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Abstract

In this thesis we study quandles and Hurwitz orbits. A quandle is a self-distributive
algebraic structure whose binary operation is like the conjugation in a group. The al-
gebraic structure of quandles can be studied as sequences of permutations. The cycle
structure of the permutations of an indecomposable quandle is well-behaved because
the permutations of an indecomposable quandle are mutually conjugate and hence have
the same cycle structure. We study the cycle structure of quandles with the main focus
on a conjecture in [18]] saying that any permutation of an indecomposable quandle has
cycles whose cycle lengths divide the largest among them.

Hurwitz orbits are the orbits of a braid group action on the powers of a quandle. The
Hurwitz orbits for the action of the braid group on three strands are used in [21] and
[22] for the classification of certain Hopf algebras. This classification is based on a com-
binatorial invariant called a plague on the Hurwitz orbits. The immunity on a Hurwitz
orbit is the quotient of the size of the minimal plague and the size of the Hurwitz or-
bit. An estimation on the immunity of the Hurwitz orbits is provided in [22] by using
Schreier graphs of the Hurwitz orbit quotients and the weights on the Hurwitz orbits,
where the weight on an Hurwitz orbit is defined by the cycle structure of that Hurwitz
obit. In this study only few Schreier graphs of the Hurwitz orbit quotients with small
cycles are considered. We introduce a new method to calculate plagues on the Hurwitz
orbits for infinitely many Schreier graphs of the Hurwitz orbit quotients with all cycles.
Our method is based on the posets of robust subgraphs of pointed Schreier graphs of the
Hurwitz orbit quotients. By using this method we estimate the immunity on the Hur-
witz orbits through a case-by-case analysis of infinitely many pointed Schreier graphs
of the Hurwitz orbit quotients.






Introduction

Quandles are self-distributive algebraic structures with three axioms which are related
to three Reidemeister moves of planner knot diagrams. Racks are a generalization of
quandles. The binary operation of racks and quandles is like the conjugation in a group.
The algebraic structure of racks and quandles can be studied as sequences of permuta-
tions. The cycle structure of the permutations of an indecomposable rack (resp. quandle)
is well-behaved because the permutations of an indecomposable rack (resp. quandle)
are mutually conjugate and hence have the same cycle structure. In [18], C. Hayashi ob-
served another interesting property of the cycle structure of an indecomposable quandle
and conjectured that the permutation of an indecomposable quandle has cycles whose
cycle lengths divide the largest among them. In Chapter [l of this thesis we will study
the cycle structure of racks and quandles with the main focus on the Hayashi’s con-
jecture. We will discuss the classes of indecomposable quandles for which Hayashi’s
conjecture is true. We will also provide the obstructions on the cycle structure of certain
indecomposable racks and quandles, which are among the main results of this thesis.

Racks and the braid group action on the powers of a rack are useful for the classifica-
tion of certain Hopf algebras and the solutions of the braid equation, see [2], [3], [15],
[21]], [22]. Hurwitz orbits are the orbit of a braid group action on the powers of a rack.
The Hurwitz orbits for the action of the braid group on three strands are used in [21]
and [22] for the classification of certain Hopf algebras. This classification is based on a
combinatorial invariant of the Hurwitz orbits which is called a plague. The immunity
of a Hurwitz orbit is the quotient of the size of the minimal plague and the size of the
Hurwitz orbit. An estimation on the immunity of the Hurwitz orbits is provided in [22]
by using labelled Schreier graphs of the Hurwitz orbit quotients and the weights of the
Hurwitz orbits, where the weight of an Hurwitz orbit is defined by the cycle structure of
the Hurwitz obits. In Chapter2l'we will recall the study about the Hurwitz orbits and the
method to estimate the immunity of the Hurwitz orbits from [15], [21] and [22]. Note
that in [22] only few Schreier graphs with small cycles are considered.

In Chapter B we will introduce a general method to calculate the plague and estimate
the immunity of the Hurwitz orbits. With this method we can study infinitely many



4 INTRODUCTION

Schreier graphs of the Hurwitz orbit quotients with all cycles. Our method is based on
the posets of certain subgraphs called robust subgraphs of pointed Schreier graphs of the
Hurwitz orbit quotients. We will estimate the immunity of the Hurwitz orbits through
a case-by-case analysis of pointed Schreier graphs of the Hurwitz orbit quotients. With
this analysis we will consider those Schreier graphs of the Hurwitz orbit quotients for
which the immunity of the Hurwitz orbit is bounded above by a quarter. All the results
proved in Chapter[lland in Chapter[3are claimed by the author as original. The summary
of the main results is given in the Conclusion of the thesis.
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Chapter 1

Quandles and their Cycle Structure

1.1 Preliminaries

In this section we recall the basics of quandle theory. For further details on these
topics we refer to [3]], [25], [28].

Definition 1.1.1. A rackis a pair (X, I>), where X is a non-empty setand > : X x X —
X is a binary operation such that

(R1) the map ¢, : X — X, defined by ¢,.(y) = z 1> v, is bijective for all z € X,
R2) 2> (y>2)=(x>y)> (x> 2) foralz,y, 2 € X (ie., > is self-distributive).
Definition 1.1.2. A rack X is called:
e aquandleifr>x =xforallr € X,

e a crossed setif X is a quandle and for all z,y € X,
r>y=ysoyYbor=ua,
e braided if X is a quandle and at least one of the equations
x> (y>x)=y,z>y=uy,

holds, for all z,y € X,

Definition 1.1.3. A subrack (resp. subquandle) of a rack (resp. quandle) (X, >) is a
non-empty subset Y C X such that (Y, >) is also a rack (resp. quandle).

Observe that if X is a finite rack (resp. quandle) then any closed subset of X is a
subrack (resp. subquandle). Indeed, every singleton subset of a quandle is a subquandle,
but analogous statement is not true for a rack which is not a quandle.
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Example 1.1.4. A group G is a quandle with

x>y =ayr !
for all x,y € G. This quandle is called conjugation quandle. Note that the conjugation
quandle is a crossed set. Similarly, the union of conjugacy classes in G is a crossed set.

Example 1.1.5. The dihedral quandle D,, of order n is defined on Z,, = {0,1,...,n — 1}
by

i>j=2j—1i (mod n).

for all i, j € Z,,. Note that the dihedral quandle D,, is the subquandle of the conjugation
quandle of the dihedral group of order 2n, consisting of reflections. Observe also that
D3 = (1 2)*5 is a braided rack, where (1 2)% is the conjugacy class of transpositions in
the symmetric group Ss.

Example 1.1.6. Let A be an abelian group and Aut(A) is the group of automorphisms
of A. Let g € Aut(A) and 1 = id4. Then we have a quandle structure on A given by

r>y=(1-g)(x)+g(y).

for all z,y € A. This quandle is called the affine quandle (or Alexander quandle) associ-
ated to the pair (A, g) and is denoted by Aff(A4, g).

In particular, let I, be a finite field, where ¢ is a power of a prime number p, and
a € F,\ {0,1}. Then we write AffiF,, o), or simply Aff(¢, @), for the affine quandle
Aff(A, g), where A = I, and g is the automorphism given by y —— ay for all y € F,.
For o = 1, the affine quandle Aff{q, «) is trivial. For &« = —1, we have the affine quandle
Afflp, —1), which is isomorphic to the dihedral quandle D,

Example 1.1.7. Let GG be a group and « an automorphism on G. Let H be a subgroup of
the fixed points of o in G and G/H = {gH : g € G'}. Then for any ¢, f € G we have a
quandle structure on G/ H given by

gH > fH = ga(g~' f)H.

This quandle is known as the coset quandle or homogeneous quandle and is denoted by
(G, H,«). In particular, if G is a group with identity 1 and H = {1}, then the coset
quandle (G, H, «) is called twisted homogenous crossed set or principal quandle and is
written as (G, «) for short (see [3]).
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1.2 Quandles and Groups

In this section we recall the definitions of some important groups associated to quandles
from [15], [25].

Definition 1.2.1. The enveloping group of a quandle X is:
Gx =F(X)/(zya™' =z >y,z,y € X),

where F'(X) is the free group generated by X. If X is finite, the finite enveloping group
is:

Gx =Gx/ <x|¢1‘,x € X>,
where |¢,| is the order of ¢,.

Definition 1.2.2. A quandle X is called injective if the canonical map X — G x (defined
by x — [z], where [z] denotes the equivalence class in G'x of the generator x) is
injective.

1.2.1 Automorphism Groups of Quandles

Let X be a quandle. From the quandle axioms (R1) and (R2), it follows that each ¢, is a
quandle automorphism on X. We write the full automorphism group of a quandle X as
Aut(X). The Aut(X) contains two important subgroups which are defined as follows.

Definition 1.2.3. The inner group of a quandle X is the group
Inn(X) = (¢.|z € X).
The transvection group of a quandle X is the group
Trans(X) = (¢e0, |2,y € X).

Observe that both Inn(X) and Trans(X) are normal subgroups of Aut(X). A
quandle X is called faithful if the map X — Inn(X), defined by x — ¢,, is injective.

The Aut(X), Inn(X) and Trans(X) naturally act on a quandle X. Note that,
throughout this thesis, we will only consider the left group actions. Recall that the
action of Aut(X) (resp. Inn(X) and Trans(X)) on a quandle X is said to be transitive
if for any two y, z € X there exists a ¢, in Aut(X) (resp. Inn(X) and Trans(X)) such
that ¢, (y) = x >y = z. The transitive actions of Aut(X), Inn(X) and Trans(X) on a
quandle X give rise to the following definitions.

Definition 1.2.4. A quandle X is called:
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e homogenous if Aut(X) acts transitively on X,

e indecomposable or connected if Inn(X) acts transitively on X. Otherwise, X is
called decomposable.

Remark 1.2.5. Any faithful quandle is injective but the converse is not true, (see [25],
Lemma 2.10 and Example 2.12). Observe also that any faithful quandle is a crossed set

(see [3]].

1.3 Some Classes of Connected Quandles

The problem of classification of connected quandles up to isomorphism has been at-
tacked by many by studying special classes of quandles, starting with finite quandles. In
this section we recall some known classes of connected quandles. For further details on
classification of connected quandles we refer to [1], [3], [10], [13], [14], [24], and [31].

1.3.1 Small Connected Quandles

L. Vendramin calculated all connected quandles (upto isomorphism) of size at most 35
(see [31]], Proposition 5.1). By using the theory of transitive groups, L. Vendramin also
computed all isomorphism classes of indecomposable quandles up to size 47. The list of
all indecomposable quandles of size n < 47 is available in a GAP package called Rig (see
[16]]). These small quandles are included in Rig as

SmallQuandle(n, q(n)), where q(n) := quandle number of size n.

1.3.2 Galkin Quandles

Let A be an abelian group and 1 : Zs — Z, 7 : Z3 — A be functions. If (0) = 2, u(1) =
1(2) = —1 and 7(0) = 0, then we have quandle structure on Z3 x A given by

(z,a) > (y,0) = 2 —y,7(y — ) + p(y — r)a —b).

for all z,y € Z3 and a,b € A. This quandle is called the Galkin quandle. The Galkin
quandle Z3 x A is connected (see [10]).

1.3.3 Connected Affine Quandles

The class of affine quandles consists of connected and decomposable quandles. An
affine quandle Aff{ A, g) is connected if and only if 1 — g is onto (see [24], Corollary 7.2).
Note that the affine quandle Aff{¢, a) has no nontrivial subquandles (see [2], Proposition
4.1). Therefore the affine quandle Aff{q, ) is indecomposable.
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1.3.4 Connected Quandles of Prime Power Order

Let X be a connected quandle of order ¢ = p", where p is a prime number. Then
Tran(X) is a p—group (see [6], Corollary 5.2). The connected quandles of size ¢ €
{p, p?, p3} are studied in [13],[14],[6]. Recall that the connected quandles of order p and
p? are affine, principal and faithful, and a connected quandle of size p? is either principal,
or isomorphic to a coset quandle (G, H, «), where G has order p?.

1.3.5 Simple Quandles

A quandle X is called a simple quandle if it has no quotients except itself and the
one-element quandle. An equivalent condition is that every homomorphism from the
quandle is either constant or a monomorphism (see [25]). Recall that a simple quandle is
connected and faithful (see [6]). Note also that a simple quandle of prime power order
is affine (see [6]], Proposition 5.9).

1.3.6 Cyclic and Primitive Quandles

A quandle X is said to be of cyclic type or cyclic if for each x € X the permutation
¢, acts on X \ {x} as a cycle of length | X| — 1, where |X| denotes the cardinality
of X. It is easy to see that a quandle X of cyclic type with |X| > 3 is connected
(see [32]). A quandle X is said to be primitive if Inn(X) acts primitively on X, that is,
Inn(X) acts transitively on X and Inn(X) preserves no nontrivial partition of X. Note
that by using the theory of transitive groups and GAP database of primitive groups, L.
Vendramin computed all isomorphism classes of primitive quandles up to size 2106.

1.4 Cycle Structure of Quandles

The algebraic structure of quandles can be studied by using a perspective based on the
sequence of their permutations. The cycle structure of permutations of quandles is refer
to as the cycle structure of quandles. In this section, we first recall some definitions
and results from [6], [22] and [28] about the cycle structure of quandles. Next, we will
discuss a conjecture about the cycle structure of connected quandles and see that for
which families of connected quandles that conjecture is true. Finally, we will provide
obstructions on the cycle structure of connected quandles, which are among the main
results of this thesis.

Definition 1.4.1. Let X be a finite rack (resp. quandle) and ¢, : X — X is a permuta-
tion on X for any x € X. Let ¢, = 010...0% be the decomposition of ¢, into product
of disjoint cycles o; for 1 < i < k. Let £(0;) = ¥; is the cycle length of ;. Then the list
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of all ¢; (a set with possible repeats) is called the pattern of ¢,. The profile of X is the
sequence of patterns of all ¢,.

Remark 1.4.2. Since (z>y)> (z>2)=a> (y> z) forallz,y,z € X,

¢z\>y = ¢x¢y¢;l

By using this equation, any two automorphisms ¢,, ¢, of a finite connected rack (resp.
quandle) X are mutually conjugate (see [15] and [28]). Since the conjugate permutations
have the same cycle structure, any two permutations of a finite connected rack (resp.
quandle) X have the same pattern. Therefore, the profile of a finite connected rack
(resp. quandle) X is a constant sequence and the pattern of any automorphism of X can
be considered as the profile of a finite connected rack (resp. quandle) X for short. We
will write the automorphism of a connected rack (resp. quandle) X by ¢.

Notation 1.4.3. We write the profile of a finite connected rack (resp. quandle) X as:
Profile(X) = 1m0 52 4",

where 1 < (1 < ly < ... < Uy, and mgy, my, ..., my, are the multiplicities of 1, (1, (s, ..., {,
respectively. For example:

Profile(SmallQuandle(42,7)) = 12.22.3.6%.
Note that, if Profile(X) = 1™ ¢52...0]"* then,
| X | = mo +maly + ... + myly,
and for any z € X,

| supp(p,) |= maly + ... + myly, where supp(v.) = {y € X | p.(y) # y}.

1.4.1 Hayashi’s Conjecture on Quandles

In [18], C. Hayashi proposed a conjecture about the cycle structure of connected quan-
dles, which we refer as the Hayashi’s conjecture. Note that the Hayashi’s conjecture on
connected quandles can also be stated for connected racks. By using the notation of the
profile of a finite connected rack (resp. quandle) X, we state the Hayashi’s conjecture as
follows.

Conjecture 1.4.4. Let X be a finite connected rack (resp. quandle) with
Profile(X) = 1m0y 052 4",

Then ¢;|¢y (i.e., ¢; divides ¢) for any integer i with 1 <i < k — 1.
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Remark 1.4.5. The cycle structure of an automorphism « of a finite group G is also
studied recently, notably in [7], [17]. In these studies, a cycle o of « is called a regular
cycle or orbit if {(o) = ord(«), where ord(«) denotes the order of . Recall that ord(«a)
is the least common multiple (Icm) of the cycle lengths of «. Therefore, if o has a
regular cycle o, then all cycle lengths of « divide the largest cycle length /(). In this
way, the Hayashi’s conjecture simply says that, for a connected rack (resp. quandle)
X, any automorphism ¢, for x € X have a regular cycle. Since the automorphisms of
certain connected racks depend on the automorphisms of underlying groups, therefore
the results about the cycle structure of group automorphism can be used to verify the
Hayashi’s for certain connected racks (resp. quandles). We recall the following corollary
from [7]] which we will use later.

Corollary 1.4.6. Any automorphism « of a finite nilpotent group has a regular cycle.

Observations 1.4.7. Now we see that for which known families of connected quandles,
the Hayashi’s conjecture is true.

1. The Hayashi’s conjecture is true for all connected quandles of size at most 47. This
can be seen by inspection in Rig [16] with the following function:

Profile :== CycleLengths(Permutations(q)[1], [1..n]),

where ¢ := SmallQuandle(n, g(n)), with ¢(n) := quandle number of size n. For
example:

Profile(SmallQuandle(42,7)) = 12.22.31.6%.

2. The Hayashi’s conjecture is trivially true for a connected dihedral quandle D,,.
Since, for i, j € Dy, ¢;(j) :=2j — i (mod n), and

[251]
po=T1(i+ji~j) (modn)
j:

Hence, Profile(D,) = 14", where (1 = 2.

3. The Hayashi’s conjecture is true for any Galkin quandle Z3 x A (see [10], Lemma
4.5), since Profile(Zs x A) = 1™ 0" (3"?, where {1 = 2 and ¢, = 2k, where k is
the order of an element in the group A.

4. The Hayashi’s conjecture is true for any connected affine quandle. Recall that, for
an affine quandle Aff{ A, o) we have:

o(y) = x>y =(1-0a)(z)+aly).
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Now if we take © = e, the identity of A, then ¢.(y) = a(y). Hence, the cycle
structure of . is equal to the cycle structure of &« € Aut(A). Now, since an abelian
group is nilpotent, the automorphism « of A has a regular cycle by Corollary
Therefore the Hayashi’s conjecture is true for a finite connected affine quandle

Af(A, «).

5. Connected quandles of size p and p? are affine (see [13], [14]). Therefore, the
Hayashi’s conjecture is true for connected quandles of size p and p?.

6. A connected quandle of size p? is either affine or isomorphic to a coset quandle
(G, H, ), where the group G has order p* (see [6]). Recall that for the coset
quandle (G, H, «v),

gH©> fH = ga(g~' f)H.

Therefore, o (fH) = «(f)H. This implies that the cycle structure of ¢z depends
on the cycle structure of o« € Aut(A). Now since a group of prime power order is
nilpotent, therefore by Corollary [[.Z.6] the Hayashi’s conjecture must be true for
all connected quandles of size p>.

7. The Hayashi’s conjecture is true for simple quandles of prime power sizes which
are affine (see [3]]). Since, the primitive quandles are simple (see [29]), the Hayashi’s
conjecture is true for any primitive quandle of prime power size.

The results of [7] and [17] can be used to verify the Hayashi’s conjecture for those
families of connected racks and quandles whose automorphisms depend on the automor-
phisms of underlying groups. In the next section, we consider the Hayashi’s conjecture
more generally in order to see that to which extent it is true.

1.4.2 Obstruction on the Cycle Structure of Connected Quandles

In this section we provide the obstructions on the profiles of connected racks and quan-
dles. These obstructions will be helpful to see that to which extent the Hayashi’s con-
jecture is true. We begin with the following definition.

Definition 1.4.8. Let X be an indecomposable rack. For any subset Y of X, the subrack
of X generated by Y is the smallest subrack of X containing Y.

For any subrack Y C X let Y = X \ Y. Now we prove the following result.
Lemma 1.4.9. Let Y be a subrack of X withY # X. Then X is is generated by Y °.
Proof. Since Y is a subrack of X, we conclude that Y > Y° = Y. Let
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Z = {yl > (?/2 >..D> (yn—l > yn)) | n 2 17?/17 <y Yn S YC}

Then y > 2z € Zforally € Y¢ 2z € Z by definition, and y > 2z € Z forally € YV
by the self-distributivity of > and the Y-invariance of Y°. Hence Z is a non-empty
X-invariant subset of X, and therefore equal to X since X is indecomposable. 0J

Now by using the fact that the complement of a subrack of an indecomposable rack is
not necessarily a subrack, we have the following lemma.

Lemma 1.4.10. Let X be an indecomposable rack such that X =Y U Z, for two subracks
YandZ of X, then X =Y or X = Z.

Proof. Assume that X # Y, then X is generated by Y¢ C Z because of Lemma [[.4.9
Since Z is a subrack of X, one concludes that X = 7. O

Corollary 1.4.11. Let p,q € 7Z with p,q > 2. Let X be an indecomposable rack and
reX,

Y={yeX |y =y}, Z={2€ X |¢i(z) =z}
Assumethat X =Y U Z. Then X =Y or X = Z.

Proof. By the self-distributivity of ©>, the sets Y and Z are subracks of X. Then the
claim follows from Lemma [[.Z.10 O

The Corollary [[.4.11is useful to provide the following obstruction on the profile of an
indecomposable rack.

Proposition 1.4.12. There is no finite indecomposable rack X of profile 1"°1{" 15" ...1;"*
such that lem(ly, Lo, ..., ;) and lem(l;y 1, lita, ..., lx) do not divide each other.

Proof. Letp = lem(ly, o, ..., 1), and ¢ = lem(li11, liva, ..., ), such that p, ¢ > 2 and p, ¢
do not divide each other. Let z € X, and

Y={ye X |y =y}, Z={2€X|i(z) = z}.

By the self-distributivity of I>, the sets Y and Z are subracks of X. Then X =Y U Z by
definition of p and ¢ and, X # Y and X # Z, a contradiction to Corollary 411l 0J

Remark 1.4.13. By [22](Proposition 3.2), there is no finite crossed set X with profile
o™iy "™ such that ged(lhls...lg—1,1;) = 1. Now by Corollary [.411] it follows
that there is no finite indecomposable rack X with profile 117" [5"...[)"* such that and
l1ly...l;—1 and [}, do not divide each other. In particular there is no finite indecomposable
rack X of profile 1"°[7" 15> with [; { l5. Therefore, it follows that the Hayashi’s conjec-
ture is true for all finite indecomposable racks and quandles with profiles 170} [5"2.
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The next step is to look for finite indecomposable quandles with profiles 1™°1;[5l5.
With this profile if /1, l5 | I3 then the Hayashi’s conjecture is true. If ; 1 [3 for i € {1, 2},
or [; 1 I3 and [; | I3 for distinct 4, j in {1, 2}, then we have further two cases to consider,
namely, when Iy t lem(lk41, lk+2) (mod 3) and when I | lem(lgy1, lr+2) (mod 3) for a
positive integer k. The case when Iy, 1 lem(lg41, lk+2) (mod 3), is excluded by Proposi-
tion 412 The case with I, | lem(lg41, lg+2) (mod 3) can not be excluded by Proposi-
tion[1.4.12 In the next section we consider this case in details.

1.4.3 Obstruction on the Profile of Connected Crossed Sets

Let mg, m1, mo, mg € N and let py, po, ..., p, be pairwise distinct primes for a positive
integer r. Let X be a finite indecomposable crossed set. Assume that the profile of X is
]_molllglg, With,

Lh=1Ipi =11 pf and I3 = [] ps",
i=1 i=1 i=1

for non-negative integers a;,b; and ¢; forall 1 < i < r. Letly 1 Iy, l1,l5 1 I3 and I |
lem(lgsq, lks2) (mod 3) for a positive integer k. We show that these assumptions lead

to a contradiction when I3 | lem(ly, l3). The proof will be similar when Iy | lem(ly, [3) or
lg ‘ lcm(ll, lg)

Since lem(ly,1ly) = Hpmm(ai’bi), therefore for all 1 < i < r, I3 | lem(ly,ly) < ¢ <

)
1

max {a;, b; }. If there exists 7 such that a; < by < ¢;, then ¢; ¢ max{a;,b;} and hence
I3 1 lem(l1,13). By using Proposition L412 with p = lem(ly, 1) and ¢ = I3, it follows
that there exists no such X.

Now assume that for all i, A = {p;|c; = b; > a;}, B = {pila; = ¢; > b}, C =
{pila; = b; > ¢;} and D = {p;|a; = b; = ¢;}, then {p1,p2,...,pr} = AUBUCUD. Let

p= I pi" = II »},

pieC _ pi€C _
q:= 11 pi" = 1I »i's
pi€B p;€B
ro= I1 i = II »f,
pi€A pi€A
si= [ pf' =11 pi = II o
pi€D pi€D pi€D

Then p,q,r > 1 and p, q, r, s are pairwise coprime integers. Let

p = H plgi’q/ — H psi,rl — H p?i’
pi€C pi€B pi€EA
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are such that, p' | p, ¢’ | ¢and 7’ | r then,

L= T1I pi* 11 »i* 11 pi* 11 pi* = par's,

pi€C p:€B pi€A pi€D

b= TI p) I1 i T » TI P} = pq'rs,

pi€C piEB pi€EA pi€D

ls= TT pi* T1 pi* T pi* 11 0i* = P'qrs
pi€C pi€EB pi€EA pi€D

Note that if C = (), thenp = 1 = p’ and | = qr's,ly = ¢'rs,l3 = qrs. Since v’ | r and
¢ | ¢ 1y |l3and ly | I3. Therefore, we assume that A # (), B # () and C' # (). Observe
that, if s # 1 then the number of moved points is equal to {the number of moved points
for s = 1}. s. If we fix p, ¢, r, then there are finitely many choices for p’, ¢, ', s. In par-
ticular, for (p/,¢',7’") = (1,1,1), we have (I1,1s,13) = (pgs, prs, qrs). For example, for
(p,q,7) = (4,3,5) and (p', ¢, 7', s) = (1,1,1,1) we have (I1,ls,13) = (12,15,20), and
for (p',¢',7") = (1,1,1) and (p,q,r,s) = (4,3,5,2) we have (I1,15,13) = (12,15, 20).
We consider such cases in details.

Letx € X.Forallt > 1,let X; = {y € X | ¢L(y) = y} and let X] = X, \ X; for all
t > 1. Then X is the disjoint union of the non-empty sets X1, X, ., X ., X/

qs?) “rprsy “rqrs*

Lemma 1.4.14. X, is a non-empty subrack of X. In particular, y > (X \ X;) = X \ X for
(llly S Xt.

Proof. Since X is a crossed set, z € X; and therefore, X; # (). Let y1,y, € X, then
O (y1 > y2) = @4 (y1) > @4 (y2) = y1 > ya, which implies that X is a non-empty subrack
of X.Forally € Xy, y> (X \ Xt) =y> X \y> Xy = ¢, (X)\ ¢, (Xt) = X\ Xy, since
X is arack and X, is a subrack, and hence ¢, is a bijection on X and also on X, for all
y € X;. 0]

Lemma 1.4.15. Forally € X/, there exists z € X/

pgs? ors> SUCh thaty > 2 # 2.

Proof. Suppose y > z = z forall z € X, theny' > 2 = zand 2 > 3y = ¢ for all

ze X! candy € X/ , since X is a crossed set and ¢, acts transitively on X! . Now,

prs pgs’ pgs*
since Y = X,,s and X, are subracks of X, Y = X, U X, is a subrack of X with
Y # X and Y U X, = X, which is a contradiction to Lemma [[.4.10] O

Lemma 1.4.16. Lety € X,  and z € X \ Xpqs withy > z # z. Let t be the smallest
positive integer with @ty(z) =z, thent = prsort = qrs.

Proof. Since X is indecomposable, ¢, is the product of a pgs—, a prs—, and a grs— cycle.
Let ¢, = 010903, such that supp(o;) N supp(o;) = 0 and |supp(o;)| € {pgs,prs, qrs}

forall 1 <i,j < 3 withi # j. Since y € X, therefore by Lemma [L.415, there exist

z € X, UX  suchthat y > 2 # z, which implies that 2 € supp(c;). Now by Lemma
L2148 X \ Xpgs = X, U X[ is invariant under X, therefore y > z € supp(o;), and

hence supp(o;) C (X! UX! ) =X\ Xpgs.

prs qrs
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Since y € X5, and X, is a subrack of X therefore we have ¢?%¢, = ¢, ©??%. Hence,
z € supp(o;) with ¢! (z) = z imply that y > u # w and ¢ (u) = u for u = EP?(2).
Since all pb%°-orbits of X/ and of X _have rs = ged(prs, qrs) elements, the number
of elements of X \ X,,s moved by ¢, is a multiple of rs. Therefore the elements of
X \ X,4s moved by ¢, are contained in the prs- and the grs-cycles of p,. 0J

Lemma 1.4.17. Lety € X, .. Then there exist 2 € X,
foz=uy.

Proof. Let Y = X,,s U Xs. If Y is a subrack of X, then X =Y U X, which is a
contradiction to Lemma [[.4.10. Hence there exist 2/, f/ € Y such that ¢/ := 2/ > [’ €
X\Y = X, .. If 2/, f" are both in X, or X, (in particular if 2’ € X, or f' € X;)
then 2’ > f' € Y since X,,; and X, are subracks of X. Thus (¢/, f') € X/ . x X/ U

fe X!  suchthatzr> f=yor

qrs

prs qrs
Xirs X X, Then the claim of the lemma follows from the fact that , acts transitively
on X, . and permutes both X  and X .. O
Lemma 1.4.18. Assume that X, . and X,  are subracks of X. Then X, is not a subrack
of X.
Proof. Assume that X, . is a subrack of X. LetY = X U X U X/ . Lemma[L414
implies that X _ permutes X \ X, = X, U X/ _and hence it permutes Y, since

X/ . also permutes itself being a subrack of X. Similarly, being subracks of X and by

pgs
Lemma [T4.9, X’ . and X;TS permute, respectively, X! . X \ X, = X/ U X/  and

prs prs? pgs qrs
Xire X\ Xgrs = X, U X, Hence Y is a subrack of X. This is a contradiction to the
fact that X =Y U X1,Y, X; # X, and to Lemma [LZ.10] O
Lemma 1.4.19. Lety € X, .. Then there exist 2 € X, and f € X  withy>z € X[ ,
yo fe X,
Proof. Assume that y >z € X ., forallz € X .. Theny'>2 € X forallz € X
and y > X/ o = X{ .. By Lemma[lZI5 y > 2 # z and y > f # f, therefore the

restrictions ¢, | x;,, and ©y| x;,, are not the identity. Therefore ¢, has at least two cycles
consisting of elements of X/ U X/ . By Lemma [[.Z.16 these are the prs— and grs—

prs qrs*
cycles of ¢,. Therefore the prs— and grs— cycles of ¢, consist of the elements of X’

prs
and the elements of X, respectively.

Ifz>y € X, forally € X ,z€ X thenY = X,, U X, is a subrack of

X, a contradiction to X = Y U X,,; and Lemma Thus there exists z € X/

prs
with z >y ¢ X .. Then z >y ¢ X/ .. Now z is in one of prs— cycles of . Thus the

prs—cycles of ., consist of the elements of 21> X/ = C X, and one of these elements

prs
is z € X, Since z >y € X, the elements of the prs—cycles of ¢, also belong to

qrs?

X \ Xyrs, and hence to X/ .. Thus z permutes X and hence X _ is a subrack of X.

prs* prs prs

By the same reason, X is a subrack of X.
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Consider now z is in one of ¢grs— cycle of ¢,,, which consist of the elements of
2> X, © X, UX,.,. Since 2>y € X/ permutes z > X/ _ and it maps X

qrs qrs* qrs

to Xyrs and X  to X .U X ., respectively, we conclude that z > X . C X/ or

prs? qrs

2> X © X 2> X0 C X7, then the first part of the proof applied to z instead

qrs qrs?

of y implies that X is a subrack of X. This is a contradiction to Lemma [L4.18]

Assume now that z > X/ . C X/

qrs pgs- Since x acts transitively on X! and on X/ _, we
conclude that

prs pgs’

X > X =X

prs qrs pgs*

By applying X), , to this equation and using the rack condition one concludes that

X X =X >(X >X )X >X . )>(X >X)=

pgs pas pas prs = “qrs) pas prs pas qrs
(Xprs > ers) - qus‘

Again we conclude that X is a subrack of X which is a contradiction to Lemma [[.4.18|
O

/ /

Lemma 1.4.20. Lety € X,,,.. Theny>x € X ..
Proof. Since y,x € X4, we conclude that y > x € Xg,. Assume thaty > ¢ X ..
Then y > € X;. The prs— and grs—cycles of ¢, consist of the elements of y > X/

and y > X ;m, respectively. Since y € X;qs, the pgs— and prs—cycles of ., cont;in
together all elements of X,,. U X ., by Lemma[L.49 Moreover, by conjugating with ¢,
we conclude that if an element of X (or X/, respectively) is contained in a grs—cycle
(in a prs—cycle, respectively), then all of the elements of X, (of X, respectively) do

so. Since prs # grs, this is not possible. Hence ¢, permutes both X/ and X .. This is

prs qrs*

a contradiction to Lemma [1.4.19 |

Lemma 1.4.21. Lety € X, . Let p, = 010503, such that supp(c;) N supp(o;) = () and
|supp(o;)| € {pgs,prs,qrs} foralll < i,j < 3 withi # j. Then supp(o1) C X,4s and
supp(az), supp(ag) c X]/n"s U X,

qrs*

Proof. By Lemma [L.417 there exist = € X and f € X, such that 2 > f = y or

f > z = y. By interchanging 2 and 3 if necessary, we may assume that z > f = y.

Note that f > x # z and f > z # z, since X is a crossed set. Moreover, since
f,z € X,rs and X, is a subrack of X, and since z ¢ X,,, the elements z and x are in
different cycles of . Let ¢ = (2...)(2...)(...) be the product of disjoint cycles. Then

Oy = Qo = 02050, = (2> 2. (-0).
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Since 2>z € X, by Lemma[l420and z € X, ¢, has two cycles containing elements

of X, U X/ .. These are the prs— and grs—cycles by Lemma This implies the
claim. O

Proposition 1.4.22. There is no finite indecomposable crossed set X with profile 1™°1,15l3,
where l1, 5, I3 are defined as above, and I}, | lem(lg11,l;12) (mod 3) for positive integer
k.

Proof. Assume to the contrary that X is an indecomposable crossed set with the profile
1™0[ylyl3, where [y, s, I3 are such that | lem(lgs1, lg12) (mod 3) for positive integer
k. Let X; and X/ be defined as above for all ¢ > 1.

Lety € X and 2 € X, then 2 >z # z and ¢?"*(r) = z by Lemma [L.£.20

Therefore ¢}, (y > x) = y > 2. Moreover, y > x € X, . by Lemma[l£20 Lemma 414

y
implies that y >z € X U X| . Ify >z € X, then the entries of prs—cycle of ¢,

prs qrs*
belong to X,; by Lemma[L4Z]] in contradiction to y >z € X, .. Thusy > z € X,
which implies that y> X, C X} candy> X, . C X by symmetry. This is impossible

since | X, |[= prs # qrs =| X, O

TS |'

Remarks 1.4.23. Note that the Proposition [.Z2.22 can not be further generalized to all
indecomposable quandles. By Proposition there is no indecomposable crossed
set with profile 1™°;15l3, where ({1, 5, ¢3) = (pq, pr,qr) for pairwise distinct primes
p, q,r. In particular, there is no indecomposable crossed set with profile 10/ 513, with
(6y,09,05) = (6,10,15). By Remark and Proposition [[.4.22, it follows that the
Hayashi’s conjecture is true for any connected crossed set X with ¢, € Aut(X) such
that supp(p,) < 31.



Chapter 2

Racks and Hurwitz Orbits

In this chapter we recall the definitions and results, from [15], [21], [22], about the
main objects of study of this thesis, namely, the Hurwitz orbits for the braid group
action on powers of racks.

2.1 Hurwitz Action on Racks
Let n be a positive integer. The braid group on n strands is the following:
B, = (01,09, ...,0n-1) /(0;0; = 0j0; if |i — j| > 2,0,0;0, = 0;0;0; if |i — j| = 1).

The braid group B, is trivial and the braid group B; is infinite cyclic group isomorphic
to the fundamental group of unknot. The braid group

Bs = <01702 ‘ 010201 = 0201U2>

is infinite non-abelian group isomorphic to the fundamental group of the trefoil knot.
The center of Bj is:

Z(B3) = (A), where A = (0109)3 = (010901)%.

According to E. Brieskorn [8]], A. Hurwitz in [23] studied implicitly an action of B,, on
the n product of the conjugacy class X of a group, which is therefore called the Hurwitz
action and is the following:

1
Oi(T1, Ty ooy Ty T 1y ooy T) = (L1, T2y evey TiTig1T; 3 Ty ooy Ty,

for all z1, xo,...,x, € X and i € {1,2,...,n — 1}. Since the algebraic structure of racks
and quandles is similar to conjugation in groups, the Hurwitz action can also be studied
for racks and quandles. We recall the study of Hurwitz action on racks from [21].
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Let X be a rack. The braid group B,, acts on X" via the Hurwitz action:
O'Z'(]Il, Loy veny Ly Lig1y eny ]Jn) = (.Tl, X9, .oy Ty B> Tiy1, Ty, -ny .Tn>,

for all 1,29, ...,x, € X andi € {1,2,...,n — 1}. For example, the Hurwitz action of
the braid group B; on X? is given by:

Ul(x7y7z) = (.T > yax72)702(x7y72) = (3573/ > Zay)

for all x,y,z € X. By the self-distributivity of >, the defining relation of B3 respects
this action as follows:

0'10'20'1(32',?/,2’) - 0'10'2(.T|>y,$, Z) = Ul(x>y7x>27x) = ((.Tby) > (xDz),ny,x)
- (‘T > (y > Z)?'CE > yax) - 0'2(.72' > (y > Z),.Z',y) - 0—20—1('7:7?/ > Zay) = 0—20—10—2(‘27ay72)

2.1.1 Hurwitz Orbits

Let X be a rack. The orbit O = O(xy,...,x,) = {o(x1,....,2,) : 0 € B, } of the
Hurwitz action on X" is called the Hurwitz orbit. Note that, the rack X acts on itself via
the map >, which can be extended to a canonical action of the enveloping group G x of
X. More generally, Gx acts on X" diagonally:

9> (1,29, . Ty) = (g D> X1, g D> T, ey g B> Ty),

forall g € G x. The diagonal action of GG x and the Hurwitz action of B,, on X" commute.
Two Hurwitz orbits Oy, Oy C X™ are called conjugate if there exists g € G'x such that
the map X" — X", T — ¢ > 7, induces a bijection O; — Os.

Two Hurwitz orbits O;, Oy C X" are called isomorphic if there exists a bijection
¢ : O1 — Oy such that p(o(T)) = o(p(T)) for all o0 € B, € O;. Clearly, conju-
gate Hurwitz orbits are isomorphic. By the definition of the enveloping group Gx if
(Y15 -y Yn) € O(21, ..., xp), for all xy, ...k, Y1, o Yy € X, then y1ys...y, = T122...2,.

The Hurwitz orbits for the action of B, on X ? for a rack X are studied in [21]. In this
study, the number (written by #) of Hurwitz orbits of size n € Ny is denoted by [,,, that
is:

If k, = #{j € X|#0(i,j) = n} and d is the size of the rack, then [, = %= (see [15],

n
Lemma 2.26.).
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The Hurwitz orbits for the action of B; on X3 for a braided rack X are studied in [21].
If X is a braided rack and O C X3 a Hurwitz orbit, then #0 € {1,3,6,8,9, 12,16, 24}
(see [21], Proposition 9). The Hurwitz orbits for the action of Bs on X? for arbitrary
racks X are studied in [22].

Example 2.1.1. Let X = D3 = (1 2)% = {(1 2),(1 3),(2 3)}. Then X? has three
Hurwitz orbits of size 1 and three Hurwitz orbits of size 8.

2.2 From Racks and Hurwitz Orbits to Nichols Algebras

The study of racks and Hurwitz orbits is motivated by the classification problem of
certain Hopf algebras which are known as Nichols algebras. We recall the definition of
Nichols algebra and the idea of classification of certain Nichols algebras using Hurwitz
orbits. For details we refer to [1]], [2], [3], [15], [21], [22].

Definition 2.2.1. Let V' be a vector space and ¢ € Aut(V ® V). Then (V, ¢) is called a
braided vector space if ¢ is the solution of the braid equation in Aut(V ® V ® V'), that
is:

(c®id)(id ® c)(c®id) = (id ® ¢)(c ® id)(id ® c)
Examples 2.2.2.

o Let V = (21,9, ...,x,) and C is the field of complex numbers. Let ¢(z; ® z;) =
¢ij(x; ® x;) for ¢;; € C*. Then (V, ¢) is a braided vector space.

e Let G be a group, V = CG and ¢(g ® h) = (ghg™' ® g). Then (V, ¢) is a braided

vector space.

e Let X bearack,V =CX andc € GL(V ® V) such that c(x ® y) = (x> y @ z).
Then (V, ¢) is a braided vector space.

o If Xbearack, V =CX andc € GL(V® V). Letq : X x X — C* be a map
(which is called a rack 2—cocycle) such that:

q(z,y > 2)q(y, z) = q(z >y, x> 2)q(x, 2).

Let c(x ® y) = q(x,y)(x > y) @ z. Then (V] ¢) is a braided vector space.

A braided vector space V' gives a special type of algebra called the Nichols algebra
B(V). To define Nichols algebras we need a map y : S, — B,, called the Matsumoto
section, defined by 7, — o;, where 7; are the generators of the symmetric group S,,. The
Matsumoto section x is a set-theoretical section that satisfies the following property:
p(zy) = p(z)p(y) if (zy) = €(x) + £(y), where ¢ is the usual length function.
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Let (V, ¢) is a braided vector space and:
Ci ‘= Cii+1 = idv®(i—1) XX idv®(n—i—1) c Aut(V®”)

Then ¢y, ..., ¢, satisfy the relations of the Braid group and hence p : B,, — Aut(V®"),
defined by p(0;) = ¢, is a representation. Now the definition of Nichols algebra is the
following.

Definition 2.2.3. Let V' be a braided vector space over the field K. Then the Nichols
algebra of V is defined as:

BV)=KaeVae PT"(V)/(ker,),

n>2

where &, : V& — V®" is the map, called quantum symmetrizer, defined by:

S, = Y plu(o))

O'ESn

where S, is the symmetric group, p is the representation of B,, induced by ¢, and p is
the Matsumoto section.

A Nichols algebra B (V) is said to be of diagonal type if there exists a basis {vy, vg, ..., v, }
of V such that

c(v; ®v;) = q;jv; @ v; for g;; € KX,

where K is the field. A fundamental problem in the theory of Nichols algebras is the
classification of finite-dimensional Nichols algebras. I. Heckenberger classified finite-
dimensional Nichols algebras of diagonal type in [19] and [20] by using Lie theoretic
structures. The classification of finite-dimensional Nichols algebras of non-diagonal type
is an open problem. So far only few finite-dimensional Nichols algebras of irreducible
Yetter-Drinfeld modules over non-abelian groups are known. The calculations of finite-
dimensional Nichols algebras of irreducible Yetter-Drinfeld modules over non-abelian
groups are made by using the Hurwitz orbits for the action of braid groups B, and B3
(see [15], [21]], [22]). We recall the following facts from these papers.

e The quantum symmetrizers &, for n € {2, 3} are:

G,=1+c¢

S, = 1+ ci1g + a3 + ci2c3 + Ca3Ci2 + C12C23C12.
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e Let K be a field. The Yetter-Drinfeld module over a group G is a KG-modules
with a left coaction § : V — KG ® V satisfying the Yetter-Drinfeld condition.
The category of Yetter-Drinfeld module over a group G is a braided monoidal
category. Any Yetter-Drinfeld module V' over G decomposes as

V=@V, where V, = {v € V|§(v) = g @ v},

geqG

for all g € G. Moreover, hV; = Vj,,-1 for all g, h € G. The set supp V = {g €
G|V, # 0} is called the support of V. A Yetter-Drinfeld module V' is a braided
vector space with ¢ € Aut(V @ V') defined by:

cludv)=gveuforallu € V,, g € supp V,v €V,

which satisfies the braid equation in Aut(V ® V ® V). Note that the Yetter-
Drinfeld modules can also be studied in terms of racks and 2—cocycles. Two
Yetter-Drinfeld modules V' and W are said to be bg-equivalent if there exists a
bijection ¢ : supp V' — supp W and a linear isomorphism ¢) : V' — W such that

V(Vg) = W), ¥(gv) = @(g)¥(v)

forall g, x € supp V,v € V.

e For any Yetter-Drinfeld module V' over a group G the Nichols algebra of V' de-
composes into the direct sum of the homogeneous components as follows:

BV)= D Bu(V),

n€ENg

where B, (V) = K, B,(V) =V and B,,(V) = K is a Yetter-Drinfeld submodule
of B(V) for all n € Ny. The Nichols algebra B(1) of a Yetter-Drinfeld module V'
is called elementary if V' is finite-dimensional, absolutely irreducible and supp V'
generates the group G. Two Nichols algebras of Yetter-Drinfeld modules are called
bg-equivalent if their degree one parts are bg-equivalent.

e The Hilbert series of a Nichols algebra B(V') is the formal power series:

Ha (1) = - (dimB,(V)1".

n=0
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The Hilbert series of the known Nichols algebras of Yetter-Drinfeld modules fac-
torize into the product of polynomials of the form 1 +¢" + ... + " with r,n > 1.
Such an Hilbert series of a Nichols algebra is called t-integral of depth two if r < 2.
Motivated by t-integrality of all known Hilbert series of Nichols algebras of group
type, a classification program of finite-dimensional Nichols algebras over groups
is started in [15]]. In this study, the finite-dimensional Nichols algebras over groups
with many quadratic relations are found, which corresponds to a factorization of
the Hilbert series for » = 1. Subsequently, the Nichols algebras over groups which
corresponds to a factorization of the Hilbert series for r < 2, are classified in [[21]].
In this classification, it is shown that for the Nichols algebra ®B(V') of a Yetter-
Drinfeld module V', with Hilbert series of t-integral of depth two, the following
inequality is satisfied:

dim ker(1 + cia + c12¢o3) > 3dimV ((dimV)? — 1).

If this inequality holds for V, then the Nichols algebras B (V') is said to has many
cubic relations. In [21]] and [22], the authors intended to classify all Nichols alge-
bras with many cubic relations and to prove that their Hilbert series are t-integral
of depth two. If supp V is a braided rack, then the claim is proved in [21], by
using a combinatorial invariant, so called plague, on Hurwitz orbits of (supp V')3.
In the next step the general problem for arbitrary racks is attacked in [22], where
an estimation on dim ker(1 4 c15 + ¢12¢93) is provided by a purely combinatorial
method which is described as follows.

Choose a subset Y of (supp V)3 and take an element

RS @(x,y,z)GY ‘/I ® V:U ® ‘/Z

Let k(Y, @) be the set of all a € dim ker(1 + c12 + ¢12¢93) with projection @ to its
homogeneous parts with degreein Y. If z, y, 2 € supp V and two of

{(xaya Z),0'2.(]3,y,2),0'10'2.(1’,y,2)}

are in Y, then for any a € k(Y, @) the summand with the third degree is uniquely
determined. Thus k(Y, @) C k(Y’, @), where Y’ is the union of Y and the third
degree and @ is the extension of @. This procedure of enlarging Y can be regarded
as a cellular automaton on (supp V)3. If Y = (supp V)3, then k(Y,@) = @ or
k(Y,@) = (. Hence, if a given subset Y C (supp V)3 can be enlarged this
way to (supp V)3, then the projection of dim ker(1 + c1o + c12¢o3) to the sum
of homogeneous parts of degree (z,y,z) € Y is injective. Thus an important
question is the following: for a given Hurwitz orbit O, provide (the size of) a
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smallest subset Y which can be enlarged by the above process to O. The size of
such a Y yields surprisingly often a sharp upper bound for dim ker(1l + cio +
¢12¢23). The quotient |Y'|/|O] is called as the immunity of O.

2.3 Combinatorics on Hurwitz Orbits

In this section we recall the definitions of combinatorial objects, called quarantine and
plague, on the Hurwitz orbit from [21]. These are graph theoretical structures closely
related to those in the theory of bootstrap percolation (see [4], [5]). The plagues on
Hurwitz orbits are used for estimating dim ker(1 + c¢12 + ¢12¢23) in a process which is
described in the last section. We also recall the definition of the immunity on a Hurwitz
orbit.

2.3.1 Quarantine, Plague and Immunity on Hurwitz Orbits

Definition 2.3.1. A quarantine of O is a non-empty subset () C O such that if any two
of (x,y, 2),09(x,y, 2),0102(x, y, z) are in (), then the third one is in Q).

If we indicate the triples in the Hurwitz orbit O by the circles (like (), the action of
o1 by a solid arrow (like —), the action of o5 by a dashed arrow (like --+), and the triples
in the quarantine () by circles with a cross (like (X)), then graphically, the rule defining
a quarantine on O says that:

if two circles along a path consisting of a dashed arrow followed by a solid arrow are in @),
then the third circle is also in (), as shown in Figure[Z.31l

®->®— 0
®>0—Q® ( =® @8
0--®—®

Figure 2.3.1. The rule defining a quarantine

Definition 2.3.2. A non-empty subset P of an Hurwitz orbit O is called plague if the
smallest quarantine of O containing P is O. If P is a plague of smallest possible size,
then the immunity of O is defined as the quotient |P|/|O| € QN (0, 1]. The immunity
of O is written as imm(QO).

In the case of braided racks, plagues can be computed manually, because there is
only a small number of isomorphism types of Hurwitz orbits for braided racks (see [21]],
Proposition 9). We recall the following proposition from [21].
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Proposition 2.3.3. Let X be a braided rack and O C X3 a Hurwitz orbit. Then,

1 o=,

1/3  if#0 € {3,6,9,12}.
imm(0) =< 3/8 if#0 =8,

5/16 if #0 = 16,

/24 if #O = 24.

Example 2.3.4. Let X = D3 = (1 2)% = {((2 3),(1 3),(1 2))} = {1, 20, 23}.
Then X3 has three Hurwitz orbits of size 1 and three Hurwitz orbits of size 8. Let
the Hurwitz orbit of (21, e, x3) is O(z1, 29, 23) = {A, B,C, D, E, F,G, H}. The orbit
graph of this Hurwitz orbit O(z1, 9, x3) is shown in Figure where the elements
of O(z1,xa, x3) are indicated by black dots. Note that the set {A, D, H} is a plague
on O(x1,xy, x3). Since {A, B, D, E, F,G} and {B,C, D, E,G, H} are quarantines, for
any plague P of O(x1,x9,x3) we have PN {C,H} # () and P N {A, F'} # (). Since
none of {A,C}, {A, H}, {C, F'},{F, H} is a plague, we get imm/(O(x1, z2, 23)) = 3/8.

Figure 2.3.4. The Orbit graph of O(z1, x2, z3)

2.4 Hurwitz Orbit Quotients and their Coverings

The Hurwitz orbits under the action of the braid group B3 can be studied as coverings
of the Hurwitz orbit quotients. In this section we recall the definitions and results about
the Hurwitz orbit quotients and their coverings from [22]. We begin with the following
two lemmas.

Lemma 2.4.1. Let X be a rack and O C X3 a Hurwitz orbit. Then the map O —
Gx,(x,y,z) — xyz is constant.
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Lemma 2.4.2. Let X be an injective rack, O C X3 a Hurwitz orbit and let (x,y,2) € O.
Then | (z,y,2)" N (z,y,2)% |= 1.

Let X be a rack and O C X3 a Hurwitz orbit. Define an equivalence relation on O
by:

(z,y,2) ~ (2, 2') & A™(z,y,2) = (2', ¥/, ')

for some m € Z, and for all (x,y, 2), (¢, ¢/, 2') € O. Then ~ is an equivalence relation.

A Hurwitz orbit quotient is the set O of equivalence classes of O.

Let v = 0, '0; ' Z(B3) and y = 010201 Z(B3). Then, by construction (see [26], Ap-
pendix A), we have

(m,y |23 =y*=1) ~ PSL(2,Z) = B3/Z(B3)

Now, since the braid group Bj acts transitively on O, the modular group PSL(2, Z) acts
transitively on O, that is, O is a homogeneous PSL(2, Z)-space.

The finite homogeneous Bs-spaces are studied in [22] as coverings of the homoge-
neous PSL(2, Z)-spaces. We now recall the definitions and results about the coverings
of the homogeneous PSL(2, Z)-spaces.

Let O be a homogeneous PSL(2, Z)-space. Consider O as B3 —space on which Z(B3)
acts trivially. Then the covering of O is defined as follows.

Definition 2.4.3. A covering of O is a triple (7, O, O), where 7 : O — O is a surjective
Bs-equivariant map (i.e., 7(o((z,y, 2))) = on(z,y, z) forall o € B3, (x,y, z) € O) such
that

m(x,y,z) = n(2',y, 2’) implies that (z,y, z) = A™(2/,y/, )

for some m € Z and for all (z,y, z), (', v/, 2') € O.

Note that a covering (7, O, O) is finite if O (and hence O) is finite. Also, a covering
(m,0,0) is trivial if 7 : O — O is bijective. For a covering (7, O, O), the fiber of an
element v € O is the subset 77!(v) C O. Following the notation of [22], we write
v[#] for the complete fiber 7! (v) over an element v € O. Since Z(B3) = (A), where

A = (0109) = (010201)?, the following lemma holds.

Lemma 2.4.4. Let (7,0,0) be a covering of a homogeneous PSL(2, Z)-space O. Then
|77 (v)| = |7~ Y(w)| for all points v, w of O.
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For a covering (m, O,@)_, we write the size of the fibers by N, that is, [7~'(v)| =
|7~ (w)| = N for v, w of O. Now we recall the definitions of cycles in O and O, and
the covering (7, O, O) with simply intersecting cycles.

Definition 2.4.5. For i € {1,2}, a 0;—cycle of a homogeneous B;—space O is a minimal
non-empty subset ¢; C O which is closed under the action of o;. A covering (7, O, O)
is said to be with simply intersecting cycles if any given o;-cycle ¢; and gy-cycle ¢y in O
intersect at most once, i.e., |c; N c2| < 1.

An zy—cycle in a homogeneous PSL(2,Z)-space O is a minimal non-empty subset
Cry € O such that zy.v € C and (zy)'.v € Cforallv € C. Similarly, one can define
yz—cycles Cy,. An xy—cycle containing a fixed element v of O is written as C,(v).

Note that, for any covering (7, @, O), the image of a gy-cycle in O is an zy—cycle in O,
and the image of a 05-cycle in O is a yr—cycle in O.

Example 2.4.6. By Lemmal[Z4.2, if X is an injective rack, then the Hurwitz orbit O C X3
has simply intersecting cycles. In particular, for X = D3 = (1 2)°, any Hurwitz orbit
O has simply intersecting cycles.

2.5 Schreier Graphs of Hurwitz Orbit Quotients

The Hurwitz orbits for the action of the braid group B3 on arbitrary racks are studied
in [22]] as coverings of their quotients which are homogeneous PSL(2, Z)-spaces. These
homogeneous PSL(2, Z)-spaces can be presented in terms of Schreier coset graphs as-
sociated to the modular group PSL(2, Z) with respect to its generators x, y and its finite
index subgroups. Recall that, finite homogeneous PSL(2, Z)-spaces up to isomorphism
are known to be in bijection with conjugacy classes of finite index subgroups of the
modular group PSL(2,Z), which are intensively studied (see [30]). In this section we
recall the study about the Schreier coset graphs of homogeneous PSL(2, Z)-spaces from
[22]]. We first recall the definition of the Schreier graph from [11].

Definition 2.5.1. Let GG be a group with a finite generating set S = {z1, x5, ..., x4}. Let
H be a subgroup of finite index n in G and G/H = {gH : g € G} be the set of left
cosets of H in GG. Then a Schreier coset graph or simply Schreier graph associated to G,
with respect to S and H, is a graph whose vertices are the left cosets g, and edges are
of the form (¢gH, x;gH ) for x; € S.

Example 2.5.2. The Schreier graph associated to the the modular group PSL(2,7Z),
with respect to a finite index subgroup H of PSL(2,7Z) and the generators = and y
of PSL(2,7Z), is an oriented labelled graph whose vertices are the left H—cosets and
edges are of the form (gH,zgH ) and (gH,ygH). In the Schreier graphs for PSL(2, Z),
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an z—arrow points from any coset g/ to the coset xgH and a y—edge points from
any coset gH to the coset ygH. Since, PSL(2,7Z) = (x,y | 23 = y* = 1), the Schreier
graph associated to PSL(2,7Z) consists of oriented triangles of z—arrows (slid arrow)
and double y—edges (dashed lines). Usually, instead of a double y—edge, a single edge
or dashed line is displayed in the Schreier graph for PSL(2, Z). The fixed points of x are
shown by solid loops or circles with an arrow on them and fixed points of y are shown
by dashed loops or circle.

Note that in the interpretation as a homogeneous PSL(2, Z)-space (in particular, the
Hurwitz orbit quotient ), the vertices of the Schreier graph for PSL(2, Z) correspond
to the points of the PSL(2, Z)-space. The Schreier graph of a PSL(2, Z)-space O can
also be used to display the covering (7,0, O) as a graph. The graph of the covering
(7,0, O) is the labelled Schreier graph of the homogeneous Bs-space O with respect to
the generators o, ‘o' and 0,090, of B;. We recall the labelled Schreier graph of the
homogeneous Bs-space O from [22]](Remark 4.8).

Remark 2.5.3. Let (7, O, O) be a covering of a PSL(2, Z)-space. Since = = o, 'o; ' B3
and y = 07090183, the generators o, 101_ L and oy090, of By correspond to labeled
x— and y—edges, respectively, in the labeled Schreier graph. Since the covering is a
homogeneous space and the sequence

Z(Bs) — By — PSL(2,7)

is exact, the fiber v[*] over any v € O consists of (A)-orbit. Now if we fix a point v[0]
in the fiber v[*] then all other points of the fiber can be enumerated by v[i] = A’v[0] for
alli € {0,1,..., N — 1}, where N is the size of the fiber. Now by choosing a spanning
tree of the Schreier graph of O and the images of v[0] along the arrows of the spanning
tree, one can obtain the images of v[i] for all ¢ since A is central. The remaining arrows
v; — v;j (which are not on the spanning tree) in the graph of O then have to obtain labels
indicating the index shift in the fiber. For instance, a label s tells that v;[k| is mapped to
vj[k + s (mod N)] for all k. Then, up to the choice of the spanning tree, any covering
of O is uniquely determined by the labels of the z— and y—edges.

Observe that, since A = (0,03)® = (010901)?, the sum of the labels in any x—triangle
is —1 and the sum of the two labels of a y—edge is 1. The y—edges we interpret as
double arrows and put the label of the arrow close to its destination. For any zy—cycle
(or yx-cycle) C' in O, the label of C' is the sum of the labels of z— and y—edges of the
cycle.

Now we recall the following lemmas from [22]], which are easy consequences of Re-
mark [2.5.3 and the Definition of a covering with simply intersecting cycles.

Lemma 2.5.4. Let O be a PSL(2,7Z)-space and let (T, (9_,5) be a covering of O with
simply intersecting cycles. Let v be a vertex of the graph of O.
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(a) If there exists an x-loop on v with label a then 3a = —1 (mod N).
(b) If there exists a y-loop on v with label a then 2a =1 (mod N).

Lemma 2.5.5. Let O be a PSL(2,Z)-space and let (, O, 0) be a covering of O with
simply intersecting cycles. Let v € O and w € Cy,(v) N Cyy(v). Ifw # v, then (1, O, O)
is not trivial.

Lemma 2.5.6. Let O be a PSL(2,Z)-space and let (, O, 0) be a covering of O with
simply intersecting cycles. Letv € O and N = |77 1(v)|. Let \ € Zy and u € Zy be the
labels of the xy- and yx-cycle containing v, respectively. Then (\) N (1) = 0 as subgroups

OfZN.
Lemma 2.5.7. Let O be a PSL(2,7)-space and let (1,0, O) be a covering of O with

simply intersecting cycles. Let v € O and assume that xv = v or yv = v and that
PSL(2,Z)v # {v}. Then the labels of the xy- and yx-cycles containing v are 0.

Lemma 2.5.8. Let O be a PSL(2,7)-space and let (1,0, O) be a covering of O with
simply intersecting cycles. Let v,w € O, N = |7~ *(v)| and assume that v # w and that
v,w are on the same xy- and yx-cycle. Let \ and 1 be the labels of the xy- and yx-path
from v tow, respectively. Then A # ;1 (mod N).

Corollary 2.5.9. Let O be a PSL(2,7Z)-space and let (m, O, O) be a covering of O with
simply intersecting cycles. Let v,w € O and assume thatv # w,zv = v,2w = w (
oryv = v,yw = w ) and that v, w are on the same xy- and yx-cycles. Then O has no
coverings with simply intersecting cycles.

Proof. Assume to the contrary that (7, O, O) is a covering of O with simply intersecting
cycles. Let N = |77 '(v)| and let a and b be the labels of the z-loops at v and w,
respectively. By Lemma [25.4(b) we have 3¢ = —1 (mod N) and 3b = —1 (mod N)
and hence a = b (mod N). Since zv = v and xw = w, v and w are on the same xy-
and yz-cycles, and the zy and yz-paths from v to w have the same labels. This is a
contradiction to Lemma [2.5.8] U

2.6 Hurwitz Orbits and Cellular Automata

The graph theoretical structures of quarantine and plague defined on Hurwitz orbits
are closely related to bootstrap percolation (see [4], [5]). These structures can be con-
sidered as cellular automata. The principle of the method to calculate these structure
is well-known from the theory of cellular automata on groups (see [9]). The technique
to calculate the plague and immunity on Hurwitz orbits in the language of cellular au-
tomata is formulated in [22]. We recall this formulation with some examples in this
section.
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Let G be a group acting transitively on a set €2 and let A be a set called an alphabet.
Let A% be the set of all functions from € to A. Then the cellular automaton over (G, 2)
is defined as follows.

Definition 2.6.1. Let S be a set, (g,)scs be a family of elements in G, and p : A5 — A
be a map. Then the map 7 : A® — A® such that

T(N)(w) = p((f(gs-w))ses)

for all f € A%, w € €, is called a cellular automaton over (G, 2) with alphabet A. The
infinite sequence (7"(f)) for n > 0 is called the evolution of f.

A good interpretation of a cellular automaton over (G, 2) is the following. For any
w € €, consider the family of points (gs)scs as the neighborhood of w. Then for any
function f € A%, the value of 7(f) at w is obtained from the values of f in the neigh-
borhood of w according to the local defining rule determined by .

Note that the cellular automata to be considered here are with the alphabet A = Z,.
For any function f € Z let

supp f = {w € Q|f(w) = 1},

and the characteristic function of a set I C () is

c70 . 1 ifxel,
X1 2, T 0 if otherwise.

Definition 2.6.2. Let 7 be a cellular automaton over (G, §2) with alphabet Z,. Then 7 is
said to be monotonic if

(1) supp f C supp 7(f) for all f € Z$}, and

(2) supp 7(f) C supp 7(g) for all f, g € Z$} with supp f C supp g.

Definition 2.6.3. Let 7 be a monotonic cellular automaton over (G, 2) with alphabet Z.
For any subsets [, J C Q with I C J, the subset [ is said to spread to J, if J C (7"(x1))
for some n € N. A subset I C () is a quarantine if 7(x;) = x; . A subset ] C Qisa
plague if the smallest quarantine containing [ is {2. The cardinality of a plague [ is also
called its size.

Note that if a subset I spreads to another subset .J of €2, then any subset I’ C 2 with
I C I’ spreads to J. Assume that €2 has only finitely many points. Then a subset I of {2
is a plague if and only if it spreads to 2. In this case, any subset of {2 containing [ is a
plague.
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Now we recall the plague on the Hurwitz orbits as a special case of a plague of the
monotonic cellular automaton in the following example, which is the main example of
interest.

Example 2.6.4. Let G = B3 and Q = O C X3, where O is an Hurwitz orbit under the
action of B3 on X3 for a rack X. Take A = Z,, S = {1,2,..., 7} and

_ -1 _—1 -1 —1 7
(gs>s€S_(1>U270102702 01,01 ,09 70-1) E:|Bé3

Consider the configuration given in Figure 2:6.1, where the solid arrow indicates the
action of o1, and the dashed arrow indicates the action of 5. Then z, = g¢,.x; for all
s € S. Define i : A" — A by

p(f1s fos s f2) = A1V fafsV fafs V fofr = 1= (1= f1)(1 = fofs)(1 = fafs)(1 = fef7),

where f1, f2, ..., fr € A, and V denotes logical or. Then the map 7 defined by ;. and
(gs)ses is a monotonic cellular automaton over (B3, O). A plague of this automaton is
literally the same as a plague defined in 2321

@) ——->@ @) - - - >@—®

@)

Figure 2.6.1. Neighbors of x;

Now we recall an example of the cellular automata over (Z,Z,,), where the group
G = Z acts transitively on 2 = Z,, for m € Nx,.

Example 2.6.5. Let f € Z5", r € N, and ay,...,a, € Z,, \ {0}. Let A = Z5, S =
{0,1,...,7},and (g5)ses = (0, —ay, —as, ..., —a,) € G°. Define p : A5 — Aby

. 1 iff():]_orflzfgz...:szl,
#lfos Jrs - o) = { 0 if otherwise.

The map 7 : Z5™ — Z%™ defined by 1 and (g, )scs is then a monotonic cellular automa-
ton. By definition,

supp T(f) C supp fU{w € Qf(z —a1) = ... = f(z —a1) = 1}
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for all f € ZZ™. The plagues for special cases of cellular automata over (Z, Z,,), which
will be useful for studying the evolution process of plagues on the Hurwitz orbits, are
the following.

Case 1. Let r = 1 and a; = A. The cellular automaton is determined by the rule

supp 7(f) C supp f U{x € Zp|f(x — A) = 1}.
Let ' = (\) and let ] be a set of representatives for 2/I". Then [ is a plague.

Case2. Let A\ € Z,,, 7 = 3,a1 = l,aa = A+ 1,and a3 = —\. Let ' = (\) and
let I be the union of a set of representatives for 2/I" with I'. For example, [ =
(M) U{1,2,...,\ — 1}. Now if supp f contains a coset a + I', where a + 1 € I,
then supp f spreads to a + 1 4 I'. Thus [ is a plague.

Case3. Let A € Q\ {0,1},7r =2,a; = N\jag = A — 1. Let I = {0,1,...,(m —1)/2}
if misodd, and I = {0,1,...,(m/2) — 1} if m is even. Then [ is a plague of size
< (m + 1)/2. It is in general not minimal, for example for m > 3, A = 2, the set
{0,1} is a plague.

Now we recall a formulation of the cellular automaton over (B3, O) in terms of the
generators oy Yo7 and 0,090, of B3 by using the Schreier graph of PSL(2,Z)-space
O. Note that ¥ = 0, 'o; ' (A) and y = 01090, (A) are the generators of PSL(2,7Z).

Let 7 be a cellular automaton over (B3, O). Let f be a Zy—valued function on O and
let P = supp f. Let v be a point in the Hurwitz orbit quotient O and v[*] be a fiber over
v of size N. Let I be a subset of Zy and let v[I] = {v[i]|i € I} be the corresponding
subset of v[*]. Now consider the following three neighboring subsets of v[/]

(o5 toy ) Lw[l], oro9010[I),and (o5 oy t).v[1].

These three subsets are shown in Figure and are denoted by x[I — ¢, x2[I + d
and z3[I 4+ b+ 1], where I + a = {i + ali € I}. In this setting v[[] is called a pivot.

/ms[I—O—b—O—l]
b

\ 1[I — (]

Figure 2.6.2. The cellular automaton on braid group orbits
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Now by Example 2.6.4] if P = supp f contains the subsets z1[/ — ¢| = 0y09.v[I] and
09.71[1 — | = x3]I + a], then supp 7(f) contains

o1.705[1 + a] = o1030109.0[) = oy toy P AW[I] = x3[T + b+ 1].

Similarly, if any two of the neighboring subsets 1[I — ¢|, z2[I + a], and x3[] + b + 1]
of v[I] are contained in P, then the third is a subset of supp 7(f). Moreover, supp 7(f)
is the smallest subset of O containing supp f and all sets constructed this way for some
point v and some subset I C Zy.

2.7 Weight and Immunity on Hurwitz Orbits

The immunity of an Hurwitz orbit is estimated in [22] by its weight which is defined
by using the cycle structure at each point of that Hurwitz orbit. In this section we recall
the definition of the weight of an Hurwitz orbit. We also recall a theorem and a conjec-
ture from [22] about the estimation on immunity on the Hurwitz orbits. Following the
same notation in [22], we write the homogeneous Bs-space by ¥ and the homogeneous
PSL(2,7Z)-space by 3.

Definition 2.7.1. Let X be a homogeneous Bs-space and v € X such that v belongs to
a o1-cycle of length 7, and also to a o3-cycle of length j. Let w : ¥ — Q be the map
defined by w(v) = w;;, where wj; is defined in [22] by the following matrix
1 1/3 11/24 1/2 12
/3 1/3 1/3 1/3 1/3
11/24 1/3 7/24 7/24 7/24
(Wijdig=1 =] 1/2 1/3 7/24 1/4 1/4
/2 1/3 7/24 1/4 1/4

The weight of X is defined as

w(E) = 3 wl)

|
v

The weight of an Hurwitz orbit provides a good upper bound for the immunity of that
Hurwitz orbit which is given in [22](Theorem 6.3). We recall this theorem here.

Theorem 2.7.2. Let ¥ be a covering with simply intersecting cycles of finite homogeneous
PSL(2,Z)-space 3. Assume that any xy-cycle of ¥ has at most four elements. Then
imm(%) < w(X).
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Example 2.7.3. Let X = D3 = (1 2)% = {2, 29,23}. Let ¥ be the Hurwitz or-
bit of (z1, 72, 73), and let ¥ = O(zy, 29, 23) = {A,B,C,D,E,F,G,H}. Let ¥ =
O(x1, w9, 73) = {{D,E},{B,G},{A, H},{C, F}} = {v1,v3,v3,v4}. Then (7, %, %) is
a covering as shown in the Figure 271

In this covering N =| 7 !(vy) |= 2forall k € {1,2,3,4}. The zy—cycles with labels
are: (vy v3 v9) with a + b and (v4) with 1 — b. The yx—cycles with labels are: (v, v v4)
with a + b and (v3) with 1 — b. By Lemma 2.5.4(a), it follows that 3a = —1 (mod N)
and a + b =0 (mod N) and hence a = b = 1. Therefore for i € {0, 1}, v;[i], v2[i] have
two 3-cycles and v3[i], v4[i] have cycles of lengths 1 and 3. Now by Definition 2.7.1]

w(X) = 15 2 wlv) = 1/8(2N(7/24) + 2N (11/24)) = 3/4.

vEY

Figure 2.7.1. The Covering (7, 3, X))

Note that P = {A, H, D} = {uv3[0], v3[1],v1]0]} is a plague since with pivot v4[*| =
{v4]0], v4[1]}, P spreads to v[*], with pivot v;[1], P spreads to z.v1[1] = vy[1+1+1] =
v1[1], and with pivot vy [*|, P spreads to v4[*|. Hence imm(X) = 3/8 < 3/4 = w(X).

Note that the assumption about the length of an zy—cycle in Theorem can be
replaced by a weaker assumption that imm(3) < w(X) for all homogeneous Bs-spaces
3. This weaker assumption is proposed as a following conjecture in [22]].

Conjecture 2.7.4. Let X be a covering with simply intersecting cycles of finite homoge-

neous PSL(2,7Z)-space 3. Then imm(%) < w(3) holds for all homogeneous Bs-spaces
2.
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Note that by Theorem the Conjecture is true for the coverings ¥ of finite
homogeneous PSL(2, Z)-space ¥ such that any xy-cycle of ¥ has at most four elements.
There are only 18 different finite homogeneous PSL(2, Z)-spaces ¥ such that any zy-
cycle of 3 has at most four elements (see [22], Proposition 4.3). In the next chapter we
will show by a case-by-case analysis that the Conjecture 2.7.4]is true for the coverings >
of infinitely many Schreier graphs of finite homogeneous PSL(2, Z)-spaces .



Chapter 3

Hurwitz Orbits and Pointed Schreier
Graphs

In this chapter we introduce a new method to calculate the plague and estimate the
immunity of the Hurwitz orbits. With this method we can consider infinitely many
Schreier graphs of the Hurwitz orbit quotients. Our method is based on the posets of
certain subgraphs of pointed Schreier graphs of the Hurwitz orbit quotients. By using
this method we will estimate the immunity of the Hurwitz orbits through a case-by-case
analysis of pointed Schreier graphs of the Hurwitz orbit quotients.

3.1 Pointed Schreier Graphs of Homogenous PSL(2,7Z)-
spaces

Let G = (V, E) be the Schreier graph of a finite homogenous PSL(2,Z)-space ¥ of
size n with the vertex set V' = V(G) and the edge set E. Then G consists of x—triangles
and y—edges as described in Example We denote the number of z—triangles by ¢
and the number of y—edges of G by e. We call G with a distinguished vertex as a pointed
Schreier graph of 3. We will write

Vo i={v € V(G)|(v) = v}; V4] [¥]lv € Va},
Vy i={v e V(G)ly(v) = v}; Vi [4] (¥lv e Vit
Vay = {v € VI(G)|zy(v) = v}; Vay[¥] := {vlx][v € Vi }.

{v
{v

It is easy to see that V,V, and V,,, are mutually disjoint if |V (G)| > 2. In some cases
we will denote the pointed Schreier graph G of a finite homogenous PSL(2,7Z)-space
Y of size n explicitly by Gn{i1 lo,...1,} x for a positive integer k, where {l1,l5, ..., 1} is a
multiset of the lengths of zy-cycles (or ya-cycles) of ¥, and X is a capital letter which
serves as a further distinction if & has same multisets of the lengths of xy-cycles.
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3.1.1 Robust Subgraphs of Pointed Schreier Graphs

Let ¢, 7 be integers with 0 < 7 < ¢. Let G be a finite pointed Schreier graph of size n
with ¢ triangles and a distinguished vertex, say vy. Let H; is a connected subgraph of G
with j triangles such that:

e vy belongs to H,,
e each x—edge of H;, which is not an x—loop, belongs to a triangle in 4,
e cach z—loop belongs to H,;,

e each vertex of H; is either adjacent to itself through a y—loop or adjacent to
another vertex of H; through y—edge.

We call this subgraph H; as a robust subgraph. We write |V (#;)| = |H;| := n;. Note
that V(H;) = V(G). If Hy = G and n = 1, then vy is with both x— and y—loops. If
Ho # G then H, is one of the following three types;

e Hy with a y—loop on vy,
e H, with an x—loop on vy and vy is adjacent to another vertex through y—edge,

e H, with no z—loop, no y—loop and vy is adjacent to another vertex through
y—edge,

as shown in Figure 311l A non-trivial robust subgraph H; # G, with no x—loop and
with at most one y—loop, is one of the following three types as in Figure B.1.1}

e 7, with a fixed point of zy and n; = 4,
e 7{; with only one fixed point of y and n; = 5,

e H, with no fixed point of zy, no fixed point of y and n, = 6.

TN
/ \

¢ —— - ~— — — —o
l\ , Vo ) V0
~_~

—_— - —_ -
4 7N
/
| —— - | 0 - — —
\ vo
\ ~=7
e —_ -

Figure 3.1.1. Small Robust Subgraphs
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Let H be the family of all robust subgraphs #; of a finite PSL(2,Z)-space. Then H
is a finite partially ordered set by subgraph inclusion relation, H; < H;, for all non-
negative integers ¢,j with 0 < ¢ < j < t. We say that H; is a predecessor of H;
(or equivalently H; is covered by H;) if H; # H; and there is no H; € H such that
Hi X Hi 2 Hj and H; # Hi # H,;. If H; is a predecessor of H; then we write
H; < Hj.

Let e(#;) denote the number of y—edges of 7,. Note that we will consider the
y—loop at a fixed vertex of y as one y—edge. If 4,5 € {0,1,...,t} with H; < H;
and m; € {0, 1,2} such that e(H;) = e(H;) + m;, then we write H; <,,, H;. Since m;
varies with j, we write a sequence of predecessors in H as Ho <, Hi <my - <m; i,
where m; € {0,1,2} for 1 < j < t. Note that if H; <,,, H; then n; = n; + m, where
m € {0,1,2,3,4}.

3.2 Coverings of Robust Subgraphs with Plague and Im-
munity

Let (7,%, %) be a covering with simply intersecting cycles of a finite homogeneous
PSL(2,Z)-space X of size n. Let G be the pointed Schreier graph of ¥ and #; be the
robust subgraph of G. For the map 7 : ¥ — V/(G), the covering of #; is the set

SH.

J

=71 (V(H;) = U wl¥] €%,

v; €H,;
such that [Xy, | = [V (H;)|N = n;N.
For1 < j < tletJ := {j|Hj_1 <2 H;} andv : J — V(G) is a map such that
v(j) € Hj\H;j_1 forall j € J, where H,\H,;_1 :={v € H;lv ¢ Hj_1} Let
Py:={v(g)lj € I} C By

Note that if v € V;,, such that v € H; \ H;_1, then H;_y <y H; forall 1 < j < ¢
Therefore Py NV, [*] = (. However in general, P; N V,[*] # 0 and P; NV, [] # 0.

If P is a plague on ¥ then we write P(X4;,) := P N Xy, for the plague on ¥4;.
If P(¥4;) consists of complete fibers then we write |P(X4,)| := p;N. We write the
immunity of Xy, as imm(Xy; ). If P(X,) consists of complete fibers then

|P(Z )l _ piN _ pj
‘EH‘ TL]'N nj'
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Note that for H; <o H;, n; = n; +m with m € {2,3,4} and P(34,) = P(Xy,) U
v(7)[*]. If H; <2 H; and n; = n; + 2, then the jth triangle of #; have two fixed points
of y, and by Corollary 2.5.9] there will be no covering > with simply intersecting cycles.
Therefore, for H; <2 H;, n; = n; +m with m € {3,4}.

For H; <1 H;, n; = n; + m withm € {1,2}. If #; <1 H; and n; = n; + 1, then
P(Xy,) = P(Xy,). Therefore for H; <, H; and n; = n; + 1,

) Db Di
mm(By,) < = = ———,
( HJ)_TL]' nz+1

IfH; <1 Hj,nj =n; +2,and V, N (H; \ H;) = 0, then P(E4,) = P(X4,). Therefore

cbitl b 7
B n; nl—i—Q

imm(y;)

For H; <o H;, nj = n; and P(Xy;) = P(Xy,). Therefore for H; <o H;,

imm(y;) < bi _ P

n; n;

Now we prove that if the immunity of a robust subgraph #,;, for some positive integer
t < t, is bounded above by a quarter then the immunity of the robust subgraph ;4
with V,, N (41 \ H;) = 0 is also bounded above by a quarter.

Lemma 3.2.1. Let X be a covering with simply intersecting cycles of a finite homogeneous
PSL(2,7Z)-space &.. Let G be the pointed Schreier graph of X with t triangles. Assume
that there exists a robust subgraph H; for 1 < i < t, such that imm(Xy,) < 1/4 and
Vioy N (Hix1 \ H;) = 0. Thenimm(3y;,,,) < 1/4.

Proof. Suppose that imm(Xy,) < 2 < 1/4 and V,y N (Hip1 \ Hi) = 0. Therefore
pi < G. We have H; <., Hin with mi+1 € {0,1,2} and n;yy = n; + m with
m € {0,1,2,3,4}. More precisely, if m;;; = 0,m = 0; if m;; = 1,m € {1,2}; and if
mit1 = 2,m € {3,4}. Now we discuss these cases in details.

For m;;1 = 0, m = 0. Therefore p;;1 = p; and n; 11 = n;. Hence imm(3y,,,) < 1/4.
Next suppose that m;;; = 1. Then m € {1,2}. For m;;; = 1 and m = 1, we have
pir1 = p; and n; 1 = n; + 1. Therefore,

imm(Xy,,,) < Z—ill = o < B <1/4
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For m;;1 = 1 and m = 2, we have two possibilities, namely, when V., N (H;11 \ H;:) =
() and when V., N (H;41 \ Hi) # 0. By hypothesis, we consider only the case when
miy1 = 1, m = 2and V,, N (Hig1 \ Hi) = 0. In this case p;11 = p; and njq = n; + 2.
Therefore,

imm(Ey,,,) < =B < B <1/4

Next suppose that m;; = 2 and m = 3. Then V, N (Hiy1 \ Hi) # 0. Let V, N
(Hiv1 \ Hi) = {viz1} and let b; is the label of y—loop on v;,1, see Figure B2l Then,
by Lemma 25.4(b), 2b;.; = 1 (mod N), where N is the size of any fiber. Note that, by
Lemma[255] N > 1 since xy— and yxr—cycles contain two vertices which are adjacent
to (i + 1)th triangle. Since 2b;;; = 1 (mod N) and N > 1, b;;; # 0,1. Now from
Figure B2 P(X;,) U v;41]0] spreads to v;[*]. Hence P(X4,) U v;41[0] is a plague on
294, - This implies that p; 1N = p; NV + 1. Since n; 1 = n; + 3, therefore,

.
; pit1 _ piN+1 <N+l  p N4
me(ZHi“) < niv1  (nit3)N — (ng+3)N T 4(ni+3)N <1/4.
bit+1
TN
/
| 1
\ Vi+1/
~ 7
A
Hi = 7 T T T T T =
Vi vy Vit1
Figure 3.2.1

Finally, suppose that m;;; = 2 and m = 4. Then we have p;;; = p; + 1 and n;;; =
n; + 4. Therefore,

"
. Pit1 _ pitl zt1
imm(Xy,,,) < e = il S N 1/4.



44 Hurwitz ORBITS AND POINTED SCHREIER GRAPHS

3.3 Estimation on the Immunity of Coverings of Pointed
Schreier Graphs

In this section we provide an estimation on the immunity of coverings > with simply
intersecting cycles of finite P.SL(2, Z)-spaces 3. We discuss the pointed Schreier graphs
G of X for which imm(X) < 1/4. We consider the pointed Schreier graphs G of 3 with
following eight cases.

Case 1. whenV, #0andV, =0 =V,,.
Case 2. whenV, #0andV, =0 =1V,,.
Case 3. whenV,, #0andV, =0 =1V,
Case 4. whenV, =V, =V, = (.

Case 5. when V, # () # V,, and V,, = 0.
Case 6. when V, # () # V,, and V,, = ().
Case 7. whenV, # (Q and V,, # 0 # V.
Case 8. whenV,, = 0 and V, # 0 # V,,.

3.3.1 Case 1. Pointed Schreier Graphs with V, # 0, V, =0 =V,

Suppose that X is a covering with simply intersecting cycles of finite homogeneous
PSL(2,7)-space Y. Let G be the pointed Schreier graph of © with ¢ triangles and let
V. # 0 and Vy = = V. Let vy € V, is the distinguished vertex of G. Then H,, is
the robust subgraph of G, consisting of vy and a vertex adjacent to it through y—edge.
Let Ho <m, Hi <my - <m, Hr is the sequence of robust subgraphs of G with vy € H;
for all 0 < 57 < t. Note that for ¢ = 0, G has no covering > with simply intersecting
cycles (see [22], Section 7.2). Since G is with V, # () and V, = 0 = V,,, it is easy to
see that there is one G with ¢ = 1 and |V,| = 3. However, by using Corollary 2.5.9]
such a G has no covering > with simply intersecting cycles. By inspection one can see
that the smallest given G which has a covering 3 with simply intersecting cycles is with
(n,t) = (8,2). For the covering ¥ of this G, imm(X) < 1/4 (see [22], Section 7.12).

Motivated by the example of G with (n,t) = (8,2), we study the pointed Schreier
graphs G with V, # () and V;, = ) = V,,, which have coverings ¥ such that imm(X) <
1/4. There are infinitely many G which have coverings ¥ such that imm/(X) < 1/4. The
plague on the coverings of such a G consists of complete fibers over certain points of G.
We see this in the following lemma. Recall that for 1 < j < t, J = {j|H;-1 <2 H;},
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v:J — V(H;)isamap suchthat v(j) € H;\H;_, forall j € J,and P; := {v(j)[*]|j €
J} C ZHJ'-

Lemma 3.3.1. Let . be a covering with simply intersecting cycles of finite homogeneous
PSL(2,Z)-space with V, # 0 and V,, = ) = V,,,. Then P = vy[*] U P; is a plague on
Yu, foralll < j <t, wherevy € V.

Proof. We prove the claim by induction on 1 < j < t. For 7 = 1, we have Hy <o Hi,
since V, # 0 and V, = ) = V,,. The robust subgraph H; is shown in Figure 331
Since j = 1, J = {1} and v(j) = v(1) € {va,v3,v4,v5}. If we take v(1) = vo, then
P; = {vy]*]}. Now by the following table P = wvg[*| U P; = {vg[*], v2[*]} is a plague
on Xy, .

pivot | vo[+] vi[¥] ws[x] walx]
\Ul[*] vs[*]  va[x]  vs[¥]

—— -
v3 V4

Q]O v

—— -
v2 U5

Figure 3.3.1. Robust Subgraph H;

Now suppose that the claim is true for j = k£ < ¢ and P = vy[*] U Pk is a plague on
Yy, for 2 < k < t. For k+ 1, we have Hy, <, ,, Hi1 Withmy 1 € {0, 1, 2}. First, for
My41 = 0, P = vg[*] U Pk spreads to ¥y, ,,. Next, for my1 = 1, ngy1 = ni+2. That is,
Hy.+1 has two vertices, say, vy and v;/, 1, which are not on Hy. In this case P = vg[*]UPx
will also spread to the fibers vy [*] and vy [*]. Finally, for my1 = 2, ng1 = ng + 4.
That is Hj.1 has four vertices which are not on Hy. In this case P = wvg[*| U Pk can
not spread to Xy, . However, if we take the fiber over only one v; € Hy\H_1 then
P = vy[*] U Px U vy [*] will spread to 3y, ,,. O

Now by using the plague discussed in Lemma [3.3.1, we prove the following proposi-
tion.

Proposition 3.3.2. Let ¥ be a covering with simply intersecting cycles of a finite homo-
geneous PSL(2,7)-space 3 of size n. Let G be the pointed Schreier graph of ¥ with t
triangles and V,, # () and Vy, = 0 = Viy. Assume that G contains at least one robust
subgraph H; for some 2 < i <t such that H; <1 H;11. Then imm(X) < 1/4.
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Proof. Let Ho <, Hi <my --- <m, Hi is a sequence of robust subgraphs of G with v, €
H, for all j. By LemmaB.3dl P = vy[*| U Py is a plague on X for P; = {v(j)[*]|j € J}.
Assume that, for all 1 < j <, [¥y,| = n; N and |P(X3,)| = p; N, where N is the size
of the fiber over any point of H,;. Suppose that there exists no 0 < ¢’ < i — 1 such that
H; <1 Hiy1. Then we prove by induction on ¢’ that

where ny = |V(Hy)|. For i = 0, we have H, with ng = 2. Note that ny # 1 as
Vy = 0. Now P = vg[#] is a plague on #. Therefore, imm(¥4,) < 1/2 = ”f;f. For
i’ = 1, we have H; with ny = 6, and ny # 4,5, since V, = 0 = V,,,,. Since Hy <2 Hi,
P = vo[*] Uwv(1)[#] is a plague on H; as in Figure B3 Therefore, imm(Xy,) <

2N/6N = ”417422. Next suppose that the claim is true for i = k. Then,

< ng+2 __ %(nk+2) Pr

imm(Eq,) < e

3
el

Therefore, p;, = i(nk + 2). Now for & + 1 and my,; = 0 we have ni,; = ny and
Pr+1N = ppN. Therefore,

imm(Xy,,,) = imm(Sy,) < ”frf.

For k + 1 and my 1 = 2 we have ng,; = n, + 4 and py.1 N = (pr, + 1) N. Therefore,

1
imm(Sy, ) < Bt = (pe)+1 _ g2+l (m+6) _ (etd)+2 112
k+1/ — mpqq Ngt1 Ngt1 dngyq dngyq Angyq

Now we show that imm (3y;) < 1/4fori < j <t. Since H; <1 Hip1,nj = ni—y +2
and p; N = p;_1 N for j = i. Therefore for j = 1,

1
. pi _ pi-1 _ z(mi-142)
imm(y;) < = e T o = 1/4,

Lin
since imm(H;—) < Pt < ”41;:2 = 4(7:;:1”). Now by LemmaB.Z1} imm(Xy,) < 1/4

for i < j <. Since X3, = X, therefore imm/(X) < 1/4. O

Example 3.3.3. For the pointed Schreier graph G in Figure P = wo[*] Uv[*] U
vo[*]Uvs[x] is a plague on the covering 3 of G with simply intersecting cycles. Therefore,
imm(X) < A = 1/4.

C}o<{ : .

Figure 3.3.2
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The next step is to look for the coverings X of those pointed Schreier graphs G with
Vy # 0 and V,, = ) = V,, for which there is no robust subgraph H; such that H; <;
H;y1. It is easy to see that the smallest such pointed Schreier graph G has 3 triangles
and 3 robust subgraphs such that Ho <,,, Hi <m, Ho <m; Hs with (my, mg, m3) =
(2,2,0). We discuss this smallest pointed Schreier graph in the following two sections.

3.3.1.1 The Graph 910{10}.

Lemma 3.3.4. Let ¥ be a covering of Gioq10y in Figure[3.3.3 with simply intersecting cycles.
Thena+2 =0 (mod N) and N = 5.

Proof. The xy-cycles with their labels are: (v; v3 v19 V7 V9 V4 Vg Vg U5 V) With a + 2.
The yz-cycles with their labels are: (v vy vg v Vg V3 Us V19 V7 v4) With a + 2. By
Lemma255] N > 1, and by Lemma[2Z5.7, a + 2 = 0 (mod N) which implies 3a = —6
(mod N). Now as by Lemma[25.4(a) on vy, 3a = —1 (mod N), therefore N =5. O

Figure 3.3.3. Schreier graph G0y and its coverings

Lemma 3.3.5. Let ¥ be a covering of Giog10 with simply intersecting cycles. Thenimm(X) <
1/4 =w(X).

Proof. To prove that w(X)) = 1/4 observe that in every covering all cycles have length
10. From the following table it follows that P = vy [x] U v3[*] U v10[0] is a plague.

pivot | vi[x] wal¥] ws[x] wil¥] ws[0] ws[0] wio[0] wy[l]
| vol¥] wal#] wols] wslx] wr[1] we[l]  ws[1]  wiofl]

Thus imm(X) < 11/50 < 1/4 = w(X). O
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3.3.1.2 The Graph G5, 3, 2}-

Lemma 3.3.6. Let ¥ be a covering of Gios, 3, 2y in Figure[3:34 with simply intersecting
cycles. Then N > 1l anda —b—c+ 1= (mod N).

Proof. The xy-cycles with their labels are: (v, v vg v5 v9) witha —b—c+ 1, (v4 vg v19)
with ¢, (v; vg) with 1 + b. The yz-cycles with their labels are: (v ve v19 v7 v4) With
a—>b—c+1, (v3 vs5 vg) with ¢, (vg vg) with 1 + b. By Lemma 2535, N > 1, and by
Lemma257la —b—c+1=0 (mod N). O

Figure 3.3.4. Schreier graph Gyo(s, 3, 23 and its coverings

Lemma 3.3.7. Let 3 be a covering of Gio(s, 3,21 with simply intersecting cycles. Then
imm(Y) < w(X).

Proof. The cycle structure on each vertex of . is the following:

| : two H-cycles,

: cycles of length 2 [(1 + b)| and 3 |{(c)],

7]
vs[i], vs[i], va[i], v1o[7] : cycles of length 5 and 3 |{c)|,
1]
[i] : cycles of length 5 and 2 |(1 + b)],

for all ¢ € Z. Using this cycle structure the weight of ¥ is the following:

3/10 if1+b=c=0 (mod N),

11/40 if [(1+b)|Z0 (mod N)andc=0 (mod N),
17/60 if [(1+b)|=0 (mod N)andc#0 (mod N),
1/4  otherwise.

w(X) =

Assume first that 1 + b = ¢ =0 (mod N). By LemmaB368 a —b—c+ 1 =0, and
by LemmaZ5.4(a) on vy, 3a = —1 (mod N). Therefore, N = 5 and (a, b, c) = (3,4,0).
Now from the following table it follows that P = v;[*] U v3[%] U vg[*] is a plague.
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pivot | vi[¥] wol#] w¥] wslx] wr[¥] wigl+] wy[4]
| ool wal¥] ws[¥] wr[+] ws[+]  wol¥]  wigl¥]

In this case imm(¥) < 3/10 = w(X).

Next assume that [(1 +b)| Z 0 (mod N) and ¢ = 0 (mod N), and [ is a set of
representatives of Zy/ (1 + b), then we claim that P = v;[] U v3[*] U vg[I] is plague.
We compute

pivot | vy[/] vr[L + 1]
| ve[l +1] ws[[ +1+1b]

Now, by Example [2.6.5 it follows that P spreads to vs[]. Thus P = vy [*] U v3[%| U vg[]
is plague. In this case imm(X) < 2N + ||/ 10N < (2N + N/2)/10N = 1/4 < w(X).

Next assume that [(1 +b)] = 0 (mod N) and ¢ Z 0 (mod N), and I is a set of
representatives of Zy/ (c), then we claim that P = vs[*] U vg[*] U v3[/] is plague. We
compute

pivot | vr[x]  wo[+] ol vs[I] vs[1] ve[I]  vio[{]
| vel¥]  wviol*] vl +1] w[l+1] v[I+1] wll] ws[l+]
Now by Example it follows that spreads to v3[*|. Thus P = v5[*] U vg[x] U v3[/] is
a plague. In this case imm(X) < 2N + |I|/ 10N < (2N + N/2)/10N = 1/4 < w(X%).

Finally, assume that [(1 + )| # 0 (mod N) and ¢ # 0 (mod N). Then again
P = v1[*] U vs[x] U vg[I] is plague. Therefore, imm(%) < 2N + |I|/ 10N < (2N +
N/2)/10N = 1/4 < w(X). O

3.3.1.3 The Fragments of Pointed Schreier Graphs

Let G be a pointed Schreier graph of a finite PSL(2, Z)-space with ¢ triangles. Let
is a robust subgraph of G for j € {0, 1, ..., t}. We define a fragment F of G as a part of G
which is separated from G by its robust subgraph H; for any j € {0,1,...,t — 1}. That
is, F = G\ H; forany j € {0, 1,...,t — 1}. In this section we will discuss the fragments
of pointed Schreier graphs Gif10y and G5, 3, 23 Which are obtained by separating the
robust subgraph Hy. Such fragments has only one free site which can be used to glue
them with robust subgraphs H; of G for any j € {0,1,....t — 1}. We write these
fragments as

Fii= g10{10} \Ho(glo{lo}) and Fy := g10{10} \7‘[0(910{5, 3, 2})-

Note that | F;| = |F»| = 8 and F; (resp. F2) has a free site for one vertex which can be
used for gluing F; with other subgraphs.
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Let k£ be an integer with 0 < k < t and Hy <2 Hi <2 ... <2 Hj is a sequence
of a pointed Schreier graph G. Then H; have k + 1 possible open y—edges (which
have a vertex without z—edge on it). Note that the pointed Schreier graphs G with
Ve # 0,V, = 0 = V,, and having no robust subgraph #,; such that H; <; H;;, can be
generated by gluing k + 1 copies of F; (resp. F» or both F; and F) with k + 1 possible
open y—edges of H;. Therefore we write any such graph as G = Span(Hy., Fi, F2)-
Since there are infinitely many subgraphs H; with Hy <o Hy <2 ... <9 Hp—1 for k > 3,
we get infinitely many pointed Schreier graphs G = Span(Hy, F1, F2).

Note that ), <2 Hjy1. Therefore k + 1 € J and v(k + 1)[*] € P;. Assume that the
label of y—edge at v(k + 1) is 0, like in the graph Gio(i0y. Let P} := Py \ v(k 4 1)[x].
Then the set P = vy[*] U P’ U v(k + 1)[0] is a plague on the covering > of G which
contains at least one copy of the fragment F. If |V,| = 1, then ¢t = 4k + 3 and |G| =
3t +1 = 12k + 10. Note that for £ = 0, we have G = Gy(10y. For any covering ¥ of
G = Span(Hy, F1, F2) and G has at least one copy of the fragment F;, we have:

. (3k+2)N+1

Finally, we discuss the case when G = Span(Hy, F2). We see that when imm(X) <
1/4 for any covering ¥ of G = Span(Hy, F2). Since G = Span(Hy, F2) contains k
copies of F3, any xy-cycle (resp. yz-cycle) have length > 2. Therefore, by Definition
71 (wy;)j>1 = 1/3 (resp. (wjp)i>1 = 1/3). Note that there are 2k vertices on zy—
cycles and 2k vertices on yx— cycles, which implies that the number of vertices on
cycles of length two are 4k and the number of vertices on cycles of length > 3 are
n — 4k. Therefore we have:

n—4k

WD) > TS

n

k
+ 3n’

N

where n = |G| = 12k—2. Let v(k+1) € Pj such that the label of y—edge at v(k+1) is b.
Let P} := P;\v(k+1)[*]. Then for b = 0, the set P = v, [*x]UPjUv(k+1)[*] is a plague
on the covering ¥ of G = Span(Hy, Fz2). Forb # 0, P = v, [*x]U P;_y Uv(k + 1)[I] with
|I| < N/2is a plague on the covering ¥ of G = (H,_1, F2), like in the graph Gio(s, 3, 93
Since t = 12k + 3 and |G| = 3t + 1 = 12k + 10, therefore for b = 0,

. (3k+2)N+1

and for b # 0,

: 3k+2)N+N/2
imm(X) < % =1/4.
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3.3.2 Case 2. Pointed Schreier Graphs with V, # 0, V, = 0 =V,

Let ¥ be a covering with simply intersecting cycles of finite homogeneous PSL(2,7Z)-
space Y. Let G be the pointed Schreier graph of ¥ with V,, # § and V,, = §) = V. In
this case we consider vy € V), as a distinguished vertex of G. Let ¢ be the number of
triangles of G and Ho <, H1 <imy --- <m, H: is the sequence of robust subgraphs of G
with vy € H; for all 0 < j < t. We first prove the following lemma.

Lemma 3.3.8. Let X be a covering with simply intersecting cycles of a finite homogeneous
PSL(2,7)-space with V,, # 0 and V, = ) = V,,. Then P = v,[*] U Py is a plague on
ZHJ. foralll < j <t, wherevy € V.

Proof. We prove the claim by induction on 1 < j < ¢. For j = 1, we have Hy <2 H1,
since V,, # () and V,, = () = V,,. The robust subgraph #; is shown in the Figure
Since j = 1, J = {1} and v(j) = v(1) € {v1,v9,v3,v4}. If we take v(1) = vy, then
P; = {v1[*]}. Now by the following table P = wvg[x| U P; = {vo[*], v1[*]} is a plague
on Xy, .

pivot ‘ vo[*]  wi[x]  wol%]
| va[¥] wa[¥] w34

—— -

U1 V4
N
/ \
I vo
\ /
~_~

—— -

v2 v3

Figure 3.3.5. Robust Subgraph H;

Now suppose that the claim is true for j = k£ < ¢ and P = vy[*] U Pk is a plague on
Yy, for 2 <k < t. For k + 1, we have Hy, <, ,, Hi1 with myy € {0,1,2}. First,
for myy1 = 0, P = vg[*] U Pk spreads to ¥y, . Next, for my1 = 1, ngyq = ng +m
with m € {1,2}. That is, Hj,1 has one or two vertices, say, v; and vy 1, which are
not on Hy. In both these cases P = vy[*] U Py will also spread to the fibers vy [*] and
vyr+1[*]. Finally, for mg1 = 2, ngr1 = ng + m with m € {3,4}. That is Hy; has
three or four vertices which are not on #. In both these cases P = wvy[*] U Pk can
not spread to X3, . However, if we take the fiber over only one vy € Hy \Hy_1 then
P = vy[*] U Px U vy [*] will spread to 3y, ,,. O
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Now by using the plague discussed in Lemma [3.3.8] we prove the following results.

Lemma 3.3.9. Let ¥ be a covering with simply intersecting cycles of finite homogeneous
PSL(2,Z)-space 3. Let G be the pointed Schreier graph of & with V,, # () and V, = () =
Viy- Assume that for any 1 < i <'t,’H; is a robust subgraph of G such that H;NV, = {vo}
and Hi_1 <m, Hi withm; # 1. Then imm/(3y,) < %12,

— 4n;

Proof. We prove the claim by induction on ¢. For i = 1, we have n; = 5 and p; = 2
since P = vp[*] U vy [*] is a plague on X3, from Figure Therefore,

. P12 _ 543 _ ni1+3
imm(Ey,) < ni 5 45 — 4np

Now suppose that the claim is true for i = k > 2. That is, imm/(Xy, ) < met3  Thig

47’Lk
implies that p;, < "’“TH. Now for Hj1 we have, Hy <., , Hry1, where my 1 € {0,2}.

For my,1 = 0, we have ny, 1 = n; and px1 = pg. Therefore,

: Pk+1 __ pg nE+3
me(EHkH) S Ngt1 N S dng °

Now for my+1 = 2, we have py1 = py + 1 and ng; = ny + 4 since H; NV, = {vo}
for any 1 < ¢ < t. Therefore,

P petl - 41 +7 nkg1t3
; k+1 _ Pk 4 — M — k41
me(ZHk+l) S NE41 - ng+4 — np+4 - 4(nk+4) - dngiq

O

Lemma 3.3.10. Let 3 be a covering with simply intersecting cycles of finite homogeneous
PSL(2,Z)-space 3. Let G be the pointed Schreier graph of &> with |V,| = 1 and V,, =
0 = V,,. Assume that G contains at least two distinct robust subgraphs H; and H; for
2 <i,¢ <t suchthatH; 1 <1 H; and Hy_1 <1 Hy. Thenimm(X) < 1/4.

Proof. Without lost of generality, suppose that i < i’ and H; is the smallest robust
subgraph with #; 1 <; H;. Then by Lemma [3.3.9]

< ni1+3 i(m—1+3) _ Pi-1

— 4n; n;_1 ng_1"

V,| = 1l and V,, = (), therefore

imm(zﬂi_l)
Therefore, p;_1 = %(ni_l + 3). Now since H;_1 <1 H.,
n; = n,_1 + 2 and p; = p;_1. Therefore,

; pi _ _Pi—1 . mi—1+t3  _ ni+1
me(z%l) S g - TLZ'_1+2 - 4(7‘Li_1+2) - 47’Li :

Now let j' be a positive integer such that i + 1 < j' < ¢’ — 1. Then it is easy to see by
TL‘/+1
an/ '

induction on j' that imm(Xy, ) < In particular,

1
. ni/71+l o Z(n’ilfl-’_l) _ p,b-/71
me(ZHi/—l) < dng_  mny_q T ong_q”
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Therefore, p;_1 = i(ni/_l—l—l). Now since H;—1 <1 Hy, |V,| = 1and V,, = 0, therefore
ny = ny_1 + 2 and py = py_;. Therefore,

. & Py o ni’—1+l - ni,—l
me(ZHz/) S TLi/ - 7”L,L-/71+2 - 4(7’LZ~/71+2) - 47’LZ~/ < 47’L/ - 1/4

Now the claim follows by Lemma 3.2.1]

O

Example 3.3.11. For the pointed Schreier graph G in Figure P = vo[*] Uv[*] U
vo[*] U v3[*] U vy[*] is a plague on the covering ¥ of G with simply intersecting cycles.
Therefore,

imm(3) < 2% =1/4.

/\ /\

~N_7

2-:&

Figure 3.3.6

Now we discuss the pointed Schreier graphs G with |V,| > 2 and V, = 0 = V,,.
Let £ > 1 and V, = {vg,v;,, i,, ..., Vi, }, Where i), are integers with 2 < 4, < t and
v;, € H;,. More precisely, v;, € H;, \ H;,—1 or equivalently, V,, N (H;, \Hi,—1) = {vi, }
for k > 1.

Proposition 3.3.12. Let Y be a covering with simply intersecting cycles of finite homoge-
neous PSL(2,7Z)-space Y. Let G be the pointed Schreier graph of ¥ with V, = () =V,
and V, = {vo, vy, viy, ..., v, } for k > 1. Assume that G contains at least one robust
subgraph H; for 2 < i <y — 1 such that H;_1 <1 H;. Then imm(X) < 1/4.

Proof. Since H; NV, = {vo} and H,_1 <1 H,;, therefore by Lemma B.39] imm(Xy,) <
mtl for 2 < i < 4; — 1. Now for H;, there are two possibilities, namely, H;,_1 <1 H;,
and 7‘[“ 1 ‘<2 %21

Suppose first that H;, 1 <1 H;,. Thenn;, =n;,; 1+1landp;, = p;,_1 = i(nil_l +1).
Therefore,

. Piy _ Pig—1  __ ny -1+l
me(ZHil) < nig  ng 1+l 4(ng 1+1) T 1/4

Now if i; = t, then we are done. If i; < j < t, then imm(H;) < 1/4 by Lemma B3Z1]
and hence imm(X) < 1/4.
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Suppose next that H;, 1 <2 H;,. Then n;, = n;,—1 + 3. Let V, N (Hs, \ Hiy) = {vi, }
and let b;, is the label of y—loop on v;,. Then 2b;, = 1 (mod N), and b;, # 0,1 since
N > 1. Note that N > 1 because one can see that xy— and yx—cycles contain two
vertices which are adjacent to (i;)th triangle. Now from Figure .37, the set P(3y;, ) U
v;,[0] spreads to v;, [*]. Hence P(X4;,) U v;,[0] is a plague on ¥, . This implies that
piy N = pijy—1 N + 1. Therefore,

Diy pi;—1N+1 (nﬁ11+lﬂv+1 <:1/4

imm(ZHil) < E = (ni; —1+3)N = (nij—1+3)N  —

for N > 1. Now imm(Xy,) < 1/4 for alli; < j < ¢ by Lemma B2, and hence
imm(X) < 1/4.

7N
/
\ 1
\ Vi1 oy
~ 7
A
Hil—l — — — — — — " ——— == —
Vi;—1 %171 Un
Figure 3.3.7

O

Example 3.3.13. For the pointed Schreier graph G in Figure P = vo[*] Uv[¥] U
v9[0] U vs[*] is plague on the covering ¥ of G with simply intersecting cycles. Therefore,

imm(3) < 3l < 1/4.

VARRN
( !
V1 fi 03
VAR VAR
( () — — 1
\N_7/ /7 N_7
7
Figure 3.3.8

Remark 3.3.14. Note that the there are infinitely many pointed Schreier graphs G with
V, # 0 and V,, = () = V,,, which are not covered by Lemma[33.I0/and Proposition B:3.12
Generating all such graphs is complicated.
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3.3.3 Case 3. Pointed Schreier Graphs with V,, =0 =V, V,,, # ()

Suppose that X is a covering with simply intersecting cycles of finite homogeneous
PSL(2,Z)-space. Let G be the pointed Schreier graph with V,, = ) = V}, and V,,, # ()
and a distinguished vy € V,,. Let t be the number of triangles of G and Hy <.,
Hi <my .- <m, H; is the sequence of robust subgraphs of G with vy € H; for all
0 < j < t. Note that the robust subgraph H, of G consists of vy and v; = y(vp). Since
V. = 0 =V, it is easy to see that there is no graph G for ¢t = 0, 1. For ¢t = 2 there is
one G which is discussed in [22] (see Section 7.7). In this section we discuss the general
method to calculate plagues, consisting of complete fibers, for pointed Schreier graphs
withV, =0 = V, and V,, # () and vy € Vzy. We first prove the following lemma.

Lemma 3.3.15. Let 3 be a covering with simply intersecting cycles of finite homogeneous
PSL(2,Z)-space with Vy, # () and V,, = ) = V. Then P = wvy[x] U v1[x] U P; U V] [¥]
is a plague on 3y, forall1 < j < 't, where vy € Vyy, v1 = y(vo) and V), =V, \ {vo}.

Proof. We prove the claim by induction on 1 < j < ¢. For j = 1, we have Hy <1 H;.
The robust subgraph #; is shown in Figure Now by the following table P =
vo[*] U vy [%] is a plague on Yy, .

pivot | vi[x] vs¥]

U1

Figure 3.3.9. Robust Subgraph H;

Next suppose that the claim is true for j = k < ¢t and P = vo[*]Uv; [¥]U P UV, [3, [*]
is a plague on ¥, for 2 < k < t, where K C Jand V] |3, C V], are restricted subsets.
Now for k + 1, we have Hj, <, ., Hiq1 With myyy € {0,1,2}. First, for my = 0,
P = vo[*| Uvy [*] U Pg UV, |3, [#] spreads to ¥4, , . Next for myy 1 = 1, ngy1 = ng + 2.
That is, H41 has two vertices, say vj41 and vy, (:= y(vg41), which are not on H,. If
Vo, ¥ 0 {vks1, vy} = 0, then P = vg[x] Uwy [#]U P UV, |3, [*] will also spread to the
fibers vy [*] and vy [*]. Let vy € V,,, then P = vg[*|Uv; [x]UPg UV, [3, [¥]Uvg i1 [*]
will spread to H 1 Finally, for my,1 = 2, ngy1 = ny + 4. That is H1 has four vertices
which are not on Hy. In this case case P = vo[*] U v1[*] U Px U V], |3, [*] can not
spread to X3, . However, if we take the fiber over only one vy € Hyi1\Hy then

P = w[¥] Uvi[+] U Pg U V] [3, [¥] U vgy[+] will spread to ¥y, . O
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Now by using the plague discussed in Lemma 3.3.15, we prove the following results.

Lemma 3.3.16. Let X be a covering with simply intersecting cycles of finite homogeneous
PSL(2,7Z)-space whose Schreier graph G is with t triangles and with V,, = () =V, and
Viy # 0. Assume that H; is a robust subgraph of G for 1 < i < t, such that H; N\ V,,, =
{vo} and Hi_y <, Hi, wherem; € {0,2}. Then imm(Sy,) < 2t2,

- 47”Li

Proof. Let Ho <m, Hi <m, --- <m, Hi is a finite sequence of robust subgraphs H; of G
with a distinguished vertex vy € V,,, forall 1 < j < t. We prove, by induction on ¢, that
imm(Xy,) < ’Z—ﬁ. For i = 1, we have n; = 4 and p; = 2, since P = vy[*] U vy[*] is a
plague on ¥4, from Figure 3391 Therefore,

N p1 2 _ 444 _ ni+4
imm(Ey,) < n 4 44 dng -

Now suppose that the claim is true for i = k > 2. That is, imm(34, ) < 2 = "4’“—+4.
" 4 Nk uss
kT

This implies that p;, = *~=. Now for H;,, we have, Hy <y, ,, Hri1, where my 1 €
{0,2}. For my,; = 0, we have nj,1 = ny and py1 = pi. Therefore,

Phir _ pr _ mtd _ meotd

/me(zﬂk-‘—l) S nk+1 Nk 471]C - 47’Lk+1 :

For my4+1 = 2, we have pyy1 = pr + 1 and ngyy = ny, + 4 since H; NV, = {vo}.
Therefore,

nk+4
. Pet1 _ pptl g 1 mp48  mpgatd
me(ZHkJrl) S Ngy1 - ng+4 nip+4 - 4(nk+4) Angiq

O

Lemma 3.3.17. Let ¥ be a covering with simply intersecting cycles of finite homogeneous
PSL(2,Z)-space 3. Let G be the pointed Schreier graph of 3 with t triangles, |V,,| = 1,
Ve, =0 = Vy and a distinguished vertex vy € V,,. Assume that G contains at least
two distinct robust subgraphs H; and Hy for 2 < i,i' < t such that H; 1 <1 H; and
Hi—1 <1 Hir. Thenimm(X) < 1/4.

Proof. Without lost of generality, suppose that i < i’ and H; is the smallest robust
subgraph with #;_; <; H,;. Since |V,,| = 1 and V,, = () = V,,, therefore it is easy to
see that the smallest possible robust subgraph H; with H; 1 <; H,; is for i = 3. Now by
Lemma[3.3.16]

< nicatd L(ni_144) _ Pi-1

— 4n; n;_1 ng_1°

Viyl = 1 and V,, = 0, therefore

imm(zﬂi_l)
Therefore, p;_; = i(ni_l + 4). Since H;_1 <1 H,;,
n; =n;—1 + 2 and p; = p;_1, and

; pi . _Pi—1 . mi—1t+4  _ ni+2
me(z%l) S g - TLZ'_1+2 - 4(7‘Li_1+2) - 47’Li :
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Now let 5’ be a positive integer such that i + 1 < j' < i’ — 1. Then it is easy to see by
n.,;r +2
inj/ '

induction on j that imm(H,;) < In particular,

. n_ 1+2 LTn, . +2 g
me(z%z‘ul) < il —1 — 4( i/—112) — Pir—1

— dny_4 nir_q N _q

Therefore, p;_1 = i(ni/_l +2). Now since Hy—1 <1 Hyr, |Viy| = 1 and V,, = (), therefore
ny = ny_1 + 2 and py = py_1. Therefore,

. Py _ Pir_1 ni/_1+2 o ni,—l -
me(ZH'L’) S 7”L,L-/ - ni/71+2 - 4(7”L,L-/71+2) - 4”1" - 1/4'

Now the claim follows by Lemma[3.2.1] since |V, | = 1.
U

Example 3.3.18. For the pointed Schreier graph G in Figure P = vo[*] Uwv[x] U
vo[*] U w3[*] U vg[x] U vs[#] is plague on the covering ¥ of G with simply intersecting
cycles. Therefore,

imm(3) < 2% =1/4.

Figure 3.3.10

Now we discuss the pointed Schreier graphs G with |V,,| > 2 and V, = () = V.. Let
k > 1and V,, = {vg, vi,, Vi, ..., v;, }, Where i, are integers with 2 < i, < t and v;, €
H;,. More precisely, v;, € H;, \ H;,—1 or equivalently, V,, N (H;, \ Hi,—1) = {v;, } for
k > 1. Note that H;,—> <m, , Hi—1 <1 H;,, where m;, 1 € {1,2}. We consider the
pointed Schreier graphs G with m;, 1 € {1,2}. Observe that if H; o <1 H;, —1 <2 Hi,
then n;, = n;, 2 + 8.

Remark 3.3.19. For certain pointed Schreier graph with V, = ) = V,, and V,,, # 0 it
is also possible to calculate the plague on ¥4, which is smaller than the plague P =
vo[*] U v [¥] U Py UV, [+] which is discussed in Lemma Assume that for 2 <
i1 < t there exists a robust subgraph #;, such that V] N (H;, \ Hy 1) = {v; } and
Hi —o <2 Hi,—1 <1 H;,, as shown in Figure 33111 From this figure we calculate:

pivot‘ A R L A
‘Ug_l[*] Viy—1[%] %{1—1[*] Ugl[*]
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Vi —1 Viy

Vi —2 vl ! |

Figure 3.3.11

This implies that P(Xy, _,) U v;, [+] is a plague on ¥y, . Therefore, p;, = p;, 2 + 1.
Since H;,—2 <2 Hi,—1 <1 H,;,, therefore, n;, = n;,_o + 6. Now if imm(ZHil_Q) < 1/4,
then

ni —2
Piy _ Pi—2tl =41 ni172+4) < 1/4.

) )< = =
me(z?'lll) = ng ni —2+6 — (n;; —2+6) 4(n;y —2+6

Note also that, if i3 = 7; + 1 and H;, 2 <2 Hi—1 <1 Hiy <1 Hi,, thenn;, =n;, o + 8
and P (X4, _,)Uv;, [*]Uvs,[*] is a plague on 3y, . Therefore, p;, = p;, 2+ 2, and hence
imm(y,,) < 1/4.

Proposition 3.3.20. Let X be a covering with simply intersecting cycles of finite homoge-
neous PSL(2,7)-space S. Let G be the pointed Schreier graph of & with V,, = ) = V,, and
Viy = {v0, iy, Viy, ..., 0i, } for k > 1. Assume that G contains at least two distinct robust
subgraphs H; and Hy for 2 < i,i' < iy — 2 such that H; 1 <1 H; and Hy—1 <1 Hy.
Thenimm(X) < 1/4.

Proof. Since H;, 2NV, = {vo} and H;_y <1 H;and Hy—y <y Hy for2 < i,i' < i3 —2,
therefore by Lemma B3.17 imm(Zy, ,) < % < 1/4. Now we consider two cases
here. First assume that H;, o2 <1 H;; -1 <1 ”Hil.lThen n;, = ny—o+4,and p;, = p;,—2+1
since P(Xy;, _,) U [*] is a plague on Y, . Therefore,

ni -2
. Pi Pi;—2+1 ——+1 nj —2+4
) < P Py < 1 — 1 —
me(ZHn) — N4y ni —2+4d — (ng —2+4) 4(n;y —2+4) 1/4

Now assume that H;, o <2 H;,—1 <1 H;,- Then by Remark[3.3.19) imm(ZHil) <1/4.
Repeating this process for all iy, it follows that imm(X4, ) < 1/4. Hence imm(Xy;) <
1/4foralll1 < j <t.

[

Example 3.3.21. For the pointed Schreier graph G in Figure P = vo[«] Uwvy[x] U
Vo[*] U v3[*] U vg[*] U vs[#| is plague on the covering ¥ of G with simply intersecting

cycles. Therefore, imm(X) < 2% = 1/4.
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3.3.4 Case 4. Pointed Schreier Graphs with V, =V, =V,, =0

Suppose that X is a covering with simply intersecting cycles of a finite homogeneous
PSL(2,Z)-space whose Schreier graph G is with ¢ triangles and with V,, =V, =V, =
(). For such graphs any vertex can be considered as a distinguished vertex vy, that is,
vo € V(G). Let y(vg) = vy. Then H, will consist of vy and v1. Let Ho <, Hi <m,
... <m, H; is the sequence of robust subgraphs of G with vy € H, for all j. Note that
for t € {0, 1}, there is no given graph. The given graphs G with ¢t € {2,4,6,8} and
|Cyy| < 4 are discussed in [22] (see Sections 7.10, 7.15-7.18). Among these graphs, the
graph with ¢ = 8 triangles has coverings whose immunity can be calculated by using
plague with complete fibers. We discuss such graphs in this section. The general method
to calculate plagues consisting of complete fibers for graphs with V,, =V, = V,,, = 0 is
explained in the following lemma.

Lemma 3.3.22. Let 3 be a covering with simply intersecting cycles of finite homogeneous
PSL(2,7Z)-space whose Schreier graph G is with V,, = V,, = V,,, = (. Then P =
vo[*¥] U vi[*] U Py is a plague on Xy, for all 1 < j < t, wherevy € V(G) and v, = y(vo).

Proof. The claim follows by induction on 1 < 5 < ¢. We see the claim only for j = 1.
Note that H, consists of vy and v; and Ho <2 Hi, since V, = V,,, = (). The robust
subgraph #; is shown in Figure B33 Since j = 1, J = {1} and v(j) = v(1) €
{vg, v3,v4,v5}. If we take v(1) = vo, then P; = {vy[*]}. Now by the following table
P — gl Ui [£] U Py = {u[#], v3[#], 05[]} s a plague on Sr,.

pivot‘vl[*] Vo] w3[¥]
\03[*] vs[*]  val¥]
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—— -
v2 (%)
vo U1
—— -
v3 V4

Figure 3.3.13. Robust Subgraph H;

O

Now by using the plague discussed in Lemma [3.3.22) we prove the following results.

Lemma 3.3.23. Let X be a covering with simply intersecting cycles of finite homogeneous
PSL(2,Z)-space 3. Let G be the pointed Schreier graph of &> with V, = V,, = V,, = 0.
Assume that for any 1 <1 <, H,; is a robust subgraph of G such that H;_1 <,,, H; with
m; # 1. Then imm(Sy,) < %10,

— 4dn;

Proof. We prove the claim by induction on i. For ¢« = 1, we have n; = 6 and p; = 3,
since P = vo[*] U vy [*] Uwvy[x] is a plague on X3, from Figure 3313 Therefore,

- p1 _ 3 _ 646 _ ni1+6
me(zﬁl) < nm 6 46  dni -

Now suppose that the claim is true for i = k > 2. That is, imm/(Xy, ) < ”L:;ﬁ. This

implies that p, = ”kT%. For Hy1 we have, Hy, <, ., Hir1, where my 1 € {0,2}. For
mys1 = 0, we have ny,1 = ng and pg1 = pi. Therefore,

_ Pk _ npt6 _ Mg +6

; Pk+1
/me(zﬂk-‘—l) S nk+1 Nk 471]C 47’Lk+1 :

Now for my,1 = 2, we have pp,1 = pr + 1 and ny; = ny + 4. Therefore,

P 1 410 _ np1+6
. k+1 __ Pk _ 4 _ Nk — Nk+1
me(EHk+l) S N1 - nk+4 - nk+4 _ 4(7’Lk+4) - 4nk+1 :

O

Proposition 3.3.24. Let Y be a covering with simply intersecting cycles of finite homoge-
neous PSL(2,7Z)-space Y. Let G be the pointed Schreier graph of . with t triangles and
Vo=V, =V, = (). Assume that G contains at least three distinct robust subgraphs H.;,
H,; and H;» for2 < ,i,1" <t suchthat H;,_1 <1 H;, Hi—1 <1 Hy and Hir_1 <1 Hr.
Thenimm(X) < 1/4.

Proof. Without lost of generality, suppose that i < i’ < ¢ and H,; is the smallest robust
subgraph with H;_; <; H;. Then by Lemma [3.3.23]
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< n;_1+6 _ %(ni—ﬁ'?’) __ Pi—1
— 4n; n;_1 ng—1°

imm(3y,_,)

Therefore, p;_; = i(ni_l + 6). Now since H;_1 <1 H;, and V, = V,,, = 0, therefore
n; = n;_1 + 2 and p; = p;_1. Therefore,

; . pi _ _Pi—1 . mi—1+6  _ ni+4
imm(H;) < e T i T At = dng

Next it is easy to see (by induction) that

. ng_1+4 Lin,_,+4 P —
me(Hi’—l) < i/ —1 — 4( i/ —1 ) — 4 1

- 4711-/71 nir_q nr_q

Therefore, p;_1 = i(ni/_l +4). Now since H;—1 <1 Hi, and V, = V,,, = (), therefore
ny = ny_1 + 2 and py = py_1. Therefore,

. ' Py . Py g 4 nyd2

me(HZ,) S ng ni/_1+2 - 4(?11-/_1"1‘2) - 4ni/ :

k3

Again it is easy to see (by induction) that

. . 2 1. 2 )
imm(H_y) < == = 112 Py

— dn_y T _q T _q

Therefore, p;»_, = i(nw—1 + 2). Now since H;»_y <y H», and V,, = V,,, = (, therefore

ng = nyv_1 + 2 and p;» = pr_1. Hence,

. 4 A S S ngr_1+2 .
me(%zn) S n,b-// - ni//,1+2 - 4(711-//71-1-2) - 1/4'

Now the claim follows by Lemma [3.2.1]
O

Example 3.3.25. For the pointed Schreier graph G in Figure P = vo[«] Uwvy[x] U
Vo[*] U v3[*] U vg[*] U vs[#| is plague on the covering ¥ of G with simply intersecting

cycles. Therefore,

imm(3) < 2% =1/4.

XX

Figure 3.3.14
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3.3.5 Case 5. Pointed Schreier Graphs with V. # () # V,, V,, = 0

In this section we study the coverings > with simply intersecting cycles of the finite
homogeneous PSL(2,7Z)-spaces % such that the pointed Schreier graphs G of 3 are
with V, # 0 # V, and V,,, = (. For the pointed Schreier graphs G with V, # 0 # V,
and V,, = () we will consider vy € V, as a distinguished vertex. Therefore the robust
subgraph H; of G will be with vy € V, for any 0 < j < ¢, where ¢ is the number of
triangles of G. We write V,, = {v;,,v;,, ..., v;, }, where v;, € H,;, \ H;, _1 for positive
integers i1, 19, ..., 7 With 1 < 7; < iy < ... < 4 < t. Note that H;, ~<m,, H;, with
my;, € {1, 2}

Remark 3.3.26.

(1). Itis easy to see that for pointed Schreier graphs G with V,, # () # V,,, V,, = 0 and
V(G)| > 2, |Cry(ve) N Cya(vo)| > 1, where Cyy(vg) and Cy,(vg) are the xy— and
yxr—cycles of G containing vy € V,. Therefore, by Lemma[2535, N > 1, where NV
is the size of fiber over any point of G. This implies that every covering ¥ with
simply intersecting cycles of G with V, # 0 # V,, V,,, = 0 and [V(G)| > 2 is

non-trivial.

(2). If ag is the label of an xz—loop at vy € V, then 3ag = —1 (mod N), by Lemma
2.5.4(a). If by, is the label of y—loop at v;, € V,, then 2b;, =1 (mod N), by Lemma
25.4b), and b, # 0,1, since N > 1. From 3ap = —1 (mod N) and 2b;, = 1
(mod N), it follows that N is not a multiple of 3 and N is odd.

(3). IfV,#0+#V,andV,, =0, then V, N H;, 1 = 0. Therefore, by Proposition 332,

. (o)) < { HZ;L'_l—’f’ if there is no H,; for 2 < i <1y — 1 such that H; <1 H;.1,
imm(H, 1) < -

1/4, if there is a ‘H,; for 2 < i <14y — 1 such that H; <; H;11.

Now we discuss the coverings . of ¥ whose pointed Schreier graphs G are with

Vi # 0 # V, and V,,, = () such that imm(X) < 1/4.

Lemma 3.3.27. Let 3 be a covering with simply intersecting cycles of a finite homogeneous
PSL(2,Z)-space 3. Let G be the pointed Schreier graph of 3 such that V, # 0, V,,, = ()
and V, = {v; }, where v;; € H; \ Hi—1, and H;,—1 <1 H;,. Assume further that
there exists at least one robust subgraph H; for i # iy such that H; y <1 H;. Then
imm(¥) < 1/4.

Proof. Let t be the number of triangles of G and Hy <., H1 <my --- <m, H¢ is a finite
sequence of robust subgraphs 7, of G. Now choose i; = t. Then V,, N H;_; = () and
1 <4 <t — 1. Since there exist a robust subgraph H,; for ¢ # i; such that H; | <; H,,
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therefore by Remark 3.3.26(3), we have imm(3y, ,) < "= < 1/4. Therefore p;, ; <
"=l Since H;, 1 <1 Hi,, we have ny = ny_1 + 1 and p; = p;_1. Therefore,

1
imm(X) =imm(Sy,) < Bt =Pl o Pl /4,

nt ng—1+1 ne—1

O

Lemma 3.3.28. Let ¥ be a covering with simply intersecting cycles of finite homogeneous
PSL(2,Z)-space X. Let G be the pointed Schreier graph of ¥ such that V,, # (0, V,, = ()
and V, = {v;, }, wherev;, € H;, \ Hi,—1 and H;,—1 <2 H;,. Thenimm(X) < 1/4.

Proof. Let t be the number of triangles of G and Hy <., Hi <my --- <m, H¢ is a finite
sequence of robust subgraphs #; of G. By Remark[3.3.26(3), we have:

. Pig—1 ni —1+2
imm(Sy, ) < o < prs.

Therefore p;, 1 < ni121+2. Since H;,—1 <2 Hi,, niy = 1y, —1+ 3. Now from Figure 3.3.15]

we have the following table:

pivot ‘ Uiy [=bi] v 1]l — by
‘ Uél [1 - 21] Vi, [1 bll]

b,

RN

| 1

\\Uil//

Figure 3.3.15

This implies that P(H;,) = P(H;,—1) U v;, [0] spreads to v;, %], and hence P(H,;,) =
P(Hi,—1) U v;[0] is a plague on ¥, . Therefore p;, N = p;; 1N + 1 < w
and for N > 5,

5

. pilN _ pi1—1N+1 (ni1_1+2)N+4
me(ZHil) < niyN — (np 3N = “4(n;, _1+3)N 1/4.

Now, by Lemma B.Z1, imm(Xy,) < 1/4forall i; < j <t and hence imm/(X) < 1/4.
U

Proposition 3.3.29. Let X be a covering with simply intersecting cycles of a finite homo-
geneous PSL(2,7)-space X>. Let G be the pointed Schreier graph of ¥ such that V,, # (),
Viy =0, 1V,| > 2 and a distinguished vertex vy € V,. Thenimm(X) < 1/4.




64 Hurwitz ORBITS AND POINTED SCHREIER GRAPHS

Proof. Let t be the number of triangles of G and Hy <, H1i <my - <m, Hiis a
finite sequence of robust subgraphs #; of G. Let V, = {v;,, v;,, ..., v;, }, where v;, €
Hi, \ Hi,—1 for positive integers iy, i, ..., i With i1 < iy < ... < i;. By Remark3.3.26(3),
we have:

. Piq—1 ni —1+2
imm(8y, ) < o < prms.

Therefore p;, 1 < ml%ﬂ. Now we have H;, -1 <, Hi, withm,, € {1,2}. If m;, =2,

then by Lemma[3.3.28] imm (X4, ) < 1/4. Therefore, by LemmaB.2.1, imm(24;) < 1/4
for all iy < j <t and hence imm(X) < 1/4.

P(#H;,-1). Therefore p;, = p;,—1 and

i1 —11+2
< nzl 1 )
ni; — 4(nip—1+1)

il)
i1

K3

If m;, = 2,thenn;, =n;,—; +1and P(H
< P

imm(ZHil )

This implies that p;, = p;;—1 < ml%ﬂ. Next by induction it follows that
. ng —1+2
me(Z’Higfl) < 4(ni11_1+1)'
Therefore, p;, 1 < nl_TlJrz Now if H;,_1 <2 H;,, then by Lemma [3.3.28] it follows that

imm(Xy,,) < 1/4 and hence, by LemmaB21l imm(3y,) < 1/4foralli; < j <t

Suppose H;,—1 <1 H;,. Then it is possible to choose io = 7; + 1 so that we have
the sequence H;, 1 <1 Hi, <1 Hi, = Hiyj—1 <1 Hi,—1 <1 Hi,. This implies that
ny, =mny +1 =mn41+2and P(H,;,) = P(Hi,) = P(Hiy 1), that is, p;, = pi, 1.

. i i — Ni,—1+2
Therefore, imm(Xy,, ) < ZTE = niiljﬂ < 4(m11711+2) = 1/4. Hence, by Lemma 3.2.1]
imm(¥y;) < 1/4forall4; < j <tand hence imm(X) < 1/4.

O

Example 3.3.30. For the pointed Schreier graph G in Figure P = vg[*] Uwv[x] U
vo[*]Uvs[*] is a plague on the covering 3 of G with simply intersecting cycles. Therefore,
imm(X) < A% —1/4.

16N
|
— QU3 —
v2
77N VARRN
! - 5 ]
\N_"7 \N_"7

Figure 3.3.16
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3.3.6 Case 6. Pointed Schreier Graphs with V,, # (0 # V,,,, V,, = 0

In this section we study the coverings > with simply intersecting cycles of the finite
homogeneous PSL(2, Z)-spaces X such that the pointed Schreier graphs G of X are with
Vy # 0 # V,,, and V,, = (. For the pointed Schreier graphs G with V,, # () # V,,, and
V, = 0 we consider vy € V, as a distinguished vertex. Therefore the robust subgraph
H; of G will be with vy € V,, for any 0 < j < ¢, where ¢ is the number of triangles of G.

Remark 3.3.31. We write V,,, = {v;,,vi,, ..., v;, }, where v;, € H;, \ M, 1 for positive
integers iy, 1g, ..., 1, With iy < iy < ... < i IfV, # 0 # Viy and V), = (), then
Vey N Hi—1 = (). Therefore, by Proposition 3.3.2,
_ TZI%IH, if there is no H; for 2 <14 < 4; — 1 such that H; <1 H;y1,
imm(H—1) < i o

1/4, if there is a H,; for 2 < i <14y — 1 such that H; <; H;11.

Note that H;, 1 <, , Hi,—1 <1 H;, for all iy, where m;, 1 € {1,2}.

Now we discuss the coverings ¥ of ¥ whose pointed Schreier graphs G are with
Vy # 0 # V., and V,, = 0 such that imm/(X) < 1/4.

Proposition 3.3.32. Let Y be a covering with simply intersecting cycles of finite homoge-
neous PSL(2,7)-space 3. Let G be the pointed Schreier graph of & with V, # 0, V,, = ()
and Vi = {03, Viyy .oy U3, }, such that 2 < iy < ig < ... < i < t andv;, € H;, \ Hi,—1
fork > 1. Let H;,—o <1 Hiy—1 <1 Hi,. Assume further that there exists al least one
robust subgraph H,; for2 < i < iy — 2 such that H; 1 <1 H;. Then imm(X) < 1/4.

Proof. Let t be the number of triangles of G and Hy <., Hi <my - <m, H¢ is a finite
sequence of robust subgraphs H; of G. Then V,, N H;,_» = (. Since H;_; <1 H; for
2 <1 < iy — 2, therefore by Remark B3.37] we have
< Puz? <1/4,

]

imm(EHil_Q)

Nnj—2

Therefore p;, o < ——. Now since H;, » <1 H;,—1 <1 Hi,, we have n;, =n;, o +4
and p;, = p;;—2 + 1. Therefore,

i1 —2
<P pu2tl AL gy

— ni ni—1+2 — ni—2+4
Now if i1 = ¢, then we are done. If i; < ¢, then by Lemma 3.2.11and Remark B.3.19, we
have imm(¥y;) < 1/4 foralli; < j <t. Hence imm(¥) < 1/4.

imm(ZHil )

O

Example 3.3.33. For the pointed Schreier graph G in Figure B3.17, P = vg[*] U vy [%] U
vo[*]Uvs[*] is a plague on the covering 3 of G with simply intersecting cycles. Therefore,

imm(3) < % =1/4.
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<[P

Figure 3.3.17

U3

N _-

Proposition 3.3.34. Let Y be a covering with simply intersecting cycles of finite homoge-
neous PSL(2,7)-space 3. Let G be the pointed Schreier graph of & with V, # (0, V,, = ()
and V, = {viy, iy, ..., 03}, such that 2 < iy < iy < ... < ix < t, iy # iy + 1 and
V5, € ,sz \Hz'k—l fork > 1. Let 7'[2'1_2 ) Hz'l—l <1 Hil' Then ’me(z) < 1/4.

Proof. Let t be the number of triangles of G and Hy <, Hi <my ... <m, H: is a finite
sequence of robust subgraphs #; of G. Then V., N H;,_s = 0. Therefore by Remark
B.3.31] we have

(S, ) < Bk <

— nj—2 — 4ni -2’

i1 —2+2 .
Therefore p;, o < il 42 . Since H;, o <o Hi—1 <1 Hiy, iy = Nyy—2 + 6, and p;, =

Di,—2 + 1 by Remark 3319 Therefore,

My —2

. Pi; _ Pig—2+1 — +1
me(ZHil) < ni,  ni; 246 < ni;—2+6 < 1/4

Now if i; = t, then we are done. If i; < ¢, then by Lemma [3.2.1 and Remark 3.3.19, we
have imm(Xy;) < 1/4foralli; < j <t. Hence imm(X) < 1/4.
O

Example 3.3.35. For the pointed Schreier graph G in Figure P = vg[*] Uwv[x] U
vo[*]Uvs[x] is a plague on the covering 3 of G with simply intersecting cycles. Therefore,

imm(3) < <% = 1/4.

Figure 3.3.18
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Remark 3.3.36. Suppose that G be a pointed Schreier graph of ¥ with V,, # 0, V,, = ()
and V,,, = {v;,,v;y,...,v;,.}, such that 2 < 4y < iy < ... < iy < t, iy = 43 + 1,
v, € Hi, \ Hi—1 for k > 1, and H;, o <2 Hi,—1 <1 H;,. Then it is easy to see, for
example in Figure[3.3.19] that n;, < n;,_o+12andp;, = p;; —2+3, where p;, o < mlf”.
Therefore,

ni —2+2

; DPig pi172+3 1 +3 o ni1,2+14
@mm(EHig) < My iy 212 = np o112 A(ng, 2+12) £ 1/4.

Q
N

Figure 3.3.19

3.3.7 Case 7. Pointed Schreier Graphs with V,, # 0, V,, # 00 # V,,

In this section we study the coverings Y with simply intersecting cycles of finite ho-
mogeneous PSL(2,7)-space % such that the pointed Schreier graphs G of ¥ are with
Ve # 0and V, # 0 # V,,. For the pointed Schreier graphs G with V,, # () and
V, # 0 # V., we will consider vy € V,, as a distinguished vertex. Therefore the robust
subgraph H; of G will be with vy € V, for any 0 < j < ¢, where ¢ is the number of
triangles of G. The plague on H,; is vo[*] U Py U Vy,, [*]. We write V,, = {v;,, v;,, ..., v, }»
such that 1 <4 < iy < ... < iy < tfork > 1,and V,y = {vj,,vj,,...,vj, }, such that
2< 1 <jo <. < g <tfork' > 1.

Proposition 3.3.37. Let ¥ be a covering with simply intersecting cycles of finite homo-
geneous PSL(2,7Z)-space ©.. Let G be the pointed Schreier graph of ¥ with V, # 0,
Vy = {vi,, Viy, ..y 03, } fork > 1, and V= {vj,, vj,, ..., v, } where2 < ji < jo < ... <
Jr < t for k' > 1. Assume further that G contains at least one robust subgraph H; for
2 <i<jy—1suchthatH;—y <1 H; and V, N (H; \ Hi—1) = 0. Then imm(3) < 1/4.

Proof. Since there exists at least one robust subgraph H,; for 2 < i < j; — 1 such that
Hi—1 <1 Hiand V,;N(H;\Hi—1) = 0, therefore by Propositions3.3.2 3.3.29, and Lemmas
B327 3328 imm (X, _,) < % < 1/4. This implies that pj, o < %. Now we
have Hjl_Q "<mj1_1 Hjl—l <1 Hjl with mj, 1 € {1,2}. If /Hj1—2 <1 Hj1_1 <1 /ij
then nj, = nj o +4 and pj, = pj, 2 + 1 since P(Xy; ,) Uvj, [*] is a plague on 3y, .
Therefore,

nj -2
: Pj pj—2+1 A—=+1
V< P _ Pa < 1 — )
’me(Zq{“) e T 1/4




68 Hurwitz ORBITS AND POINTED SCHREIER GRAPHS

IfH;,—2 <1 Hj,—1 <1 Hj,, thenn;, < n; _o + 6. Now consider Figure [3.3.20, where
Uy, € ‘/:cy such that Vj, € Hjl \Hjl—l and Hjl_g <9 Hjl—l <1 er

Figure 3.3.20

Now P (X4, _,) Uvj,[#] is a plague on P(Xy;, ) by the following table.

pivot | o) [¥] i _[¥] vj_al¥] w14

[ vi—als] vf B o ]

Therefore, p;, = p;,_o +1 < 212 41 = 24 Thys,
J1 J1 4 4

imm(Hj,) < 2L < IR AR 1/4.

= nj — (nj—2+6) —

Now if j; = t, then we are done. If j; < ¢, then by Lemma 321 and Remark [3.3.19]
imm(H;) < 1/4for j; < j <t Henceimm(X) < 1/4. O

Example 3.3.38. For the pointed Schreier graph G in Figure 3321} P = vy [*|Uvy [*]|Uvy[*]
is a plague on the covering ¥ of G with simply intersecting cycles. Therefore,

imm(3) < 2% =1/4.

7 N\

( |
_ \N_/ V2
V1 \
_ _ _ \
0 I}
/

Figure 3.3.21
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Proposition 3.3.39. Let X be a covering with simply intersecting cycles of finite homo-
geneous PSL(2,7Z)-space ©.. Let G be the pointed Schreier graph of ¥ with V, # 0,
Vy = {Viy, Vi, - Vi, } and Vi = {05, 0j,, ..., v, } where 1l <y < iy < ... < i <t and
2< 1 <Ja<..<jw <tfork>1andk' > 1. Assume further that H;, 1 <2 H;, and
J1 # i1+ 1. Thenimm(¥) < 1/4.

Proof. It H;,_1 <2 H;, and j; # i1 + 1. Then, by Lemma [3.3.28, imm(ZHil) < 1/4.
Since j; # i1 + 1, therefore by LemmaB.2.1land Remark B3.19, imm(ZHjl) < 1/4. Now
if j; = t, then we are done. If j; < t then again by Lemma [3.2.1] and Remark B3.3.19]
imm(H;) < 1/4for j; < j <t Henceimm(X) < 1/4. O

Example 3.3.40. For the pointed Schreier graph G in Figure B.3.22) P = vg[x| U v1[0] U
vo[*]Uvs[x] is a plague on the covering 3 of G with simply intersecting cycles. Therefore,

imm(3) < 3L <1/4, for N > 5.

77N
1 v1)

oA

Figure 3.3.22

Proposition 3.3.41. Let > be a covering with simply intersecting cycles of finite homo-
geneous PSL(2,7Z)-space .. Let G be the pointed Schreier graph of & with V, # 0,
Vy = {viy, Vigy -, 03, } and Vi = {0,055, ..., vj,, } where 1 <y < iy < ... < i <t and
2< 1 <je<..<gw<tfork>1andk' > 1. Assume further that H; _o <o H; _1
and jo # 71 + 1. Then imm(X) < 1/4.

Proof. If H;,_2 <2 H;,—1 and js # j1 + 1, then by Lemma, imm(ZHjl) < 1/4. Now by
Lemma 3.211and Remark 3319, imm(3y, ) < 1/4. Now if i; = ¢, then we are done. If
i1 < t then again by Lemma [3.2.11 and Remark B39 imm(H,;) < 1/4fori; < j < t.
Hence imm(X) < 1/4. O

Example 3.3.42. For the pointed Schreier graph G in Figure3.3.23] P = vy [*|Uv; [*]|Uvy[*]
is a plague on the covering ¥ of G with simply intersecting cycles. Therefore,

imm(3) < % = 1/4.
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C}A<H>

Figure 3.3.23

3.3.8 Case 8. Pointed Schreier Graphs with V, = 0, V, # () # V,

In this section we study the coverings Y with simply intersecting cycles of finite ho-
mogeneous PSL(2,7)-space ¥ such that the pointed Schreier graphs G of ¥ are with
V, =0 and V, # 0 # V,,. For such pointed Schreier graphs we consider vy € V, as a
distinguished vertex. Therefore the robust subgraph #; of G will be with vy € V,, for any
0 < j <t, where t is the number of triangles of G. The plague on H, is vy [*|UP; UV, [*].
We write V,, = {vg, vi,, Vi, ..., Vi, }, such that 1 < iy < iy < ... < i <tfork > 1, and
Vay = {0j1, )y, ., 05, }, such that 2 < jy < jo < ... < jp <tfor k' > 1.

Proposition 3.3.43. Let X be a covering with simply intersecting cycles of finite homo-
geneous PSL(2,7Z)-space ©.. Let G be the pointed Schreier graph of ¥ with V, = (),
Vy = {vo} and Vyy = {v;,,vj,, ..., 05, } such that 2 < ji; < jp < ... < jir <t fork' > 1.
Assume that G contains least two distinct robust subgraphs H; and Hy for2 <i < j; — 1
and2 <1 < j; — 1 such that H; 1 <1 H; and Hy 1 <1 Hy. Thenimm(X) < 1/4.

Proof. By Lemma [3.3.10] and Proposition imm(H;,—1) < 1/4. Now we have
Hjy—2 <m;,_, Hj1 <1 Hj with my, 1 € {1,2}. In both cases, imm(H;,) < 1/4,
by Lemma 3211 and Remark B:3.19]. Now if j; = ¢, then we are done. If j; < t then
again by Lemma 3.2 and Remark 3319, imm(H;) < 1/4 for j; < j < t. Hence
imm(X) < 1/4. O

Example 3.3.44. For the pointed Schreier graph G in Figure P = wo[«] Uwvy[x] U
vo[*] U v3[*] U vy[*] is a plague on the covering ¥ of G with simply intersecting cycles.

Therefore, imm(X) < 2% < 1/4.

S D-<TD-<[D><T

Figure 3.3.24
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Proposition 3.3.45. Let X be a covering with simply intersecting cycles of finite homo-
geneous PSL(2,7Z)-space ©.. Let G be the pointed Schreier graph of = with V, = (),
Vy = {v0, viy, Viy, ..., 03, } fork > 1, and V= {v;,,0j,, ..., vj,, } such that2 < j; < jo <
o < g <tfork' > 1. Let H;,_o <2 Hj,_1. Assume further that G contains at least one
robust subgraph H,; for2 <i < j; — 1 such that H; 1 <1 H;. Then imm(X) < 1/4.

Proof. Since there exists at least one robust subgraph H,; for 2 < 7 < j; — 1 such that
H; 1 <1 M, therefore by Lemma B30, imm(Xy,, _,) < Pn=2 < M2t openee

= mjp-2 T Ang 2

njp—2+1

Pj1—2 < —2—. Now consider the following Figure 3.3.25, where v;, € V,, such that
vjy € Hj \ Hj—1and Hj, o <2 Hj o1 <1 Wy,

Hjy—2 \

Figure 3.3.25

Now P (33, _,) Uwvj,[+] is a plague on P(¥3; ) by following table.

J1

pivot‘ vl ¥ vl (¥ v ok vy ¥

R A A A

nj; —2+1 nj —2+5

Therefore, pj, = pj, 2 +1 < 57— +1 = 27—, and n;; < nj o + 6. Thus,
imm(H;,) < Py < M2t o 1/4. Now if j; = t, then we are done. If j; < ¢,

nj; — (nj;—2+6)
then by Lemma [3.2.1 and Remark imm(H;) < 1/4 for j; < j < t. Hence
imm(X) < 1/4. O

Example 3.3.46. For the pointed Schreier graph G in Figure3:3.26, P = vg[*|Uvy [*|Uvg [*]

is a plague on the covering ¥ of G with simply intersecting cycles. Therefore, imm(X) <

3N __

VARAN

| )
_ \a’ V2
VARRN \
[ o - - ]
\N_7 /

Figure 3.3.26
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Conclusion

In this thesis we have studied two conjectures, namely, the Hayashi’s Conjecture
on quandles, and a Conjecture on Hurwitz orbits. The Hayashi’s conjecture says
that all permutations of an indecomposable quandle has cycles whose cycle lengths di-
vide the largest among them. We first observed (see Observations [[.4.7) that for which
known families of connected quandles the Hayashi’s conjecture is true. Similarly, one
can see wether the Hayashi’s conjecture is true for other families of connected quan-
dles, like primitive quandles. We have also provided the obstructions on the profiles
of connected quandles (see Section [.4.2). By these obstructions we have shown that
the Hayashi’s conjecture is true for all connected quandles with profile 1™ /7" /5> and
also for all connected crossed sets with profile 1™°¢;¢5¢3. By Observations .47 and
the obstructions on the profiles of connected quandles in Section[T.4.2 it seems that the
Hayashi’s conjecture will not be true for all connected racks and quandles.

The Conjecture on Hurwitz orbits says that the immunity on any Hurwitz or-
bit > with simply intersecting cycles is bounded above by the weight on X, that is,
imm(Y) < w(X). It is known, by Theorem 7.2 of [22], that imm(X) < w(X) for cover-
ings ¥ of few finite homogeneous PSL(2, Z)-spaces ¥ with any xy—cycle of length at
most 4. In Chapter Bl we have shown that imm(X) < w(X) for coverings ¥ of infinitely
many Schreier graphs of finite homogeneous PSL(2, Z)-spaces with all zy—cycles. Our
method is based on the posets of robust subgraphs of pointed Schreier graphs G (see
Section [2.7.4) of finite homogeneous PSL(2,7Z)-spaces. By using this method we did
a case-by-case analysis of infinitely many pointed Schreier graphs G of finite homoge-
neous PSL(2,7)-spaces . and their coverings ¥ with simply intersecting cycles. In
Case 1 (Section [3.3.) of this analysis we first described the method (in Lemma [3.3.1)
to calculate the plague on a covering 3 of PSL(2,7)-space Y whose pointed Schreier
graph G is with V, # (0 and V, = 0 = V,,,. By using this plague we have shown (in
Proposition 3:3.2), when imm(%) < 1/4 < w(X). In the next step we searched for all
those G which are not covered by Proposition[3.3.21 We observed (in Section 3.3.1.3) that
all such G are generated or spanned by the robust subgraphs #, and two fragments,
namely, 71 = Giogioy \ Ho(Gror101) and Fo = Giogi0y \ Ho(Grogs, 3, 23)- Finally in Case 1,
we showed that imm(X) < 1/4 < w(X) for any covering ¥ of G = Span(Hy, F1, F2).
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Hence in Case 1 we found that imm(X) < 1/4 < w(X) for all coverings 33 with simply
intersecting cycles of all PSL(2, Z)-spaces X such that the pointed Schreier graphs G is
with V, # 0 and V, = ) = V.

In Case 2 (Section[3.3.2)) of our analysis, we first described the method (in Lemma[3.3.8)
to calculate the plague on a covering . of PSL(2,Z)-space ¥ whose pointed Schreier
graph G is with V,, # () and V,, = () = V,,,. By using this plague we have shown (in
Lemma 3.3.8 and Proposition 3.3.12), when imm(X) < 1/4 < w(X). In Case 3 (Section
B.3.3) of our analysis, we first described the method (in Lemma 3.3.15) to calculate the
plague on a covering ¥ of PSL(2,Z)-space Y whose pointed Schreier graph G is with
Viey # 0 and V, = 0 = V. By using this plague we have shown (in Lemma 3317
and Proposition 3.3.20), when imm(¥X) < 1/4 < w(3). In Case 4 (Section 3.3.4) of
our analysis, again we first described the method (in Lemma 3.3.22) to calculate the
plague on a covering ¥ of PSL(2,Z)-space Y whose pointed Schreier graph G is with
V, =V, = V., = (. By using this plague we have shown (in Proposition 3:3.24), when
imm(X) < 1/4 < w(X). In the remaining cases (Case 5-Case 8), we have used the
results from Case 1-4 in order to show that when imm(%) < 1/4 < w(X). Unlike the
Case 1, it is difficult to generate all G in Cases 2-8. However, by our method it seems
that the inequality imm(X) < w(X) is true for any covering ¥ with simply intersecting
cycles of all G in Cases 2-8.



Zusammenfassung

In dieser Arbeit untersuchen wir Quandles und Hurwitz-Bahnen. Quandles sind selbst
distributive algebraische Strukturen mit drei Axiomen, die mit drei Reidemeister-
Bewegungen von Knotendiagrammen verwandt sind. Racks sind eine Verallgemeinerung
von Quandles. Die Verkniipfung eines Quandles ist wie die Konjugation in einer Gruppe.
Die algebraische Struktur von Quandles kann als Folgen von Permutationen untersucht
werden. Die Zykel-Struktur der Permutationen eines unzerlegbaren Racks (bzw. Quan-
dles) verhalt sich gut, weil die Permutationen eines unzerlegbaren Racks (bzw. Quan-
dles) zueinander konjugiert sind und daher die gleiche Zykel-Struktur haben. In [18],
beobachtet C. Hayashi eine weitere interessante Eigenschaft der Zykel-Struktur eines
unzerlegbaren Quandles und vermutet, dass die Permutation eines unzerlegbaren Quan-
dles Zykel hat, deren Zykellangen die grofite unter ihnen teilen. In Kapitel [ dieser
Arbeit untersuchen wir die Zykel-Struktur von Quandles mit dem Schwerpunkt auf der
Vermutung von Hayashi. In Abschnitt [.4.7] diskutieren wir die Klassen unzerlegbarer
Quandles, fiir die die Vermutung von Hayashi wahr ist. In Abschnitt [[4.2] geben wir
Einschrankungen fiir die Zykel-Struktur bestimmter unzerlegbarer Quandles, die zu den
wichtigsten Ergebnissen dieser Arbeit gehoren.

Racks und die Wirkung der Zopfgruppe auf den Potenzen von Racks sind fiir die Klas-
sifizierung bestimmter Hopfalgebren nitzlich (siehe [2], [3] [15], [21], [22]). Hurwitz-
Bahnen sind die Bahnen einer Wirkung der Zopfgruppe auf der Potenz eines Racks. Die
Hurwitz-Bahnen fiir die Wirkung der Zopfgruppe auf drei Strangen werden in [21] und
[22] fir die Klassifizierung bestimmter Hopfalgebren verwendet. Diese Klassifizierung
basiert auf einer kombinatorischen Invarianten der Hurwitz-Bahnen, die Plage genannt
wird. Die Immunitit einer Hurwitz-Bahn ist der Quotient aus der Grof3e der minimalen
Plage und der Grofle der Hurwitz-Bahn. Eine Abschétzung iiber die Immunitat der
Hurwitz-Bahnen wird in [22] gegeben mit Hilfe von markierten Schreier-Graphen der
Hurwitz-Bahn-Quotienten und den Gewichten der Hurwitz-Bahnen, wobei das Gewicht
einer Hurwitz-Bahn durch ihre Zykel-Struktur definiert ist. In Kapitel [2] erinnern wir
an die Ergebnisse zu Hurwitz-Bahnen und das Verfahren zur Abschiatzung der Immu-
nitdt der Hurwitz-Bahnen aus [15]], [21] und [22]. Man beachte, dass in [22] nur wenige
Schreier-Graphen mit kleinen Zykeln betrachtet werden, fir die gezeigt wird, dass die
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Immunitat der Hurwitz-Bahnen nach oben durch ihre Gewichte beschrankt ist.

In Kapitel [ stellen wir eine neue Methode vor, um die Plage einer Hurwitz-Bahn
zu berechen und die Immunitét einer Hurwitz-Bahn abzuschéatzen. Mit dieser Meth-
ode kann man unendlich viele Schreier-Graphen der Hurwitz-Bahn-Quotienten mit alle
Zyklen studieren. Unsere Methode basiert auf den posets bestimmter Teilgraphen, genannt
robuste Subgraphen, von punktierten Schreier-Graphen der Hurwitz-Bahn-Quotienten.
Wir schiatzen die Immunitat der Hurwitz-Bahnen durch eine Fall-zu-Fall-Analyse von
punktierten Schreier-Graphen der Hurwitz-Bahn-Quotienten. Mit dieser Analyse betra-
chten wir die Schreier-Graphen der Hurwitz-Bahn-Quotienten, fiir die die Immunitat
der Hurwitz-Bahn von oben durch ein Viertel beschrankt ist. Alle in Kapitel[Iund Kapi-
tel Bl bewiesenen Resultate werden vom Autor als originell behauptet.
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