropriate choice of representatives d’ € Z"/MTZ" is given by
y=M"Td e P (M").

Lemma 6.2.6.
Pr(MT) equipped with the addition modulo the unit matrix I is a group.

Proof.
The addition modulo the unit matrix I is defined for all z,y € P(M7) by

i T Yi O<z+wuy <l .
T 1Y = {x v vty for alli e {1,...,n}.

o lwty— L @ty >,
Since MTx + MTy € Z" and z +;y € [0,1)", Pr(M7T) is closed under the addition
modulo /. Furthermore, we can deduce associativity from the associativity of the

componentwise addition. Finally, the identity element is 0 and the inverse element
of v € Pr(MT)is 1 —x e P(MT). O
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6.2 Stable Wavelet Bases

Lemma 6.2.7.
The quotient group Z"/MTZ" is isomorphic to G := (P/(M7T), +1).

Proof.
We have to prove that there exists a bijective group homomorphism between the

quotient group Z"/M?*Z" and G;. Therefore, we define the function

h:Z"/MTZ" — Gy

- (6.42)
[d]— M~ T[d]n[0,1)"

As mentioned before, the set M ~T[d'] is equivalent to {h € R" : h= M~Td mod I}.
As a result it holds

\M~T[d] N[0, 1)" = 1. (6.43)

Consequently, for arbitrary elements [d}], [dy] € Z"/MTZ™ and y; € Gy,i € {1,2,3},
we have

h([dq]) +1 h([ds]) = M1y N[0, 1) +; M7 [dy] 0[0,1)" = yy +1 4
and
h([dy] + [dy)) = R([d) + dy)) = M1 [dy + dy) N[0,1)" = ys.

Since y; + yo € M~T[d] + d], we deduce that y; +7y» € M~T[d}, + dy] N [0,1).
Hence, it holds y; +; y2 = vs.

Since |G| = |Z"/MTZ"| = m, it is sufficient to show the injectivity of & in order
to show the bijectivity of h. For this purpose, let [d}],[d)] € Z"/MTZ" such that
h([d}]) = R([dy]). By (6.43), this implies M~T[d;] N [0,1)" = M~ T[dy] N[0, 1)" =y
with y € G;. Since equivalence classes are either equal or disjoint, we conclude that
[d}] = [d}] and our claim follows. O

Moreover, we introduce the notion of a character of a group, see [56, Definition
3.1.1].

Definition 6.2.8.

A character of a group (G, *) is a homomorphism from G into the multiplicative
group of nonzero complex numbers. That is, a character of GG is a function x : G —
C* that satisfies x(a * b) = x(a)x(b) for all a,b € G. The group of characters of G

is denoted by G.

We will also need the following theorem which can be found in [56], see Theorem
3.2.1.
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Theorem 6.2.9.
Let G be a finite abelian group and let U be a subgroup of G. Moreover, let x € G
and let G be the subgroup of G formed by characters of G which are identically 1

on U. Then it holds

(@) {rm x € Gy,

otherwise.
uEU

An application of Theorem 6.2.9 yields the subsequent lemma.

Lemma 6.2.10.
Let U be a subgroup of G and let ey4, d € R, be an exponential which is not constant
on 2wU. Then it holds

Z eq(2mu) = 0.

Proof.
Let us start by proving that

xqa: G —C*
g ea(2mg)

defines a character. Therefore, we have to verify that x4(g1 +7 g2) = xa(91)xa(92)
holds for arbitrary elements g1, g2 € G;. Since d € Z" and | g1 + g2 | € Z™, we obtain

Xa(g1 +1 g2) = ea(2m(g1 + g2 — g1 + g2]))
= ea(27mg1) ea(2mg2) ea(—2m | g1 + g2])
=eq(2mq1) eq(2mgs).

By Theorem 6.2.9 our claim follows. O
As a last step of preparation we generalize Corollary 1 in Chapter II, §19, of [9].

Corollary 6.2.11.

Let (X, &), (Y,.#) be two measurable spaces and let pu be a measure on (X, &).
Moreover, let F': X — Y be a (&,.%)-measurable mapping and let ¢ : Y — C be
a #-measurable function. In addition, set Fyu(I) := u(F~(I)), I € #. Then the
Fyp-integrability of ¢ entails the p-integrability of ¢ o F. In case of integrability,
we have

/ o(F(2)) du(z) = / () AFyu(y).

X Y
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6.2 Stable Wavelet Bases

Proof.
In case ¢ : Y — R the claim follows by [9], see Corollary 1 in Chapter II, §19.
Hence, we split ¢ into real and imaginary parts to obtain

| RelelP @) duta) = [ Rel)(Fl)) duto) = [ Re()(w) dFpnty),

and
i [ meF@) du() =i [ (o) (Pla) dute) = [ Tn(e)(o) dFypnly)
Our proof is complete. O

Based on the previous considerations, we are going to present a general method
to construct functions 7 which fulfill (6.38).

Remark 6.2.12.

Let U be a subgroup of GG;. Then the disjoint cosets g+;U, g € G, form a partition of
G1. Welet J C G be a set of representatives of these distinct cosets. By partitioning
J into disjoint sets J = Jy U J; , we obtain the sets K; := UgeJi(g +,U),1=0,1,
which form a partition of Gj.

Theorem 6.2.13.

Let So(p) C Si(n) and let ¢ and 1 be compactly supported. In addition, let B =
[©,7]1. Furthermore, let U be a subgroup of G and let d be an arbitrary element
of R for which e4 is not constant on 27U. Moreover, let K be any union of cosets in
G of U which contains 0. Then the function wg x defined by the Fourier transform

Wa, K = €p—147] H B(-+2rM7Ta)
[a]eK\{0}

is a compactly supported function of the space Wy, if wyx € La(R™).

Proof.
Since the functions ¢ and 7 are compactly supported, we know that B = [1), $|;
is a trigonometric polynomial. By [71, Lemma 12.7.], the product of two trigono-
metric polynomials is a trigonometric polynomial and consequently, the product
[wer oy B(- + 27 M Ta) is one as well. Therefore, wq i is a well-defined Ly(R™)-
function. Moreover, suppw,x = R" and by applying the Paley-Wiener Theorem
1.2.10, we obtain that wy x is compactly supported.

Now, Lemma 6.2.1 states that our claim follows if

T = H B(-+2rM"%a)

[aleK
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Construction of Wavelets

satisfies

> en-1g(- + 2md)7(- + 2md) = 0. (6.44)
deRT

To verify (6.44), we will use Corollary 6.2.11. To apply this corollary, we set (X, &) =
(G1,P(Gy)), (Y, F) = (2" /MTZ", P(Z"/MTZ")) and F = h™!, see (6.42). In
addition, let u be the counting measure. It follows that Fupu(I) = u(F~(I)),I € .7,
is the counting measure as well. Finally, we define the function ¢ by

0 : Z"/MTZ" — C

[d] = epr-14(- + 27d) 7(- + 27d).

Since T is a trigonometric polynomial, the composition ¢ o F' is u-integrable. Now,
we apply Corollary 6.2.11 and use that ejp;-14 and 7 are 2r M7 Z"-periodic. We
obtain

/w(y) dFyp(y) = > ex-14(- + 2md)7(- + 2md)
Y €R

Uy
|

p(F(x)) dp(z)

I
—

en-1a(- +27h 7 (g)) 7(- + 2mh 7 (g)), (6.45)

Il
MX

Q
m
Q
-

where h™'g is a representative of the equivalence class [h~1g]. Next, we split up the
sum in (6.45) with the help of Remark 6.2.12. We get

> enral- +20h 7N (9) (- + 2nh 7 (g))

geGT

— ZZQM,Id(. +20h 7 (G 4 w) T(- + 2rh (G )

je€J ueU

=3 enral-+ 2wh 7 (G) + 20h 7 (W) F(- + 2wk (j) + 2w ()

je€J uelU

=33 enral-+2rM7j 4+ 2r M w) F(- + 2w M”j + 2r M ).

jeJ ueU
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6.2 Stable Wavelet Bases

Moreover, for an arbitrary element M7u € RT with v € U we deduce

7+ 2rMu) = [] B(- + 2n(M"a + M"u))
acK

= [[ BC+2r(h " (a +;w)

acK
= [[ B(+2r(h " (a))
acK
= [[ B +2nM" ).
aceK
We conclude
S enral-+2rM7j 4+ 2m M w) F (- + 2w M7 j + 27 M w)
jeJ uelU

= enral- +2eMTHF(+ 20 M"§) > " enr-ra(2r M w)
jeJ uelU
= enra(- + 20 MTH)F(+ 20 M7 §) D eq(2mu).
jeJ uelU
By assumption, e4 is not constant on 27U and the assertion follows from Lemma
6.2.10. ]

Theorem 6.2.13 yields the following corollary.

Corollary 6.2.14.
Let So(p) C S1(n). Moreover, let ¢ and 1 be compactly supported. In addition, let
B = [p,n]; and G := G\ {0} . If |det M| € 2N and if e4(27ra) = —1 for a d €
R’ and a € G, then the function w with Fourier transform

W = ey-1gB(- + 2nMTa)p

is a compactly supported function of the space Wy in case w € Lo(R™).

Proof.
This corollary describes a special case of Theorem 6.2.13. Let U be a group of
order 2, i.e., U = {0,a}. Since ey(2mu) = e4(270) = 1 and e4(27u) = —1 for

d € R,u € U = {a}, the function e; is not constant on 27U. By Lagrange’s
Theorem, for g; € G; with i =1,...,m/2 — 1,m = | det M|, we obtain

G]:UUgl—i—[UU...Ugm/g,l—l—]U.

We observe that the subgroup U itself is a coset. Hence, we can set K = U = {0, a}.
Consequently, we obtain

W = ep-14B(- + 2n M7 Q).
Finally, Theorem 6.2.13 yields our claim. O
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Example 6.2.15.
With the help of Corollary 6.2.14, we extend Example 6.2.3. Let G; = {0, %} Since
det M = 2 and e4(2ra) = —1 for d = 1 and a = %, we obtain

N . 1 1 R
w = €1/28<' + 271')?7 = <—€1/2 — —€1> n.

4 4
We observe that (%161 /2 — }lel) = 79. Hence, w is a function in Ly(R™) and provides
an Lo-stable basis for Wj,.

The construction method we presented can also be applied to find Lo-stable bases

for the spaces W;,j € Z. This can be done analogously to Section 6.1.2 where we
considered the case Sy(n) C Sa(p). Let B := [p,n]y and B* := [ppr—1, Mar-1]1. We

remark that 1/Bg, € Loo(C1) implies 1/B}; € Loo(Ch).
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Chapter 7

Construction of Multiwavelets

In this chapter we generalize the construction procedure from Section 6.1 in order
to obtain compactly supported multiwavelets. More precisely, we construct multi-
wavelet bases in case the spaces S; have finitely many generators and we construct
compactly supported multiwavelet bases in case each space S; has two or three
generators.

7.1 Compactly Supported Multiwavelet Bases

Throughout this chapter we assume that every space S;j,j € Z, has finitely many
generators and that the generator sets may vary from space to space. In particular,
we assume that

So(®) C Si(H),

where ® = {p,...,on} and H = {m,...,ny} are generator sets consisting of
Ly(R™)-functions. Then the wavelet space Wy is defined as the orthogonal comple-
ment of Syp(®) in S1(H). In Section 7.1.1 we derive a basis for Wy in case N < oo
and we derive a compactly supported basis for W, in case N < 3. In contrast to
Section 6.1.1, it is no longer sufficient for the generators to satisfy

supp @; =suppn; = R" fori=1,... N,

in order to obtain a basis. Indeed, we have to assume two conditions. The first
condition is that the integer translates of

&= {pi(-+M'd),i=1,...,N,de R}
provide a basis for Sy (H). Secondly, we assume that
H=Td
holds, where I' is a quadratic matrix which is non-singular almost everywhere and
has 2w M Z"-periodic entries. In Section 7.1.2 we demonstrate that all results con-
cerning the space W, can be applied to the wavelet spaces W; = S;11 ©5;,7 € Z,

after a suitable dilation. Afterwards, we illustrate this construction procedure in
Section 7.1.3 by extending the example in Section 6.1.3 from N =1 to N = 2.
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Construction of Multiwavelets

7.1.1 Compactly Supported Multiwavelet Bases for W,

We follow the same construction idea as in Section 6.1.1. We show that under certain
assumptions the integer translates of ® = {p;(- + M~1d),i = 1,...,N,d € R}
provide a basis for S;(H). Projecting the (m — 1)N functions o;(- + M~'d) with
i=1,...,N,d € R, onto the orthogonal complement of Sy(®) in S;(H) yields a
basis for W,. This basis then can be modified such that it is compactly supported
provided that N < 3.

First, we verify the equality of the spaces Si(H) and Sy(®). We recall that we
assume 0 € R.

Theorem 7.1.1. B

Let So(®) C S1(H) and let ® = {¢;(- + M~d),i = 1,...,N,d € R}. Moreover,
assume that I = I'd where T is a matrix with 27 M TZr-periodic entries which is
non-singular almost everywhere. Then it holds

Si(H) = Si(®) = So(®).

Proof.
Let us start with the proof of S;(®) = Sy(P). The space S;(P) is generated by the
M 17 -shifts of ¢;,i = 1,..., N. Besides that, we have

M7'zr = J(Md+z).
deR

This yields
51(@) = 50 (@ + M D)icr, v, ) = 50(B).
With Proposition 4.2.3 we obtain Sy (H) = 51(®) and the proof is complete. O

Next, we are going to show that the determinant of the Gramian matrix G (EIVD)
is strictly positive almost everywhere in order to deduce that o provides a basis
for SO(E)). In preparation for this, we derive a representation of the entries of the
Gramian matrix G(®).

Lemma 7.1.2.

Let ® = {oi(- + M), i = 1,. .., N,d € R}. For all d,d” € R the corresponding
entry of the Gramian matrix G(®) is given by

[€M—1d iy €rr-14 @k] = Qdfd*([@iy @k]l)-
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Proof.
By inserting the definition of the bracket product and (6.1), we obtain

[eM—ld iy Err—14 851@]

= Z en-1q(c + 2ma)e_pr-1g4 (- 4+ 2ma) $i (- + 2ma) Pp (- 4 2ma)

aEeZn

= Z err—1(d—a) (- + 2ma) @i (- + 2ma) P (- + 27mav)

aEeLn

=D ) enrr—an (- + 2m(d + M )@i(- + 2m(d + M"0))@i(- + 2m(d + MTa)).

deRTa€L"

Since the exponential function is 27-periodic, we deduce

Z Z err-1(a_ar)(- +2m(d + MTa)) @i(- + 21(d + MTa)) oy (- + 27m(d + MTa))

deRT acl™

=Y > earra—an(- + 2md) @i(- + 2md + 27 M @) (- + 2md + 2r M T )

deRT o€l

= Z er—1(d—a~ (- + 2md) Z @i(- + 2md + 2 MT a) @ (- + 2md 4 27 MT @)
deRT aeZn

= Z er—1(d—a) (- + 27TJ) [Py Qi1 (- + 27”2)
deRT

= Qa—a-([Pi, Pr]1)-
O

Since the determinant is the product of the eigenvalues, it is our aim to ensure
that each eigenvalue of the Gramian matrix G(®) is strictly positive. Although we
do not know the eigenvalues of the Gramian matrix for N > 1, we can derive a lower
bound for each of them by applying the following lemma, see [11, Theorem 3.2.8].

Lemma 7.1.3.
Let A, B € C"*" be Hermitian matrices with eigenvalues

ap>...>2aq, and (1 >...> 5.
Then the eigenvalues ~; of C' = A + B satisfy
Ozi—l—ﬁrﬁ”yigozi—i—ﬁl, izl,..,r.

Theorem 7.1.4. B
The set & = {¢;(-+ M~d),i = 1,...,N,d € R} provides a basis for So(®), if for
almost every x € C, it holds

N-1 N
0 < min mln[gol,goz] (x 4 27d) — Z Z |[&r, Gs)1(x + 27d)]. (7.1)

i=1,..,N de
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Proof.
First, we partition the Gramian matrix into N? blocks of size m x m and then we
split it up into a sum of 1+ (N? — N)/2 matrices. We obtain

A, By B, By ]
B} A, By Byin-3 (N2—N)/2
G@)=| Bs | By || - r =A+ B;
: : ' ' Bn2_ny2 =
L By i | Byyn-s | --- BEkNQ—N)/z An J
where
Al 0lOo]O0] 0 ]
0 A2 O] 0O
A=1]01]0 0] 0
0101]0 0
| 000 |0 |Ay
and
[ 0 |Bi| O 0]
By 0|0 0
El =1 010 "] ]0[,
| 010 0 [0
(0] 0|0 0 ]
0] 0
E(NQ_N)/Q =10 .| . 0 0
10 0 Bn2-ny2
I 0/...10 BFNLN)/z 0 |

The matrices A and Ei,z' =1,...,(N?+ N)/2, are Hermitian matrices. Therefore,
we can apply Lemma 7.1.3 to derive a lower bound for the eigenvalues of the Gramian
matrix. Beforehand, we have to determine the eigenvalues of the matrices A and

B;. Due to Lemma 7.1.2, we can show analogue to the proof of Lemma 6.1.8 that
the eigenvalues of A are given by

{mlgs, ¢ili(w + 2nd°),i=1,... N,z € Co,d° € R} .

118



7.1 Compactly Supported Multiwavelet Bases

The eigenvalues of E can be determined by computing the singular values o; of B;
and B. Let v be a right singular vector and u a left singular vector of By. Then it
holds

v [0 | B0 |...]0] /y v

u Bl o]0 ]...]0 u u

Biy| O |=]lo0]0o[ "] ]0 0 | =g, | O

0 00 0o \V 0

and

v [0 |Bi| O 0] v v
u Bil o]0 0 u u
El 0 - O O 0 O = —0 0
0 00 [...]07]0] 0 0

Since B; and Bj are square matrices with the same eigenvectors ag defined in
Lemma 6.1.8, we obtain

BiBiage = m?|[¢1, pa)1 (- + 27d°)|Page, d° € R.
Consequently, the eigenvalues are
{0,m|[@1, Po]1 (- + 2md°)|, —m|[p1, Po]1 (- + 27d°)|, d° € R}. (7.2)

With the same procedure we obtain the eigenvalues of E,i =2,...,(N2 = N)/2.
The only difference to (7.2) is that the generators in the bracket product vary from
matrix to matrix. In a next step we sort the eigenvalues of every matrix, i.e., we let

.....

77777

ap > > any,  and B >0 > Binm-

Next, we successively apply Lemma 7.1.3. Let {71 ¢}s=1. . nm be the eigenvalues of
A + B;. Then we have

o+ Binm <vig, L=1,...,Nm.

.....

Y+ Bonm <o, €=1,...,Nm,
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and thus,
aé—i_ﬁl,Nm"—BZ,Nm SPYQ,A@) gzl;aNm

We repeat this procedure until we have a lower bound for the eigenvalues of G (5) =

A+ZN N/2

(N2-N) /2
Qp + Z Binm < Yne—nyj2, £=1,...,Nm.
=1

Inserting the calculated eigenvalues yields (7.1). O

Generator sets which satisfy (7.1) necessarily fulfill
supplg;, ¢iJ1 = R" fori =1,..., N. (7.3)

Condition (7.3) is not a completely new assumption. For a single generator supp ¢ =
R™ was a sufficient condition to obtain a basis for Sp(¢) and (7.3) is a direct conse-
quence of this assumption. Moreover, having a closer look at the proof of Corollary
6.1.9, one can observe that the weaker assumption (7.3) would have led to the same
result.

For N =2 and N = 3, we can also derive an alternative to (7.1).

Theorem 7.1.5.
i) Let N =2 and let supp[¢;, ¢;]1 = R for i = 1,2. If for all d° € R it holds

(1, @)1 (- + 2md°)|?
(1, P1)1 (- + 2md°)

0< [@2, @2]1(' + 27Tdo) — (74)

almost everywhere, then the generator set ® = {¢;(- + M~d),i = 1,2,d € R}
provides a basis for Sy(®).

ii) Let N = 3 and suppose that supp[@;, $;]1 = R™ for i = 1,2, 3. Moreover, for
d° € R let

(@1, Ps)i(- 4 2md°)|?
(1, 1)1 (- + 2md°)

m[@sa 1)1 (- + 27d°)[p1, Po]1 (- + 2md°) 2
[P1, @11 (- + 2md°)

)

D go = m[p3, 3|1 (- + 2md°) —m

o i ‘m[gag, Bola (- + 2md%) —

and

5 b1, a1 (- + 27wd®) |2 -1
A o 1= (m , ,+2ﬂ.d0 _mHSDAlaSOAQ]l( )
3,d [802 902]1( ) [901’ 901]1(' n 27rd0)
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7.1 Compactly Supported Multiwavelet Bases

If (7.4) is satisfied and if
0 < g0 — Ayao Ao (7.5)

almost everywhere for all d° € R, then d = {oi(-+ M71d),i=1,2,3,d € R}
provides a basis for Sy(®).

Proof.
Let us start with part i). As in the proof of Theorem 7.1.4 we split up the Gramian
matrix into four blocks of size m x m, i.e.,

The determinant of A; is given by
det(A;) = C [] [1, @11 (- + 2md°)

d°cR
and it is greater than zero almost everywhere, see Corollary 6.1.9. Consequently, A,
is invertible and the determinant of the Gramian matrix can be calculated as

det(G(®)) = det(A;) det(Ay — B*A7'B).
Our aim is to prove that det G(&D) > 0 almost everywhere. We observe that this is
the case if and only if det(A;— B*A; ' B) > 0 almost everywhere or equivalently if the
product of the eigenvalues of Ay — B*A; !B is greater than zero almost everywhere.
Since the matrices Ay, B*, A7* and B have the same eigenvectors, the eigenvalues

of Ay — B*A['B are given by
|[p1, Go]i (- + 2mad°)|?

— , d°€R.
(@1, Pr]a (- + 2md°)

m@y, Po)1 (- + 27d°) —m

By (7.4), our claim follows.
Part ii) can be proven analogously. Here, we work with a Gramian matrix of size
3m x 3m which is partitioned into four blocks, i.e.,

_ Ay ‘ B By
G(®)= | B[4, B
B; | B: As

We already know, that A; is invertible. Therefore, we can calculate the determinant
of the Gramian matrix as

4 A2 33 B* _
detG(q>):det(A1)det(<B§ A3>_(B§> A (B, BZ)>
B A, Bg> (BfA;lBl B;‘A;le>>
—det(Al)det«B;; As) T \BiAT'BL BjAT'B,

Ay — B*AT'B, Bs — B;A;132>

= det(Ay) det (B;; _BiA'B, Ay— BiA['B,
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Construction of Multiwavelets

Since we assume that (7.4) is satisfied, Ay — Bf A7 B is invertible. Hence, we can
apply the formula for the determinant of block matrices again and we obtain

Ay — BfAT'B, B3 — B;A;IBQ>
B; — B3AT'B, As — B3A'B,
= det(A;) det(Ay — B A1 By)

~det((As — ByA' By) — (B; — B3 Ay ' Bi)(As — BiAT'By) ™ (By — BiA{' By))
= det(A;) det(A; — BfA'By)

~det((As — ByAT' By) — (B; — B3 AT ' Bi)(As — By AT By) ™ (B; — B3 AT By)").

det(A;) det <

By our assumptions, each factor is greater than zero almost everywhere and the
proof is complete. n

In case of finitely many generators, the method of proof above is also applicable.
However, an increase of N results in significantly more computations. Moreover, we
observe that this method does not involve any kind of estimate. Hence, (7.4) and
(7.5) are sharp estimates that the generators have to satisfy in order to guarantee
the strict positivity almost everywhere of the determinant of the Gramian matrix.
In contrast, Theorem 7.1.4 gives us a general estimate for finitely many generators
which is not sharp. Depending on the choice of generators, this inaccuracy can cause
that (7.4) and (7.5) are satisfied while (7.1) is not. Let us give an example.

Example 7.1.6.
Let N =2 and let M = 2. Moreover, let Sy(P2), P2 = {¢1, g2}, with

p1(x) = $X[0,0.5)(5U)7 pa(x) = j172)([0,0.5)(90).
In view of Theorem 7.1.4 and Theorem 7.1.5, we want to check if the set
~ 1 1
q)2 = {901( + §d>a @2( + §d>7d = 07 1}

provides a basis for the space Sy(®,). Formula (6.15) yields

1
(@1, ¢1]1(8) = Z Z [det MT]| (p1(-+ M*d), o1(- — k:)>L2(R) e_(r—1drr)(§)
dER kel

1
1
D) Z (pr(-+d/2),1(- — k)>L2(R) e—(a/2+k) ()
d=0 keZ
1
) {1, <P1>L2(R)
Hence, we obtain
1 1 9 1
5 <S01’901>L2(R) - 5 / z°dx = E
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7.1 Compactly Supported Multiwavelet Bases

Moreover, we calculate

o 1 1 4 1

(P2, 21 () = 2 <‘P2’902>L2(R) 9 / vde = 320’
[0,0.5)

o 1 1 3 1

(21, 01() = 5 {or 2l = 5 | @' de= g5
[0,0.5)

Inserting these values into (7.1) and (7.4) yields

11 3
. — YO0
520 128 oap 0046875 A0

and

1 1\? 1
230 8 53 =130 0.0001953125 > 0

Since one of the estimates is fulfilled, ®, provides a basis for 50(62).

In a next step, we add the generator s(z) := 2®x[0,0.5) () to the generator set D,
and we want to verify that

~ 1
3 = {pi(- + 5d),i = 1,2,3,d = 0,1}

provides a basis for the space So(®3). In order to calculate (7.1) and (7.5), we have
to determine the values of the following bracket products first:

N 1 1 6 1
(@3, @3]1(§) = 5 (@3, 03) = 3 / rdr = 1799
[0,0.5)
A 1 1 A 1
[901,903] (&) = ) <901a903> D) / rhdr = 390
[0,0.5)
1 1 . 1
A b = - —_ - d = —_—
0,0.5)
Hence, formula (7.1) yields
1 1 1 1 157
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Construction of Multiwavelets

In preparation for (7.5), we calculate

2 1 \? 1
cho= 2 _on( L)' o L
Ld® ™ 1799 320 5600

e — < 2 96 )2 1
24° 7\ 768 320-128/) ~ 14745600’
2 96 )1
G o — _— = 2 .
Fs.d <320 16384 560
Hence, we obtain
1 2560 1

A go — Ay go s 4o ~4.96-107% > 0.

T 5600 14745600 201600

Moreover, we have already verified that (7.4) is satisfied. Hence, part ii) of Theorem
7.1.5 yields that ®3 provides a basis.

For finitely many generators condition (7.1) is a sufficient but not necessary con-
dition for @ to provide a basis for SO(ZIV)). Therefore, we are going to assume in the
following that d possesses the basis property.

Next, we want to combine Theorem 1.1.3 and Theorem 7.1.1. Since W, is the
orthogonal complement of S in S} and since S; can be generated by the functions
(Spi,d = 801‘(' + Mﬁld))izl 77777 N, the set

deR’

W = (Wig = Qia — Psy@)pid)i=1,..n, R =R\{0},
deR’
is a subset of W,. Moreover, we will show that this set provides a basis for Wj.
Besides that Theorem 5.9 gives us an explicit representation of the functions w 4 if
® is a minimal generator set for Sy(®). We obtain

N
Wia = Pia — Pso@)Pid = Pia — Y _|Pia> i)/ 1G5 3519+ (7.6)

J=1

with P4, 9;][95, 95171 = 0 if [g;,9;] = 0. For a definition of the functions §; see
(5.7).

Theorem 7.1.7.

Let So(®) C Si(H) with @ = {py,...,on} and H = {n,...,ny}. Moreover,
assume that H = I'® where I' is a matrix with 27 M TZr-periodic entries which is

non-singular almost everywhere. In addition, let ® possess the basis property and
let
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7.1 Compactly Supported Multiwavelet Bases

be defined as in (7.6). Then the space Wy, = S; © Sp is a finitely generated shift-
invariant space and # is a generating set for Wy, that is, Wy = So(#'). Moreover,
the set # provides a basis for Wj.

Proof.

First, we prove that So(®) @ So(#') = S1(H) which means that {®} U # generates
S1(H) and therefore, Wy = So(#'). For every function f € S;(H) there exists a
sequence (fy)eeny with fy — f in the Lo-sense. Due to Theorem 7.1.1, every element
of this sequence has a representation of the form

N
fo= Z Z Zaz,k,i,d%,d(' - k)

kez™ i=1 deR

N N
= Z Z argiopi(- — k) + Z Z Z ap i apid(- — k) (7.7)
kezZm i=1 keZr i=1 deR’
N N
= Z Z aopiopi(- — k) + Z Z Z ki d Pso(@)Pial- — k) (7.8)
ez i—1 kEZ =1 deR’

T Z Z Z g eia (Pia(- — k) — Psy@ypial- — k) - (7.9)

kez™ i=1 deR’

Since (7.8) lies in the space So(®) and (7.9) lies in the space So(#), we have shown
that S1(H) C So(P) & So(#'). Conversely, for every function g € Sy(P) & So(#)
there exists a sequence (g¢)eeny in the space So(®) @& So(#) with go — g in the
Lo-sense. Every element of this sequence can be represented by

N N
ge= Z Z beopi(- — k) + Z Z Z bt ki (Pid — Pso@)pia) (- — k)

kez™ i=1 keZm i=1 deR’
N N
= Z Z bekiopi(- — k) — Z Z Z bek.iaPso@)pia(- — k) (7.10)
kezn i=1 keZn i=1 deR’

+ 20D bekiavial- = k). (7.11)

keZ™ i=1 deR’

Comparing (7.7) with (7.10) and (7.11) yields So(®) ® So(#') C S1(H).

It remains to prove that # provides a basis for Sy(#'). We assume that the set
P = (0i(- + M~1d))i=1,. naer provides a basis for SO(:I;). In addition, we know by
Theorem 7.1.1 that in the case at hand it holds S;(H) = So(®). We have already
shown that &, := {®} U # generates the space S;(H) and because of the equality
of the spaces So(&)) as well. Moreover, the sets ® and ®, have the same number of
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Construction of Multiwavelets

elements. In this case part ii) of Corollary 4.2.8 states that ®, provides a basis for
So(®). As a consequence, we have det G(®,) # 0 almost everywhere. Due to the
orthogonality between Wy = So(#') and Sy(®), the Gramian matrix has the form

G(D,) = (G(OW ) G(Oq)))

Since G(®.) is a block diagonal matrix, we obtain
det G(@,) = det G(#') det G(P).

Hence, det G(#) # 0 almost everywhere and consequently, % provides a basis for
Wh. O

Remark 7.1.8. N
Within the proof of the theorem above, we have shown that if ® possesses the basis
property, then the generator set ® is minimal.

In the following we are going to modify the mother wavelets obtained from Theo-
rem 7.1.7 such that they provide a compactly supported basis for W. Beforehand,
we derive an alternative representation for the bracket product [gy, g¢],1 < ¢ < N.

Lemma 7.1.9.

Let @ = {¢1,...,on} C Lo(R™) be a finite minimal set of generators for the space
So(®). Moreover, let the functions g;,i = 1,... N be defined as in (5.7). Then for
1 < ¢ < N it holds

-1
| gpfvgk
[Ge, Ge) = [@e, o] — : (7.12)
; gk7gk
Proof.
Due to (5.9), we can deduce
[9¢, 9]
o« & \- — [P0 (80 dr]
= [@f?@f] - [@Eaz {A gkagpf + [ [A ’A ]glm [A 7A ]gr]
r—1 gragr k:l =1 9k, Gk —1 dr, Gr
(@6, 1> = |[es G2 “!wgk
(pé, SDE ) T . ) + )
; gragr kz:; gk: gk’ ; gkagk
< l[2¢, ]
{y Yr
QOZ,QO@
; gragr
]
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7.1 Compactly Supported Multiwavelet Bases

Theorem 7.1.10.

Let So(®) C Si(H) with & = {¢y,...on}, H = {m,....,ny} and 1 < N < 3.
Moreover, let ® be a generator set consisting of compactly supported functions and
let ® possess the basis property. In addition, assume that H = I'® where T' is
a matrix with 2w M7TZ"-periodic entries which is non-singular almost everywhere.
Then the (m — 1) N functions

Wc = (((@z,d - Z %gk> H[gry QT]QNT> > . (713)

k=1 r=1 Ly dVy
/

provide a compactly supported basis for the space Wj.

Proof.
If N =1 the claim follows from Theorem 6.1.11. . -
Let N = 2. With the help of (7.6), we obtain #, by multiplying # with the

~ ~

2r-periodic diagonal matrix I'* == [[*_, [, 6,21 = [d1, 61]%[G2, §o) I, that is, 7, =
% . From (5.7) and (7.12) we know that the diagonal entries of I'* are

A ~ 112
(91, 91192, 2] = [B1, 417 ([@, ] — %)

Since our generators ¢; and ¢y are compactly supported, (7.14) is a trigonometric
polynomial as a finite linear combination of trigonometric polynomials, see part iii)
of Lemm/a\ 1.3.7. Hence, the matrix I'* consists only of bounded entries and thus, we
deduce #, C Lo(R™). By Theorem 7.1.7, # provides a basis for Wy = So(#'). By
taking part i) of Corollary 4.2.8 into consideration, it remains to prove that I'* is non-
singular almost everywhere in order to deduce that %, provides a basis for W} as well.
We have already shown that (7.14) is a trigonometric polynomial. Trigonometric
polynomials are analytic functions and the zeros of analytic functions are isolated.
Consequently, the entries of the diagonal matrix I'* are non-zero almost everywhere
which yields that the matrix is non-singular almost everywhere. To complete the
proof for N = 2 we have to show that the functions in %, are compactly supported.
Therefore, we have to evaluate

. Pid> G1) . Gids 2]~ \ o~ 120a
(%‘,d - [ - ]91 - [ - ]92> [91791]2[92792]- (7-15)
[91, 91] [92, 92]

For the first component of the functions in #, we obtain

[glv gﬂz[@m 92]951',51 = ([@17 @1]2[9527 @2] - [@17 (151] | [@27 @1] ‘2)¢i,d-
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Construction of Multiwavelets

For the second component we calculate

—[@i.as 31][01, G1)[G2, G2) 01 = —([@1, @1][@2, @] — |[@2, 1]1°) [@i.ay 1] P1-

Finally, for the third component we observe

f A ra A 12 R (-9 I, L P, n]
—[@ia> G201, 1)202 = —[Pia> P2 — ] [P1, P1)% | P2 — sy
(D1, ¢1] (1, ¢1]
J R 1% U N A (> -] I
=—<[90i,d7wz]— T2 (Bsa, P1] | [P1, 61)° | B2 — @1
[901,801] [801 901]

= —([Pi,a, P2)[P1, P1) — [P1, P2)[Pia, 1)) (P2]1, P1) — [P2, P1]1).

Since we assume that ¢; and ¢, are compactly supported, the functions ¢; 4,7 = 1, 2,
d € R, are compactly supported as well. Now, we consider the first component
(01, 01)2[P2, P2)pia- The bracket products [@r,P1] and [P, @o] are trigonometric
polynomials. As a consequence, the inverse Fourier transform of [p1, ¢1]2[@a, Po]Pi.d
is a finite linear combination of the shifts of ¢; 4 and compactly supported because
¢iq is. The same reasoning shows that the inverse Fourier transform of all other
components of the functions in 7, is compactly supported. Consequently, the func-
tions in #, are compactly supported.
For N = 3 the proof is analogue. First, we calculate
3
N A 123 T A A 1dra A 127A A
[ia 61" = 61, 311 (92, 52 (s, 5]
r=1
= ([91, 91192, G2)) ([91, 31)%(92, 92](G3. G3])
= ([p1, @1)°[B2, 2] — [21, @1l (2, @1117) (101, 01)°[G2, 921103, 35]) -

Moreover, we have

A A2 A A2

n A ) ) g

(o, o] = [po, o] — (WP 0lT_ JlPa Gal

[9017 (101] [92a 92]
where
(@3, g2]I°
(1. ~.112 [@37@2][9527@1][@17@3] [@17¢2][¢37¢1H¢27¢3] |[9017§02” |[()017903”2
=\l[¢2, P3]I"— " - T + .
[P1, ¢1] (@1, ¢1] [P1, ¢1]?

Consequently, we obtain

[G1, 91)°[G2, 921103, G3) = ([@1, @1)% (@2, @] — [@1, @1]|[@2, @1]17) [B3, B3]
— ([1, &1l[@2, @a] = |2, 21]I?) I3, @ul?
— [@1, 212 |[B2, @s]I? + [ @3, Pa] [B2, 21][1, @3]l @1, 1)
[£1, 22][@3, @1ll@a, @a][1, @1] — 11, 2ol P [1, @51
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7.1 Compactly Supported Multiwavelet Bases

Hence, we verified that Hi:l [Gr, G-]> " is a finite linear combination of trigonometric
polynomials. Following the proof above for N = 2, we have to prove that

N @i,d;ﬁl A @z’,d>§2 Vid, 93 A oA A A A A
<S0i,d - | -~ ]91 - | =~ ]gz ggzz,) [91,91]4[92,92]2[93793]
(91, 1] (92, G| (93, 9]
has the same structure as (7.15). Based on our previous investigations, we observe
that this is true for

~ @Zd)g ~ ¢i7d7g2 ~ PN A A A~ A
( id [ 1]91 - [ ~ ]92) [91,91]4[92792]2[93,93]
[91, 91] [92, 92]

A [@i,d;gl] [901d792] >A ~ 127 A A> A A 12[A A TTA A
= i,d T T~ = g ~ g g1,9 92,9 91,9 g2, 92/(93, g .
((gad D IR ) Pl ) (. ) )

It remains to prove that

[901 ds 93]

g [glv 91]4[.@27 g2]2[g37 g3]
[93, 93]

has the required structure. We calculate

Gids 93]« 1 adra A 120a
[ ~ - 3]93[91791]4[92,92]2[93,93]
[93,93]

= [@z‘,d; §3]§3 [gla §1]4[§27 §2]2
. [@37901] A [903792] A KA [@37@1] A [953,!?2]
Did> P3 — 1~ g2 2
[<P17 901] [927 92]

~ N

1= T §2) (91, 61192, 6o)*
(@1, ¢1] 92, 92]
Let us investigate the expression

[$3, G2 .
[92, 92]

~ ~ @37@1
B = Pi,d, P3 — [ = ]

61 1 2 } (91, 611 (G2, G2)-

ASY

1

We observe

By = [@ia, @3] ([1, ¢1)7 (P2, Ba] — [@1, ¢1][B2, 21]17)
— [Bia, 1121, @3] ([61, 21] (@2, B2] — |[B2, &1] )
- [@i,ch QQ] [g% @3} [@17 901] :

This can be rewritten as

By = [@ia, @3] ([1, ¢1)° (B2, Ba] — [@1, ¢1]l[B2, 21]17)
— [Bia, &1)[@1, @3] ([@1, P1][ B2, @2) — |[@2, 21]]%)

L P, o] L [P ]
— [Bia, P2 — Gr. 1] Il [@1790]901’%][%(’01]’
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Therefore, we obtain

By = @i, p3] ([81, 117 @2, $2] — [61, &1l @2, ¢1]1)
— (@4, 1)[1, 23] ([@1, 1) (@2, @2) — |[@2, ¢1]°)
— ([@ias P2]lP1, P1] — [Pia, PrllP1, P2]) ([P, @3][P1, P1] — (P2, Pul[P1, P3]) -

Furthermore, let us have a closer look at

~ [@37 @1] ~ [3037 92} PN
By = (903 — T %Y1 = 92 [glagl] (G2, 2]
[9017 901] [92, 92]

This can be written as
By = 3 ([¢1, 01)% (@2, @2) — (@1, &1l (@2, 21]17)
— [@3, @1] ([@1, &1)[@2, 2] — @2, ¢1]I7) @1
— @3, §2]gal@r, &1]%.

Finally, we can write %, as

%=

|_.

*[@2, pa] — (@1, @1ll[@2, 21]7) @3

@3, ¢1] ([@1, 21][B2, 2] — @2, &1]I) &1

@3, Pal[P1, P1]° P2 + [Bs, @a][P2, P1][P1, P1] 1

@1, P2l @3, P1l[P1, @1l e — [@1, P2l B3, P1l[P2, Pr1]d1-

@1

¢1,
=
=
+1

Then the claim follows with the same arguments as above.
]

Furthermore, we can ensure the existence of a compactly supported and orthog-
onal basis for Wj in our setting.

Theorem 7.1.11. B

Let So(®) C Si(H) with @ = {¢1,....on} H = {nl,...,nN}, and let ® possess
the basis property. In addition, assume that H = I'd where T is a matrix with
21 M T Z -periodic entries which is non-singular almost everywhere.

i) There exists a set of mother wavelets W for W{, which provides an orthonormal
basis for Wj.

ii) If N <3 and if the functions ¢;,i = 1,..., N, are compactly supported, then
there exists a subset U = (¢;);=1,._. (m-1)n of compactly supported functions
from Wy which provides a basis for W,. Moreover, there exists a set U* :=
(V) r=1,...(m—1)n consisting of compactly supported functions which provides a
basis for Wy and fulfills

So(¥y) L So(wy), 7 #7",
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7.1 Compactly Supported Multiwavelet Bases

Proof.
Let us prove part i). The conditions of Theorem 7.1.7 are satisfied and therefore,
W is a basis for Wy. Our claim then follows from part i) of Corollary 4.2.9.

For the proof of part ii) we need Theorem 7.1.10 which tells us that we can choose
the set of compactly supported functions #, for ¥ in order to obain a compactly
supported basis for Wj. By part ii) of Corollary 4.2.9 the proof is complete. n

Finally, we deduce under which assumptions the set
{wi(- + Md),i=1,...,N,de R} C S,(H)
is in Wy and provides a basis for Wj.

Theorem 7.1.12.

Let So(®) C Si(H) with ® = {p1,...,¢on} and H = {m,...,nx}. Moreover, let
P be a generator set consisting of compactly supported functions and let d possess
the basis property. In addition, assume that H = ['® where I' is a matrix with
2w MT7Z"-periodic entries which is non-singular almost everywhere.

i) If the functions w;,i = 1,..., N, are in S;(H) and compactly supported, then
the functions w;(- + M~'d) with i = 1,...,N,d € R/, are in W}, if and only if
the bracket products [w;, ¢;]; are 27-periodic for all 4,5 =1,..., N.

ii) Assume that the integer translates of {w;(- + M~'d),i = 1,...,N,d € R}
provide a compactly supported basis for Sy (H) and let [w;, ¢;]1 be 2m-periodic
fori,7 =1,..., N. Then the integer translates of

{wi(- + M~ 'd),i=1,...,N,d € R'}
provide a basis for W.

Proof.
We begin with the proof of part i). The functions w;(- + M ~'d) are in W, if and
only if

<wi(- + M7'd), (- — k)>L2(Rn) =0, foralli,j=1,...,N.de R keZ".

By the proof of the analogue result for one generator, see Theorem 6.1.13, we can di-
rectly deduce that this is equivalent to the 2m-periodicity of [w;, ¢;]1,4,5 = 1,..., N.
In part ii) we assume that the integer translates of

777777

provide a basis for Sj(H). This is equivalent to det G(#.) # 0 almost every-
where on Cj. Thus, the determinant of the Gramian matrix corresponding to
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W\ {ws,...,wy} is non-zero almost everywhere. Since we assume that [w;, @;]; is
27m-periodic, we can apply i) and consequently, #; \ {w,...,wy} is in W,. Hence,
we obtain (m —1)N functions whose Gramian matrix is nonzero almost everywhere.
Since Theorem 7.1.7 ensures that W, contains a basis of cardinality (m — 1)N, we
conclude by part iii) of Corollary 4.2.8 that #, \ {wy,...,wx} is a basis for W,. O

7.1.2 Compactly Supported Multiwavelet Basis for W;

Our procedure for constructing a basis of Wy can be applied to all spaces W; after a
suitable dilation. We illustrate this for the case j = 1. This choice allows us to clearly
observe how the role of S;(H) is changing when compared with our investigations
in the previous chapters.

Let H={m,...,nn} and P := {py,...,pn} such that

We assume further that
P=TH, (7.17)

where I is a matrix with 2m(MT)?Z -periodic entries which is non-singular almost
everywhere. Moreover, let

H:={n(-+M™2d),i=1,...,N,d€ R} (7.18)

provide a basis for the space Sy(H). It is crucial that all the properties (7.16), (7.17)
and (7.18) of the generator sets P and H are preserved under dilation.

Theorem 7.1.13.
Let Hy— i={mn-1,...,qnm—1} and Py—1 = {py y-1, ..., py -1} with

Mipr-r = (M), pi i=p(MTY), i=1,...,N.
Under the assumptions (7.16), (7.17) and (7.18) we have
So(Hp-1) C S1(Pa-1) (7.19)
and
Py =T Hyr.

Here, I' is a matrix with 2rMTZ"-periodic entries which is non-singular almost
everywhere. Moreover,

Hyr = {niy1(-+M'd)i=1,...,N,d € R}

provides a basis for the space So(ﬁ M-1).
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Proof.

First, we prove (7.19). Let f be a function in Sy(Hys-1). Then there exists a sequence
(fo)een € So(Hps-1) such that f, — f in the Lo-sense. The definition of the space
So(Hjps-1) yields for all elements of the sequence the representation

Zz&glkmM 1 —k ZZCL@”CHZ '—Milk). (720)

i=1 keZn i=1 keZn

Recall that the bijective, linear and continuous operator J from Section 6.1.2 is
given by

J i Ly(R™) — Ly(R™)
frs f(MTh).

We apply J~! to (7.20) and obtain

N
jﬁlfz = Z Z i i+ — Mﬁlk)-

i=1 keZn

Consequently, J-'f, € S;(H) and by (7.16), we have JLf, € Sy(P). Hence, for
every function J- Lf,, € € N, there exists a sequence of functions (g,),eny € So(P)
such that g, — J~'f, in the Lo-sense. The function g, can be represented as

N N
= Z Z brik pi(- — M72k) = Z Z bk Pipa—1 (M - =M 'k).
i=1 kezn i=1 kezn
Applying the operator J yields
N N
Jgr - Z Z br,i,kpi,Mfl(' - M_lk)-
i=1 kezn

Hence, it holds (jgr)TeN € S1(Pys-1). From the Ly-closure of the space Sy (Py-1) it
follows that f, € S1(Py-1). Consequently, (fy)eny € S1(Py-1) and due to the same
argument, we obtain f € S;(Py-1).

Besides that it holds

P(MT) =T(MT)H(MT").

By (1.4), this is equivalent to

—

Pyt = D(M7) Hy—s = T Hys,
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where ' := f(M T.) has 2r MTZ"-periodic entries. By assumption, the matrix r

is non-singular almost everywhere. Hence, the matrix I' is non-singular almost

everywhere as well. N N N
Finally, we have to prove that H ;-1 provides a basis for So(Hy;-1). Let f € S1(H).

Then there exits a sequence (f¢)een € Sl(ﬁ ) such that f; — f in the Lo-sense. By

assumption, H provides a basis for S;(H). Hence, every function f; has a unique
representation

N
fg = Z Z Z amd’km(- + M_2d — M_lk’).

1=1 deR keZm

Applying the operator J yields

N
jfg = Z Z Z ag’@d’k?’/i(M_l . +M_2d — M_lk‘)

1=1 deR keZ"

N
=D > aiaptii (- + M A= k). (7.21)

1=1 deR keZ"

Since J is bijective, the representation (7.21) is unique as well and the proof is
complete. O

Now, we can apply our construction procedure from Section 7.1.1 to find a wavelet
basis for

WO = Sl(PM—1> S, So(HM—l).
By (7.6), the set of functions

W o= (ﬁz‘,d = NiM-ld — PSO(HM,I)Uz',Mfl,d)z‘:l,m,N,a R =R \ {0}7
deR’
with 7 a1 = m-1(- + M~1d) is a possible candidate for a wavelet basis. Ac-
cording to Remark 7.1.8, H);-1 is minimal and thus, Theorem 5.9 provides us with
an explicit representation of the functions w; 4. We obtain

N (— .
= — - — [Mipni-1.d, G5
Wid = Mi,M~-1,d — PSO(HM,l)Th,M—l,d =MNiM-1d — Z = =~ Y

with g1 = nmi a1 and [7; 01,4, 651(95. ;] = 0'if [g5, G;] = 0.
Let w; g = W;q(M-). With the same arguments as in the proofs of Theorem

7.1.13 and Corollary 4.2.8 and the fact that dilation preserves orthogonality, we
obtain that

Wy = (wi,d,M)izl,...,N,
deR’
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provides a wavelet basis for the space
Wi = S1(#a) = S5(P) © S1(H).

In case # is an Lo-stable basis for WO = 5’0(7//\/), the same holds true for %/[ con-

cerning the space Wi = S1(#4), see proof of part iv) of Corollary 4.2.8. Moreover,
compact support is preserved under dilation, see (1.4). Thus, Theorem 7.1.10 can
be applied whenever the functions in H are compactly supported.

7.1.3 Example: Exponential Box Splines

In the past sections we presented a way to construct a compactly supported mul-
tiwavelet basis for the space Ly(R™). In this section we want to illustrate this
construction process. In particular, we present an application for Theorem 7.1.10
by extending the example presented in Section 6.1.3 from N = 1 generator to N = 2
generators.

As in Section 6.1.3 we choose the symmetric dilation matrix

M= G —11)
(). ()= )

with cardinality p € N\ {0} each. Furthermore, we set

Aj= N Nz )y Am1 = (Nmims Ajm1) = (N /25 A )-

Then the exponential box spline corresponding to these directions is defined by

and the directions

6)\j’71 —ilxm 1>p (@)‘jwzié'aﬂ2 —1

A]‘ﬁl — /Lé' .o )\j,’72 — 'Lg -2

Crale) = ( ). iezpenjo

and satisfies the equation
Coyp (M) = Ay p(MI1E)C (M),

where Ay, y;_, p is a 27-periodic trigonometric polynomial given by

1 e)\j,,y2—iM§~z'V2 -1 p
Maa® = (55 —)
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Again, we fix the values for Ay by setting
)\1< = )\0,71, )\; = )\07’72'
Hence, the values for \; are defined as

2112 \x 2112 )\3), €27
)\j = (Aj:’717)\j:’72) = ( i 112 2) 1)/2 ] ’
(2U=D/2)5 20FTD/2)\%) - § € 27Z + 1.
Based on this knowledge, we define the generators ®; := {¢), p)} for the spaces
Sj,j € 7, as

1 A » 1 A »
(pjl = %CA—J'J)(M ]')7 30% = %C)\—j,P—i-l(M ]')‘ (722>

Aj Aj-i,-l

©1 ¥1

1) =r(" , 7.23
(w%) (wé“) (7.23)

where I is the 27 (M7T)/*1Z%periodic matrix given by

= (mA)\j,)\jhp(M_j_l.) 0 >
' 0 mA)\—j,A—j—hP-‘rl(M_]_l') .

Then we obtain

It is important for our construction procedure with two generators that the matrix I’
is non-singular almost everywhere and that I'"! has 2x(M7T)7T1Z2-periodic entries.
This is the case if and only if

1

Ao, p(8) = > (ex\fj,vz/%’fl + 1)p # 0 almost everywhere.

An equivalent condition is given by
erim/276 o4 1 almost everywhere. (7.24)

To ensure (7.24), we set A} = 0 and A5 € R\ {0}. In addition, our non-stationary
refinement equation (7.23) ensures that the corresponding spaces are nested and due
the compact support of the generators, we have | J i Si = Ly(R?), see Theorem 4.2.12.
Finally, we verify that our generator sets possess the basis property which implies
that the generator sets ®; of the spaces S; are minimal for j € Z, see Remark 7.1.8.

Lemma 7.1.14.
Let ] and ¢ be defined as in (7.22). Then the set

& = {pI(-+MU*Vd)i=1,2.de R}

provides a basis for Sj(?f)j).
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Proof.
Suppose that ®; does not provide a basis for S;(®;). Then there exists a nontrivial
representation of 0 given by

SN gl MUa - MR - 3TN de(a + MUV - M) =0,

deR k€72 deR (€72

Applying the Fourier transform yields

cs(2)P1(€) = ds(2)P5(8), (7.25)

where ¢,(2z) and ds(z) are the corresponding symbols, see Chapter 2. Next, we insert

the definition of ¢, 7 = 1,2, into (7.25). We obtain
CS(Z) _ ds(z) 6)‘*JW1 71']\.4—15_%?1 -1 6/\*1'»72*“\.4_].5_"/”‘72 —1 '
)\—j,’Yl — @M ]f . A—j,"/g — ZM ]é .2

In case j € 27, we have M7 = 279/2] . Consequently, we deduce

eA—im —i279%6 1 eA—ip =127 (E1+62) _
cs(2) = ds(2) — — : (7.26)

)‘*jﬁl - Z2_J/2§1 )‘*J}“/z - Z2_3/2(51 + §2)

In case j € 2N + 1, the matrix M7 equals 2(-7+D/2)A/~1 and thus, we have

=d i~V G E) _ A TG 7.27
cs(2) = ds(2) Aoy — 12007D2(€) + &) Ajyp — 1200540728, |7 (7.27)

In case j € —2N — 1, the matrix M7 equals 20~Y/2M and hence, we obtain
@)‘*jq’Yl 7i2(j_1)/2(£1+52) —1 6)‘*1,727i2(j+1)/2£1 —1
s(2) = d; — — . 7.28
) =) (A—m —REVEE 1 6) ) \ A, — 20, (728)
Since it holds F (! (z + M~71d — M~7k))(€) = en-i-1a-n-1x(E)F) (€), each sym-
bol cy(z),ds(z) is 2m(MT)IT1Z2 periodic. We conclude that the left-hand sides in

(7.26), (7.27) and (7.28) are periodic in contrast to the right-hand sides. This is a
contradiction. O

In summary, we have shown that every space S;(®;), j € Z, has the required
properties such that we can apply our construction procedure. Hence, it causes no
problems if we focus on the spaces Sy(Py) and S;(Py). Theorem 7.1.10 yields that

A

e = (191, 11)%[92, 52003 4 — (@10 )91, 91[G2, Golon — (P74, G [91’§1]292)v)2=%2
6 /

provides a compactly supported basis for Wy. Finally, we have to check whether the
intersection of the spaces S; is trivial for A} = 0 and A5 € R\ {0}.
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Theorem 7.1.15.
Let {S;};ez be defined as in (7.22) with

v=(; )

and let (27),er consist of the vectors

1 1
Y1 o Yo
v _<0>’ o _<1>’

each appearing p times, p € N\ {0}. In addition, set
@A 2N, j € 2Z,
T UED2)g 202N e 274 1.
Then Y = (¢, 5; is trivial if ReA] = 0 or Re A5 = 0.

Proof.
Let f €Y, f# 0. It is sufficient to prove

() S ={0}.

JE2Z

Therefore, we assume throughout this proof that j € 2Z. Furthermore, we define
the function G, by

)

”(5)::<A; ! >p(A; ! )p, peN\{0},¢eR2

_Z'g.x’Yl _Z'S.gj’YQ
Since f € S_;, it can be written as a linear combination of the A7 Z2-translates of
the generators ;7 = Cy, ,(M77-) and ¢,” = Cy, py1(M7-). Next, we verify that
the quotient 2j(p*1)¢;j/@p is 2m M ~9Z2-periodic. For (ki, k2)T € Z? the nominator
has the form
21—V 517 (& + 2r M k)
=210 270y (M7 (€ + 2 M k)

_ opif2opif? 22N —i(2 26 +2mky) 1\ 7 2PN —i(20/2 (€1 +&2)+2m(ki+k2)) _ p
B 20/2 )5 — i(29/2¢) + 27ky) 201205 — i(29/2(&) + &) + 2m (k1 + k)

and the denominator has the form
Gp(€ + 27 M k)
= (M =i +2m272k)) T (N =& + G+ 2m27 (R + Ky)))
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Consequently, we obtain

2j(pj)@;](§ +2rM k) _ (621'/2)\{—1‘21/251 _ 1)p (er/2/\;—i(2J'/2(£1+éz)) _ 1>p
Gp(& + 2 M —ik)

2i(p=1)| — 2’]6/’)\;3(]\4]5)
Gy(€)
_ 27D ()
G
The same holds true for the quotient 2/7¢;7 /G, 1. We observe that 20137 /G,

and 27Pp, 7 / @p+1 are trigonometric polynomials. Since the spaces S_; are linear
subspaces we also know that g € S_; if and only if § := 2/P=Y2/Pg is in S_;. Then
(4.18) yields for every function g € S_; with j € 27Z the representation

§ — 2j(p*1)2jpg

2
— 9ilp=1)9ip Z Ti—j¢;j
i=1
I ) ) . o.) A~
— 2i(p—1)ipy= QD%GP iV gip 2 G
P ptl
= %ijp + %;JGp+17

where 7, 7, 7,7 and hence,

~

7~_1—j — (2j(p—1)2jpT1—j¢1—j)/Gp7 7:2—1' — (2j(p_1)2jp72_jg52_j)/@p+1

are 27277/272-periodic. Due to the nestedness of the spaces S;, we further deduce
that

G=TC,+ 7% Gy =G, (77 +57G) =G, (777 + 177G
where é\p = 0 almost everywhere. Hence, we obtain
(A7 —77)+ (77 -57) G =0.
This is equivalent to
<%1—j+2 _ %1—j> - _ (;2—%2 _ %2_]-) G (7.29)
The difference 7, 7%* — 777 is 4w279/2Z -periodic for i = 1,2 and G is not periodic.

Consequently, the left hand side in (7.29) is periodic in contrast to the right hand
side. It follows that

=42 _ =) _
T -7 =0
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and

S—j2 _ a—f

This implies that all 7, 7 agree almost everywhere with one measurable function 7
and that all 7, 7 agree almost everywhere with one measurable function 7. Moreover,
we deduce that these two functions 7y, 75 are invariant under all 27277/2Z2-shifts for
j = 27Z. We observe that 279/27Z? contains the dyadic points which are dense in
R2. By Lemma 6.1.24 and the choice a = 2, the functions 7; and 7 are constant
almost everywhere. Hence, the Fourier transform of every function in Y can be
represented by a linear combination of G, and Gp4q. Therefore, Y is trivial if and
only if G, ¢ Y and G,1 ¢ Y for p € N\ {0}. With the 27277/2Z2-periodicity of
T 7 and Ty 7 Corollary 4.2.2 yields that G)p and Gy are elements of S_; if and only
if G, and G, are elements of Ly(R?). Due to the proof of Theorem 6.1.25, we
already know that if Re A} = 0 or Re A; = 0, the function G,,p € N\ {0}, cannot
be a function in Ly(R?). Hence, the proof is complete. O

Theorem 7.1.15 yields that we have found a compactly supported basis for

Ly(R?) = é W;. (7.30)

j=—oc

w3
e () ()

with cardinality p € N\{0} each, we can use similar arguments to obtain a compactly
supported basis for (7.30). For more details we refer the reader to Section 6.1.3.

If we consider the matrix

and the directions
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In this thesis we studied the construction of multivariate pre-wavelets and pre-
multiwavelets with focus on compact support and stability. Our investigations were
motivated by the questions:

(Q1) What are minimal requirements such that a construction of multivariate pre-
wavelet and pre-multiwavelet bases is still possible?

(Q2) How can we minimize the number of mother wavelets?

In this final chapter we discuss the results presented in this thesis as well as ideas
for future research.

Our main results concerning the construction of compactly supported pre-wavelets
and pre-multiwavelets can be found in Chapter 6 and Chapter 7. In Section 6.1 we
constructed a compactly supported basis for the space La(R™) under the assumption
that every space Sj,j € Z, is generated by a single function, see Theorem 6.1.11.
This process consisted of four steps:

(S1) Proving that it holds Sp(¢) = Si(n) with ¢ = {¢(- + M~'d),d € R}.

(S2) Proving that the Gramian matrix G(¢) is regular in order to show that ¢
provides a basis for Sy(¢).

(S3) Finding an explicit representation of Pg(, in order to obtain an explicit rep-
resentation of the pre-wavelets.

(S4) Modifying the representation found in step (S3) such that we obtain compactly
supported pre-wavelets.

We faced the biggest challenge in step (S2) where we had to find an appropriate
generalization of the operator @, from [30]. In Section 7.1 we generalized the pro-
cess above for finitely many generators. Again, we encountered one of the main
difficulties in step (S2). In case of a single generator, we computed the determinant
of the Gramian matrix by calculating the eigenvalues. Tt is not clear how we can
calculate the eigenvalues of the Gramian matrix G(®) with

®={p(-+M7'd),deRi=1,.. N}
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of size mN x mN, N > 1. Therefore, we derived in Theorem 7.1.4 a lower bound
for each eigenvalue which led to condition (7.1). This condition ensures that G(®)
is regular. An alternative approach is presented in Theorem 7.1.5 for N = 2 and
N = 3 generators. Here, we managed to calculate det G(®) and thus, we derived
two estimates which have to be fulfilled in order to ensure det G (5) > 0 almost ev-
erywhere. Depending on the choice of generators both approaches yield conditions
which may be difficult to check. Moreover, condition (7. 1) is a sufficient but not nec-
essary condition. Thus, we added the assumption that ® provides a basis for So(®).
Consequently, there is space for improvement. More sophisticated approaches to
calculate the exact eigenvalues of G(®) might lead to less restrictive assumptions.
Besides that step (S4) was far from being trivial. In Theorem 7.1.10 we obtained a
compactly supported basis in case each space S; has one, two or three generators.
We reckon that formula (7.13) remains valid in case each space S; has finitely many
generators. However, it is an open problem to verify this conjecture.

Our main results concerning the construction of stable pre-wavelets can be found
in Section 6.2. In particular, we were concerned with the construction of an Lo-
stable basis for every space W, j € Z, see Theorem 6.2.2. If the intersection of the
spaces {5, };jez is trivial, then the union of these bases yields a wavelet basis for the
space Lo(R™). This union is Lo-stable as well if the stability constants can be chosen
independently of j. This is always possible if we consider a stationary multiresolution
analysis because dilation doesn’t change the stability constants. In contrast, this is
a non-trivial problem when working with a non-stationary multiresolution analysis.
Therefore, we suggest to make this a subject for future research. The work of C.
de Boor, R. A. DeVore and A. Ron could serve as a starting point. In [30] they
discussed stability with respect to exponential box splines with M = 2 and N = 1.
Their investigations are based on a wavelet ¥ in W, whose stability constants, i.e.,
the positive constants C1,Cy in Cy(1h) < [1h, )] < Co(t)) almost everywhere, are
related to the stability constants of the generators. Hence, the first step to adapt
their results to our setting would be to prove that [w,, W] can be represented with
the help of the bracket products [, 7]; and [, @].

Taking the discussion above into consideration, we draw the following conclusions:

(Q1) It seems not possible to reduce the initial assumptions made in the definition
of a generalized multiresolution analysis any further.

(Q2) We managed to incorporate a general dilation matrix into our construction
procedures. Hence, we can minimize the number of required mother wavelets
by choosing a dilation matrix with determinant £2.

Finally, let us discuss two more suggestions for future research. In the introduction
of this thesis we have stated that a function f € Ly(R™) has a representation of the
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form

flz) = Z Z Z Cij kWi k()

i€l jEL ke

One of the most important applications of such wavelet expansions is that they can
be used to characterize function spaces. Besov spaces which can be classified as
smoothness spaces are of special interest. It has been shown that weighted sequence
norms of the wavelet expansion coefficients {c; }ier jez rezn are equivalent to Besov
norms. Hence, these coefficients can be used to verify if a function f belongs to a
certain Besov space or not. For more information see, e.g., Section 2 in [24]. In
literature, we find characterizations of Besov spaces if N = 1 and if M is a diagonal,
anisotropic dilation matrix or an arbitrary dilation matrix with real entries, see
[39, 38, 14]. An open problem is how Besov spaces can be characterized in case of
multigenerators and an arbitrary dilation matrix.

Another promising field of research are frames, see, e.g., [17]. If a sequence of
functions { f;}32, is a frame for a Hilbert space H, then span{ f;}52, = #H. In contrast
to wavelets, frames do not provide a basis for H. Hence, there is redundancy which
leads to more flexibility in the construction process. A special class of frames are
wavelet frames which can be constructed via frame multiresolution analysis. This
kind of multiresolution analysis is a natural generalization of the multiresolution
analysis defined in Definition 0.3. Indeed, the only difference to Definition 0.3 is
that the integer translates of the scaling function in condition (M5) are assumed
to provide a frame for Sy. If there is more than one scaling function, we obtain
multiwavelet frames. Consequently, the following generalization of question (Q1)
arises naturally: What are minimal requirements such that a construction of wavelet
frames and multiwavelet frames is still possible? Up to the author’s knowledge, this
question has not been answered yet.
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