
❍♦♠♦❣❡♥❡✐t② ❛♥❞ ■♥❤♦♠♦❣❡♥❡✐t②
♦❢ ❙❛s❛❦✐❛♥ ●❡♦♠❡tr✐❡s

❉✐ss❡rt❛t✐♦♥

③✉r ❊r❧❛♥❣✉♥❣ ❞❡s ❉♦❦t♦r❣r❛❞❡s

❞❡r ◆❛t✉r✇✐ss❡♥s❝❤❛❢t❡♥ ✭❉r✳ r❡r✳ ♥❛t✳✮

❞❡♠ ❋❛❝❤❜❡r❡✐❝❤ ▼❛t❤❡♠❛t✐❦ ✉♥❞ ■♥❢♦r♠❛t✐❦

❞❡r P❤✐❧✐♣♣s✲❯♥✐✈❡rs✐tät ▼❛r❜✉r❣

❍♦❝❤s❝❤✉❧❦❡♥♥③✐✛❡r✿ ✶✶✽✵

✈♦r❣❡❧❡❣t ✈♦♥

▲❡♦♥ ❱✐♥❝❡♥t ❙❛♠✉❡❧ ❘♦s❝❤✐❣

❣❡❜♦r❡♥ ✐♥ ❘❡❝❦❧✐♥❣❤❛✉s❡♥

❊rst❣✉t❛❝❤t❡r✿ Pr♦❢✳ ❉r✳ ❖❧✐✈❡r ●♦❡rts❝❤❡s

❩✇❡✐t❣✉t❛❝❤t❡r✐♥✿ Pr♦❢✳ ❉r✳ ■❧❦❛ ❆❣r✐❝♦❧❛

❊✐♥r❡✐❝❤✉♥❣s❞❛t✉♠✿ ✶✻✳✵✷✳✷✵✷✸

❉✐s♣✉t❛t✐♦♥s❞❛t✉♠✿ ✶✶✳✵✹✳✷✵✷✸



❋ür ▼❛r✐❡ ✲❈❤r✐st✐♥



❆❜str❛❝t

❲❡ st✉❞② ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐♥❤♦♠♦❣❡♥❡♦✉s ♠❛♥✐❢♦❧❞s ✇✐t❤ ✈❛r✐♦✉s ❙❛s❛❦✐❛♥ ❣❡♦♠❡tr✐❡s✳

❋✐rst ✇❡ ♣r♦✈✐❞❡ ❛ ♥❡✇ ❛♥❞ ♠♦r❡ ✐❧❧✉str❛t✐✈❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ✸✲

❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✱ ✇❤✐❝❤ ✇❛s ♦r✐❣✐♥❛❧❧② ♦❜t❛✐♥❡❞ ❜② ❇♦②❡r✱ ●❛❧✐❝❦✐ ❛♥❞▼❛♥♥ ❬❇●▼❪✳

■♥ ❞♦✐♥❣ s♦ ✇❡ ❝♦♥str✉❝t ❛♥ ❡①♣❧✐❝✐t ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ s✐♠♣❧② ❝♦♥♥❡❝t❡❞

❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛♥❞ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛s ✈✐❛ t❤❡ t❤❡♦r② ♦❢ r♦♦t

s②st❡♠s✳ ❚❤❡s❡ r❡s✉❧ts ❛❧s♦ ②✐❡❧❞ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❤♦♠♦✲

❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q✉❛t❡r♥✐♦♥✐❝ ❑ä❤❧❡r ♠❛♥✐❢♦❧❞s ❞✉❡ t♦ ❆❧❡❦s❡❡✈s❦✐✐ ❬❆❧❡❦❪✳

❙✉❜s❡q✉❡♥t❧② ✇❡ ❛♣♣❧② s✐♠✐❧❛r t❡❝❤♥✐q✉❡s t♦ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s t♦ ❞❡✲

❞✉❝❡ s❡✈❡r❛❧ r❡s✉❧ts ✇❤✐❝❤ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ✇✐t❤ t❤✐s ❣❡♦♠❡tr②✳

❲❡ ♣r♦✈❡ t❤❛t t❤✐s ❝❛t❡❣♦r② ❝♦♥t❛✐♥s ♥♦ ♥♦♥✲tr✐✈✐❛❧ ❝♦♠♣❛❝t ❡①❛♠♣❧❡s ❛s ✇❡❧❧ ❛s ❡①❛❝t❧②

♦♥❡ ❢❛♠✐❧② ♦❢ ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣s✱ ♥❛♠❡❧② t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s✳

❇② ✇❛② ♦❢ ❝♦♥tr❛st ✇❡ ♣r❡s❡♥t ❛ ♠❡t❤♦❞ t♦ ❝♦♥str✉❝t ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s

❛s ❝❡rt❛✐♥ T 3✲❜✉♥❞❧❡s ♦✈❡r ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞s ✇✐t❤ ✐♥t❡❣r❛❧ ❑ä❤❧❡r ❝❧❛ss❡s✱ ✇❤✐❝❤ ✐s

s✐♠✐❧❛r t♦ t❤❡ ❢❛♠♦✉s ❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ ❬❇❲❪✳ ❚❤❡ ♠❛♥✐❢♦❧❞s ♦❜t❛✐♥❡❞ t❤✐s ✇❛②

❛r❡ ♥❡❝❡ss❛r✐❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✇❡ ❞❡✈❡❧♦♣ ❛ ✇❛② t♦ q✉❛♥t✐❢② ✏❤♦✇ ❢❛r ❛✇❛② ❢r♦♠

❤♦♠♦❣❡♥❡♦✉s✑ t❤❡② ❛r❡✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ✉t✐❧✐③❡ t❤❛t ❙❛s❛❦✐❛♥ ❣❡♦♠❡tr✐❡s ♥❛t✉r❛❧❧② ❝♦♠❡

✇✐t❤ t❤❡ s♦✲❝❛❧❧❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ ❛♥❞ ❡❧❛❜♦r❛t❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❢❛♠♦✉s

❇♦❝❤♥❡r t❡❝❤♥✐q✉❡ ❢♦r ❢♦❧✐❛t✐♦♥s ❬❇♦❝❤❪✳ ▲❛t❡r ✐t t✉r♥❡❞ ♦✉t t❤❛t t❤✐s ❇♦❝❤♥❡r t❡❝❤♥✐q✉❡

❢♦r ❢♦❧✐❛t✐♦♥s ❛❧s♦ ❢♦❧❧♦✇s ❢r♦♠ r❡s✉❧ts ✐♥ t❤❡ ❛rt✐❝❧❡ ❬❍❘❪✱ ❜✉t t❤❡ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❙❛s❛❦✐❛♥

❣❡♦♠❡tr✐❡s ❛r❡ ♥❡✇✳



❩✉s❛♠♠❡♥❢❛ss✉♥❣

❲✐r ✉♥t❡rs✉❝❤❡♥ ❤♦♠♦❣❡♥❡ s♦✇✐❡ ✐♥❤♦♠♦❣❡♥❡ ▼❛♥♥✐❣❢❛❧t✐❣❦❡✐t❡♥ ♠✐t ✈❡rs❝❤✐❡❞❡♥❡♥

❙❛s❛❦✐s❝❤❡♥ ●❡♦♠❡tr✐❡♥✳ ❩✉♥ä❝❤st ❣❡❜❡♥ ✇✐r ❡✐♥❡♥ ♥❡✉❡♥ ✉♥❞ ❛♥s❝❤❛✉❧✐❝❤❡r❡♥ ❇❡✇❡✐s

❢ür ❞✐❡ ❑❧❛ss✐✜❦❛t✐♦♥ ❞❡r ❤♦♠♦❣❡♥❡♥ ✸✲❙❛s❛❦✐✲▼❛♥♥✐❣❢❛❧t✐❣❦❡✐t❡♥✱ ✇❡❧❝❤❡ ✉rs♣rü♥❣❧✐❝❤

✈♦♥ ❇♦②❡r✱ ●❛❧✐❝❦✐ ✉♥❞ ▼❛♥♥ ❬❇●▼❪ ❜❡✇✐❡s❡♥ ✇✉r❞❡✳ ❉❛❜❡✐ ❦♦♥str✉✐❡r❡♥ ✇✐r ❡✐♥❡

❡①♣❧✐③✐t❡ ❇✐❥❡❦t✐♦♥ ③✇✐s❝❤❡♥ ❡✐♥❢❛❝❤ ③✉s❛♠♠❡♥❤ä♥❣❡♥❞❡♥ ❤♦♠♦❣❡♥❡♥ ✸✲❙❛s❛❦✐✲▼❛♥♥✐❣✲

❢❛❧t✐❣❦❡✐t❡♥ ✉♥❞ ❡✐♥❢❛❝❤❡♥ ❦♦♠♣❧❡①❡♥ ▲✐❡✲❆❧❣❡❜r❡♥ ♠✐t❤✐❧❢❡ ❞❡r ❚❤❡♦r✐❡ ❞❡r ❲✉r③❡❧s②s✲

t❡♠❡✳ ❉✐❡s❡ ❊r❣❡❜♥✐ss❡ ❧✐❡❢❡r♥ ③✉❞❡♠ ❡✐♥❡ ❛❧t❡r♥❛t✐✈❡ ❍❡r❧❡✐t✉♥❣ ❢ür ❞✐❡ ❑❧❛ss✐✜❦❛✲

t✐♦♥ ❞❡r ❤♦♠♦❣❡♥❡♥ ♣♦s✐t✐✈❡♥ q✉❛t❡r♥✐♦♥✐s❝❤❡♥ ❑ä❤❧❡r✲▼❛♥♥✐❣❢❛❧t✐❣❦❡✐t❡♥ ✈♦♥ ❆❧❡❦✲

s❡❡✈s❦✐✐ ❬❆❧❡❦❪✳

❆♥s❝❤❧✐❡ÿ❡♥❞ ✇❡♥❞❡♥ ✇✐r ä❤♥❧✐❝❤❡ ❚❡❝❤♥✐❦❡♥ ❛✉❢ ❡♥t❛rt❡t❡ ✸✲(α, δ)✲❙❛s❛❦✐✲▼❛♥♥✐❣❢❛❧✲

t✐❣❦❡✐t❡♥ ❛♥✱ ✉♠ ❞✐❡ ❆♥③❛❤❧ ❞❡r ❤♦♠♦❣❡♥❡♥ ❘ä✉♠❡ ♠✐t ❞✐❡s❡r ●❡♦♠❡tr✐❡ ❡✐♥③✉❣r❡♥③❡♥✳

❲✐r ❜❡✇❡✐s❡♥✱ ❞❛ss ❞✐❡s❡ ❑❛t❡❣♦r✐❡ ❦❡✐♥❡ ♥✐❝❤t✲tr✐✈✐❛❧❡♥ ❦♦♠♣❛❦t❡♥ ❇❡✐s♣✐❡❧❡ ❡♥t❤ä❧t

s♦✇✐❡ ❣❡♥❛✉ ❡✐♥❡ ❋❛♠✐❧✐❡ ✈♦♥ ♥✐❧♣♦t❡♥t❡♥ ▲✐❡✲●r✉♣♣❡♥✱ ♥ä♠❧✐❝❤ ❞✐❡ q✉❛t❡r♥✐♦♥✐s❝❤❡♥

❍❡✐s❡♥❜❡r❣✲●r✉♣♣❡♥✳

❆❧s ❑♦♥tr❛st ❤✐❡r③✉ ♣räs❡♥t✐❡r❡♥ ✇✐r ❡✐♥❡ ▼❡t❤♦❞❡ ③✉r ❑♦♥str✉❦t✐♦♥ ✈♦♥ ❡♥t❛rt❡t❡♥ ✸✲

(α, δ)✲❙❛s❛❦✐✲▼❛♥♥✐❣❢❛❧t✐❣❦❡✐t❡♥ ❛❧s ❣❡✇✐ss❡ T 3✲❇ü♥❞❡❧ ü❜❡r ❍②♣❡r❦ä❤❧❡r✲▼❛♥♥✐❣❢❛❧t✐❣✲

❦❡✐t❡♥ ♠✐t ✐♥t❡❣r❛❧❡♥ ❑ä❤❧❡r✲❑❧❛ss❡♥✱ ä❤♥❧✐❝❤ ❞❡♠ ❜❡rü❤♠t❡♥ ❇♦♦t❤❜②✲❲❛♥❣✲❇ü♥❞❡❧

❬❇❲❪✳ ❉✐❡ ❛✉❢ ❞✐❡s❡ ❲❡✐s❡ ❡r❤❛❧t❡♥❡♥ ▼❛♥♥✐❣❢❛❧t✐❣❦❡✐t❡♥ s✐♥❞ ♥♦t✇❡♥❞✐❣❡r✇❡✐s❡ ✐♥❤♦✲

♠♦❣❡♥ ✉♥❞ ✇✐r ❡♥t✇✐❝❦❡❧♥ ❡✐♥ ❱❡r❢❛❤r❡♥✱ ✉♠ ③✉ q✉❛♥t✐✜③✐❡r❡♥ ✒✇✐❡ ✇❡✐t ❡♥t❢❡r♥t ✈♦♥

❍♦♠♦❣❡♥✐tät✑ s✐❡ s✐♥❞✳ ❩✉ ❞✐❡s❡♠ ❩✇❡❝❦ ♥✉t③❡♥ ✇✐r✱ ❞❛ss ❙❛s❛❦✐s❝❤❡ ●❡♦♠❡tr✐❡♥ st❡ts

♠✐t ❞❡r s♦❣❡♥❛♥♥t❡♥ ❝❤❛r❛❦t❡r✐st✐s❝❤❡♥ ❇❧ätt❡r✉♥❣ ✈❡rs❡❤❡♥ s✐♥❞✱ ✉♥❞ ❡♥t✇✐❝❦❡❧♥ ❡✐♥❡

❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡r ❜❡rü❤♠t❡♥ ❇♦❝❤♥❡r✲❚❡❝❤♥✐❦ ❢ür ❇❧ätt❡r✉♥❣❡♥ ❬❇♦❝❤❪✳ ■♠ ◆❛❝❤✲

❤✐♥❡✐♥ st❡❧❧t❡ s✐❝❤ ❤❡r❛✉s✱ ❞❛ss ❞✐❡s❡ ❇♦❝❤♥❡r✲❚❡❝❤♥✐❦ ❢ür ❇❧ätt❡r✉♥❣❡♥ ❛✉❝❤ ❛✉s ❜❡r❡✐ts

❜❡❦❛♥♥t❡♥ ❘❡s✉❧t❛t❡♥ ✐♥ ❞❡♠ ❆rt✐❦❡❧ ❬❍❘❪ ❢♦❧❣t✱ ❛❜❡r ❞✐❡ ❆♥✇❡♥❞✉♥❣❡♥ ❛✉❢ ❙❛s❛❦✐s❝❤❡

●❡♦♠❡tr✐❡♥ s✐♥❞ ♥❡✉✳



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❋✐rst ❛♥❞ ❢♦r❡♠♦st ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② s✐♥❝❡r❡ ❣r❛t✐t✉❞❡ t♦ ♠② s✉♣❡r✈✐s♦r ❖❧✐✈❡r

●♦❡rts❝❤❡s✳ ❨♦✉ ❢♦✉♥❞ t❤❡ ♣❡r❢❡❝t ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❧❡tt✐♥❣ ♠❡ ✇♦r❦ ❛❝❝♦r❞✐♥❣ t♦ ♠② ♦✇♥

s❝❤❡❞✉❧❡ ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ♣r♦✈✐❞✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ❣✉✐❞❛♥❝❡ ✇❤❡♥❡✈❡r ■ ♥❡❡❞❡❞ ✐t✳

❚❤❛♥❦ ②♦✉ ❢♦r ♠❛❦✐♥❣ ♠② ❡①♣❡r✐❡♥❝❡ ❛s ❛ P❤❉ st✉❞❡♥t ❛s ❡♥❥♦②❛❜❧❡ ❛s ✐t ✇❛s✦

■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ♠② s❡❝♦♥❞❛r② ❛❞✈✐s♦r ■❧❦❛ ❆❣r✐❝♦❧❛ ❢♦r ✈❛r✐♦✉s ❤❡❧♣❢✉❧ ❝♦♠✲

♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s ❛❧♦♥❣ t❤❡ ✇❛② ❛s ✇❡❧❧ ❛s ❢♦r ❣✐✈✐♥❣ ♠❡ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❛tt❡♥❞

❛ ❣r❡❛t ❝♦♥❢❡r❡♥❝❡ ✐♥ ▼♦♥tré❛❧ ❛♥❞ ❡✈❡♥ ❣✐✈❡ ❛ t❛❧❦ t❤❡r❡✳

▼❛t❤❡♠❛t✐❝❛❧❧② ❛♥❞ ♣❡rs♦♥❛❧❧② ■ ❢✉rt❤❡r ❡①t❡♥❞ ♠② t❤❛♥❦s t♦ t❤❡ ♦t❤❡r ❝♦✲❛✉t❤♦r ♦❢ ♦✉r

t✇♦ ♣✉❜❧✐❝❛t✐♦♥s✱ ▲❡❛♥❞❡r ❙t❡❝❦❡r✳ ■ t❤✐♥❦ ♦✉r st②❧❡s ♦❢ ♣r❛❝t✐❝✐♥❣ ♠❛t❤❡♠❛t✐❝s ❝♦♠♣❧❡✲

♠❡♥t❡❞ ❡❛❝❤ ♦t❤❡r q✉✐t❡ ✇❡❧❧ ❛♥❞ ✐t ✇❛s ❛❧✇❛②s ❢✉♥ ✇♦r❦✐♥❣ ✇✐t❤ ②♦✉✳

❇❡②♦♥❞ t❤❡s❡ t❤r❡❡ ❡①❛♠♣❧❡s ■ ✇❛♥t t♦ t❤❛♥❦ t❤❡ ❡♥t✐r❡ r❡s❡❛r❝❤ ❣r♦✉♣ ✏❆✽✑ ✐♥❝❧✉❞✐♥❣

❜✉t ♥♦t ❧✐♠✐t❡❞ t♦ ❊✉❣❡♥✐❛✱ ▼❛① ❛♥❞ ♠② tr❛✈❡❧ ♠❛t❡s ❏♦♥❛s✱ ❍❡♥r✐❦ ❛♥❞ ▼❛r✈✐♥✳ ❆❧❧ ♦❢

②♦✉ ❤❛✈❡ ❡♥r✐❝❤❡❞ ♠② t✐♠❡ ❛s ❛ P❤❉ st✉❞❡♥t ❛♥❞ ■ r❡❛❧❧② ❡♥❥♦②❡❞ t❤❡ ❝♦♥❢❡r❡♥❝❡ ✈✐s✐ts

❛s ✇❡❧❧ ❛s t❤❡ ♠❛♥② ◆❛❝❤s✐t③✉♥❣❡♥ ❛♥❞ ♦t❤❡r ♥♦♥✲♠❛t❤❡♠❛t✐❝❛❧ ♠❡❡t✐♥❣s✳

▼♦r❡♦✈❡r ■ ❛♠ ✐♥❞❡❜t❡❞ t♦ t❤❡ ●❡r♠❛♥ ❆❝❛❞❡♠✐❝ ❙❝❤♦❧❛rs❤✐♣ ❋♦✉♥❞❛t✐♦♥ ❢♦r s✉♣♣♦rt✐♥❣

♠② P❤❉ ♣r♦❥❡❝t ❜♦t❤ ✜♥❛♥❝✐❛❧❧② ❛♥❞ ✐❞❡❛t✐♦♥❛❧❧②✳ ■ ❛♠ t❤❛♥❦❢✉❧ ❢♦r t❤❡ ♦♣♣♦rt✉♥✐t② t♦

❣❡t t♦ ❦♥♦✇ ❛ ❧♦t ♦❢ ❢❛s❝✐♥❛t✐♥❣ ♣❡♦♣❧❡ ❛♥❞ ♣❛rt✐❝✐♣❛t❡ ✐♥ ✈❛r✐♦✉s ✐♥t❡r❡st✐♥❣ ❡✈❡♥ts✳

▲❛st ❜✉t ♥♦t ❧❡❛st ♠② ❣r❛t✐t✉❞❡ ❣♦❡s t♦ ♠② ❧♦✈✐♥❣ ❢❛♠✐❧②✳ ■ ✇❛♥t t♦ t❤❛♥❦ ♠② ♣❛r❡♥ts

▼❛r❛ ❛♥❞ ❱♦❧❦❡r ❢♦r ❣✐✈✐♥❣ ♠❡ t❤❡ ♣r♦✈❡r❜✐❛❧ ❲✉r③❡❧♥ ✉♥❞ ❋❧ü❣❡❧✳ ❋✐♥❛❧❧② ■ ✇♦✉❧❞ ❧✐❦❡

t♦ t❤❛♥❦ ♠② ✇✐❢❡ ▼❛r✐❡✲❈❤r✐st✐♥ ❢♦r s✉♣♣♦rt✐♥❣ ♠❡ t❤r♦✉❣❤ ❛❧❧ t❤❡s❡ ②❡❛rs ❛♥❞ ❜❡✐♥❣

t❤❡ s✐❧✈❡r ❧✐♥✐♥❣ ✐♥ ♠② ✭s♦♠❡t✐♠❡s ❢r✉str❛t✐♥❣✮ ❧✐❢❡ ❛s ❛ ♠❛t❤❡♠❛t✐❝✐❛♥✳



❚❛❜❧❡ ♦❢ ❈♦♥t❡♥ts

■♥tr♦❞✉❝t✐♦♥ ✶

✶ Pr❡❧✐♠✐♥❛r✐❡s ❛❜♦✉t ❖❞❞✲❉✐♠❡♥s✐♦♥❛❧ ●❡♦♠❡tr✐❡s ✹

✶✳✶ ❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✸ ✸✲(α, δ)✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❍♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s ✽

✷✳✶ ❍✐st♦r② ♦❢ t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✷ ❈♦♥str✉❝t✐♥❣ ✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s ❢r♦♠ ▲✐❡ ❆❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✸ ❉❡❝♦♥str✉❝t✐♥❣ ✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✹ ❲❤② ♥♦ ❙✉❜❣r♦✉♣ ❆❝ts ❚r❛♥s✐t✐✈❡❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✺ ❉❡t❡r♠✐♥✐♥❣ t❤❡ ■s♦tr♦♣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✻ ◆♦♥✲❙✐♠♣❧② ❈♦♥♥❡❝t❡❞ ✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✼ P♦s✐t✐✈❡ ◗❑ ▼❛♥✐❢♦❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸ ❍♦♠♦❣❡♥❡♦✉s ❛♥❞ ■♥❤♦♠♦❣❡♥❡♦✉s ✸✲(α, δ)✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s ✸✸

✸✳✶ ❍♦♠♦❣❡♥❡♦✉s ❙♣❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✷ ❈♦♠♣❛❝t ❍♦♠♦❣❡♥❡♦✉s ❙♣❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✸ ◆✐❧♣♦t❡♥t ▲✐❡ ●r♦✉♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✹ ❆ ❈♦♥str✉❝t✐✈❡ ❘❡s✉❧t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹ ❆ ❇♦❝❤♥❡r ❚❡❝❤♥✐q✉❡ ❢♦r ❋♦❧✐❛t✐♦♥s ❛♥❞ ■♥❤♦♠♦❣❡♥❡✐t② ✹✶

✹✳✶ ❘✐❡♠❛♥♥✐❛♥ ❋♦❧✐❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✷ ❇❛s✐❝ ❍♦❞❣❡ ❚❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✹✳✸ ❆ ❇♦❝❤♥❡r ❚❡❝❤♥✐q✉❡ ❢♦r ❋♦❧✐❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✹ ❆♣♣❧✐❝❛t✐♦♥s t♦ ■♥❤♦♠♦❣❡♥❡✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

❇✐❜❧✐♦❣r❛♣❤② ✺✹



■♥tr♦❞✉❝t✐♦♥

✏❙②♠♠❡tr②✱ ❛s ✇✐❞❡ ♦r ❛s ♥❛rr♦✇ ❛s ②♦✉ ♠❛② ❞❡✜♥❡ ✐ts ♠❡❛♥✐♥❣✱ ✐s ♦♥❡ ✐❞❡❛

❜② ✇❤✐❝❤ ♠❛♥ t❤r♦✉❣❤ t❤❡ ❛❣❡s ❤❛s tr✐❡❞ t♦ ❝♦♠♣r❡❤❡♥❞ ❛♥❞ ❝r❡❛t❡ ♦r❞❡r✱

❜❡❛✉t②✱ ❛♥❞ ♣❡r❢❡❝t✐♦♥✳✑

❍❡r♠❛♥♥ ❲❡②❧ ❬❲❡②❧❪

❆s ✐❧❧✉str❛t❡❞ ❜② t❤✐s q✉♦t❡✱ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ s②♠♠❡tr② ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ ♣❛t✲

t❡r♥s ❛♥❞ str✉❝t✉r❡ ✐s ❛ ♣❡r✈❛s✐✈❡ ❝♦♥❝❡♣t t❤r♦✉❣❤♦✉t ❤✉♠❛♥ ❤✐st♦r②✳ ■♥ ♠❛t❤❡♠❛t✐❝s

❛♥❞ s♣❡❝✐✜❝❛❧❧② ❣❡♦♠❡tr② t❤✐s ✐s ❡①❡♠♣❧✐✜❡❞ ♣❛rt✐❝✉❧❛r❧② ❝❧❡❛r❧② ❜② ❋❡❧✐① ❑❧❡✐♥✬s s❡♠✐✲

♥❛❧ ❊r❧❛♥❣❡♥ Pr♦❣r❛♠ ❢r♦♠ ✶✽✼✷ ❬❑❧❡✐❪✳ ❍❡ ♣r♦♣♦s❡❞ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝

♦❜❥❡❝ts ✈✐❛ t❤❡✐r s②♠♠❡tr② ❣r♦✉♣s ❛♥❞ ❡st❛❜❧✐s❤❡❞ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s

❛s t❤♦s❡ ❡♥t✐t✐❡s ✇❤✐❝❤ ❛❞♠✐t t❤❡ ♠♦st s②♠♠❡tr✐❡s✳

❖♥❡ ❛r❡❛ ✇❤❡r❡ t❤✐s ❛♣♣r♦❛❝❤ ❤❛s ♦❢t❡♥ ♣r♦✈❡❞ s✉❝❝❡ss❢✉❧ ✐s t❤❛t ♦❢ s♣❡❝✐❛❧ ❘✐❡♠❛♥♥✐❛♥

❣❡♦♠❡tr✐❡s✳ ❚❤❡s❡ ❛r❡ ♠♦❞❡❧❡❞ ❜② ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ✇❤✐❝❤ ❛r❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❝❡rt❛✐♥

str✉❝t✉r❡ t❡♥s♦rs ❧✐❦❡ ✈❡❝t♦r ✜❡❧❞s✱ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ♦r ❡♥❞♦♠♦r♣❤✐s♠s✳ ❙✉❝❤ ♠❛♥✐❢♦❧❞s

❛r❡ ❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s ✐❢ t❤❡ ❣r♦✉♣ ♦❢ ❛❧❧ ✐s♦♠❡tr✐❡s ✇❤✐❝❤ ♣r❡s❡r✈❡ t❤❡ str✉❝t✉r❡ t❡♥s♦rs

❛❝ts tr❛♥s✐t✐✈❡❧②✳

❋♦r ❡①❛♠♣❧❡ q✉❛t❡r♥✐♦♥✐❝ ❑ä❤❧❡r ✭q❑✮ ♠❛♥✐❢♦❧❞s ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❘✐❡♠❛♥♥✐❛♥

♠❛♥✐❢♦❧❞s ✇❤✐❝❤ ❧♦❝❛❧❧② ❛❞♠✐t t❤r❡❡ ❝♦♠♣❛t✐❜❧❡ ❛❧♠♦st ❝♦♠♣❧❡① str✉❝t✉r❡s t❤❛t ♦❜❡②

t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ r✉❧❡s ♦❢ t❤❡ q✉❛t❡r♥✐♦♥s✳ ❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ♦❢ ♣♦s✐t✐✈❡

s❝❛❧❛r ❝✉r✈❛t✉r❡ t❤❡s❡ s♦✲❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞s ❤❛✈❡ ❜❡❡♥ ❝❧❛ss✐✜❡❞

t❤r♦✉❣❤ t❤❡ ✇♦r❦ ♦❢ ❲♦❧❢ ❬❲♦❧❢❪ ❛♥❞ ❆❧❡❦s❡❡✈s❦✐✐ ❬❆❧❡❦❪ ✐♥ t❤❡ ✶✾✻✵s✳

❚❤❡✐r r❡s✉❧ts ❤❛✈❡ ❛❧s♦ ❧❡❞ t♦ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r t❤❡ ♦❞❞✲❞✐♠❡♥s✐♦♥❛❧ ❣❡♦✲

♠❡tr② ♦❢ ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❜② ❇♦②❡r✱ ●❛❧✐❝❦✐ ❛♥❞ ▼❛♥♥ ✐♥ ✶✾✾✹ ❬❇●▼❪✳ ❚❤❡ ✜rst

♠✐❧❡st♦♥❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ r❡✈✐s✐t t❤✐s ❝❧❛ss✐✜❝❛t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡ ❛ ♥❡✇ ♣r♦♦❢ ✇❤✐❝❤ ✐s

♠♦r❡ ✐❧❧✉str❛t✐✈❡ ❛♥❞ s❡❧❢✲❝♦♥t❛✐♥❡❞✳ ❆s ❲♦❧❢ ❛♥❞ ❆❧❡❦s❡❡✈s❦✐✐ ❤❛❞ ❛❧r❡❛❞② ♣♦✐♥t❡❞

♦✉t ❢♦r q❑ ❣❡♦♠❡tr②✱ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛❧s♦ ❣✐✈❡ r✐s❡ t♦ ❛ ♠❛①✐♠❛❧ r♦♦t ♦❢

❛ ❝❡rt❛✐♥ r♦♦t s②st❡♠✳ ❚❤✐s ❝♦♥♥❡❝t✐♦♥ ✉❧t✐♠❛t❡❧② ♠❛♥✐❢❡sts ✐♥ ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥✲

❞❡♥❝❡ ❜❡t✇❡❡♥ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛♥❞ s✐♠♣❧❡ ❝♦♠♣❧❡①

▲✐❡ ❛❧❣❡❜r❛s✳

✶



❙✉❜s❡q✉❡♥t❧② ✇❡ ❛♣♣❧② s✐♠✐❧❛r t❡❝❤♥✐q✉❡s t♦ t❤❡ ♥❡✇❡r ❣❡♦♠❡tr② ♦❢ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐✲

❢♦❧❞s ✇❤✐❝❤ ✇❡r❡ ✐♥✈❡♥t❡❞ ✐♥ ✷✵✷✵ ❜② ❆❣r✐❝♦❧❛ ❛♥❞ ❉✐❧❡♦ ❬❆❉❪✳ ❚❤❡s❡ ❢♦r♠ ❛ ❝♦♠♠♦♥

❣❡♥❡r❛❧✐③❛t✐♦♥ ✇❤✐❝❤ ❛❝❝♦♠♠♦❞❛t❡s ❜♦t❤ ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛♥❞ ❝❡rt❛✐♥ ♦t❤❡r ✐♥t❡r❡st✲

✐♥❣ ❡①❛♠♣❧❡s ❧✐❦❡ t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s✳ ❚❤✐s ❧❛r❣❡r ❝❧❛ss ♦❢ s♣❛❝❡s st✐❧❧

r❡t❛✐♥s ♠❛♥② ❢❛✈♦r❛❜❧❡ ♣r♦♣❡rt✐❡s ❧✐❦❡ ❤②♣❡r♥♦r♠❛❧✐t② ♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥♥❡❝t✐♦♥

✇✐t❤ t♦t❛❧❧② s❦❡✇✲s②♠♠❡tr✐❝ t♦rs✐♦♥ ✇❤✐❝❤ ✐s ✇❡❧❧✲❛❞❛♣t❡❞ t♦ t❤❡ ❣❡♦♠❡tr② ❬❆❉❪✳

■♥ t❤✐s t❤❡s✐s ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❧❡ss st✉❞✐❡❞ ❝❛s❡ ♦❢ s♦✲❝❛❧❧❡❞ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐

♠❛♥✐❢♦❧❞s ✇❤❡r❡ t❤❡ t❤r❡❡ ❛❧♠♦st ❝♦♥t❛❝t ♠❡tr✐❝ str✉❝t✉r❡s ❛r❡ ♠♦r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢

❡❛❝❤ ♦t❤❡r ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡✐r ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ❝♦♠♠✉t❡✳ ❲❡ ♣r♦✈❡ t❤❛t ♥♦ ♥♦♥✲

tr✐✈✐❛❧ ❝♦♠♣❛❝t ❤♦♠♦❣❡♥❡♦✉s ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❡①✐st ❛s ✇❡❧❧ ❛s t❤❛t

t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s ❛r❡ t❤❡ ♦♥❧② ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣s ✇✐t❤ ❛♥ ✐♥✈❛r✐❛♥t

❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ str✉❝t✉r❡✳

❆s ❛ ❝♦✉♥t❡r♣♦✐♥t ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ✉s❡ ❝❡rt❛✐♥ ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞s t♦ ❝♦♥str✉❝t ❞❡✲

❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✇❤✐❝❤ ❛r❡ ♥❡❝❡ss❛r✐❧② ✐♥❤♦♠♦❣❡♥❡♦✉s✳ ❚❤✐s ❛♣♣r♦❛❝❤

✐s ❜❛s❡❞ ♦♥ ❛♥❞ s✐♠✐❧❛r t♦ t❤❡ ❢❛♠♦✉s ❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ ❬❇❲❪✳ ❙✐♥❝❡ ✐♥t❡r❡st✐♥❣

❝❛♥❞✐❞❛t❡s ❢♦r t❤❡ ❜❛s❡ s♣❛❝❡ ♦❢ t❤✐s ❜✉♥❞❧❡ ❛r❡ ❦♥♦✇♥ t♦ ❡①✐st ❬❈♦r❪✱ t❤✐s ♦♣❡♥s ✉♣ t❤❡

♣♦ss✐❜✐❧✐t② t♦ ❝♦♥str✉❝t ♠❛♥② ♥❡✇ ❡①❛♠♣❧❡s ♦❢ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳

❋✐♥❛❧❧② ✇❡ ❞❡✈✐s❡ ❛ ✇❛② t♦ q✉❛♥t✐❢② ✏❤♦✇ ❢❛r ❛✇❛② ❢r♦♠ ❤♦♠♦❣❡♥❡♦✉s✑ t❤❡s❡ ❛♥❞ ❝❡rt❛✐♥

♦t❤❡r ♠❛♥✐❢♦❧❞s ❛r❡✳ ❖✉r ❛♣♣r♦❛❝❤ ✉s❡s t❤❡ ❢❛❝t t❤❛t ❙❛s❛❦✐❛♥ ❣❡♦♠❡tr✐❡s ❛r❡ ♥❛t✉✲

r❛❧❧② ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s♦✲❝❛❧❧❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥✳ ❲❡ t❤❡♥ ❞❡✈❡❧♦♣ ❛♥❞ ❛♣♣❧② ❛

❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❢❛♠♦✉s ❇♦❝❤♥❡r t❡❝❤♥✐q✉❡ ❬❇♦❝❤❪ ❢♦r ❢♦❧✐❛t✐♦♥s ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡

tr❛♥s✈❡rs❡ ❘✐❝❝✐ ❝✉r✈❛t✉r❡✳

❙tr✉❝t✉r❡

❚❤✐s t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❢♦✉r ❝❤❛♣t❡rs✳ ■♥ ❈❤❛♣t❡r ✶ ✇❡ ❧❛② ♦✉t ❛❧❧ ♦❢ t❤❡ ♥❡❝❡ss❛r② ♣r❡✲

❧✐♠✐♥❛r✐❡s ❛❜♦✉t t❤❡ ♦❞❞✲❞✐♠❡♥s✐♦♥❛❧ ❣❡♦♠❡tr✐❡s ♦❢ ❙❛s❛❦✐✱ ✸✲❙❛s❛❦✐ ❛♥❞ ✸✲(α, δ)✲❙❛s❛❦✐

♠❛♥✐❢♦❧❞s✳ ❚❤❡ r❡♠❛✐♥✐♥❣ t❤r❡❡ ❝❤❛♣t❡rs ❝♦✉❧❞ t❤❡♦r❡t✐❝❛❧❧② ❜❡ r❡❛❞ ♠♦st❧② ✐♥❞❡♣❡♥✲

❞❡♥t❧② ♦❢ ❡❛❝❤ ♦t❤❡r✳

❈❤❛♣t❡r ✷ ❞✐s❝✉ss❡s t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳ ❆❢t❡r s❦❡t❝❤✲

✐♥❣ t❤❡ ❤✐st♦r② ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭❙❡❝t✐♦♥ ✷✳✶✮ ✇❡ ❢✉r♥✐s❤ s❡✈❡r❛❧ ❛s♣❡❝ts ♦❢ ♦✉r ♥❡✇ ♣r♦♦❢

✐♥ ❙❡❝t✐♦♥s ✷✳✷ t♦ ✷✳✹✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ✐s♦tr♦♣② ❣r♦✉♣s✱ t❤❡

♥♦♥✲s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝❛s❡ ❛s ✇❡❧❧ ❛s t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐✲

❢♦❧❞s ❛r❡ ❡①♣❧♦r❡❞ ✐♥ ❙❡❝t✐♦♥s ✷✳✺ t♦ ✷✳✼✳

✷



■♥ ❈❤❛♣t❡r ✸ ✇❡ ✐♥✈❡st✐❣❛t❡ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐♥❤♦♠♦❣❡♥❡♦✉s ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐

♠❛♥✐❢♦❧❞s✳ ❙❡❝t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❝♦♠♣❛❝t ❤♦♠♦❣❡✲

♥❡♦✉s s♣❛❝❡s ✇✐t❤ t❤✐s ❣❡♦♠❡tr② ❛♥❞ ❙❡❝t✐♦♥ ✸✳✸ ❞♦❡s t❤❡ s❛♠❡ ❢♦r ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣s✳

❚❤❡s❡ ✏♥❡❣❛t✐✈❡ r❡s✉❧ts✑ ❛r❡ ❝♦♥tr❛st❡❞ ❜② ❛ ❝♦♥tr✉❝t✐♦♥ ♦❢ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐

♠❛♥✐❢♦❧❞s ♦✈❡r ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞s ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳

❈❤❛♣t❡r ✹ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ ❇♦❝❤♥❡r t❡❝❤♥✐q✉❡ ❢♦r ❢♦❧✐❛t✐♦♥s ❛♥❞ ✐ts r❡❧❛t✐♦♥ t♦ ✐♥✲

❤♦♠♦❣❡♥❡✐t② ♦❢ ❙❛s❛❦✐❛♥ ❣❡♦♠❡tr✐❡s✳ ❆❢t❡r ❡①♣❧❛✐♥✐♥❣ ♣r❡r❡q✉✐s✐t❡s ❛❜♦✉t ❘✐❡♠❛♥♥✐❛♥

❢♦❧✐❛t✐♦♥s ❛♥❞ ❜❛s✐❝ ❍♦❞❣❡ t❤❡♦r② ✭❙❡❝t✐♦♥s ✹✳✶ ❛♥❞ ✹✳✷✮ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ♦✉r

❣❡♥❡r❛❧✐③❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳ ❋✐♥❛❧❧② ✇❡ ❛♣♣❧② t❤✐s ♠❡t❤♦❞ t♦ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐

♠❛♥✐❢♦❧❞s ❛s ✇❡❧❧ ❛s ❝❡rt❛✐♥ ❙❛s❛❦✐✲η✲❊✐♥st❡✐♥ s♣❛❝❡s ✭❙❡❝t✐♦♥ ✹✳✹✮✳

❚❤❡ ♠❛t❡r✐❛❧ ✐♥ ❈❤❛♣t❡rs ✷ ❛♥❞ ✸ ✐s ❛❞❛♣t❡❞ ❢r♦♠ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❖❧✐✈❡r ●♦❡rts❝❤❡s

❛♥❞ ▲❡❛♥❞❡r ❙t❡❝❦❡r ✐♥ t❤❡ ♣✉❜❧✐❝❛t✐♦♥s ❬●❘❙✶❪ ❛♥❞ ❬●❘❙✷❪✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♣❛rt✐✲

❝✉❧❛r t❤❡ ❝♦♥str✉❝t✐✈❡ r❡s✉❧t ❢r♦♠ ❙❡❝t✐♦♥ ✸✳✹ ✜rst ❛♣♣❡❛r❡❞ ✐♥ ❬❙t❡❪ ❛♥❞ t❤❡♥ ✐♥ ❬●❘❙✷❪

❛♥❞ ✐s ♦♥❧② r❡♥❞❡r❡❞ ❤❡r❡ ❢♦r t❤❡ ❝♦❤❡r❡♥❝❡ ♦❢ t❤❡ ❛r❣✉♠❡♥ts✳ ❚❤❡ ❝♦♥t❡♥t ♦❢ ❈❤❛♣t❡r ✹

✐s ❜❛s❡❞ ♦♥ t❤❡ ❛✉t❤♦r✬s ♣r❡♣r✐♥t ❬❘♦s❪✳ ❆❢t❡r ✐ts ❛♥♥♦✉♥❝❡♠❡♥t ♦♥ t❤❡ ❛r❳✐✈ ✐t ✇❛s

♣♦✐♥t❡❞ ♦✉t t♦ t❤❡ ❛✉t❤♦r ❜② ●❡♦r❣❡s ❍❛❜✐❜ t❤❛t t❤❡ ♠❛✐♥ ❚❤❡♦r❡♠ ✹✳✸✶ ❛❧s♦ ❢♦❧❧♦✇s

❢r♦♠ ✇♦r❦ ♦❢ ❤✐s ✇✐t❤ ❑❡♥ ❘✐❝❤❛r❞s♦♥ ❬❍❘✱ Pr♦♣♦s✐t✐♦♥ ✻✳✼ ✫ ❚❤❡♦r❡♠ ✻✳✶✻❪✳

✸



❈❤❛♣t❡r ✶

Pr❡❧✐♠✐♥❛r✐❡s ❛❜♦✉t

❖❞❞✲❉✐♠❡♥s✐♦♥❛❧ ●❡♦♠❡tr✐❡s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❜r✐❡✢② ♦✉t❧✐♥❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧s ♦❢ s❡✈❡r❛❧ ✐♥t❡r❡st✐♥❣ ♦❞❞✲❞✐♠❡♥s✐♦♥❛❧

❣❡♦♠❡tr✐❡s✳ ❲❡ s❤❛❧❧ st❛rt ✇✐t❤ ❛❧♠♦st ❝♦♥t❛❝t ♠❡tr✐❝ ❛♥❞ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✱ ✇❤✐❝❤ ❡①✐st

✐♥ ❡✈❡r② ♦❞❞ ❞✐♠❡♥s✐♦♥ 2n+1 ❛♥❞ ❤❛✈❡ s❡r✈❡❞ ❛s ✐♥s♣✐r❛t✐♦♥ ❢♦r ♥✉♠❡r♦✉s ❣❡♥❡r❛❧✐③❛t✐♦♥s

❛♥❞ ♠♦❞✐✜❝❛t✐♦♥s✳ ❆♠♦♥❣ t❤❡ ❧❛tt❡r ❛r❡ ✸✲❙❛s❛❦✐ ❛♥❞ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✱ ✇❤✐❝❤

♦♥❧② ❡①✐st ✐♥ ❞✐♠❡♥s✐♦♥s 4n+ 3 ❛♥❞ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ❛❢t❡r✇❛r❞s✳

✶✳✶ ❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s

❈♦♥t❛❝t ❣❡♦♠❡tr② ✇❛s st✉❞✐❡❞ s✐♥❝❡ t❤❡ ❧❛t❡ ✶✾t❤ ❝❡♥t✉r② ❜② ✈❛r✐♦✉s ❛✉t❤♦rs ❢♦❧❧♦✇✐♥❣

♠♦t✐✈❛t✐♦♥ ❢r♦♠ ♣❤②s✐❝s✱ ❡s♣❡❝✐❛❧❧② ❝❧❛ss✐❝❛❧ ♠❡❝❤❛♥✐❝s ❬❇●✱ ❙❡❝t✐♦♥ ✻✳✶❪✳ ❚❤❡ ♣r♦♠✐♥❡♥t

s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ✶✾✻✷ ❜② ❙❛s❛❦✐ ❛♥❞ ❍❛t❛❦❡②❛♠❛

❬❙❍❪ ❛s ❛♥ ♦❞❞✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧♦❣✉❡ ♦❢ ❑ä❤❧❡r ♠❛♥✐❢♦❧❞s✳ ❆ ❧♦t ♠♦r❡ ❤✐st♦r✐❝❛❧ ❝♦♥t❡①t

❛s ✇❡❧❧ ❛s ♠♦st ♦❢ t❤❡ ✐♠♣♦rt❛♥t ❞❡✈❡❧♦♣♠❡♥ts ❛♥❞ r❡s✉❧ts ♦♥ t❤❡ t♦♣✐❝ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥

t❤❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ♠♦♥♦❣r❛♣❤ ❙❛s❛❦✐❛♥ ●❡♦♠❡tr② ❜② ❇♦②❡r ❛♥❞ ●❛❧✐❝❦✐ ❬❇●❪✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳ ▲❡t (M2n+1, g, ξ, η, ϕ) ❜❡ ❛♥ ♦❞❞✲❞✐♠❡♥s✐♦♥❛❧ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ ❡♥✲

❞♦✇❡❞ ✇✐t❤ ❛ ✉♥✐t ❧❡♥❣t❤ ✈❡❝t♦r ✜❡❧❞ ξ✱ ✐ts g✲❞✉❛❧ ♦♥❡✲❢♦r♠ η ❛♥❞ ❛♥ ❛❧♠♦st ❍❡r♠✐t✐❛♥

str✉❝t✉r❡ ϕ ♦♥ ker η✳ ❚❤❡♥ M ✐s ❛♥ ❛❧♠♦st ❝♦♥t❛❝t ♠❡tr✐❝ ♠❛♥✐❢♦❧❞ ✐❢

ϕ ξ = 0 , ϕ2 = −id + ξ ⊗ η , g ◦ (ϕ× ϕ) = g − η ⊗ η .

❚❤❡ str✉❝t✉r❡ t❡♥s♦rs ξ ❛♥❞ η ❛r❡ ❝❛❧❧❡❞ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞ ❛♥❞ ❝♦♥t❛❝t ❢♦r♠✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ t✇♦✲❢♦r♠ ✐s ❣✐✈❡♥ ❜② Φ(X,Y ) := g(X,ϕY ) ❛♥❞M ✐s ❛ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞

✐❢ [ϕ,ϕ] + dη ⊗ ξ = 0 ❛s ✇❡❧❧ ❛s dη = 2Φ✳

❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ♠❛② ❛❧✇❛②s ❜❡ ♦r✐❡♥t❡❞ ✉s✐♥❣ t❤❡ ✈♦❧✉♠❡ ❢♦r♠ (dη)n ∧ η✳ ❆ ♣❧❡t❤♦r❛

♦❢ ❡①❛♠♣❧❡s ♦❢ s✉❝❤ ♠❛♥✐❢♦❧❞s ✇✐❧❧ ❜❡ ♣r♦✈✐❞❡❞ ✐♥ s✉❜s❡q✉❡♥t ❝❤❛♣t❡rs✳

✹



❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ♦❢ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s t♦ ❑ä❤❧❡r ❣❡♦♠❡tr② ✐s t✇♦❢♦❧❞✿ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞

t❤❡r❡ ✐s ❛❧✇❛②s ❛ ❑ä❤❧❡r ♠❛♥✐❢♦❧❞ ✏❛❜♦✈❡✑ ❡✈❡r② ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞✱ ♥❛♠❡❧② t❤❡ ❘✐❡♠❛♥♥✐❛♥

❝♦♥❡ ✐♥ ❞✐♠❡♥s✐♦♥ 2n+ 2 ❬❇●✱ ❉❡✜♥✐t✐♦♥ ✻✳✺✳✶✺❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡r❡ ✐s ♦❢t❡♥ ❛❧s♦

❛ ❑ä❤❧❡r s♣❛❝❡ ✏❜❡❧♦✇✑ ❛ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✐♥ ❞✐♠❡♥s✐♦♥ 2n✿ ❚❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞ ξ

s♣❛♥s ❛♥ ✐♥t❡❣r❛❜❧❡ ❞✐str✐❜✉t✐♦♥ ✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ s♦✲❝❛❧❧❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ F ✳

❯♥❞❡r ❝❡rt❛✐♥ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s t❤❡ s♣❛❝❡M/F ♦❢ ❧❡❛✈❡s ♦❢ t❤✐s ❢♦❧✐❛t✐♦♥ ❛❞♠✐ts t❤❡

str✉❝t✉r❡ ♦❢ ❛ ❑ä❤❧❡r ♦r❜✐❢♦❧❞ ♦r ❡✈❡♥ ♠❛♥✐❢♦❧❞ ❬❇●✱ ❚❤❡♦r❡♠ ✼✳✶✳✸❪✳ ❆ ♣❛rt✐❛❧ ❝♦♥✈❡rs❡

t♦ t❤❡ ❧❛tt❡r ❝♦♥str✉❝t✐♦♥ ✐s t❤❡ ❢❛♠♦✉s ❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ ❬❇❲❪✿

❚❤❡♦r❡♠ ✶✳✷✳ ▲❡t N ❜❡ ❛ ❑ä❤❧❡r ♠❛♥✐❢♦❧❞ ✇✐t❤ ✐♥t❡❣r❛❧ ❑ä❤❧❡r ❝❧❛ss✳ ❚❤❡♥ ❛ ❝❡rt❛✐♥

♣r✐♥❝✐♣❛❧ S1✲❜✉♥❞❧❡ ♦✈❡r N ❛❞♠✐ts ❛ ❙❛s❛❦✐ str✉❝t✉r❡✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✇❡ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ✐♥ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✇✐t❤

❛ str✐❦✐♥❣ ♣r❡s❡♥❝❡ ♦r ❛❜s❡♥❝❡ ♦❢ s②♠♠❡tr✐❡s✿

❉❡✜♥✐t✐♦♥ ✶✳✸✳ ❆♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ❛ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ M ✐s ❛♥ ✐s♦♠❡tr② φ : M → M

✇❤✐❝❤ s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥s φ∗ξ = ξ✱ φ∗η = η ♦r φ∗ ◦ϕ = ϕ ◦φ∗✳ ❚❤❡

❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ s✉❝❤ ❛✉t♦♠♦r♣❤✐s♠s ❝♦♥st✐t✉t❡s ❛ ▲✐❡ ❣r♦✉♣ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② Aut(M)

❛♥❞M ✐s ❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s ✐❢ Aut(M) ❛❝ts tr❛♥s✐t✐✈❡❧② ♦♥M ✳ ❚❤❡ ▲✐❡ ❛❧❣❡❜r❛ aut(M)

♦❢ Aut(M) ✐s ❝♦♠♣r✐s❡❞ ♦❢ ❛❧❧ ❝♦♠♣❧❡t❡ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞s X ✇❤✐❝❤ s❛t✐s❢② LXξ = 0✱

LXη = 0 ❛♥❞ LXϕ = 0✳

✶✳✷ ✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s

✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✇❡r❡ ❝♦♥❝❡✐✈❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ❯❞r✐➩t❡ ✐♥ ✶✾✻✾ ❬❯❞r✐❪ ❛♥❞ ❑✉♦

✐♥ ✶✾✼✵ ❬❑✉♦❪✳

❉❡✜♥✐t✐♦♥ ✶✳✹✳ ❆ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ (M4n+3, g) ❡♥❞♦✇❡❞ ✇✐t❤ t❤r❡❡ ❙❛s❛❦✐ str✉❝✲

t✉r❡s (ξi, ηi, ϕi)i=1,2,3 ✐s ❛ ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✐❢ g(ξi, ξj) = δij ❛♥❞ [ξi, ξj ] = 2ξk✱ ✇❤❡r❡

(i, j, k) ✐s ❛ ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥ ♦❢ (1, 2, 3)✳

✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛r❡ ❛❧✇❛②s s♣✐♥ ❛s ✇❡❧❧ ❛s ❊✐♥st❡✐♥ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ❊✐♥st❡✐♥ ❝♦♥st❛♥t

❬❇●▼✱ ❚❤❡♦r❡♠ ❆ ✫ ❈♦r♦❧❧❛r② ✷✳✼❪ ❛♥❞ t❤❡② s❛t✐s❢② str✐♥❣❡♥t t♦♣♦❧♦❣✐❝❛❧ ❝♦♥str❛✐♥ts

❬❇●✱ ❙❡❝t✐♦♥ ✶✸✳✺❪✳

❆❣❛✐♥ t❤❡r❡ ✐s ❛ t✇♦❢♦❧❞ ❝♦♥♥❡❝t✐♦♥ t♦ ✐♠♣♦rt❛♥t ❡✈❡♥✲❞✐♠❡♥s✐♦♥❛❧ ❣❡♦♠❡tr✐❡s✿ ❚❤❡

❘✐❡♠❛♥♥✐❛♥ ❝♦♥❡ ♦✈❡r ❛♥② ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ❛❞♠✐ts ❛ ❤②♣❡r❦ä❤❧❡r str✉❝t✉r❡ ❬❇●✱ ❉❡✜✲

♥✐t✐♦♥ ✶✸✳✶✳✽❪ ❛♥❞ t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ✐♥❞✉❝❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ ✇❤♦s❡ s♣❛❝❡

♦❢ ❧❡❛✈❡s ✐s ♦❢t❡♥ ❛ ♣♦s✐t✐✈❡ q❑ ♦r❜✐❢♦❧❞ ♦r ♠❛♥✐❢♦❧❞ ❬❇●✱ ❚❤❡♦r❡♠ ✶✸✳✸✳✶✸❪✳ ❈♦♥✈❡rs❡❧②

t❤❡ ❑♦♥✐s❤✐ ❜✉♥❞❧❡ ♦✈❡r ❛♥② ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞ ❛❞♠✐ts ❛ ✸✲❙❛s❛❦✐ str✉❝t✉r❡ ❬❑♦♥✐❪✳

❉❡✜♥✐t✐♦♥ ✶✳✺✳ ❆♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ❛ ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✐s ❛♥ ✐s♦♠❡tr② φ : M → M

✇❤✐❝❤ s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥s φ∗ξi = ξi✱ φ
∗ηi = ηi ♦r φ∗ ◦ ϕi = ϕi ◦ φ∗

✺



❢♦r i = 1, 2, 3✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ s✉❝❤ ❛✉t♦♠♦r♣❤✐s♠s ❝♦♥st✐t✉t❡s ❛ ▲✐❡ ❣r♦✉♣ ✇❤✐❝❤

✇❡ ❞❡♥♦t❡ ❜② Aut(M) ❛♥❞ M ✐s ❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s ✐❢ Aut(M) ❛❝ts tr❛♥s✐t✐✈❡❧②✳ ❚❤❡

▲✐❡ ❛❧❣❡❜r❛ aut(M) ♦❢ Aut(M) ✐s ❝♦♠♣r✐s❡❞ ♦❢ ❛❧❧ ❝♦♠♣❧❡t❡ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞s X ✇❤✐❝❤

s❛t✐s❢② LXξi = 0✱ LXηi = 0 ❛♥❞ LXϕi = 0 ❢♦r i = 1, 2, 3✳

✶✳✸ ✸✲(α, δ)✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s

✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✈❡r② r❡❝❡♥t❧② ✐♥ ✷✵✷✵ ❜② ❆❣r✐❝♦❧❛ ❛♥❞ ❉✐❧❡♦

❬❆❉❪ ❛s ❛ ❝♦♠♠♦♥ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❛❝❝♦♠♠♦❞❛t❡ ❜♦t❤ ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛s ✇❡❧❧ ❛s

♦t❤❡r ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡s ❧✐❦❡ t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s✳ ❋♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥

✇❡ r❡❢❡r t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ t❤❡ ✐♥tr♦❞✉❝t♦r② ❛rt✐❝❧❡s ❬❆❉❪ ❛♥❞ ❬❆❉❙❪ ❛s ✇❡❧❧ ❛s t❤❡

t❤❡s✐s ❬❙t❡❪✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳ ❆ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ (M4n+3, g) ❡♥❞♦✇❡❞ ✇✐t❤ t❤r❡❡ ❛❧♠♦st ❝♦♥✲

t❛❝t ♠❡tr✐❝ str✉❝t✉r❡s (ξi, ηi, ϕi)i=1,2,3 ✐s ❛♥ ❛❧♠♦st ✸✲❝♦♥t❛❝t ♠❡tr✐❝ ♠❛♥✐❢♦❧❞ ✐❢ t❤❡✐r

✐♥t❡rr❡❧❛t✐♦♥ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥s

ϕi ξj = ξk , ηi ◦ ϕj = ηk , ϕi ◦ ϕj = ϕk + ξi ⊗ ηj ,

✇❤❡r❡ (i, j, k) ✐s ❛ ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥ ♦❢ (1, 2, 3)✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ t✇♦✲❢♦r♠s ❛r❡ ❣✐✈❡♥

❜② Φi(X,Y ) := g(X,ϕiY ) ❛♥❞ M ✐s ❛ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✐❢ t❤❡r❡ ❡①✐st α, δ ∈ R✱

α ̸= 0 s✉❝❤ t❤❛t

dηi = 2αΦi + 2(α− δ)ηj ∧ ηk

❢♦r ❛♥② ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥ (i, j, k) ♦❢ (1, 2, 3)✳ ❆ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✐s ❝❛❧❧❡❞ ♣♦s✐t✐✈❡

✐❢ αδ > 0✱ ♥❡❣❛t✐✈❡ ✐❢ αδ < 0 ❛♥❞ ❞❡❣❡♥❡r❛t❡ ✐❢ δ = 0✳ ■♥ t❤❡ ❞❡❣❡♥❡r❛t❡ ❝❛s❡ t❤❡ ❛❜♦✈❡

❝♦♥❞✐t✐♦♥ s✐♠♣❧✐✜❡s t♦

dηi = 2αΦH
i ,

✇❤❡r❡ H :=
⋂

i ker ηi ❛♥❞ ΦH
i (X,Y ) := Φi(XH, YH)✳

❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛r❡ ❡♠❜❡❞❞❡❞ ✐♥ t❤✐s ❞❡✜♥✐t✐♦♥ ❛s t❤❡ s♣❡❝✐❛❧

❝❛s❡ α = δ = 1✳ ❚❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s st✐❧❧ r❡t❛✐♥s s❡✈❡r❛❧

❢❛✈♦r❛❜❧❡ ♣r♦♣❡rt✐❡s ❧✐❦❡ ♦r✐❡♥t❛❜✐❧✐t② ✭❡✳❣✳ ✈✐❛ t❤❡ ✈♦❧✉♠❡ ❢♦r♠ (dη1)
2n ∧ η1 ∧ η2 ∧ η3✮✱

❤②♣❡r♥♦r♠❛❧✐t② ♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ s❦❡✇ t♦rs✐♦♥ ❛❞❛♣t❡❞ t♦ t❤❡ ❣❡♦✲

♠❡tr② ❬❆❉❪✳

■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t [ξi, ξj ] = 2δξk ❢♦r ❛♥② ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥ (i, j, k) ♦❢

(1, 2, 3) ❬❆❉❪✱ ✇❤✐❝❤ ✐♥ ♣❛rt ❡①♣❧❛✐♥s ✇❤② t❤❡r❡ ❛r❡ ♣r♦♥♦✉♥❝❡❞ q✉❛❧✐t❛t✐✈❡ ❞✐✛❡r❡♥❝❡s

❜❡t✇❡❡♥ ❞❡❣❡♥❡r❛t❡ ❛♥❞ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳ ❚❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s

✐♥❞✉❝❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡ ♦❢ ❧❡❛✈❡s ❧♦❝❛❧❧② ❛❞♠✐ts

❛ q❑ str✉❝t✉r❡ ✇❤♦s❡ s❝❛❧❛r ❝✉r✈❛t✉r❡ ✐s ♣♦s✐t✐✈❡✴♥❡❣❛t✐✈❡✴③❡r♦ ✐❢ t❤❡ ✸✲(α, δ)✲❙❛s❛❦✐

♠❛♥✐❢♦❧❞ ✐s ♣♦s✐t✐✈❡✴♥❡❣❛t✐✈❡✴❞❡❣❡♥❡r❛t❡ ❬❆❉❙✱ ❙❡❝t✐♦♥ ✷✳✷❪✳ ■♥ t❤❡ ❞❡❣❡♥❡r❛t❡ ❝❛s❡ ✇❡

✻



✇✐❧❧ ❧❛t❡r ❞✐s❝✉ss ❛ ♣❛rt✐❛❧ ❝♦♥✈❡rs❡ t♦ t❤❡ ❧❛tt❡r ❝♦♥str✉❝t✐♦♥ ❛❦✐♥ t♦ t❤❡ ❇♦♦t❤❜②✲❲❛♥❣

❜✉♥❞❧❡✳

❉❡✜♥✐t✐♦♥ ✶✳✼✳ ❆♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ ❛ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✐s ❛♥ ✐s♦♠❡tr② φ ✇❤✐❝❤

s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥s φ∗ξi = ξi✱ φ
∗ηi = ηi ♦r φ∗ ◦ ϕi = ϕi ◦ φ∗ ❢♦r

i = 1, 2, 3✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ s✉❝❤ ❛✉t♦♠♦r♣❤✐s♠s ❝♦♥st✐t✉t❡s ❛ ▲✐❡ ❣r♦✉♣ ✇❤✐❝❤ ✇❡

❞❡♥♦t❡ ❜② Aut(M) ❛♥❞ M ✐s ❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s ✐❢ Aut(M) ❛❝ts tr❛♥s✐t✐✈❡❧②✳ ❚❤❡ ▲✐❡

❛❧❣❡❜r❛ aut(M) ♦❢ Aut(M) ✐s ❝♦♠♣r✐s❡❞ ♦❢ ❛❧❧ ❝♦♠♣❧❡t❡ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞s X ✇❤✐❝❤

s❛t✐s❢② LXξi = 0✱ LXηi = 0 ❛♥❞ LXϕi = 0 ❢♦r i = 1, 2, 3✳

❙✐♥❝❡ ❤♦♠♦❣❡♥❡♦✉s ♥♦♥✲❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞

✐♥t❡♥s✐✈❡❧② ❬❆❉❙✱ ❙❡❝t✐♦♥ ✸❪✱ ✇❡ ✐♥st❡❛❞ ❢♦❝✉s ♦♥ t❤❡ ❞❡❣❡♥❡r❛t❡ ❝❛s❡✱ ✇❤❡r❡ ♥♦t❛❜❧② t❤❡

❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧ ❛✉t♦♠♦r♣❤✐s♠s✳

✼



❈❤❛♣t❡r ✷

❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❍♦♠♦❣❡♥❡♦✉s

✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s

❍♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❤❛✈❡ s✉❝❝❡ss❢✉❧❧② ❜❡❡♥ ❝❧❛ss✐✜❡❞ ❛❢t❡r ❛ ❧♦♥❣ ❛♥❞ ❝♦♠✲

♣❧✐❝❛t❡❞ ♣r♦❝❡ss ❝✉❧♠✐♥❛t✐♥❣ ✐♥ ❛ ♣✉❜❧✐❝❛t✐♦♥ ❜② ❇♦②❡r✱ ●❛❧✐❝❦✐ ❛♥❞ ▼❛♥♥ ✐♥ ✶✾✾✹

❬❇●▼❪✳ ■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r♦✈✐❞❡ ❛ ♥❡✇✱ ♠♦r❡ ❞✐r❡❝t ❛♥❞ s❡❧❢✲❝♦♥t❛✐♥❡❞ ♣r♦♦❢ ♦❢ t❤✐s

❝❧❛ss✐✜❝❛t✐♦♥ ❜② ❝♦♥str✉❝t✐♥❣ ❛♥ ❡①♣❧✐❝✐t ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ s✐♠♣❧② ❝♦♥✲

♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛♥❞ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛s ✈✐❛ t❤❡ t❤❡♦r②

♦❢ r♦♦t s②st❡♠s✿

❚❤❡♦r❡♠ ✷✳✶✳ ❚❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡✲

♥❡♦✉s 3✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛♥❞ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛s✳

●✐✈❡♥ ❛ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛ u✱ ❝❤♦♦s❡ ❛ ♠❛①✐♠❛❧ r♦♦t α ♦❢ u ❛♥❞ ❧❡t v ❞❡♥♦t❡

t❤❡ ❞✐r❡❝t s✉♠ ♦❢ t❤❡ s✉❜s♣❛❝❡ kerα ❛♥❞ t❤❡ r♦♦t s♣❛❝❡s ♦❢ r♦♦ts ♣❡r♣❡♥❞✐❝✉❧❛r t♦ α✳ ▲❡t

g ❛♥❞ h ❜❡ t❤❡ ❝♦♠♣❛❝t r❡❛❧ ❢♦r♠s ♦❢ u ❛♥❞ v✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ✇r✐t❡ k ∼= sp(1) ❢♦r t❤❡

❝♦♠♣❛❝t r❡❛❧ ❢♦r♠ ♦❢ t❤❡ sl(2,C)✲s✉❜❛❧❣❡❜r❛ ❞❡✜♥❡❞ ❜② α✳ ▲❡t B ❞❡♥♦t❡ t❤❡ ❑✐❧❧✐♥❣ ❢♦r♠

♦❢ g✱ s❡t g1 = (h ⊕ k)⊥B ❛♥❞ ❝♦♥s✐❞❡r t❤❡ r❡❞✉❝t✐✈❡ ❝♦♠♣❧❡♠❡♥t m = h⊥B = k ⊕ g1✳ ▲❡t

G ❜❡ t❤❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣ ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ g ❛♥❞ ❧❡t H ⊂ G t❤❡ ❝♦♥♥❡❝t❡❞

s✉❜❣r♦✉♣ ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ h✳ ❉❡✜♥❡ ❛ G✲✐♥✈❛r✐❛♥t ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ g ♦♥ M = G/H

❜② ❡①t❡♥❞✐♥❣ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ TeHM ∼= m ❣✐✈❡♥ ❜②

g|k×k = −
1

4(n+ 2)
B , g|g1×g1 = −

1

8(n+ 2)
B , g|k×g1 = 0 .

❈♦♥s✐❞❡r ❛ ❜❛s✐s X1, X2, X3 ♦❢ k s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♠✉t❛t♦r r❡❧❛t✐♦♥s [Xi, Xj ] = 2Xk ❛♥❞

❡①t❡♥❞ Xi ∈ m ∼= TeHM t♦ ❛ G✲✐♥✈❛r✐❛♥t ✈❡❝t♦r ✜❡❧❞ ξi ♦♥ M ✳ ▲❡t ηi ❞❡♥♦t❡ t❤❡ ♠❡tr✐❝

❞✉❛❧ ♦❢ ξi ❛♥❞ ϕi t❤❡ G✲✐♥✈❛r✐❛♥t ❡♥❞♦♠♦r♣❤✐s♠ ✜❡❧❞ ❞❡✜♥❡❞ ❜② ❡①t❡♥❞✐♥❣

ϕi|k =
1

2
adXi

, ϕi|g1 = adXi
.

❚❤❡♥ (g, ξi, ηi, ϕi)i=1,2,3 ✐s ❛ G✲✐♥✈❛r✐❛♥t 3✲❙❛s❛❦✐ str✉❝t✉r❡ ♦♥ M ✳

❈♦♥✈❡rs❡❧②✱ ❣✐✈❡♥ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s 3✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ M ✱ r❡♣r❡s❡♥t❡❞

✽



❛s t❤❡ q✉♦t✐❡♥t G̃/H̃✱ ✇❤❡r❡ G̃ ✐s ❛ ❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣ ❛❝t✐♥❣ ❡✛❡❝t✐✈❡❧② ♦♥ M ✱ t❤❡♥

G̃ = Aut0(M)✱ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ 3✲❙❛s❛❦✐ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ M ✱ ❛♥❞

M ✐s t❤❡ ✉♥✐q✉❡ s♣❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ G̃✳

❯s✐♥❣ t❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✇❡ r❡❞✐s❝♦✈❡r t❤❡ ❧✐st ♦❢ ❤♦♠♦❣❡♥❡♦✉s 3✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛s

❣✐✈❡♥ ❜② ❇♦②❡r✱ ●❛❧✐❝❦✐ ❛♥❞ ▼❛♥♥✿

❈♦r♦❧❧❛r② ✷✳✷✳ ❊✈❡r② ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ M = G/H ✭♥♦t ♥❡❝❡ss❛r✐❧② s✐♠✲

♣❧② ❝♦♥♥❡❝t❡❞✮ ✐s ✐s♦♠♦r♣❤✐❝ t♦ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡s✿

Sp(n+ 1)

Sp(n)
∼= S4n+3 ,

Sp(n+ 1)

Sp(n)× Z2

∼= RP 4n+3 ,
SU(m)

S(U(m− 2)× U(1))
,

SO(k)

SO(k − 4)× Sp(1)
,

G2

Sp(1)
,

F4

Sp(3)
,

E6

SU(6)
,

E7

Spin(12)
,

E8

E7
.

❚♦ ❛✈♦✐❞ r❡❞✉♥❞❛♥❝②✱ ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡ n ≥ 0✱ m ≥ 3 ❛♥❞ k ≥ 7✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ❛❧s♦ ❛rr✐✈❡ ❛t t❤❡ ❝♦♠♣❧❡t❡ ❧✐st ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐✲

❢♦❧❞s ❛s ❞✐s❝♦✈❡r❡❞ ❜② ❆❧❡❦s❡❡✈s❦✐✐✿

❈♦r♦❧❧❛r② ✷✳✸✳ ❊✈❡r② ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞ ✐s ✐s♦♠❡tr✐❝ t♦ ♦♥❡ ♦❢ t❤❡ s♣❛❝❡s

Sp(n+ 1)

Sp(n)× Sp(1)
,

SU(m)

S(U(m− 2)× U(2))
,

SO(k)

SO(k − 4)× SO(4)
,

G2

SO(4)
,

F4

Sp(3)Sp(1)
,

E6

SU(6)Sp(1)
,

E7

Spin(12)Sp(1)
,

E8

E7Sp(1)
,

✇❤❡r❡ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ❛♥❞ q✉❛t❡r♥✐♦♥✐❝ str✉❝t✉r❡ ❛r❡ ❛❧s♦ ❞❡t❡r♠✐♥❡❞ ❜② ❚❤❡♦✲

r❡♠ ✷✳✶ ✈✐❛ t❤❡ ❑♦♥✐s❤✐ ❜✉♥❞❧❡ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✼ ❢♦r ❞❡t❛✐❧s✮✳

❚❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ❛♥❞ ✐ts ❝♦♥s❡q✉❡♥❝❡s ✇✐❧❧ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ s❡✈❡r❛❧ s❡❝t✐♦♥s✿

❲❡ ❜❡❣✐♥ ❜② s✉♠♠❛r✐③✐♥❣ t❤❡ t♦rt✉♦✉s ❤✐st♦r② ♦❢ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳ ❲❡

t❤❡♥ ✐♥tr♦❞✉❝❡ ❛ ❝❡rt❛✐♥ Z✲❣r❛❞✐♥❣ ♦❢ s❡♠✐s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛s ❜❛s❡❞ ♦♥ t❤❡✐r

r♦♦t s②st❡♠s ❛♥❞ ✉s❡ ✐t ✇❡ ❝♦♥str✉❝t ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❢r♦♠ s✐♠♣❧❡ ▲✐❡

❛❧❣❡❜r❛s✳ ❚❤❡ ❝❡♥t❡r♣✐❡❝❡ ♦❢ t❤❡ ❝❤❛♣t❡r ✐s t❤❡ ❝♦♥✈❡rs❡ ❛r❣✉♠❡♥t ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳ ❲❡

❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ❜② s❤♦✇✐♥❣ t❤❛t ♥♦ ♣r♦♣❡r s✉❜❣r♦✉♣ ♦❢ t❤❡ ✐❞❡♥t✐t②

❝♦♠♣♦♥❡♥t Aut0(M) ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ❝❛♥ ❛❝t tr❛♥s✐t✐✈❡❧② ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳ ■♥

❙❡❝t✐♦♥ ✷✳✺ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✐s♦tr♦♣② ❣r♦✉♣s ❞❡s❝r✐❜❡❞ ✐♥ ❈♦r♦❧❧❛r② ✷✳✷ ❡①♣❧✐❝✐t❧② ❢♦r t❤❡

❝❧❛ss✐❝❛❧ s♣❛❝❡s ❛♥❞ ▲✐❡ t❤❡♦r❡t✐❝❛❧❧② ✈✐❛ ❇♦r❡❧✲❞❡ ❙✐❡❜❡♥t❤❛❧ t❤❡♦r② ✐♥ t❤❡ ❡①❝❡♣t✐♦♥❛❧

❝❛s❡s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✻ ✇❡ s❤♦✇ t❤❛t t❤❡ ♦♥❧② ♥♦♥✲s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s 3✲

❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛r❡ t❤❡ r❡❛❧ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡s RP 4n+3✱ ✇❤✐❝❤ ❛r❡ t❤❡ Z2✲q✉♦t✐❡♥t ♦❢ t❤❡

♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ s♣❛❝❡ S4n+3 = Sp(n + 1)/Sp(n)✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ ♦✉r ❛r❣✉♠❡♥ts ❛r❡

✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞s✱ t❤❡② ❛❧❧♦✇ ❢♦r

❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❛tt❡r ✭❙❡❝t✐♦♥ ✷✳✼✮✳

✾



✷✳✶ ❍✐st♦r② ♦❢ t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥

❚❤❡ ❡❛r❧✐❡st r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ ♦✉r t♦♣✐❝ ✇❛s t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r t❤❡ r❡❧❛t❡❞ ♥♦t✐♦♥

♦❢ ✭❝♦♠♣❛❝t s✐♠♣❧② ❝♦♥♥❡❝t❡❞✮ ❤♦♠♦❣❡♥❡♦✉s ❝♦♠♣❧❡① ❝♦♥t❛❝t ♠❛♥✐❢♦❧❞s ✭s♦✲❝❛❧❧❡❞ C✲

s♣❛❝❡s✮ ❜② ❇♦♦t❤❜② ✐♥ ✶✾✻✶ ❬❇♦♦t❪✱ ✇❤♦ s❤♦✇❡❞ t❤❛t t❤❡s❡ ❛r❡ ✐♥ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡✲

s♣♦♥❞❡♥❝❡ ✇✐t❤ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛s✳ ❚❤❡ ♠✉❝❤ ♠♦r❡ ❢❛♠♦✉s ♥❡①t st❡♣ ✇❛s

t❤❡ ✇♦r❦ ♦❢ ❲♦❧❢ ❛♥❞ ❆❧❡❦s❡❡✈s❦✐✐ ♦♥ q❑ ♠❛♥✐❢♦❧❞s ✐♥ t❤❡ ✶✾✻✵s✳ ❲♦❧❢ s❤♦✇❡❞ ✐♥

✶✾✻✶ t❤❛t t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ C✲s♣❛❝❡s ❛♥❞ ❝♦♠♣❛❝t s✐♠♣❧②

❝♦♥♥❡❝t❡❞ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞s ❬❲♦❧❢✱ ❚❤❡♦r❡♠ ✻✳✶❪✳

❇♦♦t❤❜② ❛♥❞ ❲♦❧❢ ❛❧r❡❛❞② ❡♠♣❤❛s✐③❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ♠❛①✐♠❛❧ r♦♦t ✐♥ t❤❡

r♦♦t s②st❡♠ ♦❢ ❛ s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛✱ ✇❤✐❝❤ ❛❧s♦ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ ♦✉r ❝♦♥str✉❝t✐♦♥✿

❲♦❧❢ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❝♦♠♣❛❝t s✐♠♣❧② ❝♦♥♥❡❝t❡❞ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ q❑ ♠❛♥✐✲

❢♦❧❞s ❛r❡ ♣r❡❝✐s❡❧② ♦❢ t❤❡ ❢♦r♠ G/NG(K)✱ ✇❤❡r❡ G ✐s ❛ ❝♦♠♣❛❝t s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣ ❛♥❞

NG(K) ❞❡♥♦t❡s t❤❡ ♥♦r♠❛❧✐③❡r ♦❢ t❤❡ s✉❜❣r♦✉♣ K ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦♠♣❛❝t r❡❛❧

❢♦r♠ ♦❢ t❤❡ s✉❜❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② t❤❡ r♦♦t s♣❛❝❡s ♦❢ ❛ ♠❛①✐♠❛❧ r♦♦t ❛♥❞ ✐ts ♥❡❣❛t✐✈❡✳

❚❤❡s❡ ♠❛♥✐❢♦❧❞s ❜❡❝❛♠❡ ❦♥♦✇♥ ❛s ❲♦❧❢ s♣❛❝❡s✳ ❆s ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡

s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛r❡ ♦❢ t❤❡ ❢♦r♠ G/(CG(K))0✱ ✇❤❡r❡

(CG(K))0 ✐s t❤❡ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝❡♥tr❛❧✐③❡r CG(K) ♦❢ K ✐♥ G✳ ■♥ ✶✾✻✽ ❆❧❡❦✲

s❡❡✈s❦✐✐ ❢✉❧❧② ❝❧❛ss✐✜❡❞ ❝♦♠♣❛❝t ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞s ❜② ❞❡♠♦♥str❛t✐♥❣

t❤❛t t❤❡② ❛r❡ ♥❡❝❡ss❛r✐❧② ♦❢ t❤❡ ❢♦r♠ G/NG(K) ❬❆❧❡❦✱ ❚❤❡♦r❡♠ ✶❪✳

❇② ✶✾✾✹ ❇♦②❡r✱ ●❛❧✐❝❦✐ ❛♥❞ ▼❛♥♥ tr❛♥s❢❡rr❡❞ t❤❡s❡ r❡s✉❧ts t♦ t❤❡ ✸✲❙❛s❛❦✐ r❡❛❧♠

❬❇●▼❪✳ ❚❤❡② ❝♦♠❜✐♥❡❞ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞s ✇✐t❤

t❤❡ ❑♦♥✐s❤✐ ❜✉♥❞❧❡ t♦ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡♦♠♦r♣❤✐s♠ t②♣❡ ❝❧❛ss✐✜❝❛t✐♦♥✿

❚❤❡♦r❡♠ ✷✳✹ ✭❬❇●▼✱ ❚❤❡♦r❡♠ ❈❪✮✳ ❊✈❡r② ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ M = G/H

✭♥♦t ♥❡❝❡ss❛r✐❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✮ ✐s ♣r❡❝✐s❡❧② ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✿

Sp(n+ 1)

Sp(n)
∼= S4n+3 ,

Sp(n+ 1)

Sp(n)× Z2

∼= RP 4n+3 ,
SU(m)

S(U(m− 2)× U(1))
,

SO(k)

SO(k − 4)× Sp(1)
,

G2

Sp(1)
,

F4

Sp(3)
,

E6

SU(6)
,

E7

Spin(12)
,

E8

E7
.

❚♦ ❛✈♦✐❞ r❡❞✉♥❞❛♥❝②✱ ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡ n ≥ 0✱ m ≥ 3 ❛♥❞ k ≥ 7✳

❚❤❡② ❛❧s♦ ♣r♦✈✐❞❡❞ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✸✲❙❛s❛❦✐ str✉❝t✉r❡s ✐♥ t❤❡ ❢♦✉r ❝❧❛s✲

s✐❝❛❧ ❝❛s❡s ✈✐❛ ❛ t❡❝❤♥✐q✉❡ ❝❛❧❧❡❞ ✸✲❙❛s❛❦✐ r❡❞✉❝t✐♦♥ ❬❇●▼❪✳ ■♥ ✶✾✾✻ ❇✐❡❧❛✇s❦✐ ❬❇✐❡❧❪

❞❡s❝r✐❜❡❞ t❤❡ ❘✐❡♠❛♥♥✐❛♥ str✉❝t✉r❡ ♦♥ t❤❡s❡ s♣❛❝❡s ✉♥✐❢♦r♠❧②✳ ❇♦t❤ ❢♦r ❤✐s r❡s✉❧t ❛♥❞

❢♦r s❡✈❡r❛❧ ❧❛t❡r ❞✐s❝✉ss✐♦♥s✱ ✇❡ ♥❡❡❞ t♦ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥✿ ❆s ✇❛s ✜rst

❞❡s❝r✐❜❡❞ s②st❡♠❛t✐❝❛❧❧② ❜② ❑♦❜❛②❛s❤✐ ❛♥❞ ◆♦♠✐③✉ ❬❑◆❪✱ t❤❡ st✉❞② ♦❢ G✲✐♥✈❛r✐❛♥t

❣❡♦♠❡tr✐❝ ♦❜❥❡❝ts ♦♥ ❛ r❡❞✉❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ M = G/H = G/Gp ❝❛♥ ❜❡ ❣r❡❛t❧②

s✐♠♣❧✐✜❡❞ ❜② ✐♥st❡❛❞ ❝♦♥s✐❞❡r✐♥❣ Ad(H)✲✐♥✈❛r✐❛♥t ❛❧❣❡❜r❛✐❝ ♦❜❥❡❝ts ♦♥ ❛ ✜①❡❞ r❡❞✉❝t✐✈❡

✶✵



❝♦♠♣❧❡♠❡♥t m ♦❢ h ✐♥ g✳ ▼♦r❡ ♣r❡❝✐s❡❧② t❤❡ ♠❛♣ ψ : m → TpM, X 7→ Xp ✭✇❤❡r❡ Xp ❞❡✲

♥♦t❡s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❡❝t♦r ✜❡❧❞ ♦❢ t❤❡ ❧❡❢t G✲❛❝t✐♦♥ ❛t p✮ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ t❤❛t ❛❧❧♦✇s

✉s t♦ tr❛♥s❧❛t❡ ❜❡t✇❡❡♥ Ad(H)✲✐♥✈❛r✐❛♥t t❡♥s♦rs ♦♥ m ❛♥❞ t❤❡ r❡str✐❝t✐♦♥ ♦❢ G✲✐♥✈❛r✐❛♥t

t❡♥s♦r ✜❡❧❞s t♦ TpM ✳ ❲❤✐❧❡ ❛❝t✉❛❧❧② ✇♦r❦✐♥❣ ♦♥ ❛ ♠♦r❡ ❛❧❣❡❜r♦✲❣❡♦♠❡tr✐❝ ♣r♦❜❧❡♠

✭s✐♥❣✉❧❛r✐t✐❡s ♦❢ ♥✐❧♣♦t❡♥t ✈❛r✐❡t✐❡s✮ ❛♥❞ ❡♠♣❧♦②✐♥❣ ✈❡r② ❞✐✛❡r❡♥t ♠❡t❤♦❞s ✭❡✳❣✳ ◆❛❤♠✬s

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✮✱ ❇✐❡❧❛✇s❦✐ ♦❜t❛✐♥❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✷✳✺ ✭❬❇✐❡❧✱ ❚❤❡♦r❡♠ ✹❪✮✳ ●✐✈❡♥ ❛ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ M = G/H

✇✐t❤ r❡❞✉❝t✐✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ g = m⊕ h✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ m = sp(1)⊕m′

s✉❝❤ t❤❛t t❤❡ ♠❡tr✐❝ ♦♥ M ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ m ♦❢ t❤❡ ❢♦r♠

(X,Y ) 7→ −cB(Xsp(1), Ysp(1))−
c

2
B(Xm′ , Ym′) ,

✇❤❡r❡ B ❞❡♥♦t❡s t❤❡ ❑✐❧❧✐♥❣ ❢♦r♠ ♦❢ g ❛♥❞ c > 0 ✐s s♦♠❡ ❝♦♥st❛♥t✳

■♥ ✷✵✷✵ t❤❡ ✇♦r❦ ♦❢ ❉r❛♣❡r✱ ❖rt❡❣❛ ❛♥❞ P❛❧♦♠♦ ❣❛✈❡ ❛ ♥❡✇ ❤❛♥❞s✲♦♥ ❞❡s❝r✐♣t✐♦♥

♦❢ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❬❉❖P❪✳ ❚❤❡✐r st✉❞② ✇❛s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣

❉❡✜♥✐t✐♦♥ ✷✳✻ ✭❬❉❖P✱ ❉❡✜♥✐t✐♦♥ ✹✳✶❪✮✳ ❆ ✸✲❙❛s❛❦✐ ❞❛t✉♠ ✐s ❛ ♣❛✐r (g, h) ♦❢ r❡❛❧ ▲✐❡

❛❧❣❡❜r❛s s✉❝❤ t❤❛t

✶✳ g = g0 ⊕ g1 ✐s ❛ Z2✲❣r❛❞❡❞ ❝♦♠♣❛❝t s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛ ✇❤♦s❡ ❡✈❡♥ ♣❛rt ✐s ❛ s✉♠

♦❢ t✇♦ ❝♦♠♠✉t✐♥❣ s✉❜❛❧❣❡❜r❛s✱

g0 = sp(1)⊕ h ;

✷✳ t❤❡r❡ ❡①✐sts ❛♥ hC✲♠♦❞✉❧❡W s✉❝❤ t❤❛t t❤❡ ❝♦♠♣❧❡①✐✜❡❞ gC0 ✲♠♦❞✉❧❡ gC1 ✐s ✐s♦♠♦r♣❤✐❝

t♦ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ t❤❡ ♥❛t✉r❛❧ sp(1)C = sl(2,C)✲♠♦❞✉❧❡ C
2 ❛♥❞ W ✿

gC1
∼= C

2 ⊗W .

❚❤❡✐r ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✷✳✼ ✭❬❉❖P✱ ❚❤❡♦r❡♠ ✹✳✷❪✮✳ ▲❡t M = G/H ❜❡ ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ s✉❝❤

t❤❛t H ✐s ❝♦♥♥❡❝t❡❞ ❛♥❞ t❤❡ ▲✐❡ ❛❧❣❡❜r❛s (g, h) ❝♦♥st✐t✉t❡ ❛ ✸✲❙❛s❛❦✐ ❞❛t✉♠✳ ❈♦♥s✐❞❡r

t❤❡ r❡❞✉❝t✐✈❡ ❝♦♠♣❧❡♠❡♥t m := sp(1) ⊕ g1 ❛♥❞ ❧❡t X1, X2, X3 ∈ m ❞❡♥♦t❡ t❤❡ st❛♥❞❛r❞

❜❛s✐s ♦❢ sp(1) ❛♥❞ ξ1, ξ2, ξ3 t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ G✲✐♥✈❛r✐❛♥t ✈❡❝t♦r ✜❡❧❞s ♦♥ M ✳ ■❢ g ❛♥❞

ϕi ❛r❡ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ❛♥❞ ❡♥❞♦♠♦r♣❤✐s♠ ✜❡❧❞s ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶ ❛♥❞

ηi = g(ξi, ·)✱ t❤❡♥ t❤❡ t✉♣❧❡ (M, g, ξi, ηi, ϕi)i=1,2,3 ❝♦♥st✐t✉t❡s ❛ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐

str✉❝t✉r❡✳

❋✉rt❤❡r♠♦r❡ t❤❡② ❝♦♥❞✉❝t❡❞ ❛ ❝❛s❡✲❜②✲❝❛s❡ st✉❞② t♦ s❤♦✇ t❤❛t ❡✈❡r② ❝♦♠♣❛❝t s✐♠♣❧❡ ▲✐❡

❛❧❣❡❜r❛ ❛❞♠✐ts ❛ ✸✲❙❛s❛❦✐ ❞❛t✉♠✱ t❤✉s ♣r♦✈✐❞✐♥❣ ❛ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ ♦♥❡ ❤♦♠♦❣❡♥❡♦✉s

✸✲❙❛s❛❦✐ str✉❝t✉r❡ ✭✐t ✐s ❛t t❤✐s ♣♦✐♥t ♥♦t ❝❧❡❛r ✐❢ t❤❡r❡ ❝♦✉❧❞ ❜❡ ♠♦r❡ t❤❛♥ ♦♥❡ s✉❝❤

✶✶



str✉❝t✉r❡ ♦♥ ❛ ❣✐✈❡♥ s♣❛❝❡✮ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ t②♣❡s ❞✐s❝♦✈❡r❡❞ ❜② ❇♦②❡r✱

●❛❧✐❝❦✐ ❛♥❞ ▼❛♥♥✳

❲❡ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ❜② ❣✐✈✐♥❣ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ ♦✉r ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✿

■♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ ✜rst ❞❡s❝r✐❜❡ ❛ ✇❛② t♦ ❝♦♥str✉❝t ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s

✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ❢r♦♠ ❛ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛ u ❛♥❞ ❛ ♠❛①✐♠❛❧ r♦♦t α ♦❢ u✳ ▼♦r❡

♣r❡❝✐s❡❧②✱ ✇❡ ✜rst ✉t✐❧✐③❡ t❤❡ t❤❡♦r② ♦❢ r♦♦t s②st❡♠s t♦ ❣❡♥❡r❛t❡ ❛ ❝♦♠♣❧❡①✐✜❡❞ ✈❡rs✐♦♥

(u, v) ♦❢ ❛ ✸✲❙❛s❛❦✐ ❞❛t✉♠✳ ❲❡ t❤❡♥ ♣❛ss t♦ t❤❡ ❝♦♠♣❛❝t r❡❛❧ ❢♦r♠s (g, h) t♦ ♦❜t❛✐♥ ❛

✏r❡❛❧✑ ✸✲❙❛s❛❦✐ ❞❛t✉♠ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✻ ❛♥❞ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✼✳

❋♦r t❤❡ ❝♦♥✈❡rs❡ ❛r❣✉♠❡♥t ✐♥ ❙❡❝t✐♦♥s ✷✳✸ ✇❡ st❛rt ✇✐t❤ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s

✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ M = G/H✱ ✇❤❡r❡ G ✐s ❛ ❝♦♠♣❛❝t s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣ ❛❝t✐♥❣

❛❧♠♦st ❡✛❡❝t✐✈❡❧② ❛♥❞ tr❛♥s✐t✐✈❡❧② ♦♥M ✈✐❛ ✸✲❙❛s❛❦✐ ❛✉t♦♠♦r♣❤✐s♠s✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡

▲✐❡ ❛❧❣❡❜r❛ g ❛♥❞ ✐ts ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ u = gC ❛r❡ s✐♠♣❧❡ ❛♥❞ t❤❛t t❤❡ ✸✲❙❛s❛❦✐ str✉❝t✉r❡

❣✐✈❡s r✐s❡ t♦ ❛ ♠❛①✐♠❛❧ r♦♦t α ♦❢ u✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s ❝♦♥str✉❝t✐♦♥

❛♥❞ t❤❡♥ s❤♦✇ t❤❛t t❤✐s ②✐❡❧❞s t❤❡ s❛♠❡ ✸✲❙❛s❛❦✐ str✉❝t✉r❡ t❤❛t ✇❡ st❛rt❡❞ ✇✐t❤✳

❙❡❝t✐♦♥ ✷✳✹ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ❜② s❤♦✇✐♥❣ t❤❛t ♥♦ s✉❜❣r♦✉♣ ♦❢ Aut0(M)

❝❛♥ ❛❝t tr❛♥s✐t✐✈❡❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♣r♦✈❡s t❤❛t ❛♥② t✇♦ ❤♦♠♦❣❡♥❡♦✉s 3✲❙❛s❛❦✐ ♠❛♥✐✲

❢♦❧❞s M = G/H✱ M ′ = G′/H ′ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛s

gC ̸= (g′)C ❛r❡ ♥♦t ✐s♦♠♦r♣❤✐❝✳

✷✳✷ ❈♦♥str✉❝t✐♥❣ ✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s ❢r♦♠ ▲✐❡ ❆❧❣❡❜r❛s

❋♦r t❤❡ ❛♥♥♦✉♥❝❡❞ ❝♦♥str✉❝t✐♦♥ ✇❡ ✜rst ♥❡❡❞ ❝❡rt❛✐♥ ❜❛s✐❝ ❢❛❝ts ❛❜♦✉t r♦♦t s②st❡♠s✳

▲❡t u ❜❡ ❛ ✭✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧✮ s❡♠✐s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛✳ ■ts ❑✐❧❧✐♥❣ ❢♦r♠ ✐s

♥♦♥✲❞❡❣❡♥❡r❛t❡ ❛♥❞ t❤✉s ❣✐✈❡s r✐s❡ t♦ ❛♥ ✐s♦♠♦r♣❤✐s♠ u → u∗ ❛♥❞ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡✱

s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❢♦r♠ ⟨·, ·⟩ ♦♥ u∗✳ ❲❡ ✜① ❛ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ c ⊂ u ❛♥❞ ❞❡♥♦t❡ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ r♦♦t s②st❡♠ ❛♥❞ r♦♦t s♣❛❝❡s ❜② Φ ⊂ c∗ ❛♥❞ uα ⊂ u ❢♦r α ∈ c∗✱ r❡s♣❡❝t✐✈❡❧②✳

❊❛❝❤ r♦♦t α ∈ Φ ❤❛s ❛♥ ❛ss♦❝✐❛t❡❞ ❝♦r♦♦t Hα ∈ c ❞❡✜♥❡❞ ❛s t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t ♦❢

[uα, u−α] s❛t✐s❢②✐♥❣ α(Hα) = 2✳ ❋✉rt❤❡r♠♦r❡ sα := uα ⊕ u−α ⊕ [uα, u−α] ✐s ❛ s✉❜❛❧❣❡❜r❛

♦❢ u ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ sl(2,C)✳ ❚❤✐s ✐s♦♠♦r♣❤✐s♠ ❝❛♥ ❜❡ ♠❛❞❡ ❡①♣❧✐❝✐t ❜② ❝❤♦♦s✐♥❣

❛♥ sl2✲tr✐♣❧❡✱ ✐✳❡✳ ✈❡❝t♦rs Xα ∈ uα, Yα ∈ u−α s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s

[Hα, Xα] = 2Xα , [Hα, Yα] = −2Yα , [Xα, Yα] = Hα . ✭✷✳✶✮

▼♦r❡♦✈❡r ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❢♦r ❛♥② r♦♦t α ∈ Φ ❛♥❞ ❛♥② ❧✐♥❡❛r ❢♦r♠ β ∈ c∗✿

cαβ := β(Hα) =
2⟨β, α⟩

⟨α, α⟩
.

■♥ ♣❛rt✐❝✉❧❛r cαβ = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ❛♥❞ β ❛r❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ❡❛❝❤ ♦t❤❡r ✭✇✐t❤ r❡s♣❡❝t

t♦ ⟨·, ·⟩✮✳ ■♥ ❝❛s❡ β ✐s ❛❧s♦ ❛ r♦♦t cαβ ✐s ❛♥ ✐♥t❡❣❡r✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ❈❛rt❛♥ ♥✉♠❜❡r ♦❢

✶✷



β ✇✐t❤ r❡s♣❡❝t t♦ α✳ ❋✐①✐♥❣ ❛ r♦♦t α ∈ Φ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡❝♦♠♣♦s❡

u =
⊕

k∈Z

u(k) , ✇❤❡r❡ u(k) :=
⊕

β∈c∗ ,
cαβ=k

uβ .

❙✐♥❝❡ cαβ ✐s ❧✐♥❡❛r ✐♥ β✱ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✐♥ ❢❛❝t ❛ Z✲❣r❛❞✐♥❣✱ ✐✳❡✳ [u(k), u(ℓ)] ⊂ u(k+ℓ)✳

❲❡ ❛❧s♦ ♥♦t❡ t❤❛t u(k) ✐s ♣r❡❝✐s❡❧② t❤❡ k✲❡✐❣❡♥s♣❛❝❡ ♦❢ ad(Hα)✳ ❖♥❡ ❝❛♥ ✈✐s✉❛❧✐③❡ t❤✐s ❣r❛✲

❞✐♥❣ ✉s✐♥❣ ♣❛r❛❧❧❡❧ ❝♦♣✐❡s ♦❢ ❤②♣❡r♣❧❛♥❡s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ α✱ ❡✳❣✳ ❢♦r t❤❡ r♦♦t s②st❡♠ A2✿

αu(2)

u(1)

u(0)

u(−1)

u(−2)

❚❤❡ str✉❝t✉r❡ ♦❢ t❤✐s ❣r❛❞✐♥❣ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ♠❛①✐♠❛❧✐t② ♦❢ t❤❡ r♦♦t α✿

❆ss✉♠✐♥❣ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ❛ s❡t ∆ ⊂ Φ ♦❢ s✐♠♣❧❡ r♦♦ts✱ ✇❡ ♠❛② ✐♥tr♦❞✉❝❡ ❛ ♣❛rt✐❛❧

♦r❞❡r ≤ ♦♥ Φ ❜② st✐♣✉❧❛t✐♥❣ t❤❛t α ≤ β ✐❢ ❛♥❞ ♦♥❧② ✐❢ β − α ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢

r♦♦ts ✐♥ ∆ ✇✐t❤ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥ts✳ ❆ r♦♦t α ∈ Φ ✐s ❝❛❧❧❡❞ ♠❛①✐♠❛❧ ✐❢ t❤❡r❡ ✐s ❛

❝❤♦✐❝❡ ♦❢ s✐♠♣❧❡ r♦♦ts s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦ str✐❝t❧② ❧❛r❣❡r r♦♦t t❤❛♥ α ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ✐♥❞✉❝❡❞ ♣❛rt✐❛❧ ♦r❞❡r✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❛s ❛❞❛♣t❡❞ ❢r♦♠ ❬❲♦❧❢✱ ❚❤❡♦r❡♠ ✹✳✷❪✿

▲❡♠♠❛ ✷✳✽✳ ❋♦r ❛♥② r♦♦t α ∈ Φ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✐✮ α ✐s ♠❛①✐♠❛❧✳

✐✐✮ |cαβ | ≤ 2 ❢♦r ❛❧❧ r♦♦ts β ∈ Φ ❛♥❞ cαβ = ±2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ β = ±α✳

Pr♦♦❢✳ i) =⇒ ii)✿ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ❢♦r β ∈ Φ \ {±α} t❤❡ ❈❛rt❛♥ ♥✉♠❜❡r ✐s

❣✐✈❡♥ ❜② cαβ = p − q✱ ✇❤❡r❡ p, q ∈ N0 ❛r❡ t❤❡ ❣r❡❛t❡st ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t

β + rα ∈ Φ ❢♦r ❡✈❡r② r ∈ {−p, . . . , q} ❬❑♥❛♣✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷✾❪✳ ❙✉♣♣♦s❡ t❤❡r❡ ✇❛s

s♦♠❡ β ∈ Φ \ {α} s✉❝❤ t❤❛t cαβ ≥ 2✳ ❚❤❡♥ p ≥ 2✱ s♦ t❤❛t β − α, β − 2α ∈ Φ ❛♥❞ t❤❡✐r

♥❡❣❛t✐✈❡s α − β, 2α − β ∈ Φ ❛r❡ r♦♦ts✳ ■♥ ❢❛❝t α − β ❤❛s t♦ ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❧✐♥❡❛r

❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✐♠♣❧❡ r♦♦ts ✭❢♦r s♦♠❡ ❝❤♦✐❝❡ ♦❢ s✐♠♣❧❡ r♦♦ts ✇✐t❤ r❡s♣❡❝t t♦ ✇❤✐❝❤ α ✐s

♠❛①✐♠❛❧✮✱ s✐♥❝❡ ♦t❤❡r✇✐s❡ β > α✳ ❇✉t t❤❡♥ 2α − β ≥ α ❛♥❞ ♠❛①✐♠❛❧✐t② ♦❢ α ✇♦✉❧❞

✐♠♣❧② 2α − β = α✱ ✐✳❡✳ β = α✳ ❋♦r β ∈ Φ \ {−α} s✉❝❤ t❤❛t cαβ ≤ −2 ✇❡ ❛♣♣❧② t❤✐s

❛r❣✉♠❡♥t t♦ −β✳

ii) =⇒ i)✿ ❲❡ ♠❛② ❝❤♦♦s❡ ❛ s❡t ♦❢ s✐♠♣❧❡ r♦♦ts ∆ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t cαβ ≥ 0 ❢♦r ❛❧❧

β ∈ ∆✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ✜rst ❝❤♦♦s✐♥❣ ♣♦s✐t✐✈❡ r♦♦ts ✉s✐♥❣ ❛ s❧✐❣❤t ♣❡rt✉r❜❛t✐♦♥

✶✸



♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ α✳ ▲❡t β ∈ Φ s✉❝❤ t❤❛t β ≥ α✱ ✐✳❡✳ β−α =
∑n

i=1 λiαi✱

✇❤❡r❡ λi ≥ 0 ❛♥❞ αi ∈ ∆✳ ❚❤❡♥✱

cαβ = cαα + cα(β−α) = 2 +
n∑

i=1

λi cααi︸︷︷︸
≥0

≥ 2 .

❍②♣♦t❤❡s✐s ii) t❤❡♥ ✐♠♣❧✐❡s β = α✱ s♦ t❤❛t α ✐s ♠❛①✐♠❛❧✳

❲❡ r❡♠❛r❦ t❤❛t ✐♥ ❛♥ ✐rr❡❞✉❝✐❜❧❡ r♦♦t s②st❡♠ Φ t❤❡ ♠❛①✐♠❛❧ r♦♦t ✐s ✉♥✐q✉❡ ✉♣ t♦ t❤❡

❛❝t✐♦♥ ♦❢ t❤❡ ❲❡②❧ ❣r♦✉♣✿ ❚❤✐s ❢♦❧❧♦✇s ❜❡❝❛✉s❡ ✐♥ ❛♥ ✐rr❡❞✉❝✐❜❧❡ r♦♦t s②st❡♠ t❤❡ ♠❛①✐♠❛❧

r♦♦t ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❛❢t❡r ❝❤♦♦s✐♥❣ s✐♠♣❧❡ r♦♦ts ❛♥❞ ❛♥② t✇♦ ❝❤♦✐❝❡s ♦❢ s✐♠♣❧❡

r♦♦ts ❝❛♥ ❜❡ ♠❛♣♣❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② t❤❡ ❲❡②❧ ❣r♦✉♣✳ ❖✉r ❣♦❛❧ ✐s ♥♦✇ t♦ ❡st❛❜❧✐s❤ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥✿

❚❤❡♦r❡♠ ✷✳✾✳ ▲❡t u ❜❡ ❛ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛✱ α ❛ ♠❛①✐♠❛❧ r♦♦t ✐♥ ✐ts r♦♦t s②st❡♠✱

g t❤❡ ❝♦♠♣❛❝t r❡❛❧ ❢♦r♠ ♦❢ u ❛♥❞ k ∼= sp(1) t❤❡ ❝♦♠♣❛❝t r❡❛❧ ❢♦r♠ ♦❢ t❤❡ s✉❜❛❧❣❡❜r❛

sα = uα ⊕ u−α ⊕ [uα, u−α] ∼= sl(2,C)✳ ▲❡t G ❞❡♥♦t❡ t❤❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣

✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ g✱ K t❤❡ ❝♦♥♥❡❝t❡❞ s✉❜❣r♦✉♣ ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ k ❛♥❞ H = (CG(K))0

t❤❡ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝❡♥tr❛❧✐③❡r CG(K) ♦❢ K ✐♥ G✳ ❚❤❡♥ t❤❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞

❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ M = G/H ❛❞♠✐ts ❛ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ str✉❝t✉r❡ ✇❤♦s❡ t❡♥s♦rs

❛r❡ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✶✳ ❆❧❧ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ♦❢ ❛ ♠❛①✐♠❛❧ r♦♦t ❧❡❛❞ t♦ ✐s♦♠♦r♣❤✐❝

✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳

❉❡✜♥✐t✐♦♥ ✷✳✶✵✳ ❆ ❝♦♠♣❧❡① ✸✲❙❛s❛❦✐ ❞❛t✉♠ ✐s ❛ ♣❛✐r (u, v) ♦❢ C✲▲✐❡ ❛❧❣❡❜r❛s s✉❝❤ t❤❛t

✶✳ u = ueven⊕ uodd ✐s ❛ Z2✲❣r❛❞❡❞ s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛ ✇❤♦s❡ ❡✈❡♥ ♣❛rt ✐s ❛ s✉♠ ♦❢ t✇♦

❝♦♠♠✉t✐♥❣ s✉❜❛❧❣❡❜r❛s✱

ueven = v⊕ sl(2,C) ;

✷✳ t❤❡r❡ ❡①✐sts ❛ v✲♠♦❞✉❧❡ W s✉❝❤ t❤❛t uodd ∼= C
2 ⊗W ❛s ueven✲♠♦❞✉❧❡s✳

❘❡♠❛r❦ ✷✳✶✶✳ ❲❡ ❢♦r♠✉❧❛t❡❞ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ✐♥ t❤❡ ❣✐✈❡♥ ✇❛② ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s

✉s t♦ ❜r❛♥❝❤ ♦✛ ✐♥t♦ t✇♦ ❝❛s❡s✿ ❖✉r ♣r✐♠❛r② ✐♥t❡r❡st ❤❡r❡ ✐s ❜❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❛❝t

r❡❛❧ ❢♦r♠s (g, h) ♦❢ (u, v) ✇❤✐❝❤ t❤❡♥ ❢♦r♠ ❛ ✸✲❙❛s❛❦✐ ❞❛t✉♠ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✻✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦♥❡ ♠❛② ❛❧s♦ ❧♦♦❦ ❛t t❤❡ r❡❛❧ ❢♦r♠ (g∗, h) ♦❢ (u, v) ❣✐✈❡♥ ❜② g∗ =

h ⊕ sα ⊕ ig1 t♦ ♦❜t❛✐♥ ❛ ❣❡♥❡r❛❧✐③❡❞ ✸✲❙❛s❛❦✐ ❞❛t✉♠ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬❆❉❙❪✳ ❚❤❡s❡

❣✐✈❡ r✐s❡ t♦ ❤♦♠♦❣❡♥❡♦✉s ♥❡❣❛t✐✈❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❜② ❛ ❝♦♥str✉❝t✐♦♥ s✐♠✐❧❛r t♦

❚❤❡♦r❡♠ ✷✳✼✱ ❝♦♠♣❛r❡ ❬❆❉❙✱ ❚❤❡♦r❡♠ ✸✳✶✳✶❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ▲❡t u ❜❡ ❛ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛ ❛♥❞ α ∈ Φ ❛ ♠❛①✐♠❛❧ r♦♦t ✐♥

✐ts r♦♦t s②st❡♠✳ ❙❡t Φ0 := {β ∈ Φ | cαβ = 0} ❛s ✇❡❧❧ ❛s

v := kerα⊕
⊕

β∈Φ0

uβ .

❚❤❡♥ (u, v) ✐s ❛ ❝♦♠♣❧❡① ✸✲❙❛s❛❦✐ ❞❛t✉♠✳

✶✹



Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ❛❜♦✈❡ Z✲❣r❛❞✐♥❣ ✇❡ ❧❡t

ueven := u(−2) ⊕ u(0) ⊕ u(2) , uodd := u(−1) ⊕ u(1) .

❙✐♥❝❡ |cαβ | ≤ 2 ❢♦r ❛❧❧ β ∈ Φ ❜② ▲❡♠♠❛ ✷✳✽✱ ✇❡ ❤❛✈❡ u = ueven ⊕ uodd✳ ❇❡❝❛✉s❡ ueven

❛♥❞ uodd ❛r❡ ❝♦♠♣r✐s❡❞ ♦❢ t❤❡ u(k) ✇✐t❤ ❡✈❡♥ ❛♥❞ ♦❞❞ k r❡s♣❡❝t✐✈❡❧②✱ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥

✐s ✐♥ ❢❛❝t ❛ Z2✲❣r❛❞✐♥❣✳ ❲❡ ❝❧❛✐♠ t❤❛t

ueven = sα ⊕ v

❛s ❛ ❞✐r❡❝t s✉♠ ♦❢ ▲✐❡ ❛❧❣❡❜r❛s✱ ✇❤❡r❡ sα = uα ⊕ u−α ⊕ [uα, u−α]✳ ❙✐♥❝❡ cαβ = ±2 ✐❢ ❛♥❞

♦♥❧② ✐❢ β = ±α✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦r s♣❛❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥s✿

ueven = uα ⊕ u−α ⊕ c⊕
⊕

β∈Φ0

uβ , c = [uα, u−α]⊕ kerα .

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t v ✐s ✐♥❞❡❡❞ ❛ s✉❜❛❧❣❡❜r❛ ♦❢ u ♥♦t❡ t❤❛t [uβ , uγ ] ⊂ uβ+γ ❢♦r ❛♥②

β, γ ∈ Φ0✳ ◆♦✇ ✐❢ β + γ ✐s ❛ r♦♦t✱ t❤❡♥ β + γ ∈ Φ0✱ s♦ uβ+γ ⊂ v✳ ■❢ β + γ ✐s ♥♦t ❛ r♦♦t

❛♥❞ ♥♦t ③❡r♦✱ t❤❡♥ uβ+γ = 0 ⊂ v✳ ■❢ β + γ = 0✱ t❤❡♥ [uβ , u−β ] = ⟨Hβ⟩ ⊂ kerα ❜❡❝❛✉s❡

β ∈ Φ0✳ ❚♦ ❝❤❡❝❦ t❤❛t sα ❛♥❞ v ❝♦♠♠✉t❡ ✇❡ r❡❝❛❧❧ t❤❛t v ✐s ❛ s✉❜s❡t ♦❢ u(0) = ker adHα ✳

❋♦r β ∈ Φ0 ✇❡ ❤❛✈❡ [u±α, uβ ] ⊂ u±α+β ⊂ u(±2) = u±α✱ s♦ u±α ❛♥❞ uβ ❝♦♠♠✉t❡✳

❲❡ ♥♦✇ ✈❡r✐❢② t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✶✵ ❢♦r t❤❡ v✲♠♦❞✉❧❡ W := u(1)✳

❲❡ ❝❤♦♦s❡ ❛♥ sl2✲tr✐♣❧❡ (Xα, Yα, Hα) ❛♥❞ ✐❞❡♥t✐❢② ✐t ✭✐♥ ♦r❞❡r✮ ✇✐t❤ t❤❡ t❤r❡❡ st❛♥❞❛r❞

♠❛tr✐❝❡s (
0 1

0 0

)
,

(
0 0

1 0

)
,

(
1 0

0 −1

)
∈ sl(2,C) .

❚❤✐s ✜①❡s ✐s♦♠♦r♣❤✐s♠s sα ∼= sl(2,C) ❛♥❞ ueven ∼= v⊕sl(2,C)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

❧✐♥❡❛r ♠❛♣✿

Ψ : uodd = u(−1) ⊕ u(1) → C
2 ⊗W ✱

X = X(−1) +X(1) 7→ (1, 0)⊗X(1) + (0, 1)⊗ [Xα, X
(−1)] ✳

■❢ β ∈ Φ s✉❝❤ t❤❛t cαβ = −1✱ t❤❡♥ β + α ♠✉st ❜❡ ❛ r♦♦t ❛♥❞ [uα, uβ ] = uα+β ✳ ❚❤✐s

s❤♦✇s t❤❛t adXα : uβ → uβ+α ❛♥❞ ❜② ❡①t❡♥s✐♦♥ Ψ ❛r❡ ❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠s✳ ■t r❡♠❛✐♥s

t♦ ❜❡ s❤♦✇♥ t❤❛t Ψ ♣r❡s❡r✈❡s t❤❡ ueven✲♠♦❞✉❧❡ str✉❝t✉r❡✱ ✇❤❡r❡ ueven ∼= v⊕ sl(2,C) ❛❝ts

♦♥ C
2 ⊗W ✈✐❛ t❤❡ ❛❜♦✈❡ ✜①❡❞ ✐s♦♠♦r♣❤✐s♠✳ ❲❡ r❡♠✐♥❞ t❤❡ r❡❛❞❡r ♦❢ t❤❡ ❝♦♠♠✉t❛t♦r

r❡❧❛t✐♦♥s ✐♥ ✭✷✳✶✮✳

■❢ Z ∈ v ⊂ u(0)✱ t❤❡♥ adZ ♣r❡s❡r✈❡s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ uodd = u(−1) ⊕ u(1)✳ ❙✐♥❝❡ v ❛♥❞

sα ❛r❡ ❝♦♠♠✉t✐♥❣ s✉❜❛❧❣❡❜r❛s ♦❢ u✱ s♦ ❛r❡ t❤❡✐r r❡s♣❡❝t✐✈❡ ❛❞❥♦✐♥t s✉❜r❡♣r❡s❡♥t❛t✐♦♥s✱

Ψ([Z,X]) = (1, 0)⊗ [Z,X(1)] + (0, 1)⊗ [Xα, [Z,X
(−1)]]

= (1, 0)⊗ [Z,X(1)] + (0, 1)⊗ [Z, [Xα, X
(−1)]] = Z ·Ψ(X) .

✶✺



❍❡r❡ ✏·✑ ❞❡♥♦t❡s t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ v ♦♥ W ✱ ✇❤❡r❡❛s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛✲

t✐♦♥s ✐t ✇✐❧❧ s✐❣♥✐❢② t❤❡ st❛♥❞❛r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ sl(2,C) ♦♥ C
2✳ ❋✐♥❛❧❧② ✇❡ ❝❤❡❝❦ t❤❡

r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜❛s✐s (Xα, Yα, Hα) ♦❢ sα✿

Ψ([Xα, X]) = Ψ([Xα, X
(−1)]) = (1, 0)⊗ [Xα, X

(−1)] = Xα ·Ψ(X) .

❇② ✈✐rt✉❡ ♦❢ t❤❡ ❏❛❝♦❜✐ ✐❞❡♥t✐t②✿

Ψ([Yα, X]) = Ψ([Yα, X
(1)]) = (0, 1)⊗ [Xα, [Yα, X

(1)]]

= (0, 1)⊗
(
[[X(1), Xα]︸ ︷︷ ︸

=0

, Yα] + [[Xα, Yα]︸ ︷︷ ︸
=Hα

, X(1)]
)

= (0, 1)⊗X(1) = Yα ·Ψ(X) .

❯❧t✐♠❛t❡❧②✿

Ψ([Hα, X]) = Ψ(X(1)−X(−1)) = (1, 0)⊗X(1)+(0,−1)⊗ [Xα, X
(−1)] = Hα ·Ψ(X) .

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✾✳ ❙t❛rt✐♥❣ ❢r♦♠ ❛ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛ u ❛♥❞ ❛ ♠❛①✐♠❛❧ r♦♦t

α Pr♦♣♦s✐t✐♦♥ ✷✳✶✷ ②✐❡❧❞s ❛ ❝♦♠♣❧❡① ✸✲❙❛s❛❦✐ ❞❛t✉♠ (u, v)✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✶✶

t❤❡ ❝♦♠♣❛❝t r❡❛❧ ❢♦r♠s (g, h) ❝♦♥st✐t✉t❡ ❛ ✏r❡❛❧✑ ✸✲❙❛s❛❦✐ ❞❛t✉♠ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐✲

t✐♦♥ ✷✳✻ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✼ ❡♥❞♦✇s M = G/H ✇✐t❤ ❛ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ str✉❝t✉r❡✳

❙✐♥❝❡ v = Cu(sα) ❛♥❞ t❤✉s h = Cg(k)✱ ✐t ❢♦❧❧♦✇s t❤❛t H = (CG(K))0✳

❊①❛♠♣❧❡ ✷✳✶✸✳ ▲❡t ✉s ✐❧❧✉str❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ✉s✐♥❣ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ rk u = 2✿ ❍❡r❡

t❤❡ ♦♥❧② s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛s ❛r❡ sl(3,C)✱ sp(4,C) ❛♥❞ g2 ❝♦rr❡s♣♦♥❞✐♥❣ ✭✐♥ ♦r❞❡r✮ t♦ t❤❡

r♦♦t s②st❡♠s A2, C2 ❛♥❞ G2✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠s ❞❡♣✐❝t t❤❡ s✉❜❛❧❣❡❜r❛s v ❛♥❞ sα

❢r♦♠ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♥ t❤❡s❡ t❤r❡❡ ❝❛s❡s✿

v

sαA2

v

sαC2

v

sαG2

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛r❡ ✭✐♥ ♦r❞❡r✮ t❤❡ ❆❧♦✛✲❲❛❧❧❛❝❤

s♣❛❝❡ W 1,1 = SU(3)/S1✱ t❤❡ ✼✲s♣❤❡r❡ S7 = Sp(2)/Sp(1) ❛♥❞ t❤❡ ❡①❝❡♣t✐♦♥❛❧ s♣❛❝❡

G2/Sp(1)✳

✶✻



❲❡ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ♠❛①✐♠❛❧ r♦♦t ✐s ✐♥ ❢❛❝t ❛♥ ❛✉①✐❧✐❛r② ❝❤♦✐❝❡✿

▲❡♠♠❛ ✷✳✶✹✳ ❆❧❧ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ♦❢ ❛ ♠❛①✐♠❛❧ r♦♦t ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷ ❧❡❛❞ t♦ ✐s♦♠♦r✲

♣❤✐❝ ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳

Pr♦♦❢✳ ▲❡t u ❜❡ ❛ s✐♠♣❧❡ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛✱ g ✐ts ❝♦♠♣❛❝t r❡❛❧ ❢♦r♠✱ G t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣ ❛♥❞ T ⊂ G ❛ ♠❛①✐♠❛❧ t♦r✉s✳ ▲❡t α, α̃ ❞❡♥♦t❡ t✇♦

♠❛①✐♠❛❧ r♦♦ts ✐♥ t❤❡ r♦♦t s②st❡♠ Φ ♦❢ u ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛ ❣✐✈❡♥

❜② t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ T ✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ t❤❡ ♠❛①✐♠❛❧ r♦♦t

♦❢ Φ ✐s ✉♥✐q✉❡ ✉♣ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❲❡②❧ ❣r♦✉♣ W (G) = NG(T )/T ✱ s♦ t❤❡r❡ ✐s ❛

r❡♣r❡s❡♥t❛t✐✈❡ w ∈ NG(T ) s✉❝❤ t❤❛t AdCw(Hα) = Hα̃✳

❇❡❝❛✉s❡ t❤❡ ❲❡②❧ ❣r♦✉♣ ❛❝ts ♦rt❤♦❣♦♥❛❧❧② ♦♥ t❤❡ r♦♦t s②st❡♠ AdCw : u → u ♠❛♣s t❤❡

Z✲❣r❛❞✐♥❣ u(k) ✇✐t❤ r❡s♣❡❝t t♦ α t♦ t❤❡ ❣r❛❞✐♥❣ ũ(k) ✇✐t❤ r❡s♣❡❝t t♦ α̃✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t Adw h = h̃✱ ✇❤❡r❡ h, h̃ ⊂ g ❛r❡ t❤❡ ❝♦♠♣❛❝t r❡❛❧ ❢♦r♠s ♦❢ t❤❡ s✉❜❛❧❣❡❜r❛s v, ṽ ⊂ u

❝♦♥s✐❞❡r❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❈♦♥s❡q✉❡♥t❧② wHw−1 = H̃ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥✲

♥❡❝t❡❞ s✉❜❣r♦✉♣s H, H̃ ⊂ G ❛♥❞ ✇❡ ❤❛✈❡ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❞✐✛❡♦♠♦r♣❤✐s♠ G/H → G/H̃✱

gH 7→ wgw−1H̃✳ ❖♥❡ ❡❛s✐❧② ❝❤❡❝❦s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✷✳✶ t❤❛t t❤✐s ♠❛♣

tr❛♥s❢♦r♠s ♦♥❡ ✸✲❙❛s❛❦✐ str✉❝t✉r❡ ✐♥t♦ t❤❡ ♦t❤❡r✳

✷✳✸ ❉❡❝♦♥str✉❝t✐♥❣ ✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s

❚❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❝❡♥t❡r♣✐❡❝❡ ♦❢ t❤❡ ❝❤❛♣t❡r✱ ✇❤❡r❡ ✇❡ ❡①♣❧❛✐♥ ❛ ❝r✉❝✐❛❧ st❡♣ ✐♥ t❤❡

♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✿

❚❤❡♦r❡♠ ✷✳✶✺✳ ❊✈❡r② s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ❛r✐s❡s ❢r♦♠ t❤❡

❝♦♥str✉❝t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳

❋r♦♠ ♥♦✇ ♦♥ ❧❡t (M4n+3, g, ξi, ηi, ϕi)i=1,2,3 ❞❡♥♦t❡ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ✸✲

❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ❛♥❞ ❧❡t G ❜❡ ❛ ❝♦♠♣❛❝t s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣ ❛❝t✐♥❣ ❛❧♠♦st

❡✛❡❝t✐✈❡❧② ✭✐✳❡✳ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❛❝t✐♦♥ ✐s ❞✐s❝r❡t❡ ❛♥❞ ❤❡♥❝❡ ✜♥✐t❡✮ ❛♥❞ tr❛♥s✐t✐✈❡❧② ♦♥

M ❜② ✸✲❙❛s❛❦✐ ❛✉t♦♠♦r♣❤✐s♠s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ▲✐❡ ❛❧❣❡❜r❛ g ♦❢ G ❛♥❞ ✐ts ❝♦♠♣❧❡①✐✜✲

❝❛t✐♦♥ u = gC ❛r❡ s✐♠♣❧❡ ❛♥❞ ❞❡s❝r✐❜❡ ❤♦✇ t❤❡ ✸✲❙❛s❛❦✐ str✉❝t✉r❡ ❣✐✈❡s r✐s❡ t♦ ❛ ♠❛①✐♠❛❧

r♦♦t α ♦❢ u ✇✐t❤ r❡s♣❡❝t t♦ ❛ s✉✐t❛❜❧② ❝❤♦s❡♥ ❈❛rt❛♥ s✉❜❛❧❣❡❜r❛✳ ❲❡ ❝❛♥ t❤❡♥ ❛♣♣❧②

t❤❡ ❝♦♥str✉❝t✐♦♥ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✷ ❛♥❞ ♣r♦✈❡ t❤❛t t❤✐s ②✐❡❧❞s t❤❡ s❛♠❡ ✸✲❙❛s❛❦✐ str✉❝t✉r❡

t❤❛t ✇❡ st❛rt❡❞ ✇✐t❤✳

❚❤❡ ♣r♦t♦t②♣✐❝❛❧ ❡①❛♠♣❧❡ t♦ ❤❛✈❡ ✐♥ ♠✐♥❞ ✐s ✇❤❡r❡ G ✐s t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r ♦❢ Aut0(M)✱

t❤❡ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✸✲❙❛s❛❦✐ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ M ✳ ❙✐♥❝❡ M ✐s ❝♦♠✲

♣❧❡t❡ ❛♥❞ ♣♦s✐t✐✈❡❧② ❊✐♥st❡✐♥✱ ✐t ❢♦❧❧♦✇s t❤❛t M ✐s ❝♦♠♣❛❝t✱ s♦ ❜② t❤❡ ▼②❡rs✲❙t❡❡♥r♦❞

t❤❡♦r❡♠ t❤❡ ✐s♦♠❡tr② ❣r♦✉♣ Iso(M) ♦❢ M ✐s ❛ ❝♦♠♣❛❝t ▲✐❡ ❣r♦✉♣✳ ❚❤❡ ❝❧♦s❡❞ s✉❜❣r♦✉♣

Aut(M) ⊂ Iso(M) ♦❢ ✸✲❙❛s❛❦✐ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ M ✐s t❤✉s ❛❧s♦ ❝♦♠♣❛❝t✳ ❙✐♥❝❡ M ✐s

❝♦♥♥❡❝t❡❞✱ t❤❡ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t Aut0(M) st✐❧❧ ❛❝ts tr❛♥s✐t✐✈❡❧②✳ ❚❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r
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♦❢ Aut0(M) ❛❝ts ❛❧♠♦st ❡✛❡❝t✐✈❡❧②✱ tr❛♥s✐t✐✈❡❧② ❛♥❞ ❜② ✸✲❙❛s❛❦✐ ❛✉t♦♠♦r♣❤✐s♠s✳ ■t ✇✐❧❧

❢♦❧❧♦✇ ❢r♦♠ t❤❡ r❡s✉❧ts t❤❛t ✇❡ ❛r❡ ❛❜♦✉t t♦ ♣r♦✈❡ t❤❛t t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r ♦❢ Aut0(M)

✐s ❛❧s♦ ❝♦♠♣❛❝t✳ ▲❛t❡r ♦♥ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐♥ ❢❛❝t t❤❡ ❡✛❡❝t✐✈❡❧② ❛❝t✐♥❣ q✉♦t✐❡♥t ♦❢ ❛♥②

❣r♦✉♣ G s❛t✐s❢②✐♥❣ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ✐s ❛✉t♦♠❛t✐❝❛❧❧② t❤❡ ❢✉❧❧ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t

Aut0(M) ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣✳

❙✐♥❝❡ G ✐s ❝♦♠♣❛❝t✱ ✐ts ▲✐❡ ❛❧❣❡❜r❛ g ✐s r❡❞✉❝t✐✈❡✱ ✐✳❡✳ ❞❡❝♦♠♣♦s❡s ❛s ❛ ❞✐r❡❝t s✉♠ ♦❢ ❛

s❡♠✐s✐♠♣❧❡ s✉❜❛❧❣❡❜r❛ ❛♥❞ ✐ts ❝❡♥t❡r Z(g)✳ ❲❡ ✜rst s❤♦✇ t❤❛t g ✐ts❡❧❢ ✐s s❡♠✐s✐♠♣❧❡✳

▲❡♠♠❛ ✷✳✶✻✳ ❋♦r X,Y ∈ g t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❡❝t♦r ✜❡❧❞s s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥

dηi(X,Y ) = ηi([X,Y ]) .

◆♦t❛❜❧② ❡✈❛❧✉❛t✐♥❣ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❛t ❛ ♣♦✐♥t p ∈M ❞❡♣❡♥❞s ♦♥ X,Y ♦♥❧② t❤r♦✉❣❤ t❤❡✐r

✈❛❧✉❡s ❛t p✱ ✇❤✐❧❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❛ ♣r✐♦r✐ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡s ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ p✳

Pr♦♦❢✳ ❚❤❡ st❛♥❞❛r❞ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❡①t❡r✐♦r ❞❡r✐✈❛t✐✈❡ r❡❛❞s

dηi(X,Y ) = X
(
ηi(Y )

)
− Y

(
ηi(X)

)
− ηi([X,Y ]) .

❚❤❡ ▲❡✐❜♥✐③ r✉❧❡ ❢♦r t❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡ ✐♠♣❧✐❡s

X
(
ηi(Y )

)
= LX

(
ηi(Y )

)
=
(
LXηi

)
(Y ) + ηi

(
LXY

)
= ηi([X,Y ]) ,

✇❤❡r❡ LXηi = 0 ❜❡❝❛✉s❡ G ❛❝ts ❜② ✸✲❙❛s❛❦✐ ❛✉t♦♠♦r♣❤✐s♠s✳ ❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✲

✐♥❣ t♦ t❤❡ s❡❝♦♥❞ t❡r♠ ②✐❡❧❞s Y
(
ηi(X)

)
= −ηi([X,Y ])✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✼✳ ❚❤❡ ▲✐❡ ❛❧❣❡❜r❛ g ❤❛s tr✐✈✐❛❧ ❝❡♥t❡r ❛♥❞ ✐s t❤❡r❡❢♦r❡ s❡♠✐s✐♠♣❧❡✳

Pr♦♦❢✳ ▲❡t X ∈ g s✉❝❤ t❤❛t X ̸= 0✳ ❙✐♥❝❡ G ❛❝ts ❛❧♠♦st ❡✛❡❝t✐✈❡❧②✱ t❤❡r❡ ✐s ❛ ♣♦✐♥t

p ∈M s✉❝❤ t❤❛t Xp ̸= 0 ❛♥❞ t❤✉s ❛♥ ✐♥❞❡① i ∈ {1, 2, 3} s✉❝❤ t❤❛t Xp ✐s ♥♦t ♣r♦♣♦rt✐♦♥❛❧

t♦ (ξi)p✳ ❲❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ Y ∈ g s❛t✐s❢②✐♥❣ ηi([X,Y ]p) ̸= 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

[X,Y ] ̸= 0✿ ❇❡❝❛✉s❡ G ❛❝ts tr❛♥s✐t✐✈❡❧② ✇❡ ♠❛② ❝❤♦♦s❡ s♦♠❡ Y ∈ g s✉❝❤ t❤❛t Y p = ϕiXp✳

❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✇❡ ❤❛✈❡

ηi([X,Y ]p) = −dηi(Xp, Y p) = −dηi(Xp, ϕiXp) .

❖♥❡ ♦❢ t❤❡ ❙❛s❛❦✐ ❡q✉❛t✐♦♥s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✶ r❡❛❞s ϕ2
iXp = −Xp + PiXp✱ ✇❤❡r❡ Pi

❞❡♥♦t❡s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ t♦ t❤❡ ❧✐♥❡ t❤r♦✉❣❤ (ξi)p✳ ❍❡♥❝❡✿

ηi([X,Y ]p) = 2gp
(
Xp, Xp − PiXp

)
= 2
∥∥Xp − PiXp

∥∥2 ̸= 0 .

❘❡♠❛r❦ ✷✳✶✽✳ ❚❤❡ ❝♦♠♣❛❝t♥❡ss ❛ss✉♠♣t✐♦♥ ❢❛✐❧s ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♥❡❣❛t✐✈❡ 3✲(α, δ)✲

❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳ ❚❤✉s ✉♥❧✐❦❡ ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❛ ❝❧❛ss✐✜✲
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❝❛t✐♦♥ ❝❛♥♥♦t ❜❡ ❛❝❤✐❡✈❡❞ ❜② t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ❤❡r❡✳ ■♥❞❡❡❞ ✐♥ ❬❆❉❙❪ ❤♦♠♦❣❡♥❡♦✉s

♥❡❣❛t✐✈❡ 3✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✇✐t❤ ❛ tr❛♥s✐t✐✈❡ ❛❝t✐♦♥ ❜② ❛ ♥♦♥✲s❡♠✐s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣

❛r❡ ❝♦♥str✉❝t❡❞✳

❙✐♥❝❡ g ✐s ♥♦✇ ❜♦t❤ s❡♠✐s✐♠♣❧❡ ❛♥❞ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ ❛ ❝♦♠♣❛❝t ▲✐❡ ❣r♦✉♣✱ ✐ts ❑✐❧❧✐♥❣

❢♦r♠ B ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✳ ❲❡ ✜① ❛ ♣♦✐♥t p ∈ M ❛♥❞ ❧❡t H := Gp ❞❡♥♦t❡ ✐ts ✐s♦tr♦♣②

❣r♦✉♣✳ ❲❡ ✇r✐t❡ θ : G→M, g 7→ g ·p ❢♦r t❤❡ ♦r❜✐t ♠❛♣✱ ✇❤✐❝❤ ❤❛s s✉r❥❡❝t✐✈❡ ❞✐✛❡r❡♥t✐❛❧

dθe : TeG ∼= g → TpM, X 7→ Xp✳ ▲❡t αi := θ∗ηi ❞❡♥♦t❡ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ t❤❡ ❝♦♥t❛❝t ❢♦r♠

❛❧♦♥❣ t❤❡ ♦r❜✐t ♠❛♣✱ ✇❤✐❝❤ ✇❡ ♠❛② ✈✐❡✇ ✲ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥t❡①t ✲ ❛s ❡✐t❤❡r ❛ ❧✐♥❡❛r

❢♦r♠ ♦♥ g ♦r ❛s ❛ ❧❡❢t✲✐♥✈❛r✐❛♥t ❞✐✛❡r❡♥t✐❛❧ ♦♥❡✲❢♦r♠ ♦♥ G✳ ■♥ t❤❡✐r s❡♠✐♥❛❧ ✶✾✺✽ ❛rt✐❝❧❡

❬❇❲❪ ❇♦♦t❤❜② ❛♥❞ ❲❛♥❣ ❡①❤✐❜✐t❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

▲❡♠♠❛ ✷✳✶✾ ✭❬❇❲✱ ▲❡♠♠❛t❛ ✷✱ ✸✱ ✹❪✮✳ ❚❤❡ ♦♥❡✲❢♦r♠ αi ✐s Ad(H)✲✐♥✈❛r✐❛♥t✱ s❛t✐s✜❡s

αi(h) = 0 ❛♥❞ dαi ❤❛s r❛♥❦ 4n + 2✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ t❤❡ ❝❧♦s❡❞ s✉❜❣r♦✉♣

{g ∈ G | Ad∗gαi = αi} ✐s ❣✐✈❡♥ ❜② ker dαi✱ ❝♦♥t❛✐♥s h ❛♥❞ ❤❛s ❞✐♠❡♥s✐♦♥ dim h+ 1✳

❲❡ ♥♦✇ ❧❡t X̃i ∈ g ❞❡♥♦t❡ t❤❡ ❑✐❧❧✐♥❣ ❞✉❛❧ ♦❢ αi✱ ✐✳❡✳ B(X̃i, ·) = αi ❛♥❞ ❝♦♥s✐❞❡r

Xi := X̃i/B(X̃i, X̃i)✳ Ad✲✐♥✈❛r✐❛♥❝❡ ♦❢ B ✐♠♣❧✐❡s t❤❛t {g ∈ G | AdgXi = Xi} ❛♥❞

{g ∈ G | Ad∗gαi = αi} ❝♦✐♥❝✐❞❡✱ s♦

Cg(Xi) = ker dαi = h⊕ ⟨Xi⟩ .

Pr♦♣♦s✐t✐♦♥ ✷✳✷✵✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❡❝t♦r ✜❡❧❞sXi ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s

ξi ❛t t❤❡ ♣♦✐♥t p ❛♥❞ ♦❜❡② t❤❡ s❛♠❡ ❝♦♠♠✉t❛t♦r r❡❧❛t✐♦♥s [Xi, Xj ] = 2Xk✱ ✇❤❡r❡ (i, j, k)

✐s ❛ ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥ ♦❢ (1, 2, 3)✳

Pr♦♦❢✳ ❈❧❡❛r❧② Xi ∈ Cg(Xi) = ker dαi✱ s♦ t❤❛t (Xi)p ∈ ker(dηi)p✳ ❋✉rt❤❡r♠♦r❡ ✇❡

❤❛✈❡ 1 = αi(Xi) = (ηi)p(Xi)p✳ ❚❤✉s (Xi)p st❛t✐s✜❡s t❤❡ ✉♥✐q✉❡❧② ❞❡✜♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢

t❤❡ ❘❡❡❜ ✈❡❝t♦r (ξi)p✳ P❤r❛s❡❞ ❞✐✛❡r❡♥t❧② Xi ✭✈✐❡✇❡❞ ❛s ❛ ❧❡❢t✲✐♥✈❛r✐❛♥t ✈❡❝t♦r ✜❡❧❞ ♦♥

G✮ ❛♥❞ ξi ❛r❡ θ✲r❡❧❛t❡❞✳ ❈♦♥s❡q✉❡♥t❧② t❤❡ ▲✐❡ ❜r❛❝❦❡ts [Xi, Xj ] ❛♥❞ [ξi, ξj ] = 2ξk ❛r❡

❛❧s♦ θ✲r❡❧❛t❡❞ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r [Xi, Xj ]p = 2(ξk)p = 2(Xk)p✳ ❍❡♥❝❡ [Xi, Xj ] ❛♥❞ 2Xk

❝♦✉❧❞ ♦♥❧② ❞✐✛❡r ❜② ❛♥ ❡❧❡♠❡♥t ♦❢ h✳ ❇✉t B(Xk, h) = αk(h) = 0 ❛♥❞ B([Xi, Xj ], h) =

B(Xi, [Xj , h]) = 0✱ s♦ t❤❛t ❛❧s♦ B([Xi, Xj ]− 2Xk, h) = 0✳

▲❡t s ❜❡ ❛ ♠❛①✐♠❛❧ ❆❜❡❧✐❛♥ s✉❜❛❧❣❡❜r❛ ♦❢ h✳ ❙✐♥❝❡ Cg(X1) = h ⊕ ⟨X1⟩✱ ✐t ❢♦❧❧♦✇s

t❤❛t t := s ⊕ ⟨X1⟩ ✐s ❛ ♠❛①✐♠❛❧ ❆❜❡❧✐❛♥ s✉❜❛❧❣❡❜r❛ ♦❢ g✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♦❜t❛✐♥ t❤❛t

rkG = rkH + 1✳ ❚❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ g ❝♦rr❡s♣♦♥❞s t♦ ❛♥ Ad(H)✲✐♥✈❛r✐❛♥t ❛♥❞

t❤✉s ❛❧s♦ ad(h)✲✐♥✈❛r✐❛♥t ✐♥♥❡r ♣r♦❞✉❝t ♦♥ ❛ r❡❞✉❝t✐✈❡ ❝♦♠♣❧❡♠❡♥t ♦❢ ♦✉r ❝❤♦✐❝❡✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ st❛t❡s t❤❛t t❤✐s ✐♥♥❡r ♣r♦❞✉❝t ✐s ❡✈❡♥ ad(t)✲✐♥✈❛r✐❛♥t✿

▲❡♠♠❛ ✷✳✷✶✳ ❋♦r ❛❧❧ Y, Z ∈ g ✇❡ ❤❛✈❡

gp([Xi, Y ]p, Zp) + gp(Y p, [Xi, Z]p) = 0 .

✶✾



Pr♦♦❢✳ ❙✐♥❝❡ Xi ✐s ❛ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞ ✭G ❛❝ts ✐s♦♠❡tr✐❝❛❧❧②✮ t❤❛t ❝♦✐♥❝✐❞❡s ✇✐t❤ ξi ❛t

p✱ ✇❡ ♦❜t❛✐♥

gp([Xi, Y ]p, Zp) + gp(Y p, [Xi, Z]p) = −gp([Xi, Y ]p, Zp)− gp(Y p, [Xi, Z]p)

= −(Xi)p
(
g(Y , Z)

)
= −(ξi)p

(
g(Y , Z)

)
.

❇❡❝❛✉s❡ t❤❡ ▲❡✈✐✲❈✐✈✐t❛ ❝♦♥♥❡❝t✐♦♥ ∇ ✐s ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥ ❢r❡❡ ❛♥❞ ❛❧❧ G✲❢✉♥❞❛♠❡♥t❛❧

✜❡❧❞s ❝♦♠♠✉t❡ ✇✐t❤ ξi ✭G ❛❝ts ❜② ✸✲❙❛s❛❦✐ ❛✉t♦♠♦r♣❤✐s♠s✮ ✇❡ ❤❛✈❡

(ξi)p
(
g(Y , Z)

)
= gp(∇(ξi)pY , Zp) + gp(Y p,∇(ξi)pZ) = gp(∇Y p

ξi, Zp) + gp(Y p,∇Zp
ξi) .

❋✐♥❛❧❧② ∇ξi = −ϕi ❛♥❞ g(·, ϕi·) ✐s s❦❡✇✲s②♠♠❡tr✐❝✳

❲❡ ♥♦✇ ♠♦✈❡ ♦♥ t♦ t❤❡ ❝♦♠♣❧❡① ♣✐❝t✉r❡ ❛♥❞ ❧❡t u := gC✱ v := hC✱ c := tC ❛♥❞ α := 2iαC
1 |c✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦rs Hα, Xα, Yα ∈ u ❞❡✜♥❡❞ ❜②

Hα :=
1

i
X1 , Xα :=

1

2i
(X2 − iX3) , Yα :=

1

2i
(X2 + iX3) ,

✇❤✐❝❤ s❛t✐s❢② t❤❡ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s

[Hα, Xα] = 2Xα , [Hα, Yα] = −2Yα , [Xα, Yα] = Hα .

Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✳ ❚❤❡ ❧✐♥❡❛r ❢♦r♠ α ✐s ❛ r♦♦t ♦❢ u ✇✐t❤ r❡s♣❡❝t t♦ c✱ ✇❤♦s❡ r♦♦t s♣❛❝❡

✐s ❣✐✈❡♥ ❜② uα = ⟨Xα⟩✳ ❋✉rt❤❡r♠♦r❡ u−α = ⟨Yα⟩ ❛♥❞ Hα ✐s t❤❡ ❝♦r♦♦t ♦❢ α✳

Pr♦♦❢✳ ❋✐rst [Hα, Xα] = 2Xα = α(Hα)Xα✳ ❙✐♥❝❡ X2, X3 ❝♦♠♠✉t❡ ✇✐t❤ h✱ t❤❡ ✈❡❝t♦r

Xα ❝♦♠♠✉t❡s ✇✐t❤ v ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✇✐t❤ sC✳ ▲✐❦❡✇✐s❡ α1 ✈❛♥✐s❤❡s ♦♥ h✱ s♦ t❤❛t α

✈❛♥✐s❤❡s ♦♥ v ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥ sC✳

▲❡t Φ ⊂ c∗ ❞❡♥♦t❡ t❤❡ r♦♦t s②st❡♠ ♦❢ u ✇✐t❤ r❡s♣❡❝t t♦ c✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ Z✲❣r❛❞✐♥❣ ♦❢

u ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✈✐③✳

u(k) :=
⊕

β∈c∗ ,
cαβ=k

uβ .

▲❡♠♠❛ ✷✳✷✸✳ ❚❤❡ 0✲ ❛♥❞ ±2✲❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❣r❛❞✐♥❣ ❛r❡ ❣✐✈❡♥ ❜② u(0) = v ⊕ ⟨Hα⟩

❛♥❞ u(±2) = u±α✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ u(0) = ker adHα = Cu(Hα) = v⊕⟨Hα⟩✳ ❙✉♣♣♦s❡ t❤❡r❡ ✇❛s ❛ r♦♦t β ̸= α s✉❝❤ t❤❛t

cαβ = 2✳ ❚❤❡♥ ⟨β, α⟩ > 0 ❛♥❞ β − α ✇❛s ❛ r♦♦t s❛t✐s❢②✐♥❣ cα(β−α) = 0✳ ❲❡ ✇♦✉❧❞ ♥❡❡❞

t♦ ❤❛✈❡ [uα, uβ−α] = uβ ✱ ❜✉t uβ−α ⊂ u(0) = v⊕ ⟨Hα⟩ ❛♥❞ [uα, v] = 0✱ [uα, Hα] = uα✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✹✳ ❚❤❡ ▲✐❡ ❛❧❣❡❜r❛s g ❛♥❞ u ❛r❡ s✐♠♣❧❡✳

✷✵



Pr♦♦❢✳ ❚❤❡ s❡♠✐s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛ g ❞❡❝♦♠♣♦s❡s ❛s ❛ ❞✐r❡❝t s✉♠ g = g(1) ⊕ . . . ⊕ g(m)

♦❢ s✐♠♣❧❡ ✐❞❡❛❧s✳ ❙✐♥❝❡ t❤❡ ❑✐❧❧✐♥❣ ❢♦r♠ ♦❢ g ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ t❤❡ s❛♠❡ ❛♣♣❧✐❡s t♦ t❤❡

✐❞❡❛❧s g(i)✱ ✇❤✐❝❤ t❤✉s ❝❛♥♥♦t ❜❡ t❤❡ r❡❛❧✐✜❝❛t✐♦♥ ♦❢ ❛ ❝♦♠♣❧❡① ▲✐❡ ❛❧❣❡❜r❛✳ ❚❤❡r❡❢♦r❡

t❤❡✐r ❝♦♠♣❧❡①✐✜❝❛t✐♦♥s u(i) := gC(i) ❛r❡ ❛❧s♦ s✐♠♣❧❡ ❛♥❞ ②✐❡❧❞ ❛ s✐♠✐❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥

u = u(1) ⊕ . . . ⊕ u(m) ✐♥t♦ s✐♠♣❧❡ ✐❞❡❛❧s ❬❑♥❛♣✱ ❚❤❡♦r❡♠ ✻✳✾✹❪✳ ❆❝❝♦r❞✐♥❣❧② t❤❡ r♦♦t

s②st❡♠ ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ Φ = Φ1 ⊔ . . . ⊔ Φm✳ ❲❡ ❝❧❛✐♠ t❤❛t g = g(i) ✭❛♥❞ ❤❡♥❝❡

u = u(i)✮✱ ✇❤❡r❡ i ✐s t❤❡ ✉♥✐q✉❡ ✐♥❞❡① s✉❝❤ t❤❛t α ∈ Φi✳

❋♦r j ̸= i t❤❡ ✐❞❡❛❧ g(j) ❝♦♠♠✉t❡s ✇✐t❤ g(i) ⊃ (uα ⊕ u−α) ∩ g ∋ X2, X3✱ s♦ g(j) ⊂ h = gp✳

❙✐♥❝❡ g(j) ✐s ❛♥ ✐❞❡❛❧ ❛♥❞ G ✐s ❝♦♥♥❡❝t❡❞✱ ✐t ❢♦❧❧♦✇s t❤❛t g(j) = Adg(g(j)) ⊂ Adg(gp) = gg·p

❢♦r ❛❧❧ g ∈ G✳ ❇❡❝❛✉s❡ t❤❡ G✲❛❝t✐♦♥ ✐s ❛❧♠♦st ❡✛❡❝t✐✈❡ ✇❡ ♠✉st ❤❛✈❡ g(j) = 0✳

■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ❢♦r ❛♥② r♦♦t s②st❡♠ Φ ❛♥❞ ❛♥② r♦♦ts α, β ∈ Φ t❤❡ ❈❛rt❛♥ ♥✉♠❜❡rs

❛r❡ ❜♦✉♥❞❡❞ ❜② |cαβ | ≤ 3✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ♦♥❧② ✐rr❡❞✉❝✐❜❧❡ ❝❛s❡ ✇❤❡r❡ |cαβ | = 3 ♦❝❝✉rs

✐s ✇❤❡♥ g = g2✱ α ✐s ♦♥❡ ♦❢ t❤❡ s❤♦rt r♦♦ts ❛♥❞ β ✐s t❤❡ ❧♦♥❣ r♦♦t t❤❛t ❢♦r♠s ❛♥ ❛♥❣❧❡ ♦❢

✶✺✵ ✭✷✶✵✮ ❞❡❣r❡❡s ✇✐t❤ α✳ ❲❡ r❡❧❡❣❛t❡ t❤❡ ♣r♦♦❢ t❤❛t t❤✐s ❝❛s❡ ❝❛♥♥♦t ❛❝t✉❛❧❧② ♦❝❝✉r ✐♥

♦✉r s✐t✉❛t✐♦♥ t♦ t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳

■♥ ❛❧❧ t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s ✇❡ ❤❛✈❡ t❤❡r❡❢♦r❡ s❤♦✇♥ t❤❛t α ✐s ❛ ♠❛①✐♠❛❧ r♦♦t ✭❝❢✳

▲❡♠♠❛ ✷✳✽✮✱ s♦ ✇❡ ♠❛② ❝❛rr② ♦✉t t❤❡ ❝♦♥str✉❝t✐♦♥ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✷✳ ❲❡ ♥♦✇ ♣r♦✈❡

t❤❛t t❤❡ ✸✲❙❛s❛❦✐ str✉❝t✉r❡ ♦❜t❛✐♥❡❞ t❤✐s ✇❛② ✐♥❞❡❡❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ ✇❡

st❛rt❡❞ ✇✐t❤✳ ❲❡ s✐♠♣❧✐❢② t❤❡ ❛♥❛❧②s✐s ❜② st✉❞②✐♥❣ t❤❡ r❡❞✉❝t✐✈❡ ❝♦♠♣❧❡♠❡♥t m := h⊥B ✳

▲❡♠♠❛ ✷✳✷✺✳ ❚❤❡ r❡❞✉❝t✐✈❡ ❝♦♠♣❧❡♠❡♥t m ❞❡❝♦♠♣♦s❡s B✲♦rt❤♦❣♦♥❛❧❧② ❛s

m = ⟨X1, X2, X3⟩ ⊕
⊕

β∈Φ ,
cαβ=1

(uβ ⊕ u−β) ∩ g =: k⊕ g1 .

Pr♦♦❢✳ ⊃✿ ❈❧❡❛r❧② X1, X2, X3 ❛r❡ B✲♦rt❤♦❣♦♥❛❧ t♦ h✳ ❋♦r β, γ ∈ c∗ ✇✐t❤ β + γ ̸= 0 t❤❡

s✉❜s♣❛❝❡s uβ ❛♥❞ uγ ❛r❡ BC✲♦rt❤♦❣♦♥❛❧✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ β ∈ Φ ✇✐t❤ cαβ = 1

t❤❡ s✉❜s♣❛❝❡s u±β ❛r❡ ❛❧s♦ BC✲♦rt❤♦❣♦♥❛❧ t♦ h✳

⊂✿ ❇② ✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✷✳✷✸ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❤❛✈❡ ❞✐♠❡♥s✐♦♥ 4n+ 3✳

❲❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ str✉❝t✉r❡ t❡♥s♦rs ♦❢ t❤❡ t✇♦ ✸✲❙❛s❛❦✐ str✉❝t✉r❡s ✐♥ q✉❡st✐♦♥ ✈✐❛ t❤❡

✐s♦♠♦r♣❤✐s♠ ψ : m → TpM, X 7→ Xp✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✵ ❤❛s ❛❧r❡❛❞② s❤♦✇♥ t❤❛t t❤❡

✈❡❝t♦rs Xi ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ξi✳ ▲♦♦❦✐♥❣ ❜❛❝❦ ❛t ❚❤❡♦r❡♠ ✷✳✶ ✇❡

♦❜s❡r✈❡ t❤❛t ❡q✉❛❧✐t② ♦❢ t❤❡ ❝♦♥t❛❝t ❢♦r♠s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

▲❡♠♠❛ ✷✳✷✻✳ αi = −B(Xi, ·)/4(n+ 2)✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ αi = B(Xi, ·)/B(Xi, Xi)✳ ❲❡ ❤❛✈❡

B(X1, X1) = BC(iHα, iHα) = −BC(Hα, Hα) = − tr ad2Hα

= −4 · (dim u(2) + dim u(−2))− 1 · (dim u(1) + dim u(−1)) = −4(n+ 2) .

✷✶



❲❡ ❛❧s♦ ❤❛✈❡ B(X2, X2) = B(X3, X3) = −4(n + 2)✱ s✐♥❝❡ ✇❡ ❝♦✉❧❞ ❤❛✈❡ ✉s❡❞ t❤❡ s❛♠❡

❛r❣✉♠❡♥ts ❢♦r ❛ ♠❛①✐♠❛❧ t♦r✉s ♦❢ ❡✳❣✳ t❤❡ ❢♦r♠ s⊕ ⟨X2⟩✳

❇❡❝❛✉s❡ t❤❡ ❝♦♥t❛❝t ❢♦r♠s ❝♦✐♥❝✐❞❡✱ s♦ ❞♦ t❤❡✐r ❞✐✛❡r❡♥t✐❛❧s✱ ✇❤✐❝❤ ❛r❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

t✇♦✲❢♦r♠s✳ ❙✐♥❝❡ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t✇♦✲❢♦r♠s

t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛❧♠♦st ❝♦♠♣❧❡① str✉❝t✉r❡s ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡ ❧❛tt❡r ❝♦✐♥❝✐❞❡✳

▲❡t Li : m → m ❞❡♥♦t❡ t❤❡ Ad(H)✲✐♥✈❛r✐❛♥t ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ m ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡

G✲✐♥✈❛r✐❛♥t ❡♥❞♦♠♦r♣❤✐s♠ ✜❡❧❞ ϕi✱ ✐✳❡✳ Li = ψ−1 ◦ (ϕi)p ◦ψ✳ ❘❡❝❛❧❧✐♥❣ ❚❤❡♦r❡♠ ✷✳✶ t❤❡

❝❧❛✐♠ r❡❞✉❝❡s t♦ s❤♦✇✐♥❣ t❤❛t

Li|k =
1

2
adXi

, Li|g1 = adXi
.

❚❤❡ ✜rst ❡q✉❛t✐♦♥ ✐s ❝❧❡❛r ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✵✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✼✳ ❚❤❡ ❛❧♠♦st ❝♦♠♣❧❡① str✉❝t✉r❡s ♦❢ t❤❡ t✇♦ ✸✲❙❛s❛❦✐ str✉❝t✉r❡s ✐♥

q✉❡st✐♦♥ ❝♦✐♥❝✐❞❡✳

Pr♦♦❢✳ ❲❡ ✜rst ❝❧❛✐♠ t❤❛t L1 ✐s ♥♦t ♦♥❧② ad(h)✲ ❜✉t ❡✈❡♥ ad(t)✲✐♥✈❛r✐❛♥t✱ ✐✳❡✳ t❤❛t t❤❡

❡♥❞♦♠♦r♣❤✐s♠s L1 ❛♥❞ adX1
❝♦♠♠✉t❡ ♦♥ g1✳ ❋♦r ❛❧❧ Y, Z ∈ g1 ✇❡ ❤❛✈❡

2gp(Y p, L1Zp) = dη1(Y p, Zp)

= dη1([X1, Y ]p, [X1, Z]p)

= 2gp([X1, Y ]p, L1[X1, Z]p)

= −2gp(Y p, [X1, L1[X1, Z]p) .

■♥ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✇❡ ✉s❡❞ t❤❛t adX1
❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛❧♠♦st ❝♦♠♣❧❡① str✉❝t✉r❡ ♦♥

g1 ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❝♦♠♠♦♥ ❢✉♥❞❛♠❡♥t❛❧ t✇♦✲❢♦r♠ dη1✳ ❚❤❡ ❧❛st ❡q✉❛t✐♦♥

❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷✶✳ ❚❤✐s s❤♦✇s t❤❛t L1 = −adX1
◦L1◦adX1

♦♥ g1 ❛♥❞ ❝♦♥s❡q✉❡♥t❧②

adX1
◦ L1 = −ad2X1

◦ L1 ◦ adX1
= L1 ◦ adX1

✳

▲❡t β ❜❡ ❛ r♦♦t s✉❝❤ t❤❛t cαβ = 1✳ ❙✐♥❝❡ adHα ❧❡❛✈❡s uβ ✐♥✈❛r✐❛♥t✱ s♦ ❞♦❡s adCX1
✳ ❇❡❝❛✉s❡

L1 ✐s ad(t)✲✐♥✈❛r✐❛♥t ✐t ❢♦❧❧♦✇s t❤❛t L
C
1 ✐s ad(c)✲✐♥✈❛r✐❛♥t ❛♥❞ t❤✉s ❛❧s♦ ❧❡❛✈❡s uβ ✐♥✈❛r✐❛♥t✳

◆♦✇ adCX1
❛♥❞ LC

1 ❛r❡ C✲❧✐♥❡❛r ♠❛♣s ♦♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ uβ ✇❤✐❝❤ sq✉❛r❡

t♦ −id✱ s♦ t❤❡② ♠✉st ❜❡ ❣✐✈❡♥ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ ±i✳ ❙✐♥❝❡ ❜♦t❤ ❡♥❞♦♠♦r♣❤✐s♠s

❝♦♠♠✉t❡ ✇✐t❤ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t✐♦♥✱ t❤❡② ❛❝t ♦♥ u−β = uβ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ ∓i✳

❚❤❡r❡❢♦r❡ L1 ❛♥❞ adX1
❝♦✐♥❝✐❞❡ ♦♥ (uβ ⊕ u−β) ∩ g ✉♣ t♦ s✐❣♥✳ ❲❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ t❤❛t

L1 = adX1
♦♥ g1 ❜② ♦❜s❡r✈✐♥❣ t❤❛t ❢♦r Y ∈ g1, Y ̸= 0 ▲❡♠♠❛ ✷✳✶✻ ✐♠♣❧✐❡s

2gp([X1, Y ]p, L1Y p) = dη1([X1, Y ]p, Y p)

= η1([[X1, Y ], Y ]p) = −α1([[X1, Y ], Y ])

=
B(X1, [[X1, Y ], Y ])

4(n+ 2)
= −

B([X1, Y ], [X1, Y ])

4(n+ 2)
> 0 .

✷✷



❆❣❛✐♥ ✇❡ ❝❛♥ r❡♣❡❛t t❤❡ ❛r❣✉♠❡♥ts ❢♦r t❤❡ ♠❛①✐♠❛❧ t♦r✐ s⊕⟨Xi⟩✱ i = 2, 3✳ ❊✈❡♥ t❤♦✉❣❤

t❤❡ r♦♦t s♣❛❝❡s ❧♦♦❦ ❞✐✛❡r❡♥t❧② t❤❡♥✱ t❤❡ s✉❜❛❧❣❡❜r❛ g1 ✐s st✐❧❧ t❤❡ s❛♠❡ ❜❡❝❛✉s❡ ✐t ❝❛♥

❜❡ ❞❡✜♥❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♠❛①✐♠❛❧ t♦r✉s ❛s t❤❡ B✲♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t ♦❢ k ✐♥

m ❜② ✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✷✳✷✺✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ ❛❧♠♦st ❝♦♠♣❧❡① str✉❝t✉r❡s ✐♥ q✉❡st✐♦♥

❛❧s♦ ❝♦✐♥❝✐❞❡ ❢♦r i = 2, 3✳

❘❡♠❛r❦ ✷✳✷✽✳ ■♥ ❧❛t❡r s❡❝t✐♦♥s ✐♥st❡❛❞ ♦❢ ✇♦r❦✐♥❣ ✇✐t❤ t❤❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ❛❧♠♦st

❡✛❡❝t✐✈❡❧② ❛❝t✐♥❣ ▲✐❡ ❣r♦✉♣ G ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ g✱ ✇❡ ♠❛② s♦♠❡t✐♠❡s t✉r♥ t♦ ❛ ♥♦♥✲s✐♠♣❧②

❝♦♥♥❡❝t❡❞ ✭♣♦ss✐❜❧② ❡✛❡❝t✐✈❡❧② ❛❝t✐♥❣✮ ❣r♦✉♣ G̃ ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ g✳ ❋♦r g = so(k) ✉s✐♥❣

G̃ = SO(k) ✐♥st❡❛❞ ♦❢ G = Spin(k) ❛❧❧♦✇s ✉s t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦s❡t s♣❛❝❡

♠♦r❡ ❡①♣❧✐❝✐t❧② ✈✐❛ ♠❛tr✐❝❡s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❛ ❞❡s❝r✐♣t✐♦♥ G̃/H̃✱ t❤❡♥ t❤❡ ✐s♦tr♦♣② ❣r♦✉♣

♦❢ t❤❡ G✲❛❝t✐♦♥ ♦♥ G̃/H̃ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♥♥❡❝t❡❞ s✉❜❣r♦✉♣ H ⊂ G ✇❤♦s❡ ▲✐❡ ❛❧❣❡❜r❛

❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❛t ♦❢ H̃✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t M ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ✈✐❛ t❤❡

❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❤♦♠♦t♦♣② ❣r♦✉♣s✳ ❍❡♥❝❡ G̃/H̃ ❛♥❞ G/H ❛r❡ ❣♦✈❡r♥❡❞ ❜② t❤❡

s❛♠❡ ▲✐❡ ❛❧❣❡❜r❛✐❝ ❞❛t❛ ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ ✐s♦♠♦r♣❤✐❝ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳

❲❡ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ❜② ❝❧♦s✐♥❣ t❤❡ ❣❛♣ t❤❛t ✇❡ ♣r❡✈✐♦✉s❧② ❧❡❢t✿

Pr♦♣♦s✐t✐♦♥ ✷✳✷✾✳ ❊✈❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❛✉t♦♠♦r✲

♣❤✐s♠ ❛❧❣❡❜r❛ g2 t❤❡ r♦♦t ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸ ✐s ♠❛①✐♠❛❧✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥ ❧❡t ✉s ❛ss✉♠❡ t❤❛t α ✇❛s ♦♥❡ ♦❢ t❤❡ s❤♦rt r♦♦ts ♦❢ g2✳ ❆❣❛✐♥

✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❞✉❝t✐✈❡ ❝♦♠♣❧❡♠❡♥t m := h⊥B ❛s ✇❡❧❧ ❛s t❤❡ ♠❛♣s ψ : m → TpM ✱

X 7→ Xp ❛♥❞ Li := ψ−1 ◦ (ϕi)p ◦ ψ : m → m✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢

♦❢ ▲❡♠♠❛ ✷✳✷✺ ✇❡ ♦❜t❛✐♥ t❤❡ B✲♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

m = ⟨X1, X2, X3⟩ ⊕
⊕

β∈Φ ,
cαβ∈{1,3}

(uβ ⊕ u−β) ∩ g .

❯♥❞❡r t❤❡ ✐s♦♠♦r♣❤✐s♠ ψ : m → TpM t❤✐s ✐♥❞✉❝❡s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡✿

TpM = ⟨ξ1, ξ2, ξ3⟩ ⊕
⊕

β∈Φ ,
cαβ∈{1,3}

Vβ ,

✇❤❡r❡ Vβ := ψ((uβ ⊕ u−β) ∩ g)✳

▲❡♠♠❛ ✷✳✸✵✳ ❚❤❡ ❛❜♦✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ TpM ✐s gp✲♦rt❤♦❣♦♥❛❧✳

Pr♦♦❢✳ ■❢ Y ∈ (uβ ⊕ u−β) ∩ g✱ t❤❡♥

gp((ξi)p, Y p) = ηi(Y p) = αi(Y ) = B(Xi, Y )/B(Xi, Xi) = 0 ,

❍❡♥❝❡ ❡❛❝❤ Vβ ✐s gp✲♦rt❤♦❣♦♥❛❧ t♦ ⟨ξ1, ξ2, ξ3⟩✳ ■❢ β1, β2 ❛r❡ r♦♦ts s✉❝❤ t❤❛t β1 ̸= −β2✱

t❤❡♥ t❤❡r❡ ❡①✐sts s♦♠❡ X ∈ c s✉❝❤ t❤❛t β1(X) ̸= −β2(X)✳ ❲❡ ❡①t❡♥❞ ψ ❛♥❞ gp ❝♦♠♣❧❡①

✷✸



✭❜✐✲✮❧✐♥❡❛r❧②✱ ❧❡t Y ∈ uβ1
✱ Z ∈ uβ2

❛♥❞ ❝♦♠♣❧❡①✐❢② ▲❡♠♠❛ ✷✳✷✶ t♦ ♦❜t❛✐♥

β1(X)gp(ψY, ψZ) = gp(ψ[X,Y ], ψZ) = −gp(ψY, ψ[X,Z]) = −β2(X)gp(ψY, ψZ) .

❙✐♥❝❡ β1(X) ̸= −β2(X)✱ ✐t ❢♦❧❧♦✇s t❤❛t ψuβ1
❛♥❞ ψuβ2

❛r❡ gp✲♦rt❤♦❣♦♥❛❧✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t ❢♦r β ̸= ±γ t❤❡ s✉❜s♣❛❝❡s Vβ ❛♥❞ Vγ ❛r❡ gp✲♦rt❤♦❣♦♥❛❧✳

▲❡♠♠❛ ✷✳✸✶✳ ❋♦r ❛❧❧ Y, Z ∈ g ✇❡ ❤❛✈❡

gp(Y p, LiZp) = 0 ⇐⇒ B(Xi, [Y, Z]) = 0 .

Pr♦♦❢✳ ❇② ✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✷✳✶✻✿

2gp(Y p, LiZp) = dηi(Y p, Zp) = ηi([Y , Z]p) = −αi([Y, Z]) = −
B(Xi, [Y, Z])

B(Xi, Xi)
.

▲❡♠♠❛ ✷✳✸✷✳ ❋♦r ❛♥② r♦♦t β ∈ Φ ✇❡ ❤❛✈❡ ϕ2Vβ ⊂ Vβ+α ⊕ Vβ−α✳

Pr♦♦❢✳ ▲❡t γ ∈ Φ s✉❝❤ t❤❛t γ ̸= σα + τβ ❢♦r ❛❧❧ σ, τ ∈ {±1}✳ ❚❤❡♥✱ σβ + τγ ̸∈ {±α}

❢♦r ❛❧❧ σ, τ ∈ {±1}✳ ❈♦♥s❡q✉❡♥t❧② t❤❡ s✉❜s♣❛❝❡ [uβ ⊕ u−β , uγ ⊕ u−γ ] ✐s B
C✲♦rt❤♦❣♦♥❛❧

t♦ uα ⊕ u−α ∋ Xα, Yα ❛♥❞ t❤✉s ❛❧s♦ t♦ X2 = i(Xα + Yα) ✭s❡❡ t❤❡ ❡q✉❛t✐♦♥s ❛❜♦✈❡

Pr♦♣♦s✐t✐♦♥ ✷✳✷✷✮✳ ❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ♥♦✇ ✐♠♣❧✐❡s t❤❛t ϕ2Vβ ✐s gp✲♦rt❤♦❣♦♥❛❧ t♦ Vγ ✳

❚❤❡ ❝❧❛✐♠ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✸✵✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✾✳ ▲❡t ✉s ❧❛❜❡❧ s♦♠❡ ♦❢ t❤❡ r♦♦ts ♦❢ g2 ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

❞✐❛❣r❛♠✿

α
β

γ

δ

▲❡♠♠❛ ✷✳✸✷ ✐♠♣❧✐❡s t❤❛t ϕ2Vβ ⊂ Vγ ✳ ❙✐♥❝❡ ϕ2 ✐s ✐♥❥❡❝t✐✈❡ ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧ s♣❛❝❡✱ ✇❡ ✐♥

❢❛❝t ❤❛✈❡ ϕ2Vβ = Vγ ✳ ❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✸✷ ②✐❡❧❞s ϕ2Vγ ⊂ Vβ ⊕ Vδ✳ ■❢ ✇❡

❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ Y ∈ Vγ s✉❝❤ t❤❛t ϕ2Y ❤❛s ❛ ♥♦♥✲tr✐✈✐❛❧ Vδ✲❝♦♠♣♦♥❡♥t✱

t❤❡♥ ✇❡ ❛rr✐✈❡ ❛t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ ❢❛❝t t❤❛t ϕ2
2 = −id ♦♥ Vβ ✳

▲❡t Z∗ ❞❡♥♦t❡ t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ ❛ ✈❡❝t♦r Z ∈ u✳ ❲❡ ❝❛♥ ❝❤♦♦s❡ Xγ ∈ uγ ✱ Xδ ∈ uδ

✐♥ s✉❝❤ ❛ ✇❛② t❤❛t

[Xγ , X
∗
δ ] = Xα =

1

2i
(X2 − iX3) .

✷✹



❲❡ ♥♦t❡ t❤❛t

X∗
α = −

1

2i
(X2 + iX3) = −Yα , i(Xα −X∗

α) = X2 ,

❛♥❞

B([Xγ +X∗
γ , i(X

∗
δ −Xδ)], X2) = B(i(Xα −X∗

α), X2) = B(X2, X2) ̸= 0 .

▲❡♠♠❛ ✷✳✸✶ ✜♥❛❧❧② ✐♠♣❧✐❡s t❤❛t ϕ2Y ❤❛s ❛ Vδ✲❝♦♠♣♦♥❡♥t ❢♦r Y := (Xγ +X∗
γ)p✳

✷✳✹ ❲❤② ♥♦ ❙✉❜❣r♦✉♣ ❆❝ts ❚r❛♥s✐t✐✈❡❧②

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❛♥② s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s 3✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞M ✐s ♦❜t❛✐♥❡❞

❢r♦♠ ❛ ❝♦♠♣❧❡① 3✲❙❛s❛❦✐ ❞❛t✉♠ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ❍❡♥❝❡ M ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

G/H✱ ✇❤❡r❡ G ✐s ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣✳ ❙✐♥❝❡ G ✐s s✐♠♣❧❡✱ ❛

✜♥✐t❡ q✉♦t✐❡♥t G̃ ♦❢ G ❛❝ts ❡✛❡❝t✐✈❡❧② ❛♥❞ t❤✉s ❢♦r♠s ❛ s✉❜❣r♦✉♣ G̃ ⊂ Aut0(M)✳ ❲❡ ❝❛♥

♥♦✇ ✇r✐t❡ M = G̃/H̃ ❛♥❞ ✇✐❧❧ s❤♦✇ ❜❡❧♦✇ t❤❛t g = Lie(G̃) = aut(M)✳ ❚❤✐s ❝♦♥❝❧✉❞❡s

t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ❛s M ❞❡t❡r♠✐♥❡s ✐ts ✸✲❙❛s❛❦✐ ❞❛t✉♠✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✸✳ ■❢ ❛ s✉❜❣r♦✉♣ G̃ ⊂ Aut0(M) ❛❝ts tr❛♥s✐t✐✈❡❧② ♦♥ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞

❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ M ✱ t❤❡♥ G̃ = Aut0(M)✳

Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ▲✐❡ ❛❧❣❡❜r❛ g ♦❢ G̃ ✐s t✐❡❞ t♦ ♣✉r❡❧② ❣❡♦♠❡tr✐❝ ❞❛t❛ ♦❢ M ✳

❘❡❝❛❧❧ t❤❡ s❡t✉♣ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✿ ❲❡ ❤❛✈❡ ❛ r❡❞✉❝t✐✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ g = h ⊕ m✱

✇❤❡r❡ m = h⊥B ❛♥❞ m = k ⊕ g1✱ ✇❤❡r❡ k ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ξi ❛♥❞

g1 = (h⊕ k)⊥B ✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❝♦♠♠✉t❛t♦r r❡❧❛t✐♦♥s ✭❝❢✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✮

[h, h] ⊂ h, [h, k] = 0, [h, g1] ⊂ g1, [k, k] ⊂ k, [k, g1] ⊂ g1, [g1, g1] ⊂ g0 = h⊕ k.

❈♦♥s✐❞❡r t❤❡ s✉❜s♣❛❝❡ m + [m,m] ⊂ g✳ ❯s✐♥❣ t❤❡ ❝♦♠♠✉t❛t♦r r❡❧❛t✐♦♥s ✇❡ ✜♥❞ t❤❛t

t❤✐s ✐s ❛♥ ✐❞❡❛❧ ✐♥ g ❛♥❞ t❤✉s ✭Pr♦♣♦s✐t✐♦♥ ✷✳✷✹✮ ❛❧r❡❛❞② g ✐ts❡❧❢✳ ❍❡♥❝❡ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢

m ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞s iso(M) ♦♥ M ✈✐❛ X 7→ X ❛❧♦♥❡

❞❡t❡r♠✐♥❡s g ⊂ iso(M)✳

❲❡ ♥♦✇ ❝❤❛r❛❝t❡r✐③❡ m ❛s t❤❡ s✉❜s❡t ♦❢ ❑✐❧❧✐♥❣ ✜❡❧❞s ✇❤♦s❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡s ♦❜❡② ❛

❝❡rt❛✐♥ ❜❡❤❛✈✐♦r ❛t o = eH̃✳ ❇② ❛♥❛❧♦❣② r❡❝❛❧❧ t❤❛t ✐♥ ❛ s②♠♠❡tr✐❝ s♣❛❝❡ t❤❡ ❛♥❛❧♦❣✉❡

♦❢ m ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s t❤❡ ❑✐❧❧✐♥❣ ✜❡❧❞s ✇❤♦s❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡s ✈❛♥✐s❤ ❛t o✳

▲❡t ∇ ❜❡ t❤❡ ▲❡✈✐✲❈✐✈✐t❛ ❝♦♥♥❡❝t✐♦♥ ♦♥ M ❛♥❞ α : m × m → m t❤❡ ❛ss♦❝✐❛t❡❞ ◆♦♠✐③✉

♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜②

α(X,Y )o = ∇Xo
Y − [X,Y ]o.

✷✺



■t s❛t✐s✜❡s

α(X,Y ) =





0 , X ∈ k ❛♥❞ Y ∈ g1 ,

1
2 [X,Y ]m , X, Y ∈ k ♦r X,Y ∈ g1 ,

[X,Y ]m , X ∈ g1 ❛♥❞ Y ∈ k,

s❡❡ ❬❉❖P✱ ❚❤❡♦r❡♠ ✹✳✷❪✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ◆♦♠✐③✉ ♦♣❡r❛t♦r ✇❡ ❤❛✈❡

∇Xo
Y = α(X,Y )o + [X,Y ]o .

❚❤✐s ♠❡❛♥s t❤❛t

∇Xo
Y =





3
2 [X,Y ]o = −3

∑
ηi(Yo)ϕiXo , X ∈ k ,

2[X,Y ]o = −2
∑
ηi(Yo)ϕiXo , X ∈ g1 ,

❢♦r Y ∈ k ❛♥❞

∇Xo
Y =




[X,Y ]o =

∑3
i=1 ηi(Xo)ϕi(Yo) , X ∈ k ,

3
2([X,Y ]k)o = −3

2

∑3
i=1 dηi(Xo, Yo)ξi , X ∈ g1 ,

❢♦r Y ∈ g1✱ ✇❤❡r❡ ✇❡ ✉s❡❞ ▲❡♠♠❛ ✷✳✶✻ ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥✳ ❍❡♥❝❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
✈❡❝t♦r ✜❡❧❞ ♦❢ Y ∈ m = k⊕ g1 s❛t✐s✜❡s

∇vY = −3
3∑

i,j=1

ηi(Yo)ηj(v)ϕiξj − 2
3∑

i=1

ηi(Yo)ϕi(vH)

+

3∑

i=1

ηi(v)ϕi(Yo)H −
3

2

3∑

i=1

dηi(v,Yo)ξi

✭✷✳✷✮

❢♦r ❛❧❧ v ∈ ToM ✱ ✇❤❡r❡ vH ❞❡♥♦t❡s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ v t♦ H =
⋂

ker ηi✳ ◆♦t❡ t❤❛t (∇Y )o

❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✈❛❧✉❡ Yo ∈ ToM ✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♠❛♣s

m → {Y ❑✐❧❧✐♥❣ ✜❡❧❞ ♦♥ M | Y s❛t✐s✜❡s ✭✷✳✷✮ ❢♦r ❛❧❧ v ∈ ToM} → ToM ,

✇❤❡r❡ t❤❡ ✜rst ♠❛♣ ✐s Y 7→ Y ❛♥❞ t❤❡ s❡❝♦♥❞ ✐s ❡✈❛❧✉❛t✐♦♥ ❛t o✳ ❚❤❡ ✜rst ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡

❜❡❛❝✉s❡ t❤❡ G̃✲❛❝t✐♦♥ ✐s ❡✛❡❝t✐✈❡✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♠❛♣ ✐s ❛❧s♦ ✐♥❥❡❝t✐✈❡✱ ❛s ❢♦r ❑✐❧❧✐♥❣ ✜❡❧❞s

Y1, Y2 ✐♥ t❤❡ ♠✐❞❞❧❡ s♣❛❝❡ ✇✐t❤ (Y1)o = (Y2)o ❜② Pr♦♣❡rt② ✭✷✳✷✮ ❛❧s♦ (∇Y1)o = (∇Y2)o✱

✇❤✐❝❤ ✐♠♣❧✐❡s Y1 = Y2✳ ❇❡❝❛✉s❡ m ∼= ToM ❜♦t❤ ♠❛♣s ❛r❡ ✐s♦♠♦r♣❤✐s♠s✳ ❍❡♥❝❡✿

m = {Y ❑✐❧❧✐♥❣ ✜❡❧❞ ♦♥ M | Y s❛t✐s✜❡s ✭✷✳✷✮ ❢♦r ❛❧❧ v ∈ ToM} ⊂ iso(M).

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❡✈❡r② ❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣ G̃ ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ g ❛❝t✐♥❣

❡✛❡❝t✐✈❡❧② ❛♥❞ tr❛♥s✐t✐✈❡❧② ♦♥ M ❤❛s t❤❡ s❛♠❡ ▲✐❡ ❛❧❣❡❜r❛✱ ♥❛♠❡❧② g = aut(M)✳ ❚❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥♥❡❝t❡❞ s✉❜❣r♦✉♣ ♦❢ Aut(M) ✐s t❤❡♥ G̃ = Aut0(M)✳

✷✻



✷✳✺ ❉❡t❡r♠✐♥✐♥❣ t❤❡ ■s♦tr♦♣②

❆❢t❡r ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✷✳✶ ✇❡ ♥♦✇ ❞❡r✐✈❡ t❤❡ ♣r❡❝✐s❡ ❧✐st ❣✐✈❡♥ ✐♥ ❈♦r♦❧❧❛r② ✷✳✷✳ ❇②

✈✐rt✉❡ ♦❢ ❚❤❡♦r❡♠s ✷✳✾ ❛♥❞ ✷✳✶✺ ❛♥② s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s 3✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞

❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ G/H✱ ✇❤❡r❡ G ✐s ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣ ❛♥❞

H = (CG(K))0✱ ✇❤❡r❡ K ⊂ G ✐s t❤❡ ❝♦♥♥❡❝t❡❞ s✉❜❣r♦✉♣ ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ k ∼= sp(1)

❞❡t❡r♠✐♥❡❞ ❜② ❛ ♠❛①✐♠❛❧ r♦♦t✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ✐s♦tr♦♣② ❣r♦✉♣ H✱

t❤❡r❡❜② ♣r♦✈✐♥❣ ❈♦r♦❧❧❛r② ✷✳✷ ✐♥ t❤❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝❛s❡✳ ❚❤❡ ❝❧❛ss✐❝❛❧ s♣❛❝❡s ❛r❡

❞❡❛❧t ✇✐t❤ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

Pr♦♣♦s✐t✐♦♥ ✷✳✸✹✳ ❋♦r G = Sp(n+ 1), SU(m) ❛♥❞ G̃ = SO(k) t❤❡ ✐s♦tr♦♣② ❣r♦✉♣s ❛r❡

❣✐✈❡♥ ❜② H = Sp(n), S(U(m− 2)× U(1)) ❛♥❞ H̃ = SO(k − 4)× Sp(1)✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ r♦♦t s②st❡♠s ♦❢ t❤❡ ❝♦♠♣❛❝t ❣r♦✉♣s ♣r♦✈✐❞❡❞

✐♥ ❬❚❛♣♣✱ ❈❤❛♣t❡r ✶✶❪✳

G = Sp(n+ 1)✿ ❲❡ ♠❛② ❝❤♦♦s❡ t❤❡ ♠❛①✐♠❛❧ r♦♦t α s✉❝❤ t❤❛t k = {diag(0n, sp(1))} ✭❜②

❧❡tt✐♥❣ α = γn+1 ✐♥ ❚❛♣♣✬s ♥♦t❛t✐♦♥✮✳ ❆❝❝♦r❞✐♥❣❧②✿

K = {diag(In, Sp(1))} ,

CG(K) = {diag(Sp(n),±1)} ,

H = (CG(K))0 = {diag(Sp(n), 1)} .

G = SU(m)✿ ❲❡ ♠❛② ❝❤♦♦s❡ α s✉❝❤ t❤❛t k = {diag(0m−2, su(2))} ✭❜② ❧❡tt✐♥❣ α = αm−1,m

✐♥ ❚❛♣♣✬s ♥♦t❛t✐♦♥✮✳ ❆❝❝♦r❞✐♥❣❧②✿

K = {diag(Im−2, SU(2))} ,

CG(K) = H = {diag(SU(m− 2), zI2) | z ∈ U(1)} ∩ SU(m) .

G̃ = SO(k)✿ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ❡♠❜❡❞❞✐♥❣s Sp(1)+, Sp(1)− ⊂ SO(4)✱ ❞❡✲

♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r Sp(1) ✐s ✈✐❡✇❡❞ ❛s ❛❝t✐♥❣ ♦♥ H ∼= R
4 ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢r♦♠ t❤❡ ❧❡❢t

♦r r✐❣❤t✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ♠❛② ❝❤♦♦s❡ α s✉❝❤ t❤❛t k = {diag(0k−4, sp
−(1))} ✭❜② ❧❡tt✐♥❣

α = α[k/2]−1,[k/2] ✐♥ ❚❛♣♣✬s ♥♦t❛t✐♦♥✮✳ ❆❝❝♦r❞✐♥❣❧②✿

K̃ = {diag(Ik−4, Sp
−(1))} ,

C
G̃
(K̃) = H̃ = {diag(SO(k − 4), Sp+(1))} .

❲❡ ♥♦✇ ♣r❡s❡♥t ❛ ❞✐✛❡r❡♥t ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❇♦r❡❧✲❞❡ ❙✐❡❜❡♥t❤❛❧ t❤❡♦r② ✇❤✐❝❤ ❛❧❧♦✇s ✉s

t♦ ✉♥❞❡rst❛♥❞ t❤❡ ✐s♦t♦♣② ❛❧❣❡❜r❛ h ✐♥ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❝❛s❡s✿

❯s✐♥❣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ❜❡❢♦r❡ ✇❡ ❧❡t s ⊂ h ❜❡ ❛ ♠❛①✐♠❛❧ ❆❜❡❧✐❛♥ s✉❜❛❧❣❡❜r❛ ❛♥❞

❝♦♥s✐❞❡r t❤❡ ♠❛①✐♠❛❧ ❆❜❡❧✐❛♥ s✉❜❛❧❣❡❜r❛ t := s⊕ ⟨X1⟩ ♦❢ g✳ ▲❡t α ❞❡♥♦t❡ t❤❡ ♠❛①✐♠❛❧
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r♦♦t t❤❛t ✈❛♥✐s❤❡s ♦♥ sC✳ ❲❡ ✜① ❛ s❡t ♦❢ ♣♦s✐t✐✈❡ r♦♦ts ♦❢ g ✉s✐♥❣ ❛ s❧✐❣❤t ♣❡rt✉r❜❛t✐♦♥

♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♠❛①✐♠❛❧ r♦♦t α✳ ❇② ✐♥t❡rs❡❝t✐♥❣ t❤✐s ❤②♣❡r♣❧❛♥❡

✇✐t❤ s ✇❡ ❛❧s♦ ♦❜t❛✐♥ ❛ ♥♦t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ r♦♦t ❢♦r h✳ ❇② ❞❡✜♥✐t✐♦♥ ❛♥② r♦♦t ♦❢ h ❜❡❝♦♠❡s

❛ r♦♦t ♦❢ g ❜② ❡①t❡♥❞✐♥❣ ✐t ❜② ③❡r♦ ♦♥ X1✱ s✐♥❝❡ h ❝♦♠♠✉t❡s ✇✐t❤ X1✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✺✳ ❚❤❡ s✐♠♣❧❡ h✲r♦♦ts ❛r❡ ♣r❡❝✐s❡❧② t❤♦s❡ s✐♠♣❧❡ g✲r♦♦ts ✇❤✐❝❤ ❛r❡ ♣❡r✲

♣❡♥❞✐❝✉❧❛r t♦ α✳

Pr♦♦❢✳ ❇② ♦✉r ♥♦t✐♦♥s ♦❢ ♣♦s✐t✐✈✐t② ❛♥② h✲s✐♠♣❧❡ r♦♦t ✐s ❛❧s♦ g✲s✐♠♣❧❡✿ ■❢ ❛♥ h✲r♦♦t ✐s t❤❡

s✉♠ ♦❢ t✇♦ ♣♦s✐t✐✈❡ g✲r♦♦ts✱ t❤❡♥ ❜♦t❤ ♦❢ t❤❡♠ ❤❛✈❡ t♦ ❧✐❡ ✐♥ t❤❡ ❤②♣❡r♣❧❛♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r

t♦ α✳ ❈♦♥✈❡rs❡❧② r❡❝❛❧❧ t❤❛t ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✷ t❤❡ r♦♦ts ♦❢ h ❛r❡ ❡①❛❝t❧② t❤♦s❡ r♦♦ts β

♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♠❛①✐♠❛❧ r♦♦t α✳

❲❡ ❝❛♥ t❤✉s ❞❡t❡r♠✐♥❡ t❤❡ ✐s♦tr♦♣② t②♣❡ ♦❢ H ❜② ❞❡❧❡t✐♥❣ t❤❡ ♥♦❞❡s ✐♥ t❤❡ ❉②♥❦✐♥

❞✐❛❣r❛♠ ♦❢ G ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s✐♠♣❧❡ r♦♦ts t❤❛t ❛r❡ ♥♦t ♣❡r♣❡♥❞✐❝✉❧❛r t♦ α✳ ❋♦r ❡❛❝❤

s✐♠♣❧❡ G t❤❡s❡ ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❇♦r❡❧ ❛♥❞ ❞❡ ❙✐❡❜❡♥t❤❛❧ ✐♥ ❬❇❞❙❪✿ ■♥ t❤❡ t❛❜❧❡

♦♥ ♣✳ ✷✶✾ t❤❡② ❞r❛✇ t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠s ❢♦r ❡✈❡r② s✐♠♣❧❡ g✱ ❡①t❡♥❞❡❞ ❜② t❤❡ ❧♦✇❡st

r♦♦t ✭✇❤✐❝❤ t❤❡② ❞❡♥♦t❡ ❜② P ✮✳ ■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ✐s♦♠♦r♣❤✐s♠ t②♣❡ ♦❢ H ♦♥❡ t❤❡r❡❢♦r❡

♦♥❧② ♥❡❡❞s t♦ ❡r❛s❡ t❤✐s ❧♦✇❡st r♦♦t ❛s ✇❡❧❧ ❛s ❛❧❧ r♦♦ts ❝♦♥♥❡❝t❡❞ t♦ ✐t✳ ❆s ❛♥ ❡①❛♠♣❧❡

❝♦♥s✐❞❡r t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ♦❢ E6✿

α

❉❡❧❡t✐♥❣ α ❛s ✇❡❧❧ ❛s t❤❡ ✉♥✐q✉❡ s✐♠♣❧❡ r♦♦t ❝♦♥♥❡❝t❡❞ t♦ ✐t r❡s✉❧ts ✐♥ t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠

♦❢ SU(6) ❛♥❞ t❤❡ ❤♦♠♦❣❡♥❡♦✉s 3✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ E6 ✐s E6/SU(6)✳

❘❡♠❛r❦ ✷✳✸✻✳ ■❢ ♦♥❡ r❡♠♦✈❡s ♦♥❧② t❤❡ ♥♦❞❡s ✐♥ t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ♦❢ G t❤❛t ❛r❡

❝♦♥♥❡❝t❡❞ t♦ α ❜✉t ♥♦t α ✐ts❡❧❢✱ t❤❡♥ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡r

NG(K) ✇❤✐❝❤ t❤❡♥ ②✐❡❧❞s t❤❡ ❲♦❧❢ s♣❛❝❡ G/NG(K)✳ ◆♦t❡ t❤❛t ❜② t❤❡ ❧✐st ✐♥ ❬❇❞❙❪ ✐♥

❛❧❧ ❝❛s❡s ❡①❝❡♣t G = SU(n) t❤❡ ♠❛①✐♠❛❧ r♦♦t α ✐s ❝♦♥♥❡❝t❡❞ t♦ ♦♥❧② ♦♥❡ ♦t❤❡r ♥♦❞❡

✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐♥ t❤❡s❡ ❝❛s❡s t❤❡ ❣r♦✉♣s H ❛♥❞ NG(K) ❛r❡ s❡♠✐s✐♠♣❧❡✱ ✇❤❡r❡❛s ✐♥

❝❛s❡ G = SU(n) t❤❡ ❣r♦✉♣s H ❛♥❞ NG(K) ❤❛✈❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❡♥t❡r✳ ❋✉rt❤❡r♠♦r❡

✐♥ t❤❡ ❝❛s❡s ❡①❝❡♣t SU(n) t❤❡ ♥♦r♠❛❧✐③❡r NG(K) ✐s ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ ♠❛①✐♠❛❧

r❛♥❦✳ ❚❤❡ t②♣❡s ♦❢ s✉❝❤ ❣r♦✉♣s ❛r❡ ❡①❛❝t❧② t❤♦s❡ t❤❛t ✇❡r❡ ❝❧❛ss✐✜❡❞ ❜② ❇♦r❡❧ ❛♥❞ ❞❡

❙✐❡❜❡♥t❤❛❧ ✐♥ ❬❇❞❙❪✿ ●✐✈❡♥ ❛ ❝♦♠♣❛❝t s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣ G ♦♥❡ ❛❞❞s t❤❡ ❧♦✇❡st r♦♦t t♦

t❤❡ ❉②♥❦✐♥ ❞✐❛❣r❛♠ ❛♥❞ r❡♠♦✈❡s ♦♥❡ ♦t❤❡r s✐♠♣❧❡ r♦♦t ❢r♦♠ ✐t✳
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●♦✐♥❣ t❤r♦✉❣❤ t❤❡ ❧✐st ✐♥ ❬❇❞❙❪ ♦♥❡ ♦❜t❛✐♥s t❤❡ ▲✐❡ ❛❧❣❡❜r❛s ♦❢ t❤❡ ✐s♦tr♦♣② ❣r♦✉♣s

♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ♦❝❝✉rr✐♥❣ ✐♥ ❈♦r♦❧❧❛r② ✷✳✷✳ ❆s ✇❡ ❞❡t❡r♠✐♥❡❞ t❤❡ ✐s♦tr♦♣②

❣r♦✉♣s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡s ❛❜♦✈❡✱ ✐♥ ♦r❞❡r t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❝♦r♦❧❧❛r② ✐♥ t❤❡

s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝❛s❡✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❛r❣✉❡ t❤❛t ✐♥ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❝❛s❡s t❤❡ ✐s♦tr♦♣②

❣r♦✉♣s ❛r❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳ ■s❤✐t♦②❛ ❛♥❞ ❚♦❞❛ s❤♦✇❡❞ ✐♥ ❬■❚✱ ❈♦r♦❧❧❛r② ✷✳✷❪ t❤❛t

✐♥ t❤❡ ❝❛s❡s G = G2, F4, E6, E7, E8✱ ✇❡ ❤❛✈❡ π2(G/NG(K)) = Z2✱ ✇❤✐❝❤ ✐s✱ s✐♥❝❡ G

✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ❡q✉✐✈❛❧❡♥t t♦ π1(NG(K)) = Z2✳ ✭❙❡❡ ❛❧s♦ ❬❇❞❙✱ ❘❡♠❛rq✉❡ ■■✱

♣✳ ✷✷✵❪ ❢♦r ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣ ♦❢ ❛ ♠❛①✐♠❛❧ s✉❜❣r♦✉♣ ♦❢ G ♦❢

♠❛①✐♠❛❧ r❛♥❦✳✮ ▼♦r❡♦✈❡r ❜② ❬■❚✱ ❚❤❡♦r❡♠ ✷✳✶❪ t❤❡ ♥♦r♠❛❧✐③❡r NG(K) ✐s ♦❢ t❤❡ ❢♦r♠

NG(K) = (H × Sp(1))/Z2 ✇❤✐❝❤ ✜♥❛❧❧② ✐♠♣❧✐❡s t❤❛t H ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳

✷✳✻ ◆♦♥✲❙✐♠♣❧② ❈♦♥♥❡❝t❡❞ ✸✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s

❍❛✈✐♥❣ tr❡❛t❡❞ t❤❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝❛s❡ ♦❢ ❈♦r♦❧❧❛r② ✷✳✷ ♦✉r ❣♦❛❧ ✐s ♥♦✇ t♦ ♣r♦✈❡ t❤❡

❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✷✳✸✼✳ ❚❤❡ ♦♥❧② ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✇❤✐❝❤ ❛r❡ ♥♦t s✐♠♣❧② ❝♦♥✲

♥❡❝t❡❞ ❛r❡ t❤❡ r❡❛❧ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡s RP 4n+3✳

▲❡t M = G/H ❜❡ ❛ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✭♥♦t ♥❡❝❡ss❛r✐❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞✮✱

✇❤❡r❡ G ✐s ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t ▲✐❡ ❣r♦✉♣ ❛♥❞ H ✐s ♣♦ss✐❜❧② ❞✐s❝♦♥♥❡❝t❡❞✳ ❚❤❡

✉♥✐✈❡rs❛❧ ❝♦✈❡r ♦❢ G/H ✐s ❣✐✈❡♥ ❜② G/H✱ ✇❤❡r❡ H ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t ♦❢ H✱

❛♥❞ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ str✉❝t✉r❡ ❧✐❢ts t♦ t❤❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ s♣❛❝❡ G/H✳ ❆s

s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✸ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ G ❤❛s t♦ ❜❡ s✐♠♣❧❡✳ ❚❤❡ ✈❡❝t♦rs Xi ∈ g

❢r♦♠ ❙❡❝t✐♦♥ ✷✳✸ s♣❛♥ ❛ s✉❜❛❧❣❡❜r❛ k := ⟨X1, X2, X3⟩ ∼= sp(1) ❛♥❞ ✇❡ ❧❡t K ⊂ G ❞❡♥♦t❡

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥♥❡❝t❡❞ s✉❜❣r♦✉♣✳

❙✐♥❝❡ H ✐s t❤❡ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t ♦❢ H✱ ✇❡ ❤❛✈❡ H ⊂ NG(H)✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ✸✲

❙❛s❛❦✐ str✉❝t✉r❡ ❞❡s❝❡♥❞s ❢r♦♠ G/H t♦ G/H✱ s♦ H ⊂ CG(K)✳ ❈♦♥✈❡rs❡❧② ❛♥② s✉❜❣r♦✉♣

H ⊂ NG(H)∩CG(K) ❝♦♥t❛✐♥✐♥❣ H ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ ❛ ✸✲❙❛s❛❦✐ str✉❝t✉r❡ ♦♥ G/H✳ ■♥

s✉♠♠❛r② t❤❡ ♥♦♥✲s✐♠♣❧② ❝♦♥♥❡❝t❡❞ q✉♦t✐❡♥ts ♦❢ ❛ ❣✐✈❡♥ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s

✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ G/H ❛r❡ ❝❧❛ss✐✜❡❞ ❜② t❤❡ s✉❜❣r♦✉♣s ♦❢ t❤❡ ❣r♦✉♣

(
NG(H) ∩ CG(K)

)
/H .

❍❡♥❝❡ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤✐s q✉♦t✐❡♥t ✐s Z2 ❢♦r G = Sp(n+1) ❛♥❞ tr✐✈✐❛❧ ♦t❤❡r✇✐s❡✳

▲❡♠♠❛ ✷✳✸✽✳ ❚❤❡ ♥✉♠❡r❛t♦r NG(H)∩CG(K) ✐s t❤❡ s✉❜❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② H ∪Z(K)✳

Pr♦♦❢✳ ❈❧❡❛r❧② H ∪ Z(K) ⊂ NG(H) ∩ CG(K)✳ ❚❤❡ ✈❡❝t♦r X1 ∈ g ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧

❣❡♥❡r❛t♦r ♦❢ ❛ ❝✐r❝❧❡ s✉❜❣r♦✉♣ S1 ⊂ K✳ ❙✐♥❝❡ Cg(X1) = h ⊕ ⟨X1⟩ ❛♥❞ t❤❡ ❝❡♥tr❛❧✐③❡r

♦❢ ❛♥② t♦r✉s ✭♥♦t ♥❡❝❡ss❛r✐❧② ♠❛①✐♠❛❧✮ ✐♥ ❛ ❝♦♠♣❛❝t ❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣ ✐s ❛❧✇❛②s

❝♦♥♥❡❝t❡❞✱ ✐t ❢♦❧❧♦✇s t❤❛t CG(S1) ✐s t❤❡ s✉❜❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② H ∪ S1✳ ❈♦♥s❡q✉❡♥t❧②

✷✾



❛♥② g ∈ CG(K) ⊂ CG(S1) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s g = hg1 ❢♦r s♦♠❡ h ∈ H✱ g1 ∈ S1✳ ❙✐♥❝❡

H ⊂ CG(K)✱ ✇❡ ❤❛✈❡ g1 = h−1g ∈ CG(K) ∩K = Z(K)✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✾✳ ❚❤❡ q✉♦t✐❡♥t (NG(H) ∩ CG(K))/H ✐s Z2 ❢♦r G = Sp(n + 1) ❛♥❞

tr✐✈✐❛❧ ♦t❤❡r✇✐s❡✳

Pr♦♦❢✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ ✐❢ Z(K) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ H✳

G = Sp(n+1)✿ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✺ t❤❛t t❤❡ ❝❡♥t❡r Z(K) = {diag(In,±1)}

✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ H = {diag(Sp(n), 1)}✳

G = SU(m)✿ ❲❡ ❤❛✈❡ ❛❧s♦ s❤♦✇♥ t❤❛t ✐♥ t❤✐s ❝❛s❡ Z(K) = {diag(Im−2,±I2)} ✐s ❝♦♥✲

t❛✐♥❡❞ ✐♥ H = S(U(m− 2)× U(1))✳

G = Spin(k)✿ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❢♦r G̃ = SO(k) t❤❡ ❝❡♥t❡r Z(K) = {diag(Ik−4,±I4)} ✐s

❝♦♥t❛✐♥❡❞ ✐♥ H̃ = SO(k− 4)×Sp(1)+✳ ❲❡ ♥♦✇ tr❛♥s❢❡r t❤✐s st❛t❡♠❡♥t t♦ G = Spin(k)✿

❉❡♥♦t❡ t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r✐♥❣ ♠❛♣ ❜② π : Spin(k) → SO(k)✳ ❋✐rst ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡

❝♦♥♥❡❝t❡❞ s✉❜❣r♦✉♣ ♦❢ Spin(r) t❤❛t ♠❛♣s ♦♥t♦ ❛ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧❧② ❡♠❜❡❞❞❡❞ SO(r−1) ✐s

Spin(r− 1) ❢♦r r ≥ 4✿ ❚❤✐s ✐s ❜❡❝❛✉s❡ Sr−1 = SO(r)/SO(r− 1) ✐s 2✲❝♦♥♥❡❝t❡❞ ❢♦r r ≥ 4

❛♥❞ ❤❡♥❝❡ ❡q✉❛❧ t♦ Spin(r)/Spin(r−1) ❜② t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ✐♥ ❤♦♠♦t♦♣②✳ ❚❤✉s ❢♦r

k ≥ 7 t❤❡ s✉❜❣r♦✉♣s SO(k−4) ❛♥❞ SO(4) ❧✐❢t t♦ Spin(k−4) ❛♥❞ Spin(4)✱ r❡s♣❡❝t✐✈❡❧②✳ ❆s

π ✐s ❛ 2 : 1✲❝♦✈❡r✐♥❣ t❤❡ ❣r♦✉♣ ❝♦✈❡r✐♥❣ SO(k−4)×SO(4) ✐s Spin(k−4)×Z2
Spin(4)✱ ✇❤❡r❡

t❤❡ Z2✲q✉♦t✐❡♥t ♠❡❛♥s t❤❛t t❤❡ ♥♦♥tr✐✈✐❛❧ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❦❡r♥❡❧s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♣r♦❥❡❝✲

t✐♦♥s ❛r❡ ✐❞❡♥t✐✜❡❞✳ ❚❤✉s Spin(k−4)×Z2
Spin(4) ∼= Spin(k−4)×Z2

(Sp(1)+×Sp(1)−)✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❝❡♥t❡r ♦❢ Sp(1)− ✐s ❝♦♥t❛✐♥❡❞ ✐♥ H = Spin(k − 4)× Sp(1)+✳

G = G2, F4, E6, E7, E8✿ ■s❤✐t♦②❛ ❛♥❞ ❚♦❞❛ s❤♦✇❡❞ t❤❛t t❤❡ s✉❜❣r♦✉♣ U ♦❢ t❤❡ ❝♦r✲

r❡s♣♦♥❞✐♥❣ s②♠♠❡tr✐❝ ❜❛s❡ s♣❛❝❡ G/U ❤❛s t♦ ❜❡ ♦❢ t❤❡ ❢♦r♠ U = (H × Sp(1))/Z2 ❛♥❞

t❤❛t t❤❡ ❝❡♥t❡r Z(Sp(1)) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ H ❬■❚✱ ❚❤❡♦r❡♠ ✷✳✶❪✳

✷✳✼ P♦s✐t✐✈❡ ◗❑ ▼❛♥✐❢♦❧❞s

❲❡ ❡♥❞ t❤✐s ❝❤❛♣t❡r ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐✲

❢♦❧❞s ✐♥ ❈♦r♦❧❧❛r② ✷✳✸✱ ✇❤✐❝❤ ❤❛❞ ♦r✐❣✐♥❛❧❧② ❜❡❡♥ t❤❡ st❡♣♣✐♥❣ st♦♥❡ ❢♦r t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥

♦❢ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✱ ❝❛♥ ✐♥ t✉r♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ♦✉r r❡s✉❧ts✳

▲❡t B ❜❡ ❛ ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞✳ ❲❡ r❡❝❛❧❧ t❤❛t q❑ ♠❛♥✐❢♦❧❞s ♠❛② ❜❡ ❝❤❛r❛❝t❡r✐③❡❞

❜② ❛ s✉❜❜✉♥❞❧❡ Q ⊂ ❊♥❞TB ♦❢ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✇❤✐❝❤ ❛❞♠✐ts ❛ ❧♦❝❛❧ ❢r❛♠❡

s❛t✐s❢②✐♥❣ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ r✉❧❡s ♦❢ t❤❡ q✉❛t❡r♥✐♦♥s✳ ■♥ ❤❡r ✶✾✼✺ ❛rt✐❝❧❡ ❬❑♦♥✐❪ ❑♦♥✐s❤✐

s❤♦✇❡❞ t❤❛t t❤❡ SO(3)✲♣r✐♥❝✐♣❛❧ ✜❜r❡ ❜✉♥❞❧❡ P → B ♦❢ ♦r✐❡♥t❡❞ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡s ♦❢

Q ❛❞♠✐ts ❛ ✸✲❙❛s❛❦✐ str✉❝t✉r❡✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ❦♥♦✇♥ ❛s t❤❡ ❑♦♥✐s❤✐ ❜✉♥❞❧❡ ♦✈❡r B

❛♥❞ ❝♦♥st✐t✉t❡s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ✜❜r❛t✐♦♥ ♦✈❡r t❤❡ s♣❛❝❡ ♦❢ ❧❡❛✈❡s ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝

❢♦❧✐❛t✐♦♥✳ ❆♥♦t❤❡r ♥❛t✉r❛❧ ❛♥❞ ✐♥t❡r❡st✐♥❣ ❜✉♥❞❧❡ ♦✈❡r B ✐s t❤❡ ✉♥✐t s♣❤❡r❡ ❜✉♥❞❧❡

Z := S(Q) ✐♥ Q ❦♥♦✇♥ ❛s t❤❡ t✇✐st♦r ✜❜r❛t✐♦♥✳ ■ts t♦t❛❧ s♣❛❝❡ Z ✐s ❜♦t❤ ❛ ❝♦♠♣❧❡①

❝♦♥t❛❝t ♠❛♥✐❢♦❧❞ ❛♥❞ ❛ ❋❛♥♦ ✈❛r✐❡t② ❬❇●✱ ❈❤❛♣t❡rs ✶✷✱ ✶✸❪✳

❆ q❑ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ B ✐s ❛♥ ✐s♦♠❡tr② φ : B → B s✉❝❤ t❤❛t ❝♦♥❥✉❣❛t✐♦♥ ✇✐t❤ ✐ts

✸✵



❞✐✛❡r❡♥t✐❛❧ dφ ❧❡❛✈❡s t❤❡ ❜✉♥❞❧❡ Q ✐♥✈❛r✐❛♥t✳ ❲❡ ❝❛❧❧ B ❛ ❤♦♠♦❣❡♥❡♦✉s q❑ ♠❛♥✐❢♦❧❞

✐❢ t❤❡r❡ ✐s ❛ ▲✐❡ ❣r♦✉♣ G ❛❝t✐♥❣ tr❛♥s✐t✐✈❡❧② ♦♥ B ❜② q❑ ❛✉t♦♠♦r♣❤✐s♠s✳ ❲❡ ✇✐❧❧ ✜rst

♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

Pr♦♣♦s✐t✐♦♥ ✷✳✹✵✳ ❚❤❡ ❑♦♥✐s❤✐ ❜✉♥❞❧❡ ♦✈❡r ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡

q❑ ♠❛♥✐❢♦❧❞ ✐s ❛ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞✳

▲❡t B ❜❡ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞✱ s♦ t❤❛t ✇❡ ♠❛② ✇r✐t❡

B = G/U ✱ ✇❤❡r❡ G ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❛♥❞ U ✐s ❝♦♥♥❡❝t❡❞✳ ❇❡❝❛✉s❡ G ❛❝ts ♦♥ B ❜② q❑

❛✉t♦♠♦r♣❤✐s♠s✱ t❤❡ G✲❛❝t✐♦♥ ❧✐❢ts t♦ t❤❡ ❑♦♥✐s❤✐ ❜✉♥❞❧❡ P ✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ✐s♦tr♦♣②

❣r♦✉♣ U ❛❝ts ♦♥ t❤❡ ✜❜❡r F ♦❢ P ♦✈❡r t❤❡ ✐❞❡♥t✐t② ❝♦s❡t eU ∈ B✳

❈❤♦♦s❡ ❛♥❞ ✜① ❛ ❢r❛♠❡ p ∈ F ✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ✐❞❡♥t✐❢② F ✇✐t❤ SO(3) ✈✐❛ t❤❡ ♦r❜✐t ❜✐❥❡❝✲

t✐♦♥ θp : SO(3) → F, g 7→ p ·g✳ ❚❤❡ SO(3)✲❧❡❢t ❛❝t✐♦♥ ♦♥ ✐ts❡❧❢ ❜② ❧❡❢t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♥♦✇

✐♥❞✉❝❡s ❛ ❧❡❢t ❛❝t✐♦♥ ♦♥ F ✭✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ p✮✱ ✈✐③✳ g ·p q := θp(gθ
−1
p (q))✳

❙✐♥❝❡ t❤❡ U ✲❛❝t✐♦♥ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ SO(3)✲r✐❣❤t ❛❝t✐♦♥ ♦♥ F ✱ t❤❡r❡ ❡①✐sts ❛ ❤♦♠♦✲

♠♦r♣❤✐s♠ ρ : U → V ♦♥t♦ ❛ s✉❜❣r♦✉♣ V ⊂ SO(3) ✭❛❣❛✐♥ ❛❧❧ ❞❡♣❡♥❞✐♥❣ ♦♥ p✮ s✉❝❤ t❤❛t

u · q = ρ(u) ·p q ❢♦r ❛❧❧ q ∈ F ✱ ♥❛♠❡❧② ρ(u) := θ−1
p (u · p)✳ ❈❧❡❛r❧② d := dimV ∈ {0, 1, 3}✳

▲❡♠♠❛ ✷✳✹✶✳ d = 3✳

Pr♦♦❢✳ ▲❡t ✉s ✜rst ❛ss✉♠❡ t❤❛t d = 0✳ ❚❤❡♥ t❤❡ ❝♦♥♥❡❝t❡❞ ❣r♦✉♣ U ✇♦✉❧❞ ❛❝t tr✐✈❛❧❧②

♦♥ F ✳ ❍❡♥❝❡ ✇❡ ✇♦✉❧❞ ♦❜t❛✐♥ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❣❧♦❜❛❧ s❡❝t✐♦♥ B → P, gU 7→ g · p✱ ♠❡❛♥✐♥❣

t❤❡ ♣r✐♥❝✐♣❛❧ ✜❜❡r ❜✉♥❞❧❡ P ✇❛s tr✐✈✐❛❧✳ ❇✉t t❤❡ ✜rst P♦♥tr②❛❣✐♥ ❝❧❛ss p1(P ) ♦❢ P ✐s

✭✉♣ t♦ ❛ ❢❛❝t♦r✮ ❣✐✈❡♥ ❜② t❤❡ ❝❧❛ss ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢♦✉r✲❢♦r♠ Ω ∈ Ω4(B) ♦❢ B ❛♥❞ ✐s

t❤❡r❡❢♦r❡ ♥♦♥✲tr✐✈✐❛❧ ❬❇❡ss✱ Pr♦♣♦s✐t✐♦♥ ✶✹✳✾✷❪✳

■❢ ✇❡ s✉♣♣♦s❡ t❤❛t d = 1✱ t❤❡♥ V ✐s ❛ ❝♦♥♥❡❝t❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜❣r♦✉♣ ♦❢ SO(3) ❛♥❞

✐s t❤✉s ❝♦♠♣r✐s❡❞ ♦❢ r♦t❛t✐♦♥s ❛r♦✉♥❞ ❛ ✜①❡❞ ❛①✐s L ⊂ R
3✳ ❈❤♦♦s❡ ❛ ♣♦✐♥t x ∈ L ∩ S2✳

❲❡ ✈✐❡✇ t❤❡ ❢r❛♠❡ p ∈ F ❛s ❛ ❧✐♥❡❛r ✐s♦♠❡tr② R
3 → Q ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♠❛♣♣✐♥❣ B → Z✱

gU 7→ (g · p)(x)✳ ❚❤✐s ♠❛♣ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❜❡❝❛✉s❡

(u · p)(x) =
(
p · θ−1

p (u · p)
)
(x) =

(
p · ρ(u)

)
(x) = p

(
ρ(u)(x)

)
= p(x) ∀ u ∈ U .

❲❡ ✇♦✉❧❞ t❤✉s ♦❜t❛✐♥ ❛ ❣❧♦❜❛❧ s❡❝t✐♦♥ ♦❢ t❤❡ t✇✐st♦r ✜❜r❛t✐♦♥ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ♦♥

❝♦♠♣❛❝t ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞s ❬❆▼P✱ ❚❤❡♦r❡♠ ✸✳✽❪✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✹✵✳ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✇❡ ❦♥♦✇ t❤❛t U ❛❝ts tr❛♥s✐t✐✈❡❧②

♦♥ F ❛♥❞ ❝♦♥s❡q✉❡♥t❧② G ❛❝ts tr❛♥s✐t✐✈❡❧② ♦♥ P ✳ ❚❤✐s ❛❝t✐♦♥ ♣r❡s❡r✈❡s t❤❡ ✸✲❙❛s❛❦✐

str✉❝t✉r❡✱ s✐♥❝❡ t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ❛r❡ ✭❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❑♦♥✐s❤✐ ❜✉♥❞❧❡✮ t❤❡

✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ SO(3)✲❛❝t✐♦♥ ✇❤✐❝❤ ❝♦♠♠✉t❡s ✇✐t❤ G✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳✸✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✹✵ t❤❡ ❑♦♥✐s❤✐ ❜✉♥❞❧❡ P ♦✈❡r ❛ s✐♠♣❧② ❝♦♥✲

♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡ q❑ ♠❛♥✐❢♦❧❞ B ✐s ❛ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞✱ ✐✳❡✳ ♦♥❡

♦❢ t❤❡ ♠❛♥✐❢♦❧❞s ❧✐st❡❞ ✐♥ ❈♦r♦❧❧❛r② ✷✳✷✳ ❇② ❞✐✈✐❞✐♥❣ P ❜② t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ K ⊂ G
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❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✇❡ ♦❜t❛✐♥ t❤❡ ❧✐st ✐♥ ❈♦r♦❧❧❛r② ✷✳✸✳ ❚❤❡ st❛t❡♠❡♥t ❛❜♦✉t t❤❡

❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ❛♥❞ q✉❛t❡r♥✐♦♥✐❝ str✉❝t✉r❡ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❑♦♥✐s❤✐

❜✉♥❞❧❡ ✐s ❛ ❘✐❡♠❛♥♥✐❛♥ ✜❜r❛t✐♦♥✳

▲❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❛t B = G/U ✇❛s ❛ ♥♦♥✲s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ♣♦s✐t✐✈❡

q❑ ♠❛♥✐❢♦❧❞✱ ✇❤❡r❡ U ✐s ❞✐s❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ B ✐s ✜♥✐t❡❧② ❝♦✈❡r❡❞ ❜② B = G/U ✱ ✇❤❡r❡

U ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t ♦❢ U ✳ ❚❤❡ q❑ str✉❝t✉r❡ ❧✐❢ts ❢r♦♠ B t♦ B ❛♥❞ t❤❡

❑♦♥✐s❤✐ ❜✉♥❞❧❡s P, P ♦✈❡r B,B ❢♦r♠ ❛ ❞✐❛❣r❛♠

P P

B B

❚❤✐s ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❞❛s❤❡❞ ❡q✉✐✈❛r✐❛♥t ♠❛♣ P → P ✱ s♦ t❤❛t P ✐s ❛ ♥♦♥✲

s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞✳ ❇② ❚❤❡♦r❡♠ ✷✳✸✼ t❤❡ ♠❛♥✐❢♦❧❞ P ❝❛♥

♦♥❧② ❜❡ RP 4n+3 ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ s❛♠❡ q✉♦t✐❡♥t B = Sp(n + 1)/(Sp(n) × Sp(1)) ❛s

P = S4n+3✳
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❈❤❛♣t❡r ✸

❍♦♠♦❣❡♥❡♦✉s ❛♥❞ ■♥❤♦♠♦❣❡♥❡♦✉s

✸✲(α, δ)✲❙❛s❛❦✐ ▼❛♥✐❢♦❧❞s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ r❡❛♣♣❧② s♦♠❡ ♦❢ t❤❡ t❡❝❤♥✐q✉❡s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ t♦ ❛ ❞✐✛❡r❡♥t

❣❡♦♠❡tr②✱ ♥❛♠❡❧② ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ s❡✈❡r❛❧

r❡s✉❧ts ✇❤✐❝❤ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♠❛♥✐❢♦❧❞s ✇✐t❤ t❤✐s ❣❡♦♠❡tr② ✉♥❞❡r ❝❡r✲

t❛✐♥ ❛ss✉♠♣t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ s❤♦✇ t❤❛t ♥♦ ♥♦♥✲tr✐✈✐❛❧ ❝♦♠♣❛❝t ❡①❛♠♣❧❡s ❡①✐st

❛s ✇❡❧❧ ❛s t❤❛t t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ❢❛♠✐❧② ♦❢ ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣s ✇✐t❤ ❛♥ ✐♥✈❛r✐❛♥t ❞❡✲

❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ str✉❝t✉r❡✱ ♥❛♠❡❧② t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s✳

❇② ✇❛② ♦❢ ❝♦♥tr❛st ✇❡ ❞❡♠♦♥str❛t❡ ❤♦✇ t♦ ✉s❡ ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞s t♦ ❝♦♥str✉❝t ❞❡❣❡✲

♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✇❤✐❝❤ ❛r❡ t❤❡♥ ♥❡❝❡ss❛r✐❧② ✐♥❤♦♠♦❣❡♥❡♦✉s✳ ❚❤✐s ♠❡t❤♦❞

✐s ❛❦✐♥ t♦ t❤❡ ❢❛♠♦✉s ❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ ❛♥❞ ♠❛② ❜❡ s❡❡♥ ❛s ❛ ❝♦✉♥t❡r♣❛rt t♦ ♦❜✲

t❛✐♥✐♥❣ ✸✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✈✐❛ t❤❡ ❑♦♥✐s❤✐ ❜✉♥❞❧❡ ♦✈❡r ♣♦s✐t✐✈❡ q❑ s♣❛❝❡s✳

❆❣r✐❝♦❧❛✱ ❉✐❧❡♦ ❛♥❞ ❙t❡❝❦❡r ❤❛✈❡ s❤♦✇♥ t❤❛t ❛❧❧ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❧♦❝❛❧❧②

s✉❜♠❡r❣❡ ♦♥t♦ ❛ q❑ s♣❛❝❡ ✇❤♦s❡ ❝✉r✈❛t✉r❡ ❞❡♣❡♥❞s ♦♥ t❤❡ s✐❣♥ ♦❢ αδ ❬❆❉❙✱ ❚❤❡♦r❡♠

✷✳✷✳✶❪✳ ❚❤✐s r❡s✉❧t ♠♦t✐✈❛t❡❞ t❤❡♠ t♦ ❝♦♥str✉❝t ♣❧❡♥t✐❢✉❧ ❡①❛♠♣❧❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♥♦♥✲

❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ♦✈❡r q✉❛t❡r♥✐♦♥✐❝ ❑ä❤❧❡r s♣❛❝❡s ♦❢ ♥♦♥✲✈❛♥✐s❤✐♥❣

❝✉r✈❛t✉r❡ ❬❆❉❙✱ ❙❡❝t✐♦♥ ✸❪✳ ❚♦ s♦♠❡ ❡①t❡♥t t❤✐s ♣r♦♣❡rt② ❛❧s♦ ❡①♣❧❛✐♥s ✇❤② ✐t ❝♦✉❧❞ ❜❡

❡①♣❡❝t❡❞ t❤❛t t❤❡r❡ ❛r❡ r❛t❤❡r ❢❡✇ ❤♦♠♦❣❡♥❡♦✉s ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳

❚❤✐s ✐s ❜❡❝❛✉s❡ ✐❞❡❛❧❧② s✉❝❤ s♣❛❝❡s ✇♦✉❧❞ s✉❜♠❡r❣❡ ♦♥t♦ ❤♦♠♦❣❡♥❡♦✉s ❤②♣❡r❦ä❤❧❡r ♠❛✲

♥✐❢♦❧❞s ✇❤✐❝❤ ❛r❡ ❦♥♦✇♥ t♦ ❜❡ ❝♦♠♣❧❡t❡❧② ✢❛t✱ ✐✳❡✳ ♣r♦❞✉❝ts ♦❢ t♦r✐ ❛♥❞ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡s

❬❆❑❪✳ ❍♦✇❡✈❡r✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❝❛s❡ ✐t ✐s ❧❡ss ❝❧❡❛r ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❤②♣❡r❦ä❤❧❡r s♣❛❝❡ ✇✐❧❧ ❣❧♦❜❛❧❧② ❜❡ ❛ ♠❛♥✐❢♦❧❞✳ ❲❡ ✐❞❡♥t✐❢② t✇♦ s✉❝❤ s❝❡♥❛r✐♦s ✇❤❡r❡ t❤❡

❜❛s❡ s♣❛❝❡ ✐s ✐♥❞❡❡❞ ❛ ♠❛♥✐❢♦❧❞ ❛♥❞ s❤♦✇ t❤❛t t❤❡r❡ ❛r❡ ❡✈❡♥ ♠♦r❡ r❡str✐❝t✐♦♥s ❜❡②♦♥❞

t❤♦s❡ ✐♠♣♦s❡❞ ❜② ❬❆❑❪✳

❆❜♦✉t t❤❡ str✉❝t✉r❡ ♦❢ t❤✐s ❝❤❛♣t❡r✿ ❯♥❧✐❦❡ ✐♥ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❝❛s❡ t❤❡ ❘❡❡❜ ✈❡❝t♦r

✜❡❧❞s ❛r❡ ♥♦✇ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❛❧❣❡❜r❛ ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s ❞❡❣❡♥❡r❛t❡ ✸✲

(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ❜❡❝❛✉s❡ t❤❡② ❝♦♠♠✉t❡ ✇✐t❤ ♦♥❡ ❛♥♦t❤❡r✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶ ✇❡ s❤♦✇

t❤❛t t❤❡② ❝♦♠♣r✐s❡ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❛❧❣❡❜r❛ ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡②

✸✸



❣❡♥❡r❛t❡ ❛ ❝❧♦s❡❞ s✉❜❣r♦✉♣ ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣✳ ❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ❝❧❛ss✐❝❛❧

r❡s✉❧ts ❞✉❡ t♦ ❆❧❡❦s❡❡✈s❦✐✐ ❬❆❧❡❦❪ ❛s ✇❡❧❧ ❛s ❈♦♥♥❡r ❛♥❞ ❘❛②♠♦♥❞ ❬❈❘❪ ✇❡ ♣r♦✈❡

t❤❛t t❤❡ ♦♥❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t ❤♦♠♦❣❡♥❡♦✉s ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✐s

t❤❡ tr✐✈✐❛❧ ❡①❛♠♣❧❡ ♦❢ t❤❡ t❤r❡❡✲t♦r✉s T 3 ✭❙❡❝t✐♦♥ ✸✳✷✮✳ ■♥ ❙❡❝t✐♦♥ ✸✳✸ ✇❡ st✉❞② s✐♠♣❧②

❝♦♥♥❡❝t❡❞ ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣s ✇✐t❤ ❛ ❧❡❢t✲✐♥✈❛r✐❛♥t ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ str✉❝t✉r❡✳

❆❣❛✐♥ ✉s✐♥❣ tr❛❞✐t✐♦♥❛❧ r❡s✉❧ts ❜② ❲✐❧s♦♥ ❬❲✐❧❪ ❛s ✇❡❧❧ ❛s ▼✐❧♥♦r ❬▼✐❧❪ ✇❡ s❤♦✇ t❤❛t

t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ❢❛♠✐❧② ♦❢ s✉❝❤ s♣❛❝❡s✱ t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s✳ ❚❤✐s

♣❛r❛❧❧❡❧s ❛ r❡s✉❧t ❛❜♦✉t ♥✐❧♣♦t❡♥t ❙❛s❛❦✐ ▲✐❡ ❣r♦✉♣s ❜② ❆♥❞r❛❞❛✱ ❋✐♥♦ ❛♥❞ ❱❡③③♦♥✐

❬❆❋❱✱ ❚❤❡♦r❡♠ ✸✳✾❪✳ ❋✐♥❛❧❧② ✇❡ ♣r♦✈✐❞❡ t❤❡ ♣r♦♠✐s❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ ❞❡❣❡♥❡r❛t❡ ✸✲

(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ♦✈❡r ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞s ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳

✸✳✶ ❍♦♠♦❣❡♥❡♦✉s ❙♣❛❝❡s

▲❡t (M4n+3, g, ξi, ηi, ϕi)i=1,2,3 ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❤♦♠♦❣❡♥❡♦✉s ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐

♠❛♥✐❢♦❧❞✱ ✐✳❡✳ t❤❡ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t G := Aut0(M) ♦❢ ✐ts ❣r♦✉♣ Aut(M) ♦❢ ✸✲(α, δ)✲

❙❛s❛❦✐ ❛✉t♦♠♦r♣❤✐s♠s ❛❝ts tr❛♥s✐t✐✈❡❧②✳ ❚❤❡ ▲✐❡ ❛❧❣❡❜r❛ g ✐s ✭❛♥t✐✲✮✐s♦♠♦r♣❤✐❝ t♦ t❤❡

s♣❛❝❡ aut(M) ♦❢ ❛❧❧ ❝♦♠♣❧❡t❡ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞s ♦♥ M ✇❤✐❝❤ ❝♦♠♠✉t❡ ✇✐t❤ t❤❡ ❘❡❡❜

✈❡❝t♦r ✜❡❧❞s ξ1, ξ2, ξ3 ✈✐❛ t❤❡ ♠❛♣ g → aut(M), X 7→ X✱ ✇❤❡r❡ X ❞❡♥♦t❡s t❤❡ ❢✉♥❞❛✲

♠❡♥t❛❧ ✈❡❝t♦r ✜❡❧❞ ♦❢ t❤❡ ❧❡❢t G✲❛❝t✐♦♥✳

❙✐♥❝❡ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ❛❝ts tr❛♥s✐t✐✈❡❧②✱ t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ❛r❡ ❝♦♠♣❧❡t❡✳

❯♥❧✐❦❡ ✐♥ t❤❡ ✸✲❙❛s❛❦✐ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ❝❛s❡ t❤❡

❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ❝♦♠♠✉t❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ s♦ ✇❡ ❤❛✈❡ ξ1, ξ2, ξ3 ∈ aut(M)✳ ■♥ ❢❛❝t t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥ts X1, X2, X3 ∈ g ✭✐✳❡✳ Xi = ξi✮ ❝❧❡❛r❧② ❡✈❡♥ ❧✐❡ ✐♥ t❤❡ ❝❡♥t❡r Z(g)

♦❢ g✳ ❲❡ s❤♦✇ t❤❛t g ❝♦♥t❛✐♥s ♥♦ ♦t❤❡r ❝❡♥tr❛❧ ❡❧❡♠❡♥ts ✉s✐♥❣ t❡❝❤♥✐q✉❡s ✈❡r② s✐♠✐❧❛r

t♦ t❤♦s❡ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳✸✿ ❚❤❡ s❛♠❡ ♣r♦♦❢ ❛s ❢♦r ▲❡♠♠❛ ✷✳✶✻ ②✐❡❧❞s

▲❡♠♠❛ ✸✳✶✳

dηi(X,Y ) = ηi([X,Y ]) , i = 1, 2, 3, X, Y ∈ g .

▲❡♠♠❛ ✸✳✷✳ ❆ ✈❡❝t♦r ✜❡❧❞ ♦❢ t❤❡ ❢♦r♠
∑3

i=1 fi ξi✱ ✇❤❡r❡ f1, f2, f3 ∈ C∞(M)✱ ❧✐❡s ✐♥

aut(M) ✐❢ ❛♥❞ ♦♥❧② ✐❢ f1, f2, f3 ❛r❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s✳

Pr♦♦❢✳ ■❢ V =
∑3

i=1 fi ξi ∈ aut(M)✱ t❤❡♥ ❢♦r j = 1, 2, 3 ❛♥❞ W ∈ Γ(TM)✿

0 =
(
LV ηj

)
(W ) =

3∑

i=1

(
fi (Lξiηj)︸ ︷︷ ︸

=0

(W ) +W (fi) ηj(ξi)︸ ︷︷ ︸
=δij

)
=W (fj) .

❙✐♥❝❡ M ✐s ❝♦♥♥❡❝t❡❞✱ ✐t ❢♦❧❧♦✇s t❤❛t f1, f2, f3 ❤❛✈❡ t♦ ❜❡ ❝♦♥st❛♥t✳

✸✹



Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ Z(g) = ⟨X1, X2, X3⟩ =: k✳

Pr♦♦❢✳ ▲❡t X ∈ Z(g) ❛♥❞ ❝❤♦♦s❡ s♦♠❡ p ∈ M ❛♥❞ Y ∈ g s✉❝❤ t❤❛t Y p = ϕ1Xp ✭✇❤✐❝❤

✐s ♣♦ss✐❜❧❡✱ s✐♥❝❡ G ❛❝ts tr❛♥s✐t✐✈❡❧②✮✳ ❚❤❡♥ ❜② ✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✸✳✶✿

0 = η1([X,Y ]p) = −dη1(Xp, ϕ1Xp) = 2α
∥∥(Xp)H

∥∥2 ,

✇❤❡r❡ H :=
⋂

i ker ηi ❛♥❞ vH ❞❡♥♦t❡s t❤❡ ❤♦r✐③♦♥t❛❧ ❝♦♠♣♦♥❡♥t ♦❢ ❛ t❛♥❣❡♥t ✈❡❝t♦r

v ∈ TM ✳ ❙✐♥❝❡ α ̸= 0 ❛♥❞ p ∈ M ✇❛s ❛r❜✐tr❛r②✱ t❤❡ ✈❡❝t♦r ✜❡❧❞ X ❤❛s t♦ ❜❡ ♦❢ t❤❡

❢♦r♠ ❞❡s❝r✐❜❡❞ ✐♥ ▲❡♠♠❛ ✸✳✷✳ ❈♦♥s❡q✉❡♥t❧② X =
∑3

i=1 aiξi ❢♦r s♦♠❡ a1, a2, a3 ∈ R ❛♥❞

X =
∑3

i=1 aiXi ∈ k✳

❈♦r♦❧❧❛r② ✸✳✹✳ ❚❤❡ ❝♦♥♥❡❝t❡❞ s✉❜❣r♦✉♣ K ⊂ G ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ k ✐s ❝❧♦s❡❞✳

Pr♦♦❢✳ ❙✐♥❝❡ G ✐s ❝♦♥♥❡❝t❡❞✱ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ Z(G) ✐s ❣✐✈❡♥ ❜② Z(g)✳ ❚❤✉s Pr♦♣♦s✐✲

t✐♦♥ ✸✳✸ ✐♠♣❧✐❡s t❤❛t K = Z0(G)✱ t❤❡ ✐❞❡♥t✐t② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝❡♥t❡r✳ ❙✐♥❝❡ Z(G) ✐s

❝❧♦s❡❞ ✐♥ G ❛♥❞ Z0(G) ✐s ❝❧♦s❡❞ ✐♥ Z(G)✱ ✐t ❢♦❧❧♦✇s t❤❛t K ✐s ❝❧♦s❡❞ ✐♥ G✳

✸✳✷ ❈♦♠♣❛❝t ❍♦♠♦❣❡♥❡♦✉s ❙♣❛❝❡s

❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✿

▲❡♠♠❛ ✸✳✺✳ ❚❤❡ ♦♥❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐

♠❛♥✐❢♦❧❞ ✐s T 3✳

Pr♦♦❢✳ ■❢ (M3, g, ξi, ηi, ϕi)i=1,2,3 ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❡❣❡♥❡r❛t❡ ✸✲

(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞✱ t❤❡♥ t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ❣❡♥❡r❛t❡ ❛♥ R
3✲❛❝t✐♦♥ ♦♥ M ✳ ❚❤❡

✐s♦tr♦♣② ❣r♦✉♣s ♦❢ t❤✐s ❛❝t✐♦♥ ❛r❡ ❞✐s❝r❡t❡ ✭s✐♥❝❡ t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ✈❛♥✐s❤ ♥♦✇❤❡r❡✮✱

s♦ ❛♥② ♦r❜✐t ✐s t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ t❤✉s ❜② ❝♦♥♥❡❝t❡❞♥❡ss ❡q✉❛❧ t♦ ❛❧❧ ♦❢ M ✳ ❍❡♥❝❡

M = R
3/H ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t ❆❜❡❧✐❛♥ ▲✐❡ ❣r♦✉♣ ✭H ✐s ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣✱ s✐♥❝❡

R
3 ✐s ❆❜❡❧✐❛♥✮✱ ✐✳❡✳ ❛ t♦r✉s✳ ❚❤❡ str✉❝t✉r❡ t❡♥s♦rs (g, ξi, ηi, ϕi)i=1,2,3 ❛r❡ ❝♦♠♣❧❡t❡❧②

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❛❧♠♦st ✸✲❝♦♥t❛❝t ♠❡tr✐❝ str✉❝t✉r❡✳

▲❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❛t (M4n+3, g, ξi, ηi, ϕi)i=1,2,3 ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t ❤♦♠♦❣❡♥❡♦✉s

❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞✳ ❚❤❡♥ ✐ts ✐s♦♠❡tr② ❣r♦✉♣ Iso(M) ❛s ✇❡❧❧ ❛s t❤❡ ❝❧♦s❡❞

s✉❜❣r♦✉♣s Aut(M) ❛♥❞ Aut0(M) =: G ❛r❡ ❛❧s♦ ❝♦♠♣❛❝t✱ ❛s ✐s K ❜② ❈♦r♦❧❧❛r② ✸✳✹✳ ❚❤✉s

t❤❡ s♣❛❝❡M/K ♦❢ K✲♦r❜✐ts ✐s ❛t ❧❡❛st ❛♥ ♦r❜✐❢♦❧❞✳ ❍♦✇❡✈❡r✱ s✐♥❝❡M ✐s G✲❤♦♠♦❣❡♥❡♦✉s✱

t❤❡ K✲❛❝t✐♦♥ ♦♥M ♦♥❧② ❤❛s ♦♥❡ ✐s♦tr♦♣② t②♣❡✳ ❍❡♥❝❡ t❤❡ ♦r❜✐t s♣❛❝❡M/K ✐s ❛ ❝♦♠♣❛❝t

s♠♦♦t❤ ♠❛♥✐❢♦❧❞✱ ✐♥ ❢❛❝t✿

Pr♦♣♦s✐t✐♦♥ ✸✳✻✳ M/K ✐s ❛ t♦r✉s✳

✸✺



Pr♦♦❢✳ ❆❣r✐❝♦❧❛✱ ❉✐❧❡♦ ❛♥❞ ❙t❡❝❦❡r ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ s♣❛❝❡ ♦❢ ❧❡❛✈❡s ♦❢ t❤❡ ❝❤❛✲

r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ ♦❢ ❛ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✭t❤❡ ❢♦❧✐❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜②

t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s✮ ❧♦❝❛❧❧② ❛❞♠✐ts ❛ ❤②♣❡r❦ä❤❧❡r str✉❝t✉r❡ ❬❆❉❙✱ ❚❤❡♦r❡♠ ✷✳✷✳✶❪✳

❈♦♥❝r❡t❡❧② t❤❡ ❤②♣❡r❦ä❤❧❡r ❢♦r♠s ❛r❡ ✐♥❞✉❝❡❞ ❜② dηi ✇❤✐❝❤ ❛r❡ ❜❛s✐❝ ❜② ✭✶✳✻✮✳ ❙✐♥❝❡

X1, X2, X3 ❛r❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs ♦❢ ❜♦t❤ K ❛♥❞ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥✱

t❤❡ s♣❛❝❡ ♦❢ ❧❡❛✈❡s ✐s ❣✐✈❡♥ ❜② t❤❡ ♦r❜✐t s♣❛❝❡ M/K✳ ❇② ❝♦♥str✉❝t✐♦♥ t❤❡ ❤②♣❡r❦ä❤❧❡r

str✉❝t✉r❡ ♦♥ M/K ✐s ❛❧s♦ G✲❤♦♠♦❣❡♥❡♦✉s✳ ❆ r❡s✉❧t ❜② ❆❧❡❦s❡❡✈s❦✐✐ t❤❡♥ ❝♦♥❝❧✉❞❡s

t❤❛t M/K ❤❛s t♦ ❜❡ ❛ t♦r✉s ❬❆❧❡❦✱ ❚❤❡♦r❡♠ ✶ ❜✮❪✳

❚❤❡♦r❡♠ ✸✳✼✳ ❚❤❡ ♦♥❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t ❤♦♠♦❣❡♥❡♦✉s ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛✲

♥✐❢♦❧❞ ✐s T 3✳

Pr♦♦❢✳ ▲❡t L ❜❡ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ G✲❛❝t✐♦♥ ♦♥ t❤❡ ❤②♣❡r❦ä❤❧❡r q✉♦t✐❡♥t s♣❛❝❡ M/K✳

❚❤❡♥ G/L ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❛❝t ▲✐❡ ❣r♦✉♣ ✇❤✐❝❤ ❛❝ts ❡✛❡❝t✐✈❡❧② ♦♥ ❛ ❝❧♦s❡❞ ❛s♣❤❡r✐❝❛❧

♠❛♥✐❢♦❧❞ ✭✐✳❡✳ ❛ ♠❛♥✐❢♦❧❞ ✇❤♦s❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r ✐s ❝♦♥tr❛❝t✐❜❧❡✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✇♦r❦

♦❢ ❈♦♥♥❡r ❛♥❞ ❘❛②♠♦♥❞ t❤❛t G/L ✐s ❛❧s♦ ❛ t♦r✉s ❬❈❘✱ ❚❤❡♦r❡♠ ✺✳✻❪✳

❙✐♥❝❡ L ✐s ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ ♦❢ G✱ ✐ts ▲✐❡ ❛❧❣❡❜r❛ l ✐s ❛♥ ✐❞❡❛❧ ✐♥ g✳ ❇❡❝❛✉s❡ G ✐s ❝♦♠♣❛❝t

✇❡ ♠❛② ❝❤♦♦s❡ ❛♥ Ad(G)✲✐♥✈❛r✐❛♥t ✭❛♥❞ t❤✉s ❛❧s♦ ad(g)✲✐♥✈❛r✐❛♥t✮ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ g

❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ✐❞❡❛❧ m := l⊥✳ ❆❣❛✐♥ ❜② ❝♦♠♣❛❝t♥❡ss ♦❢ G ✇❡ ❤❛✈❡

g = [g, g] ⊕ k ❛♥❞ [g, g] = k⊥ ✭✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t✮✳ ❙✐♥❝❡

K ⊂ L✱ ✐t ❢♦❧❧♦✇s t❤❛t m ✐s ❛♥ ✐❞❡❛❧ ✐♥s✐❞❡ t❤❡ s❡♠✐s✐♠♣❧❡ ❛❧❣❡❜r❛ [g, g] ❛♥❞ ✐s t❤❡r❡❢♦r❡

✐ts❡❧❢ s❡♠✐s✐♠♣❧❡✳ ❇✉t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ m ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ g/l ♦❢ G/L

✇❤✐❝❤ ✐s ❆❜❡❧✐❛♥✳ ❈♦♥s❡q✉❡♥t❧② m = {0}✳

■t ❢♦❧❧♦✇s t❤❛t G/L ❤❛s t♦ ❜❡ t❤❡ tr✐✈✐❛❧ t♦r✉s✱ ♠❡❛♥✐♥❣ G ❛❝ts tr✐✈✐❛❧❧② ♦♥ M/K✳

❙✐♥❝❡ t❤✐s ❛❝t✐♦♥ ✐s ❛❧s♦ tr❛♥s✐t✐✈❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t M/K ✐s ❛ s✐♥❣❧❡t♦♥ ❛♥❞ M ✐s t❤r❡❡✲

❞✐♠❡♥s✐♦♥❛❧✳ ▲❡♠♠❛ ✸✳✺ ✜♥❛❧❧② ✐♠♣❧✐❡s t❤❛t M ✐s ✐s♦♠♦r♣❤✐❝ t♦ T 3✳

✸✳✸ ◆✐❧♣♦t❡♥t ▲✐❡ ●r♦✉♣s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣s ✇✐t❤ ❛ ❧❡❢t✲✐♥✈❛r✐❛♥t

❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ str✉❝t✉r❡✳ ❲❡ r❡❝❛❧❧ t❤❡ s♣❡❝✐✜❝ ❡①❛♠♣❧❡ ♦❢ t❤❡ q✉❛t❡r♥✐♦♥✐❝

❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s✱ ✇❤✐❝❤ ✇❡r❡ ✜rst ❞❡s❝r✐❜❡❞ ❛s ♥❛t✉r❛❧❧② r❡❞✉❝t✐✈❡ s♣❛❝❡s ✐♥ ❬❆❋❙❪ ❛♥❞

❧❛t❡r ✐❞❡♥t✐✜❡❞ ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✐♥ ❬❆❉❪✿

❊①❛♠♣❧❡ ✸✳✽✳ ❚❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣ ♦❢ ❞✐♠❡♥s✐♦♥ 4n + 3 ✐s t❤❡ s✐♠♣❧②

❝♦♥♥❡❝t❡❞ ▲✐❡ ❣r♦✉♣ H ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ▲✐❡ ❛❧❣❡❜r❛ h✿ ❆s ❛ s❡t h = Z ⊕H
n✱

✇❤❡r❡ Z ✐s t❤❡ s♣❛♥ ♦❢ t❤❡ ✐♠❛❣✐♥❛r② q✉❛t❡r♥✐♦♥s i, j, k ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② ξ1, ξ2, ξ3✳ ❲❡

❞❡✜♥❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t g ♦♥ h ❜② r❡q✉✐r✐♥❣ t❤❛t ξ1, ξ2, ξ3 ❛r❡ ♦rt❤♦♥♦r♠❛❧✱ g|Hn×Hn ✐s

t❤❡ st❛♥❞❛r❞ ❊✉❝❧✐❞❡❛♥ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ H
n ❛♥❞ g|Z×Hn = 0✳ ▲❡t ηi ❜❡ t❤❡ g✲❞✉❛❧ ♦♥❡✲

❢♦r♠ ♦❢ ξi ❛♥❞ ϕi t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ h s✉❝❤ t❤❛t ϕiξj = ξk ❢♦r ❛♥② ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥

(i, j, k) ♦❢ (1, 2, 3) ❛♥❞ ϕi|Hn ✐s q✉❛t❡r♥✐♦♥✐❝ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢r♦♠ t❤❡ ❧❡❢t ❜② ξi✳ ❋✐♥❛❧❧②
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t❤❡ ▲✐❡ ❜r❛❝❦❡t ♦♥ h ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥s Z(h) = Z✱ [Hn,Hn] ⊂ Z ✭✐♠♣❧②✐♥❣

t❤❛t h ✐s t✇♦✲st❡♣ ♥✐❧♣♦t❡♥t✮ ❛♥❞

g([X,Y ], ξi) = g(ϕiX,Y ) , X, Y ∈ H
n . ✭✸✳✶✮

❆s s❤♦✇♥ ✐♥ ❬❆❋❙✱ ❙✉❜s❡❝t✐♦♥ ✷✳✷❪ ❛♥❞ ❬❆❉✱ ❊①❛♠♣❧❡ ✷✳✸✳✷❪ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❡❢t✲

✐♥✈❛r✐❛♥t t❡♥s♦r ✜❡❧❞s (g, ξi, ηi, ϕi)i=1,2,3 ❝♦♥st✐t✉t❡ ❛ ❤♦♠♦❣❡♥❡♦✉s ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲

❙❛s❛❦✐ str✉❝t✉r❡ ♦♥ H ✇✐t❤ α = 1/2✳ ❆s ❛❧✇❛②s ♦♥❡ ❝❛♥ ♠♦❞✐❢② t❤✐s str✉❝t✉r❡ ✭❛♥❞

✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ✈❛❧✉❡ ♦❢ α✮ ❜② ❛♣♣❧②✐♥❣ ❛♥ H✲❤♦♠♦t❤❡t✐❝ ❞❡❢♦r♠❛t✐♦♥ ❬❆❉✱ ❉❡✜♥✐t✐♦♥

✷✳✸✳✶❪✳ ■♥ ❢❛❝t t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣ ✐♥ ❬❆❋❙❪ ❛♥❞ ❬❆❉❪

❛❧r❡❛❞② ✐♥❝♦r♣♦r❛t❡s ❛♥ H✲❤♦♠♦t❤❡t✐❝ ❞❡❢♦r♠❛t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs a = 1✱ b = λ2 − 1

❛♥❞ c = λ✱ ✇❤❡r❡ λ > 0✳

❘❡♠❛r❦ ✸✳✾✳ ■♥ ❢❛❝t t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s ❛r❡ t❤❡ ♠♦st ❡❧❡♠❡♥t❛r② ▲✐❡

❣r♦✉♣s ✇✐t❤ ❛ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ str✉❝t✉r❡ t❤❛t ♦♥❡ ❝♦✉❧❞ ✐♠❛❣✐♥❡✿ ❚❤❡ ❛❧♠♦st ✸✲

❝♦♥t❛❝t ♠❡tr✐❝ str✉❝t✉r❡ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ st❛♥❞❛r❞ ♦♥❡ ♦♥ t❤❡ q✉❛t❡r♥✐♦♥s Hn✱ t❤❡ ▲✐❡

❜r❛❝❦❡t ✐s ❞❡✜♥❡❞ t♦ ❜❡ ③❡r♦ ✇❤❡♥❡✈❡r ♣♦ss✐❜❧❡ ❛♥❞ ❊q✉❛t✐♦♥ ✭✸✳✶✮ ✐s ❥✉st ❛ r❡st❛t❡♠❡♥t

♦❢ t❤❡ ❞❡✜♥✐♥❣ ❈♦♥❞✐t✐♦♥ ✭✶✳✻✮✳ ▼❛②❜❡ s♦♠❡✇❤❛t s✉r♣r✐s✐♥❣❧② ✇❡ ✇✐❧❧ s❤♦✇ ❜❡❧♦✇ t❤❛t

t❤❡s❡ ❛r❡ ✐♥ ❢❛❝t t❤❡ ♦♥❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣ ✇✐t❤ ❛ ❧❡❢t✲✐♥✈❛r✐❛♥t

❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ str✉❝t✉r❡✳

◆♦✇ ❧❡t N4n+3 ❞❡♥♦t❡ ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣ ✇✐t❤ ❛ ❧❡❢t✲✐♥✈❛r✐❛♥t ❞❡❣❡✲

♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ str✉❝t✉r❡ (g, ξi, ηi, ϕi)i=1,2,3✳ ■❢ H :=
⋂

i ker ηi ❛♥❞ V := ⟨ξ1, ξ2, ξ3⟩✱

t❤❡♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ Lie(N) = n = H⊕V ❞❡❝♦♠♣♦s❡s ❜♦t❤ ❛s ✈❡❝t♦r s♣❛❝❡s ❛♥❞ ❛s ❧❡❢t✲

✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥s ✐♥s✐❞❡ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡✳

▲❡♠♠❛ ✸✳✶✵✳ Z(n) ⊂ V✳

Pr♦♦❢✳ ❙✐♥❝❡ η1 ✐s ❧❡❢t✲✐♥✈❛r✐❛♥t✱ ✇❡ ❤❛✈❡ dη1(X,Y ) = −η1([X,Y ]) ❢♦r ❛❧❧ X,Y ∈ n✳ ❚❤✉s

✐❢ X ∈ Z(n)✱ t❤❡♥ ❈♦♥❞✐t✐♦♥ ✭✶✳✻✮ ✐♠♣❧✐❡s t❤❛t ❢♦r Y := ϕ1X✿

0 = η1([X,Y ]) = −dη1(X,Y ) = 2α∥XH∥
2 .

Pr♦♣♦s✐t✐♦♥ ✸✳✶✶✳ Z(n) = V ❛♥❞ n ✐s t✇♦✲st❡♣ ♥✐❧♣♦t❡♥t✳

Pr♦♦❢✳ ▲❡t V ❞❡♥♦t❡ t❤❡ ❝♦♥♥❡❝t❡❞ s✉❜❣r♦✉♣ ♦❢ N ✇✐t❤ ▲✐❡ ❛❧❣❡❜r❛ V ✳ ❙✐♥❝❡ N ✐s s✐♠♣❧②

❝♦♥♥❡❝t❡❞ ❛♥❞ ♥✐❧♣♦t❡♥t✱ t❤❡ ✭▲✐❡ ❣r♦✉♣✮ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ♦❢ N ✐s ❛ ❣❧♦❜❛❧ ❞✐✛❡♦♠♦r✲

♣❤✐s♠ ❬❑♥❛♣✱ ❚❤❡♦r❡♠ ✶✳✶✷✼❪✳ ❍❡♥❝❡ V ✐s ❛ ❝❧♦s❡❞ s✉❜❣r♦✉♣ ❛♥❞ N/V ✐s ✭❣❧♦❜❛❧❧②✮ ❛

s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳ ◆♦✇ N/V ✐s ❛❧s♦ t❤❡ s♣❛❝❡ ♦❢ ❧❡❛✈❡s ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ ♦❢

N ✱ ✇❤✐❝❤ ❛❞♠✐ts ❛ ❤②♣❡r❦ä❤❧❡r str✉❝t✉r❡ ❬❆❉❙✱ ❈♦r♦❧❧❛r② ✷✳✷✳✶❪ t❤❛t ✐s ❤♦♠♦❣❡♥❡♦✉s ❛s

❛r❣✉❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✻✳
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▲❡t W ❞❡♥♦t❡ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ N ✲❛❝t✐♦♥ ♦♥ N/V ✳ ❚❤❡♥ W ✐s ❦♥♦✇♥ ❛s t❤❡ ♥♦r♠❛❧ ❝♦r❡

♦❢ V ❛♥❞ ✐t ✐s t❤❡ ❧❛r❣❡st s✉❜❣r♦✉♣ ♦❢ V ✇❤✐❝❤ ✐s ♥♦r♠❛❧ ✐♥ N ✳ ❚❤❡ ❝♦♥♥❡❝t❡❞ ♥✐❧♣♦t❡♥t

q✉♦t✐❡♥t ❣r♦✉♣ N/W ❛❝ts ❡✛❡❝t✐✈❡❧② ❛♥❞ tr❛♥s✐t✐✈❡❧② ❜② ✐s♦♠❡tr✐❡s ♦♥ N/V ✱ s♦ N/V ✐s

✐s♦♠❡tr✐❝ t♦ N/W ❜② ✈✐rt✉❡ ♦❢ ❛ r❡s✉❧t ❞✉❡ t♦ ❲✐❧s♦♥ ❬❲✐❧✱ ❚❤❡♦r❡♠ ✷❪✳ ❈♦♥s❡q✉❡♥t❧②

dimV = dimW ✱ s♦ V = Lie(W ) ✐s ❛♥ ✐❞❡❛❧ ✐♥ n✳ ❇✉t ηj([X, ξi]) = dηj(ξi, X) = 0

❢♦r ❛❧❧ X ∈ n✱ s♦ V = Z(n)✳ ▼♦r❡♦✈❡r N/V ✐s ♥✐❧♣♦t❡♥t ❛♥❞ ❘✐❝❝✐✲✢❛t✱ s♦ ❛ r❡s✉❧t

❜② ▼✐❧♥♦r ✐♠♣❧✐❡s t❤❛t ✐ts ▲✐❡ ❛❧❣❡❜r❛ n/V = n/Z(n) ✐s ❆❜❡❧✐❛♥ ❬▼✐❧✱ ❚❤❡♦r❡♠ ✷✳✹❪✳

❋✐♥❛❧❧② [n, n] ⊂ Z(n)✱ s♦ n ✐s t✇♦✲st❡♣ ♥✐❧♣♦t❡♥t✳

❚❤❡♦r❡♠ ✸✳✶✷✳ ❚❤❡ ♦♥❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣s ✇✐t❤ ❛ ❧❡❢t✲✐♥✈❛r✐❛♥t

❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ str✉❝t✉r❡ ❛r❡ t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s ❡♥❞♦✇❡❞ ✇✐t❤

t❤❡ str✉❝t✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✸✳✽✳

Pr♦♦❢✳ ❙✐♥❝❡ N ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ✐t s✉✣❝❡s t♦ ❝♦♥str✉❝t ❛ ▲✐❡ ❛❧❣❡❜r❛ ✐s♦♠♦r♣❤✐s♠

ψ : n → h ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ str✉❝t✉r❡ t❡♥s♦rs✳ ❋✐rst ❧❡t ψ ♠❛♣ t❤❡ ❘❡❡❜ ✈❡❝✲

t♦r ✜❡❧❞s ♦❢ n t♦ t❤♦s❡ ♦❢ h✳ ❇♦t❤ H ⊂ n ❛♥❞ H
n ⊂ h ❛r❡ ❧❡❢t q✉❛t❡r♥✐♦♥✐❝ ✈❡❝t♦r

s♣❛❝❡s ✇✐t❤ ❝♦♠♣❛t✐❜❧❡ ✐♥♥❡r ♣r♦❞✉❝ts✱ s♦ t❤❡② ❛❞♠✐t ♦rt❤♦♥♦r♠❛❧ ❜❛s❡s ♦❢ t❤❡ ❢♦r♠

(e1, ϕ1e1, ϕ2e1, ϕ3e1, . . . , en, ϕ1en, ϕ2en, ϕ3en)✳ ▲❡t ψ ♠❛♣ s✉❝❤ ❛ ❜❛s✐s ♦❢ H t♦ ❛ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ❜❛s✐s ♦❢ Hn✳

❋r♦♠ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ✐t ✐s ❝❧❡❛r t❤❛t ψ ✐s ❛ ❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ ✇❤✐❝❤ r❡s♣❡❝ts t❤❡ str✉❝✲

t✉r❡ t❡♥s♦rs✱ s♦ ✐t ♦♥❧② r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❛t ψ ♣r❡s❡r✈❡s t❤❡ ▲✐❡ ❜r❛❝❦❡t✳ ❚♦ t❤✐s ❡♥❞

✜rst ♥♦t❡ t❤❛t ❜② t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✿ ψ(Z(n)) = ψ(V) = Z = Z(h)✳ ▲✐❦❡✇✐s❡

[ψ(H), ψ(H)] = [Hn,Hn] ⊂ Z ❛♥❞ ψ[H,H] ⊂ ψ(V) = Z✳ ❋✐♥❛❧❧② ❢♦r ❛❧❧ X,Y ∈ H ✇❡

❤❛✈❡ ✭♣♦ss✐❜❧② ❛❢t❡r ❛ s✉✐t❛❜❧❡ H✲❤♦♠♦t❤❡t✐❝ ❞❡❢♦r♠❛t✐♦♥ t♦ ♠❛t❝❤ t❤❡ ✈❛❧✉❡s ♦❢ α✮✿

ηhi ([ψX,ψY ]) = dηhi (ψY, ψX) = 2αgh(ϕh
iψX,ψY ) = 2αgh(ψϕn

iX,ψY )

= 2αgn(ϕn
iX,Y ) = dηni (Y,X) = ηni ([X,Y ]) = ηhi (ψ[X,Y ]) .

❘❡♠❛r❦ ✸✳✶✸✳ ❚❤✐s t❤❡♦r❡♠ ✐s ✈❡r② ❛♥❛❧♦❣♦✉s t♦ ❛ r❡s✉❧t ❜② ❆♥❞r❛❞❛✱ ❋✐♥♦ ❛♥❞

❱❡③③♦♥✐✿ ❚❤❡② s❤♦✇❡❞ t❤❛t t❤❡ ♦♥❧② s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ♥✐❧♣♦t❡♥t ▲✐❡ ❣r♦✉♣s ✇✐t❤ ❛♥ ✐♥✲

✈❛r✐❛♥t ❙❛s❛❦✐ str✉❝t✉r❡ ❛r❡ t❤❡ ♦❞❞✲❞✐♠❡♥s✐♦♥❛❧ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s ❬❆❋❱✱ ❚❤❡♦r❡♠ ✸✳✾❪✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✇❛r♥ t❤❡ r❡❛❞❡r ❛❜♦✉t t❤❡ s♦♠❡✇❤❛t ❝♦✉♥t❡r✐♥t✉✐t✐✈❡ ❢❛❝t t❤❛t✱ ❛t ❧❡❛st

✐♥ t❤❡ ❙❛s❛❦✐ r❡❛❧♠✱ t❤❡r❡ ❡①✐st ✭♥♦♥✲♥✐❧♣♦t❡♥t✮ ▲✐❡ ❣r♦✉♣s ✇✐t❤ ❛ ❧❡❢t✲✐♥✈❛r✐❛♥t str✉❝t✉r❡

✇❤❡r❡ t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞ ❞♦❡s ♥♦t ❧✐❡ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛✳

✸✳✹ ❆ ❈♦♥str✉❝t✐✈❡ ❘❡s✉❧t

❲❤❡r❡❛s ♣❧❡♥t✐❢✉❧ ♥♦♥✲❞❡❣❡♥❡r❛t❡ 3✲(α, δ)✲❙❛s❛❦✐ str✉❝t✉r❡s ❛r❡ ❦♥♦✇♥ ♦♥ ❑♦♥✐s❤✐ ❜✉♥✲

❞❧❡s ♦✈❡r q❑ ♦r❜✐❢♦❧❞s ♦❢ ♥♦♥✲✈❛♥✐s❤✐♥❣ s❝❛❧❛r ❝✉r✈❛t✉r❡ ❬❆❉❙✱ ❙❡❝t✐♦♥ ✸❪✱ t❤❡ ♦♥❧② ❞❡✲

❣❡♥❡r❛t❡ 3✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s st✉❞✐❡❞ s♦ ❢❛r ❛r❡ t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s

✸✽



❛♥❞ ❞❡r✐✈❡❞ s♣❛❝❡s ✭❝❢✳ ❬❆❋❙✱ ❙✉❜s❡❝t✐♦♥ ✷✳✷❪✱ ❬❆❉✱ ❊①❛♠♣❧❡ ✷✳✸✳✷❪✮✳ ◆♦✇ ✇❡ ♣r❡s❡♥t ❛

♠❡t❤♦❞ t♦ ❝♦♥str✉❝t ♠❛♥② ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡s✿

▲❡t (N, gN , I1, I2, I3) ❜❡ ❛ ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t✇♦✲

❢♦r♠s r❡♣r❡s❡♥t ✐♥t❡❣❡r ❝❧❛ss❡s [ωi] ∈ H2(N,Z)✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ ❛ ❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡

S1 → Pi
πi−−→ N ❢♦r ❡❛❝❤ ❑ä❤❧❡r str✉❝t✉r❡ ❬❇❲✱ ❚❤❡♦r❡♠ ✸❪✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡s❡

❜✉♥❞❧❡s ❤❛✈❡ ❈❤❡r♥ ❝❧❛ss [ωi] ❛♥❞ t❤❡ t♦t❛❧ s♣❛❝❡s Pi ❛r❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❙❛s❛❦✐ str✉❝t✉r❡s

(gi, ϕ̃i, ηi, ξi) s✉❝❤ t❤❛t ξi ❣❡♥❡r❛t❡s t❤❡ ✜❜❡r✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♣r♦❞✉❝t ❜✉♥❞❧❡

T 3 −→ P1 × P2 × P3
Π=(π1,π2,π3)

−−−−−−−−−→ N3.

▲❡t M := Π−1(∆N) ❞❡♥♦t❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t ❜✉♥❞❧❡ P1 × P2 × P3 t♦ t❤❡

❞✐❛❣♦♥❛❧ ∆(N) = {(x, x, x) ∈ N3} ❛♥❞ ❝♦♥s✐❞❡r M ❛s ❛ ✜❜❡r ❜✉♥❞❧❡ M
π

−−→ N ✱ ✇❤❡r❡ π

✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥

P1 × P2 × P3 ⊃M
Π

−−→ ∆(N)
∼=

−−→ N, (p1, p2, p3) 7→ (x, x, x) 7→ x.

■❢ ✇❡ ❞❡♥♦t❡ t❤❡ ✜❜❡r ♦❢ Pi ♦✈❡r x ∈ N ❜② (Pi)x := π−1
i ({x}) ∼= S1✱ t❤❡♥ t❤❡ ❜✉♥❞❧❡

M
π
−→ N ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ✜❜❡r ❜✉♥❞❧❡ ✇✐t❤ ✜❜❡r (P1)x × (P2)x × (P3)x ♦✈❡r ❛♥② ❣✐✈❡♥

♣♦✐♥t x ∈ N ✳ ❋♦r p = (p1, p2, p3) ∈M ✇❡ ❤❛✈❡

TpM ∼= TxN ⊕ ⟨ξ1, ξ2, ξ3⟩

❛s ξi ❣❡♥❡r❛t❡s t❤❡ ✜❜❡r ♦❢ Pi✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ❛s ❛ ✜❜❡r ♣r♦❞✉❝t ❜✉♥❞❧❡ ❡♥s✉r❡s t❤❛t

t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞s ξi ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ [ξi, ξj ] = 0 ❛s ✐t ♦✉❣❤t t♦ ❜❡ ❢♦r

❞❡❣❡♥❡r❛t❡ 3✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✳

❊①t❡♥❞ ηi tr✐✈✐❛❧❧②✱ ✐✳❡✳ ker ηi := TN ⊕ ⟨ξj , ξk⟩ ✇✐t❤ j, k ̸= i ❛♥❞ ηi(ξi) := 1✳ ❉❡✜♥❡ t❤❡

♠❡tr✐❝ g := π∗gN + η21 + η22 + η23✱ s♦ t❤❛t π : (M, g) → (N, gN ) ❜❡❝♦♠❡s ❛ ❘✐❡♠❛♥♥✐❛♥

s✉❜♠❡rs✐♦♥✳ ❋✐♥❛❧❧② s❡t ϕi := ϕ̃i + ηj ⊗ ξk − ηk ⊗ ξj ❢♦r ❛♥② ❝②❝❧✐❝ ♣❡r♠✉t❛t✐♦♥ (i, j, k)

♦❢ (1, 2, 3)✳

❚❤❡♦r❡♠ ✸✳✶✹✳ ▲❡t (N, gN , I1, I2, I3) ❜❡ ❛ ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞ ✇✐t❤ ✐♥t❡❣❡r ❑ä❤❧❡r

❝❧❛ss❡s✳ ❚❤❡♥ (M, g, ξi, ηi, ϕi)i=1,2,3 ❝♦♥str✉❝t❡❞ ❛s ❛❜♦✈❡ ✐s ❛ ❞❡❣❡♥❡r❛t❡ 3✲(α, δ)✲❙❛s❛❦✐

♠❛♥✐❢♦❧❞ ✇✐t❤ α = 1✱ δ = 0✳

❘❡♠❛r❦ ✸✳✶✺✳ ❚❤❡ T 3✲❜✉♥❞❧❡ M ❛❧s♦ ❛♣♣❡❛rs ✐♥ ❋♦✇❞❛r✬s ♣❛♣❡r ❬❋♦✇❪ ✐♥ ❤✐s ❝♦♥✲

str✉❝t✐♦♥ ♦❢ q❑ ♠❡tr✐❝s ♦♥ R×M ❛❧❜❡✐t ✇✐t❤♦✉t t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡✱ s❡❡ ❛❧s♦ ❬❈♦r✱

▲❡♠♠❛ ✷✳✶❪✳

■♥ ❬❋♦r✶❪ ❋♦r❡♠❛♥ ♦❜t❛✐♥s ❛ s♦✲❝❛❧❧❡❞ ❝♦♠♣❧❡① ❝♦♥t❛❝t ♠❛♥✐❢♦❧❞ ❜② ❝♦♥str✉❝t✐♥❣ ❛ T 2✲

❜✉♥❞❧❡ ♦✈❡r N ✐♥ s✐♠✐❧❛r ❢❛s❤✐♦♥✳ ❍✐s ❝♦♥str✉❝t✐♦♥ ✐♠♣♦s❡s ❛ ❧❡ss r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥

t❤❛♥ ❤②♣❡r❦ä❤❧❡r ♦♥ N ✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s s♣❡❝✐❛❧ ❝❛s❡ t❤❡ ❝♦♠♣❧❡① T 2✲❜✉♥❞❧❡ ❤❡ ❝♦♥✲

s✐❞❡rs ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ♦✉r ❝♦♥str✉❝t✐♦♥ ❛s t❤❡ q✉♦t✐❡♥t ❜② ♦♥❡ ♦❢ t❤❡ ❘❡❡❜ ✈❡❝t♦r

✸✾



✜❡❧❞s✳ ❚❤✐s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ t✇✐st♦r s♣❛❝❡ ♦✈❡r ❛ ♣♦s✐t✐✈❡ q❑

♠❛♥✐❢♦❧❞ ❛♥❞ t❤❡ 3✲❙❛s❛❦✐ s♣❛❝❡ ❛❜♦✈❡ ✭❝❢✳ ❬❋♦r✷❪✮✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t (g, ηi, ξi, ϕi) ❡①t❡♥❞s t❤❡ ❛❧♠♦st ❝♦♥t❛❝t ♠❡tr✐❝ str✉❝t✉r❡ ♦♥ TpiPi
∼=

TxN ⊕ ⟨ξi⟩ t♦ TpM ∼= TxN ⊕ ⟨ξi, ξj , ξk⟩✳ ❚❤❡ t❤r❡❡ ❛❧♠♦st ❝♦♥t❛❝t ♠❡tr✐❝ str✉❝t✉r❡s ❛r❡

❝♦♠♣❛t✐❜❧❡ ♦♥ t❤❡ ✈❡rt✐❝❛❧ s✉❜s♣❛❝❡ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ϕi✳ ❖♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐str✐❜✉t✐♦♥

ϕi ♣r♦❥❡❝ts t♦ Ii✱ s♦ ϕi ◦ ϕj |H = ϕk|H✳

❚❤❡ ❧❛st ✐❞❡♥t✐t② t♦ ❝❤❡❝❦ ✐s t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❈♦♥❞✐t✐♦♥ ✭✶✳✻✮✳ ❆s (ξi, ηi, ϕ̃i) ❞❡✜♥❡s ❛ ❙❛s❛❦✐

str✉❝t✉r❡ ♦♥ Pi ✇❡ ❤❛✈❡ 2gi(X, ϕ̃iY ) = dηi(X,Y ) ❢♦r ✈❡rt✐❝❛❧ ✈❡❝t♦rs X,Y ∈ TpiPi✳ ❚❤✐s

r❡♠❛✐♥s tr✉❡ ❢♦r X,Y ∈ H ⊂ TpM ❛s ϕi ✐s ❥✉st ϕ̃i ♦♥ H✳ ■❢ ❡✐t❤❡r ✈❡❝t♦r ♦❢ X,Y ❧✐❡s ✐♥ V ✱

t❤❡♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✻✮ ❤❛s t♦ ✈❛♥✐s❤✳ ❲❡ ❤❛✈❡

ιξjdηi = Lξjηi − d(ιξjηi) = 0

❛s ηi ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ❢❛❝t♦r Pi ♦❢ t❤❡ ♣r♦❞✉❝t P ✳ ■♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ξj

❢♦r j ̸= i✳ ❋✐♥❛❧❧② ιξidηi = 0 ❢r♦♠ t❤❡ ❙❛s❛❦✐ ❝♦♥❞✐t✐♦♥ ♦♥ Pi✳

❘❡♠❛r❦ ✸✳✶✻✳ ❲❡ ❝❛❧❧ t❤✐s ❝♦♥str✉❝t✐♦♥ t❤❡ 3✲❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ ♦✈❡r N ✳ ■t ✐s t❤❡

✐♥✈❡rs❡ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ s✉❜♠❡rs✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❆❉❙✱ ❚❤❡♦r❡♠ ✷✳✷✳✶❪✳

■♥ ❬❈♦r❪ ❈♦rtés s❤♦✇s t❤❛t ♥♦♥✲✢❛t ❝♦♠♣❛❝t ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞s ✇✐t❤ ✐♥t❡❣r❛❧ ❑ä❤✲

❧❡r ❝❧❛ss❡s ❡①✐st ✐♥ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣❧❡♥t✐❢✉❧ ❝♦♠♣❛❝t

❞❡❣❡♥❡r❛t❡ 3✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✇❤✐❝❤ ❛r❡ ♥❡❝❡ss❛r✐❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❜② ✈✐rt✉❡ ♦❢

❚❤❡♦r❡♠ ✸✳✼✳

■♥ s✉♠♠❛r② ♦✉r ✜♥❞✐♥❣s ♣❛✐♥t t❤❡ s♦♠❡✇❤❛t ❝✉r✐♦✉s ♣✐❝t✉r❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ♥♦♥✲tr✐✈✐❛❧

❝♦♠♣❛❝t ❤♦♠♦❣❡♥❡♦✉s ❡①❛♠♣❧❡s ✐♥ t❤❡ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ❝❛t❡❣♦r②✱ ❞❡s♣✐t❡ t❤❡r❡

❜❡✐♥❣ ❜♦t❤ ✐♥t❡r❡st✐♥❣ ♥♦♥✲❝♦♠♣❛❝t ❤♦♠♦❣❡♥❡♦✉s ✭q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s✮ ❛♥❞

❝♦♠♣❛❝t ✐♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡s ✭3✲❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡s ♦✈❡r ❝♦♠♣❛❝t ✐♥❤♦♠♦❣❡♥❡♦✉s

❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞s✮✳ ◗✉❛❧✐t❛t✐✈❡❧② t❤✐s ❣❡♦♠❡tr② ✐s ✐♥ st❛r❦ ❝♦♥tr❛st t♦ t❤❡ ❝❧❛ss✐❝❛❧

✸✲❙❛s❛❦✐❛♥ ♦♥❡ ✇❤❡r❡ ❤♦♠♦❣❡♥❡♦✉s ❡①❛♠♣❧❡s ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ❝♦♠♣❛❝t ❛♥❞ t❤❡r❡ ❡①✐st

❛s ♠❛♥② ❛s ❝♦♠♣❛❝t s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣s ✭❝❢✳ ❈❤❛♣t❡r ✷✮✳

❆s ❛ ♣r♦♣♦s❛❧ ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤ ❛♥ ❡✈❡♥ ♠♦r❡ s②st❡♠❛t✐❝ tr❡❛t♠❡♥t ♦❢ t❤✐s ❣❡♦♠❡tr②

✇♦✉❧❞ ❜❡ ❞❡s✐r❛❜❧❡✿ ❆r❡ t❤❡ q✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s ♠❛②❜❡ ❡✈❡♥ t❤❡ ♦♥❧② ♥♦♥✲

❝♦♠♣❛❝t ❤♦♠♦❣❡♥❡♦✉s ❡①❛♠♣❧❡s❄ ❆r❡ t❤❡r❡ ♠♦r❡ ✇❛②s t♦ ❝♦♥str✉❝t ♥❡✇ ❞❡❣❡♥❡r❛t❡

✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s✱ ❢♦r ❡①❛♠♣❧❡ ✈✐❛ r❡❞✉❝t✐♦♥❄ ❈❛♥ ♦♥❡ ❝❧❛ss✐❢② t❤❡ ❝♦♠♣❛❝t

✐♥❤♦♠♦❣❡♥❡♦✉s ❡①❛♠♣❧❡s ✐♥ s♦♠❡ ✇❛②❄

✹✵



❈❤❛♣t❡r ✹

❆ ❇♦❝❤♥❡r ❚❡❝❤♥✐q✉❡ ❢♦r ❋♦❧✐❛t✐♦♥s

❛♥❞ ■♥❤♦♠♦❣❡♥❡✐t②

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✇❡ ❡♥❝♦✉♥t❡r❡❞ ❝❡rt❛✐♥ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s

✇❤✐❝❤ ✇❡r❡ ♥❡❝❡ss❛r✐❧② ✐♥❤♦♠♦❣❡♥❡♦✉s✳ ◆♦✇ ✇❡ ❞❡✈❡❧♦♣ ❛ ♠❡t❤♦❞ t♦ q✉❛♥t✐❢② ✏❤♦✇

❢❛r ❛✇❛② ❢r♦♠ ❤♦♠♦❣❡♥❡♦✉s✑ t❤❡s❡ ❛♥❞ ❛ ♥✉♠❜❡r ♦❢ ♦t❤❡r s♣❛❝❡s ❛r❡✳ ❖♥❡ ♠✐❣❤t ❛❧s♦

❝♦♥s✐❞❡r t❤❡ ❝♦♥❝❧✉s✐♦♥s ✇❡ ✇✐❧❧ ❛rr✐✈❡ ❛t ❛s ✏r✐❣✐❞✐t②✑ ♦r ✏♥♦♥✲❞❡❢♦r♠❛t✐♦♥✑ r❡s✉❧ts✳ ❚❤❡

❦❡② t♦ ♦❜t❛✐♥✐♥❣ t❤❡s❡ ✐s t♦ ✉s❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❘❡❡❜ ✈❡❝t♦r

✜❡❧❞✭s✮ ♦❢ ❛ ❙❛s❛❦✐ ♦r ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ❛♥❞ ❣❡♥❡r❛❧✐③❡ t❤❡ ❢❛♠♦✉s ❇♦❝❤♥❡r t❡❝❤✲

♥✐q✉❡ t♦ ❢♦❧✐❛t✐♦♥s✳ ❙✐♥❝❡ t❤✐s ❛♣♣r♦❛❝❤ ✐s ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st✱ ✇❡ ✜rst ❞❡✈❡❧♦♣ ✐t ✐♥

❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ❛♥❞ ❧❛t❡r s♣❡❝✐❛❧✐③❡ t♦ ❙❛s❛❦✐❛♥ ❣❡♦♠❡tr✐❡s✳

❚❤❡ ❇♦❝❤♥❡r t❡❝❤♥✐q✉❡ ✐s ❛ ❤✐❣❤❧② ❛❝❝❧❛✐♠❡❞ ♠❡t❤♦❞ ♦❢ ♣r♦♦❢ ✐♥ ❝❧❛ss✐❝❛❧ ❞✐✛❡r❡♥t✐❛❧

❣❡♦♠❡tr② ✇❤✐❝❤ ✐s ❛ttr✐❜✉t❡❞ t♦ ❇♦❝❤♥❡r ❬❇♦❝❤❪ ❛♥❞ s♦♠❡t✐♠❡s ❛❧s♦ ❨❛♥♦ ❬❨❇❪✳ ■t

❞✐s❝✉ss❡s ❤♦✇ ❘✐❝❝✐ ❝✉r✈❛t✉r❡ ❛✛❡❝ts t❤❡ t②♣❡s ♦❢ ✈❡❝t♦r ✜❡❧❞s t❤❛t ❛ ♠❛♥✐❢♦❧❞ ❛❞♠✐ts✳

❆ ♠♦❞❡r♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ t♦♣✐❝ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬P❡t❡✱ ❈❤❛♣t❡r ✼❪✱ ✇❤✐❝❤ ❛❧s♦ s❡r✈❡❞

❛s ✐♥s♣✐r❛t✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐♥ t❤✐s ❝❤❛♣t❡r✳

▲❡t (M, g) ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ ❛♥❞ ❧❡t Ric ❞❡♥♦t❡ t❤❡

❘✐❝❝✐ ❝✉r✈❛t✉r❡ t❡♥s♦r ♦❢ (M, g)✳ ❚❤❡ ❇♦❝❤♥❡r t❡❝❤♥✐q✉❡ ❝✉❧♠✐♥❛t❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦

t❤❡♦r❡♠s ❬P❡t❡✱ ❚❤❡♦r❡♠s ✸✻ ✫ ✹✽❪✿

❚❤❡♦r❡♠ ✹✳✶✳ ■❢ Ric ✐s ♥❡❣❛t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡ ❡✈❡r②✇❤❡r❡✱ t❤❡♥ ❡✈❡r② ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞

✐s ♣❛r❛❧❧❡❧✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧② Ric ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ❛t ♦♥❡ ♣♦✐♥t✱ t❤❡♥ ♥♦ ♥♦♥✲tr✐✈✐❛❧ ❑✐❧❧✐♥❣

✈❡❝t♦r ✜❡❧❞s ❡①✐st✳

❚❤❡♦r❡♠ ✹✳✷✳ ■❢ Ric ✐s ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡ ❡✈❡r②✇❤❡r❡✱ t❤❡♥ ❡✈❡r② ❤❛r♠♦♥✐❝ ✈❡❝t♦r

✜❡❧❞ ✭✐✳❡✳ t❤❡ g✲❞✉❛❧ ♦♥❡✲❢♦r♠ ✐s ❤❛r♠♦♥✐❝✮ ✐s ♣❛r❛❧❧❡❧✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧② Ric ✐s ♣♦s✐t✐✈❡

❞❡✜♥✐t❡ ❛t ♦♥❡ ♣♦✐♥t✱ t❤❡♥ ♥♦ ♥♦♥✲tr✐✈✐❛❧ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ✜❡❧❞s ❡①✐st✳

❇② ❝♦♠❜✐♥✐♥❣ t❤❡s❡ r❡s✉❧ts ✇✐t❤ t❤❡ ❢❛♠♦✉s ❍♦❞❣❡ t❤❡♦r❡♠✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ s♣❛❝❡

✹✶



♦❢ ❤❛r♠♦♥✐❝ ♦♥❡✲❢♦r♠s ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ✜rst ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ✐♥t❡r❡st✐♥❣ ❝♦♥s❡q✉❡♥❝❡s✿

❈♦r♦❧❧❛r② ✹✳✸✳ ■❢ Ric ✐s ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡ ❡✈❡r②✇❤❡r❡ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛t ♦♥❡

♣♦✐♥t✱ t❤❡♥ t❤❡ ✜rst ❇❡tt✐ ♥✉♠❜❡r b1(M) = 0✳

❈♦r♦❧❧❛r② ✹✳✹✳ ■❢ Ric ✈❛♥✐s❤❡s ❡✈❡r②✇❤❡r❡✱ t❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✐s♦♠❡tr② ❣r♦✉♣ ♦❢

(M, g) ✐s ❡q✉❛❧ t♦ b1(M)✳

❖✈❡r t❤❡ ②❡❛rs ❚❤❡♦r❡♠s ✹✳✶ ❛♥❞ ✹✳✷ ❤❛✈❡ ❜❡❡♥ ❛❞❛♣t❡❞ t♦ ✇♦r❦ ✇✐t❤ ✈❛r✐♦✉s ❛❞❞✐t✐♦♥❛❧

str✉❝t✉r❡s ♦♥ M ✱ ✐♥ ♣❛rt✐❝✉❧❛r ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥s✳ ❲❡ ❣♦ t❤r♦✉❣❤ ❛❧❧ ♦❢ t❤❡ ♥❡❝❡s✲

s❛r② ♣r❡❧✐♠✐♥❛r✐❡s ❛❜♦✉t ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥s t❤♦r♦✉❣❤❧② ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❑❛♠❜❡r ❛♥❞

❚♦♥❞❡✉r ❞❡✈✐s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦r❡♠ ✹✳✶ ❬❑❚✷✱ ❚❤❡♦r❡♠ ❇❪✿

❚❤❡♦r❡♠ ✹✳✺✳ ▲❡t M ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ ♠❛♥✐❢♦❧❞ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❘✐❡♠❛♥✲

♥✐❛♥ ❢♦❧✐❛t✐♦♥ (F , g) ❛♥❞ ❧❡t RicT ❞❡♥♦t❡ t❤❡ tr❛♥s✈❡rs❡ ❘✐❝❝✐ ❝✉r✈❛t✉r❡ ♦❢ (F , g)✳ ■❢ RicT

✐s ♥❡❣❛t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡ ❡✈❡r②✇❤❡r❡✱ t❤❡♥ ❡✈❡r② tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞ ✐s tr❛♥s✲

✈❡rs❡ ♣❛r❛❧❧❡❧✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧② RicT ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ❛t ♦♥❡ ♣♦✐♥t✱ t❤❡♥ ♥♦ ♥♦♥✲tr✐✈✐❛❧

tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞s ❡①✐st✳

■♥ ❢❛❝t ❚❤❡♦r❡♠ ✹✳✺ ✐s ❡✈❡♥ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ ✇❤❡r❡ t❤❡ ❧❛tt❡r ❝♦rr❡s♣♦♥❞s

t♦ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ t❤❛t F ✐s t❤❡ tr✐✈✐❛❧ ❢♦❧✐❛t✐♦♥ ♦❢ M ❜② s✐♥❣❧❡t♦♥s✳ ■♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢

❈♦r♦❧❧❛r② ✹✳✸ t❤❡r❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛♥✐s❤✐♥❣ t❤❡♦r❡♠ ❢♦r ❜❛s✐❝ ❝♦❤♦♠♦❧♦❣② ✇❤✐❝❤ ✇❛s

❞✐s❝♦✈❡r❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜②▼✐♥✲❖♦✱ ❘✉❤ ❛♥❞ ❚♦♥❞❡✉r ❬❚♦♥❞✱ ❚❤❡♦r❡♠ ✽✳✶✻❪ ❛s ✇❡❧❧

❛s ❍❡❜❞❛ ❬❍❡❜❞✱ ❚❤❡♦r❡♠ ✶❪✿

❚❤❡♦r❡♠ ✹✳✻✳ ■❢ (M,F , g) ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✺ ❛♥❞ RicT ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❡✈❡r②✲

✇❤❡r❡✱ t❤❡♥ t❤❡ ✜rst ❜❛s✐❝ ❇❡tt✐ ♥✉♠❜❡r b1(F) = 0✳

❖♥❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❞❡✈❡❧♦♣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✿

❚❤❡♦r❡♠ ✹✳✼✳ ▲❡t M ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ ♠❛♥✐❢♦❧❞ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ tr❛♥s✲

✈❡rs❡❧② ♦r✐❡♥t❡❞ ❤❛r♠♦♥✐❝ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ (F , g)✳ ■❢ RicT ✐s ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡

❡✈❡r②✇❤❡r❡✱ t❤❡♥ ❡✈❡r② ❜❛s✐❝ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ✜❡❧❞ ✐s tr❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧②

RicT ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛t ♦♥❡ ♣♦✐♥t✱ t❤❡♥ ♥♦ ♥♦♥✲tr✐✈✐❛❧ ❜❛s✐❝ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ✜❡❧❞s

❡①✐st✳

❇② ❝♦♠❜✐♥✐♥❣ ❚❤❡♦r❡♠s ✹✳✺ ❛♥❞ ✹✳✼ ✇✐t❤ ❛ ❜❛s✐❝ ❍♦❞❣❡ t❤❡♦r❡♠ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

✈❛r✐❛t✐♦♥s ♦❢ ❈♦r♦❧❧❛r② ✹✳✹ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✻✿

❈♦r♦❧❧❛r② ✹✳✽✳ ■❢ (M,F , g) ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✼ ❛♥❞ RicT ✐s ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡

❡✈❡r②✇❤❡r❡✱ t❤❡♥ b1(F) ≤ codimF ✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧② RicT ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛t ♦♥❡ ♣♦✐♥t✱

t❤❡♥ b1(F) = 0✳

✹✷



❈♦r♦❧❧❛r② ✹✳✾✳ ■❢ (M,F , g) ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✼ ❛♥❞ RicT ✈❛♥✐s❤❡s ❡✈❡r②✇❤❡r❡✱ t❤❡♥

t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ iso(F) ♦❢ tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞s ♦❢ (F , g) ✐s

❡q✉❛❧ t♦ b1(F)✳

❋✐♥❛❧❧② ✇❡ ❛♣♣❧② ❈♦r♦❧❧❛r② ✹✳✾ t♦ t✇♦ ❝❧❛ss❡s ♦❢ s♣❛❝❡s ✇❤✐❝❤ ♥❛t✉r❛❧❧② ♥❛t✉r❛❧❧② s❛t✐s❢②

❛❧❧ ♦❢ t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s✱ ♥❛♠❡❧② ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ❛♥❞ ❝❡rt❛✐♥ s♦✲❝❛❧❧❡❞

❙❛s❛❦✐✲η✲❊✐♥st❡✐♥ ♠❛♥✐❢♦❧❞s✿

❚❤❡♦r❡♠ ✹✳✶✵✳ ▲❡t M ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✇✐t❤

❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ F ✳ ❚❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ Aut(M) ✐s

❛t ♠♦st b1(F) + 3✳

■♥ ♣❛rt✐❝✉❧❛r ✐❢M ❛r✐s❡s ✈✐❛ ❚❤❡♦r❡♠ ✸✳✶✹ ❛s t❤❡ ✸✲❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ ♦✈❡r ❛ ❝♦♠♣❛❝t

❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞ N ✇✐t❤ ✐♥t❡❣r❛❧ ❑ä❤❧❡r ❝❧❛ss❡s✱ t❤❡♥ dimAut(M) ≤ b1(N) + 3✳

❚❤❡♦r❡♠ ✹✳✶✶✳ ▲❡t M ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ❙❛s❛❦✐✲η✲❊✐♥st❡✐♥ ♠❛♥✐❢♦❧❞ ✇✐t❤ tr❛♥s✈❡rs❡

❈❛❧❛❜✐✲❨❛✉ str✉❝t✉r❡ ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ F ✳ ❚❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❛✉t♦♠♦r✲

♣❤✐s♠ ❣r♦✉♣ Aut(M) ✐s ❛t ♠♦st b1(F) + 1✳

■♥ ♣❛rt✐❝✉❧❛r ✐❢ M ❛r✐s❡s ❛s t❤❡ ❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ ♦✈❡r ❛ ❝♦♠♣❛❝t ❈❛❧❛❜✐✲❨❛✉ ♠❛♥✐✲

❢♦❧❞ N ✇✐t❤ ✐♥t❡❣r❛❧ ❑ä❤❧❡r ❝❧❛ss✱ t❤❡♥ dimAut(M) ≤ b1(N) + 1✳

❆❜♦✉t t❤❡ str✉❝t✉r❡ ♦❢ t❤✐s ❝❤❛♣t❡r✿ ❲❡ st❛rt ✇✐t❤ ❛ s❡❧❢✲❝♦♥t❛✐♥❡❞ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡

r❡q✉✐r❡❞ ❢✉♥❞❛♠❡♥t❛❧s ❛❜♦✉t ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥s ✭❙❡❝t✐♦♥ ✹✳✶✮ ❛♥❞ ❜❛s✐❝ ❍♦❞❣❡ t❤❡♦r②

✭❙❡❝t✐♦♥ ✹✳✷✮✳ ■♥ ❙❡❝t✐♦♥ ✹✳✸ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ ❚❤❡♦r❡♠ ✹✳✼ ❛s ✇❡❧❧ ❛s

✐ts ❝♦♥s❡q✉❡♥❝❡s ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹ ✇❡ ♣r♦✈✐❞❡ t❤❡ ♣r♦♠✐s❡❞ ❛♣♣❧✐❝❛t✐♦♥s✳

✹✳✶ ❘✐❡♠❛♥♥✐❛♥ ❋♦❧✐❛t✐♦♥s

▲❡t M ❜❡ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❛♥❞ (F , gT ) ❛ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ ♦♥ M ✳ ❚❤✐s ♠❡❛♥s

t❤❛t F ✐s ❛ ❢♦❧✐❛t✐♦♥ ♦♥ M ❞❡✜♥❡❞ ❜② ❛♥ ✐♥t❡❣r❛❜❧❡ s✉❜❜✉♥❞❧❡ E ⊂ TM ❛♥❞ gT ✐s

❛ tr❛♥s✈❡rs❡ ♠❡tr✐❝✱ ✐✳❡✳ ❛ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡ (0, 2)✲t❡♥s♦r ✜❡❧❞ s✉❝❤ t❤❛t

ker gT = E ❛♥❞ LXgT = 0 ❢♦r ❛❧❧ X ∈ Γℓ(E)✱ ✇❤❡r❡ Γℓ ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❧❧ ❧♦❝❛❧

s❡❝t✐♦♥s ♦❢ ❛ ✜❜❡r ❜✉♥❞❧❡✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❤❛✈✐♥❣ t♦ ❞❡❛❧ ✇✐t❤ q✉♦t✐❡♥t ❜✉♥❞❧❡s ✇❡

s❤❛❧❧ ❝❤♦♦s❡ ❛♥❞ ✜① ❛ s♦✲❝❛❧❧❡❞ ❜✉♥❞❧❡✲❧✐❦❡ ♠❡tr✐❝ g ♦♥M ✱ ✐✳❡✳ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ s✉❝❤

t❤❛t g(X⊥, Y ⊥) = gT (X,Y ) ❢♦r ❛❧❧ X,Y ∈ TM ✱ ✇❤❡r❡ Z⊥ ❞❡♥♦t❡s t❤❡ g✲♦rt❤♦❣♦♥❛❧

♣r♦❥❡❝t✐♦♥ ♦❢ Z ∈ TM t♦ E⊥✳

❉❡✜♥✐t✐♦♥ ✹✳✶✷✳ ❚❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ ❢♦❧✐❛t❡❞ ✈❡❝t♦r ✜❡❧❞s ❛♥❞ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ tr❛♥s✲

✈❡rs❡ ✈❡❝t♦r ✜❡❧❞s ❛r❡ ❣✐✈❡♥ ❜② fol(F) := NΓ(TM)

(
Γ(E)

)
✱ t❤❡ ♥♦r♠❛❧✐③❡r ♦❢ Γ(E) ✐♥✲

s✐❞❡ Γ(TM)✱ ❛s ✇❡❧❧ ❛s trans(F) := fol(F) ∩ Γ(E⊥)✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❝❛❧❧ ❛ ❢✉♥❝t✐♦♥

f :M → R ❜❛s✐❝ ✐❢ X(f) = 0 ❢♦r ❛❧❧ X ∈ Γℓ(E)✳

▲❡♠♠❛ ✹✳✶✸✳ ❛✮ ■❢ X ∈ fol(F)✱ t❤❡♥ f := 1
2 gT (X,X) ✐s ❜❛s✐❝✳

❜✮ ■❢ f ✐s ❜❛s✐❝✱ t❤❡♥ ✐ts ❣r❛❞✐❡♥t ✭✇✐t❤ r❡s♣❡❝t t♦ g✮ s❛t✐s✜❡s ∇f ∈ trans(F)✳

✹✸



Pr♦♦❢✳ ❛✮ ❋♦r ❛❧❧ Y ∈ Γℓ(E)✿ Y (f) = gT ([Y,X], X) = 0✳

❜✮ ❋✐rst 0 = X(f) = g(∇f,X) ❢♦r ❛❧❧ X ∈ Γℓ(E)✱ s♦ ∇f ∈ Γ(E⊥)✳ ❋✉rt❤❡r♠♦r❡ ❢♦r

❛❧❧ X ∈ Γ(E)✱ Y ∈ Γℓ(E
⊥)✿

gT ([∇f,X], Y ) = gT (∇f, [X,Y ])−X
(
gT (∇f, Y )

)
= [X,Y ](f)−X

(
Y (f)

)
= 0 .

❉❡✜♥✐t✐♦♥ ✹✳✶✹✳ ▲❡t ∇ ❞❡♥♦t❡ t❤❡ ▲❡✈✐✲❈✐✈✐t❛ ❝♦♥♥❡❝t✐♦♥ ♦❢ g✳ ❚❤❡ tr❛♥s✈❡rs❡ ▲❡✈✐✲

❈✐✈✐t❛ ♦r ❇♦tt ❝♦♥♥❡❝t✐♦♥ ∇T ✐s t❤❡ ❝♦♥♥❡❝t✐♦♥ ✐♥ t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡ E⊥ ❣✐✈❡♥ ❜②

∇T
XY :=




(∇XY )⊥ , X ∈ Γℓ(E

⊥) ,

[X,Y ]⊥ , X ∈ Γℓ(E) .

❚❤❡ ❝♦♥❞✐t✐♦♥ LXgT = 0 ❡♥s✉r❡s t❤❛t [X,Y ]⊥ ✐s ✐♥❞❡❡❞ t❡♥s♦r✐❛❧ ✐♥ X ∈ Γℓ(E)✳ ◆♦t❡

t❤❛t ✐❢ Y ∈ trans(F)✱ t❤❡♥ ∇T
XY = [X,Y ]⊥ = 0 ❢♦r ❛❧❧ X ∈ Γℓ(E)✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ∇T

✐s t❤❡ ✉♥✐q✉❡ ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥✲❢r❡❡ ❝♦♥♥❡❝t✐♦♥ ✐♥ E⊥ ❬❚♦♥❞✱ ❚❤❡♦r❡♠ ✺✳✾❪✱ ✐✳❡✳ ❢♦r ❛❧❧

X ∈ Γℓ(TM) ❛♥❞ Y, Z ∈ Γℓ(E
⊥)✿

X
(
gT (Y, Z)

)
= gT (∇

T
XY, Z) + gT (Y,∇

T
XZ) ,

∇T
Y Z −∇T

ZY = [Y, Z]⊥ .

❋✉rt❤❡r♠♦r❡ ∇T ♠❛② ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✈✐❛ ❛ ❑♦s③✉❧ ❢♦r♠✉❧❛ ❬❑❚✶✱ Pr♦♣♦s✐t✐♦♥ ✶✳✼❪✱

✐✳❡✳ ❢♦r ❛❧❧ X,Z ∈ Γℓ(TM)✱ Y ∈ Γ(E⊥)✿

2gT (∇
T
XY, Z) = X

(
gT (Y, Z)

)
+ Y

(
gT (Z,X)

)
− Z

(
gT (X,Y )

)

+ gT ([X,Y ], Z) + gT ([Z,X], Y )− gT ([Y, Z], X) .

❉❡✜♥✐t✐♦♥ ✹✳✶✺✳ ▲❡t f ❜❡ ❛ ❜❛s✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ tr❛♥s✈❡rs❡ ❍❡ss✐❛♥ HessT f ✐s t❤❡

s②♠♠❡tr✐❝ (0, 2)✲t❡♥s♦r ✜❡❧❞ ❣✐✈❡♥ ❜②

HessT f(X,Y ) := gT (∇
T
X∇f, Y ) , X, Y ∈ Γℓ(TM) .

❈❧❡❛r❧② ιX HessT f = 0 ❢♦r ❛❧❧ X ∈ Γℓ(E)✳ ❚❤❡ tr❛♥s✈❡rs❡ ▲❛♣❧❛❝✐❛♥ ∆T f ✐s ❞❡✜♥❡❞ ❛s

∆T f := trg HessT f =
∑

i

HessT f(Ei, Ei) ,

✇❤❡r❡ Ei ✐s ❛ ❧♦❝❛❧ g✲♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡✳ ❚❤❡ tr❛♥s✈❡rs❡ ❘✐❡♠❛♥♥ ❝✉r✈❛t✉r❡ t❡♥s♦r RT

✐s ❣✐✈❡♥ ❜②

RT (X,Y )Z := ∇T
X∇T

Y Z −∇T
Y ∇

T
XZ −∇T

[X,Y ]Z , X, Y ∈ Γℓ(TM), Z ∈ Γℓ(E
⊥) .

✹✹



❆❣❛✐♥ ιXR
T = 0 ❢♦r ❛❧❧ X ∈ Γℓ(E) ❬❚♦♥❞✱ Pr♦♣♦s✐t✐♦♥ ✸✳✻❪✳ ❆s ✉s✉❛❧✿

RT (X,Y, Z, V ) := gT
(
RT (X,Y )Z, V

)
, V ∈ TM .

❋✐♥❛❧❧② t❤❡ tr❛♥s✈❡rs❡ ❘✐❝❝✐ ❝✉r✈❛t✉r❡ RicT ✐s ❞❡✜♥❡❞ ❛s

RicT (X,X) := tr
(
Y 7→ RT (Y,X)X

)
=
∑

i

RT (Ei, X,X,Ei) , X ∈ Γℓ(E
⊥) .

❘❡♠❛r❦ ✹✳✶✻✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ❛ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❡q✉✐✲

✈❛❧❡♥t❧② ✈✐❛ ❧♦❝❛❧ ❘✐❡♠❛♥♥✐❛♥ s✉❜♠❡rs✐♦♥s φ : U → N ♦♥t♦ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠♦❞❡❧ s♣❛❝❡

(N, gN )✳ ❚❤❡ tr❛♥s✈❡rs❡ ❘✐❡♠❛♥♥ ❝✉r✈❛t✉r❡ t❡♥s♦r RT t❤❡♥ r❡✢❡❝ts t❤❡ ❘✐❡♠❛♥♥ ❝✉r✈❛✲

t✉r❡ t❡♥s♦r RN ♦❢ t❤❡ ❧♦❝❛❧ ♠♦❞❡❧ N ✱ ❛s ♠❛❞❡ ♣r❡❝✐s❡ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❬❚♦♥❞✱

❊q✉❛t✐♦♥ ✺✳✹✵❪✿

φ∗R
T (X,Y )Z = RN (φ∗X,φ∗Y )φ∗Z , X, Y, Z ∈ Γℓ(E

⊥) .

▲✐❦❡✇✐s❡ RicT ♠✐rr♦rs t❤❡ ❘✐❝❝✐ ❝✉r✈❛t✉r❡ t❡♥s♦r RicN ♦❢ N ✱ ✈✐③✳

RicT (X,X) = RicN (φ∗X,φ∗X) ◦ φ , X ∈ Γℓ(E
⊥) .

❍❡♥❝❡ ✐❢ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ (F , g) ✇❛s s✐♠♣❧② ❣✐✈❡♥ ❜② ♦♥❡ ✭❣❧♦❜❛❧✮ ❘✐❡♠❛♥♥✐❛♥

s✉❜♠❡rs✐♦♥ φ : M → N ♦♥t♦ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ N ✱ t❤❡♥ ✇❡ ❝♦✉❧❞ ❥✉st ❛♣♣❧② t❤❡

♦r❞✐♥❛r② ❇♦❝❤♥❡r t❡❝❤♥✐q✉❡ t♦ N ✐♥st❡❛❞ ♦❢ t❤❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞

❤❡r❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❛ ❇♦❝❤♥❡r t❡❝❤♥✐q✉❡ ❢♦r ❢♦❧✐❛t✐♦♥s ✐s t❤❛t ✐t ❛❧s♦ ✇♦r❦s

✐❢ t❤❡ ♠♦❞❡❧ s♣❛❝❡ ✭❣❧♦❜❛❧❧②✮ ✐s ♥♦t ❛s ✇❡❧❧✲❜❡❤❛✈❡❞ ❛s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✱ ✇❤✐❝❤ ✐s ♦❢t❡♥

❛ ♥♦♥✲tr✐✈✐❛❧ ❝♦♥❞✐t✐♦♥✳

❋r♦♠ ♥♦✇ ♦♥ ❧❡t n := dimM ✱ p := rkE ❛♥❞ q := n− p✳

❉❡✜♥✐t✐♦♥ ✹✳✶✼✳ ❲❡ ❝❛❧❧ F tr❛♥s✈❡rs❡❧② ♦r✐❡♥t❛❜❧❡ ✐❢ E⊥ ✐s ♦r✐❡♥t❛❜❧❡✳ ❙✉♣♣♦s❡ t❤❛tM

✐s ♦r✐❡♥t❛❜❧❡ ❛♥❞ F ✐s tr❛♥✈❡rs❡❧② ♦r✐❡♥t❛❜❧❡✳ ❚❤❡♥ ✇❡ s❤❛❧❧ ♦r✐❡♥tM ❛♥❞ E⊥ ✉s✐♥❣ t❤❡✐r

❘✐❡♠❛♥♥✐❛♥ ✈♦❧✉♠❡ ❢♦r♠s µ ❛♥❞ µT ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ♠❡❛♥s ✇❡ ❝❤♦♦s❡ ❛ ❧♦❝❛❧ ♦r✐❡♥t❡❞

♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ E1, . . . , En ♦❢ TM s✉❝❤ t❤❛t Ep+1, . . . , En ✐s ❛♥ ♦r✐❡♥t❡❞ ❢r❛♠❡ ♦❢ E⊥

❛♥❞ r❡q✉✐r❡ µ(E1, . . . , En) = µT (Ep+1, . . . , En) = 1✳

■❢ X ∈ fol(F) ✐s ❛ ❢♦❧✐❛t❡ ✈❡❝t♦r ✜❡❧❞✱ t❤❡♥ ιY LXµT = 0 ❢♦r ❛❧❧ Y ∈ Γℓ(E)✳ ❚❤✉s LXµT

♠❛② ❜❡ ✈✐❡✇❡❞ ❛s ❛ s❡❝t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡ Λq(E⊥)∗ ✇❤✐❝❤ ❤❛s r❛♥❦ ♦♥❡✳ ❍❡♥❝❡ ✇❡

❝❛♥ ❞❡✜♥❡ t❤❡ tr❛♥s✈❡rs❡ ❞✐✈❡r❣❡♥❝❡ divT X ❛s t❤❡ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ s❛t✐s✜❡s

LXµT = divT X · µT .

▲❡♠♠❛ ✹✳✶✽✳ ❋♦r ❛♥② tr❛♥s✈❡rs❡ ✈❡❝t♦r ✜❡❧❞ X ∈ trans(F)✿

divT X = tr∇TX .

✹✺



■♥ ♣❛rt✐❝✉❧❛r ❢♦r ❛♥② ❜❛s✐❝ ❢✉♥❝t✐♦♥ f ✿

divT ∇f = ∆T f .

Pr♦♦❢✳ ❙✐♥❝❡ X ✐s tr❛♥s✈❡rs❡✱ ✇❡ ❤❛✈❡ ∇T
YX = 0 ❢♦r ❛❧❧ Y ∈ Γℓ(E)✳ ■❢ Ep+1, . . . , En ✐s

❛♥ ♦r✐❡♥t❡❞ ❧♦❝❛❧ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ ♦❢ E⊥✱ t❤❡♥✿

(LXµT )(Ep+1, . . . , En) = X
(
µT (Ep+1, . . . , En)

)
−
∑

i

µT (Ep+1, . . . , [X,Ei], . . . , En)

= −
∑

i

gT ([X,Ei], Ei)µT (Ep+1, . . . , En) = −
∑

i

gT ([X,Ei], Ei) .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✿

tr∇TX =
∑

i

gT (∇
T
Ei
X,Ei) =

∑

i

gT (∇
T
XEi, Ei)−gT ([X,Ei], Ei) = −

∑

i

gT ([X,Ei], Ei) .

❉❡✜♥✐t✐♦♥ ✹✳✶✾✳ ❆ ❢♦❧✐❛t✐♦♥ F ✐s ❝❛❧❧❡❞ t❛✉t ✐❢ t❤❡r❡ ❡①✐sts ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ g ♦♥M

s✉❝❤ t❤❛t t❤❡ ❧❡❛✈❡s ♦❢ F ❛r❡ ♠✐♥✐♠❛❧ s✉❜♠❛♥✐❢♦❧❞s ♦❢M ✇✐t❤ r❡s♣❡❝t t♦ g✳ ■❢ ❛ ❘✐❡♠❛♥✲

♥✐❛♥ ❢♦❧✐❛t✐♦♥ ✐s t❛✉t✱ t❤❡♥ g ♠❛② ❜❡ ❝❤♦s❡♥ t♦ ❜❡ ❜✉♥❞❧❡✲❧✐❦❡ ❬❚♦♥❞✱ Pr♦♣♦s✐t✐♦♥ ✼✳✻❪✱

✐♥ ✇❤✐❝❤ ❝❛s❡ (F , g) ✐s ❝❛❧❧❡❞ ❤❛r♠♦♥✐❝✳

❖♥❡ ❦❡② t♦♦❧ ❢♦r ✉s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✈❡rs❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❬❚♦♥❞✱ ❚❤❡♦r❡♠ ✹✳✸✺❪✿

❚❤❡♦r❡♠ ✹✳✷✵✳ ▲❡t M ❜❡ ❛ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ ♠❛♥✐❢♦❧❞ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ tr❛♥s✈❡rs❡❧② ♦r✐❡♥✲

t❡❞ ❤❛r♠♦♥✐❝ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ (F , g)✳ ❚❤❡♥ ❢♦r ❛♥② ❢♦❧✐❛t❡ ✈❡❝t♦r ✜❡❧❞ X ∈ fol(M)✿

∫

M
divT X · µ = 0 .

✹✳✷ ❇❛s✐❝ ❍♦❞❣❡ ❚❤❡♦r②

▲❡t M ❜❡ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❢♦❧✐❛t✐♦♥ F ♦❢ ❝♦❞✐♠❡♥s✐♦♥ q ❞❡✜♥❡❞ ❜② ❛♥

✐♥t❡❣r❛❜❧❡ s✉❜❜✉♥❞❧❡ E ⊂ TM ✳

❉❡✜♥✐t✐♦♥ ✹✳✷✶✳ ❆ ❞✐✛❡r❡♥t✐❛❧ k✲❢♦r♠ ω ∈ Ωk(M) ✐s ❝❛❧❧❡❞ ❜❛s✐❝ ✐❢ ιXω = 0 ❛s ✇❡❧❧ ❛s

LXω = ιXdω = 0 ❢♦r ❛❧❧ X ∈ Γℓ(E)✳ ◆♦t❡ t❤❛t ❢♦r f ∈ Ω0(M) t❤✐s ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡

❉❡✜♥✐t✐♦♥ ✹✳✶✷ ♦❢ ❛ ❜❛s✐❝ ❢✉♥❝t✐♦♥✳

■❢ ω ✐s ❜❛s✐❝✱ t❤❡♥ s♦ ✐s dω✱ ♠❡❛♥✐♥❣ t❤❡ ❜❛s✐❝ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ❝♦♥st✐t✉t❡ ❛ s✉❜❝♦♠♣❧❡①

ΩB(F) ♦❢ t❤❡ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡① Ω(M)✳ ❈❧❡❛r❧② Ωk
B(F) = 0 ❢♦r k > q✳ ❲❡ ❞❡♥♦t❡ t❤❡

r❡str✐❝t✐♦♥ ♦❢ d t♦ ΩB(F) ❜② dB✳ ❚❤❡ ❝♦❤♦♠♦❧♦❣② r✐♥❣ ♦❢ t❤❡ ❝♦♠♣❧❡① (ΩB(F), dB) ✐s

❝❛❧❧❡❞ t❤❡ ❜❛s✐❝ ❝♦❤♦♠♦❧♦❣② ♦❢ F ❛♥❞ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② HB(F)✳ ❚❤❡ ❜❛s✐❝ ❇❡tt✐ ♥✉♠❜❡rs

♦❢ F ❛r❡ ❞❡✜♥❡❞ ❛s bk(F) := dimHk
B(F)✳

✹✻



❚❤❡ ✐♥❝❧✉s✐♦♥ Ω1
B(F) → Ω1(M) ✐♥❞✉❝❡s ❛♥ ✐♥❥❡❝t✐✈❡ ♠❛♣ H1

B(F) → H1(M) ❬❚♦♥❞✱

Pr♦♣♦s✐t✐♦♥ ✹✳✶❪✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ M ✐s ❝❧♦s❡❞ ❛♥❞ (F , gT ) ✐s ❛ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ ♦♥

M ✱ t❤❡♥ bk(F) <∞ ❢♦r k = 0, . . . , q ❬❚♦♥❞✱ ❈❤❛♣t❡r ✹❪✳

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❛ss✉♠❡ t❤❛tM ✐s ❝❧♦s❡❞ ❛♥❞ ♦r✐❡♥t❡❞✱ (F , gT ) ✐s ❛ tr❛♥s✈❡rs❡❧② ♦r✐❡♥t❡❞

❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ ♦♥ M ❛♥❞ g ✐s ❛ ❜✉♥❞❧❡✲❧✐❦❡ ♠❡tr✐❝ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ gT ✳ ❆s ✉s✉❛❧

t❤❡ ♠❡tr✐❝ g ✐♥❞✉❝❡s ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ ΛkT ∗
xM ❢♦r ❡✈❡r② x ∈ M ✳ ❲❡ ❧❡t µ ∈ Ωn(M)

❞❡♥♦t❡ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ✈♦❧✉♠❡ ❢♦r♠ ♦❢ (M, g) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ⟨·, ·⟩ ♦♥

Ωk(M) ❣✐✈❡♥ ❜②

⟨ω, ω′⟩ :=

∫

M
g(ω, ω′) · µ , ω, ω′ ∈ Ωk(M) .

❲❡ ✇r✐t❡ ⟨·, ·⟩B ❢♦r t❤❡ r❡str✐❝t✐♦♥ ♦❢ ⟨·, ·⟩ t♦ t❤❡ s✉❜s♣❛❝❡ Ωk
B(F) ⊂ Ωk(M)✳

❉❡✜♥✐t✐♦♥ ✹✳✷✷✳ ❚❤❡ ❜❛s✐❝ ❝♦❞✐✛❡r❡♥t✐❛❧ δB : Ωk
B(F) → Ωk−1

B (F) ✐s t❤❡ ❢♦r♠❛❧ ❛❞❥♦✐♥t

♦❢ dB : Ωk−1
B (F) → Ωk

B(F) ✇✐t❤ r❡s♣❡❝t t♦ ⟨·, ·⟩B✱ ✈✐③✳

⟨dBω, η⟩B = ⟨ω, δBη⟩B , ω ∈ Ωk−1
B (F), η ∈ Ωk

B(F) .

❚❤❡ ❜❛s✐❝ ▲❛♣❧❛❝✐❛♥ ✐s ❣✐✈❡♥ ❜②

∆B := dBδB + δBdB : Ωk
B(F) → Ωk

B(F) .

❆ ❜❛s✐❝ ❢♦r♠ ω ∈ Ωk
B(F) ✐s ❝❛❧❧❡❞ ❜❛s✐❝ ❤❛r♠♦♥✐❝ ✐❢ ∆Bω = 0✳ ❚❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❛❧❧

❜❛s✐❝ ❤❛r♠♦♥✐❝ k✲❢♦r♠s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② Hk
B(F)✳

❇❡✇❛r❡ t❤❛t ∆B ✐s ♥♦t t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛r② ▲❛♣❧❛❝✐❛♥ ∆ = dδ + δd t♦ Ωk
B(F)

❬❚♦♥❞✱ ❊q✉❛t✐♦♥ ✼✳✷✽❪✳ ❖♥ ❜❛s✐❝ ❢✉♥❝t✐♦♥s ∆B ❞✐✛❡rs ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ tr❛♥s✲

✈❡rs❡ ▲❛♣❧❛❝✐❛♥ ∆T ❜② ❛ s✐❣♥✱ s❡❡ ❘❡♠❛r❦ ✹✳✷✻✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ δB ❡✈❡r② ω ∈ Ωk
B(F)

s❛t✐s✜❡s

⟨∆Bω, ω⟩B = ⟨dBδBω, ω⟩B + ⟨δBdBω, ω⟩B = ⟨dBω, dBω⟩B + ⟨δBω, δBω⟩B .

❚❤❡r❡❢♦r❡ ∆Bω = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤ dBω = 0 ❛♥❞ δBω = 0✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ❛

♥❛t✉r❛❧ ♠❛♣ Hk
B(F) → Hk

B(F)✳ ■♥ ❝❛s❡ t❤❡ ❜✉♥❞❧❡✲❧✐❦❡ ♠❡tr✐❝ ✐s ❝❤♦s❡♥ ❛♣♣r♦♣r✐❛t❡❧②

t❤❡r❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❛s✐❝ ❍♦❞❣❡ t❤❡♦r❡♠ ❬❚♦♥❞✱ ❚❤❡♦r❡♠ ✼✳✺✶❪✿

❚❤❡♦r❡♠ ✹✳✷✸✳ ▲❡t M ❜❡ ❛ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ ♠❛♥✐❢♦❧❞ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ tr❛♥s✈❡rs❡❧② ♦r✐❡♥✲

t❡❞ ❤❛r♠♦♥✐❝ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ (F , g)✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Hk
B(F) → Hk

B(F) ✐s

❛♥ ✐s♦♠♦r♣❤✐s♠✳

■♥ ♣r❡♣❛r❛t✐♦♥ ❢♦r t❤❡ ❇♦❝❤♥❡r t❡❝❤♥✐q✉❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ♥♦✇ s♣❡❝✐❛❧✐③❡ t♦ ♦♥❡✲

❢♦r♠s✿ ❘❡❝❛❧❧ t❤❡ ✉s✉❛❧ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ✈❡❝t♦r ✜❡❧❞s X ∈ Γ(TM)

❛♥❞ t❤❡✐r g✲❞✉❛❧ ♦♥❡✲❢♦r♠s ωX := ιXg ∈ Ω1(M)✳ ❖♥❡ ❡❛s✐❧② ❝❤❡❝❦s t❤❛t X ∈ trans(F)

✐❢ ❛♥❞ ♦♥❧② ✐❢ ωX ∈ Ω1
B(F)✳

✹✼



▲❡♠♠❛ ✹✳✷✹✳ ❲❡ ❤❛✈❡ dBωX = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∇TX ✐s gT ✲s②♠♠❡tr✐❝✱ ✐✳❡✳

gT (∇
T
YX,Z) = gT (Y,∇

T
ZX) , Y, Z ∈ Γℓ(TM) .

Pr♦♦❢✳ ❚❤❡ ❑♦s③✉❧ ❢♦r♠✉❧❛ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✶✹ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

2gT (∇
T
YX,Z) = (dBωX)(Y, Z) + (LXgT )(Y, Z) , Y, Z ∈ Γℓ(TM) .

❙✐♥❝❡ dBωX ✐s s❦❡✇✲s②♠♠❡tr✐❝ ❛♥❞ LXgT ✐s s②♠♠❡tr✐❝✱ t❤✐s ②✐❡❧❞s t❤❡ ❝❧❛✐♠✳

▲❡♠♠❛ ✹✳✷✺✳ ■❢ (F , g) ✐s ❤❛r♠♦♥✐❝✱ t❤❡♥ δBωX = − divT X✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ δB ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ❢♦r ❛❧❧ ❜❛s✐❝ ❢✉♥❝t✐♦♥s f ∈ Ω0
B(F)✿

∫

M
g(dBf, ωX) · µ = −

∫

M
f · divT X · µ .

❯s✐♥❣ ▲❡♠♠❛ ✹✳✶✽ ✇❡ ❝❛❧❝✉❧❛t❡✿

divT (f ·X) = f · divT X + g(∇f,X) = f · divT X + g(dBf, ωX) .

■❢ ✇❡ ✐♥t❡❣r❛t❡ ♦✈❡r M ✱ t❤❡♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s ❜② ❚❤❡♦r❡♠ ✹✳✷✵✱ s✐♥❝❡ f ·X ✐s

❢♦❧✐❛t❡ ❛♥❞ (F , g) ✐s ❤❛r♠♦♥✐❝✱ ❛♥❞ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s✳

❘❡♠❛r❦ ✹✳✷✻✳ ▲❡♠♠❛s ✹✳✶✽ ❛♥❞ ✹✳✷✺ ✐♠♣❧② t❤❛t ❢♦r ❛❧❧ ❜❛s✐❝ ❢✉♥❝t✐♦♥s f ✿

∆Bf = δBdBf = δBω∇f = − divT ∇f = −∆T f .

❈♦r♦❧❧❛r② ✫ ❉❡✜♥✐t✐♦♥ ✹✳✷✼✳ ■❢ (F , g) ✐s ❤❛r♠♦♥✐❝✱ t❤❡♥ ωX ✐s ❜❛s✐❝ ❤❛r♠♦♥✐❝ ✐❢ ❛♥❞

♦♥❧② ✐❢ ∇TX ✐s gT ✲s②♠♠❡tr✐❝ ❛♥❞ divT X = 0✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❝❛❧❧ X ❜❛s✐❝ ❤❛r♠♦♥✐❝✳

✹✳✸ ❆ ❇♦❝❤♥❡r ❚❡❝❤♥✐q✉❡ ❢♦r ❋♦❧✐❛t✐♦♥s

❋r♦♠ ♥♦✇ ♦♥ ❧❡tM ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ ♠❛♥✐❢♦❧❞ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ tr❛♥s✈❡rs❡❧②

♦r✐❡♥t❡❞ ❤❛r♠♦♥✐❝ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ (F , g) ♦❢ ❝♦❞✐♠❡♥s✐♦♥ q✳

❉❡✜♥✐t✐♦♥ ✹✳✷✽✳ ❆ tr❛♥s✈❡rs❡ ✈❡❝t♦r ✜❡❧❞X ∈ trans(F) ✐s tr❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧ ✐❢∇TX = 0✳

❇❡✇❛r❡ t❤❛t ❛ tr❛♥s✈❡rs❡ ✈❡❝t♦r ✜❡❧❞ X ∈ trans(F) ✇❤✐❝❤ ✐s ♣❛r❛❧❧❡❧ ✐♥ t❤❡ ✉s✉❛❧ s❡♥s❡

t❤❛t ∇X = 0 ✐s ❛❧s♦ tr❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧✱ ❜✉t t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t tr✉❡✳ ❇② ✈✐rt✉❡ ♦❢

▲❡♠♠❛ ✹✳✶✽ ❛♥❞ ❈♦r♦❧❧❛r② ✫ ❉❡✜♥✐t✐♦♥ ✹✳✷✼ ❡✈❡r② tr❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧ ✈❡❝t♦r ✜❡❧❞ ✐s

❜❛s✐❝ ❤❛r♠♦♥✐❝✳

▲❡♠♠❛ ✹✳✷✾✳ ❚r❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧ ✈❡❝t♦r ✜❡❧❞s ❤❛✈❡ ❝♦♥st❛♥t ❧❡♥❣t❤✳ ❍❡♥❝❡ t❤❡② ❛r❡

✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡✐r ✈❛❧✉❡ ❛t ♦♥❡ ♣♦✐♥t✳

✹✽



Pr♦♦❢✳ ■❢ X ∈ trans(F) ✐s tr❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧ ❛♥❞ f := 1
2g(X,X) = 1

2gT (X,X)✱ t❤❡♥ ❢♦r

❛❧❧ Y ∈ Γℓ(TM)✿

Y (f) = gT (∇
T
YX,X) = 0.

❙✐♥❝❡ M ✐s ❝♦♥♥❡❝t❡❞✱ t❤✐s ✐♠♣❧✐❡s t❤❛t f ✐s ❝♦♥st❛♥t✳

❋♦r ❛♥ ❡♥❞♦♠♦r♣❤✐s♠ ✜❡❧❞ A ∈ Γ(End(TM)) ✇❡ s❡t

|A|2 := tr(A ◦A∗) =
∑

i

g
(
A(Ei), A(Ei)

)
,

✇❤❡r❡ E1, . . . , En ✐s ❛ ❧♦❝❛❧ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✵✳ ▲❡t X ∈ trans(F) ❜❡ ❛ ❜❛s✐❝ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ✜❡❧❞ ❛♥❞ ❝♦♥s✐❞❡r t❤❡

❜❛s✐❝ ❢✉♥❝t✐♦♥ f := 1
2 gT (X,X)✳ ❚❤❡♥✿

❛✮ ∇f = ∇T
XX✳

❜✮ HessT f(Y, Y ) = gT (∇
T
YX,∇

T
YX)+RT (Y,X,X, Y )+gT (∇

T
X∇T

YX,Y )−gT (∇
T
∇T

X
Y
X,Y )

❢♦r ❛❧❧ Y ∈ Γℓ(E
⊥)✳

❝✮ ∆T f = |∇TX|2 +RicT (X,X)✳

Pr♦♦❢✳ ❛✮ ❇② ✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✹✳✷✹✿

g(∇f, Y ) = Y (f) = gT (∇
T
YX,X) = gT (∇

T
XX,Y ) = g(∇T

XX,Y ) , Y ∈ Γℓ(TM) .

❜✮ P❛rt ❛✮ ❛♥❞ ▲❡♠♠❛ ✹✳✷✹ ✐♠♣❧② t❤❛t ❢♦r ❛❧❧ Y ∈ Γℓ(E
⊥)✿

HessT f(Y, Y ) = gT (∇
T
Y ∇f, Y ) = gT (∇

T
Y ∇

T
XX,Y )

= RT (Y,X,X, Y ) + gT (∇
T
X∇T

YX,Y ) + gT (∇
T
[Y,X]X,Y )

= RT (Y,X,X, Y ) + gT (∇
T
X∇T

YX,Y ) + gT (∇
T
∇T

Y
X
X,Y )− gT (∇

T
∇T

X
Y
X,Y )

= RT (Y,X,X, Y ) + gT (∇
T
X∇T

YX,Y ) + gT (∇
T
YX,∇

T
YX)− gT (∇

T
∇T

X
Y
X,Y )

= gT (∇
T
YX,∇

T
YX) +RT (Y,X,X, Y ) + gT (∇

T
X∇T

YX,Y )− gT (∇
T
∇T

X
Y
X,Y ) .

❋r♦♠ t❤❡ s❡❝♦♥❞ t♦ t❤❡ t❤✐r❞ ❧✐♥❡ ✇❡ ✐♠♣❧✐❝✐t❧② ✉s❡❞ t❤❛t ∇T
[Y,X]X = ∇T

[Y,X]⊥
X✱

s✐♥❝❡ X ∈ trans(F)✳

❝✮ ■❢ ✇❡ s✉♠ ❜✮ ♦✈❡r ❛♥② ❧♦❝❛❧ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡✱ t❤❡♥ t❤❡ ✜rst t✇♦ t❡r♠s ♦♥ t❤❡

r✐❣❤t✲❤❛♥❞ s✐❞❡ ②✐❡❧❞ |∇TX|2 ❛♥❞ RicT (X,X) ❛s ❞❡s✐r❡❞✳

❋✐① ❛ ♣♦✐♥t x ∈ M ✳ ❆s s❤♦✇♥ ✐♥ ❬❑❚❚✱ ❙❡❝t✐♦♥ ✸❪ t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧ ♦rt❤♦♥♦r✲

♠❛❧ ❢r❛♠❡ E1, . . . , En ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ x s✉❝❤ t❤❛t E1, . . . , Ep ∈ Γℓ(E)✱

Ep+1, . . . , En ∈ Γℓ(E
⊥) ❛♥❞ (∇TEi)x = 0 ❢♦r i = p + 1, . . . , n✳ ■❢ ✇❡ s✉♠ ❜✮

✹✾



❛t x ♦✈❡r s✉❝❤ ❛ ❢r❛♠❡✱ t❤❡♥ t❤❡ ❧❛st t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✈❛♥✐s❤❡s ❛♥❞ t❤❡

t❤✐r❞ t❡r♠ r❡❞✉❝❡s t♦

∑

i

gT (∇
T
X∇T

Ei
X,Ei) =

∑

i

X
(
gT (∇

T
Ei
X,Ei)

)
= X(divT X) = 0 .

❲❡ ❝❛♥ ♥♦✇ ✜♥❛❧❧② ❝♦♠❡ t♦ ♦✉r ♠❛✐♥ r❡s✉❧t✿

❚❤❡♦r❡♠ ✹✳✸✶✳ ▲❡t M ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ ♠❛♥✐❢♦❧❞ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ tr❛♥s✲

✈❡rs❡❧② ♦r✐❡♥t❡❞ ❤❛r♠♦♥✐❝ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ (F , g)✳ ■❢ RicT ✐s ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡

❡✈❡r②✇❤❡r❡✱ t❤❡♥ ❡✈❡r② ❜❛s✐❝ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ✜❡❧❞ ✐s tr❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧②

RicT ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛t ♦♥❡ ♣♦✐♥t✱ t❤❡♥ ♥♦ ♥♦♥✲tr✐✈✐❛❧ ❜❛s✐❝ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ✜❡❧❞s

❡①✐st✳

Pr♦♦❢✳ ▲❡t X ∈ trans(F) ❜❡ ❛ ❜❛s✐❝ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ✜❡❧❞ ❛♥❞ f := 1
2 gT (X,X)✳ ❇②

✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✹✳✶✽✱ ❚❤❡♦r❡♠ ✹✳✷✵ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✸✵✿

0 =

∫

M
∆T f · µ =

∫

M

(
|∇TX|2 +RicT (X,X)

)
· µ ≥

∫

M
|∇TX|2 · µ ≥ 0 .

❚❤❡r❡❢♦r❡ |∇TX|2 ✈❛♥✐s❤❡s ❡✈❡r②✇❤❡r❡✱ ♠❡❛♥✐♥❣ X ✐s tr❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧✳ ❋✉rt❤❡r♠♦r❡

❛❧s♦ RicT (X,X) ✈❛♥✐s❤❡s ❡✈❡r②✇❤❡r❡✱ s♦ ✐❢ ❛❞❞✐t✐♦♥❛❧❧② RicT ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛t ♦♥❡

♣♦✐♥t✱ t❤❡♥ X ✈❛♥✐s❤❡s ❛t t❤❛t ♣♦✐♥t✳ ❇✉t t❤❡♥ X ✈❛♥✐s❤❡s ❡✈❡r②✇❤❡r❡ ❜② ✈✐rt✉❡ ♦❢

▲❡♠♠❛ ✹✳✷✾✳

❘❡♠❛r❦ ✹✳✸✷✳ ◆♦t❡ t❤❛t ❚❤❡♦r❡♠ ✹✳✸✶ ✐s ✐♥❞❡❡❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✿ ■❢ F

✐s t❤❡ tr✐✈✐❛❧ ❢♦❧✐❛t✐♦♥ ♦❢ M ❜② s✐♥❣❧❡t♦♥s ✭✐✳❡✳ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡❣r❛❜❧❡ ❞✐str✐❜✉t✐♦♥

E = 0✮✱ t❤❡♥ tr❛♥s✈❡rs❡ ♦r✐❡♥t❛❜✐❧✐t② ♦❢ F ❝♦✐♥❝✐❞❡s ✇✐t❤ ♦r❞✐♥❛r② ♦r✐❡♥t❛❜✐❧✐t② ♦❢ M ✱

t❤❡ ❘✐❡♠❛♥♥✐❛♥ ❢♦❧✐❛t✐♦♥ (F , g) ✐s tr✐✈✐❛❧❧② ❤❛r♠♦♥✐❝ ❛♥❞ RicT = Ric✳ ❋✉rt❤❡r♠♦r❡ ❜❛s✐❝

❤❛r♠♦♥✐❝ ❛♥❞ tr❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧ ✈❡❝t♦r ✜❡❧❞s ❛r❡ ♥♦t❤✐♥❣ ❡❧s❡ t❤❛♥ ♦r❞✐♥❛r② ❤❛r♠♦♥✐❝

❛♥❞ ♣❛r❛❧❧❡❧ ✈❡❝t♦r ✜❡❧❞s ✐♥ t❤✐s ❝❛s❡✳

❈♦r♦❧❧❛r② ✹✳✸✸✳ ■❢ (M,F , g) ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✸✶ ❛♥❞ RicT ✐s ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡

❡✈❡r②✇❤❡r❡✱ t❤❡♥ b1(F) ≤ q = codimF ✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧② RicT ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛t ♦♥❡

♣♦✐♥t✱ t❤❡♥ b1(F) = 0✳

Pr♦♦❢✳ ❚❤❡♦r❡♠ ✹✳✷✸ st❛t❡s t❤❛t b1(F) = dimH1
B(F)✳ ❋✐① ❛ ♣♦✐♥t x ∈ M ❛♥❞ ❝♦♥s✐❞❡r

t❤❡ ❧✐♥❡❛r ♠❛♣ H1
B(F) → TxE

⊥, ωX 7→ Xx✳ ❇② ✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✹✳✷✾ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✸✶

t❤✐s ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡✱ ♠❡❛♥✐♥❣ b1(F) ≤ dimTxE
⊥ = q✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧② RicT ✐s ♣♦s✐t✐✈❡

❞❡✜♥✐t❡ ❛t ♦♥❡ ♣♦✐♥t✱ t❤❡♥ ❚❤❡♦r❡♠ ✹✳✸✶ ❡✈❡♥ ②✐❡❧❞s b1(F) = 0✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ❜② ❞❡r✐✈✐♥❣ ❈♦r♦❧❧❛r② ✹✳✾✱ ❢♦r ✇❤✐❝❤ ✇❡ ✜rst ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

❉❡✜♥✐t✐♦♥ ✹✳✸✹✳ ❆ tr❛♥s✈❡rs❡ ✈❡❝t♦r ✜❡❧❞X ∈ trans(F) ✐s tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✐❢ LXgT = 0✳

❲❡ ❞❡♥♦t❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❛❧❧ tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✜❡❧❞s ♦❢ (F , g) ❜② iso(F)✳

✺✵



❆❣❛✐♥ ❛ tr❛♥s✈❡rs❡ ✈❡❝t♦r ✜❡❧❞ X ∈ trans(F) ✇❤✐❝❤ ✐s ❑✐❧❧✐♥❣ ✐♥ t❤❡ ✉s✉❛❧ s❡♥s❡ t❤❛t

LXg = 0 ✐s ❛❧s♦ tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣✱ ❜✉t t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t tr✉❡✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s

✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✹ s❤♦✇s t❤❛t X ∈ trans(F) ✐s tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢

∇TX ✐s gT ✲s❦❡✇✲s②♠♠❡tr✐❝✳ ❚❤✐s ❛❧s♦ ❞❡♠♦♥str❛t❡s t❤❛t ❡✈❡r② tr❛♥s✈❡rs❡ ♣❛r❛❧❧❡❧ ✈❡❝t♦r

✜❡❧❞ ✐s tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣✳ ❈♦♠❜✐♥✐♥❣ ❚❤❡♦r❡♠s ✹✳✺ ❛♥❞ ✹✳✸✶ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣

❈♦r♦❧❧❛r② ✹✳✸✺✳ ■❢ (M,F , g) ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✹✳✸✶ ❛♥❞ RicT ✈❛♥✐s❤❡s ❡✈❡r②✇❤❡r❡✱

t❤❡♥ dim iso(F) = b1(F)✳

✹✳✹ ❆♣♣❧✐❝❛t✐♦♥s t♦ ■♥❤♦♠♦❣❡♥❡✐t②

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s t❤❡s✐s ❜② ❛♣♣❧②✐♥❣ ❈♦r♦❧❧❛r② ✹✳✸✺ t♦ t✇♦ ❝❧❛ss❡s ♦❢ s♣❛❝❡s ✇❤✐❝❤ ♥❛t✉✲

r❛❧❧② s❛t✐s❢② ❛❧❧ ♦❢ t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s✱ ♥❛♠❡❧② ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ❛♥❞ ❝❡rt❛✐♥

❙❛s❛❦✐✲η✲❊✐♥st❡✐♥ ♠❛♥✐❢♦❧❞s✳

❉❡✜♥✐t✐♦♥ ✹✳✸✻✳ ❆ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ M ✇✐t❤ ❝♦♥t❛❝t ❢♦r♠ η ✐s ❝❛❧❧❡❞ η✲❊✐♥st❡✐♥ ✐❢ ✐ts

❘✐❝❝✐ ❝✉r✈❛t✉r❡ t❡♥s♦r s❛t✐s✜❡s Ric = ag + bη ⊗ η ❢♦r s♦♠❡ ❝♦♥st❛♥ts a, b ∈ R✳

■♥ ♦r❞❡r t♦ ❛♣♣❧② ❈♦r♦❧❧❛r② ✹✳✸✺ ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ t❤♦s❡ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✇❤❡r❡ t❤❡

tr❛♥s✈❡rs❡ ❑ä❤❧❡r str✉❝t✉r❡ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ ✐s ❘✐❝❝✐✲✢❛t✱ ✐✳❡✳ ❈❛❧❛❜✐✲❨❛✉✳

■♥ t❤✐s ❝❛s❡ t❤❡ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✐s ♥♦t ❊✐♥st❡✐♥ ✐♥ t❤❡ ♦r❞✐♥❛r② s❡♥s❡ t❤❛t Ric = ag

❜✉t ✐♥st❡❛❞ η✲❊✐♥st❡✐♥ ✇✐t❤ b ̸= 0 ❬❇●✱ ❚❤❡♦r❡♠ ✶✶✳✶✳✸❪✳ ❊①❛♠♣❧❡s ♦❢ ❙❛s❛❦✐✲η✲❊✐♥st❡✐♥

♠❛♥✐❢♦❧❞s ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡s ♦✈❡r ❈❛❧❛❜✐✲❨❛✉ ♠❛♥✐❢♦❧❞s ✇✐t❤

✐♥t❡❣r❛❧ ❑ä❤❧❡r ❝❧❛ss✳

❆s ♦✉t❧✐♥❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ❙❛s❛❦✐ ❛♥❞ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛r❡ ♦r✐❡♥t❛❜❧❡ ❛♥❞ t❤❡✐r

❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ ✐s tr❛♥s✈❡rs❡❧② ♦r✐❡♥t❛❜❧❡ ❛♥❞ ❤❛r♠♦♥✐❝ ✭❬❇●✱ Pr♦♣♦s✐t✐♦♥ ✻✳✸✳✺❪✱

❬❆❉✱ ❈♦r♦❧❧❛r② ✷✳✸✳✶❪✮✳ ❍❡♥❝❡ ❈♦r♦❧❧❛r② ✹✳✸✺ t❛❦❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

❈♦r♦❧❧❛r② ✹✳✸✼✳ ▲❡t M ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ♦r

❙❛s❛❦✐✲η✲❊✐♥st❡✐♥ ♠❛♥✐❢♦❧❞ ✇✐t❤ tr❛♥s✈❡rs❡ ❈❛❧❛❜✐✲❨❛✉ str✉❝t✉r❡✳ ❚❤❡♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝

❢♦❧✐❛t✐♦♥ F s❛t✐s✜❡s dim iso(F) = b1(F)✳

❋✐♥❛❧❧② ✇❡ ✇❛♥t t♦ ♠❛❦❡ t❤✐s r❡s✉❧t ♠♦r❡ ✐♥t❡❧❧✐❣✐❜❧❡ ❜② ❝❧❛r✐❢②✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡✲

t✇❡❡♥ tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✜❡❧❞s ❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧ ❛✉t♦♠♦r♣❤✐s♠s✿ ▲❡t M ❜❡ ❛ ❝♦♥♥❡❝t❡❞

❝❧♦s❡❞ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ♦r ❙❛s❛❦✐✲η✲❊✐♥st❡✐♥ ♠❛♥✐❢♦❧❞ ✇✐t❤ tr❛♥s✈❡rs❡

❈❛❧❛❜✐✲❨❛✉ str✉❝t✉r❡✱ ❧❡t E ❜❡ t❤❡ ✐♥t❡❣r❛❜❧❡ ❞✐str✐❜✉t✐♦♥ s♣❛♥♥❡❞ ❜② t❤❡ ❘❡❡❜ ✈❡❝t♦r

✜❡❧❞✭s✮ ❛♥❞ F t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥✳

▲❡♠♠❛ ✹✳✸✽✳ ❚❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛♥② ✐♥✜♥✐t❡s✐♠❛❧ ❛✉t♦♠♦r♣❤✐s♠ t♦ E⊥ ✐s ❛

tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✜❡❧❞✳

Pr♦♦❢✳ ▲❡t X ∈ aut(M) ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❛✉t♦♠♦r♣❤✐s♠ ❛♥❞ ❧❡t X⊤✱ X⊥ ❞❡♥♦t❡ ✐ts

♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s t♦ E✱ E⊥✱ r❡s♣❡❝t✐✈❡❧②✳ ❇❡❝❛✉s❡ X ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ❘❡❡❜

✺✶



✈❡❝t♦r ✜❡❧❞✭s✮ ✐t ❢♦❧❧♦✇s t❤❛t X ∈ fol(F)✳ ❙✐♥❝❡ X⊤ ✐s tr✐✈✐❛❧❧② ❢♦❧✐❛t❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t

X⊥ = X −X⊤ ∈ fol(F)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t (LX⊥gT )(Y, Z) = 0 ✐❢ Y ♦r Z ❧✐❡s ✐♥ Γℓ(E)✳

❋✉rt❤❡r♠♦r❡ LXg = 0✱ s✐♥❝❡ X ✐s ❑✐❧❧✐♥❣ ❛♥❞ LX⊤gT = 0 ❜❡❝❛✉s❡ gT ✐s ❛ tr❛♥s✈❡rs❡

♠❡tr✐❝✳ ❍❡♥❝❡ ✐❢ ❜♦t❤ Y, Z ∈ Γℓ(E
⊥)✿

(LX⊥gT )(Y, Z) = (LXgT )(Y, Z)

= X
(
gT (Y, Z)

)
− gT ([X,Y ], Z)− gT (Y, [X,Z])

= X
(
g(Y, Z)

)
− g([X,Y ], Z)− g(Y, [X,Z])

= (LXg)(Y, Z) = 0 .

❚❤❡r❡❢♦r❡ π : aut(M) → iso(F), X 7→ X⊥ ✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❧✐♥❡❛r ♠❛♣✳ ❚❤❡ ❦❡r♥❡❧ ♦❢

π ✐s ❣✐✈❡♥ ❜② aut(M) ∩ Γ(E) ✇❤✐❝❤ ✐s ❝♦♠♣r✐s❡❞ ♦❢ ❛❧❧ t❤❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡

❘❡❡❜ ✈❡❝t♦r ✜❡❧❞✭s✮ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts ✭❝❢✳ ▲❡♠♠❛ ✸✳✷✮✳ ❍❡♥❝❡ t❤❡ r❛♥❦✲♥✉❧❧✐t②

t❤❡♦r❡♠ ❛♥❞ ❈♦r♦❧❧❛r② ✹✳✸✼ ②✐❡❧❞✿

dim aut(M) = dim imπ + dimkerπ ≤ dim iso(F) + rkE = b1(F) + rkE .

❲❡ ❤❛✈❡ t❤✉s ❛rr✐✈❡❞ ❛t ♦✉r ✜♥❛❧ t✇♦ t❤❡♦r❡♠s✿

❚❤❡♦r❡♠ ✹✳✸✾✳ ▲❡t M ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞ ✇✐t❤

❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ F ✳ ❚❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❛✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ Aut(M) ✐s

❛t ♠♦st b1(F) + 3✳

■♥ ♣❛rt✐❝✉❧❛r ✐❢M ❛r✐s❡s ✈✐❛ ❚❤❡♦r❡♠ ✸✳✶✹ ❛s t❤❡ ✸✲❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ ♦✈❡r ❛ ❝♦♠♣❛❝t

❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞ N ✇✐t❤ ✐♥t❡❣r❛❧ ❑ä❤❧❡r ❝❧❛ss❡s✱ t❤❡♥ dimAut(M) ≤ b1(N) + 3✳

❚❤❡♦r❡♠ ✹✳✹✵✳ ▲❡t M ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝❧♦s❡❞ ❙❛s❛❦✐✲η✲❊✐♥st❡✐♥ ♠❛♥✐❢♦❧❞ ✇✐t❤ tr❛♥s✈❡rs❡

❈❛❧❛❜✐✲❨❛✉ str✉❝t✉r❡ ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢♦❧✐❛t✐♦♥ F ✳ ❚❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❛✉t♦♠♦r✲

♣❤✐s♠ ❣r♦✉♣ Aut(M) ✐s ❛t ♠♦st b1(F) + 1✳

■♥ ♣❛rt✐❝✉❧❛r ✐❢ M ❛r✐s❡s ❛s t❤❡ ❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ ♦✈❡r ❛ ❝♦♠♣❛❝t ❈❛❧❛❜✐✲❨❛✉ ♠❛♥✐✲

❢♦❧❞ N ✇✐t❤ ✐♥t❡❣r❛❧ ❑ä❤❧❡r ❝❧❛ss✱ t❤❡♥ dimAut(M) ≤ b1(N) + 1✳

❘❡♠❛r❦ ✹✳✹✶✳ ❈♦♥s❡q✉❡♥t❧② t❤❡ ✸✲❇♦♦t❤❜②✲❲❛♥❣ ❜✉♥❞❧❡ M ♦✈❡r ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞

❝♦♠♣❛❝t ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞s ✇✐t❤ ✐♥t❡❣r❛❧ ❑ä❤❧❡r ❝❧❛ss❡s ✐s ♥♦t ♦♥❧② ✐♥❤♦♠♦❣❡♥❡♦✉s

❜✉t ✏❛s ❢❛r ❢r♦♠ ❤♦♠♦❣❡♥❡♦✉s ❛s ♣♦ss✐❜❧❡✑ ✐♥ t❤❡ s❡♥s❡ t❤❛t dimAut(M) = 3✳

❖♥❡ ♠✐❣❤t ❛s❦ ✐❢ t❤❡r❡ ✐s ❡✈❡♥ ❡q✉❛❧✐t② dimAut(M) = b1(F) + rkE ✐♥ t❤❡ ❛❜♦✈❡ t❤❡♦✲

r❡♠s✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ q✉❡st✐♦♥ ✐❢ π : aut(M) → iso(F) ✐s s✉r❥❡❝t✐✈❡ ♦r ✐❢ ❡✈❡r②

tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✜❡❧❞ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❛✉t♦♠♦r♣❤✐s♠✳ ■♥ t❤❡ ❝♦♥t❡①t

♦❢ ❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s t❤✐s ♣r♦❜❧❡♠ ✇❛s ❢✉rt❤❡r r❡♣❤r❛s❡❞ ✐♥ ❬❇●✱ ❚❤❡♦r❡♠ ✽✳✶✳✽❪✱ ✇❤❡r❡

t❤❡② ♦❜t❛✐♥ t❤❛t ❛ tr❛♥s✈❡rs❡ ❑✐❧❧✐♥❣ ✜❡❧❞ X ∈ iso(F) ❡①t❡♥❞s t♦ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❛✉t♦✲

✺✷



♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❜❛s✐❝ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss [ιXdη] ∈ H1
B(F) ✈❛♥✐s❤❡s✳ ❚❤❡ s❛♠❡

❤♦❧❞s ❢♦r ❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ✐❢ t❤❡ ❝❧❛ss❡s [ιXdηi] ✈❛♥✐s❤ ❢♦r i = 1, 2, 3✳

■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ b1(F) = 0 t❤✐s ❧❡❛❞s t♦ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢s ♦❢ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠s✳

✺✸



❇✐❜❧✐♦❣r❛♣❤②

❬❆❉❪ ■✳ ❆❣r✐❝♦❧❛ ❛♥❞ ●✳ ❉✐❧❡♦✳ ✏●❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ ✸✲❙❛s❛❦✐❛♥ ♠❛♥✐❢♦❧❞s ❛♥❞ s❦❡✇

t♦rs✐♦♥✑✳ ■♥✿ ❆❞✈✳ ●❡♦♠✳ ✷✵✳✸ ✭✷✵✷✵✮✱ ♣♣✳ ✸✸✶✕✸✼✹✳

❬❆❉❙❪ ■✳ ❆❣r✐❝♦❧❛✱ ●✳ ❉✐❧❡♦✱ ❛♥❞ ▲✳ ❙t❡❝❦❡r✳ ✏❍♦♠♦❣❡♥❡♦✉s ♥♦♥✲❞❡❣❡♥❡r❛t❡ ✸✲(α, δ)✲

❙❛s❛❦✐ ♠❛♥✐❢♦❧❞s ❛♥❞ s✉❜♠❡rs✐♦♥s ♦✈❡r q✉❛t❡r♥✐♦♥✐❝ ❑ä❤❧❡r s♣❛❝❡s✑✳ ■♥✿ ❆♥♥✳

●❧♦❜❛❧ ❆♥❛❧✳ ●❡♦♠✳ ✻✵✳✶ ✭✷✵✷✶✮✱ ♣♣✳ ✶✶✶✕✶✹✶✳

❬❆❋❙❪ ■✳ ❆❣r✐❝♦❧❛✱ ❆✳ ❈✳ ❋❡rr❡✐r❛✱ ❛♥❞ ❘✳ ❙t♦r♠✳ ✏◗✉❛t❡r♥✐♦♥✐❝ ❍❡✐s❡♥❜❡r❣ ❣r♦✉♣s

❛s ♥❛t✉r❛❧❧② r❡❞✉❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s✑✳ ■♥✿ ■♥t✳ ❏✳ ●❡♦♠✳ ▼❡t❤♦❞s ▼♦❞✳

P❤②s✳ ✶✷✳✽ ✭✷✵✶✺✮✳ ■❞✴◆♦ ✶✺✻✵✵✵✼✱ ♣✳ ✶✵✳

❬❆❋❱❪ ❆✳ ❆♥❞r❛❞❛✱ ❆✳ ❋✐♥♦✱ ❛♥❞ ▲✳ ❱❡③③♦♥✐✳ ✏❆ ❝❧❛ss ♦❢ ❙❛s❛❦✐❛♥ ✺✲♠❛♥✐❢♦❧❞s✑✳ ■♥✿

❚r❛♥s❢♦r♠✳ ●r♦✉♣s ✶✹✳✸ ✭✷✵✵✾✮✱ ♣♣✳ ✹✾✸✕✺✶✷✳

❬❆❑❪ ❉✳ ❱✳ ❆❧❡❦s❡❡✈s❦✐✐ ❛♥❞ ❇✳ ◆✳ ❑✐♠❡❧✬❢❡❧✬❞✳ ✏❙tr✉❝t✉r❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❘✐❡♠❛♥♥
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