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Introduction

The Fomin-Kirillov algebra &, is a quadratic algebra generated by
the edges of the complete graph on n vertices which was first introduced
in [FK98| in order to study Schubert calculus. Later it was observed
(IMSO00], see also [GV16] for history) that for n = 3,4,5 the Fomin-
Kirillov algebra &, is a Nichols algebra of nonabelian group type. This
is conjectured to be true for n > 5 aswell.

To this day very elementary properties like the vector space dimen-
sion of & remain unknown.

Recently, [BLM13] extended the scope to ”hyperbolic” subalgebras
Es generated by the edges of subgraphs of the complete graph. While
those algebras have nice properties in their own right (for example,
well behaved Hilbert series), they also very much widen the range of
examples one can use to try out new methods for the study of Fomin-
Kirillov algebras.

The goal of this work is to give new methods to study Fomin-Kirillov
algebras, in particular to calculate their dimensions as vector spaces or
decide finite dimensionality.

Our main tool are deformed Fomin-Kirillov algebras, denoted by
Dgs. The second chapter introduces those algebras and connects them
to regular Fomin-Kirillov algebras by realizing the deformed Fomin-
Kirillov algebra Dg as a subalgebra of the linear endomorphisms of the
regular Fomin-Kirillov algebra £g. In this context also note that the
Fomin-Kirillov algebra is known to be not Koszul [R0099].

Note that more general deformations of Fomin-Kirillov algebras
were already considered in [FK98]|, however with a very different pur-
pose and without investigating the relation between the deformations
and the regular algebras.

In the third and fourth chapter we use the deformation and the
results from the second chapter to introduce new methods. Note that
chapter three and four are largely independent from each other.

In chapter three we study subalgebras of deformed Fomin-Kirillov
algebras that correspond to certain subgroups of the symmetric group.
Those subalgebras of Dg are relatively well behaved - they are related to
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Fomin-Kirillov algebras £ belonging to graphs on fewer vertices than
S. This allows us to rederive most of the known dimensions of algebras
Es by hand, which with different methods is mostly only feasible using
Groebner basis methods, see also [BLM13]. Most importantly, we are
able to calculate the dimension of the full Fomin-Kirillov algebra &5 for
the first time without using computer calculations. Our approach for
this is similar to the one given in [FP00]. We also apply our method
to &, and while our results are still only very much partial we believe
they look somewhat promising and warrant further investigation.

In chapter four we attach groups to Fomin-Kirillov algebras. For
Nichols algebras these groups were already considered in [Loc13|. It
turns out that finite dimensionality of a Fomin-Kirillov algebra is re-
lated to finiteness of the attached group.

Our original motivation for investigating these groups was to prove
our conjecture that the deformed Fomin-Kirillov algebras are always
semisimple by realizing them as quotients of group algebras. However,
much to our surprise, the attached groups turned to be quite interesting
themselves. In particular, the alternating group, some sporadic simple
groups, and an exceptional group of Lie type occured. In the way
those groups occur they naturally fit into the class of groups classified
in [FLZ01]. Based on this observation we propose a tentative strategy
to tackle infinite dimensionality of &.

Most of the examples in the fourth chapter are computational and
based on the algorithms described in [BHLGO15|]. We consider giving
a theoretical explanation of the occurence of the mentioned groups to
be a tantalizing question.



CHAPTER 1

Fomin-Kirillov Algebras

We recall some of the known statements about Fomin-Kirillov al-
gebras that will be used later on. Note that treatment in this section
is in no way meant to be exhaustive.

1. Fomin-Kirillov Algebras

Here and throughout let k be a field, n a natural number, and
We denote by &, = &,(k) the associative unital k-algebra given by
generators x;; = (; ;), where (4,j) € T', and relations

Tij = —Tjg for all (Z,j) S T,

z2 =0 for all (i,7) € T,

TijTjk + TjpTri + Trilij = 0 if #{i,j,k} =3,
TijTg — TpTi = 0 if #{4,5,k, 1} = 4.

The algebras &, are known as Fomin-Kirillov algebras. They have been
introduced by Fomin and Kirillov in [FK98]. We recall some of the
basic facts from [FK98].

The algebra &, is Ny-graded such that deg x;; = 1 for any (¢,5) € T
We write &,(l) for the homogeneous component of &, of degree [ € Ny
and & = @;:0 En(j) for the elements up to degree | € Ny.

There is an algebra isomorphism 7 : &, — £% from the Fomin-
Kirillov algebra to its opposite algebra that is the identity on genera-
tors.

Moreover, &, has a unique grading by the symmetric group S,, such
that z;; is homogeneous of degree (i j) for any (i,j) € 7. The homo-
geneous components of degree o € S,, with respect to this grading are
denoted by (&,),-

Furthermore, there is a unique action of the symmetric group S,
on &, such that o(xy) = (ox)(oy) for all 0 € S, and z,y € &, given
by 0y = To@ye() for o € S, and (4,7) € T. In particular, &, is a
kS,-module algebra.
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Note that we have 0(&,),; C (&€,)gro-1 for o, 7 € S,,. In other words,
&, is a Yetter-Drinfeld module over kS,,. It was observed in [MSO00]
that one can turn &, into a Hopf-algebra in the braided category of
Yetter-Drinfeld modules over kS,, (a braided Hopf-algebra). We will
find it more convenient to work with a slightly different version of this
structure as described in Proposition [1.1} Note that we abuse notation
and identify elements t € T with the corresponding transposition in
Sy

ProrosITION 1.1. [FP00] The smash product algebra E,#kS, is
a Hopf algebra where e(x;) =0, () = 1,
Alxy) =2 @1+t xy,
Al) =t®t,
and S(z;) = —t"tay, S(t) =t for any t € T. This Hopf algebra is
known as the bosonization or Radford biproduct of £, and kS,,.

We will need some derivations acting on &,.

LemMmA 1.2. [FK98] [BLM13]

(1) Lett = (i,5) € T. There is a unique k-linear skew-derivation
0y of &, such that

1if (5,) = (K1),
at<xy) = 815(‘7:)3/ + (tSL’) at(y)v at(x8> = -1 ’Lf (17]) = (l7 k)>
0 otherwise.
for all z,y € &, and (k,l)=se€T.

(2) For any t € T there is a unique k-linear map 0f of &, such
that

95 (zy) = 20;(y) + oy @)y, 05 (xs) = Os(xy)
forallz € &,, y € (E)y, and (k1) =s,8 €T.
The operators O, and O;f satisfy the defining relations of £, and give a
left (respectively right) action of &, on itself.

REMARK 1.3. [BLM13| 0, maps S,-homogeneous elements of &,
of degree o to S,-homogeneous elements of degree to. Similarly, 9
maps S,-homogeneous elements of &, of degree o to S,-homogeneous
elements of degree ot.

In relation to the structure of &, as a braided Hopf-algebra the
following is conjectured.

CoNJECTURE 1.4. [FK98] &, is a Nichols algebra.
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This conjecture is known to be true for n = 3,4 by [MS00] and for
n = 5 by computer calculations (see [GV16] and the references there).

The conjecture can be restated equivalently in the following way:
For each = € &, the property 0;(x) = 0 for all t € T already implies
x = 0. In Subsection we will operate under the assumption that
the conjecture is true and use this statement.

In [BLM13] for a subset S C T the subalgebra of &, generated by
5,8 € 9, is called Fomin-Kirillov algebra Es. Note that since &, is
naturally a subalgebra of &, (this was observed in [MS00], [FP00],
[BLM13] each with different methods) this definition only depends on
the set S and not on the ambient set T'. Furthermore, it is convenient to
think of S as an (undirected) graph in the obvious way. One observes
that if S and S’ are isomorphic as undirected graphs we also have
Es = &g as algebras by acting with a suitable permutation. Moreover,
if S and S’ are graphs on disjoint vertex sets, we have £¢ ® Eg/ = Egugr
as algebras.

We will not give an overview of the properties of the algebras Eg.
Let us only collect the statements we shall use in the following.

REMARK 1.5. [BLM13| For each S C T and s € S we have
0%(Es) C E&s. Note that the same does not hold for dy since Eg is
generally not closed under the action of S,,.

THEOREM 1.6. [BLM13|] Let S C T and S1,52 C S complemen-
tary subgraphs such that any two vertices in the same connected com-
ponent of Sy have the same neighbors in Sy. Then the multiplication
map Es, ® Es, — Eg is an isomorphism of vector spaces.

The following consequence of Theorem [1.6[ will be used frequently.

REMARK 1.7. Let S C T and assume that S contains a star graph

S, on n vertices. Denote by S” the complementary subgraph of S, in
S. Then Theorem implies that dimy g = dimy £ dimy Eg, .






CHAPTER 2

Deformed Fomin-Kirillov Algebras

In this chapter we consider a deformation of the Fomin-Kirillov
algebra given by generators and relations. We will realize this algebra
as a subalgebra of the linear endomorphisms of the original Fomin-
Kirillov algebra and use this to investigate the relation between Fomin-
Kirillov algebras and their deformations.

In the second part of this chapter we look at relations in the de-
formed Fomin-Kirillov algebras, this is an adaption of the relations
that are known in the original Fomin-Kirillov algebra, see [FK98],
[BLM13], and [Kir97].

2. Deformed Fomin-Kirillov Algebras

Recall T' = {(i,5)|1 < 4,j < n,i # j}. Let D, = D,(k) denote
the associative unital k-algebra given by generators y;; = y(; ), where
(i,7) € T, and relations

Yij = —Yji for all (i,7) € T,

yfj =1 for all (i,7) € T,

YijYik T YixYki + Yrilis = 0 if #{i,7,k} =3,
YijYkt — YralYi = 0 if #{i,7,k, 1} =4.

We call the algebra D,, the deformed Fomin-Kirillov algebra.

As the original Fomin-Kirillov algebra &, the deformed Fomin-
Kirillov algebra D,, has a unique grading by the symmetric group S,
such that y;; is homogeneous of degree (i j) for any (i, j) € T. Similar
to before the homogeneous components of degree o € S,, with respect
to this grading are denoted by (D,),. Also as in the non deformed
case, there is a unique S,-action on D,, that satisfies o(zy) = o(x)o(y)
for o € S, given by o¥ij = Yo(i)o(j) for o € S,,.

As for the Fomin-Kirillov algebra we denote for a subset S C T by
Ds the subalgebra of D,, generated by y,, s € S. Notice that none of
the proofs mentioned in Section [I] for &, being a subalgebra of &,
carry over to the deformed case. However, it will follow immediately
from the results of the current section that in fact D,, can be regarded

9
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as a subalgebra of D, in the natural way. The remaining remarks
regarding the definition of £¢ from Section [1| then carry over verbatim
to DS.

We introduce an algebra filtration on Dg. For any k € Ny, let D% be
the linear subspace of Dg spanned by {ys, -+ -y, |0 <1 < k,s1,...,5 €
S}. Tt is then clear that (D%)en, is an algebra filtration of Dg.

REMARK 2.1. (1) More general deformations of Fomin-Kirillov al-
gebras were already considered in [FK98], however for a very different
purpose and without investigating the relation between the deforma-
tions and the original algebras.

(2) We only deformed the algebra structure of &,. The deformed
Fomin-Kirillov algebra does not have a Hopf-algebra structure any-
more. In fact it was recently observed in [AKMI15, Thm 7.2] that &,
is rigid as a braided bialgebra.

Our goal is to identify the deformed Fomin-Kirillov algebra with a
subalgebra of the endomorphisms of the original Fomin-Kirillov alge-
bra.

For any t = (i, j) € T we define ¢, = ¥;; € Endi(&,) by

Ui (x) = xxy + Of (x)

for x € &,. It is clear that g;; = —y;; for any (¢,7) € T. We denote
the subalgebra of Endy(E,) generated by g, t € T, by ),. For any
subset S C T the algebra generated by g, s € 9, is denoted by Vs.
The algebra Vs has a filtration (V%)gen, defined analogously to the
filtration of Dg.

Note that in later sections we will stop distinguishing between the
elements y, € D,, and ¢, € Y, this will be justified by the results of
this section.

By definition we have Vg C Endg(&,). For subalgebras £g we have
the following.

PROPOSITION 2.2. Let S CT. Then ys(Es) C Eg for all s € S. In
particular, Es is a left Ys-module.

Proor. Follows immediately from Remark and the definition
of 7. O

It is more natural to think of ¢, as acting on the right, in particular
in light of the upcoming Remark [2.3] However, since the results of this
section will imply that Vg is isomorphic to its opposite algebra V¢ this
is only a minor issue and we will continue acting on the left.
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REMARK 2.3. If an element =z € &, is S,-homogeneous of degree
o € Sy, then g;(x) is homogeneous of degree ot for t € T by Remark .
The following Lemma shows that g, is invertible. Combined with
Proposition this implies that all the non zero S,,-homogeneous com-
ponents of g are isomorphic as vector spaces (Eg is balanced), provided
that the graph S is connected. Operators that are essentially the same
as our g, were used in [Locl3] to show an analogous statement for
a certain class of Nichols algebras of non-abelian group type. Similar
operators also appeared in [MSO00].

The following lemma shows that )/, is isomorphic to a quotient of
D,.

LEMMA 2.4. The relations

g; =1 forallt €T,
Yij Uik + Yk Uki + Ukilii; = 0 if #{i,7,k} = 3,
UijUr — Urai; = 0 if #{i,7,k, 1} = 4

hold in Endy(E,), where 1 = idg,. In particular, §; € Auty(E,) for all
tefT.

PROOF. Let x € £, and t € T. Compute

J; (@) = ge(wae + 0; (x))
= xx e + O0; (wxy) + O (v)xy + 0; 0] ()
= 0 (xxy) + O (x) x4,

because x? = 0 in &, and since §* gives a right action of &, on itself by
Lemma [1.2] Writing ¢ = (ij) we have

Ui (x) = 20 (245) + gy o) (@) 5 + 05 ()
= — 81]( x)xi; + 0 (x)acu
= "L"
using Lemma [1.2/(2).
For the second relation let 4,7,k € {1,...,n} with #{i,j,k} = 3.
Then

i (x) = i (w50, + 05 ()
= TLjkLij + 8 ( )ZL‘ (l‘l‘ﬂﬁ) + az] ]k( )
= zxpij + 05 (¥)2ij + 203 (k) + Om jum (¥) Tk + 05505, ()
()

z)xij + O (x) i + 0505, (),

xz

= ZL‘Jijl'ij + 8
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which implies
(Gig0n + UjnTki + Grilig) ()
= xjpi + O (€)s; + O (2)w + 075075 (1)
+ Tk T + azi(@fjk + a;z(x)xkl + a;kal:z(‘r)
+ xR + 055 (x)wh + O (x) i + 03055 (0)
= 2(Xjpij + Tii®j + TijTh;)
+ (05505k + 0510k + 0;055) (x)
+ (O + Oy (@)2ij + (Of) + Opi) ()2
+ (9 + 055) ()i
=0,
using again the defining relations of &, and that 0* is a right action of
&, on itself.
Finally, let 4, j,k,1 € {1,...,n} with #{i,, k,l} = 4. Then clearly
(i 0r) (@) = g (xwm + Oy (2))
= xxxi; + Oy (z)2;; + afj(fmkl) + 8;}8&(95)
=z + O ()i + 205 (Ti) + O jou (¥) T + 05505 ()
= 24T + Oy (2) 235 + 055 (x) w81 + O3y 035 ()
= (Jadi) (@),
similar to the first two relations. 0

As a consequence of the associated graded algebra of ), is a
quotient of &,.

COROLLARY 2.5. There is a surjective algebra homomorphism 1 :
E, — gr Y, mapping x; to G, + Y2 fort € T.

The existence of this algebra homomorphism allows us to prove the
following statement concerning the relation of Vg and £g. For this we

consider Vs as a left module over itself in the natural way and recall
that £g has a Yg-structure as noted in Proposition

PROPOSITION 2.6. Let S CT. The Ys-module homomorphism
¢: Vs = Es,y > y(1)
18 bijective.
PROOF. It is clear that ¢ is a well defined module homomorphism.
For surjectivity we show that for £ > 0 each element in Eg(k) is in

the image of ¢. This is clear for kK = 0. We proceed by induction on
k. For k > 1 it suffices to show that every monomial of degree k is
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in the image of ¢. Let s1,...,5, € S and v = x5, --- x5, € Es. Write
Y ="Us, - Us; € Vs and observe

v =d(y) —x=y(l) —x e &

By the induction hypothesis there is an ¢’ € Vs with ¢(y') = /. We
deduce ¢(y — y') = x. This implies surjectivity.

For injectivity we consider the extended map ¢ : V,, — &,y — y(1)
and show by induction on k that ¢y« is injective. The case k = 0 is
trivial since Y0 = kid. Let k > 1. Let y € V¥ such that ¢(y) = 0. Then
there is a subset J C Uf_T" and \; € k for any j = (ji,...,51) € J
such that writing y; = g;, -+ g, € Vn for j € J wehave y = > . ; Ajy;.
Write x; = x;, ---x;, € &, for j € J. Recall the isomorphism 7 : &, —
E% from Section [I] By definition we have

0=0(y) =y(1) = > XN7(z;)+2"
jedlil=k

for some 2 € EF71. We obtain >
from Corollary 2.5 this yields

0= ’QD Z )\jxj = Z )\jyj + yﬁ_la

VISEAVIES jedlil=k

e ljl=k Ajz; = 0. Using the notation

in other words y € Y*~1. By the induction hypothesis we obtain y = 0.
This implies injectivity and completes the proof. 0

The next technical lemma is an easy consequence. We use the
notation from Proposition [2.6]

LEMMA 2.7. Let S CT and k > 0. Then the following hold.
(1) 6(V§) = &
(2) VN Vs =Y

PROOF. (1) The inclusion ¢(V¥) C & is obvious. The other in-
clusion has implicitly been shown in the proof of the surjectivity in
Proposition [2.6}

(2) Since the map ¢ : ), — &, from Proposition is bijective,
the claim is equivalent to

oI N o(Vs) = 6(V5),
which by (1) is equivalent to

EFnEg = &L

This however is clearly true since &, is graded. U
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Proposition yields a couple of corollaries which reveal the rela-
tion between the algebra structures of Vg, Dg, and Eg.

COROLLARY 2.8. Let S C T. The associated graded algebra of Vs
is isomorphic to Es as a graded algebra.

PrOOF. By Corollary [2.5] there is a surjective graded algebra map
Y&y — gt Vo, 1y — §p + VO for any t € T. From the preceding
Lemma we obtain

Vs + V0 )/ V0 =Vs/Ys NV = Vs/Vs™
for any £ > 1. This means that we can identify the subalgebra ¢ (Eg)
of gry, with gr Vs and therefore 1) induces a surjective graded algebra
map 1/]5' : gs — gr ys.
Proposition implies that dimy % = dimy V¥ for any k£ > 0 (and

this number is finite). Therefore the map g is an isomorphism. U
COROLLARY 2.9. Let S CT. Then
Vs = Ds

as filtered algebras.

PROOF. Due to 2.4 we have a surjective homomorphism of filtered
algebras D,, — ), by mapping generators to generators. This together
with and the defining relations of D,, implies that we have surjective
homomorphisms of graded algebras

En—aerD, —er Y, — &,

and the composition of these homomorphisms is the identity. In par-
ticular this implies grD,, = gr)), as graded algebras, which in turn
implies D,, = ), since we have a surjective algebra homomorphism
D,, — YV, which respects the filtration. O

REMARK 2.10. We want to put this result into context. From Corol-
lary 2.8 and Corollary 2.9]it follows that the associated graded algebra
of D,, is isomorphic to &,. In the literature (see for example [SS15],
[BG96)) this situation would be described as D,, being a PBW defor-
mation of &, (with respect to the defining relations we have given).
Note that for quadratic algebras that are koszul [BG96| gives a cri-
terion for this to be the case. However, [R0o099] proved that &, is in
fact not koszul.

At the end of this section we want to state a conjecture that is a
motivating factor for considering the deformed Fomin-Kirillov algebras.
This conjecture was also the original motivation for our investigation
of the groups considered in Chapter []
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CONJECTURE 2.11. Assume chark = 0. For each S C T the de-
formed Fomin-Kirillov algebra Dg is a semisimple algebra.

REMARK 2.12. Instead of realizing the algebra Dg using the right
derivations 0} we could also use the left derivations 0, from Lemmal 1.2
Since the situations are very similar but not completely analogous, we
want to discuss this approach briefly. The introduced notation will be
used exclusively in this remark.

For any t = (i,7) € T let y; = y;; € Endy(&,) with

yi(x) = 2z + Op(x)

for all z € &,. For S C T we denote the subalgebra of Endy(&,) gen-
erated by yI, s € S, by YVi. We observe that £g is not a Yé-module
in the natural way, because &g is not invariant under the derivations
0s,s € S. However, all statements of this section bar Proposition [2.6
are still true if we replace Vg by YV§. Since the now failing Proposi-
tion [2.6) is crucial in our proofs of Corollary 2.8 and Corollary [2.9] we
want to give a short argument why those statements still hold.

It is easy to check that Lemma [2.4f and therefore also Corollary
still hold. This implies

(2.1) dimy (V)* < dimy

for all k € Ny. To show a variant of Corollary for V*, namely
grV* = &, it then suffices to show that equality holds in . We
show by induction on k that for every linear independent set of mono-
mials in E¥ the ”corresponding” monomials in )* are linearly indepen-
dent (by the corresponding monomial of z, - - - z;, we mean the element
yr -+ y;, where k > 0,t1,...,t, € T'). Since £} has a monomial basis,
this implies the desired equality. For k = 0 the statement is trivial.
Let k > 1. Let J C UF_,T" be a subset such that (z;);es is linearly
independent where z; = x;, ---x;, € &, for any j = (j1,...,51) € J.
Let yi =y ---y;, € Yy for j € J. We show that (y;);cs is linearly
independent. Let \; € k for j € J such that Zjej Ajy; = 0. Then

Z)\jil?j = Z)\jl’j — Z)\jyj(l) € 8571.

jeJ jeJ jeJ

In particular, \; = 0 for all j € J with [j| = k. Then \; = 0 for all
j € J by induction. This proves equality in (2.1]).

From gr Y = &, it follows in the same way as above that V! =
D,,. We can then refer to the results above to deduce from that the
statements concerning Vg for any S C T
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It is of course also possible to prove these statements for )¢ from
scratch without involving the right derivations, to the best of our knowl-
edge this however requires a far more intricate argument to replace

Proposition [2.6]

3. Some Relations in the Deformed Fomin-Kirillov Algebra

In this subsection we look at some very well known relations in g
that are also relations in Dg. It is not clear a priori that those relations
need not be deformed, because of this we give complete proofs. The
proofs however end up being identical or similar to the well known
proofs in the graded case that can be found for example in [FK98§],
[BLM13|, and [Kir97].

Also note that on 6 vertices there appear to be graphs S C T such
that some of the defining relations of £g in fact do need to be deformed
in order to produce relations in Dg, at least if we assume that & is the
same as the corresponding Nichols algebra.

Statement (1) of the following lemma is very well known.

LEMMA 3.1. Let n > 3 and i,j5,k € {1,...,n} with #{i,j,k} = 3.
Then
(1) Yisyseis = YikYiYik, Y5iYikY5i = —YikYjiYsk-
(2) YijYjrYir = YikYjrYij-
PROOF. (1) We use the relations in Lemma [2.4]

Yis¥irYis = (—YiuYki — Yri¥ij)Yij
= —Yik(=Yij Uik — YikYri) — Yri
= YjkYijYjk-
The second equation in (1) follows directly from the first.
(2)
YisYinlir = (—YjkYri — Yrilis)Yik
= Yjk — YikYjilYik
= Yk — Yir(—YikUkj — YriYji)
= YikYjrYis-
0
The first relation in Lemma [3.1lis often referred to as braid relation.

We will do so in following. The braid relation is a special case of the
so called cyclic relations, which we look at in Lemma [3.2]
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FIGURE 1. The star on 5 vertices.

3.1. Relations in the Star. In this section we consider relations
for the star. We begin with the cyclic relations.

The graded analogue of the following Lemma [3.2] was proved in
[FK98, Lem. 7.2].

LEMMA 3.2. Let n > 3. Then

Z Y1iYri1 * YinY12¥13 - - Y1 = 0.
i=2

PRrROOF. For m > 3 and k£ > 2 let
y(m, k) = Z Y1iYti+1 - YimY1eYik+1 - Yii-
i=k

We show y(n, ) = 0 by induction on n —{. The case n —1 = 1 has been
treated in Lemma [3.1)(1). For the induction step we may assume [ = 2
by using the action of S,, on D,,. In y(n,2) use Lemma to replace
Y1nY12 DY Y12Y2n — YonY1n in all possible summands excluding the last
term y1,Y12Y13 - - - Y1n. Observe that the factor ys, commutes with yy;
where 3 <7 <n —1. We obtain

n—1
y(n, 2) = Z Y1:Y1i+1 - Yin—1Y12Y13 * * - Y15 * Yon
i=2

n—1
— Yon Z YriYri+1 - - YinY13 - - Yuii
i=3

— (Y12Y2n) Y13 - * Y1n + Y1nY12Y13 - - Yin

n—1

= y(n —1, 2)y2n — Yoan Z Y1iYri+1 - - YinY13 - - Y1i
i=3

— Y1nY12Y13 *** Yin — Y2nY1nY13 * " Yin
+ Y1nY12Y13 ** * Y1in

=y(n —1,2)y2n — Y2uy(n, 3)

— O’
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by induction. In the third to last equation we again used ¥yi2¥yo, =
Y1inY12 + YonY1n. The proof is complete. ]

REMARK 3.3. For n = 4 the relation in Lemma [3.2] becomes

Y12Y13Y14Y12 + Y13Y14Y12Y13 + Y1aY12Y13Y14 = 0,

which is also often referred to as claw relation. We shall do so in the
following.

Next we consider a relation in the star on 5 vertices.
The graded analogue of the following Lemma was proved in
[Kir97, Lem. 8.5].

LEMMA 3.4. Assume #{i,j,k,l,n} =5. Then

YniYnkYniYnkYnjYni T YniYnjYniYnkYniYnk + YnjYniYnkYnlYnkYn;j
+ YnkYni¥Yni¥nj¥YniYnk + YniYniYnjYniYnkYnl
= YniYnjYnkYniYnkYni + YnjUnkYnlYnkYniYnj + YnkYniYnjiYniYnlYnk
+ YnkYniYnkYniYnjYni T YniYnkYni¥njYniYni-

PrROOF. Use Lemma 3.2 for n = 5 and obtain

Yike (YniUniYnkYnjYni + YniYnkYniYni¥nl + YnkYnjYniYniYnk + YnjYniUniYnkYnj)
- (ymynjynkynlym + YnjUnkYnlYnilYnj + YnkYUnlYniYnjYnk
+ YniYni¥YnjYnkYni)Yik = 0.

Using the commutation relations and the quadratic relations yg;yin +
YinYnk + YnkYki = YniYik + YikYkn + YrnYni = 0 yields

0 = YniYnkYniYnkYnjYni — YnkYkiYnlYnkYnjYni
— YniYnkYniYnjYniYnl T YniYniYikYnjYniYni
= YnkYniYnjYniYni¥Ynk + YnilikYnjYniYniYnk
+ YnjYniYnkYniYnkYnj — YnjYnkYkiYnlYnkYn;
+ YniYnjYnkYniYikYkn — YniYnjYnkYniYnkYni
+ YnjYnkYniYikYknYnj — YnjYnkYnlYnkYniYnj
— YnkYniYniYnjYkiYin T YnkYniYniYnjYniYnk
— YniYniYnjYrkiYinYnl T YniYniYnjYniYnkYnl-
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We sort and get

0 = YniYnkYniYnkYn;jYni = Yniln;YnkYniYnkYni

+ (YniYnj YnkYkiYntYnk + YniYnj YkiYinYniYnk)
+ YnjYniYnkYniYnkYnj — YnjYnkYniYnkYniYn;
+ (Yng YUnk Ui YnitYnk¥Ynj — YnjYnkYkiYniYnkYn;i)
— YnkYniYnjYniYniYnk T YnkYniYniYnjYniUnk
— (YnkYntYniYikYnjYni + YnkYntYikYinYn;Yni)
= YnlYnkYniYnjYniYni + YniYniYnjYniYnkYni

+ (YniYniYikYnjYniYni — YniYniYikYniYni¥nl),

which implies the claim after we again use the quadratic relations men-
tioned above. U

For any algebra A we denote by [, | the usual commutator given by
la,b] = ab — ba for a,b € A.

In the deformed Fomin-Kirillov algebra we can then restate the
relation from Lemma[3.4]in a simpler way, see the following Lemma[3.5]

LEMMA 3.5. Assume #{i,j,k,[,n} =5. Then

[yniynk:yni; ynjynlynj] [ynkyn]ynk’ ynzynly'm] - [ynkynlynk; ynzynjynz] .

ProoOF. We compute

[YniYnkYnis YngYniYng [YnkYngYnks YniYniYni]

= —YniYnkYniYnjYniYnjYnjYnkYnjiYniYniYni
= YniYnkYniYniYnj YniYniYniYnlYnkYnjYnk
+ YnjYnlYnjYnkYniYnkYnkYnj YnkYniYniYni
+ YniYniYnjYniYnkYniYniYniYniYnkYnjYnk

= ~Yni¥YnkYni (YnjYnlYnkYnj ) YniYniYni
= YniYnkYni (YniYnjYniYnl ) YnkYnj Ynk
+ YngYntYng (YnkYniYnYnk ) YniYniYni
+ YnjYniYnj (YniYnkYniYni ) YnkYnj Ynk
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using the braid relations and the fact that the y’s square to one. Apply
the claw relations to the bracketed terms and obtain
[YniYnkYni» YnjYniYnj ] [ynkynj Ynks YniYniYni)
= —YniYnkYniYnlYnkYnjiYniYniYniYni
= YnkYniYnkYnkYniYniYnkYniYniYni
= YniYnkYniYnjiYniYniYnjiYnjYnkYn;
+ YniYnkYniYniYniYnjYniYnkYni Ynk
= YniYniYnjYniYnjYnkYniYniYniYni
= YniYnlYnjYnjYnkYniYnjYniYniYni
= YniYnlYnjYnkUnlYniYnkYUnkYnjYUnk
+ YniYni YniYniYni YnkYniYnkYnjYnk
= YnilYnkYni (= YntYnkYnjYnilnl = YnjYniYniYnkln;)
+ (= YnkYniYnjYniYnk — YnjYniYnkYniYnj ) YniYniYni
+ (YniYnkYniYniYni + YntYniYniYnkYn) Yok YnjYnk
+ Y YntYnj (—YniYnj YnkYntYni — YnkYniYniYnjYnk),
where in the first step we again used the braid relations and in the
second step the fact that the y’s square to one. Now use the cyclic
relation from Lemma [3.2] on the bracketed terms and obtain
[Yni¥nknis YngYraYns [YnkYng Ynks YniYniYni]
= YniUnkYni YUnkYnjYniUniYnk + YniYniYnkYn;jYni)
+ (YniYngYntYnkYni + YntYnkYniYngYnl) YniYniYni
— (YnkYniYnjYniYnk + YngYniYnkYniYng)YnkYngYnk
+ YnjYniYnj (ynj YnkYnlYniYnj T YniYniYnj ynkynl)
= —YnkYniYnjYniYniYnk + YniYnkYnlYnkYnjYni
— YniYnjYUnkYniYnkYni — YnlYnkYniYnjYniYni
T YnkYniYniYnjYniYnk + YnjYniYnkYniYnkYn;j
= YnjYnkYniYnkYniYnj + YniYniYnj¥YniYnkYni
= [YnkYntYnks YniYnjYnil-
which is the claim. In the last step we used Lemma (3.4}, in the second to

last step the braid relations and the fact that the y’s square to one. U

REMARK 3.6. We will give a somewhat different direct proof of
the formula in Lemma [3.5]in Lemma [6.13] However, we consider it to
be of interest to show how the known formulation of the relation in
Lemma [3.4]is connected to our version in Lemma [3.5 and Lemma [6.13]
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3.2. Relations in the Circle. We look at some relations in Dg
when S contains a circle.

The graded analogue of the following Lemma [3.7] was proved in
[BLM13|, Lem. 7.4].

LEMMA 3.7. Let n > 3. Then
Z Yii+1Yi+1,i42 ** " Yn—1nYUn1Y12 * - " Yi-3,i—2Yi—2,i—1 = 0.
i=1

Proor. We proceed by induction on n. For n = 3 the claim follows
from Lemma [2.4. Assume now that n > 3. For all m > 3 let

m
y(m) = E Yiir1¥Yit1,i+2 " Ym—1,mYm,1Y12 * " Yi—3i—2Yi—2i-1
i=1

where each summand has precisely m — 1 factors y;, t € T. Replace
Yn—1,nYn1 by Yn1Yn—1,1 + Yn—1,1Yn—1,n in each summand of y(”)? where it
appears. This is the case for the summands with 2 <7 < n — 1. The
factors y,1 commute with y; ;41 for all 2 < 7 < n — 2, and the factors
Yn—1,, commute with y; ;41 for all 1 < j <n — 3. Therefore

y(n) = Y12Y23 " Yn—1n

n—1

+ Yn1 E Yii+1 """ Yn—2n—1Yn—-11Y12 " " " Yi—2,i—1
i=2

n—1
+ E Yii+1 """ Yn—2n—1Yn—-11Y12 " " " Yi—2,i—-1 " Yn—1,n
i=2

+ Yn1Y12Y23 * ** Yn—2,n—1
= Yuy(n —1) +y(n — Dyn-1n
=0,

by induction. 0

We want to derive more relations in the circle on n vertices. For
this let us introduce some convenient notation. First, we will allow
the indices of the elements y;; to range over all of Z and then consider
them modulo n. Furthermore, in this section we will write y; instead
of Yji+1 for ] €.

For example, we would state the previous Lemma |3.7| simply as

(3.1) Z Yildiv1 * Yin—3Yi+n—2 = 0.
i=1
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Note that we also have
(3.2) Z YilYi-1" " Yi-(n-3)Yi—(n—2) = 0
i=1

by using the isomorphism between D,, and its opposite algebra.
To state the relations we want to prove let us introduce some nota-
tion. For ¢ € Z let
mi = YiYi+1 - Yi-2.
For example, we have m; = y1ys -+ yp_1 and m,, = ypy1 - Ypn_o. Of
course m; = m; if ¢ = j mod n.
We begin with a trivial lemma.

LEMMA 3.8. Leti,j € Z. Then
Yjr1my, if j#i—2,9—1 mod n,
miy; = { Yj41Miq, if j=i—1 mod n,
Yjr1mi—1, if j =i —2 mod n.

ProoF. This is an obvious consequence of the braid and commu-
tation relations. O

For the remainder of the section the following observation will be
useful. By definition and Lemma (1) for each 1 < i < n the
elements y;, y;i11, - - -, ¥i_o satisfy all Coxeter relations of S,,, in fact the
group generated by those elements is isomorphic to S,,.

We continue with a technical lemma.

LEMMA 3.9. Let 2 < d<n—2and 2 < ki < ky <--- < kg <
n—d+1. Then there is Wy, k, € K{(Yo—a, Y2-ds1,- -+ Yn—a—1) Such that

Mgy =+ My = Wiy kgYnYn—1 " Yn—d+1Wky,... kg
where wy,  r, € k(y2, -+ ,Yn—1) is given as an element of S, by the
word i1 ...0p—g—1 k1 ks +1...kqg+d—1 where 1; < +++ < tp_g_1 €
{2,...,n}\{ki,ka +1,... kg +d — 1} (the identity is represented as
23...n ).

ProoF. We begin with the case ky = ky = --- = kg = 2. Con-
sidered as an element in S,, generated by s, ..., ¥, and represented as
a word in the standard way we obviously have my = 23...n 1, hence
m$ =d+1d+2...d+n. Multiplying this equation from the right
with ¥n—d+1Yn—d+2 - - * Yn—1Yn immediately implies the claim because y;
corresponds to the transposition of j and 7 + 1. Also note that 1 is
clearly mapped to 1 so we indeed have an element in k(ya, -+, yn_1)-

Next, assume that we are given 2 < k; <--- < k; <n—d+1 such

that the statement is known for my, - - - my, and assume that there is
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some 1 < [ < d with k +1 < kjy; where we assign kg1 to mean
n —d+ 1. We obtain using Lemma repeatedly (we are always in
the first case due to our restrictions on ky, ..., k;) that

Mgy == Mgy Mgy 1My =+ Mgy
=My = My Yy Mgy Yl 1My 7 - Mgy
= Yky+l—1My * Mgy My Mgy My Yk —1—d+1
= Yty 1 1Why o kg UnYn—1 " Yn—att Dy, ka)” Yki—1—di
= (ykl"rl—lwkl7---7kd)ynyn—1 e 'yn—d+1(ykl—1—d+z@k1,...,kd)_1-
We observe that by the restrictions above we have
2<k+l-1<n—-d+d-1<n-1
and
2—d<k—-1—-d+l<n—-d-1—-d+d=n—-—-d-1.

It only takes an easy calculation in S,, to see that

Yk +1-1Wky,.. kg = Why . k1, ki 1k 1,ekg s

and the claim follows. O

The next lemma is the analog of Lemma 3.9 for terms starting with
my.

LEMMA 3.10. Let2<d<n—-2and 1 <ky <. --- <k;<n-—d+1.
Then there is Uy, 1k, € k(Yo—d: Yo—ds1s - - - » Yn—a—1) Such that
MMy *** My = Vko o kg Y1Y2 " * YnedVks,.. kg

where Vg, g, € K(y2,- -+, Yn—1) is given as an element of S, by the
word t1 ... 0p—gke + 1ks +2.. . kg+d—1 where 1; < -+ < ip_q €
{2,...,n}\{ka+ 1, ks +2,... kg +d— 1} (the identity is represented
as23...n).

Proor. We will skip this proof since it is analogous to the proof
of Lemma [3.9] O

We can now formulate and prove our desired relations. The proof
is very similar to [BLM13| Pro. 7.2].

PROPOSITION 3.11. Let 1 <d<n—1. Then

E mk1~--mkd:O.

1<k1<ka<--<kg<n+1-d
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PROOF. The cases d = 1 and d = n — 1 are Equations and
, respectively. In this proof we will write S,,_; for the subgroup of
S, generated by v, ..., Y1

Now obviously,

E mklnn.mkd

1<k1 <k <-<kg<n+1-d

— § mlmkz e mk’d

1<ko<-<kg<n+l—d

(3.3) + > My, - M-

2<k1<ko < <kg<n+1—d

We write = y,,_q4+1,1 and compute using Equation (3.1]) and Lemma
for the first term of (3.3)

g mlmk2 oo mkd

1<ko < <kg<n+1-d

= E Uk, kg Y1Y2 - Yn—dVksy,... kg
2<ky <ko<-<kg<n+1-d
n—d+1

= - Z Z Vky,....kqYsYs+1 " Yn—d - T

2<k1<ko < <kg<n+1—-d s=2

(3.4) CY1Y2 Y2V, ey

Note that v, g, in runs over all elements in S,,_; with at most
one descent occuring from n —d + 1 to n — d + 2. This implies that
Uk, k, Tuns over the minimal (i.e. of minimal length in the Coxeter
generators) left coset representatives in S,,_; of the subgroup generated
by Yo, Yn—ds Yn—d+2, - - - s Yn—1, Which we can identify with S,_; x
Sa—1. Moreover ysysi1 - Yn_q in (3.4) ranges over the minimal left
coset representatives of the subgroup generated by s, ..., y,_q_1 in the
group generated by o, ..., yn_q; put more suggestively: ysysi1-- - Yn_a
in ranges over the minimal left coset representatives of S,,_4_; x 1
in S,,_4. Put together, this implies that v, x,Ys¥s+1 " Yn—a I
ranges over the minimal left coset representatives of S,,_4_1 X 1 X S4_1
in S,,_; with the identifications as above.

Similarly using Equation (3.2) and Lemma we obtain for the

second term of ({3.3))

E mkl---mkd

2<k1 <ko<--<kg<n+1-d
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= E Wy, kg YnYn—1""* Yn—d41 Wk ... kg
2<ky <ko<-<kg<n+l—d
d

= E E Wky,...kgUn—sYn—s—1" " Yn—d+1 T

2<k1 <ko<--<kg<n+1—d s=1
(35) *YnYn—1- - yn—s—i—Zwkl,...,kd

Similar to before note that wy,  j, in runs over all elements
in S,,_; with at most one descent occuring from n — d to n — d +
1. Again this implies that wy,  j, from runs over the mini-
mal left coset representatives in S,,_; of the subgroup generated by
Yo, oo s Yned1, Yn—dils - - - Yn_1, Wwhich we can identify with S,,_4_1 xS,.
Also similar to above the terms vy, s¥n_s—1°**Yn_gs1 in range
over the minimal left coset representatives of the subgroup generated
by Yn—d+2,---,Yn—1 in the group generated by v,_gi1,--.,Yn_1, Or put
differently 1 x Sy_1 in S;. As above, put together this implies that
Why . kyYn—sYn—s—1 10 (3.5) ranges over the minimal left coset represen-
tatives of S, _g_1 X 1 X Sy_1 in S,,_1.

This implies that the terms vg, g, Ys¥st1 - Yn—d i and the
terms wg, . k,Yn—sYn—s—1 N range over the same elements.

Furthermore, observe that the terms y1ys - - - Ys—2Uk,,.. x, from (3.4)
and YpYn—1 - Yn—s+2Wk, ...k, rom contain no ¥, _g4, this implies
that they are equal if their S,,-degrees are equal. Since all the occuring
summands in and have the same S,-degree (namely 1+d 2+
d...n+d, see the proof of Lemma it follows from the considerations
above that exactly the same summands occur in both and ,
but with different signs. This implies the claim. U

We want to rewrite our relations slightly for use later. For this we
start with a trivial lemma. Recall that the indices of the m;, 7 € Z, are
understood to be modulo n.

LEMMA 3.12. Let 1,5 € Z. Then 7mmj_1 = mj_ilmiﬂ.

PRrROOF. This is a trivial consequence of Lemma [3.8] Note that
the potentially critical third case of Lemma [3.8 only happens if i = j
mod n (in which case the statement is just trivial). O

Let us denote with ey,...,e,_1 € Kk[xy,...,x,_1] the elementary
symmetric polynomials. Using these we can rewrite the relations from

Proposition [3.11]
PROPOSITION 3.13. For1 <l <n—1 we have

e (momy ™, ... mymt) = (—1)"
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ProoOF. We use induction on /. For [ = 1 simply multiply thed =1
relation from Proposition [3.11} m 1| from the right by m .

Let [ > 1. Multlply the d = [ relation from Proposition [3.11] from
the right by m, 1, ;m. {1, oM, repeatedly use the preceding
Lemma [3.12] and split up the sum to obtain

-1 -1 -1
0= E ATy Mgy 170 - Mgy 17110
1<k <<k <n+1-I

-1 -1 -1
+ § My My Mgy 1M 2= Mgy 11114
2<k1 <ko<--<kj<n+1-1
-1 —1 —1 —1
=€ (mgm1 s ey My My ) + € (mgm1 s ey My My ) .

The claim now follows from the induction hypothesis. 0



CHAPTER 3

Subalgebras Related to Subgroups

In this chapter we investigate deformed Fomin-Kirillov Algebras by
considering subalgebras corresponding to certain subgroups of S,,.

We start with a few very general remarks in Section

The most interesting case is if we consider S,,_; as a subgroup of
S,, in the natural way. We go on to demonstrate this in Section [5| on
examples by calculating upper bounds for the dimensions (as vector
spaces) of Dg for many small graphs S. Our upper bounds in all cases
coincide with the exact values given in [BLM13| for k = Q, which
were obtained with different and mostly computational methods.

In Section [6| we apply the same method to the full deformed Fomin-
Kirillov Algebra. In particular we give a way to calculate the dimension
of & without using computers. To the best of our knowledge there
currently is no other way to do this. We also consider the case n = 6,
but only with partial results.

Finally, in Section [7] we consider the subalgebras corresponding to
the trivial subgroup. We exhibit the examples D,, and the circle which
turn out to have intriguing algebra structures.

4. Preliminaries

In this subsection we work in a much more general setting than
needed in order not to obscure the very simple arguments.

4.1. Subalgebras Related to Subgroups. Let G be a group
and A a G-graded k-algebra. For a subgroup H C G let

Ap = @ Ap,
hel

where Ay is the homogeneous component of A of degree h. Then Ay
is clearly a subalgebra of A.

We first show that the algebra structure of Ay does only depend
on the conjugacy class of H under suitable conditions on A.

27
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PROPOSITION 4.1. Assume A is generated by invertible, homoge-
neous elements, the degrees of which generate G. Assume H, H' are
conjugate subgroups of G. Then Ag = Ap as algebras.

PROOF. Let z be a homogeneous, invertible element of A of degree
g. We show zApgax~! = A p,-1. Indeed, if @ € A is homogeneous of
degree h € H, then zax~' is homogeneous of degree ghg='. To show
equality consider

Ay = 'wAgrtz C x_lAgHgflx C Ay,

hence ' Aya'e = 71 A p,12. Since conjugation with z~! is in-
jective we obtain Ay~ = A p,-1. Because A is generated by invert-
ible, homogeneous elements the degrees of which generate G the claim
follows. O

The following propostion relates the dimension of A to the dimen-
sion of Ay.

PROPOSITION 4.2. Assume A is generated by invertible, homoge-
neous elements, the degrees of which generate G. Let H C G be a

subgroup and n = # (G/H). Then

(1) A, = Ay as k-vector spaces for all g,¢' € G.

(2) A has a basis of cardinality n as an Ag-left module.

(3) dimy A < oo if and only if dimy Ay < oo. If dimy A < o0,
then dimy A = ndimy Ag.

PROOF. (1) Let z be a homogeneous, invertible element of A. The
map Ay — Adeg(z)g, @ = Ta is an isomorphism of K-vector spaces. The
claim follows since A is generated by such elements and the degrees of
those generators generate G.

(2) Let {g1,...,9n} be a set of right coset representatives of H in
G. For each j € {1,...,n} choose a monomial u; in the generators of
A of degree g;. Then uy,...,u, form a Ay-basis of A. First it is clear
that u; # 0 for all j, since each u; is invertible being a monomial in
the invertible generators of A. Linear independence over Ag is clear
since for each a € Ay we have au; € @geng A, and the g; belong to
different right cosets. To show that they also generate A as a Ag-left
module, let y € A be homogeneous of degree g € Hg;. Then yu}l € Ay
and y = (yuj_l)uj.

(3) Follows from either (1) or (2). O

We now specialize to our case of interest. For G =S,,,7 € {1,...,n},
and H; = {0 € S, | o(i) = i} we write ¢;(A) for Ag,. In particular, if
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S C T we have

¢i(Ds) = (Ps)u, = B (Ds)o,

0ESn,o(t1)=t

where (Dg), is the homogeneous component of Dg of S,-degree o.
The following corollaries are trivial applications of Proposition [4.1
and Proposition [4.2] respectively.

COROLLARY 4.3. Let S C T be a connected graph on n vertices and
1 <i,5 <n. Then ¢;(Ds) = ¢;(Ds) as algebras.

COROLLARY 4.4. Let S C T be a connected graph on n vertices and
1 <i<n. Then

1) (Ds)s = (Ds), as k-vector spaces for all o,7 € S,,.

2) Dg has a basis of cardinality n as a ¢;(Dg)-left module.

3) Ds has a basis of cardinality n! as a (Dg)q-left module.

4) dimy Dg < oo if and only if dimy ¢;(Dg) < oo. If dimy Dg <
00, then dimy Dg = n dimy p;(Ds).

(5) dimy Dg < oo if and only if dimy(Ds)() < oo. Ifdimy Dg < oo,

then dimy Dg = n!dimy(Dg)(.

(
(
(
(

4.2. Generators and Relations of Subalgebras. Given a k-
algebra B and a subalgebra A we give a method to find generators and
relations of A under strong technical assumptions.

We begin with the following trivial but useful lemma.

LEMMA 4.5. Let B be an algebra and A C B a subalgebra such that
B has a basis 1 = uy, ..., u, as a left A-module. Assume that we have
ay,...,a,m € A such that uy, . .., u, form a generating set of B as a left

k{ay,...,an)-module. Then A =Kk(ay,...,a,).

PrOOF. The inclusion k{ay, ..., a,) C A is trivial.
For the other inclusion let ¢ € A. Since A C B we have z; €
k{ai,...,ay) fori e {1,...,n} such that

n
au; = a = E T;U;
=1

due to our assumptions. Since z; € A for all 7 it follows that a = x;
because u1, ..., u, form a basis of B as an A-module. This implies the
claim. n

We now discuss a method to convert relations in B to relations in

A.
Let S be some finite set and [ > 1. Let B be the k-algebra given
by generators by, s € S, and relations r4(bs) where 1, € k(X |s € S)
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is a noncommutative polynomial for 1 < k < [. Let a41,...,a,, € B

such that B has a basis 1 = wuq,...,u, as a left A-module, where

A =k(ay,...,an,). We give a method to find defining relations of A.
Fori,j € {1,...,n}, s € Slet f; € k(Xy,..., X;,,) such that

n
S
ujbs = E san, . am)u;.
i=1

Let A and B be the tensor algebras of the vector spaces with basis
a1, ..., a4, and by, s € S, respectively.

Repeat the following procedure for 1 < k <.

Let M be the left A-module with basis @, ..., 4, We define a
A — B-Bimodule structure on M by letting

n
by = Y fii(Gn .l )i
=1

for j €{1,...,n} and s € S. This is well defined by construction. For
j€{1,...,n} there are r}; € k(z1,...,2,) such that

n
ijri(bs) = k(... ).
=1

We now replace B by B/(r;) and A by fl/(rfj|1 <4,j < n) and repeat
the procedure.

After having done this for £ = 1,...,] we obviously obtain an
isomorphism ¢ : B — B of k-algebras by mapping b, — b for s € S.
Moreover, we also claim A = A by mapping a, + a, for 1 < p < m. For
this observe that rfj(al, ..., am,) =0in A is clear since by construction
we have

0 = u;r(bs) = erj(al, e G ) U
i=1

and uq,...,u, are linearly independent over A by assumption. Fur-
thermore, if r € k(Xy,...,X,,) with r(as,...,a,) = 0 in A then we
obtain

0=0¢ " (r(ay,...,an)) =7(0" (a1),...,6 *(am)),

which we can do since A C B is a subalgebra. Since u; = 1 we have
10~ (a;) = djuy for 1 < j < m by construction (express a; as a
polynomial in the by, s € S). This implies

0=1a17(¢ " ar), ..., 0 *(am)) = (@1, ..., a4m)us,
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which in turn implies r(a,, . . ., @,) = 0in A since u, is part of a A-Basis
of M. B

Hence we know that our generators of A satisfy exactly the same
relations as the given generators of A. The claim follows.

REMARK 4.6. It is obvious how the content of this section applies
to our case of interest. Since Lemma is trivial, we will generally
not mention using it.

Our method to convert relations is really only an improvement if
the defining relations are difficult to deal with or if we want to make
sure we have found all defining relations of the subalgebra. Since we do
not have a method to find all defining relations in the bigger algebra Dg
without involving Grobner Basis in the first place, the second aspect is
really only useful for S = T'. For graphs on fewer than 6 vertices we will
most of the time simply guess and prove relations of the subalgebra.

5. Examples for Fixing a Point

In this section we will demonstrate our first method for investigating
Es by giving upper bounds for the dimensions of £g for some subgraphs
S C T. Our strategy is to give a graph S’ on fewer vertices than S
and a finite dimensional algebra A such that we have a surjective linear
map &g ® A — gry;(Ds). Except for some examples on 6 vertices we
will do this by direct calculation.

Notice that most of the dimensions for graphs on at most 5 vertices
can be easily derived knowing Theorem and the dimension of &,
for n <5, which we will compute directly in Section [6]

In [BLM13] all of the dimensions in this section, except the ones

on 6 vertices, have already been calculated. In the cases except D,, this
was done over Q by computer calculations.
When investigating £s or Dg for some subgraph S C T we are of
course faced with the problem of not knowing a complete list of defining
@lations. Where it is important to make the distinction, we will write
Ds for the algebra given by the generators of Dg with the quadratic
relations and the relations cligcussed in Section [3] Of course any upper
bound for the dimension of Dg is also an upper bound for the dimension
of £ and Dg. This notation will only be used in this section.

5.1. n < 3. For n = 2 there is only the graph S = {(1,2)} to
consider. It is clear that ¢1(Dg) = k. In particular dimy Dg = 2.
For n = 3 we have the following.

ExXAMPLE 5.1. Consider S = {(1,2),(2,3)}. It is clear that
©1(Ds) = K(ys) = Ds.
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Observe that as an easy consequence we already get dimy &3 = 12
independently from Section [0, in fact keeping the notation S from
Example |5.1| we have

dimy &3 = dimy & dimy Eg
= dimy Dy dimy Dy
= 3dimy Dy dimy ¢1(Dy)
= 3(dimy D,)? = 12,

where we used Theorem Corollary 2.8, Corollary Example 5.1}

and the remark on the dimension on D, at the beginning of this section.

5.2. n = 4. The dimensions of the Fomin-Kirillov algebras belong-
ing to graphs on at most 4 vertices can be easily derived from the
dimension of &;, which we compute in Section [6] and the dimensions
of the Fomin-Kirillov algebras to graphs on at most 3 vertices. Indeed,
from dimy € = 12 and dimy &, = 576 it follows from Remark that
the Fomin-Kirillov algebra to the star graph on 4 vertices has dimension
48. Again by Remark we then know the dimension of the Fomin-
Kirillov algebras for all graphs with at most 4 vertices that contain a
star on 4 vertices. Hence the only missing example is the circle on 4
vertices. But, by removing two suitable edges from the complete graph
on 4 vertices we can see using Theorem that the Fomin-Kirillov
algebra to the circle on 4 vertices has dimension 144.

While we already know the dimensions of the examples on 4 vertices,
the specifics of the following treatment will be used again in the later
parts of Section [3]

F1GURE 1. The graph from Example .

The following Example [5.2] is the first in the series D,, which we
will consider later in Section 5.5

EXAMPLE 5.2. Consider S = {(1,2),(1,3),(1,4)}. We will write

ta3 = Y12Y13Y12, taz = Y1aY12Y14 and a4 = Y13y14Y13.

By Corollary the set {y12,413,y14} forms a basis of Dy as a left
¢©1(Dg)-module. Tt is easy to check that this set also generates Dg as
a left k(tos3, t34, t42)-module, for example by showing that for 2 < j < 4
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and s € S the element y;y, is in the left k(tos, t34, t42)-submodule of

Dgs generated by {y12,y13, Y14}
Due to freeness this implies

©1(Ds) = k(tos, taa, ta2),

as we have expanded on in Lemma (4.5, We observe t?j = (Yryrv1:)? =
1 for (i,7) € {(2,3),(3,4), (4,2)} and
(5.1) tastss = (Yr2y13912) (Y1aY12Y14)

= —Y12Y13Y12Y12Y14Y12

= —Y12Y13Y14Y12

= Y13Y14Y12Y13 + Y14Y12Y13Y14

= Y13Y14Y13Y13Y12Y13 + Y14Y12Y14Y14Y13Y14

= —(y13y14y13)(y12y13y12) - (y14y12914)(y13y14y13)
= —t3alo3 — taalss

by the quadratic, braid, and claw relations. In the same way we get
tyotas + tosgtss + taatse = 0. The generators of p;(Dys) fulfill the defining
relations of Dj, hence p;1(Ds) is a quotient of D3. Using this in the
second step we obtain

dimk DS = 4d1mk ©®1 (Ds) S 4d1mk Dg S 48,

where in the first step we use Corollary [£.4[(4) and in the last step the
remark after Example [5.1}

Note that going on we will most of the time skip easy calculations
involving only quadratic, braid, and claw relations as (5.1 in Exam-
ple 5.2,

F1GURE 2. The graph from Example .

EXAMPLE 5.3. Consider S = {(1,2),(2,3),(3,4), (4,1)}. Let a1 =
—Y12Y23Y34Y41 and

Loz = Y23, 134 = Y34, taz = Ya1Y12Y41.

Similar to the last example we can check

©1(Ds) = k(tas, tas, Lo, (a(234))i1>-
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We have

Q(234) = —Y12Y23Y34Y41
= (Yo3Ysaya1 + YsaYar¥12 + Ya1Y12Y23)Ya1
= y23y3a + Y34 (Yary12Ya1) + (YarY12ya1)y23
= tostsa + l3alao + taotas
using the well known relation from Lemma for n = 4. In the same
way we obtain a(}é 5 = taatoz+togtas+tsotss. Hence our generators fulfill

the defining relations of D3 up to elements of k|a(a34), a(;é 4)]. Moreover,
it is easy to check that

a(234)tij = ti(234)j(234)a(234) for (Z7j) € {(27 3)7 (37 4)7 (47 2>}

We want to approximate the order of a(ssq). For this first observe
that the d = 2 version of Proposition [3.11] is

(5.2) Y12Y34Y23Ya1 + Y3aYa1Y23Y34 + YarY12Y34Ya1
+ Y12Y23Y41Y12 + Y23Y34Y12Y23 + Y23Ya1Y12Yy34 = 0

Using this in the fifth step and Lemma [3.7 for n = 4 in the second step
we obtain

(5.3)
6L%234) = Y12Y23Y34(Ya1Y12Y23 ) Y3aYa1
= —Y12Y23Y34(Y12Y23Y34 + Y23Y34Ya1 + Y3aYa1Y12)Y34Ya1
= TY12Y23Y34Y12Y23Y41 — Y12Y34Y23Y34Y41Y34 — Y12Y23Y41Y12Y34Y41
= —Y12Y23(Y12Y34Y23Ya1 + Y34Ya1Y23Y34 + Ya1Y12Y34Y41)
= Y12Y23(Y12Y23Ya1Y12 + Y23Y34Y12Y23 + Y23Ya1Y12Y34)

= Y23Y12Ya1Y12 + Y34Y23 + Y12Y41Y12Y34
= loglag + t34l23 + tastzs
1
= U(234)-
Hence a?234) =1.

If we introduce a filtration on ¢;(Dg) by letting degtoz = degtsy =
degts = 1 and dega(zss) = deg a(_§4) = 0 this implies that we have a
surjective linear map & ® kla(ass)] — gre1(Ds). Since a?234) = 1 this
implies dimy Dg < 144.

We will also deal with the cirlce on n vertices again using a different
method in Section [7.2]
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5.3. n = 5. Again as in the last section knowing the dimension
of & already tells us the dimension of the Fomin-Kirillov algebras for
many graphs on 5 vertices by Remark and Theorem[I.6] The excep-
tions which we cannot deal with like this are discussed in the current
section and in Section [5.5 The Fomin-Kirillov algebra to the graph in
Example is discussed for illustrative purposes.

* — ./.\.

F1GURE 3. The graph from Example .

EXAMPLE 5.4. Consider S = {(1,2),(2,3),(3,4),(3,5),(5,2)}. Let
Q(23) = Y35Y23Y25 = Y25Y23Y35 and
l12 = Y12, la3 = Y23, 134 = Y34,
o4 = Ys35Y23Y34Y23Y35, t13 = Y25Y23Y12Y23Y25-
It is easy to check

©5(Ds) = k(t12, tos, t3a, t13, tog, ass).

Denote by S’ the full graph on 4 vertices with the edge (1,4) removed,
and by S” the graph 5’ S" with the edge (2,3) removed (S” is a circle).

It is clear that dimy DS/ < 2dimy Dsu < 288 by Example

It is easy to check that ti9,to3, t34, tog, t13 satisfy the relatlons re-
quired in Dg/. Notice that we do not need to check the special relations
of the circle on 4 points due to the presence of the diagonal, see the
proofs in Section [3.2] Furthermore we can check

a(23)tij = 2fi(23)j(23)a(23) for (Z7]) € {(17 2)7 (27 4)7 (3a 4)7 (17 3)}

For the remaining generator we have

l230(23) = Y23Y35Y23Y25
= Y35Y23Y35Y25
= Y35Y25Y35Y23
= Z/35(y35y23 - ?/23925)923
= —Y35Y23Yasy2s + 1
= —a3)tez + 1.

It follows that we have a surjective linear map 1/);®K lags)] = ¢1(Ds);
due to aég) = 1 this implies dimy Dg < 2880.

We continue with
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FIGURE 4. The graph from Example .

EXAMPLE 5.5. Consider S = {(1,2),(2,3),(3,4),(4,1),(3,5)}. Let
QA(234) = —Y12Y23Y34Y41 and
log = Ya3, 134 = Y34, l35 = Y35, taz = Y12Ym1 Y12,
L4y = Y12Y23Y34Y35Y34Y23Y12, Los = a(234)t45a(_2},’4).
We can check
©1(Ds) = k(tas, t34, t35, taz, tas, tos, (a(234))i1>-
The commutation relations
A(234)tij = ;(234) j(234) A (234)
for (i,7) € {(2,3),(3,4),(3,5), (4,2),(4,5),(2,5)},

are easy to check.
In Example [5.3] we have seen that

a(234) = to3las + t34tao + l4ota3 and a(_2§4) = t34to3 + a3t + Taotzs.

The other defining relations of D, are easy consequences of quadratic,
braid, and claw relations and their proofs will be skipped.

Introducing a suitable filtration it follows that there is a surjective
linear map & ® klass] — gr1(Ds); due to a?234) = 1 this implies
dimy Dg < 8640.

In the next example the situation is more difficult and we will give
more details.

F1GURE 5. The graph from Example [5.6

EXAMPLE 5.6. Consider S = {(1,2), (2,3),(3,4), (4,5),(5,1),(2,4) }.
Write

t23 = Y23, t34 = Y34, tas = Yas, taa = You,

ls2 = Y12Ys51Y12, t3s = a(245)t34a'(_2115)7
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where

A (245) = —Y12Y24Y45Y51, and A(2345) = —Y12Y23Y34Y45Y51-
We can check
©1(Ds) = K(ts2, ta3, taa, tas, tos, tss, (a2a5)) ", (a23a5) ™)

From Example |5.3| we know
tsoloq + Toalas + taslsz = a(2us),
loalse + Laslog + tsalys = a(;m),

some commutation relations

a(2a5)bij = tycam) jaam) Agaas) for (i, 7) € {(2,4), (4,5), (5,2), (3,4)},

and af’Q 45 = L. Furthermore we can easily show

a(2435)t,-j = ti<2435)j(2435)a(2435) fOI' (’l, j) S {(2, 3), (3, 4), (4, 5), (5, 2)},
using the braid relations. Before we turn to the remaining commutation
relations we derive some relations between a5y and a(2345). First we
calculate

a(245)0l(—2§45) = Y12Y24Y45Y51Y51Y45Y34Y23Y12
= Y12(Y24Y34Y23) Y12
= Y12Y23Y34Y24Y12
= Y12Y23Y34Y45Y51Y51Ya5Y24Y12
-1
= ((2345)0(245)
and in a similar way a(’QLS)a@g%) = a(’2§45)a(g45).
The remaining commutation relations are a bit more involved. We
first compute
a(245)l23 = —Y12Y24Y45Y51Y23
= —Y12(Y24Y23)Ya5Y51
= —y12(Y23Y34 — y34y24)y45y51
= Q(2345) — 1340(245),
and using this obtain
a(245)l35 = a(_2115)t34a(245)a(245)
= Gaﬁ) (a(2345) — Q(245)t23) A(245)
= —l23a(245) + a(_215)a(2345)a(245)

—1 1
= —t230(245) T Q(3345)0(245)"



38 3. SUBALGEBRAS RELATED TO SUBGROUPS

Going on we observe
A(2345)t24 = a(2345)a(_2115)t45a(245)
= a(245)a(_2§45)t45a(245)
= a(245)t34a(2§45)a(245)
= t35a(245)a(_2115)a(2345)
= 1350,(2345),

and

a(2345)t35 = @(2345)@(72115)61(245)1535

-1 1 1
= a(245)a(2345)(—t23a(245) + a(2345)a(245))

-1 R |
= —0(245) Q93451230 (245) T A(245) Y 9345) Y 245)

-1 2 1
= —0(245)1520 (9345, 1(245) T (245)F(2345) % (245)
= —1240(2345) + a(245)a(_2:2345)a(_2115).

So we have commutation relations for a(45) and a(2345) with all gener-
ators t;;. We discuss the relations between those generators required
for D,. Begin with

taqalss = t34a(245)t34a(_2115)

= —a(245)t23t34a(_215) + a(2345)t34a(2}15)

= —a(245)(taatos + t24t23)a(;l5) + t45a(2345)a(2}15)

= —7535754561(245)(1(215) — 254566(245)152361(2115) + t45a(2345)a(2115)

= —t35t45 + tystzs — t45a(2345)a(_215) + t45a(2345)a(2115)
= —t35tys + tystzs,

by going to the opposite algebra this also yields t35t3s + ta5tss — taatss =
0. Using this we compute

t5alss = t52a(245)t34a(_215)
= a(245)t45t34a(_gi5)

= (245) (3435 + t35t45>a(72115)

—1 -1 1 1
= 1350(245)350 045) — 1230(245)8450 245) T U (2345 (245) 1450 (245)

~1 1 -2
= —t351230(245)0(945) T 1350 (23450 (245)

1 —1 —2
— la3l520(245) Q945 T O (93450240 (215

= —l35to3 — tostse + t35a(’2§45)a(’215) — t35a(’2é45)a(235)
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—2 1 1 -2

-1 — —
T @(9345)0(245) A(9345) U (245) Y(2345) U (245)

= —l35la3 — loglsa + &(245)@%2345)>

which again 1mmedlately 1mphes t35t52 + t23t35 + t52t23 = aé2345)a(*2115).

Finally we compute

loglss = (a(245)t52a(;15))(a(245)t34a(2i5))
= a(245)t34t52a(*2115)

= l35t24

and are done (recall ¢;; = y;; for (i,7) € {(2,3),(3,4), (4,5),(2,4)}).
We need to approximate the order of a(2345). For this consider

0 = a(2345) (tsatos + toatss + tastss — a(24s))

= to3t350(2345) + 35T520(2345) 1 t521230(2345) — @ (2345)Q(245)

—2 1
= ((2345) A (245)H(2345) — A(2345)((245)

= Q(9345)@(245) — A(2345)((245),

and hence a‘(l2345) =1.

Using an appropriate filtration we obtain a surjective linear map
&4 @ k(a4s), aa345)) — gr¢1(Dg). From the relations regarding a(ous)
and a(p345 from above we see that k{a(us), a(2345)) is a quotient of
the group algebra of the symmetric group on 4 points. This implies

dimy Dg < 69120.

Using Example 5.6] it is now easy to treat the circle on 5 vertices.
Note that since the relations from Proposition become somewhat
difficult to deal with already for n = 5 we choose to argue by using
extra edges.

FIGURE 6. The graph from Example .

EXAMPLE 5.7. Let S = {(1,2),(2,3),(3,4),(4,5), (5,1)}. We will
use the notation from the previous Example We will refer to the
circle on 4 vertices by S’. It is easy to check that

©1(Dg) = k(ls2, tas, taa, tas, a?;§45)>.
The commutation relations
a(2345)tij = ti(2345)j(2345)a(2345) for (la j) S {(57 2)7 (27 3)7 (37 4)7 (47 5)}
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were already discussed in Example [5.6, as were most of the appropriate
Coxeter relations among tss, to3, t34, t45 as in the 4-circle S’. Note that
the braid relations involving t55 are not completely immediate from
the previous example, since the quadratic relations involving o3 or t45
and 5y are only fulfilled up to summands in k(a(ass), G(2345)). They
are however easy to check, and we shall do so later in the proof of
Proposition [5.13

We need to discuss the special relations from Section [3.2] First we

check

T5oto3tss + To3taatss + 3atlastse + Lastsatos
= Y12Y51Y12Y23 T Y12Y12Y23Y34Y45 + Y12Y34Y45Y51Y12 + Y12Y45Y51Y12Y23

= y12(y51?/12y23 + Y12Y23Y34Ya5 + Y34Ya5Y51Y12 + y45y51y12y23)
=0,

using the relation from Lemma for n = 5. The last remaining
relation we discuss in the form (5.2) as in Example . We want to
show

(5.4) @%2345) = lastoslaatse + Lastsalsolas + Usatastoslse
+ tagtsatsatos + t34taslostss + t3als0ta5la3.

We imitate the proof of Proposition and using relations from Ex-
ample [5.0| replace tastzy by t34tas +taatas and tsatss by —toalsy — tastos +
a(_;m) in the right hand side of 1) whereever possible. After cancelling
the right hand side of (5.4)) becomes

t45t34a(_215) + a(215)t23t52 + t34a(215)t23

= t45t34a(’215) - t35a@i5)t52 + G(245)Q(2345)t52 — t34t35a(2115) + 1340,(245) 0 (2345)
= (tastss — tgstas — t34t35)a(’2f15) + a(245)l230(2345) + 1340(245)0(2345)

= ((2345)0(2345) — 1340(245)Q(2345) + 1340(245)0(2345)

_ 9

= Q(2345)>

where we used the commutation relations from Example [5.6]

If we use that the Fomin-Kirillov algebra £g for the 4-circle S’
has the relations we discussed in Section [3 plus the quadratic relations
as defining relations, it follows that if we introduce an appropriate
filtration we have a surjective linear map Eg ® ka(azas)] — gr v1(Ds).
In particular we would obtain dim, Dg < 2880 since af‘2345) =1 by
Example 5.6|

However, since we do not have a method (that does not involve com-
puting Groebner basis) to show what the defining relations of Eg are,
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we proceed differently and simply apply our method of fixing a point
again to ¢1(Dg). Notice that the elements tsq,to3,t34, a5 € ©1(Ds)
fulfill almost exactly the defining relations of Dg/, the only differ-

ence being that relation (5.2) from Example is deformed to ([5.4)).
Hence we choose to imitate the procedure from Example [5.3] Let

b(345) = —laslaatsstsz and
S34 = 34, Sa5 = luas, S53 = ts2taslse, C(345) = 1230Q(2345)-

Again, we have

902(%(175)) = k<5347 $45, 853, C(345), b?;;5)>7
and it is shown as in Example that ss4, S45, s53 fulfill the defining

relations of D3 upto elements in k[b(345),b(315)] and have appropriate
commutation relations with ba&. Moreover, it is a trivial consequence
of the braid relations, the quadratic relations, and the commutation
relations for a(s345) that we have
C(345)Sij = S;(345) j(345) C(345) for (iaj) € {<3a 4)» (47 5)7 (57 3)}

This implies that with an appropriate filtration there is a surjective
linear map & ® A — grs(v1(Ds)), where A = k(baa,c(g%)). It
follows dimy Dg < 5-4-12 - dimy A.

We investigate relations among the generators of A. First, imitating

the calculations in ([5.3) from Example with our deformed relation
(5.4) instead of (5.2]) we get

(5.5) 5?345) - b(_gis) = —t23t34a%2345) = _0%345)-
And analogously we obtain
bsas) — b(3a5) = —Qazas) taatas.

Multiplying these two equations yields

(5.6) biaas) + b(;jm) =1
due to a‘(l2345) =1.

Combining the relations and one can see with some el-
ementary calculations that 0?345) = —b(345) and 0845) + 0?345) +1=0.

This implies that A is a quotient of k[x]/(x'?+2%+1). In particular we
have dimy A < 12. Also we observe that the algebra A is semisimple if
chark # 2, 3.

In Section we will see that the upper bound we have given in
Example [5.7]is in fact exact.

In all examples we treated so far we found some graph S’ on fewer
vertices than S and some finite group G such that we had a surjective
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linear map £ @ kG — gr ¢, (Dg). Sadly, this does not appear to work
for all examples as we will see now.

NV
7N\
FIGURE 7. The graph from Example 5.8

ExXAMPLE 5.8. This example is essentially only part of the treat-
ment in Section [6] where we will derive the results in a more conceptual
way. We still present the more elementary ad hoc approach.

We consider the star on five vertices S = {(5,1), (5,2), (5, 3), (5,4)}
and for 1 <14, j <4 with i # j let t;; = Yni¥n;yni- 1t is easy to check

©5(Ds) = k(ti2, t13, tia, tas, tas, t34).-

We know from Example that those generators satisfy all defining
relations of the full graph on 4 vertices bar the commutation relations.
We set then

tijkt = [tij, til
for 1 <i,j,k,1 <4 with #{i, j, k,1} = 4. Note that Lemma [3.5] states
Lijskitinji = tugk;- We compute
tijiitin = [Ysi¥siYsir YskYsiYsk|Ysi YskYs;
= —y5iy5jy5i(y5ky5zy5jy5k) + y5ky5ly5k(y5jy5iy5ky5j)
= <y5iy5jy5i)y5ly5jy5ky5l — Ys5Y5iYskYs1Ys;
= YskYs1YskYs5iYskYsjYsi — YskYsiYs;YsiYsk
= _y5jy5i(3/5jy5ly5j)y5ky51 - y5ky5l<?/5ky5iy5k)?/5jy5i
+ Ysi¥skYsiYs;Ysi T Ys1Ys;YsiYskYsi
= +Ys5;Y5:Ys1Y5;Ys1YskYst T YskYs1Ys5iYskYsiYsiYsi
+ YsiYskYs1Y5iYsiYs;iYsi T YsiYs;iYsiYsiYsiYskYsi
= —Ys5iYs51Y55YsiYsiYskYsi — YsiYs5iYskYsiYs5iYs5Ysi
= TY5iYs1Y5iYs5iYs55Ysi YsiYskYst — (ysz?/siym)y5ly5kysly5iysjy5i
= —Usi¥51Y5iY5iY55Y5iYs1YskYst T YsiYs1YsiYsiYskYsiYsiYs;Ysi
= YsiYs1Ysi[UsiYiYsi YskYs1Ysk)
= tutijkl-
using the cyclic relations from Lemma . We note that t;uti; =

—tijtiji 1s trivial. Put together and using a suitable filtration this
implies the existence of a surjective linear map & ® A — gr¢;5(Ds)
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where A is the subalgebra of p5(Dg) generated by t12.34, t13.24, t14:23. We
will see later in Lemma that dimy A < 5. This implies dimy Eg <
14400.

Note that the algebra A in the previous Example [5.8|is not a group
algebra since it is non commutative and at most 5 dimensional. If
chark = 0 it is at least semisimple and we can check A = k x k?*? as
k-algebras.

Furthermore, as already explained it follows easily from dimy & =
8294400 and Remark that our upper bound from Example [5.§8|is in
fact exact.

5.4. n = 6. In this section we assume that & is the same
as the associated Nichols-algebra, as is conjectured in [FK98].
We use a computer aided approach with the method in Section [4.2] and
a procedure similar to the one shown in the examples in Section to
give upper bounds for the dimensions of some algebras on 6 vertices.
The strategy is again to give a graph S’ on fewer vertices than S and a
finite dimensional algebra A such that we have a surjective linear map
Esr @ A — gry;(Dg) using an appropriate filtration.

However, while the algebras A in the last sections were all rather
well behaved (most were group algebras, the others at least semisimple
if chark = 0) the situation here is much less satisfactory.

The complication that necessitates and limits the computer aided
approach are complicated relations of high degree. We first search for
new relations in the Nichols algebra and then deform them to relations
in the deformed Fomin-Kirillov algebra using Proposition [2.6]

We will work with k = Q and for Groebner basis computations use
the package GBNP [CK16] implemented in GAP [GAP16].

Note that the easier examples on 6 vertices are dealt with on the
go in Section [5.6]

| /\
>

F1GURE 8. The graphs S and S’ from Proposition .
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PROPOSITION 5.9. Let S be the graph on the left in Figure [§ and
S’ be the graph on the right in Figure[§. If we choose a suitable fil-
tration on p1(Ds)(Q) there is a finite dimensional Q-algebra A and a
surjective linear map Es/(Q) @ A — grp1(Ds)(Q). The algebra A is
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FIGURE 9. The graphs S and S’ from Proposition m
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FIGURE 10. The graphs S and S’ from Proposition [5.11]
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FiGURE 11. The graphs S and S’ from Proposition m

not semisimple, not commutative, and of dimension 24. In particular
we obtain dimg Es(Q) < 99532800.

PROPOSITION 5.10. Let S be the graph on the left in Figure[9 and
S’ be the graph on the right in Figure [d If we choose a suitable fil-
tration on p1(Dg)(Q) there is a finite dimensional Q-algebra A and a
surjective linear map Es/(Q) @ A — grp1(Ds)(Q). The algebra A is
not semisimple, not commutative, and of dimension 108. In particular
we obtain dimg Es(Q) < 2687385600.

PROPOSITION 5.11. Let S be the graph on the left in Figure
and S' be the graph on the right in Figure[10, If we choose a suitable
filtration on p1(Ds)(Q) there is a finite dimensional Q-algebra A and
a surjective linear map E¢(Q) ® A — gro1(Ds)(Q). The algebra A is
not semisimple, not commutative, and of dimension 8. In particular
we obtain dimg Es(Q) < 99532800.

PROPOSITION 5.12. Let S be the graph on the left in Figure
and S' be the graph on the right in Figure |11 If we choose a suitable
filtration on v1(Dg)(Q) there is a finite dimensional Q-algebra A and
a surjective linear map E¢(Q) @ A — gro1(Dg)(Q). The algebra A is
semisimple, commutative, and of dimension 6. In particular we obtain

dimg E5(Q) < 2073600.
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5.5. D,. Let n > 4 and

Do =1{(1,2),(1,3),(1,4),(i,i+1)|4<i<n—1}.

2@

\1 4 5 n—1 n

FiGure 12. D,

In this section we identify p1(Dp, ) and by doing so give an upper
bound for the dimension of £p, . This coincides with the exact value
given in [BLM13|, Thm. 6.2] by different methods. We will also revisit
this example in Section and using a different method also show that
our upper bound is in fact exact.

The case n = 4 was already treated in Example [5.2

We will write D/ _, for the graph obtained from D,_; by adding
the edge connecting 2 and 3. We have the following result.

PROPOSITION 5.13. Letn > 4. Then 1 (Dp,) has a set of genera-
tors which satisfy the quadratic, braid, and claw relations of Dpr . In

other words, v1 (Dp,) is a quotient onTD-;.

PROOF. It is easy to check that ¢1(Dp, ) is generated as an algebra
by

loa = Y12Y14Y12, ta3 = Y1aY13Y14, 132 = Y13Y12Y13,
and
tiiJrl = Yii+1 where 4 < 1 <n-— 1.

We check that these generators satisfy the same defining relations as
the generators of Dp, . Commutation of ¢;; where 4 < i < n —1
with t53 is obvious, as is commutation of ¢;;,1 where 5 <7 < n—1 with
t43,t32. The remaining quadratic relations we have seen in Example[5.2]
Note that the quadratic relations in this case already imply the claw
relations involving ta4, t43, t45 as one can see in the proof of Lemma [3.2]
What remains to be shown are the braid relations concerning to4 or t43
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and t45. Consider
astoalas = YasY12Y14Y12Y45
= Y12Y45Y14Y45Y12
= Y12Y14Y45Y14Y12
= Y12y14(Y12Y12) YasY14Y12
= Y12Y14Y12Y45Y12Y14Y12
= toalsston.
The relation t43t45t43 = —ts5tsstss is obtained in a similar way. ]

In fact, it is true that ¢, (Dp, ) = Dps_, which follows immediately
from this statement if we use that the dimension of £p was computed
in [BLM13| Thm.6.2]. We will later in Section give an easy inde-
pendent argument for this statement for k = C.

At this point we can only show the following estimate.

COROLLARY 5.14. Let n > 4. Then dimy Dp, < n!2"73,

Proor. We already know the statement for n = 4 from Exam-
ple 5.2,

Since we only used the braid and claw relations of Dp,, in the proof
of Proposition [5.13] it follows

dimg Dp, = ndimg ¢1(Dp,,)
< ndimeTD-;
<2n dimeTD—:
< plon—3
by induction. O
5.6. E,(n=26,7,8). Let n > 6 and
E,={3,n),(4,i+1)]1<i<n-—2}
,

4
[ ] [ ] ® - 0

.}—‘

[ ]
FiGure 13. E,

In this section we will investigate ¢3(Dg, ), in particular we will give
upper bounds on the dimension of Dg,_ for n = 6,7, 8. For the most part
we will be able to do this by very easy direct computations, however
for n = 8 we will require some minor Groebner basis calculations.
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The dimensions were already obtained in [BLM13, Thm.6.3] for
k = Q by computer calculation.

In passing we will also obtain the dimensions of Dg for some other
graphs S.

We begin with a lemma. We introduce the notation

H,={(3,n),(n,2),(i,i+1)|1 <i<n-—2}

n

[ ]
1 2 / \3 4 n—1
. . . PRy

FiGure 14. H,

LEMMA 5.15. ¢3(Dg,) has a set of generators which satisfy the
quadratic, braid, and claw relations of Dy, _,. In other words, ¢3(Dg,)

1S a quotient ofD/H:.
PROOF. It is easy to check that w3(Dg, ) is as an algebra generated
by
t12 = Y12, tiit1 = Yiiy1 where 4 < i <n —2,
and
a2 = Y34Y32Y3a, Lon = Y32Y3nY32, lna = Y3nY34Y3n-

By Example |5.2] and the proof of Proposition [5.13| we know that these
generators satisfy the quadratic, braid, and claw relations of Dy . U

We obtained an upper bound for the dimension of Dy, already in
Example Since we only used quadratic, braid, and claw relations
in our investigation there, we can deduce

dimy D, = 6 dimy @3 (Dp,) < 6dimy Dy, < 17280.
We expand on Example 5.4, We introduce the notation
Kyy = {(1,3),(2,4),(4,i+ 1) |1 <i<n—1}\{(2,3)}.

A AP

FIGURE 15. Ky,

.Cﬂ
[ J

Again we have a lemma.
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LEMMA 5.16. There is a surjective linear map

Drkypauf23)y ®kla] = ©n(Da,),
where a? = 1.

PROOF. It is easy to check that the algebra ¢, (Dpg, ) is generated
by Q(23) = Y3n¥Y23Y2n = Y2nY23Y3n and

to4 = Y3nY23Y34Y23Y3n, t13 = Y2nY23Y12Y23Y2n,
tii—l—l = Yii+1 for 1 S 1 S n— 2.

It is clear that t;11a(23) = a3)tiip1 for @ > 4. We already discussed
that these generators satisfy most of the relations of the graph K, U
{(2,3)} in Example[5.4] the relations involving t;;1 where ¢ > 4 remain
to be checked. It is obvious that t;;,1 commutes with ¢19,%3, and ts3
for ¢ > 4, as are the relations involving only ¢;,,; where ¢« > 3. The
braid relation tostystos = tastostss follows easily from the braid relation
Y34YasY34 = Yas5Y34Yss and the claw relation involving to4, t45, t34 already
follows from the quadratic relations since there is one triangle involved
(see the proof of Lemma [3.2]). This implies the claim. O

In particular by Example [5.5] we have
dimg Dy, < dimy Dyy, = 6 dimy g (DAHG) < 6:2:2-dimy Dy, . < 207360,

We can now give an upper bound for the dimension of Dg,. We
have

dimy Dp, < 7dimy Dpg, < 1451520.

Similar to before we can expand on Example Again for use
only in the remainder of the section we write

S5 ={(6,5),(5,6) 1,5 € {2,3,4,5}}.

We need to know defining relations for g ; it can be checked by com-
puting Groebner basis and using the existence of the derivation 0* that
the quadratic relations and the graded versions of the relations we dis-
cussed in Section |3 suffice to define ;. Note furthermore that of the
relations involving the generator (5,6) only the Coxeter relations need
to be checked, the others follow from the presence of the quadratic rela-
tions. Again, one can see this by either using Groebner basis methods
or by checking the proofs in Section [3]

Of course by using Groebner basis calculations we limit ourselves
to the case k = Q.
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_ o4

X .

FIGURE 16. Si

LEMMA 5.17. There is a filtration on the algebra ¢1(Dg, 4(Q)) such
that there is a surjective linear map

53;., (Q) ® Q[a] — gryn (DK4,6 (Q))
where a®> = 1.

PROOF. As in Example [5.5|it is easily verified that ¢ (Dk, ((Q)) is
as an algebra generated by a(243) = —¥12924Y43y31 and

toa = You, t34 = Y34, Las = Ya5,t56 = Yse,
t32 = Y12Y31Y12, 35 = Y12Y24Y43Y45Y43Y24Y12, t25 = a(243)t35a(’2}l3).

We know almost everything we need from Example 5.5 what remains
to be shown are the relations involving t56. This is easy to do using
the braid and quadratic relations. O

By Example [5.§] and Theorem [L.6] this implies

dim@ DK4,6 (@) < dim@ DK4,6 (Q)
< 18-12- 14400 = 3110400,

which in turn gives

dimg Dy, (Q) < dimg D, (Q) < 7 -2 - 2dimg Dy, ,(Q) < 87091200,

This finally allows us to give an upper bound for the dimension of

Dg,(Q) as
dimg Dp, (Q) < 8dimg Dy, (Q) < 696729600.

FIGURE 17. The cross.
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REMARK 5.18. We briefly consider a problem for the computation
of the dimension of Dg,. For this we should consider S} with the edge
(6,7) added. However, even the algebra to the subgraph in Figure
is not known to be finite dimensional yet and seems to require new re-
lations: in the associated Nichols algebra we found additional relations
of degree 14,15, and 16. This hints at additional relations appearing
in Dg, as is also stated in [BLM13].

6. The Complete Graph

In this section we extend the treatment of the examples in Section
to the full algebra D,,. While the treatment in this section is inspired
by the previous section, it is independent of the results given there.

After a little preparation we can finally calculate the dimension of
Es in Section [6.3]

In Section [6.4] we try to use our method for n = 6, however our
results there are still partial.

6.1. The General Case. Our approach is similar to the one given
in [FP00).

For all 4,5 € {1,...,n — 1} with i # j let t;j = Yni¥nj¥ni € Dhn.
With the method from Section we can easily see that ¢, (D,,) is as
an algebra generated by y;; and ¢;; where ¢,7 € {1,...,n—1}, i # j
and has defining relations

Yij + yj =0 if 1 # 7,
vy =1 if i # 7,
YijYik + YjkYki + YriYi; =0 if #{i,J,k} =3,
YijYkl =Yr1Yij if #{4,5,k, 1} =4,
ti; + tj; =0 if i # j,
t2 =1 if i # j,
tijtix + tjntri + triti; =0 if #{i,7,k} =3,
Yijtiy =1 — tijy;; if i # j,
Yijtie =tjkYi; + tikte; if #{i,j,k} = 3,
Yijll =riYij if #{i, 7,k 1} = 4.

In the following we will identify the subalgebra of ¢, (D,,) generated
by y;; where 1 < 4,7 < n —1,i # j with D,_; in the natural way.
We refer by 7,_1 to the subalgebra of ¢, (D,,) generated by t;; where
1<i,5 <n-—1,i# 7. We note that the action of S,, on D,, introduced
in Section [2| induces an action of S,,_; on 7,_; and turns 7,_; into
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a kS, _;-module algebra. It is easy to check that ot;; = t,(),(;) for
o c Snfl.
Let 1 <i,5 <n—1,i# 7. We define a linear map
dij + Tam1 = 0n(Dy), t =yt — ((27)8)yij-
This map is obviously a (ij)-skew derivation, i.e. we have
dij(tt') = dij ()t + ((i7)t)dy; (')

for all ¢,¢' € T,_1. From the defining relations of ¢, (D,,) we immedi-
ately obtain

dij(tij) =1 € Ta-,

dij(tin) = —dij(trs) = tinte; € Tna if k & {i, 5},

dij(tw) =0 € Ty if k1 & {1, j}.
This combined with the property that d;; is a (ij)-skew derivation
implies dij (7;_1) Q 7;_1.

We will need some lemmas regarding these skew derivations. We
postpone the proofs for now.

LEMMA 6.1. Let 1 < 4,5 <n—1andi # j. Let c € S,,_1. Then
odij(t) = do@yo(ot) for all t € Tp_y.

ProOF. Follows from Lemma [6.5] 0O

The following lemma shows that our skew derivations give an action

of £,_1 on T,_1.

LEMMA 6.2. The following relations hold in Endy(7,-1). Let 1 <
ikl <n—1.
(1) dij+dji =0 if i # j.
(2) d2 = 0.
(3) dl]djk + dgkdkz + dkz iy =0 Zf #{l ]7 k} = 3.
(4) dz]dkl - dkldw Zf #{7’ ]7 k l} =4.
(0]0)

PROOF. (1) is obvious.
(2),(3), ( ) follow from the Lemmas [6.7] and respectively.
U

PROPOSITION 6.3. The multiplication map Tpn_1 @ Dy—1 — pn(Dy)
1 an isomorphism of vector spaces.

PROOF. Let p: T,_1 ®D,_1 — vn(D,) be the multiplication map.
It is clear from the defining relations of ¢, (D,,) that this map is surjec-
tive. We construct the inverse. We define a ¢, (D,,)-module structure
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on Tp—1 ® Dy by

Yij - (L ®@y) = dij(t) @y + ((i5)t) @ iy,

for 1 <i,5,<nm—1,i+# j,t € Tp_1,y € D,_1. We can check that this
satisfies the defining relations of ¢, (D,,). The relations involving only
the t’s are trivial, the relations involving only the y’s follow by using
Lemma [6.1] and the corresponding relations from Lemma for the
d’s. The relations involving both ¢’s and y’s follow using that the d’s
are skew derivations and using the values of the d’s on the generators
of 7:1_1.

We can now use this structure to define a map
T Son(Dn) — 7;1—1 X Dn_1, ar—a- (1 X 1)

It is clear that m o p = id by the definition of the module structure.
Therefore p is injective aswell and hence an isomorphism. U

We want to know the defining relations of 7,,_;. For this we use the
existence of the skew derivation d.

We rebuild the situation we are in and abuse notation. Let V' be
the k-vector space with basis {t;; |1 <i < j <n—1} and let t;; = —t;;
for 1 <i < j <n-—1. We define an action of S,,_; on T(V): For
o € S,_1 there is a unique algebra automorphism o € Aut(T(V))
given by o(ti;) = towey) for 1 <i<j<n-—1.

Furthermore, T'(V') has a S,_;-grading by assigning ¢;; € V the
degree (ij) for 1 <i<j<n-—1.

For 1 <i,j <mn—1 with i # j let d;; be the (ij)-skew derivation
on T'(V') with

dij(ti5) =1, dij(tr) =0 (k, 0 ¢ {i, g} k#1),
dij(tir) =tirtr;, dij(tj) =tjktri (k¢ {i,7})
We then clearly have d;; = —dj;.

Let Iy be the ideal of T(V)) generated by 7, — 1, 1 < i < j <
n — 1. Let I be the ideal of T'(V') generated by I, and the elements
tijtjk + tjktk:i + tkitij where 1 S i,j, k S n — 1, #{Z,], k} = 3.

LEMMA 64. Let 1 <i,j <n—1 withi # j. Then d;;(1y) C
holds.
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PROOF. Since d;; is a (ij)-skew derivation and (ij)(ly) C o, it

suffices to show that d;; maps the generators of I, to I;. We have

dij (7, — 1) =d;j(tij)ti; + ((i5)ti;)dij(ti5) = tij 4+t = 0,

dij(th, — 1) =dij(ta)tin + (7)) dij (tix)

=tiptrlic — teilintn; € 11,

d,LJ(t]Zk - 1) - — dJ’L(t?k - 1) € [1,

dij(t7; — 1) =dij(tra) e + (1) tr)dij (ta) = O
for all k,1 ¢ {i,7} with k # [. See the proof of Lemmafor tintritin —
tritinle; € 1. ]

Let d : V — End(T'(V)) denote the linear map given by d(t;;) = d;;
for1<i<j<mn-—1. Forr € Nwithr > 2let I, CT(V) be the ideal
that is generated by I,_; and d(V)(I,_1). Let I = U,>¢I,.

For all x,y € T(V) and r € Ny we write z =, y if z — y € I,.

We want to find relations among the elements of d(V'). We start
with a lemma.

LEMMA 6.5. Let 1 <i,7<n—1andi # j. Let 0 € S,_1. Then
od;j(t) = dy(iyo(j)(ot) for allt € T(V).

Proor. We start by evaluating both sides on the basis of V. Let
1<k, l<n-—1andk,l ¢ {i,j}. Then

odij(tin) = to@)ok)lo®m)o(),
odij(tej) = to(i)othytotr)ot),

and we get the same results for the evaluation of dy;),(j 0 on the basis
of V. Moreover, we observe for ¢, in T'(V):

odi(tt') = (odi;) ()0 (t') + (o (i5))t) (odi;) (1),

and

do(i)() (0 (1)) = (do(iyo(0) (D)o (') + ((0(i)0 (7)) )t (do(i)r(;)0) ()

Since o(ij) = (o(i)o(j))o in S,_; this implies that both od;; and
do(i)o(j)o fulfill the same Leibniz rule. The claim follows. O

Note that this together with S, 11y C Iy and S,,_1I; C I; implies
S,-11, C I, for all » > 0.
We derive some relations between the elements of d(V).
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LEMMA 6.6. Let 1 < 4,5,k < n — 1 with #{i,5,k} = 3. Then
(dijdji + djrdi; + diidij)(t) =0 for allt € T(V).

ProOF. We evaluate d;;d;; + d;rdy; + diid;; on a basis of V. It is
clear that it evaluates to zero on t;,, where I,m ¢ {i,j,k}. Due to
symmetry we only need to consider the following cases. We start with

dijdj(tiy) = —dijdi;(ti;)
= dij(tjitc)
= tir, — Lijtintey,
diidi;(ti;) = dpi(1) = 0,
djndri(ti;) = —djudii(ti)
= dji(tjitr)
= tyititjn + thi,
and hence have (d;;d;, + djrdp; + diidij)(t;) = 0. f 1 <1 <n—1,
[ ¢ {i,j,k} we compute
dijdjr(ty) = 0,
dipdyi(ta) = —djrd(ta)
= —djp(tut)
= —tulrityy,
didij(ta) = —dig(titi;)
= —tlyttyj,

and hence obtain (d;;d;, + djrdy; + diid;j)(tia) = 0. Moreover we com-
pute for ¢,¢ € T(V) using Lemma

dijdji(tt') = dij(dje (0" + ((5K)1)dji (1))
= dijdi(t)t" + ((ijk)t)d;;di(t')
+ (i (1)) dij (1) + dig ((F)E) dj (1),

which implies that d;;jd;; + djrdg; + dpidi; is a (ijk)-skew derivation.
The claim now follows. ]

LEMMA 6.7. Let 1 <i,j <n—1 withi# j. Then d;(t) = 0 for
alit e T(V).

PROOF. We evaluate dfj on the basis of V. It is clear that it evalu-
ates to zero on ty where k, 1 ¢ {i,j}. Let 1 <k <n—1with k ¢ {7, j}.
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We obtain
d3;(ti;) = di(1) = 0,
d3;(ti) = dij(tintes)
= tinth; + Liths
= tu(th; — 1) + (5 — Ditw
= 0.
For t,t' € T(V) we have
(") =diy (dig ()t + ((1)t)di (1))
=dZ () + ((17)di; (8))dig (') + di ((i5)8)dig (') + ((i5)*8)d3;(t')
=d;;(t)t' + td;;(t"),

due to Lemma . Hence d?j is a skew derivation and the claim follows.
O

LEMMA 6.8. Let 1 < 4,5, k, 1 < n—1 with #{i,j,k,l} = 4. Then
(dijdy — dpadi;)(t) =2 0 for allt € T(V).

PRrOOF. We evaluate [d;j, dy| = dijdu — diyd;; on the basis of V.
It is clear that it evaluates to zero on t,,,, where m,m’ ¢ {i,j,k,1}.
Due to symmetry we only need to consider the following cases. Let
1<m<n—1withm ¢ {i,j,k,1}. We compute

[dij, dwa](ti;) =dij(0) — diu(1) = 0,
[dij, diat] (i) = — dij(trita) — dia(tint;)
=tigtrity — trjlatyy + teitale; — tate;ts
=t (teitu — tutk;) + (et — tute;)ti,
[dij, di] (tim) =di(0) — dia(tigtim — imtij) = 0.

We will check later (Lemma |6.11) that ¢;(txty — tute;) + (trjta —
tutk;)ty =2 0. Moreover, for t,¢' € T'(V') we have

dijdi (tt") =d;; (di ()t + ((k)t)dw(t))
=dijdu ()" + dya ((i7)t)di; (')
+ di (KD di (') + ((i5) (kD)) dijdp (),

using Lemma, This implies d;;dy — diyd;; is a (i5)(kl)-skew deriva-
tion. The claim follows. O

PROPOSITION 6.9. The kernel of the algebra homomorphism
¢ : T(V) — ﬁflatij —> tij
s 1.
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PRrROOF. It is clear that [ is contained in the kernel of ¢. This
means we can obtain a surjective linear map

p:TV)/I@Dyy 225 Ty @ Doy 28 0, (D).

We now proceed as in the proof of Proposition Define a ¢, (D,,)-
module structure on 7'(V')/I ® D,,_; by

i toy) = tmt ® Y,
i (t®y) =di(t) @y + ((i)t) @ yijy,

for 1 <i,5,<n-—1,i # jteT(V)/I,y € D,_1. Observe that on
the left side we refer to the element ¢;; € 7,_; and on the right to the
element ¢;; € V. By the same argument as in Proposition we can
see that this in fact gives a ¢, (D, )-module structure. Moreover, as in
the proof of Proposition [6.3|we can use the existence of this structure to

show that p is an isomorphism. It then follows that ¢ : T'(V')/I — T,
is an isomorphism aswell. O

REMARK 6.10. The Propositions and and their proofs are
very similar to Theorem 1 in [FPO00].

6.2. Description of I for n < 5. By Proposition[6.9 we know the
defining relations of 7,,_; in principle. In the following section we work
towards a more concrete description. While our goal in this section
is to achieve a description for n < 5, this is also the beginning of the
considerations for the case n = 6 in Section [6.4l

We want to introduce some notation. In preparation of Section
we use graded commutators: For any group G and any G-graded kG-
module algebra A we define a bilinear map A x A — A by letting

[a,b] = ab— g(b)a

for a € A homogeneous of degree g and b € A. Observe that if A is
moreover a Yetter-Drinfeld module over kG we have

g ([a,b]) = g(a), g(b)]
for g € G and a,b € A.
Returning to our setting we introduce the notation
tijia = [tij, tu] = [tij, t] € T(V),

where 1 < 4,5, k,l < n—1and #{i,j,k, 1} = 4. The degree of this
element is (i j)(k(). The formulas ¢y = —tg; and ¢ = —tji are
obvious. Moreover, we have

(6.1) Lijskatiy =o tijtrati; — ta =0 —tijtijin-
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To obtain a description of the ideal I we start by applying the elements
of d(V') to the generators of I;.
LEMMA 6.11. Let 1 <i,j,k <n—1 with #{i,j,k} = 3.
(1) dij(tjitie + tinte; + tejtji) =10
(2) Let 1 <1 <n—1withl ¢ {i,j,k}. Then
dia(tjitin + tintry + tijtsi) =1 [tign tis]-
PROOF. (1)We compute
dij(tjitin + tintnj + trgtyi) = —tie — tadij(tin) + dij(tin)tej + tjrdi(ts)
— dij (g )tij — ti
= —ljitirlej + tirleiley + Liktinle — iklritis
=0 lijtikte; — Ukjlintiy + ti + i
= 0,
where the final equation follows from the proof of Lemma 3.1}
(2)We compute
da(tjitir + tixtny + tigtyi) = —da(ti;)ti + tpda(ta)
+ da(tin)tr; — trida(ti;)
= —(titj)te + tiu(tintrr)
+ (tantr) ey — trj(Lijti)
=1 tititin + titijtie — ittty — titutix
— bty — titinte; + teitjty + tiiliti;
= ti(—tjiti — tintr;) + (it + tijtj)t
— tratytyy + trjliti;
=1 bitkjtys — Clrit — Trtite; + Trjtiits;
= tiptutly; — tatjkti; — ttjrta + tutatje
= [tin, il
as was claimed. dJ

Let us consider the evaluation of some derivations on ¢;; ; as prepa-
ration.

LEMMA 6.12. Let 1 < i,j, k1 < n — 1 with #{i,j, k,1} = 4. The
following hold.

(1) dij(tija) = 0.
(2) dir(tijier) =1 tjgatie + titije =2 tiitinia + tiwtijm
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PRroOOF. (1) Clear.
(2) We compute
dik(tijr) = din(tij )t + tidin(tr) — dir () ti; — tadi(ti;)
= tijljrte + tijluta — tatati; — tatijte
=1 —(tjgtri + tritij) b + trjtata
— (tutin + titi)ti; — tatijtie
=1 —trtitin — trilijl — Tuitjnte: — tinlrits;
= tigalin + tiklijim
= itk + tirtijor,
the last equation following from Lemma [6.11] 0

To continue we need to apply the derivations to [t;j., tie]. To
reduce the number of cases we need to consider we observe

[Eijswrs tie] = tijswatin + titjisn
=ttt + tijtietes + tiitietji + tratjitin
=1 ti(tut + titrs) + tiatutsi + tra (et + tiita) + titigti
=1 biglinta + Uwtjityi + tatkite + bitijt,

which implies
(6.2) [tijire, tir] =1 [Ejeis i =1 [triigy tea] =1 [t L]
LEMMA 6.13. Let 1 <i,j,k,l <n—1 with #{i,j, k,l} =4. Then
(1) dik([tijir, tir]) =2 tiwjitijom + k-
(2) dij([tijsm, ti]) =1 0.
PROOF. (1) We compute using Lemma [6.12)
dik([tijirts tir]) = diw(tigimtin) — din(titijm)
= di(tijier)tire + tijia — tiudin(tijpr)
= (tjkutin + titijr)tic + trja — tj(ttina + tintijn)
= tinlutijrr + tika — tilintijm
= tirsjitijel + ikt
(2) From Lemmawe know [tij.e, tie] =1 dij(trita+tatu+tite:)-

The claim now is an immediate consequence of Lemma, [6.7]

O

We are done for n < 5 and can give a complete description of 7,4
in terms of generators an relations. We will use this in Section [6.3] to
calculate the dimension of D,, for n < 5.
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COROLLARY 6.14. Let n < 5. The defining relations of T,_1 are

-1, (£o)
Lijtik + tirtri + tritiy, (1)
[tijmts tirls (I2)
tikjitijer — Citjiks (I3)

with 1,5, k, 1 € {1,...,n — 1} pairwise distinct.

Proor. We obtained all generators of I in Lemma [6.11] Due
to (6.2) we found all new generators of I3 in Lemma [6.13] More-

over, using the Lemmas and and similar arguments as in
Lemma [6.13|(2) it is easy to see that d(V)I5 C I. O

6.3. Calculating the Dimension for n < 5. In this section we
calculate the dimensions of the full Fomin-Kirillov algebra for n =
3,4, and 5. The cases n = 3,4 were already treated with a different
method in [MSO00], which does not appear to work for larger n. For
the case n = 5 to the best of our knowledge the dimension was until
now only known through Groebner basis calculations (see [GV16] for
some history).

PROPOSITION 6.15. Let 3 <n <4. Then

(1) The1 = D,—1 as algebras.
(3) dim &y = dimy Dy = 576.

PROOF. (1)We see directly from the defining relations 7,,_; in Corol-
lary [6.14] that 7,1 = D, for n = 3, 4.

(2),(3) Follows directly from dimy D, = 2, Proposition [6.15(1) and
Corollary [4.4] O

For n = 5 the situation is a bit more complicated. If we assign
degree 1 to the generators ¢;; and degree 0 to the generators ¢, of
T4, it is clear from Corollary and Equation (6.1) that we have a

surjective linear map
(6.3) Es@A = gr Ty,

where A is the subalgebra of 7, generated by t19.34, 11324, and t1423.
We give an upper bound for the dimension of A.

LEMMA 6.16. We have dim; A < 5.
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ProoOF. Let 1 < i,j,k, 1 < 4 with #{i,7,k,l} = 4. We observe

using the relations from Corollary
2
i = tigmitingtin
= tikyjtinsi
42
- tik;lj
and as a consequence
3 42
tij;kl - tik;ljtij;kl
= tiktjtitskg

= —Lijikt-

Due to tik;jltij;kl = til;jk and tij;kl = _tji;kl = tji;lk this implies that

2
{1, tio34, t13,04, t1ai23, Lioza f
spans A as a k-vector space.

It now follows that

l

dimy, D5 = 5dimy, 5(Ds) = 5 dimy Dy dimy, Ty < 5% - 576 < 8294400.
Here in the first equation we used Corollary in the second Propo-

sition and in the third Equation (6.3) and Lemma [6.16]

We want to show that this estimate is exact. For this we need a bit

of extra work. First, we show that in fact ¢;;,1; # 0.

LEMMA 6.17. Let 1 <i,j,k,l <n —1 with #{i,7,k,l} =4. Then

tijwl # 0
m To_1.
PROOF. Recall that
Lijikt = Cijlp — trati;
= YniYnjYniYnkYnlYnk — YnkYni¥YnkYniYnjYni € Dn.

Due to Proposition we can act on &, with this element.

observe that

ynkynlynkymyn]ynz(xnz) S 527
due t0 T (T0iTnjTniTnkTritng) = 0 € &,. On the other hand,

ymyn]ymynkynlynk(xm) - xni<xnkxn1xnkxnixnjxni) + x
for some & € £S. Hence, it suffices to show that
LniTnkelnlTnklnilngLng 7£ 0€ gn
This however is easy: An elementary calculation shows

OniOn1 010k 0ri 0 O (i E Tt ki) = 1

First
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and we are done. O
Next we turn 74 into a left £,#kS;-comodule algebra.
PROPOSITION 6.18. The assignment

for 1 <, 7 <4 turns Ty into a left £4,#kS,-comodule algebra.

Proor. We first need to check that this assignment is compat-
ible with the defining relations of 7;. Let 1 < 4,5, k,1 < 4 with
#{i,7,k,l} = 4. First observe

p(tij)p(tis) = (ziy @ 1+ (i) ® ty;) (w5 @ 1+ (if) @ ti5)
= x5, ® 14 35(i) ® tyj + (if)zs; @ by + 1 15
= 24j(i]) ® tij + 253 (if) @ ti; + 1@ 1
=1®1
= p(1),

where we used z7; = 0,13, = 1, and x;; = —x;;.

Next, consider
p(tij)p(tin) = (x5 @ 1+ (if) @ tij)(zje @ 1L+ (k) ® tj)

= ok @ 1+ 245(k) @ tje + (0) w0 @ tij + (1K) @ tijtn
= zijTj ® 1+ 255 (k) @ L, + zi(ig) ® ti; + (i5k) @ tijt ji.

This immediately implies p(t;;)p(tx) + p(tjx)p(tri) + p(te:)p(tij) = 0 if

we use the corresponding relations in & and 7y and z;; = —x;;.
For the remaining two relations consider first

p(tij)p(te) = (x5 ® 1+ (1)) @ tij) (zw @ 1 + (k) @ ty)
= 2T @ 1+ 245(kl) @ty + (1)) @ ti; + (i7)(kl) @ tit
= 2T @ 1+ 245(kl) @ty + (1)) @ iy + (17)(kl) @ tijtg.
This immediately implies

(6.4) [o(tij), p(te)] = (i) (kD) @ tijim,

by using x;;xy = Tix;;. From this we see directly that the last relation
of Corollary[6.14]is satisfied. Using this formula it is also trivial to check
the second to last relation of Corollary [6.14] we will skip this.

We have now checked that the assignment gives a well defined alge-
bra map Ty — E,#kS, ® T4. We still need to check coassociativity and
the counit property. It suffices to check this on the generators, there it
is trivial. 0

Now we can show a lower bound for the dimension.
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LEMMA 6.19. We have dimy T4 > 5 - 576 = 2880.

PROOF. Here we shall write x = t12;34,y = t13;24, and z = t14;23.
Choose a basis (z4)1<u<s7e 0f €4 consisting of monomials. For each
1 < u <576 thereisam > 0 and sq,...,s, € T such that z, =
Xgy T, . For 1 <u <576 let t, =t ---ts, € Ty. We show that

{tu, tuz, tuy, tuz, t,2?|1 <u < 576} C Ty
is linearly independent over k. Indeed, for 1 < v < 576 and w €
{1,z,y,2,2*} let \¥ € k not all zero such that
576

(6.5) > Mtaw=0.

we{l,z,y,z,22} u=1

Let K be the maximal length of a monomial ¢, that appears in
nontrivially. Due to 2% = y? = 2% our situation is symmetric in z,y, 2.
Thus due to 2> = —z we may assume (by multiplying with z if
necessary) that the there is a 1 < v < 576 with degt, = degz, = K
such that A # 0. By Lemmal6.17] we have = # 0. Since the Sy-degrees
of y, z,2%,1 and z differ, those elements are not equal to . Now from
Equation in the proof of Proposition and the definition of p
it follows that

576

Y Nz, +i=0€é&,

u=1l,degx,=K
for some # € EF'. Since &, is graded this implies
576
Z Aoy, = 0.
u=1l,deg x,=K
This implies A\? = 0 if degz,, = K since the x,, are linearly independent
in £;. This however is a contradiction to what we have seen above. [
As a corollary we finally have.
COROLLARY 6.20. The dimension of & is 8294400.

6.4. Description of [ for n = 6. In this section we consider the
case n = 6. Before we start let us remark that we do not currently un-
derstand the algebra 75, and the results of this section are incomplete.

Before we continue we introduce some notation. Let ¢, 7, k,[,m €
{1,...,5} with #{¢,j,k,l,m} =5 and let

tijmkl =[tijkt, tim] and

Ujm;kl :[[tijm;kla tzm]] .
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The element in the first row has degree (ijm)(kl), the element in
the second row has degree (jm)(k(). We will collect some elementary
equations involving these elements later.

Again as preparation we calculate the value of the derivation that
we have not considered in Lemma on t;; -

LEMMA 6.21. Let 1 < 4,5,k l,m < 5 with #{i,j,k,1,m} = 5.
Then
dij(tikam) = tijtikim — Cikthiim — tikiim.-
Proor. Compute
dij(jkm) = dij(tj)tim — timdis(Er)
= tikliktim — timtjklin
= tiklikm T Cikamlic + Ciiljrgm + Lijtiram
= tijlikam — Ciktriim — Cikisim.
O
Using this we can easily evaluate the last derivation at [t;;;u, tir]-
Also we evaluate the remaining derivation at t;;t;, + tit; + ti;tji-
LEMMA 6.22. Let 1 < 4,5,k l,m < 5 with #{i,j,k,1,m} = 5.
Then

(1) dum (it + tartis + tiitsi) = 0.
(2) dim([tijirrs tixl) =2 [iwmiiss tinl + trrgmtigiem-
PRrOOF. (1) This is clear since d;;(ty) = 0 if #{i,j,k,l} = 4 by
definition.
(2) Compute
Aim ([tijikts tinl) = dim (tijm)tie — dim (G it — Limim (tijont)
= — i (tikzij ) ti — Lt jmtijiet + timdmi(in:ig)
= —(tmitikij — titkmsis — tikmaij )i
+ titimtriis + tim (Emitikig — titkmsis — tikmsis)
=2 —lmutjitin;ij + titjmlem;ij + tikmsijti
= titimtiti; — Cimtmileig — timliklem;i; — timlikmsij
=1 tikjmtrmsij + [tikemsij, tik]-
U

We saw earlier that

[tijias tin] = tigtinta + tintjtsi + tatrite; + tutijtis,
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using this it is easy to show that
Ttikmsijs tir]) + thiimtimm =2 dim([tija, tix])
=1 tijlixtatim + tixtjtimtji
+ Litkmtriti; + tmbutiile + Cnitmtmetm.-

As did (6.2)) this symmetry greatly reduces the number of derivations
we need to evaluate at [tigm.ij, tik] + thijmtijem- We are now prepared
to show the following.

COROLLARY 6.23. The defining relations of Ts are
2
tijtik + tikte: + tritij,
[tijire, tir],

Lik:jitijrr — titsjk,

SIS

e N T T T T T T N N N

[tikmijs tie] + thijmbijiem.

dik([tikmsiz, tie] + trisjmtijskem),

didik([tikemsig, tik] + trijmtijem),
djidi([tikmsiz, tir] + trrjmtijem),
diidadik([tiemsig, tie] + trjmbijiem),
dirdjdadi([tikmsij, tir]) + trijmtiem),
dijdiedijdidie ([tiemsig, tie] + trisjmtijsem),
dimdijdirdidadie ([ikmsijs tie] + trizimtijiem)

e N e T N e N N e N e Y S N N
on Bl R e e B B

S o

with 1,5, k,l,m € {1,...,5} pairwise distinct.

PROOF. Elementary calculations similar to Corollary[6.14]using the

Lemmas 6.6} [6.7, [6.8] and similar arguments as in Lemma [6.13(2). O

We now know that the process of getting relations by applying
derivations ends after finitely many steps. Of course, we still desire a
more explicit description. The remainder of this section is dedicated
towards that. For the remainder of this section 1 <4, 7,k,l,m <5 are
always assumed to be pairwise distinct natural numbers.

To prepare we collect some equations concerning the elements ¢; ;.1
and ., which were introduced earlier.

Trivially, we have

tijm;kl = _tijm;lkv Ujm;kl = —Ujm;lk-
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Moreover,
tijmskl T Cimiskt + tmijikt =lijikalim — Limtijik
+ Cimkitmi — Cjitjmkt + tmiskiti; — tmjtmik
= — trtijtim — timbijti — talimbmi

— tiitimte — Tritmiti; — tmjtmiti
(6.6) =,0.

And as an easy consequence already using the upcoming Lemma|6.24(1),(2)
0 =1 [tijmt, ti] + [Ejmisers ti5] + [migsnas tis]
=1 —Uimskl — Umiskl,
and hence
(6-7) Uim;kl =1 —Umi;kl -

As further preparation we collect the commutation relations for the
tijm;kl-

LEMMA 6.24. The following hold.

(1) [tijmots tij] =1 —Wimsp-

(2) [timept; tim] =0 0.

(3) [tijmekts tim] =1 —Umjiki-

(4) [tijmets tir] =2 tijiratjmie — timsjitijm-
(5) [tijmsk, tik] =3 tijumtuiim-

(6) [[tijm;kh tmk]] =3 tim;kltij;mk-

(7) [tijmskt, tia] =o tijiratjmskt — tmiitise-

PRrOOF. (1) Compute

[tijmis ti] = ijmpati; — timtigmaa
= tigiitjmti; — timtijmiti; — Limtimm
=1 tijikt(—tjitim — timtmj) — tmitijtijer — timbijmaki
= titjimitim + ikt + tjmtjises)tmj
= tmitijtijikt = tjmbijmski
= tij(tjimspt + timtiikt) + tjimkitmg
— Cnilijliji + timbimbijik
=1 [tjimit, tm;]

= —Uim;kl-



66 3. SUBALGEBRAS RELATED TO SUBGROUPS
(2) We have
Lijmikitjm = tz‘j;klt?m — Eimtijkitim
=0 timi(—timtijrr + tijuitim)
= tmilijmski-
(3) Follows from the definition and (6.7).
(4) Compute
[tijmks tie] = (Gijiatjm — timbijia)tik — tiitijmakl
= tijiet (Ejmaik + tiktjm) — timbijiatic — Ciitijmski
=2 Lijikiljmzik + Lilijikitim — timtjitije — Litijmim
= tijikitjmik + Cittimtijier — timtjilijm
= tijikitimiik — timgjitijokl-
(5) See Corollary
(6) Follows immediately from (4) and (5) using (6.6).
(7) Compute
Lijmkitir = Cijikitimtin — timtijiritu
= tijkitjmkt + tijiraliitim + timtritim
=0 tijitimkt — tritijikitim + (Cimegr + teitim ) tijk
= tijikitjmk + Crlijmkt + Cimsratisont-
O

Before we start with the commutation relations for w1 we con-
sider the following helpful formula.

tikt;jmbijskm = tikgimtritijsem — Catikjmtijem
= tik;jm(tij;kmtml + tkml;ij) - tiltik;jmtij;km
=3 Likyimbimizij + timjktms — talim;jk
(68) = tik;jmtkml;ij + Zfiml;jk-

As a consequence of we observe that the element ;.1 can
already be expressed using the notations introduced before:

titmskithimity = titmikj (Crisigtim — temtriy)
= —timskjtiksitim + CimskjTmklrij
=3 —(tikjtijmik — Ligmak)tim + (Lijtiomkj + timskgtitmk ) tri;
=3 tiki (Citijmeik + timeiktijome) + Cjitijmak + Wimatk
— tij(tikstigmeir — tijmgr) + timgtimitrit

=1 Uitk + tigkjtimaktijsmi + Cimskgtimatrilg,



6. THE COMPLETE GRAPH 67

or
(6.9) Ujmskl =3 —Citm:kjlhimily + Citzkilimsintizme + timskgtimatiiy -
We also have commutation relations for 1. Check in the
paragraph of I5 later for a completion of this list.
LEMMA 6.25. The following hold.
(1) [ttjmiets tim] =o 0-
(2) Twjmmts tigl =3 tigmapatimsjn + tijmitijmrr + tijmitimi-
(3) Twjmsmts tim] =3 tigmtugimtuimgy — timskstimutigmri
— titmskjtemyitthizmi — tikmsattimsiktijmi-
Proor. (1) Compute
Ujmagatim = Lijmkitom — Liitijmekitim
=0 tijmkl — tji(Wimet + tjitijmaki)
=0 LijUjm;ki-
(2) We compute using Lemma [6.24](5)
Wimskitik = Cijmkitimtix — Cjitijm:kitin
=3 tijmaitim:jk + tijmmititim — tji (Cmitijmpr — Cijimitjmaki)
=3 tijmkitim:jk + (Emitijmgt — tijimitimski)tim
+ tijtmutijmkr — Cijtijmitimsm
= Limimitimsji + tmi (Citijmipe & Wjmikt) + Ligimi (Ejitimin + Cimiski)
+ tijtmitijmr — Cijtijmitimsk
= tijm:kitimik + tijimilijmskt + CiWimskt + Cijomitjmiskl -

(3) Use and compute

ujm;kltjm =3 (tilm;kjtkim;jl + til;kjtlm;iktlj;mi - tim;kjtil;mktlj;ki)tjm
=3 Litmskjtiktkimyit — timskitem:jitkiomg + Citkitimziktiitiima
- tim;kjtil;mktlmtlj;ki - Zfim;kjt'il;mktljm;ki
=3 tmjtilm;kjtkim;jl + til;jmtkj;lmtkim;jl - tilm;kjtkm;jltki;mj
— tiksaltkmbimsiktij;mi — Cmjlimskjlimitiiske — Cimskjlitmktijmski
=3 Zfmjt'ilm;kjtkim;jl + til;jmtkj;lmtkim;jl - tilm;kjtkm;jltki;mj
- tjmtjk;iltlm;iktlj;mi - tjkm;iltlm;iktlj;mi
— tmjtimskjtatmitiyki — timskjtamiktiimski
=3 tmjujm;kl + til;jmtkj;lmtkim;jl
- tilm;kjtkm;jltki;mj - tjkm;iltlm;iktlj;mi - tim;kjtil;mktljm;ki'
U
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Similar to before, we need to evaluate our derivations on the ele-
ments tijm;kl~

LEMMA 6.26. The following hold.

dz] (tz]m k:l) tijtijm;kl + timtjim;kl — Ujmgkl-
dzm( ijm; kl) = tzmtz]m &+ tjmtmji;kl + tij;kl‘
djm(tz]m kl) =1 t]mtzjm N tijtimj;kl - tim;kzl — Uim;kl-
d; tzgm kl) =1 tzktum skl — tk]m zltzk + t]k;iltik;jm-
d]k tum kl) =1 t]ktzjm K+ tzkm ]ltk] tzm;jktij;kl~
k( Um,kl) =1 tmktum,kl + tzgk,mltkzm - tji;mktjm;kl - tik;mltmk;ij-
kl(tl]m;kl) =1 0

PRrROOF. (1) By the definitions we have

dij (twm kl) Jz kldl]( ]m> - dij (tim)tij;kl
= tiikiljmbim — Limtmjtijki
—(tijmt + timbijskt)tim — timtmjtiji
= —(Ujmskt + tjitijmnl)
+ Lim (tjimskt + timtjikt) — timbmjtijim

= —Ujmkl + tijtijmskt T Cimbjimskl-
(2) We use Lemma |6.24{2) and Lemma to obtain

im (tijmikt) = im (Ligi)Lm ~+ Emgskidim (Ejm )

— dim (tim)tijikt + tim@im (tijirt)

=1 (=tmatijint + Liglimmt + Lijmpt)Ljm + tmginitimti
— tijt + im(—tmitiji + tigtima + tijmskt)

= —tmi(tijmkt + timbijier) — ijtimtjmski
+ tnilijmskt + Cimbmjkalii
+ timtijtimpr + timtijmskl

= tijkt — tijtimbimut + Lim(Emjikt + tmitmyikt)
— tmitijtimekr + timtijmskl

=1 bimbijmkl T Cimtmgikt + tijik-

(3) Follows immediately from (1) and (2) using (6.6).
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(4) Compute using Lemma [6.12]2)

dik (igmskt) = dik (igi)tjm — din (Lim)tijskt — tomdin (tigin)
=1 (Likittie + tintije)Lim — Limbmitijn
— tiom (tjksirtin + tintijier)
= Ciksitlikgm + Liksittjmtin + tie(Lijmpr + timtijn)
— imbmktijkl — temUikzatic — tmklrilij e
= tikittikgm — (Ckgmsit + tembigsin)tie + tiktijmger — tritimbijin
— timtmitiget — temtirsitic — tmitritijn

=1 igsittikim — tejmeittin + Liktijmskl-
(5) Compute using Lemma [6.12]2)

ik (tijmkr) = dik(tijir)tim + Cirjodjn (Lm) — Limdjk(Fijix)
=1 —(tirgilsn + Lintjig) tim + Likggitjmtmk
+ tim (tiksjitjn + tintjikr)
=1 tikgitemle; + Ciktijikitim + timtirsjitixe — timtjntijr
= tirmyitrg + Lk (Lijmsgt + timtijia) — timtjelije

= tiklijmkl + Cikmyjiti; — Cimsjitijokl-

(6) Follows immediately from (4) and (5) using (6.6).
(7) Follows immediately from Lemma [6.12{1). O

Since we only need to evaluate derivations of ., once, we will
just compute the derivation when it is needed.

We now proceed to finally giving a more explicit description of the
relations of 75. We do this by successively applying the derivations
on [tikmijs tik] + tijmtijem and simplifying with the already obtained
relations. We check Corollary to see which derivations need to be
applied. As mentioned earlier we do not understand the structure of
the algebra and even failed to write the last relation in a somewhat
presentable form.

Note that we will not explicitly mention using the lemmas regarding
the commutation relations and the evaluations of derivations.
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I,. Observe
dik([[tlkm;ij7 tir] + tkl;jmtij;k‘m>
=9 dikdlm([[tij;kla tlk’]])
=9 dlmdik([[tij;kla tzk]])
=3 dim (Liksjitizm — tasje)
= —dmi(tigiin) ikt — injm@omi (iksiz) — Aot (L)

1 —(Enatijiik — tijtjmaie — tijmaik)tijikl

— tiksjm (Emitinsis — tikthmsi — tikmsis)
— (toatiisje — titim:jk — tiim:jk)
= —tputik,jitijer + titimaktijee + tjmeiktijk
+ imaktmitini; — tikyjmritimsij + Cikjmbikmsij
+ touti ik + titimgix + Tiimyjk
=3 tiitimaktijer + tmiktisk + Cmuie + it jmaik) i
— (tiktijm + utikyim)temsij + tikimbiemsis
+ tlitim;jk + tlim;jk
=3 —tougsiklijiel + tiktimbijikm + CikgjmEiemsig + tiimsjk
=3 —lugiiklijel + tikggmbemizi + timije + Cikggmiemsg + tlimsjk
=1 —loujiiklijikl — Ciksjmbmikii; — Cmiijik
In the second to last step we used .
I5, first part. We calculate
didik ([tiemsig, tik] + trisjmtijem)
=4 du(—tmijintijs — tikjmbmiksi; — tmiizk)
= dii(tmijsin ) tijt + tmijundi (tijax)
+ dii (it jm) tmiksij + tiejm@i (Cminesig) + dii(Emtisin)
=5 (tutmijiik + tmijacti — tmgaitmiik)tijkl
+ tonijar (tutijan + tiktin:jr)
+ (tiititjm — tiktuijm — Ciktjm) bmik:i
+ tikjm (it miksis + tmikastio — tmkstitmisig)
+ Zflitmli;jk - tmltmil;jk - tmi;jk — Umisjk
= tiitmijikilikji — Cmjstitmiziktik
— tijikiljitin; i
+ Cilikgmbmiksi; — Ciktrtgmbmiksi; — Cikl;jmEmik;ij

— et jmbiitmiksi; + tikimtmiksita — Gk jmbmktitmizig
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+ tlitmli;jk - tmltmil;jk - tmi;jk — Umisjk
=4 ti(—tmjkitmiksji — Cmiizjk) — tmjitmiziktijel
- (tmltmij;kl + tmj;kltmi;jk)tik;jl
+ CitikjmUmik;ij — CiktrtimEmiksi; — tiktjmbmik;ij
— (tritkisjm + thtisim ) tmik:is
+ tlk;jm<tkjtmik;lj - tmi;kjtik;lj) - tlk;jmtmk;litml;ij
+ tiitmiiix — Cmilmitjk — Cmigjk — Wmisjk
=4 _tmj;litml;iktij;kl - tml(_tmj;kltmik;jl - tmil;jk)
- tmj;kltmi;jktik;jl + tlik;jmtmlk;ij
+ Cimtikjmbmikit; — Ciksgmbmiskjlikg
- tlk;jmtmk;litml;ij + Uim;jk — tmltmil;jk + tim;jk
=4 —tjaitmiiktikl + tiikjmbmiksij
- Zflk;jmtmk;litml;ij + uim;jk + tim;jk
=3 —lmjipitmiiklij;kl
— (Wjksim + trismgtikimbijikt + Ciksmgtiikmbmizij)
- tlk;jmtmk;litml;ij + Uim;jk + tim;jk
= Uimsjk + tim;jk — Ujksim-
We used in the second to last step.
Observe that due to Lemma [6.25(1) this implies
(6.10) [wjmskts tie] =5 —tikisjm.
I5, second part. We consider
djdik ([tikemsij, tie] + trisjmtisem)
=4 dji(—tmigirtijke — tikjmbmiksi; — tmiisjk)
= dij(tmjzin ) tijimn — tmjrindi (Ejiar)
= duj (Ejmsine ) bmiksig — Cikstm iy (miksgi) + dij (Emaisje)
=5 (titmigiik — toitmiisik — tmgsik — Wmgsik)Cijikl
— tumjik (tajrtin + titjiak)
- (tljtjm;ik - tjmtml;ik - tjml;ik)tmlk;ij
— tiksim (1t miksji + tmjkstitit — tmkstjtmisi)
+ tiitmii ik + ikt — tmiitmi:jk
= tijtmijikiliksji — Coibmjiiktjiae — tmgsiktijk
— Umjsikbijikt T Cmjiskilinaitin — Gmtmgiintjok

- tljtjm;iktmlk;ij + tjmtml;iktmlk;ij - tjml;iktmlk;ji
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— Ctsiklijtmik;ji — tikgimEmikstitin + CikmUmkiitmisi
+ tiitmiik + tmjigktjo — tmagitojk
=4 U (—tmjkitmikyji — tmiijk) — tmgiiktijkl
— Umgiktijiel + (—mikitmgkti — tmjik )t
— bt imiiktmiksi; T CimEmiiktmiki; — timiiklmiksji
- (tmjtml;ik‘ + tmlj;ik>tmlk;ji - tik:;lmtmjk;litjl
+ tikmtmisiitmiji
+ itk + tmjaaktie — tmistitmisix
= —lmj:iklijikt — Umjsiklijikt + Cjmsiktmik;ji
+ Liksimtmrsiitmizji — Cmistitmi ik
=5 Uikymjlijikl + tijmsiktmik:ji

+ tik;lmtmk;ljtml;ji - tmi;ljtml;jk

Is. We first compute

dij(Wimsjk) = dij(tiim:jetim — tatimsk)
= dij (trimsji ) tim — dij(ti)trime — tjidij (timsjr)
=5 (tijtiimjk + tigmeitji — timsigtin)tim — tatiitimsk
— ti(tijtiimk + tijmeiktii — timsijtiisie)
=1 (—tytji — tatyy — tjiti)tim:jk + tijWimsjk
+ timgii (= tiagetim + timtiisn)
+ tiimsik (Ljitim — timtji) + Wimant i

=1 tijuim;jk + tlm;ijtilm;jk + tljm;ik:tji;lm + ujm;iktjia
and obtain

diidadik([tiemig, tie] + trjmbijiem)

=5 dij(Wimiji + imsjk — Ujksim )

= dij(Wimjk) + dji(Wiksim) + dij(Limsjn)

=1 tijUimyik T Limgijtamik + tiimiaktisim + Wimsikt i
+ Ljitjkiim + tikjitjikim + ik jmbijie + Wik jmlij
+ tmjsiktij + tijlimsjk

=5 timsijliom:k T Cimsiktiigm + kit jiksim + Ciikyimtijik-
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Moreover we calculate
Lijmsiktjsim + Ciikyimtijik
= tijmiktiitim — tjmsiklimty + Ciikygmbijlie — tiikgmbintij
=3 (tktijmiik — tijimktimek)tim — (Ejitijmaik + Wimsik)tji
+ (trmbiikjm — tiiskmbingim)tie — (Catiinjm + Wikyim)tij
=3 Lok (Ljttjmi + Wjmiin) + Cgomk (Ctimiie + Limisin)
— t(tmrtijmar — tijmktimsin)
+ thom (Lirttinsjm + Wiksjm) + tisem (Littikgm + tiktim)
— tiu(temtiinjm — tiiskmbinjm) + (Wimsik — Wik jm )i
=0 tmk:jitijmzik T Cjmiktimiik T Cemsitliik jm + CiiskmUik jm
+ bk (Wymsik — ikjm) + (Wjmiik — Wikijm )Lij
=5 —lmksjitmigzik — temsittrtiim + tmktiksim + Cikggmbi
=2 —tmksjitmigik — Ckmsittrlizim
and so finally obtain
dijdadi([tikmsi, tir] + togmtijem)
=5 Uimsijlitmjk + tikgitjikim — Tmksjitmijsie — Ckmsittatijm
= timsijtamsik + tikjitjikim + tjmktmijki + Ciikmbriiymg -
I7. Observe
dirdijdadig ([tikmsigs tix] + thijmtijiem)

=6 dit,(timsijtiom:jk + tikjitjtksim — tmksjitmigzie — temsittiiizjm)
=1 dii(tijam)tim:jk + tim:jedir (Litmsk; )
— di(tijire)tjiksim + ki (Cikgiim) + tiijedii (Cjisim)
+ dik (tremys ) tmigiki + timsjidic (Emijiik)
+ di (it ) ttizim + Cisim i (Eitizjm)
=1 (tritijum — tijtjkam — tijkam)tiim:jk
+ timsik (tiktitmakj + tiksijtikim — tkimsistic)
+ (tiijrtei + titijnd)ttk:im
+ ik (Ckitingsim + tiijikmtin — tijkitin:im)
+ ik (Ckithjiim + iikmtrig + tijikmtic)
+ (tiktrma; — tkmbmizy — Ckmisg ) bmijiki
+ (tigsimtir + iktitkm)thtisim
+ tikim (trithtijm + tititejm + teijm)
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=3 tiijktri(tikgim + thjtim + titksim)

+ (tritijam — tijtiksim — tijhsim)titmsjk

+ tiitjkambiom:k; + Cikigmtamkj + Cimgjeliniitigim

+ Lok bim;jkthim:ij + Cimyiktrtziitimki — Cimsiklemstitesis

+ tiklijikitjiksim — temlrjtitjiikm

— Crjmatitijtisem — tiigjktjikmt itk

— Liiktykiticim + tiijetjikmtrigi

+ (tiktrma; — tembmisty — thmisg ) Emijiki

+ Couliksimtriisjm + CiktizkemTriiim

+ timtik:imtiti;jm + Cembiksimtitk;jm + tikiimtrijm
=1 tri(tijumbitmeik — tijaatjikim — tematitmijiki — titskmbriijm)
+ tkm(_tlm;jktklm;ij - tkj;litjli;km - tmi;ljtmlj;ki + tlk;imtilk;jm>
— tijkambitmik T ikiimbimk; — Cimsjkliemgtitesis
— Crjmatititisem — tiijktijskitikim — tkmistitmijski + CkimTeijm
=6 tkijumliimjk + Thjmstitjtismk + Ckmisitmij;ik

+ tiksimtie;mg + tiksmgtingi + Cikgjitingim-
Is. We consider

dijdirdijdidi ([tikmaigs tir] + trijmbijikm)

=7 d;j (tkijumbiim:jk + thjmaitjtimk + temizitmijik
+ tiksimbiksmg + tikmgtinsi + tikjitiesim)

= dij(tkijitm )it + thjiim i (Litmjin)
+ dji<tkjm-il)tjli-mk — trimyti i (tismi)

dij (Cmizit)tmigsie — temgaidyi(tmigsik)

(tzm lk)tlk smj T Lig; dem (tjm lk)

i (Ejmitn )iksi + Ciksmidli (birsji)

- dm (tursigbusim — tiksgidyi(Limar)

=1 (tijthijim — thitkjiom — thjim — Wkjiim)bitmsjk

+ tijiim (tijintijiom — Ciimeikti; + tijtiom:jk)

+ (tjithgmsit + thimsjiti; — thm,jithgit)tjtismbk

— tima; (it jtismi + tiititymk + Citmk)

— (tijthmigt + temgiitji + tmksijtmist — thjitikm ) tmijiik

— tiemgi (tjitmigsie + tmiiikti; + timejitijiie — tmisjktjizmi)
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+ (tjitimar — timtmgak — timgsik ) tikmg
+ ik jm (bigt jmaar — tjmmige — mix)
+ (tijtjmaur — timbmigk — tjmiak)tik:ji
— tikji(Ljitimgk — Limbmgik — Limgiik)

=3 (tijthijim — thitkjiim — thjiim — Whkjim)titmsjk

+ tejiamtbijiktijiom + tijigm (Gt jimek + Civiktim:ji — timawtjsik)

+ trilkjisimtitmsjk
+ Ciitkjmeitjrizmk — thmjilkjatjlimk
+ tmjtkim;ljtilj;mk: - tki;mjtim;ljtilj;mk - tkim;ljtjl;mk:
— (tijthmijt + tmksijtmizit — thjsittijiem ) tmijiik
- tkmj;litmk‘tmli;jk - tkmj;litmi;jktml;ij
= trmgiti (Cimsgitigiin — tmajntjismi)
+ (tjitim;lk - Zfimtmj;lk - timj;lk)tlk;mj
— Umilmgaktimk — tmgiiktimk
- tmjtlk;jmtmi;lk - tlk;jmtjmi;lk
+ (tijtimak — timbmigk — tjmiak)tik:ji
— tijliksjitimgk + Cikyjitimgsik
- tjmtji;lktmj;lk - Zfjim;llftmj;llf
= tii (tkijumbitmsik + thjmatit jtizmk + thmistitmigsik
+ tiksimbiemg + tikmgtiesi + tikjitiesim)
+ Lo (tkimstjtivymk + Cikjmbikmi + tikmitikij + Ciksijtinim
+ tijisimtjimsik + temjtitmiik)
— trjamljikitjimak + thisjmUijambiimsik — Ukjititmiijk
— tijimbiimik — Ukjsimbimsik — tkjiimtimsiktiiik
- tkm;jitkj;iltjli;mk - tki;mjtim;ljtilj;mk - tkim;ljtjl;mk
— Cnksigtmijitmigak + tejiittijemtmigzik — temgstitim:jitiy;ik
— tikyimbimiik — timigktic,gi T Cikjitimgiik

+ (_timj;lktlk;mj - tmji;lktlk’;mj + tjim;lktlk;mj)-
Furthermore we compute

tijm;kltik;ml =1 _tjmi;lktml;ik - tmij;lktml;ik‘
=4 iiklimiie + Cimizit — tmiikling;mt + tmkjsil

=1 Lokt jmiik — tmaktirgmi — tkjmsits

75
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which yields

temgtitmijitiysik

=4 (—trjuitimiji — thmisji)tijik

= trjaitiemiijteily — thmiittiysik

=4 jti(Emksjitmijiki — tiksjithimsty — timikj) — temayitijik

=3 ijititmkjitmijki + Ckitithimgy — thjpilimikg — Cemagitijik,
and similarly

— Crjiimtrijmbjtik
=3 —(—trjumbimizk — thmisji)tjik
=4 tijium (Cmgikitmikjt — tijatiimsik — timisk) + temisjitjisik
=3 tkmytjlmikyit — tkjambikitiimsik — Trjambimige + temajitiik-
Thus we get
diidindi;dadin([tkmsig, tie] + trijmbijiem)
=7 tki;jm(tkj;lmtjlm;ik‘ + tim;ljtilj;mk:)
+ tiomji (Cgitjtismk + tmistitmigik)
- ulm;kjtilm;jk + tlm;kjtlmi;jk
— Wiskjmitizik + Ciiskjitiimsjk
+ trimyjitjimk + tijkitkimsji
+ Cimisklikij + Crijmtimisik
+ tlj;mktmik;jl + thmi;jltjl;ik
+ triglimgiare + 2Cjimntingmg -

Moreover we have

tijikatijmkl = Cijkitijpatim — Cijirtimtisk
_ 42 2
- tz’j;kltjm - tjmtij;kl + tjim;kltij;kh
and thus
Lrt;jmbimatk T Cimskitimiik =3 ikt im + tmiijklimskj

because of 3., =3 t7,,;- In the same way obtain

tiiskjtiimsjk + tijikilkimegt =3 Cikmtititki + Citmikgtiisje-
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This finally yields

diidindi;dadin([tikmig, tie] + trijmbijiem)
=7 tki;jm(tkj;lmtjlm;ik + tim;ljtilj;mk)
+ tiomji (Cgit jtismk + tmititmigik)
- Ulm;kjtilm;jk
— Wiiskjmlisjik
+ tojiktrijm + tmiiziktim:k;
+ Cikmujtitki + tiomskitiisin
+ Crimyjitjimk + Cjmiikticgij
+ tjmktmikyit + Cemagitjik
— Ciksjitjtzik — tikmsjitjsik
+ triijlimgie + Cjimaktin.mg
- timj;lktlk;mj - tmji;lktlk;mj
=3 tki;jm(tkj;lmtjlm;ik + tim;ljtilj;mk)

+ tiomji (Cgiit jtismk + tmititmigik)

- ulm;kjtilm;jk + tkim;jltjl;mk + tmli;jktlm;kj + tjim;lk:tlk;mj

— Uiiskjtmilizik + Cemagitisie + timsiktizkg + Cimaakting

+ tmikyjibikt + Cemijtmiksji

+ Limjiktmjie + Ciikitimgiik

7

Iy. We currently do not have a presentable version of the final re-

lation.

We collect the results.

COROLLARY 6.27. The defining relations of Ts are
t;— 1,

ijtin + ikt + thitij,

[tijets tiel,

Lik:jitigorer — tisjk,

[tikmsijs tir] + thijmtisopm,

ttjiiktijkl + tikyimtmikij + tmiiiks

Uimjik + timik — Wjksims

Uikymilijikt + tijmsiktmik,ii T Cikgmtmisiitmegi — Cmistitmiik,
timsijtitmsik + tikgitiikim + tijmktmijke + CikmTriiymg s

tkij;lmtilm;jk + tkjm;litjli;mk + tkmi;ljtmlj;ik

S S
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~
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+ Uksimbik:ms + Ciksmgtinii + ik jitiksim, (I7)
dii (Ekijamtitm:jk + thjmaitjtizmk + tomiitmijiik

+ tiksimtikmg + tikmgtieji + tikjiticim ), (Is)
imij (hijambiim: ik + thjmatititimk + Cemizitmijik

+ tisimbikmg + tiesmitingi + tikjitikgim ), (Iy)

with 1,5, k,l,m € {1,...,5} pairwise distinct.
The "nicest” version we have of the second to last relation is

Eizgm (Chgsm jimsin + Limstjivgimk)
+ tiomji (Cgit jtizmk + tmititmigik)
— Upmikjtitmsjk + thimyittiimk + Cmtijktimsks + Ciimsrtinmg
— Wiskjlmitizik + Chmisjititik + Cimsiktikg + Cimakticgis
+ Coniksjibinsit — Ckemjtbmikji
+ timgjikitmgikt — tiikitimgikl-
Observe that the second and fourth lines are merely the first re-

spectively third lines with the roles of ¢+ and m swapped. Similarly, we
get the sixth line from the fifth by acting with (im)(jk).

7. Examples for the Trivial Component

In this section we consider (Dg)y for the graphs D,, and the circle.
We will often take C as our ground field for convenience.

In Section [9.1| we will very briefly discuss the same object for a few
select graphs over the field Fs.

7.1. D,. We will use very well known statements on Clifford alge-
bras in this section, see for example [Bou59].
Assume chark # 2 and n > 4. Let

S=D,={(1,3),(,i+1)|2<i<n—1}.

We wish to determine the structure of (Dg)).

For this‘let X = —(y13y23y13y34)2. Furthermore, for any 4 <i <mn
let w; = H;;Z Yjj+1 = YasYse - Yi-1,; and put f; = w; ' Xw;, for 4 <
1 < n. We have the following lemma.

LEMMA 7.1. (1) The elements f; with 4 < i < n generate
(Ds)() as an algebra.

(2) f24 f;4+1=0 forall4<i<n.

(3) (fifi)? =1 forall4 <i,j <n withi# j.
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Since the proof of this statement is very similar (albeit not identical
since we don’t divide out —1 here) to the treatment in Section we
will skip it here.

Let G = (gij)lgi,jgnf?) € k(n—S)X(n—B) with Gii = —3 and gij = —1 for
1 <4,7 <n—3 with ¢ # j. Note that the matrix G is non degenerate
if and only if n — 1 # 0 in k.

LEMMA 7.2. The trivial component (Ds)(y is as an algebra isomor-
phic to a quotient of the Clifford algebra associated to the Gramian
matriz G.

PrOOF. For 1 <i<n—3let X; =2f;,3+ 1. Then by Lemma|7.1
we obviously have

X} = -3, and
X, X5+ XX, = -2

Since X1, ... X,,_3 generate (Dg)() as an algebra (chark # 2) the claim
follows. U

For convenience we restrict ourselves to k = C.

PROPOSITION 7.3. We have

C¥"<2" if 2m =n—3
D C g m m m m ’
( S( ))() {CQ X2 C2M 2" i o9m 41 =n — 3.

as C-algebras. In particular, dimc Dg(C) = nl2"3.

Proor. Follows immediately from the classification of complex Clif-
ford algebras, Lemma and the fact that (Dp,(C)) is a subalgebra
Of (DDn+1 (C))O D

7.2. The Circle. The treatment here is related to [BLM13], Sec. 7].
Let n > 3. Let

S={@,i+1),(n,1)[1<i<n-—1}

Then S is a circle. As we did in Section |3.2] we will adopt some con-
venient notation. We will allow the indices of our elements y;; € Dg
to range over all integers and then consider them modulo n. Fur-
thermore, we will write y; for y; ;41 for ¢ € Z. Recall the notation
m; = YiYi+1 " Yi—2 for i € Z.
We wish to investigate the subalgebra (Dg)). For this introduce
the notation
Ty =mym; !

for2 <75 <n.
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It follows from the results later in Section [0.4] that the elements
Ty, ..., T, generate (Dg)() as an algebra. Later in Corollarywe will
also see that the elements 75, ..., T, commute. Furthermore it follows
from Lemma that we can turn (Dg) ) into a kS,,_;-module algebra
by letting o(1;) = Ty for o € S,—1, 2 < j < n (for convenience let
S,_1 operate on 2,...,n).

Let us assume in the next proposition that k = C. We show that
(Ds)) is a deformation of the coinvariant algebra. For this recall Propo-
sition and our notation for the elementary symmetric polynomials.

We will only need to use the dimension of the coinvariant algebra,
for this see for example [Art44].

PropOSITION 7.4. Let I C Clxy,...,x,_1] be the ideal generated
by ey — (=1)™ for 1 <m <n—1. Then

(Ds(C))() = (C[:L‘l, ce ,$n_1]/]
as algebras. In particular, dimc Dg(C) = nl(n — 1)L

PRrROOF. Observe that with the natural filtration the associated
graded algebra of Clxy,...,x,-1]/] is a quotient of the coinvariant
algebra. Since the coinvariant algebra has dimension (n — 1)! this im-
plies

dime Clzy, ..., xp]/1 < (n— 1)L

Let now J C Cly1, ..., yn_1] be the ideal in Cly, . .., y,_1] such that
Cly1, - Yn-1]/J = (Ds)( by mapping y; to Tj41 for 1 < j <n—1.
By Proposition we have I C J. Hence e, — (—=1)"™ € J for
1 <m < n—1,soit follows by Vieta’s formulas that the variety of J
is contained in

(7.1)  {(¢F, . Y 1< Ky ke < no— 1 pairwise distinct},

where ( is a primitive n-th root of unity. On the other hand, due to
the statements above each permutation of v, ..., y,_1 yields an algebra
isomorphism of C[yy, . .., yn—1]/J. Hence for each element in the variety
of J any permutation of the entries yields again an element in the
variety of J. However, we have (Dg)( # 0 and thus the variety of J is
non empty by the Nullstellensatz. Applying all permutations in S,,_; to
one element of in the variety of J yields (n—1)! distinct elements in
the variety of J. Hence dim¢ Clys, ..., yn—1]/J = (n—1)! and therefore
Cly1, - Yn-1]/J = Cly1,...,yn-1]/I, which is the claim. O



CHAPTER 4

Groups Attached to Fomin-Kirillov Algebras

In this chapter we attach a group Gs to a Fomin-Kirillov algebra
Es. It turns out that finiteness of the group is related to finite dimen-
sionality of the Fomin-Kirillov algebra.

In Section |8 we give the definition, basic properties, and discuss
some relations of the group, which for n < 4 turn out to be defining
relations.

In Section [9) we consider examples. Encouraged by the results we
suggest a tentative strategy to tackle infinite dimensionality of £ based
on [FLZO01]. The most important tool for the results in this section
are the algorithms outlined in [BHLGO15].

8. Groups Attached to Subsets of T’

8.1. Definition and Basic Properties. For S C T we define the
group Gs to be the subgroup of Auty(Es) generated by the elements
ys € Dg for s € S and —id. We will often consider the quotient Gg of
Gs by the normal subgroup generated by —id. For s = (i,j) € S we
will write z;; = z, for the class in Gg represented by ;.

The following lemma follows directly from the definitions.

LEMMA 8.1. Let R,S C T with R € S. Then Gr is a subgroup
of Gs. The inclusion map induces an injective group homomorphism
Gr — Gs.

The following proposition allows us to relate finite dimensionality
of £ to finiteness of Gg.

PROPOSITION 8.2. (1) If Es is an infinite dimensional vector
space, then Gg 1s an infinite group.
(2) Assume #k < oco. If Es is a finite dimensional vector space,
then Gg s a finite group.

PRrOOF. (1) If & is an infinite dimensional vector space there is a
monomial x; = xs, -+ Ty, S1,...,5 € S with x; # 0 for any £ € N.
Let yp = ys, -+ sy, € Gs. Then yk(1) = zp + Tx, where Ty, is of degree
at most k — 1. This implies yj, # v, if k # . Hence G and thus also
Gg are infinite.

81
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(2) If & is a finite dimensional vector space, Auty(Es) is a finite
group. Hence Gy is finite as a subgroup of a finite group. O

Note that the groups defined above in principle depend on the
ground field k. In fact, if chark = 2 then G5 = Gs for all S. However,
in all the examples we considered we were not able to find a dependency
of Gs on the ground field k. This gives rise to the following conjectures.

CONJECTURE 8.3. The group Gs does not depend on the ground
field k.

If this conjecture turns out to be true, [8.2] will immediately imply
the following.

CONJECTURE 8.4. The algebra Es is finite dimensional if and only
if Gs 18 a finite group.

There is a homomorphism from Gg to the symmetric group S,,.

PROPOSITION 8.5. Let S C T. There is a unique group homo-
morphism Gs — S,, mapping ys — s for s € S and —id to 1. This
homomorphism factorizes through Gg. This homomorphism is surjec-
tive if and only if S is a connected graph on n vertices.

PROOF. Uniqueness is clear, since Gg is generated by y,, s € S, and
—id. We need to show that this assignment in fact defines a homomor-
phism. To this end let y = y,, - - -y, = id or —id with sq,...,s, € S.
Then y(1) = 1 or —1. On the other hand, y(1) is a S,-homogeneous el-
ement of Eg of degree sy, - - - s; by Remark [2.3] This implies sy - --s1 =1
and thus s;---s, = 1, hence we indeed have a well defined homomor-
phism. That the homomorphism factorizes through Gg is obvious, as
is the last claim. d

We will denote the homomorphism Gg — S,, from Proposition [8.5
by 7. We will denote the kernel of v by N.

REMARK 8.6. The modified shift groups considered in [Loc13] are
essentially the same as our groups Gs if we take S to be the complete
graph on 3,4, or 5 vertices. Analogues of Proposition [8.2] and Proposi-
tion |8.5|in this setting were already proved there. See also Remark [2.3]

8.2. Some Relations in Gg. We derive some relations among the
elements y; that follow from Lemma [2.4] If our graph happens to have
4 vertices or fewer, the relations given in this section are in fact all the
defining relations of the group.

LEMMA 8.7. (1) Leti,j € {l,...,n}. Ifi#j then yj; = 1.
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(2) Leti,j,k,le{l,...,n} with #{i,j, k,l} =4. Then
(yijym)® = 1.
(3) Leti,j, ke {l,...,n} with #{i,j,k} = 3. Then
(iyie) =1, (yuyp)® = —1.

(4) Leti,j, ke {1,...,n} with #{i,j,k} = 3. Then
(yijyjnyin)” = 1.

(5) Leti,j, k,l€{l,...,n} with #{i,j, k,l} =4. Then
(yijyarya)" = —1.

(6) Leti,j, k,le{l,...,n} with #{i,j,k,l} =4. Then

(visyieyay)® = —1.

PROOF. (1) and (2) were proved in Lemma [2.4]
(3) and (4) were proved in Lemma [3.1]

(5)
YirYaYis = Yir(Yig¥jt + YY)
= (YijYjk + YjrYri)Vji + YiYirlu
= YijYjkYj1 — YjkYYik — YjYikYil-
We multiply this equation with y;; from the left and with y;;y; from
the right. Since
YikYilYikYil = —yz‘lyikyizz = —YulYik
by Lemma [8.7(1), we conclude that
(%j%k%l)g = YijYikYirYijYik Yil
= YikYjYikYit — YijYikYi1Yir + YijY1YuYik
= —YikYkiYYa — YisYikYiYia + YijYiYaYik
= YkiYiiYiYi + YijYYiaYik-
By interchanging [ and j, and using Lemma [8.7)(2) and we obtain
that

(8.1)

_(yilyikyij)2 = —YaVikVijYilYikYij
= —YiYiulYi;Yi; — YalYijYijYik
= —YkiYijYi;Yit — YijYi;YilYik
= YriViiYjYi + YijYi;YiaYik
= (yijyikyil)Q-
This the claim.
(6) See Example . O
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COROLLARY 8.8. Let i,j,k,l € {1,...n}. If #{i,j,k, 1} =4 then
(yijyikyijyil)2 = (yilyijyilyik)z-
PROOF. Using Lemma [8.7(1),(3) we conclude that
yijyikyijyil(yijyikyij)yz‘l = —YijYir¥Yi; YaYik YijYirYil
= —Yij (yikyijyilyikyijyil)yilyikyil
= (yijyilyij)yikyilyij (yik?/ilyik)yil
= Ya¥ijYaYikYiYi; YiYik (yilyil)
= YaYijYuaYikYiuYijYiaYik-
This completes the proof. O

These relations in Gg imply relations in Gs. Recall that for s € S
we write z; for the class in Gg represented by ys.

LEMMA 8.9. The generators z; of Gr, where t € T, satisfy the
following relations.

(1) Leti,j € {1,...,n}. Ifi #j then 22 = 1.
(2) Leti,j,k,l € {1,...,n} with #{i,j,k, 1} =4. Then
(zijzkl)Q =1.
(3) Leti,j, ke {l,...,n} with #{i,j,k} = 3. Then
(zijzik)?’ =1.
(4) Leti,j, ke {1,...,n} with #{i,j,k} = 3. Then
(zijzjkzki)Q =1.
(5) Leti,j, k,le{l,...,n} with #{i,j, k,1} =4. Then
(zijzikzil)‘l =1.
(6) Leti,j, k,le{l,...,n} with #{i,j,k,l} =4. Then
(zijzjkzklzh-)g =1.

8.3. n < 4. We consider connected graphs on at most 4 vertices.
In this subsection we assume chark € {0,2}. Our work here is largely
computational and was done using GAP [GAP16].

For Groebner basis computations we used the package GBNP [CK16]
implemented in GAP [GAP16].

PROPOSITION 8.10. Let S be a graph on at most 4 vertices. Then
the relations in Lemma that apply are defining relations of Gg.
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PROOF. Our proof of this is computational. For each graph S we
can use computer calculations to obtain the order of the group given by
the relations of Lemma [8.9) On the other hand, we have a description
of & by generators and relations and can use Proposition to get
a presentation of Gg (or QNS) as a matrix group and then calculate its
order. Since the orders agree in all cases we are done. ([l

REMARK 8.11. If we have 5 or more vertices we know that the
relations given in Lemma do not suffice. For example, the relation

4
(212223234245251) =1,

which we have seen in Example [5.6] is needed if the graph contains a
circle on 5 vertices.

We do not have a complete description of the groups Gg in terms
of generators and relations if n > 5.

We get another proposition with a computational proof.

PROPOSITION 8.12. Let S be a graph on at most 4 vertices. Then
Gs is a solvable group.

Of course we already know that the opposite is true for connected
graphs on 5 or more vertices due to Proposition [8.5

9. Examples

In this section we consider examples.

We focus our attention on computing the kernel Ng of the homo-
morphism Gg — S,, from Proposition 8.5

While the computational results are summarized in the Appendix,
we also mention what we consider to be the most important examples
in Subsection [0.11

In the end we determine the group Ny for the graph D,, (9.3) and
approximate it for the circle (9.4)).

9.1. n > 5. In this section we collect our results on the structure of
N for some examples on 5 or more vertices. In the Appendix one can
find a summary of the results. In this section we want to briefly discuss
the examples where sporadic simple groups (or something close) occur.
We use ATLAS [CCNT85|] notation.

For all the results in this section we work with k = F,. We want
to briefly explain our strategy. We consider examples where have a
description of £g by generators and relations over Fy. Proposition [2.6
then allows us to obtain a presentation of Ny as a matrix group with
entries in Fy. We then use the methods for composition trees outlined in
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[BHLGO15| which are implemented in MAGMA [BCP97] to obtain

our results.
For Groebner basis computations we used the package GBNP [CK16]

implemented in GAP [GAP16].

S SN, :
] ] AN

L) ¢ —O L] L] L] L]

FIGURE 1. The graphs S where N is close to a sporadic
simple group.

PROPOSITION 9.1. Let S = Ky 5, the graph to the left in Figure[]]
Then
(1) (Ds) X F*® as Fa-algebras.
(2) Ns = Jy as groups, where Jy denotes the Hall-Janko group of
order 604800 = 27 - 3% . 52 . 7.

Proor. Computational.
(1) can be checked using the MEATAXE [Par84] as implemented

in GAP [GAP16).
(2) can be checked as outlined above. O

Similarly we have.

PROPOSITION 9.2. Let S be the graph in the middle in Figure [1].
Then
(1) (Ds)( = F3™** as Fa-algebras.
(2) Ng = Coy as groups, where Coy denotes the Conway group of
order 4157776806543360000 = 22+ - 3% .54 . 72.11 .13 - 23.

PROPOSITION 9.3. Let S = Hg, the graph to the right in Figure[]].
Then
(1) (Ds) = F1**** as Fa-algebras.
(2) Ng = 3.Suz as groups, where Suz denotes the Suzuki group of
order 448345497600 = 2% - 37 . 5% . 7. 11 - 13.

REMARK 9.4. We do not know a proof of the statements in this
section that works without using computers. However, we believe one
should consider the results presented here in the context of [FLZO01].
There, the absolutely irreducible subgroups G of some GL,,(Fyx) which
are generated by the conjugacy class ¢“ of some element g € G of order
3 with some technical assumption are classified. The groups described
in this section appear naturally in exactly this way.
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A basic strategy to prove that & is infinite dimensional would be
to search for a graph S on 6 vertices where finite dimensionality of
Es would imply that Ny falls into this classification aswell. Then one
could try to rule out all the possibilties in the classification in a case
by case analysis.

Note however that even for several examples on 5 vertices the group
Ny doesn’t seem to fall into this framework.

REMARK 9.5. It is not always the case that the groups Ny are
close to simple groups. For example, if we take S to be the star on 5
vertices the order of Ny is 2°°3% and the group is solvable by Burnside’s
theorem. Check also the Appendix for all the Chief series we were able
compute.

9.2. A,. Assume that n > 2. Let
S=A,={(,i+1)|1<i<n-1}

Then there is a unique group homomorphism f : S,, — Gg such that
f(s) = z; for all s € S. Indeed, consider the presentation of S, as a
Coxeter group with generators s € S. By Lemma [8.9] the generators
zs, § € S, satisfy appropriate Coxeter relations, such that the map f
is a well-defined surjective group homomorphism. The composition of
this map with the group homomorphism Gg — S,, in Proposition [8.5] is
the identity on the generators. Therefore f is also injective, hence an
isomorphism. In particular, Ng = 1.

9.3. D,,. Inthis section we will denote with > the left adjoint action
in Gg. Assume that n > 4. Let

S=D,={(1,3),(,i+1)]2<i<n-—1}.
We determine Ns. Let X = (213223213234)2. Then X = (223213223234)2
by Lemma [8.9(3), and

X = (2734213234223)2 = (234223234213)2

by Corollary [8.8] We conclude that

X = (21322:),213234)2(234213234223)2
= Z13%23%13%34%13223%34%23234%13%34%23
= Z13%23%13734213234223%13234%23
= Z13%23%34%13%23%13%34%23

= Z13%23234%23%13223234%23-
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: _ 2 y-1
Since 293234293 = 234223234, We conclude that X* = X . Moreover,

213X 213 = 213(213223213234)2213 = (223213234213)2 = Xﬁl;
203X 293 = 2’23(2’232132232’34)2223 = (213223234223)2 = X_I;
234X 234 = 234(234213234223)2234 = (213234223234)2 =X1

The degree four summands of yi3923y13y34(1) and ysay13y23y13(1)
are non-zero since O3y (T34713T23%13) = T13T23%13 7 0 in &. Since they
have different S,-degrees this implies y13Y23y13Y34 # FY34Y13Y23y13 and
hence X # 1.

It is clear that 213293213, 293, 234, - - - , Zn—1,n generate Gg. The homo-
morphism in Proposition maps 213223213, 223, 234, - - - » Zn—1,n tO the
transpositions (12), (23), (34),...,(n — 1n), respectively. Moreover,
the generators 213293213, 223, 234, - - - , 2n—1,n, satisfy all appropriate Cox-
eter relations except for ((213293213)234)> = 1. Thus the kernel Ny of
the homomorphism in Proposition [8.5|is the smallest normal subgroup
of Gg containing X.

To better understand Ny let us first prove the following technical
lemma.

LEMMA 9.6. In Gg the relation
zaazas X 2aszgn = X 2as X 25
holds.
Proor. We first record that
X 234245 X = 213223213234 (213223 213245 213223213 ) 234213223213 734
= 213223213(234245234)213223213234
= (213223213245)234(245213223213)234
= 245(213223213234213223213)245234
= 245X 234245234.
From this we easily conclude that
234245 X 245234 = 234245 X (245234245)245
= 234(245X 234245234)245
= (334X 234)245X 245
= X124 X 245,
which is the claim. O

For any 4 <1 < n let w; = H;;ﬁ Zj 41 = 245256 " Zi—1,. We will
use the previous Lemma to derive some formulas for the adjoint action
> on the elements f; = wi_lei, 4 <3 <n.
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LEMMA 9.7. Let 4 < i <n. Then
(1) Let j € {1,2}. Then zjz> fi = f '
(2) zga> fi=fi'fi if i >4, and
zab fa= it
(3) Ziis1t fi = fiqa, ifi <m,
Zi—1,i > fi= fi_1, if i >4, and
zigm > fi=fiif4<j<nandj#ii—1
PROOF. (1) Since zj; commutes with w; it is clear from the state-
ments above that

ng > fz = ngw,lewing = w;l,ngXngwi = UJ;IX2U)I‘ = f;l.

(2) If 4 < i the element w] = zgsw; = 256 - - - 2;—1,; commutes with

2314 and X. In this case we therefore obtain from Lemma
234> fi = 234 fiz3a

= zga(w))  2as X 245w, 234

= (w}) (234245 X 2452340

= (W) ' X s X g5,

= Xﬁl’w;lXU)i

= fi'fs
The equation 234 > fy = 234 X234 = X 1 = f[ ! has been proved above
already.

(3) It is clear from the definition that w;z;;11 = w; if i < n,
therefore z; ;41 > fi = fiq1. Similarly w;z;—1; = w;—; and therefore
Zi—1;> fi = fic1 is clear if ¢ > 4. If j > 4 the element z; ;4 clearly
commutes with both X and w;, hence we obtain z; ;> f; = f;. If

J < t©—1 we use the braid relation among 2,1 42 and zj ;41 to see
WiZj j+1 = Zj4+1,j4+2W;i which 1mphes the last claim. O

COROLLARY 9.8. The normal subgroup Ns of Gs is as a group
generated by the elements f;, 4 < i < mn.

In the next lemma we determine relations between the elements f;,
4 <3 <n.
LEMMA 9.9. In the group Gg the following relations hold.
(1) f2=1 foralld <i<n.
(2) (fif)? =1 forall4 <i,j <n withi# j.
PROOF. (1) We already know X? = X~!. Thus the statement
follows immediately since each f; is a conjugate of X.
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(2) We only show (f;fi)*> = 1 for j > i, the other case follows by
conjugating with z13 or zo3. First by Lemma observe that for k > 2
Zivk1itk & (firn1£1)® = ((Zisr—rion & firno1) - Zivk—1i06 > f3))?

= (fi+kfi)2a
hence it suffices to show the claim for j =i+ 1. For ¢ > 5 we have
similarly

Zi—1,i%ii+1 > (fifi71)2 = (fiJrlfi)Z:

so it suffices to show the claim for j = 5,4 = 4. For this observe
(223234)> = 1 and obtain that (z93234)° > f5 = f5. Again using [9.7| we
get

Js = (223234)3 > f5
= 203234%93234%23 > [1 ' f5
= 203234223734 > fuf5
= 203234203 > f4 S5

= Z23234 > f4f5fzfl

= 203> fi ' f1 fsfa

= fafafs i
and hence f5 = f;'fs'fi'. Thus (fsfs)> = 1 which concludes the
proof. O

In order to identify the group Ng we use a result of Carmichael.

LeEmMMA 9.10. [Car56l, Ch. VII,§IV] Let n > 3 and let G be the
group given by generators g;, 3 < i < n, and relations g3, 1 < i < 3,
and (g:9;)?, 3 <i < j <n. Then there is an isomorphism ¢ : G — A,
with ¢(g;) = (121) for all 3 <i <n.

Using the Lemma above we can determine the structure of Ns.

PROPOSITION 9.11. The group N is isomorphic to the alternating
group A, ;.

PROOF. By the relations from Lemmal[9.9and Lemma[9.10] we know
that Ny is isomorphic to a quotient of A,_;. Further Ng is not trivial
since X # 1. For n # 5 this implies the claim since in this case A,
is simple. For n = 5 the claim follows since we can interpret the group
Np, as a subgroup of Np, by Lemma [8.1] O
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REMARK 9.12. Recall the notation
D! ={(1,2)} U D,

from Section[5.5] We have seen that ¢ (Dp,) is as an algebra isomor-
phic to Dp: . Since of course

(DS)() = (¢1 (DS))()
for all S C T we can deduce
Np: = Np, = A, 1.

9.4. The Circle. In this section we will again denote with > the
left adjoint action in Gg.
Let n > 3. Let

S={(,i+1),(n1)]1<i<n—1}.

Then S is a circle. We will use the same conventions and notations
as we did in the latter part of Section and Section [7.2] We write
z; for the class of Gg represented by y; = y; ;11 for j € Z. Abusing
notation 7 will denote the class in Gg represented by 7} for 2 < j < n,
as will m; denote the class in Gg represented by m; for ¢ € Z. Note
that everything done in this section would also work if we replaced
Gs by Gg, the only difference being that we would need to add the
extra generator —1 to the generators of our normal subgroup. This
observation is important for Section [7.2]
Note that

Ty = (222’3 *ttZpn—1”nfn—1""" 22)21

by the definition from Section [7.2]

The group Ggs is generated by T5, 29, ..., z,. Those generators are
mapped to (), (2,3),(3,4), ..., (n,1) under the homomorphism of Propo-
sition [8.5] Since z, ..., z, fulfill the appropriate Coxeter relations for
S, it follows that the element T5 generates Ny as a normal subgroup
of QS.

Let us evaluate the adjoint action on the elements 15, ..., T),.

LEMMA 9.13. Let 1 < j <n and 1 < k <n. The following hold.

(1) 21 I>T2 = T2_1 and 21 DY} = ETQ_l Zf] > 2.
(2) 2,0 T =T and 2,5 Tj = ;T if j < n.
(3) 2> Tj = Toensn .

Proor. We rely on Lemma [3.8]
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(1) Observe
21 >Ty = zlmgmflzl
= mlznznmgl
=T5"
Similarly for j > 2
0T = Zlmjml_lzl
= mjznznmgl
= (mymy ") (mimy ")
= TjTgl.

(2) The situation is symmetric in 2 and n.
(3) Follows with a similar argument as above from the equations

ZEME = Mk412k—1,  REMk41 = MElE—1,
zxm; = mjizg_y for j ¢ {k, k+ 1},

-1 -1
my 2k = Zk—1Mq .

COROLLARY 9.14. N is as a group generated by Ty, ..., T,.
COROLLARY 9.15. The elements Ty, ..., T, commute pairwise.

ProOF. To show T;T}, = T}, T} use the definition to expand T} as a
product of z’s and then use Lemma [9.13| repeatedly to commute those
with Tj. O

We use the relations from Proposition to approximate the order
of Tj.

LEMMA 9.16. We have Tj” =1for2<j<n.
PrOOF. Clearly in Dg[X] by Proposition [3.13]

n

n—1
[[(x-T)=Xx""+> (—1)ie(Ty,...,T) X"
i=1

j=2
n—1
— xn-1 + Z(_l)Zanfifl.
=1

So T} is a zero of X" 1 4+ X" 2 4 ... 4 X + 1, hence T}" = 1 for all
1<j<n—1. 0

We now have a partial result on the structure of Ns.
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PROPOSITION 9.17. The group Ns is a quotient of (Cy,)" 2.

PROOF. The generators T,...,T,, commute and satisfy 7' = 1
for all 2 < 5 < n by Lemma [9.16, Furthermore, T575---T,, = 1 by
Proposition [3.13] The claim follows. O

We conjecture that the group N is in fact isomorphic to (C,)" 2,
and we know that this is the case for n < 5 and chark € {0, 2}.
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S NS #NS ~ dimy Eg
..... 1 1 1 6

7 N 03 3 3 12
....... 1 1 1 24

. Cs 3 3 48

. Ay 22.3 12 96
! cz o 16 144
! > | 0.5 2.3 192 288
| X oo 293 072 576
......... 1 1 1 120

. Ay 22.3 12 480

. As 22.3.5 60 960
L 3 53 125 2880
R 910 . 3 3072 2880
ey 27.33.52.7 604800 8640



96 APPENDIX

|£ | —  Gy(4) 2'2.3%.52.7.13 251596800 17280
1Ef1 Co;  221.39.5%.72.11.13-23 4-10"% 69120
AR 0.8 950 . 34 9-10'6 14400
.:-:. 9.9 960 , 35 . 55 9-10% 28800
E;E| 0.100 27 .310.5° 7-10% 57600
INI 0.11) 260.315.510.75.135 1-10% 86400
A 3 Guz 913.38.52.7.11.13 1-102 207360
TABLE 1

Here we collect the chief series we were able to compute as described
in Section [9.1] Refer to Table [I] for the numbering.

=]
(S}

B — % — ¥ — ¥ — ¥ — &

Cyclic(3)
Cyclic(2) (2 copies)
Cyclic(2) (2 copies)
Cyclic(2)

Cyclic(2)

©
e

Cyclic(3)

Cyclic(2) (2 copies)

* — ¥ — Q



I
*
I
*
I
*
I
*
I
*
I

1

And on 5 vertices, here we work with chark = 2.

©
%

— % — % — % —Q

©
= * * * * * * * @« .\]

APPENDIX

Cyclic(2) (2 copies)

Cyclic(2) (2 copies)

Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

Cyclic(3)

Cyclic(2) (2 copies)

Cyclic(2) (2 copies)

Cyclic(2) (2 copies)

Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

Cyclic(3)
Cyclic(3)
Cyclic(3)

Cyclic(3)
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—_— % — ¥ — * — K — K — K — K — K — K — K — Kk — K — K — K — K — K — X — Kk — K — Kk — X

Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

(2
(2
(2
(2
(2
(2
(2
(2
(2
(2
(2
(2
(2
(2

(2

APPENDIX

copies)
copies)
copies)
copies)
copies)
copies)
copies)
copies)
copies)
copies)
copies)
copies)
copies)
copies)

copies)
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©
©

¥ — ¥ — ¥ — ¥ — ¥ — Q2

Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

Alternating(5)
Alternating(5)
Alternating(5)
Alternating(5)

Alternating(5)

APPENDIX
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e X — % — X — X — % — K — K — K — K — K — K — K — K — K — K — K — ¥ — K — * —

Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

9.10.

(4
(4
(4
(4
(4
(4
(4
(4
(4

(4

APPENDIX
copies)
copies)
copies)
copies)
copies)
copies)
copies)
copies)
copies)

copies)
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Alternating(6)

Alternating(6)

Alternating(6)

Alternating(6)

Alternating(6)

Cyclic(2) (4 copies)

Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

(4

(4

(4

(4

(4

(4

(4

copies)

copies)

copies)

copies)

copies)

copies)

copies)
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e X — % — %k — K — ¥ — K — K — K — K — K — K — ¥ — ¥ — ¥

Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)
Cyclic(2)

Cyclic(2)

9.11.

B — % — ¥ — ¥ — ¥ — @

G(2, 4)

G(2, 4)
G(2, 4)
G(2, 4)

G(2, 4)
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(4 copies)

(4 copies)
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Anlage

Deutsche Zusammenfassung

Die Fomin-Kirillov-Algebra &, ist eine quadratische Algebra, erzeugt
von den Kanten des vollstandigen Graphens auf n Knoten, die ur-
spriinglich in [FK98] eingefiihrt wurde um den Schubert-Kalkiil zu un-
tersuchen. Spéater wurde festgestellt ([MS00], vergleiche auch [GV16]
fiir geschichtliche Bemerkungen), dass es sich bei der Fomin-Kirillov-
Algebra &, fiir n = 3,4,5 um eine Nichols-Algebra zu einer nichta-
belschen Gruppe handelt. Es wird vermutet dass dies auch fiir n > 5
zutrifft.

Bis heute sind so elementare Eigenschaften wie die Dimension von
&e als Vektorraum unbekannt.

Kiirzlich wurde in [BLM13| die Klasse der Beispiele zu ”hyper-
bolischen” Unteralgebren £g, erzeugt von den Kanten von Teilgraphen
des vollstandigen Graphen, erweitert. Diese Algebren haben einige
interesante Eigenschaften (zum Beispiel "schéne” Hilbertreihen), fiir
unsere Zwecke sind sie aber hauptsachlich von Interesse weil sie mehr
Spielraum geben um neue Methoden zur Untersuchung von Fomin-
Kirillov-Algebren zu entwickeln und zu testen.

Das Ziel dieser Arbeit ist es, neue Methoden zum Studium von
Fomin-Kirillov-Algebren zu entwickeln. Insbesondere interessieren wir
uns fiir die Berechnung ihrer Dimension als Vektorraum beziehungsweise
fiir die Entscheidung ihrer Endlichdimensionalitat.

Unser Werkzeug sind deformierte Fomin-Kirillov-Algebren, die wir
mit Dg bezeichnen. Im zweiten Kapitel fiihren wir diese Algebren
ein und stellen sie in Zusammenhang zu den urspriinglichen Fomin-
Kirillov-Algebren. Im Kontext der Deformationen ist zu beachten dass
die Fomin-Kirillov-Algebren als nicht koszul bekannt sind [Ro099].

Es ist zu bemerken dass allgemeinere Deformationen bereits in
[FK98| betrachtet wurden, allerdings zu einem anderen Zweck und
ohne Betrachtung des Zusammenhangs zwischen deformierter und un-
deformierter Algebra.

Im dritten und vierten Kapitel nutzen wir unsere Deformation und
die Resultate des zweiten Kapitels um neue Methoden einzufiihren.
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Im dritten Kapitel untersuchen wir Unteralgebren von deformierten
Fomin-Kirillov-Algebren die wir zu gewissen Untergruppen der sym-
metrischen Gruppe zuordnen. Diese Unteralgebren von Dg verhal-
ten sich einigermaflen verniinftig - sie scheinen verwandt mit Fomin-
Kirillov-Algebren £g gehorend zu Graphen auf weniger Knoten als S.
Damit konnen wir die Dimensionen von einigen Algebren &g per Hand
neu berechnen, was vorher zum grofiten Teil nur mit Grobner Basen
moglich war. Der wichtigste Fortschritt ist unsere Berechnung der Di-
mension von & ohne Computer-Rechnungen, was nach unserem Wis-
sen bislang nicht moglich war. Unser Vorgehen dabei ist ahnlich zu
dem in [FP00]. Wir wenden unsere Methode auch auf & an. Un-
sere Resultate dort sind nur partiell, sie scheinen jedoch einigermafien
vielversprechend und geben einen Ansatz fiir weitere Untersuchungen.

Im vierten Kapitel assoziieren wir zu Fomin-Kirillov-Algebren dann
Gruppen. Fiir Nichols-Algebren wurden diese Gruppen bereits in [Loc13]
eingefiihrt. Es stellt sich heraus dass Endlichkeit der assoziierten Gruppe
in Verbindung steht zur Endlichdimensionalitat der zugehorigen Fomin-
Kirillov-Algebra.

Unsere urspriingliche Motivation diese Gruppen zu untersuchen war
unsere Suche nach einem Beweis unserer Vermutung dass es sich bei den
deformierten Fomin-Kirillov-Algebren um halbeinfache Algebren han-
delt. Zu unserer Uberraschung stellte sich aber heraus, dass die Struk-
tur der Gruppen selbst interessant scheint. Insbesondere treten die
alternierende Gruppe, einige sporadische Gruppen, und eine Gruppe
von Lie-Typ auf. In der Art in der diese Gruppen auftreten passen
sie in natiirlicher Weise in die Klassifikation in [FLZO01]. Basierend
auf dieser Beobachtung geben wir eine prinzipielle Strategie um das
Problem der Unendlichdimensionalitat von & anzugehen.

Die meisten unserer Beispiele im vierten Kapitel basieren auf di-
rekten Computer-Rechnungen, insbesondere auf den in [BHLGO15]
beschriebenen Algorithmen. Eine theoretische Erklarung der auftre-
tenden Gruppenstrukturen ist eine aus unserer Sicht hochinteressante
Fragestellung.
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