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Zusammenfassung

Eine abstrakte Interpretation der Rothe Methode zur Diskretisierung von Evolutions-
gleichungen wird hergeleitet. Die Fehlerfortpflanzung wird untersucht und Bedingungen
an die Toleranzen werden bewiesen, welche die Konvergenz im Falle von approx-
imativen Operatorauswertungen sicher stellen. Zur Untermauerung der abstrakten
Analysis wird das linear implizite Eulerschema mit uniformer Zeitdiskretisierung auf
eine Klasse von semi-linearen parabolischen stochastischen partiellen Differentialglei-
chungen angewendet. Unter Verwendung der Existenz von optimalen adaptiven Metho-
den fiir die elliptischen Teilprobleme werden hinreichende Bedingungen gezeigt, welche
die Konvergenz mit zugehorigen Konvergenzordnungen auch im Fall von approx-
imativen Operatorauswertungen sichern. Obere Komplexitatsschranken werden im
deterministischen Fall bewiesen.

Die stochastische Poissongleichung mit zufélligen rechten Seiten dient als Modell-
gleichung fiir die elliptischen Teilprobleme. Die zufélligen rechten Seiten werden, ba-
sierend auf Waveletentwicklungen, eingefithrt anhand eines stochastischen Modells,
welches, wie gezeigt wird, eine explizite Regularitatskontrolle deren Realisierungen
bietet und diinn besetzte Entwicklungen induzieren kann. Fiir diese Klasse von Glei-
chungen werden obere Fehlerschranken der besten N-term Waveletapproximation
auf verschiedenen beschriankten Gebieten bewiesen. Sie zeigen, dass die Verwendung
von nichtlinearen (adaptiven) Methoden gegeniiber uniformen linearen Methoden
gerechtfertigt ist, insbesondere bei diinn besetzten Entwicklungen auf zwei oder drei
dimensionalen Lipschitzgebieten.

Die Klasse von zufalligen Funktionen, welche aus dem stochastischen Modell abgelei-
tet werden kann, ist an sich interessant, da sie diinn besetzte Varianten von allgemeinen
Gaufy’schen zufalligen Funktionen liefert. In verschiedenen Glattheitsraumen wird
die Regularitat der zufélligen Funktionen analysiert, ebenso werden lineare und nicht-
lineare Approximationsergebnisse bewiesen, welche deren Anwendbarkeit in numerischen
Experimenten verdeutlicht.
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Chapter 1

Introduction

The numerical treatment of stochastic partial differential equations (SPDEs) is a recent
and active area of research. It combines the fields of numerics of partial differential
equations with stochastic analysis. Evolution equations of the parabolic type, for
instance, describe diffusion processes that are very often used for the mathematical
modeling of economical, biological, chemical, and physical processes. The inclusion
of a stochastic driving process allows to incorporate random distortions or noise
into the model. In a growing number of applications, e.g., in computational finance,
epidemiology, population genetics, and many more, this has become important in order
to, e.g., account for uncertainties and therefore improve the accuracy in the predictions
of the model.

In general, partial differential equations are not solved in a direct fashion due to
complexity reasons. Instead, a discretization scheme is applied to the equation and
iterative numerical schemes are employed to obtain an approximation to the solution
up to a prescribed tolerance. Also approximations to explicitly given objects of the
equations are required, due to storage constraints. Considering evolution equations,
aside of simultaneous space-time numerical approximation schemes, there are two
principally different discretization approaches: the vertical method of lines and the
horizontal method of lines. The former starts with an approximation first in space, and
then proceeds in time, while the latter starts with a discretization first in time, and
then in space; it is also known as Rothe’s method.

Very often, the vertical method of lines is preferred, since after the discretization
in space is performed just finite dimensional ordinary stochastic differential equations
(SDE) in time direction have to be solved, for which there are many approaches available.
However, there are also certain drawbacks; in many applications the utilization of
adaptive strategies allows to increase efficiency, but in the context of the vertical
method of lines the combination with spatial adaptivity is at least not straightforward.
In contrast, the use of adaptive methods somewhat suggests itself when investigating
the horizontal method of lines. Namely, using Rothe’s method, the parabolic equation
can be interpreted as an abstract Cauchy problem, i.e., as a SDE in some suitable
function space. Then, in time direction, one can use one of the SDE-solver with step
size control. Note that any such solver must be based on an implicit discretization
scheme due to stability reasons, since the equation under consideration is usually stiff.
On this account, in each time step, a system of elliptic equations with random functions
as right-hand sides has to be solved. To this end, adaptive numerical schemes that are
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well-established for elliptic deterministic equations, can be used, e.g., adaptive finite
element or wavelet methods.

The motivation of this dissertation is based exactly on this line of thought and
its results are organized as follows. Chapter 2 provides the setting and theoretical
foundation for the subject of this dissertation. In Chapter 3 we introduce and investigate
a new class of random functions for the numerical modeling of stochastic equations. In
Chapter 4 we consider the stationary case and employ this class of random functions as
right-hand sides to the Poisson equation, which serves as model problem for the elliptic
subproblems. Finally, in Chapter 5 we investigate the error propagation and analyze
the convergence of spatially adaptive Rothe methods for deterministic and stochastic
evolution equations of the parabolic type.

In this introduction, following the summary, we give an overview of related research
results that are within the scope of the subject matter in Section 1.2. In the subsequent
Sections 1.3, 1.4, and 1.5, we state the introductions to the individual chapters including
the main results.

1.1 Summary

An abstract interpretation of Rothe’s method for the discretization of evolution equa-
tions is derived. The error propagation is analyzed and condition on the tolerances
are proven, which ensure convergence in the case of inexact operator evaluations. Sub-
stantiating the abstract analysis, the linearly implicit Euler scheme on a uniform time
discretization is applied to a class of semi-linear parabolic stochastic partial differential
equations. Using the existence of asymptotically optimal adaptive solver for the elliptic
subproblems, sufficient conditions for convergence with corresponding convergence
orders also in the case of inexact operator evaluations are shown. Upper complexity
bounds are proven in the deterministic case.

The stochastic Poisson equation with random right hand sides is used as model
equation for the elliptic subproblems. The random right hand sides are introduced
based on wavelet decompositions and a stochastic model that, as is shown, provides
an explicit regularity control of their realizations and induces sparsity of the wavelet
coefficients. For this class of equations, upper error bounds for best N-term wavelet
approximation on different bounded domains are proven. They show that the use
of nonlinear (adaptive) methods over uniform linear methods is justified whenever
sparsity is present, which in particularly holds true on Lipschitz domains of two or
three dimensions.

By providing sparse variants of general Gaussian random functions, the class of
random functions derived from the stochastic model is interesting on its own. The
regularity of the random functions is analyzed in certain smoothness spaces, as well as
linear and nonlinear approximation results are proven, which clarify their applicability
for numerical experiments.

1.2 Overview of related research results

We give an overview of research results that are related to the scope of the subject
matter. Additional research results, which are more specifically related to the results of



1.3. A class of random functions 3

this dissertation, are given in the subsequent introductions.

When it comes to numerical approximations of the objects of interest, e.g., the
solutions of partial differential equations, then the approximation order that can be
achieved usually depends on the membership of these objects in specific scales of
smoothness spaces. For approximation schemes based on wavelets, it is well-known that
the approximation order of linear uniform wavelet algorithms depends on the Sobolev
smoothness of the underlying object, whereas the approximation order of nonlinear
algorithms such as best N-term wavelet approximation in L, depends on the regularity
in the specific scale

B:(L;), where L =—+ s> 0, (1.1)
of Besov spaces. We refer to DAHLKE ET AL. [45], DEVORE [65], DEVORE ET AL. [66],
and the references therein for further information. These relationships are a consequence
of the fact that wavelets are able to characterize smoothness spaces such as Besov and
Sobolev spaces, respectively, i.e., the corresponding smoothness norms are equivalent
to weighted sequence norms of wavelet decomposition coefficients, see, e.g., DEVORE
ET AL. [66], FRAZIER, JAWERTH [80], MEYER [129], RUNST, SICKEL [143], TRIEBEL
[162] for details. Furthermore, this connection often motivates to analyze the Besov
regularity of solutions of various problems, see, e.g., CIOICA ET AL. [26], DAHLKE
[41, 42, 43], DAHLKE, DEVORE [47], DAHLKE, SICKEL [55, 56|, DAHLKE, WEIMAR
[57], ECKHARDT [73], HANSEN [99], HANSEN, SICKEL [100].

Adaptive wavelet methods for deterministic elliptic and parabolic partial differential
equations have been studied intensively in recent years, see, e.g., COHEN ET AL.
[29, 30, 31], DAHLKE ET AL. [46, 49, 50, 51|, GANTUMUR ET AL. [81], KAPPEI
[106], LELLEK [122], RAASCH [138], SCHWAB, STEVENSON [146, 147], STEVENSON
[150, 152], STEVENSON, WERNER [153, 154], WERNER [174]. Usually, best N-term
wavelet approximation is used as a benchmark for adaptive wavelet schemes, since it is
an almost optimal approximation scheme, see DAHLKE ET AL. [53, 54].

Also motivated by above observations, the relations of stochastic analysis and
the theory of function spaces has become a field of increasing interest. For instance,
approximations and the regularity of the solutions to SDEs and SPDEs in several
function spaces has been studied in, e.g., C101CA [20], CIOICA ET AL. [27], JENTZEN,
KLOEDEN [102], JENTZEN, ROCKNER [103], Kim [109, 110], KRUSE, LARSSON [116],
KRYLOV [117], LINDNER [124], VAN NEERVEN ET AL. [164, 165]. We also we refer to
KovAcs ET AL. [112, 113, 114], WALsH [171] for convergence results based on finite
element discretization applied to SPDEs. For stochastic ordinary differential equations
nonlinear approximation of the solution process is studied in, e.g., CREUTZIG ET AL.
[38], SLAssI [149]. Note that these references are indicative only.

1.3 A class of random functions

In Chapter 3 we analyze the regularity of a class of random functions in certain
smoothness spaces and state linear and nonlinear approximation results. The random
functions are defined in terms of wavelet decompositions according to a stochastic
model that provides an explicit regularity control of their realizations and, in particular,
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induces sparsity of the wavelet coefficients. We expect this stochastic model to be an
interesting tool to generate test functions in numerical experiments.

Some effort has been spent to create random functions whose realizations pos-
sess, almost everywhere, a prescribed regularity in Besov or Sobolev spaces, see, e.g.,
ABRAMOVICH ET AL. [1], BOCHKINA [12, 13], COHEN, D’ALES [32], COHEN ET AL.
[34], CREUTZIG ET AL. [38], KON, PLASKOTA [111]. Often, one major tool has been
the wavelet characterization of smoothness spaces. Based on a fixed wavelet basis,
random coefficients have been designed which, by means of the norm equivalences,
guarantee the desired regularity. In, e.g., ABRAMOVICH ET AL. [1], BOCHKINA [12],
in the context of Bayesian non-parametric regression, the random wavelet coefficients
w; i, have been modeled as an independent mixture of Bernoulli distributions Y; and
standard normal distributions Z;:

wiy, ~ (1= 7)Y+ w757,

where 7; € [0,1] and 7; > 0. In particular, 77 = 27*/Cy and 7; = min{1,2"%Cs} have
been studied and it has been investigated how the parameters «, # > 0 have to be tuned
to yield a certain prescribed Besov smoothness. However, only the one-dimensional
setting d = 1, smoothness parameters s > 0, and integrability parameters p,q > 1 have
been analyzed. The paper BOCHKINA [13] considers more general parametrizations
and also focuses on Bayesian non-parametric wavelet regression. While nonlinear
approximation methods are extensively studied in the deterministic case, see DEVORE
[65] and the references therein for details and a survey, far less is known for random
functions. For the latter, we refer to COHEN, D’ALES [32], COHEN ET AL. [34], where
wavelet methods are analyzed, and to CREUTZIG ET AL. [38], KON, PLASKOTA [111],
where free knot splines are used. Again, in these papers only the one-dimensional case
is studied.

In Chapter 3, in particular in Section 3.1, we define and analyze random functions by
generalizing the stochastic model as introduced in ABRAMOVICH ET AL. [1], BOCHKINA
[12] and study different approximations. First, let us summarize the setting. The random
function (stochastic field) X is defined in terms of a stochastic wavelet decomposition

X =" Vst (1.2)

j=0 kJEVj

Here {¢; : j > 0, k € V;} is a wavelet Riesz basis for Ly(O), where O C R? is a
bounded domain and j denotes the scale parameter. Furthermore, V; is a finite set with,
in order of magnitude, 2/¢ elements, and Y}, and ZJ’-JC are independent random variables.
In a slightly simplified version of the stochastic model, Y} is Bernoulli distributed
with parameter 27774 and 7}, is normally distributed with mean zero and variance
27294 where 3 € [0,1] and o + 3 > 1. Note that the sparsity of the decomposition
(1.2) depends monotonically on 8. For § = 0, i.e., with no sparsity present, (1.2) is
the Karhunen-Loeve decomposition of a Gaussian random function X if the wavelets
form an orthonormal basis of Ly(O). Additionally, we discuss stochastic fields X with
realizations in Besov spaces with negative smoothness, i.e., we allow a € R. Such
stochastic fields are in particular natural to consider for the modeling of stochastic
Poisson equations with random right-hand sides, where the Laplacian is a bounded
operator from H} onto H™!, the normed dual of H}, cf. Chapter 4.
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Let us now point to the main results of Section 3.1. The random function X takes
values in the (quasi-) Besov space B;(L,(0)), 0 < p,q < oo, and p,q > 1 for s <0,
with probability one if and only if

s<d- (a—1+é)’
2 p
see Theorem 3.10. In ABRAMOVICH ET AL. [1], BOCHKINA [12] the result was stated
ford =1, s > 0, and p,q > 1. In particular, the smoothness of X along the scale
of Sobolev spaces H*(O) = B5(L2(0)) is determined by a + 3, and for g > 0 with
decreasing p € (0, 2] the smoothness can get arbitrarily large.

We study different approximations X of X with respect to the norm in Ly(O),
where we always consider the average error

(BIIX = XIZ,0))"

for any approximation X. Let p € [0,1] and o + § > 1. For the optimal linear uniform
approximation, i.e., for the approximation from an optimally chosen N-dimensional
subspace of Ly(Q), the corresponding error rate is asymptotically equivalent to N ¢
with

a+pg—1

-2

see Theorem 3.15. In contrast, for the best average N-term wavelet approximation we
only require that the average number of non-zero wavelet coefficients is at most N. In
this case the corresponding errors exhibit asymptotically at most the rate N~¢ with

a+p—1

- 2(1-B)

and B < 1, see Theorem 3.17. The best average N-term wavelet approximation is supe-
rior to optimal linear uniform approximation if § > 0. The simulation of the respective
average N-term wavelet approximation is possible at an average computational cost of
order N, which is crucial in computational practice, see Remark 3.18. R

Furthermore, we extend our findings and study different approximations X of X
with respect to the norms of the Besov spaces By(L,(0)), where v € R and 1 < p < oo.
Analogously to above, we consider the average error

(BIIX — Rl 1, o)

)

for any approximation X. Let p €10,1) and a € R. For the optimal linear uniform
approximation, the corresponding errors exhibit asymptotically at most the rate N ¢
with
a—1 [ v
Q =

+—— -
2 p d
see Theorem 3.20. In contrast, for best average N-term wavelet approximation with
respect to By (L,(0O)), the corresponding errors exhibit asymptotically at most the rate

N~¢ with
1 a—1 [ v
Q:— _.|____
1-p 2 p d
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and 8 < 1, see Theorem 3.23. Again, the best average N-term wavelet approximation
is superior to optimal linear uniform approximation if g > 0.

Moreover, with respect to the norm in H*(O) we also obtain lower error bounds,
see Theorem 3.22 for optimal linear uniform approximation, and Theorem 3.25 for best
average N-term wavelet approximation.

In Section 3.2, we discuss additional important classes of smoothness spaces, specifi-
cally the anisotropic Sobolev and Besov spaces. Once again, to design random functions
in these spaces is of independent interest, but nevertheless, we are convinced that
there are a lot of possible applications. As an example, let us mention certain elliptic
equations with random coefficients as they occur, e.g., in the modeling of groundwater
flow problems ERNST ET AL. [78], ERNST, ULLMANN [79], ULLMANN ET AL. [163].
Usually, the random coefficients are modeled by highly isotropic lognormal distribu-
tions. However, due to certain anisotropic features that might show up in the physical
environment, it could be more appropriate to use stochastic models that reflect these
kinds of anisotropies. Therefore, we derive stochastic fields with prescribed smoothness
in anisotropic smoothness spaces. The major tool is again the wavelet characterization
of these spaces as derived, e.g., in GARRIGOS ET AL. [82], GARRIGOS, TABACCO [83].

Finally, in Section 3.3, we construct new bases of stochastic tensor wavelets. To our
best knowledge, these kinds of stochastic fields have not been considered before. Tensor
wavelets are in a certain sense the wavelet version of the sparse grid approach, see,
e.g., BUNGARTZ, GRIEBEL [16] for a detailed discussion on sparse grids. They are very
important for the following reason: Similar to sparse grids, (adaptive) approximation
schemes based on these wavelets can give rise to dimension-independent convergence
rates, see SCHWAB, STEVENSON [146]. In this sense, tensor wavelets provide a way
to break the famous curse of dimensionality. The spaces that can be characterized by
tensor wavelets are generalized dominated mixed smoothness spaces, see Section 2.2 for
details. Therefore, in Section 3.3, we derive stochastic fields with prescribed regularity
in these spaces.

1.4 Application to the stochastic Poisson equation

In Chapter 4 we consider the stochastic Poisson equation on bounded domains, where
the right-hand side is a random function which is given by the stochastic model that
is analyzed in Section 3.1. In order to obtain approximations to the realizations of
the solution, we employ asymptotically optimal adaptive wavelet algorithms as they
asymptotically realize the approximation rate of best N-term wavelet approximation.
Since the related convergence analysis of these adaptive wavelet algorithms relies on the
energy norm, which is equivalent to the norm in H*', we analyze best N-term wavelet
approximation in H?! for the considered class of stochastic Poisson equations. Moreover,
the asymptotic results are matched by numerical experiments.

Solving stochastic evolution equations by application of Rothe’s method, i.e., the
evolution equation is first discretized in time, and then in space, due to stability reasons,
one has to use an implicit time discretization scheme. This leads to elliptic boundary
value problems with random right-hand sides that need to be solved in every time step.
Therefore, a particular but nevertheless very important model problem is the Poisson
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equation
-AU =X in O,

U=0 on 00,

with random right-hand side X and O C R? a bounded (Lipschitz) domain. Different
numerical problems have been studied for Poisson equations, or more generally, for
elliptic equations with a random right-hand side and/or a random diffusion coefficient.
The computational task is to approximate either the realizations of the solution or at
least their moments, and different techniques like stochastic finite element methods,
sparse grids, or polynomial chaos decompositions are employed. A, by no means
complete, list of papers includes BABUSKA ET AL. [7], COHEN ET AL. [35], ERNST
ET AL. [78], NOBILE ET AL. [131], RITTER, WASILKOWSKI [140], TODOR, SCHWAB
[156], WAN, KARNIADAKIS [172], X1U, KARNIADAKIS [176]. Stochastic differential
equations, in general, yield implicitly given random functions, which holds true in
particular for U in (1.3). For stochastic ordinary differential equations nonlinear
approximation of the solution process is studied in CREUTZIG ET AL. [38], SLASSI
[149].

Stochastic elliptic equations of the form (1.3) also arise in, e.g., BRECKNER, GRE-
CKSCH [15], CoX, VAN NEERVEN [37], DEBUSSCHE, PRINTEMS [64], GRECKSCH,
TUDOR [84], GYONGY, NUALART [93], PRINTEMS [137] as sub-problems of stochastic
evolution equations that are discretized by means of Rothe’s method, cf. Section 1.5.

In Section 4.1, we analyze best N-term wavelet approximation for the Poisson
equation (1.3) with right-hand sides X which are based on the stochastic model
considered in Section 3.1. The solution U of the Poisson equation is approximated with
respect to the norm in H'(0O) and we consider the average error (E[|U — U/} (0))"/

(1.3)

for any approximation U. Here, the space H'(Q) is the natural choice, since its norm
is equivalent to the energy norm and the convergence analysis of adaptive wavelet
algorithms relies on this norm. We study the N-term wavelet approximation under
different assumptions on the domain O, and we establish upper bounds of the form
N~(@=¢) which hold for every e > 0. For any bounded Lipschitz domain O in dimension
d = 2 or 3 we obtain

. 1 a+ﬁ—1+2
e=MM 2@ -1 T 6 3d [

see Theorem 4.1. Regardless of the smoothness of X we have o < 1/(2(d — 1)), e.g.,
due to possible singularities of U at the boundary of O. On the other hand, uniform
approximation schemes can only achieve the order N~/(% on general Lipschitz domains
O, and we always have p > 1/(2d). For more specific domains we fully benefit from
the smoothness of the right-hand side. First,

a+ B
2

Q:

if O is a simply connected polygonal domain in R?, see Theorem 4.5, and

1 a—1 1
Q:T?E< 2 *ﬁ)+a

for bounded C*-domains @ C R?, see Theorem 4.6.
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These rates for the best N-term wavelet approximation of U are actually achieved
by suitable adaptive wavelet algorithms, which have been developed for deterministic
elliptic PDEs. Those algorithms converge for a large class of operators, including
operators of negative order, and they are asymptotically optimal in the sense that they
realize the optimal order of convergence, while staying efficient, i.e., the computational
cost is proportional to the number N, see COHEN ET AL. [29, 30], DAHLKE ET AL.
[45], GANTUMUR ET AL. [81]. Moreover, the algorithmic approach can be extended to
wavelet frames, i.e., to redundant wavelet systems, which are much easier to construct
than wavelet bases on general domains, see DAHLKE ET AL. [50], STEVENSON [150].

Numerical experiments are presented in Section 4.2 to complement the asymptotic
error analysis. We determine empirical rates of convergence for adaptive and uniform
approximation of the solution U to the Poisson equation (1.3) in dimension d = 1.
It turns out that the empirical rates fit very well to the asymptotic results, and we
observe superiority of the adaptive scheme already for moderate accuracies.

1.5 On the convergence of the inexact linearly im-
plicit Euler scheme

In Chapter 5 we investigate the error propagation and analyze the convergence of
Rothe’s method for evolution equations of the parabolic type with focus on linearly
implicit one-step methods. We use uniform discretizations in time and non-uniform
(adaptive) discretizations in space. The space discretization methods are assumed to
converge up to a given tolerance € when applied to the resulting elliptic subproblems.
Typical examples are adaptive finite element or wavelet methods. We investigate how
the tolerances € in each time step have to be tuned so that the overall scheme converges
with the same order as in the case of exact evaluations of the elliptic subproblems.
As mentioned above, usually the exact solution to a partial differential equation
cannot be computed explicitly. In those cases a numerical scheme for the constructive
approximation of the solution is required. For the vertical method of lines we refer to
HANKE-BOURGEOIS [97], JOHNSON [105], THOMEE [155], as well as to GYONGY [90],
GyONGY, KryLov [91], GYONGY, MILLET [92], HALL [96] for detailed information.
Our method of choice is Rothe’s method, or the horizontal method of lines as it
starts with a discretization first in time, and then in space. It has also been studied
in, e.g., BRECKNER, GRECKSCH [15|, GRECKSCH, TUDOR [84] in the stochastic
setting and in, e.g. LANG [121], LUBICH, OSTERMANN [126] in the deterministic
setting. With this approach the parabolic equation is interpreted as an abstract Cauchy
problem, i.e., as an ordinary deterministic or stochastic differential equation in a
suitable function space. Then, in time direction, one can apply an ODE/SDE-solver.
Since the equation under consideration is usually stiff this solver must be based on
an implicit discretization scheme. Linearly-implicit one-step methods are of primary
interest because their realization only requires to solve a system of linear elliptic stage
equations per time step. To solve the elliptic stage equations, well-established adaptive
numerical schemes based, e.g., on wavelets or finite elements, can be used. We refer
to COHEN ET AL. [29, 30], DAHLKE ET AL. [51] for suitable wavelet methods, and to
BABUSKA [5], BABUSKA, RHEINBOLDT [6], BANK, WEISER [8], BORNEMANN ET AL.
[14], ERIKSSON [74], ERIKSSON, JOHNSON [75, 76], ERIKSSON ET AL. [77], HANSBO,
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JOHNSON [98], VERFURTH [166, 167] for the finite element case. Note that all references
are indicative and are by no means complete.

To the best of our knowledge, the most far reaching results concerning a rigorous
convergence analysis of Rothe’s method have been obtained in LANG [121], where finite
element discretization in space is used. In the stochastic setting Rothe’s method with
unperturbed or ezxact evaluation of the elliptic subproblems, has been considered in
BRECKNER, GRECKSCH [15], GRECKSCH, TUDOR [84], and explicit convergence rates
have been established in CoX, VAN NEERVEN [37], GYONGY, NUALART [93], PRINTEMS
[137]. First results concerning the combination with adaptive space discretization
methods based on wavelets have been shown in KOvVACS ET AL. [115], where additive
noise is considered, a splitting method is applied, and adaptivity is only used for the
deterministic part of the equation. At this point, let us remark that the use of spatially
adaptive schemes is useful especially for stochastic equations, where singularities appear
naturally near the boundary due to the irregular behavior of the noise, cf. Croica
ET AL. [25] and the references therein.

In Section 5.1, we start with the observation that at an abstract level, Rothe’s
method can be reformulated as the consecutive application of two types of operators, the
inverse of a (linear) elliptic differential operator L;ll and certain (nonlinear) evaluation
operators R;j, i.e.,

L;i:g—fH and Ryp;:HX---xH—>G,
y vy N\ /
i
where ‘H and G are suitable Hilbert spaces, 7 denotes the time step size, k denotes

the current time step, and 7+ = 1, ..., 5 denotes the current stage. Then, an abstract
S-stage scheme to compute an approximation (), to a mapping w : [0,7] — H can

be defined as

S
Upgr 7= Y ks, To = u(0),
i=1
ﬁ)/kﬂ' = [L;Zer,k,i(aka ﬁjk,la e ’ﬁjk’i_l)}fk,i’ 1= 1, ceay S.
Here, [-]. stands for any numerical scheme that, for any prescribed tolerance e, yields
an approximation of the evaluation of both operators, which is necessary since the
mapping u is understood to be the solution of a partial differential equation and
therefore the inverses L I are not given explicitly in most cases. In the presence of
spatial discretization errors, we investigate how the tolerances ¢;; in each time step
must be tuned in order to preserve the asymptotic temporal convergence order § of the
time stepping. We derive sufficient conditions for convergence in the case of perturbed
or inexact operator evaluations and obtain conditions on the tolerances which guarantee
the overall convergence with corresponding convergence order §, see Theorems 5.21
and 5.26, i.e., by choosing

1
0< €k,i < ECaTH_é;

we get
) ~ i, < Gor?

with specified constants C, and C,. Moreover, we derive abstract complexity estimates.
Furthermore, in a Gel’fand triple setting (V, U, V*), we consider u : (0,7] — V to be a
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solution to initial value problems of the form
u'(t) = F(t,u(t)), u(0)=wuy, te€]l0,T],

where F' : [0, 7] xV — V* is a nonlinear right-hand side and uq € V' is some initial value.
We substantiate our analysis and show that any linearly-implicit 1-step S-stage scheme
of W-type can be written as abstract Rothe methods. See Observation 5.33 for the
case H =V and G = V* and Observation 5.41 for the case H = G = U. By combining
our analysis with the convergence results for the unperturbed schemes, which, e.g.,
are outlined in LUBICH, OSTERMANN [126], we are therefore able to provide rigorous
convergence proofs for spatially adaptive versions of W-methods. In the examples,
special emphasis is placed on the semi-linear case

u'(t) = Au(t) + f(t,u(t)), u(0) =uo, t€][0,T],

where in practical applications usually A is a differential operator and f a linear or
nonlinear drift term.
In Section 5.2, we show that also semi-linear parabolic SPDEs can be treated, if

the linearly-implicit Euler scheme is the method of choice. We consider a separable
real Hilbert space U and the U-valued SDE

du(t) = Au(t)dt + F(u(t))dt + Bu@®)dW (1), u(0) =wuo, te[0,T),  (1.4)

driven by a Q-Wiener process W over the sequence space ¢, with respect to a normal
filtration (F;):cjo,r] on a complete probability space (€2, F,P). Here, du(t) denotes the
stochastic differential of 1t6 type with respect to time ¢ € [0, T]. Furthermore,

A:DA) CU—U

is a densely defined, strictly negative definite, self-adjoint, linear operator such that
zero belongs to the resolvent set, and A~! is compact on U. The drift term

F: D((—A)°) = D((=A)**")
and the diffusion term
B: D((=A)?) = L({2, D((—A)*"°"))

are Lipschitz continuous maps for suitable constants o, or, and og. To put the focus
on the stochastic forcing term, we sometimes restrict F' to the linear case where it is
independent of u, i.e., F(u) = F or even set F = 0. In practical applications usually
B(u(t))dW (t) describes additive or multiplicative noise. This setting is based on the
one considered in PRINTEMS [137] where the convergence of semi-discretizations in
time is investigated. However, we allow the spatial regularity of the whole setting to be
‘shifted” in terms of the additional parameter p.

We start with a detailed description of the considered class of semi-linear parabolic
SPDEs and show the existence of a unique mild solution, see Proposition 5.52. We call
a mild solution to Eq. (1.4) a predictable process u : Q x [0,7] — D((—A)?) with

sup B[[|lu(t)[|Dy e < 00
t€[0,T]
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and such that for every ¢t € [0, T] the equality

t t
u(t) = euyg +/ DA (u(s))ds +/ eI B(u(s))dW (s) (1.5)
0 0
P-almost surely holds in D((—A)?). The first integral in (1.5) is a D((—A)?)-valued
Bochner integral for P-almost every w € € and the second integral is a D((—A)?)-valued
stochastic integral.

Furthermore, in Observation 5.57 we show that the stochastic analogue of the
linearly-implicit Euler scheme fits into the abstract setting of Section 5.1. Based on
an error estimate for the inexact scheme, see Proposition 5.65, we derive sufficient
conditions for convergence with corresponding convergence order in the case of inexact
operator evaluations in Theorem 5.63.

Our analysis so far holds for any spatially adaptive numerical scheme that provides
an approximation of the unknown solution up to any prescribed tolerance. In the finite
element setting, such strategies have been derived in, e.g., BINEV ET AL. [10], DORFLER
[72], STEVENSON [151]. However, we are in particular interested in spatially adaptive
schemes based on wavelets due to the strong analytical properties of wavelets, which
can be used to design adaptive numerical schemes that are guaranteed to converge with
optimal order, i.e., with the same order as best N-term wavelet approximation, see,
e.g., COHEN ET AL. [29, 30/, GANTUMUR ET AL. [81]. These relationships pave a way
to rigorous complexity estimates in the wavelet case. Indeed, as pointed out above, the
convergence order of best N-term wavelet approximation depends on the smoothness of
the object one wants to approximate in specific scales of Besov spaces, cf. (1.1). So, the
overall complexity can be determined by combining our abstract analysis with estimates
for the Besov smoothness of the solutions to the elliptic subproblems in each time
step. In Section 5.3, we therefore present a detailed analysis of Rothe’s method, where
adaptive wavelet discretizations are applied to the elliptic subproblems. In the first part,
see Theorem 5.71, we concentrate on the case, where the solutions of the stage equations
are approximated by using best N-term wavelet approximation and, in the second
part, see Theorem 5.73, we consider an implementable and asymptotically optimal
numerical wavelet solver for the stage equations. In particular for the linearly-implicit
Euler scheme applied to the classical heat equation, we determine upper bounds for
the overall number of degrees of freedom that are needed to approximate the solution
up to a prescribed tolerance. See Theorem 5.78 where we assume that best N-term
wavelet approximation for the spatial approximation of the stage equations is applied,
and see Theorem 5.79 where an implementable and asymptotically optimal numerical
wavelet solver is employed.






Chapter 2

Preliminaries

We provide the mathematical foundation on which the subject and results of this
dissertation are based upon.

In Section 2.1 we begin with a few words about the structure of the motivating
equations as well as the existence of solutions. In Section 2.2 we state the definitions
and important results concerning the considered function spaces. Sections 2.3 and 2.4
provide an overview of wavelets and the applied numerical approximation methods
which are based on wavelets. A nomenclature of frequently used notations as well as
the index can be found at the end of this dissertation.

2.1 Stochastic partial differential equations

A few words about the structure of the motivating equations as well as the existence of
solutions are in order.

We apply our analysis to semi-linear second order stochastic partial differential
equations of the parabolic type on a bounded (Lipschitz) domain O C R? over a finite
time horizon [0, 7] which are driven by an infinite-dimensional Wiener process . We
formulate such equations as an abstract evolution problem in an infinite-dimensional
state space U:

dX(t) = AX(t)dt + F(X(¢t))dt + B(X(t))dW(t), te (0,T], 51
X(0)=X,eU. (2.1)
We in particular investigate the case, where A is an unbounded linear operator, like
the Laplace operator with Dirichlet boundary conditions, and where the drift term
F as well as the diffusion term B are globally Lipschitz continuous mappings. The
case where B is independent of X, B(X) = B, refers to additive noise BAW, while
B(X)dW is called multiplicative noise.

Several approaches to solve the problem (2.1) are frequently studied in the literature.
The analytically strong formulation of a solution to (2.1) is given by a D(A)-valued
predictable process X which satisfies

X(t) = X, + /O t (AX(s)+F(X(s))>ds+ /0 tB(X(s))dW(s), Poas.,

13
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for each t € [0,T]. The analytically weak formulationof a solution to (2.1) is given by
an U-valued predictable process X which satisfies

(X (1), 1) = (Xoum) + / (X (5), A'n) + (F(X (s)), m)ds + / (1, B(X(s))dW (5)), P-as..

for all n € D(A*) and each t € [0,T]. The mild formulation is based on the semi-group
approach of DA PRATO, ZABCzYK [40]. It is given by an U-valued predictable process
X which satisfies

X(8) = eMXo + / " A=) P (X (s))ds + / LA B(X ()W (5), P-as.

for each t € [0, T]. Here, {e'},>¢ is the semi-group generated by A. Of course, the above
formulations only make sense if, in particular, the appearing integrals are well-defined.
We refer to Appendix A.2 for the definition of the Bochner integral and Appendix A.5
for details on the stochastic integral.

Under various conditions on (2.1) existence and uniqueness results for these formu-
lations have been obtained in the literature. For instance, existence proofs of a unique
solution in the mild formulation are given, e.g., in DA PRATO, ZABCZYK [40, Theorem
5.4] and JENTZEN, KLOEDEN [102, Theorem 5.1, while PREVOT, ROCKNER [135]
and Rozovskil [141] consider a more general variational formulation. Its relation to
above formulations as well as the corresponding uniqueness and existence results can
be found, e.g., in PREVOT, ROCKNER [135, Appendix F|. We also refer to CHOW
[19], GRECKSCH, TUDOR [84], HAIRER [95], KrRYLOV [118], KRYLOV, ROZOVSKII
[119], WALSH [170] for further information.

2.2 Smoothness and function spaces

We state the definitions and important properties of the considered smoothness spaces,
which are mainly of Sobolev and Besov type.

In this dissertation, the following smoothness scales are of particular importance.
Let f: O — R be a measurable function, where @ C R? is a domain, i.e., an open and
connected set. The order of differentiability of a continuous function f is the maximal
number m € Ny such that all partial derivatives 0°f, a € N&, |a| := oy + -+ +ag < m,
are bounded and continuous. The space of all such functions is denoted by C™(O) and
it can be shown it is a Banach space with respect to the norm

[fllem(o) = max sup [0 f(z)],
la|<m ze0

cf., e.g., ADAMS, FOURNIER [2, §1.26ff]. Furthermore, C*°(O) := () ~_,C™(O) denotes
the space of infinitely often continuously differentiable functions and C°(Q) =: C(O).
The compactly supported functions in C(O) and C*>(Q) are denoted by Cy(O) and
C5°(0), respectively. A function f is by definition compactly supported if supp(f) :=
clos{zx € O : f(x) # 0} is a compact set in O.

Smoothness scales of Sobolev type are taking the integrability of a function into
account. For each 1 < p < oo one can define the space L,(O) of p-integrable functions,
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cf. Appendix A.2; as the completion of the space Co(O) with respect to the norm

1/p
1l = ( /O !f(w)lpdx) |

where dz denotes the Lebesgue measure, see, e.g., ADAMS, FOURNIER [2, Theorem
2.19]. Then, one can also compare smoothness by asking for the maximal number
m € Ny such that all generalized derivatives D*f up to the order m are p-integrable.
The definition of generalized derivative is given in Appendix A.3. The space consisting
of all functions f € L,(O) for which }_,, ., [[D*f(z)|1,0) < oo is known as the
classical Sobolev space W;”((’)). It is also a complete space with respect to the norm

| fllwm o) = [flwm©o) + 1 fllz,©0);

where
Flwpo) = 3 ID°F@)n0
|a|=m
defines the Sobolev semi-norm. We refer to ADAMS, FOURNIER [2] for details.
Smoothness scales of Besov type can be defined based on the behavior of the

modulus of smoothness. The k-th order L,-modulus of smoothness, k € N, of a function
f is defined as

wk(t7 f)p = sup ||A];Lf||Lp(O)7 t> Oa
|h1+...+hd|<t
where
k k I '
Aff(z) = H lo(x + th) Z (j> (=1)* 7 f(x + jh), zeR?
i=0 j=0

denotes its k-th difference with step size h € RY. In this setting, one can compare the
smoothness of a function f depending on how fast w”*(f,t), goes to zero as t — 0. For
example, Besov spaces of smoothness s > 0 contain those functions for which

(2jswk(f7 2_j)p)j20 € Ly,

i.e., wF(f,t), goes to zero like O(t*) as t — 0, see, e.g., COHEN [28, Chapter 3.2].

2.2.1 Besov and Sobolev spaces

Let

0<pg<oo and d(1/p—1); <s< o0,
as well as k > s, where d(1/p—1); := min{0, d(1/p—1)}. The Besov space B;(L,(O))
is defined as the set of all functions f € L,(O) such that the term

o0 AN
</ (Wb (t, £),)° —) 10 < q< oo,
| flBs(L,(0)) = 0 t

supt~* (¢, £), g = o0,
t>0

is finite. A quasi-norm on B;(L,(0)) is given by
1/]

Bs(Ly(0)) = | flBs (2,0 + || fllL,0), (2.2)
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which is independent of the order £ > s in the sense of equivalent quasi-norms, see,
e.g., DEVORE, SHARPLEY [68].

Aside of the inner description above, Besov spaces BS(LP(Rd)) for 0 < p,qg < 0
and s € R can also be defined as the set of all f € §’(R?) such that the quasi-norm

b 1/q
I1f]lp = (Z (st Hg_l(%%f)”Lp(Rd))q> 10 < g < oo,
¢ =

j=0
sup 27° 157 (058 ) ey 1 q = 00,
J=

(2.3)

is finite. Here, we require a fixed test function ¢ € D(R?) with ¢ > 0 and ¢(0) # 0,
since then every f € S&'(R?) can be decomposed as

=Y 585,
=0

where ¢g := ¢ and p;(x) := p(2772) — (277 ), j € N. Moreover, |||, is independent
of the choice of ¢ in the sense of equivalent quasi-norms, in particular ¢ can be chosen
such that {¢;}; forms a resolution of unity, see, e.g., TRIEBEL [158, Sections 2.3.1,
2.3.2] for details. Based on this approach, spaces on domains are usually defined by
restriction, e.g.,

Bi(Ly(0)) := {f € D'(0) : 3g € BI(L,(R?)) with glo = f}

together with the quasi-norm ||f||,.0 := inf{[|gll, : g € Bi(Ly(RY)), glo = f}. The
definitions of test functions, D’(0), S§'(R%), and of the Fourier transform are given in
Appendix A.3.

As it turns out, for 0 < p,q < oo and s > d(1/p — 1), both definitions coincide on
R? and, by employing bounded extension operators which exist for Lipschitz domains
and Besov spaces, see RYCHKOV [144], the two approaches also yield the same space
for bounded Lipschitz domains, see also COHEN [28, Remark 3.9.1] and the references
therein. We refer to TRIEBEL [158, Theorem 2.5.12] for a proof on the whole space
and Di1spA [70, Theorem 3.18] for a proof on bounded Lipschitz domains. A domain
O C R? is by definition a Lipschitz domain, cf. TRIEBEL [162, Definition 1.103], if each
point on the boundary 0O has a neighborhood whose intersection with the boundary
(after relabeling and reorienting the coordinate axes if necessary) is the graph of a
Lipschitz function.

Remark 2.1. A proof of the completeness of B;(L,(R?)) can be found in TRIEBEL
[158, Theorem 2.3.3(i)] and in TRIEBEL [158, Proposition 3.2.3(i)] for B;(L,(O)) on
any domain @ C R¢, since the completeness part of the proof only requires O to be a
domain.

Remark 2.2. For general information on Besov spaces, we also refer to the monographs
MEYER [129], NIKOL’sK1J [130], PEETRE [134], RUNST, SICKEL [143].

The Besov spaces B;(L,(0)), 1 <p < oo, s € R, \ N, coincide on certain domains
with the following fractional Sobolev spaces W;(O), which extend the classical Sobolev
spaces W) (O), m € Ny, to the whole smoothness scale s > 0: Let s := m + o with
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o € (0,1) and 1 < p < oo. The Sobolev(-Slobodeckij) space W (O) is defined as the set
of all functions f € L,(O) such that the term

D D« p
[ lvsioy = D //' ”’]x_y|d+af< D dedy

|lal=m

is finite. A norm on W;(O) is given by

1/p
1w = (1 Koy + 1 Brsor) - (2.4)

The equivalence of (2.2) and (2.4), where 1 < p < 0o and s € R, \ N, has been shown
in, e.g., TRIEBEL [159, Section 2.5.1 & Remark 4.4.2/2] for O = R? and for bounded
Lipschitz domains. Note that the classical Sobolev spaces W)"(O), m € Ny, with p # 2
are not Besov spaces, cf. DEVORE [65, Section 4.5].

Remark 2.3. A proof that (W;(O), || - [lws(o)) is a Banach space and a Hilbert space
for p = 2, can be found in, e.g., DOBROWOLSKI [71, Section 6.10].

Remark 2.4. Sobolev spaces of fractional smoothness can also be introduced by means
of the Fourier transform. For example, the Sobolev space H*P(R%), 1 < p < 00, s € R,
of Bessel potentials is defined as

H?(RY) := {f € SR’ : |||

menay = [§ LA )72 §f |, ey < 00},

where on domains @ C R? it is defined by restriction, i.e.,

£ llzer(0) = nf{llg]l eama) = g € H*(RY), glo = f},

cf. ADAMS, FOURNIER [2, §7.63]. For O = R? or a Lipschitz domain, it has been
shown that H*2(O) coincides with W5 (0), s > 0, and that H™?(O), m € N, coincides
with W*(O). However, H*P(O) and W;(O) differ for p # 2 and s € Ry \ N, yet still
B;(L,(0)) C H*?(O) C B, (L,(0)). We refer to TRIEBEL [158, Remark 2.2.2/3] and
TRIEBEL [160] for details.

In our approach, Besov and Sobolev spaces with negative smoothness are defined
by duality. Therefore, let

, , 1 1 1 1
I<pp,¢,¢ <00, —+—-=-+-=1, and s> 0.
p P q (g
We define
B *(Ly(0)) := (By(Ly(0)))" = L (B(Ly(0)), R), (2.5)

which is equipped with the canonical dual norm

1 5721, (0) = sup {Ifgl 29 € By(Ly(0)), N9z, (r,00) = 1}>

cf. (A.1) in Appendix A.1.

Since D(0O) is in general not dense in W (O), the dual space of W(O) can in those
cases not be identified with a space of distributions, cf. GRISVARD [88, Section 1.3.2].
Instead, the dual space of the closure of D(Q) with respect to | - [[ws(0), which is

denoted by W;((’)), is used to extend the Sobolev spaces to negative smoothness, i.e.,

p

W=5(0) = (W;(@))* =2 (W3(0), R), s>0, (2.6)

which is equipped with the canonical dual norm.
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Remark 2.5. We have that (W;(O), | - lws o)) is a Banach space, since Wps((’)) is a
closed subspace of W (O).

In the Hilbert space case, p = 2, it is customary to use the abbreviations
H*(0) :=W3(O) and H:(0) := W5(O).

A direct consequence of the characterization of Besov spaces by means of the Fourier
transform, i.e., using (2.3), is that H*(R¢) and B3(Ly(R%)) coincide for all s > 0 in the
sense of equivalent norms, see, e.g., TRIEBEL [159, Theorems 2.3.2(d), 2.3.3(b)]. We
refer to TRIEBEL [159, Proposition 4.2.4, Theorem 4.6.1(b)] for a proof that

H*(0) = B;(L2(0)), s=>0, (2.7)

also holds in the sense of equivalent norms for domains @ C R? of cone-type and in
particular for bounded Lipschitz domains, since they are of cone-type, cf. ADAMS,
FOURNIER [2, §4.11].

Here, we frequently apply the following embedding results of Besov spaces, where
Ay — Ay denotes that A; is continuously embedded in A,, i.e., there exists a constant
¢ > 0 such that for all a € A; we have ||al|a, < c||a||4,-

Theorem 2.6. Let © C R% be a domain and & > 0.
(i) Let 0 <p<o0,0<q <q <00, and s € R. Then

B2y (L,(0)) = B, (Ly(0)).
(ii) Let 0 < p,q1,q2 < 00 and s € R. Then
B (L,(0)) = B, (L,(0)).
(iii) Let O be bounded, 0 < p; < py < 00, 0 < g < 00, and s € R. Then
Bi(Ly(0)) = Bi(L (O)).
(iv) Let O be bounded, 0 < p; < py < 00, and s € R. Then
B (L (0)) = By (L, (O))
(v) Let O be bounded, 0 < p; < py <00, 0<q < g <00, and s1,52 € R. Then

. 1 S1 — So 1
B (L B(L — = —.
o (Lp (0)) = B (L, (0)) if o y o

(vi) Let O be a bounded Lipschitz domain or O = R%. Let 1 < p < oo, s >0, and

s+1
d p

1_
-

Then
B(L,(0)) = L,(0).

(vii) Let O be a bounded Lipschitz domain or O = Re. Let 0 < p,q < oo and
s>d(1/p—1),. Then

By (L,(0)) = L,(O)  for some u > 1.
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Proof. The embeddings (i) and (ii) follow from the monotonicity of the ¢, spaces
and the arguments given in TRIEBEL [158, Proposition 2.3.2/2]. An application of
Holders inequality yields (iii) and a combination of (ii) and (iii) yields (iv). For the
embedding (v) we refer to TRIEBEL [162, Section 1.11] and the references therein. The
embedding (vi) is given in TRIEBEL [162, Theorem 1.73] for the case O = R%. On
bounded domains, (vi), see, e.g., TRIEBEL [162, Section 1.11.5], is shown by using a
bounded extension operator, see e.g., RYCHKOV [144] for bounded Lipschitz domains.
The embedding (vii) is given in TRIEBEL [162, Proposition 4.6]. O

Remark 2.7. The embedding relations (i) and (ii) of Theorem 2.6 for B;(L,(O))
show that s can be understood as primary smoothness parameter, while ¢ is considered
as fine tuning parameter.

Moreover, the following characterizations of Besov spaces in terms of interpolation
spaces hold. See Appendix A.1.4 for the definition of the considered interpolation
spaces. Let O C R? be a bounded Lipschitz domain or O = R% Let 1 < p < 0o and
r € N. We have

(Lp(o)a WT<O))9,q = Bgr(Lp(O»? NS (O, 1): 0 < g < o0,

p

in the sense of equivalent norms. For s; < s9, and 0 < q1, ¢ < oo we have

(Bt (Lp(0)), B3z (Lp(0)))oq = By ™" 772(L,(0)), 0 €(0,1), 0 <q < oo,

q

in the sense of equivalent norms, and
(LP(O>7B§22(LP(O>>>9,Q = 3382([@(0))7 NS (07 1)7 0 <q< oo,

in the sense of equivalent norms. We refer to DEVORE [65, Section 4.6] and BERGH,
LOFSTROM [9] for details.

A type diagram for function spaces is given in Figure 2.1, which in this context is
often referred to as DeVore-Triebel diagram: It illustrates function spaces of “s degrees
of smoothness in L,” in a coordinate system with respect to the parameters. On the
x-axis, the inverse 1/p of the integrability parameter is plotted, while the smoothness
parameter s is plotted on the y-axis. This way, the x-axis represents the spaces with
smoothness zero and the dashed line 1/2 +— s represents the Sobolev spaces H*(O)
with smoothness s. The shaded area represents the defined range of parameter pairs
(1/p, 5) of the Besov spaces B;(Ls(0)), where the fine tuning parameter g is usually
omitted. The arrows indicate the directions of the principal embeddings on bounded
Lipschitz domains, cf. Theorem 2.6. In particular, the rays with slope d indicate the
so-called Sobolev embedding lines: While keeping 1/p — s/d fixed, one can enlarge the
function space by trading smoothness for integrability.

Remark 2.8. For our analysis, we are going to employ wavelet multiscale character-
izations of the considered Besov spaces, cf. Section 2.3 below. Therefore, we do not
consider Besov spaces for the parameters 0 < p < 1 and s < d(1/p — 1), i.e., which
are outside of the shaded area in Figure 2.1, since it is not clear whether they allow a
wavelet characterization of the type we require for our analysis. We refer to COHEN
[28, Remark 3.7.4] for details.
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S

Besov spaces
s 1 __ s 1
Bi(L:), s =5+

T

Sobolev spaces
H* = Bj(Ls)

embeddings |
(), (i), (iv) |

Figure 2.1: DeVore-Triebel diagram: any function space of “s degrees of smoothness in
L,” is represented by the point (1/p, s)

2.2.2 Anisotropic Besov spaces

Let us now consider the anisotropic setting. First, we fix an anisotropy

d
1
d .
a=(ay,...,aq) € R, with ;a—i:d. (2.8)
Let {ey,...,eq} denote the canonical basis of R% For a function f: R? — R let

Ak f(z) = (Al;flel 0...0 Aﬁzed)f(:v), r e RY,

be the mized difference of order k = (ky,...,ky) € N? and step h = (hy, ..., hy) € RL
For p € (0, 00) the mized modulus of smoothness with respect to a is defined by

wlg(tv f)p ‘= Ssup HA;CLfHLp(O)7 t> 07

|hla<t

where
d

hla:=> |, heR’

j=1
is the anisotropic pseudo-distance of the step h related to the anisotropy a.

Now, let
0<p,g<oo and d(l/p—1); <s< o0,

as well as N> K > max{sy, ..., sq} with s; := sa;, i = 1, ...,d. The anisotropic Besov
space Bi?(Ly(R?)) is the set of all functions f € L,(R?) such that the term

>0 , g dt\ e
| flB3a(L, @) = Z (/ (t > walt, f)p) 7)
k=K 0
is finite. A quasi-norm on B?(L,(R?)) is given by

1f1

By(L,®y) = |flepa,me) + 1@,
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which is independent of the choice of K in the sense of equivalent quasi-norms, cf.
TRIEBEL [162, Theorem 5.8]. Observe that, if @ = 1 we are in the isotropic case.

In this setting, anisotropic Besov spaces on domains @ C R? are defined by
restriction, i.e.,

By (Ly(0)) = {f € L,(0) : 3g € By*(Ly(RY)), glo = [},
together with the quasi-norm
1f] B, ®Y) ¢ 9 € ByA(Ly(RY), glo = f}

Remark 2.9. The above definition of anisotropic Besov spaces is equivalent to the
definitions used in GARRIGOS ET AL. [82, 83], see [82, Proposition 2.2].

By (1,(0)) = nf{[lg]

Remark 2.10. The space By®(Ly(RY)) coincides with the anisotropic Sobolev space
of Bessel potentials

H*22(RY) = {f - 71+ |6]*)"*§f € Lo(RY), i =1,....d}.

In the case a = (say, ..., say) € N the space By?(Ly(R?)) coincides with the classical
anisotropic Sobolev space
T <0 p.
La(Rd)

Aside of GARRIGOS ET AL. [82, 83], we also refer to TRIEBEL [162, Chapter 5] for
details on anisotropic Besov spaces.

WA (RY) = { f e LyRY - Z

2.2.3 Tensor spaces of generalized dominating mixed deriva-
tives

Let the domain @ C R be an n-fold product of component domains O,, C R,
m=1,..,n,n > 2 with >" _ d, = d. On the component domains, let H*(O,,)
be either the Sobolev space H*(O,,), or a closed subspace of it, in which boundary
conditions are incorporated, e.g., H3(O,,), cf. Section 2.2.1.

Lett = (ti,...,t,) € [0,00)" and £ € [0, 00). The tensor space H%*(O) of generalized
dominating mixed derivatives is defined as

Ht,é(o) — ﬁ é I:Itm—i-ém,ié(om)’

i=1m=1

where 6,,,; is the Kronecker delta. That is, H**(O) C Ly(O) is the set of all functions
f=f®- - -® f, for which

1f oy =Y 1T Il

i=1 m=1

H3(Om)> with s = tm + 5m,i£7

is finite.

Remark 2.11. The spaces H%*(O) are generalizations of spaces with dominating
mixed derivatives H*%(O) as introduced in LIZORKIN, NIKOL'SKIJ [125], see also
GRIEBEL, KNAPEK [85] and SCHWAB, STEVENSON [146]. Also note that, since the
Lebesgue measure is a product measure, H%¢(0) is isomorphic to the standard Sobolev
space H*(O) on bounded domains.
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2.3 The wavelet setting

In general, we employ biorthogonal wavelet bases on a domain @ C R? that characterize
certain function spaces by the decay properties of the coefficients in their wavelet
decompositions. The considered function spaces are defined in Section 2.2. For our
analysis, we have wavelets in mind which are constructed by means of a multiresolution
analysis and in the multivariate case they are given as tensor products of univariate
wavelet bases.

2.3.1 Wavelet multiscale decomposition and the characteriza-
tion of Besov spaces

We start our exposition by explaining how biorthogonal wavelet bases are constructed
from a multiresolution analysis for Ly(R?).
Let o : R — R and ¢ : R — R be two compactly supported refinable functions, i.e.,

o= hup(2-—k) and F=3 (2 k)

k€EZ keZ

with a finite number of non-zero coefficients (hy)rez and (%k)kez- Furthermore, let ¢
and @ be dual to each other, that is

[ oo =03 -do =t kiez
R
where d;; denotes the Kronecker delta. This way, the multivariate functions

$(x) = (1) - p(za) and §(z) = F(x1) - P(xa), == (21,...,74) €RY,
are also dual to each other, i.e.,
oz —k)p(x — 1) dx = 0y, k1 €27
Rd
From the existence of a compactly supported dual function 5, we have that the set
{¢(- — k) : k € Z} is a Riesz basis for the space
Vo = closp, g (span{o(- — k) : k € Z}),

cf. DAHLKE ET AL. [45]. The definition of a Riesz basis is given in Appendix A.1.1.
Observe that each dilated space

Vi ={9(2") : g€ W},
for a fixed j € Z, is spanned by the functions ¢;, k € Z¢, where
Nik = 20422 . —k), jeZ, keZ?

are the scaled and shifted dilates of 1 € Ly(R?) such that |9, r,®e = [|7]|1,wa) for
all j € Z, k € Z%. The elements g € V; can therefore be decomposed as

9= {9.0;1)j.

kezd
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where (g1, g2) = [ga 91(2)g2(2) dz denotes the inner product of Ly(R?). Furthermore,
Ujez Vj is dense in Ly(R?), since ¢ is refinable and thus

‘/j - V;'-‘rl? .] € Za (29)

see DE BOR ET AL. [63]. Going back to MALLAT [127], such a nested sequence (V});ez
is called multiresolution analysis. By (2.9), we obtain that

{¢]7k . k € Zd}

forms a Riesz basis for Vj: Any g; € V; can be written as g; = 2/9/2¢4(27-) with

do = ZkeZd Ck¢( - k) € V07 i'e'a g; = Zkezd Ck ¢j7k’ and since ng”L2 = HgOHLz the
constants in the Riesz basis property (A.3) are independent of j. In this setting, the

projectors
P;: Ly(RY) = Vj
fe Z(f» 5j,k>¢j,k7 j ez, (2.10)
kezd

are uniformly bounded on Lo (R?) with
lin 1 = Py Sl = 0, f € La(RR),

see COHEN |[28, Sections 2.3, 2.12] for details.

Remark 2.12. In general, a dual ¢ is not uniquely determined for a given compactly
supported refinable function ¢. However, under the assumptions on ¢ being refinable
and compactly supported, the dual spaces V;, spanned by ¢;, k € Z¢, also form a
multiresolution analysis, see COHEN [28, Section 2.2].

A wavelet multiscale decomposition allows for a successive update of a decomposition
in V; to obtain a decomposition in Vj;. Therefore, one considers the operators

Q=P —P, jeZ,

which are also uniformly bounded on Ly(R?). Observe that (); maps La(R?) onto some
complement space W; of V; in Vj;,, which represents the detail that needs to be added
to Vj to obtain V. These, so called wavelet spaces, have the following properties:

Wy ={g(2’) : ge Wy}, jeL,

and
Wo = closy, ra) (span{l/}e(- —k):e=1,...,27 -1, ke Zd}) ,

for suitable 2¢ — 1 functions 1.. Moreover, there exist 2¢ — 1 dual functions {bve such
that N
<1/)e(- - k),¢e/(' - k‘l» = 56,6/5k3,]€/7 e, 6, = 1, ce ,2d - 1, k‘, k‘/ c Zd.

For instance, one may choose
¢e<x> = ¢61 (xl) e wed<xd)7 (617 R ed) S {07 ]'}d \ {0}7 T = ('rb R ,$d) S Rda

with B
Oi=p and ¢ = (=1)Fhkp(2- k),

keZ
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and @Ze analogously with

=3 and = (=1)Fh B2 k),

keZ

see COHEN [28, Sections 2.6, 2.9]. Under the assumption that ¢, o € H¢(R?) for some
e > 0, it is possible to obtain a pair of biorthogonal wavelet Riesz bases

U= {gop : k€ZYU{tpejr : e=1,...,2° =1, j >0, k€ 2%}
and B B _
U= {gop : k€ZYU{tpejr : e=1,...,2° =1, j >0, k€ 2%}

for Ly(R?), see COHEN [28, Section 3.8]. Note that the basis functions are assumed to
be Ly-normalized. Every f € Ly(R?) can therefore be written in form of the wavelet
multiscale decomposition

241
F=> Po.k)bok + DI Ve gie) Ve ik
kezd e=1 j>0 kezd

As we see, wavelet indices encode several types of information: the scale or level j, the
spatial location, e.g., 277k for d = 1, and also the type e of the wavelet. In asymptotic
analysis, an explicit dependence on the type of the wavelets can be ignored, whenever it
only produces additional constants. Therefore, we are also using the following notation:
We set 10k = dok, Yook = ok, and V := U;>0V;, where V; denotes the set of all
indices on level j encoding type and spatial location. Furthermore, we abbreviate the
wavelet bases by

U={y: AeV} and U={g,: \eV}

with A = (4,k), |\ =j, and V = {(j, k) : j >0, k € V,}. This way, we can write

F=Y0 (h e =Y _(frha)is, (2.11)

J>0 keV; AEV
as well as B
A2, ey = D L 0P = Y 1(f ) (2.12)
AV AEV

for the Riesz bases properties, cf. (A.3), where constants are independent of \.

Remark 2.13. For details on the construction of wavelet bases in the biorthogonal
setting we refer to COHEN [28], COHEN ET AL. [33], DAUBECHIES [62], LEMARIE-
RIEUSSET [123], MALLAT [128], MEYER [129]. In particular, for the adaption of
compactly supported wavelet bases to bounded domains @ C R? and boundary
conditions we refer to COHEN [28, Section 2.12]. Note that this might require to adjust
the starting level to j > jo, jo € Z, in (2.11). Here, we just like to point out that for
a wide class of bounded domains, e.g., coordinatewise Lipschitz domains, compactly
supported wavelet bases can be constructed such that the index set V; is finite, see
DAHLKE ET AL. [45, Section 3.5].
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In order to characterize Besov spaces B (L,(R?)) by means of wavelet multiscale

decompositions both wavelet bases ¥, U need to satisfy certain locality, smoothness,
and vanishing moment conditions. For instance, let » € N, M > 0, and suppose that
foralle=1,...,2% — 1, we have

supp ¢, supp ¢ C [—M, M7, (2.13)
¢, Y € C"(RY), (2.14)
/xa Ye(r)dr =0 for all a € Ng with |a| = Zle a; <7, (2.15)

as well as (2.13), (2.14), and (2.15) with ¢ and 1, replaced by (E and zZe for possibly
different parameters 7 € N and M > 0. To shorten the notation, we set

wejk = 23d(1/p 1/2)2/1 g,k and "Zejkpr = 2jd(1/p/71/2){56jk7

for the L,-normalized wavelets and the corresponding duals with p’ := p/(p — 1) if
€ (0,00),p# 1,and p' ' =00, 1/p/ :==01if p=1.

Theorem 2.14. Let 0 < p,q < 0o and s > d(1/p—1),. Choose r € N such that r > s

and construct a dual pair of wavelet Riesz bases with the properties (2.13), (2.14), and

(2.15). Then a locally integrable function f : RY — R is in the Besov space Bg(Lp(]Rd)),

if and only if

241
f= Z (f, Goe) Po + Z Z Z (fs e ) Yejkm (2.16)
kezd e=1 j>0 kezd
(convergence in D'(R?)) and
N 1/p 2d_1 N a/p\ Y
(Siwaor) (ST (Swrdmr) | <= o
kezd e=1 j>0 kezd

Moreover, (2.17) is an equivalent (quasi-)norm for B;(Lp(Rd)).

A proof of this theorem for p > 1 can be found in MEYER [129, Chapter 6, §10]. For
the general case see, e.g., KYRIAZIS [120] or COHEN [28, Theorem 3.7.7]. Moreover, the
adaption of Theorem 2.14 to bounded (Lipschitz) domains and to boundary conditions
are discussed in COHEN [28, Sections 3.9, 3.10]. The characterization of the dual spaces
(2.5), i.e., the case of negative smoothness, relies only on the ability to characterize the
primal space by the dual decomposition. Therefore, it is also possible to obtain the
norm equivalence

1/p 2d__1 q/p
|| ||B *(Lp(R4)) <Z| CbOk ) 222_]&1 <Z| 7vZ’eJk’:D )

kezd e=1 j>0 kezd

1/q

for 1 < p,q < oo and 0 < s <7, see COHEN |28, Theorem 3.8.1].

Remark 2.15. In particular, the special case

I ey = D 2P o)

AeV

extends the stability properties (2.12) to the scale of Sobolev spaces within —7 < s < r.
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Remark 2.16. We also refer to DEVORE ET AL. [66], FRAZIER, JAWERTH [80],
MEYER [129], RUNST, SICKEL [143], TRIEBEL [162] for further information on the fact
that wavelets are able to characterize smoothness spaces such as Besov and Sobolev
spaces.

Remark 2.17. In COHEN ET AL. [33] it has been shown that compactly supported
dual pairs ¢, ¢ exist with order of polynomial reproduction n,n € N, respectively, as
long as n + n is even. Therefore, the biorthogonal setting allows to construct wavelets
with an arbitrarily high number of vanishing moments, see DAHLKE ET AL. [45].

2.3.2 Linear and nonlinear approximation

The goal of approximation is to describe the elements of a possibly infinitely dimensional
(quasi-)normed space by elements of finite dimensional normed spaces or a finite number
of building blocks, cf. DEVORE [65]. Let (X, || - ||x) be the (quasi-)normed space of
elements we wish to approximate and let X,, C X, n € Ny, be closed subspaces,
called approximation spaces, from which the approximating elements are derived. The
approximation error of an element f € X that is going to arise is, e.g., given by

En(f, (Xa))x := dist(f, Xn)x == inf If = gllx, (2.18)

or some similar term. Now, the task is to design approximation procedures f — f,,
fn € X, that avoid to solve the minimization problem (2.18) directly, which in general
can be quite demanding. Preferably, such approximation procedures should still be
near-optimal or asymptotically optimal, i.e.,

If = fallx 2 En(f, (Xn))x, [€X, (2.19)

with a constant independent of f and n. In practical applications, the performance of
any numerical approximation scheme is not just determined by (2.19), but also by its
computational cost. A numerical approximation scheme is efficient, if its computational
cost is proportional to the number n, and it is asymptotically optimal if it realizes
(2.19) while staying efficient.

Depending on the properties of the employed approximation spaces X,,, there are two
distinct types of approximation procedures, c¢f. DEVORE [65]. In linear approzimation
one is interested in the approximation properties of finite dimensional linear spaces
X, and the number n of parameters that describe the approximation is usually the
dimension of X,, or closely related to it. In nonlinear approximation the X,, are usually
nonlinear spaces and the number n relates to the maximal number of free parameters
or building blocks, like the number of discretization knots or the number of elements in
a decomposition of f,,. In the latter case, n is also referred to as the number of degrees
of freedom for the approximation.

In either case, the spaces X,,, which are allowed so far, are way too general for
the scope of this exposition. Therefore, following DEVORE [65, Section 4.1], we only
consider spaces X,, that satisfy the properties:

(Al) XO = {O}, Xn C Xn+17

(A2) each f € X has a best approximation from X,
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(A3) aX, = X,, a € R\ {0},
(Ad) X, + X, C X,, for some constant ¢ € N,
(A5) lim, 00 E,(f, (X)) x =0 for all f € X.

While items (A1) and (A2) may be modified to suit a different setting, items (A3)—(A5)
are characteristic to the considered approximation theory.

Given suitable spaces X,,, the elements of X can be described by the approximation
rate, i.e., the rate at which the approximation error decreases. For every a > 0 and
0 < ¢ < oo, the approzimation class Ag(X,(X,)) consist of all the elements f € X
such that

o0

1/q
1 q
— nO‘En(fv (Xn)) ) 0 < q < 00,
|f|Ag(X,(Xn)) = (;_:1 n ( X>
supn®E,L(f, (X)) x L g = oo,

n>1

is finite. We obtain a (quasi-)norm on this class by || f[| a2 (x,(x.)) = |flagx.cx0) 1 fll x
and we have the set relation

Ao (X, (X,)) € AL (X, (Xy)) for 0<q < g2 < oo

Since A% (X, (X)) contains exactly the f € X for which E,(f,(X,))x = O(n™?), all
elements in A7 (X, (X)) exhibit approzimation order o > 0, i.e.,

En(f, (Xn))x 207, f € AJ(X, (X)),

where 0 < ¢ < oo is some fine tuning parameter. Note that, since (E,(f, (Xn))x)nen 18
a monotone sequence due to (Al) and (A5), we also have the norm equivalence

0 1/q
. q
(Z <2”‘E2j(f, (ij))X) ) 10 < ¢ < oo,
| lag e, <y \i=0.
sup 2/ Eg; (f, (Xa))x cq = 0.

J=0

The aim is now to actually characterize AJ (X, (X,)) by some analytic conditions
that are known to us, e.g., in terms of function spaces and smoothness scales. This
way, the approximation rates that can be achieved for a given sequence (X, ),en
are determined by the related smoothness scales. A main tool in this direction is
to employ direct (or Jackson type) and inverse (or Bernstein type) inequalities to
obtain a characterization in terms of interpolation spaces. See Appendix A.1.4 for their
definition. Given a number r > 0 and a (possibly quasi-)semi-normed linear space
(Y, |- |y) which is continuously embedded in X, ie., Y < X and ||-||x <|-|y, suppose
that for all n € N the following two inequalities hold

Jackson inequality: E.(f,(Xp)x =n"|fly, fe€Y, and
Bernstein inequality: lgly < n" |lgllx, g€ X,
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Then for all 0 < ¢ < oo the following relation between approximation classes and
interpolation spaces can be shown

AKX, (X)) = (XY )y 0<7 <1, (2.20)

in the sense of equivalent norms, see DEVORE [65, Theorem 1]. We also refer to COHEN
[28, Theorems 3.5.2, 4.2.1]. By this approach, in order to characterize A7 (X, (Xy))
for certain X,,, one has to find a suitable space Y for which the above Jackson and
Bernstein inequalities hold, as well as a characterization of the interpolation spaces in
(2.20) in terms of function spaces and smoothness scales.

In the context of linear approximation, we are interested in the characterization of
the approximation classes Aj (X, (X)) related to multiresolution spaces (V;);>o. That
is, the approximation spaces X,, are dilates of a shift-invariant space which is generated
by a compactly supported function, where the underlying discretization steps or mesh
size h = n~'/4 tends uniformly to zero. For instance,

X,=V;, j>0, with n=dim(V;) =< 2/

for the multiresolution spaces described in Section 2.3.1.
The proofs of the following norm equivalences corresponding to linear approximation
can be found in COHEN [28, Theorem 3.6.1, Corollary 3.6.1].

Theorem 2.18. Let1 < p,q < co. Let p € L,(RY) and ¢ € L,y (RY) withp' = p/(p—1)
if p € (1,00) and p/ := o0, 1/p' := 0 if p = 1. Suppose ¢ € Bgll(Lp(Rd)) for some
s1>0and1 < ¢ <o0. Then

Ay (Lp(RY), (V})) = By(Ly(R)), 0 <'s <min{n, s},

in the sense of equivalent norms, where n — 1 is the order of polynomial reproduction
in the V; spaces. Furthermore, let 1 < go < 00, then

A (B, (Ly(R), (V) = By(Ly(RY), 0 <v <s<min{n,s},

in the sense of equivalent norms.

Remark 2.19. For the approximation properties of the multiresolution spaces V;
considered in Section 2.3.1, which are traced back to the smoothness of ¢ and polynomial
reproduction properties, we refer to COHEN [28, Sections 2.7, 2.8]. In particular, the
projectors P;f, j € Z, defined in (2.10), are uniformly stable approximations to f in
V; providing an optimal error estimate since || f — P;f||1,®ae) < infgev; [|f — gl 1, @a)-

Remark 2.20. The adaption of Theorem 2.18, and of Theorem 2.21, to bounded
domains and to boundary conditions is discussed in COHEN [28, Sections 3.9, 3.10].

Given a basis decomposition of a function, e.g., (2.11), one can ask for the approx-
imation properties of approximations which are only allowed to have up to N € Ny
terms in their decomposition. Therefore, in the context of wavelet decompositions let

SNZ:{ZC/\@/)AZVHSN}, N € Ny,

AEACV

be the corresponding N-term approximation spaces, i.e., X,, = Sy. Note that (Sy)nyen
is a sequence of nonlinear approximation spaces, since in particular Sy, +Sn, = Sy, +n,-



2.3. The wavelet setting 29

T,
O(Nf(sfu)/d) L \ O(Nf(sfu)/d)
linear nonlinear
error is VA % — S;V + %
measured — : B
in By (Ly) % — - %

Figure 2.2: Linear and nonlinear wavelet approximation

One option to obtain a N-term approximation fy to f = >, ¢ cx¥x is thresholding,

i.e., the choice
In = Z ey,
AEAN(f.X)

where Ay (f, X) C V is a set containing N indices referring to contributions ||cxia || x
that are largest in the decomposition of f. A remarkable property of wavelet bases is
that fy is an asymptotically optimal approximation to f in Sy, i.e.,

|f — fnllx = En(f, (Sn))x,

not just for X = Ly(R?), but also for certain Besov spaces and L,(R?), 1 < p < oo,
cf. COHEN [28, Section 4.1]. The proofs of the following norm equivalences for best
N-term wavelet approximation can be found in COHEN [28, Theorems 4.2.2, 4.3.3].

Theorem 2.21. Let 0 < p < oo. Suppose B:(L,.(R%)) with

1 s—v 1
- = — 2.21
T d +p ( )

admits a wavelet characterization of the type (2.17) within v < s < s1 for some s; > 0,
sy > v. Then
A (B (Ly(RY), (Sn)) = B (L, (RY))

in the sense of equivalent (quasi-)norms. Furthermore, for 1 < p < oo and v =0, we

have
A3 (Ly(RY), (Sw)) = B (L-(R?))

in the sense of equivalent (quasi-)norms.

Figure 2.2 illustrates linear approximation and N-term wavelet approximation in
a DeVore-Triebel diagram. The vertical line, representing Besov spaces B:°(L,(R?))
within v < sy < s, refers to linear approximation in B, (L,(R%)) due to Theorem 2.18.
Therefore, 1/p +— s is called linear approzimation line. The line with slope d is generally
called nonlinear approzimation line. It represents the Besov spaces B:(L.(R?)), in the
scale (2.21) and, due to Theorem 2.21, it refers to best N-term wavelet approximation
in BY(L,(R?)). The shaded area indicates that embeddings into BY(L,(R?)) hold, cf.
Theorem 2.6. Note that for bounded domains of the type considered below, Section
2.3.3, the situation is the same.
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Remark 2.22. Theorem 2.18 essentially states that the approximation order which
can be achieved by uniform linear schemes depends on the regularity of the object under
consideration in the same scale of smoothness spaces, while according to Theorem 2.21
the approximation order which can be achieved by nonlinear approximation depends
on the regularity in the scale (2.21) of Besov spaces.

Remark 2.23. On account that thresholding yields an asymptotically optimal ap-
proximation in Sy, the scale (2.21) relates to the sparsity of the underlying wavelet
decomposition, i.e., the By (L,(R%)) norm is concentrated on a small number of wavelet
coefficients. If a function has isolated singularities it usually has a sparse wavelet
decomposition, due to the polynomial reproduction properties of the multiscale spaces.
Therefore, also its smoothness in the scale (2.21) is usually higher than on 1/p +— s, cf.
COHEN |28, Chapter 4].

2.3.3 Assumptions on the underlying wavelet basis

We assume that the domain @ C R? under consideration enablgs us to construct
compactly supported dual wavelet bases W = {1, : A € V} and ¥ = {¢), : A € V},
where

A=(k), V=A{0k):j=0 keV;}, and [A=]
for Ly(O) with the following properties:
(W1) W is a Riesz basis for Ly(O).
(W2) The wavelets are local in the sense that
diam(supp ) =< 27y € U

(W3) The cardinalities of the index sets V; satisfy
#Vj = 2jd, j S No.

(W4) The wavelets satisfy the cancellation property

“il(dam
(0,00 1y i0)] =% 27ET ol uppn)y, Ur € W, v € Ly(O),

for |A| > 0 with some parameter m = m(¥) € N.

(W5) The dual wavelet basis U = {{, : A € V} to ¥ also fulfills (W1)—(W4) and is
biorthogonal to W, i.e.,

<1/}>\>1;/\’>L2((9) =0, YA€V, Uy €T

(W6) The biorthogonal wavelet bases WU, U induce a characterization of the Besov
spaces Bj(L,(0)) — within —sy < s < 51, where 5,53 > 0 are bounds which
are determined by the smoothness and the approximation properties of ¥ and
WU — of the form

a/p\ Y1

|- I Bs(L,(0)) =

00 ' e
D2 S I ko)l
j=0

keV;
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for d(1/p—1); < s < s1. For —ss < s < 0and 1 < p,q < oo it is of the form

a/p\ V4
s d
|- B3 (zn0)) =< ZQM Ty Z| s Vik) Loy
=0 kEV;

Remark 2.24. Suitable constructions of wavelets on domains satisfying (W1)—-(W6)
can be found in, e.g., CANUTO ET AL. [17, 18], COHEN ET AL. [33], DAHMEN,
SCHNEIDER [58, 59, 60], and PRIMBS [136]. In general, we refer to COHEN [28] for a
detailed discussion.

Remark 2.25. Properties (W1) and (W2) imply numerical stability in a sense that
a change of a coefficient in a decomposition only induces a local change of the same
order in the underlying function. The finiteness of the index sets on each level in (W3)
is a beneficial consequence of (W2) and the form is chosen according to the scaling of
the underlying multiresolution analysis. Property (W4) is a Jackson type inequality
and induces the approximation capability of the wavelets. Since the construction of
orthogonal wavelet bases is not necessary in our context, we only assume the more
general property (W5). Lastly, (W6) requires a Bernstein type inequality to hold and
therefore complements the set of properties required to characterize approximation
spaces by smoothness.

Remark 2.26. In the previous section, Theorem 2.21 follows by proving Jackson-
and Bernstein type inequalities together with a characterization of the corresponding
interpolation spaces in terms of Besov spaces. Suitable Jackson and Bernstein inequali-
ties can be shown by exploiting the existence of wavelet bases that provide equivalent
weighted sequence norms for the Besov spaces in terms of wavelet coefficients. In our
analysis below and under the assumptions (W1)—(W6), we are in particular going to use
that f € B2(L.(O)) in the scale (2.21) implies the validity of the Jackson inequality

En(f, (Sx)By(zp0) = I fllBs(z-0p N~E7 (2.22)

with a constant that does not depend on f or N. Error estimates of the form (2.22) in
Sobolev spaces trace back to DEVORE ET AL. [66]. In particular for approximation in
H"(0), the estimate (2.22) with p = 2 can be derived from DEVORE [65, Section 7.7].
In the context of elliptic problems we also refer to DAHLKE ET AL. [45, 53], HACKBUSCH
[94] for further information. Results of this type also hold for negative v, see, e.g.,
DAHLKE ET AL. [54] and the discussion in COHEN [28, Section 3.8].

Remark 2.27. In the context of elliptic boundary value problems, cf. Chapter 4,
Sobolev and Besov spaces involving boundary conditions come into play. The most
prominent example is the Sobolev space H}(O) which is used to describe Dirichlet
boundary conditions for second order elliptic differential operators. In this case, the
dual space is slightly differently defined as H~'(O) := (H3(0))*, cf. (2.6). In many
cases, it is possible to find a boundary adapted wavelet basis that characterizes H}(O)
in the sense of (W6), while the dual basis gives rise to similar norm equivalences
for the dual spaces, see, e.g., DAHMEN, SCHNEIDER [60, Theorem 3.4.3]. Moreover,
these biorthogonal wavelet bases very often also exist for much more general boundary
conditions. Again, we refer to DAHMEN, SCHNEIDER [60] for further information.
Once such a wavelet basis is available, the analysis that depends on (W6) can also be
generalized to this case.
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2.3.4 The anisotropic wavelet setting

In order to characterize a given anisotropic Besov space Bi?(L,(R%)), cf. Section 2.2.2,
the anisotropy has to be built into the wavelet basis. Therefore, we employ suitable
M-scaling functions ¢ : R — R, which satisfy

6(+) = [det(MD)|Y2 37 by (M - —k) (2.23)

kezd

with a finite number of non-zero coefficients hy € R. Here, M is an anisotropic integer
scaling matrix of the form

M := diag( A4, ..., A\Y%) for some X > 1, (2.24)

where a = (a1,...,a4) € R is the given anisotropy, cf. (2.8). Since S L =d, we
have
A = |det(M)| =: m.

We assume to have an M-scaling function ¢ at hand, which satisfies the following
properties:

(M1) ¢ € H*(R?) for s > d/2,

M2) ¢ is compactly supported and [, ¢(x)dz = 1,
M3) ¢ is a refinable function in the sense of (2.23),

(M2)
(M3)
(M4) {é(- — k) }reze is a Riesz basis of the space it spans,
(M5)

M5) ¢ € Bi*?(Ly(R)) N H-*(R?) for some s > 0 and N> L > d/2.

(M6) There exists an M-scaling function ¢, which also satisfies (M1)—(M5) with
potentially different constants, that is biorthogonal to ¢, i.e., {¢(- — k) }reze and

{5( — k) }peza satisfy

d(x)p(x — k) dz = 8y, for all k € Z°.
Rd

Remark 2.28. The existence of nontrivial scaling functions satisfying (M1)-(M6) is
of course not obvious, nevertheless a lot of examples exist. We refer to GARRIGOS,
TaBAcco [83], HocumuTH [101] for a detailed discussion. Moreover, matrices of the
form (2.24) are the only ones compatible with the anisotropy for the type of multiscale
decomposition we wish to apply. For instance, it is necessary that M is integer-valued
in order for (M2) to hold, see AUSCHER [4]. Again, we refer to GARRIGOS, TABACCO
[83, Section 3.1-3.3] for a detailed discussion.

Remark 2.29. By the Sobolev embedding theorem (M1) and (M2) imply ¢ and 5 to
be continuous and that they are contained in L,(R?) for all 1 < p < co. Therefore,
with 1 < p < oo and 1/p+ 1/p’ = 1, where p’ = oo, if p = 1, we have, in particular,
¢ € Ly,(R?) and gg € Ly(R?). Assumption (M3) is necessary for ¢ to even qualify as
generator function for a multiresolution analysis, while (M4) ensures that a wavelet basis
constructed with these scaling functions really characterizes anisotropic Besov spaces,
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see COHEN ET AL. [36, Theorem 2.1, Proposition 2.1] and GARRIGOS, TABACCO
[83, Theorem 1.2, Proposition 3.3]. The anisotropic smoothness of ¢ and ¢ in (M5)
directly affects the range of smoothness that can be characterized later, cf. Theorem
2.31 below. Lastly, to only consider orthogonal wavelet bases turns out to be a too
strong restriction, therefore the more general case (M6) leading to biorthogonal wavelet
bases is considered.

Let ¢ be an M-scaling function satisfying (M1)—(M6), and let 1 < p < oo and
1/p+1/p' =1, where p’ = o0, if p = 1. We set

(fi, f2) = /IRd fi@) fa(x)dz,  fi € L(RY), fo € Ly (R?).

Since, in particular, ¢, 5 € L (RY) they generate multiresolution analyses (Vj(p )) jez
and (V");ez by

V(p) = Closspan{ e = |det(M W/Po(MI - — k) : ke Zd}, JEZ,
Lp(R%)

and
&) TN 1) A
VP —cli)s(sﬂg?n{ B = |det(M)PP oMY - —k) © keZ }, JjEZ,

~

see GARRIGOS, TABACCO [83, Section 3.1]. Moreover, (Vj(p))jez and (Vj(p))jez are
biorthogonal, that is

(@7),6%)) = 8w, jEL.
Remark 2.30. Here, a multiresolution analysis (V}(q))jez, 1 < g < o0, is a sequence

of closed linear subspaces of L,(R?) with the following properties: The spaces are

nested, i.e., Vj(q) C V;(f)l for all j € Z. We have ., V; (@ is dense in L,(RY) and
Njez VJ(Q) = {0}. There exists a function ¢ € VO(Q) such that {¢(- —k)}reza is a g-stable

basis of VO ), ie., span{o(- — k) : k € Zd} _ Vo(q) and

> ol <(Srar)”

kezd keZd

Lq(RY)

Finally, we have f(-) € V}q if and only if f(M-) € V](f)l for all j € Z. Note, in the case
q = oo the space Lo, (R?) is replaced by Cy(R?), the space of continuous functions with
compact support, and £ (Z%) is replaced by cy(Z?), the space of sequences converging

to zero.

(p)

Wavelets come into play as basis functions for the complement spaces W;" and

ﬁ//j(p ) to the multiresolution analyses, which are defined by

{fe g+1 : <f>f>—0 for allfe ‘73'(‘”/)}, iez

and Wj(p " is defined analogously. In this way, one obtains a decomposition of the form

oo

Ly(RY) = ;" @ (69 w;p>> L 1<p<oo

J=0
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Now, the remarkable result is, that there exist families of compactly supported functions
{¢1,...,¢¥m_1} and {wl, e U 1}, m = |det(M)|, such that

{WM} =M —k) te=1,...m—1, jEZ, ke LY}, (2.25)

and analogously for {{/;%,)k}e,j,kv are uniformly p, p’-stable bases of I/Vj(p ) and Wj(p /),
respectively, see GARRIGOS, TABACCO [83, Section 3.2| for details. Accordingly, a pair
of dual anisotropic wavelet bases for L,(R?), 1 < p < oo, are given by

ol ke fu{ol i e=1,. m—1, j €N, kez'}

and . /
{qﬁ((fk kGZd} {¢£’;)k ce=1,...,m—1, j € Ny, k’EZd},

which are biorthogonal, that is <’Q/Jipj)k, 7;53;/,) w) = Ok ir0; . In particular, we obtain the
anisotropic multiscale wavelet decomposition

oo m—1
F=Y"(f o0 o)+ ZZ (FOTV T f € LyRY).
kezd j=0 e=1 kezd

The following theorem states the wavelet characterization of the anisotropic Besov
space B5?(L,(R?)). Part 1 is cited from GARRIGOS, TABACCO [83, Theorem 5.3] and
considers the case 1 < p,q < oo, while Part 2 considers the quasi-Banach case and
is taken from GARRIGOS ET AL. [82, Theorem 6.2]. Since the biorthogonal setting
described above is restricted to L,-spaces with p > 1, only anisotropic quasi-Banach
spaces which are embedded in some L,-space with p > 1 can be characterized in this
way. In GARRIGOS ET AL. [82], it has been shown that B3*(L,(R%)) — L,(R?) for
every finite p such that 7 < p < p(s,7), where

p(s,7) = {(1/7’ —s/d)” :s<d/T, (2.26)

00 : otherwise.

This explains the restrictions in Part 2.

Theorem 2.31. Part 1 [83, Theorem 5.3|. Suppose (M1)-(M6) are satisfied and let
1 <pg<oo. If0<s<min{sy, L/ay,...,L/aq}, then

B ®(Ly(R7))
q/p
= fe LR D [(f, a0 |p+Zmdﬂ<ZZ|fw€jk ) <0
kezd e=1 kezd

Moreover, the following norm equivalence holds:
1/q

L P I o b O

kezd e=1 kezd

(2.27)
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Part 2 [82]. Suppose (M1)-(M6) are satisfied. Let 0 <7 < 1,d(1/7—1); <s<
min{sg, L/a,...,L/aq}, and p(s,T) be defined by (2.26). Then, for any 1 < p < oo
with p < p(s,7) we have B¥*(L,(R%)) < L,(R?) and

B*(L-(R"))

{fEL (R%) Z|f¢ |T+Zmd922|f¢dk|7<oo}

kezd e=1 kezd

Moreover, the following quasi-norm equivalence holds:

1/r 1/7
B(Lo(R)) = (Z |<-,5é’f;;)>lp> (Zmdﬂz DRIERRTEAY ) . (2.28)

kezd e=1 kezd

Remark 2.32. In TRIEBEL [161] a wavelet characterization for the anisotropic Besov
spaces in the general case 0 < p,q < 00, s € R is discussed, where orthogonal wavelet
bases, e.g., Daubechies type wavelets, cf. DAUBECHIES [62], are employed. The (more
general) biorthogonal case is not considered.

In Chapter 3 it is our goal to construct random functions on bounded (Lipschitz)
domains O C R? with the aid of wavelet characterizations of Besov spaces. The analysis
in Section 3.1 for the isotropic case is particularly designed for bounded domains
and the cardinality of V;, cf. (W3), is going to play a central role. In Section 3.2 we
aim to construct random functions on bounded domains taking values in anisotropic
Besov spaces with the aid of the wavelet characterization as outlined in Theorem 2.31.
However, here we are facing a nontrivial problem. As it is, Theorem 2.31 is concerned
with function spaces on the whole Euclidean d-plane, and a generalization to bounded
domains is at least not obvious, since this would require the construction of specific
boundary-adapted anisotropic wavelet bases on domains. To our best knowledge no
result in this direction has been reported so far. Still, in order to obtain an analogous
assumption to (W3) for the anisotropic case, we proceed in the following way:

Let O C R? be a bounded Lipschitz domain, then there exists a cube (0 D O such
that

SNO#AD and P, NO#0

implies supp (;50 ., CC U and supp @be i CC L. Based on this cube [J we define the sets
Vo:={keZ: suppgbgf,z cc Oy},
V. ={k e M7Z* : supp ., CcC O}
fore=1,...,m—1and j € Ny.

(2.29)

(M7) We assume to have compactly-supported wavelets at hand such that Vj is a
finite set and the sets V. ; in (2.29) fulfill

#V.;=m! =|det(M)J.

Remark 2.33. Assumption (M7) on the cardinality of V. ; slightly varies from (W3)
for the isotropic setting. It is motivated by the following observation. If we start with a
tensor wavelet construction on the whole Euclidean plane, then, since M is a diagonal

matrix, the relevant grid points can be computed coordinate-wise and are of the order
A/% i =1,... d. By observing [[, M/% = | det(M)}7 (M7) is satisfied in this case.
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2.3.5 The tensor wavelet characterization

In the spirit of the previous sections, we employ a wavelet characterization of the
space under consideration. Here, note that, the domain @ C R%, d > 1 is assumed to

be an n-fold product of component domains O,, C R, m = 1,...,n, n > 2, with
> dm=d.
(T1) We assume that all domains O,,, m = 1,...,n, allow the construction of a

wavelet basis (1/)5\2)) AmeA,,, Which is sufficiently smooth and has sufficiently many
vanishing moments, such that for all ¢’ € [t,,,t,, + (] the scaled wavelets

(@ P A e A
are Riesz bases for H" (O,,).

Similar to the previous sections, the wavelet indices A\, € A,,,, m = 1,...,n, are of
the form X\, = (jm, km), where |\,,,| = jn, € Ny is the scale of the wavelet and k,,, € V.
encodes the shift and type of the wavelet. The set V;  is finite, if the wavelets are
compactly supported. Note that, in case of the domain being an n-fold with n < d the
respective k,, are then vectors of dimension d,,, > 1. For the remaining part, we impose
the following assumption which is the natural generalization of (W3):

(T2) We assume to have suitable compactly supported wavelets at hand for which
#ij = 2jmdm.
A tensor wavelet basis on the domain O is defined as the collection of all functions

(x)xea of the form
vr = QU
m=1

with X = (A1, ..., ), [A := (JAi]s - oo [Anl), and A =TT _, A
Remark 2.34. In comparison to standard isotropic wavelets, tensor wavelets are in
a certain sense the wavelet version of the sparse grid approach, see, e.g., BUNGARTZ,
GRIEBEL [16] for a detailed discussion on sparse grids. The application of (adaptive)
tensor product approximation schemes gives rise to convergence rates that only depend
on the component domains. We refer to, e.g., SCHWAB, STEVENSON [146] and the
references therein for further information. In particular, if all the component domains
are one-dimensional one obtains dimensional independent convergence rates.

The wavelet characterization for H%*(Q) is now given by the following statement,
which has been shown in GRIEBEL, KNAPEK [85], GRIEBEL, OSWALD [86].

Theorem 2.35 [85, 86]. Suppose (T1) is satisfied. Then
[o tN =M=y - A € A)

is a Riesz basis for H**(O). In particular, for every f =35ca ax(f) ¥a the following
two statements are equivalent:

i) feH"(0),
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i) 3 laa(F)F 22N < oo,

AEA

Remark 2.36. The proof of Theorem 2.35 requires, for every coordinate direction,
a set of sufficiently smooth wavelets {w/(\? : Am € A} such that for all ¢ within a

region including the range [t,,, t,, + ¢], the scaled wavelets {2*“""'”@/&2) D Am € A}

are Riesz bases for the spaces H”(O,,). Suitable (compactly supported) wavelet bases
satisfying (T1) and (T2) can, e.g., be found in [17, 33, 58-60, 136], cf. Remark 2.24.

2.4 Adaptive wavelet methods for operator equa-
tions

We briefly review the class of adaptive wavelet methods that we have in mind for the
spatial numerical discretization in our approach of Rothe’s method.

2.4.1 Operator equations in wavelet coordinates

We begin with an explanation of how operator equations are discretized with respect
to a given wavelet basis at hand of an elliptic operator equation

AU = X, (2.30)

where A is a boundedly invertible operator from some Hilbert space V' into its normed
dual V* i.e.,
[ Av|

Consequently, we are in a Gel’'fand triple setting (V, U, V*), cf. Appendix A.1.3, and
consider the case where

ve < |vlly, veW

a(v, w) = (=Av, w)y=xy

is a symmetric, bounded, and elliptic bilinear form on V' in the sense of (A.6). In this
setting the bilinear form induces a norm on V| the energy norm, by

I lla = al- )Y (2.31)
It is equivalent to the Sobolev norm, i.e.,

Cenerng : HH"(O) < H : Ha < C(enerng : HHV((’)) (232)

In case of boundary conditions, i.e., V = Hj(O), and whenever we have a wavelet
Riesz basis

U={y): AeV}
of Ly(O) fulfilling certain assumptions, e.g., (W2)—(W6) as given in Section 2.3.3, the
equation (2.30) has an equivalent reformulation
AU =X, (2.33)
in wavelet coordinates. That is, we define A = (A, )\, and X = (X)) for all p, A € V

by
A)\,,u = 2_(|#|+|>\Da(¢u7 1/J)\)7 1/)#7 ¢A € \Ija
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and
X)\ = 2_|)\|<X, ¢)\>H—1(O)><H&(O)7 w)\ c \If

Here, equivalent reformulation means the following: For each solution U € /5(V) to
(2.33), the associated wavelet decomposition

U=3 2N eV,
AeV

solves (2.30). Conversely, the unique decomposition coefficients

U, = 2™ (i, U)Hfl(O)XHé(@)’

of a solution U € V to (2.30) satisfy (2.33).

Remark 2.37. In Chapter 4, we analyze elliptic operator equations with random right
hand sides defined on a probability space (€2, F,P). In this case, we consider

AU (w) = X(w), w €,

and have in mind the w-wise application of well-established adaptive numerical wavelet
schemes, as, e.g., published in COHEN ET AL. [29, 30], DAHLKE ET AL. [51].

2.4.2 Adaptive wavelet frame methods

On, e.g., polygonal domains in R?, wavelet frames are much easier to construct than
bases, see DAHLKE ET AL. [50], STEVENSON [150]. The definition of a frame, which is
a possibly redundant system allowing for stable analysis and synthesis operations, is
given in Appendix A.1.1. Fortunately, an equivalence between (2.30) and its discrete
formulation (2.33) still holds if the underlying wavelet Riesz basis is replaced by a
wavelet frame. In the case of frames, each solution U € (5(V) to (2.33) still expands
into a solution U € V to (2.30). However, uniqueness of the decomposition coefficients
U of U can only be expected to hold within the range of A, being a proper subset of
(5(V). Note that the chosen wavelet frame is still required to fulfill assumptions as,
e.g., (W2)—(W6) of Section 2.3.3, i.e., removing only (W1) completely, see DAHLKE
ET AL. [49] for details.

Therefore, we can employ overlapping domain decomposition methods and a class
of adaptive wavelet methods that also work with frames. Let M € N be a finite number
and ¥ = Uf\il U; be a finite union of wavelet bases W; for Ly(O;), subordinate to an
overlapping partition of the domain O into patches O;, i = 1,..., M. The properties
(W2)-(W6), given in Section 2.3.3, are assumed to hold for each basis ¥; in a patchwise
sense. In that case, the main diagonal blocks A;; of A are invertible, so that the
following abstract Gauss-Seidel iteration

Ut = UM L R(X - AUM), n=0,1,... (2.34)

with the preconditioner

R = (Aj,j );glz
makes sense. The convergence properties of the iteration (2.34) and, in particular, of
fully adaptive variants involving inexact operator evaluations and inexact applications
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of the preconditioner R have been analyzed in STEVENSON, WERNER [154] and
WERNER [174]. In order to turn the abstract iteration (2.34) into an implementable
scheme, all infinite-dimensional quantities have to be replaced by computable ones. Such
realizations involve the inexact evaluation of the right-hand side X and of the various
biinfinite matrix-vector products A; ;v, both enabled by the compression properties of
the wavelet system W. We refer to COHEN [28], COHEN ET AL. [29], STEVENSON [150]
for details and properties of the corresponding numerical subroutines.

A full convergence and cost analysis of the resulting wavelet frame domain decom-
position algorithm is available in case that a particular set of quadrature rules is used
in the overlapping regions of the domain decomposition, see STEVENSON, WERNER
[153], and under the assumption that the local subproblems A; ;v = g are solved with
a suitable adaptive wavelet scheme, e.g., the wavelet-Galerkin methods from COHEN
ET AL. [29] and GANTUMUR ET AL. [81]. We postpone their discussion to Section 5.3.3
below. By the properties of the aforementioned numerical subroutines and the findings
of STEVENSON, WERNER [153, 154], an implementable numerical routine

SOLVE[e] — U.

with the following key properties exists:

e For each e > 0, SOLVE outputs a finitely supported sequence U, with guaranteed
accuracy
U = U.l|tyv) <€ (convergence).

e Whenever the best N-term wavelet approximation of U with respect to ¥ con-
verges at a rate s > 0 in H'(0), i.e.,

U e A (HY(O),(Sy)),

then the outputs U, realize the same work/accuracy ratio, as ¢ — 0, i.e.,

1/s

#supp U, < e~ /#||U| As(H(0),(Sn)) (convergence rates).

e The associated computational cost asymptotically scales in the same way,

1/s

# flops, < e /*||U]| A5 (HL(O),(Sn)) (linear cost).

Generalizations of these properties towards the average case setting are straightforward.
The results given in Section 4.1 provide upper bounds for ||U|| s (m1(0),(sy)) for certain
values of s in terms of suitable Besov norms of the right-hand side X, and the latter
norms may be chosen to have arbitrarily high moments, cf. Section 3.1.

Remark 2.38. In Section 4.2 we apply domain decomposition methods based on
wavelet frames to solve the Poisson equation with random right-hand side and zero-
Dirichlet boundary conditions on the L-shaped domain.






Chapter 3

A class of random functions

We analyze the regularity of a class of random functions in certain smoothness spaces
and state linear and nonlinear approximation results. The random functions are defined
in terms of wavelet decompositions according to a stochastic model that provides an
explicit regularity control of their realizations and, in particular, induces sparsity of the
wavelet coefficients. Therefore, we expect this stochastic model to be an interesting tool
to generate test functions in numerical experiments. See Section 1.3 for the complete
introduction.

In Section 3.1 we analyze the Besov regularity of such random functions and state
error bounds for linear and nonlinear approximations. In Sections 3.2 and 3.3 we extend
the regularity results to anisotropic Besov spaces and tensor wavelet decompositions.

The results of this chapter have been partly worked out by the author and collabo-
rators in [24] and [48].

3.1 A class of random functions in Besov spaces

We analyze the regularity of a class of random functions in B;(L,(O)) for the range of
parameters 0 < p,q < oo and s > d(1/p —1);, as well as 1 < p,q < o0 and s < 0, see
Theorem 3.10, on bounded domains O C R?, d > 1, which allow biorthogonal wavelet
bases W, U that can characterize the Besov space. See Section 2.2.1 for the definition
of B;(L,(0)) and Section 2.3.3 for the assumptions (W1)-(W6) on the wavelets.
Furthermore, we study different approximations with respect to appropriate norms and
state error bounds, where we always consider the average error (E[||X — X||])/2 for
any approximation X of a random function X. In particular, the construction of the
average nonlinear approximation of these random functions can be done at an average
computational cost of linear order, which is crucial in computational practice. Moreover,
we complement the discussion of the stochastic model with illustrating realizations and
moments of Besov norms of X.

3.1.1 The stochastic model

Let
a,yER, pel0,1],

; Cyjrd2=id 5> j 3.1
pj =min{l, (1277} and o} := {1 2J J é“ (3.1)
=4

41



42 Chapter 3. A class of random functions

where jp € Ny and C7, Cy > 0. The stochastic model is based on a family of independent
random variables (Y;, Z;) for j > jo and k € V, on a probability space (€2, F,P):
The Y, are Bernoulli distributed with parameter p; and the Z;, are standard normally
distributed, i.e.,

Zik~N(0,1), and PV, =1)=1-P(Y,,=0)=p;. (3.2)

Given biorthogonal wavelet bases W, U which satisfy the assumptions (W1)—(W6), we
define the random functions

X = Z Z 0 Yin Zin ks (3.3)

J=Jjo kEVj

where {17 };>jo kev, is either the basis W = {1}, or U = {1 };x, respectively. Let
us emphasize that only within a range —s, < s < s1, which depends on the employed
wavelet bases, Besov spaces may be characterized by the decay properties of the wavelet
coefficients. However, since it is possible to construct wavelet bases for any desired finite
range, we are not going to explicitly mention this range further on. The parameters jg,
C1, and C5 allow us to scale the stochastic model to the employed wavelet basis, which
come in handy for the numerical experiments in Section 3.1.4.

Remark 3.1. Using (W3), i.e., #V; < 274, we have

i Z UJQ'Y;'?kZ]%k Z #V Pj ~ ij’?d2(a+ﬁl)jd < o0,

Jj=Jjo kEV; J=jo J=Jo

ifa+5>1ora+p >1and vd < —1, and together with (W1), i.e., the Riesz
basis property, we can conclude that (3.3) converges P-almost surely in Ly(O). In this
case we have E[({, X),, o)) = 0, § € Ly(0), i.e,, X is a mean zero random function.
Moreover,

E [<€?X>L2 <C X) L2 0)} ZU Pj Z €, w]’,k>L2(O)<C7¢j,k>L2(O)7 £ ¢ € Ly(0).

Jj=jo keV;

Using the dual basis we obtain

QE=Y 070 > (& hik) pyioplins € € La(O),

J=jo kev;

for the covariance operator () associated with X.

Remark 3.2. Let s € R and suppose X € H*(O) P-a.s. Since H*(O) is a Hilbert
space and {277 1 j > jo, k € V;} is a Riesz basis for H*(O), we know that there
exists an orthonormal basis {e;};x of H*(O) with 2775, = ®ype;, for a bounded
linear bijection ®py, : H*(O) — H*(O), using Gram-Schmidt. Therefore, we have
E[(¢, CD,;%)X>HS(O)] =0, £ € H*(O), and since

o0

E |:<§a ¢l:l%)X>HS((’)) <§a ¢[:]%)X>Hs(()):| = Z 22J80_]2pj Z <§7 6j,k>Hs((')) <C7 ej,k>Hs((9)7

ji=jo keV;
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¢, ¢ € H*(O), we obtain for the covariance operator @ associated with @1 X

Q=252 N (€, ea) yeiontins € € HY(O).

j=jo keV;

Remark 3.3. Observe that in this stochastic model the parameter o determines
the exponential growth/decay of the wavelet coefficients on increasing wavelet scales,
whereas the influence of 7 is polynomial. The sparsity of the decomposition (3.3)
depends monotonically on the parameter g. For g = 0, i.e., with no sparsity present,
(3.3) coincides with the Karhunen-Loeve decomposition of the (in this case) Gaussian
random function X provided the wavelets form an orthonormal basis of Ly(O).

Remark 3.4. Essentially, this stochastic model was introduced and analyzed in
the context of Bayesian non-parametric regression in ABRAMOVICH ET AL. [1] and
generalized in BOCHKINA [12] in the case O = |0, 1] for Besov parameters p,q > 1 and
s> 0.

We continue by stating necessary properties. The proofs can be found in the
Appendix B. We set

Sipi= Y YirlZisl?, 5> o, 0<p<oo (3.4)

kEVj

for an independent family of random variables (Y x, Zjk);j>jo.kev, as defined by (3.2).
Note, (5;,);>j, forms an independent sequence for every fixed 0 < p < oo. Also,

with v, denoting the p-th absolute moment of the standard normal distribution, i.e.,
v, = 22T ((p+ 1)/2)/7/2, we have

E[S;,] = #Vpv,. (3.5)

Lemma 3.5. Let (X;)ien be a family of independent, non-negative random variables.
Then Y o, X; < 0o, P-a.s., if and only if Y o B[] < .

1+X;

Proof. See Appendix B.1. O

Lemma 3.6. Let n € N,p € [0,1], and X,,, ~ Bin(n,p). For all n there exists a
constant ¢ = ¢(n) > 0 such that for all v > 0 and p

EIX],) < c(1+ (np)).
Proof. See Appendix B.2. O
Lemma 3.7. Let § € [0,1). Then

lim —22— =y

= #Vip; "
holds with probability one. Further, for every r > 0

E ST
sup [ ]’p]

L SN
i>jo (#Vjip;)T
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Proof. See Appendix B.3. O
Lemma 3.8. Let § =1 and

lim #V,; 2774 = Cy  for some Cy > 0. (3.6)
Jj—00
Let p,, denote the distribution of |Z; [P, and let S, be a compound Poisson distributed
random variable with intensity measure Cop,. Then (S;,);>j, converges in distribution
to Sy, and for every r > 0
sup E[S] ] < oc0. (3.7)

Jj=Jo
Proof. See Appendix B.4. O

Remark 3.9. Note that we only assumed (W3), i.e., #V; < 279 instead of (3.6) so
far. For § =1 the upper bound (3.7) remains valid in the general case. In all known
constructions of wavelet bases on bounded domains, see, e.g., [17, 33, 5860, 136], as
are stated in Remark 2.24, and also for wavelet frames, see, e.g., DAHLKE ET AL.
[50], STEVENSON [150], the number #V; of wavelets per level j > 0 is a constant
multiple of 27¢. For those kinds of bases, (3.6) clearly holds.

3.1.2 Regularity theorem

The following theorem states the conditions on the parameters a, /3, v in (3.1) of the
stochastic model which guarantee that a random function X, defined by (3.3), almost
surely has a certain smoothness in B;(L,(O)).

Theorem 3.10. Let U, U be dual wavelet bases for which (W1)-(W6) holds. Let X
be a random function, defined by (3.3) with respect to V¥ in the case s > d(1/p — 1),

0 < p,q < oo, and with respect to the dual basis U in the case s < 0,1 <pq<o0.
Then X is P-almost surely contained in B} (L,(O)), if and only if

a—1 f(
d — :
s<a(2+0) (38)
or .
s<d (a ; + g) and qyd < —2. (3.9)
In both cases
E [”XHqu(Lp(O))} < 0. (3.10)

Proof. Using the wavelet characterization (W6) and 5, which is defined in (3.4), we
have X € B;(L,(0)) P-almost surely if and only if

- j(s+d(1/2—1 /
Biyop = YT G] SN < 00, Peas
Jj=Jjo

1X]

Thus, using the abbreviation a; := 23(+41/271/P)4 5 we have to show when

Zaj S < 50, P-as. (3.11)

1P
J=Jjo
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It is enough to show that (3.11) is equivalent to
D a; (#Vp) " < oo, (3.12)
J=jo

because inserting (W3), i.e., #V; < 274 and (3.1) into (3.12) yields

Z a; (#Vjpj)q/p - Z qud/Q 2qjd(8/d—(0¢—1)/2—/3/p)’

Jj=jo Jj=Jjo

and we see that (3.12) holds if and only if the conditions (3.8) or (3.9) are satisfied.
We continue to show the equivalence of (3.11) and (3.12). In the case 0 < 5 < 1 it
follows from Lemma 3.7. In the case § = 1 observe that (3.12) with (W3) reduces to

Z a; < oo, (3.13)
J=jo
while (3.11) is, due to Lemma 3.5, equivalent to

ZE

J=Jo

SQ/p
< 0. (3.14)

1+aJSQ/p

The equivalence of (3.13) and (3.14) is shown in two parts. To show that (3.13) implies
(3.14), we use Lemma 3.8 to conclude

SQ/P 00
ZE ] Za] Sq/p oo, if Zaj<oo.

q/p
J=Jo 1+ aj S Jj=Jo J=jo

The second part, i.e., (3.14) implies (3.13), is shown by contradiction. We assume (3.14)
and ) °° . a; = oo to hold. Now, by (3.6) we obtain that ¢, := inf;>o P(S;, > 1) > 0,
and, using the specific form of a;, we can conclude

q/p 00
S| Y% q/p]_czl% ~ .
J=jo l+a;5 J=jo T

which contradicts the assumption (3.14). All together, the equivalence of (3.11) and
(3.12) is proven.

It remains to show (3.10). We use the wavelet characterization (W6), Lemma 3.7,
Lemma 3.8, and (3.12) to derive

B 110, 0n) = DSBS < % Y0 <o 0

J=jo

Remark 3.11. In the case X € H*(O), s € R, one can compute the moment in (3.10)
explicitly, i.e.,

[e.9]

E [ Xlzs0)] < E LZ 27707 Sja

j=Jjo

[e.e]

= Z 22js 0'12 E [Sj,Q]

Jj=Jjo
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= i 2% o2 47, 279 = i gridlatBi=2s/d) jod
J=jo J=jo
which is finite if and only if « + 3 > 14 2s/d or a« + 3 > 1+ 2s/d and vd < —1.

As a special case of Theorem 3.10 we emphasize the regularity of X in B?(L.(0O)),
where ) !
—v
g +—-, l<p<oo, and v<s, (3.15)
T d P

since this scale is related with nonlinear wavelet approximation in B}(L,(0)), cf. (2.21)
in Section 2.3.2. Furthermore, in the next section and in Section 4.1 average errors are
defined by second moments, and therefore we also consider the second moments of the
norm in BZ(L,(O)).

Corollary 3.12. Let f € [0,1), 1 < p < o0, and —d/p < v < d((a — 1)/2 + 3/p).
Then

X € Bi(L,(0)) forall s<s"
in the scale (3.15) holds with probability one, where

d a—1 f 1517
* . [ i 1
’ 1—6( 2 +p) 1-p (310
Moreover, we have
B[ X% 1. 0y < o0 (3.17)

Proof. Using Theorem 3.10 we have to show that
—1
s*=d<0‘ +£>. (3.18)

2 T*

Inserting (3.15) with s = s* and 7 = 7 into (3.16) yields (3.18). To show (3.17), observe
that actually X € B3 (L,(0)) holds with probability one if § > 0 is sufficiently small,
and X € Byt (L.(0)) is continuously embedded in X € B3(L.(0)), cf. Theorem 2.6
(i), (ii). The moment bound (3.10) therefore implies

becwon] S B |I1X]

which completes the proof. O

E [[IX]

2
B§+5<LT<0>>] < %0,

Remark 3.13. Corollary 3.12 implies that by choosing [ closer to one, an arbitrary
high regularity in the nonlinear approximation scale (3.15) can be achieved, provided
that the underlying wavelet basis is sufficiently smooth. This is obviously not possible
in the Lo-Sobolev scale, see Theorem 3.10 with p = ¢ = 2.

Remark 3.14. The lower bound on v in Corollary 3.12 is caused by the fact that we
must ensure the fundamental condition s > d(1/7 — 1), which guarantees the existence
of a wavelet characterization, cf. Remark 2.8. See Figure 3.1 for an illustration.

3.1.3 Linear and nonlinear approximation results

We state error bounds to linear uniform and nonlinear approximations of X, first with
respect to the Ly-norm and, subsequently, we extend our studies and state error bound
with respect to Besov norms.
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Figure 3.1: Setting for Corollary 3.12 illustrated in a DeVore-Triebel diagram

Error bounds with respect to the L,-norm
Here, we have to consider
a+p>1, or a+pf>landvd< -1, «a,v€R, pe€l0,1], (3.19)

in order to ensure X € Ly(O) P-a.s., cf. Remark 3.1.

For linear approximation one considers the best approximation from linear subspaces
of dimension at most IV, which is given by the orthogonal projection on these subspaces,
cf. Section 2.3.2. The corresponding linear approrimation error of X with respect to

Ls(O) is given by
, ) ~ 1/2
eh(X) = inf (BIIX = X2, 0)])

with the infimum taken over all measurable mappings X : € — Ly(O) such that

~

dim(span(X(£2))) < N.
Theorem 3.15. Let «, 5,7 in (3.19) be fized and let X be defined by (3.3). The linear

approximation error with respect to La(Q) satisfies

a+8—1
2

(X)) < (log, N) & N~“5 .
Proof. To prove the upper bound, we truncate the decomposition (3.3) of X at some
level 71 > jo and we obtain a uniform linear approximation

J1
Xjy =3 > 0VirZin b, (3.20)

j:jOkEVj
which satisfies
P . —(a+B—-1)] Ydo—(a+B—1)j
BIX - Ralfuo] x 3 #9i0dyx 30 izl vit < jrigieribid,

Jj=j1+1 Jj=n+1

(3.21)
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Since dim(span()A(jl(Q))) = ;;jo #V,; =< 2114 we get the upper bound as claimed.

To prove the lower bound we use the fact that v, = ®ppe;, for an orthonormal
basis (ejx)jr in Lo(O) and a bounded linear bijection @y, : Lo(O) — Lo(O), cf.
Remark 3.2. This implies

en (X) = e (P X).

Furthermore, elif(®;; X) depends on ®;;} X only via its covariance operator Q which,
as we also know from Remark 3.2, is given by

QE= 050 D (€ ey Gk (3.22)
Jj=Jo k’EVj

Consequently, the functions e;; form an orthonormal basis of eigenfunctions of @
with associated eigenvalues 0]2 p;. Due to a theorem by Micchelli and Wahba, see, e.g.,
RITTER [139, Proposition 111.24], we can conclude

0 1/2 J1
j=j1+1 J=jo

Inserting (W3), i.e., #V; =< 299 and (3.1) into (3.23) implies the asserted lower
bound. O

The best N-term wavelet approximation imposes a restriction only on

n(g) :z#{A tAEV, g=) i, cHAO}, (3.24)

AEV

the number of non-zero wavelet coefficients of g. Therefore, the corresponding error of
best N-term wavelet approximation for X with respect to Ly(O) is given by

es : % 1/2
eh(X) = inf (E[1X = Xl 0)])

with the infimum taken over all measurable mappings X : 2 — Lo(O) such that
n()?(w)) <N P-as.
For deterministic functions z on O the error of best N-term wavelet approximation

with respect to the Lo-norm is defined by

det

1 (z) = inf { ||z — Z| o) : 7 € La(0), n(&) < N}, (3.25)

cf. Section 2.3.2. Clearly, we have

Rt (X) = (B (X)),

Theorem 3.16. Let o, 3,7 in (3.19) be fized and let X be defined by (3.3). For every
e > 0, the error of best N-term wavelet approximation with respect to Ls(QO) satisfies

N-Ve Lif B =1,
el])\;est(X) j{ Zfﬁ

_atp-1 .
N 20-m"¢ . otherwise.
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Proof. The case § = 1 is a direct consequence of the definition of X. For 5 < 1, let
s and 7 satisfy (3.15) with v =0 and p = 2, i.e., 1/7 = s/d + 1/2. By Remark 2.26
in Section 2.3.3 we have that z € B$(L,(0)) implies e§*(z) < ||z|/ps(z, 0y N~/ and
therefore it remains to apply Corollary 3.12. O

For random functions it is also reasonable to impose a constraint on the average
number of non-zero wavelet coefficients only, and to study the error of best average
N-term wavelet approximation

av . v 1/2
ene(X) = inf (E[1X = X3, 0)))

with the infimum taken over all measurable mappings X : € — Ly(O) such that

~

E[n(X)] < N.

Theorem 3.17. Let o, 3,7 in (3.19) be fized and let X be defined by (3.3). The error
of best average N-term wavelet approzimation with respect to Lo(O) satisfies

NF 2—25% Lif B =1,
+8-1

(logy N)%d N9 otherwise.

en(X) = {

Proof. Let N, := E[n()?jl)] for )A(jl as in (3.20). Clearly

J1 J1 s it ifB=1
= 0= 1-p)jd — ) B
Nj = Z #Vipi = Z 2 ) 9-8)d

— — : otherwise.
J=jo J=jo

In particular, 2714 < lel/(l_ﬁ) if 8 €10,1). Now, observe the error bound (3.21). O

The asymptotic behavior of the linear approximation error ei#(X) is determined
by the decay of the eigenvalues szpj of the covariance operator @, see (3.22), i.e., it is
essentially determined by the sum a + . According to Theorem 3.10, the sum « +
also determines the regularity of X in the scale of Sobolev spaces H*(O).

For 8 € (0, 1] nonlinear approximation is superior to linear approximation. More
precisely, the following holds true. By definition, ey®(X) < ek®!(X), and for 3 > 0
the convergence of eX®'(X) to zero is faster than that of €i*(X). For 8 € (0,1) the
upper bounds for e38(X) and e5®'(X) slightly differ, and any dependence of eX**(X)
on the parameter v is swallowed by the term N¢ in the upper bound. For linear and
best average N-term approximation we have

e 4(X) 2 eN(X) if B€(0,1) and Cotog, N (X) = e X)if =1

with a suitably chosen constant ¢ > 0.

Remark 3.18. We stress that for § € (0, 1] the simulation of the approximation
)A(jl, which achieves the upper bound in Theorem 3.17, is possible at an average
computational cost of order Nj . Let us briefly sketch the method of simulation. Set
n; = #V;. For each level j we first simulate a binomial distribution with parameters
n; and p;, which is possible at an average cost of order at most n;p;. Conditional on a
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realization L(w) of this step, the locations of the non-zero coefficients on level j are
uniformly distributed on the set of all subsets of {0, ...,n;} of cardinality L(w). Thus,
in the second step, we employ acceptance-rejection to collect the elements of such a
random subset sequentially. If L(w) < n;/2, then all acceptance probabilities are at
least 1/2, and otherwise we switch to complements to obtain the same bound for the
acceptance probability. In this way, the average cost of the second step is of order n;p;,
too. In the last step we simulate the values of the non-zero coefficients. In total, the
average computational cost for each level j is of order n;p;.

Remark 3.19. For Theorems 3.15 and 3.17 we only need the Riesz basis property
(W1) and the property (W3), i.e., #V; < 294  of the basis ¥, and (W3) enters only via
the asymptotic behavior of the parameters p; and o;. After a lexicographic reordering
of the indices (4, k) the two assumptions essentially amount to

X = i O-nYnZn,éZ}n
n=1

with any Riesz basis {t, }nen for Lo(O), and o, < (log, n)"%?n~%/? as well as indepen-
dent random variables Y,, and Z,,, where Z,, is N (0, 1)-distributed and Y, is Bernoulli
distributed with parameter p,, =< n~%. Therefore, Theorems 3.15 and 3.17 remain valid
beyond the wavelet setting. For instance, let p, = 1, which corresponds to 5 = 0.
Classical examples for Gaussian random functions on O = [0,1]¢ are the Brownian
sheet, which corresponds to & = 2 and v = 2(d — 1)/d, and Lévy’s Brownian motion,
which corresponds to a = (d + 1)/d and v = 0. Theorem 3.15 is due to PAPAGEOR-
GIOU, WASILKOWSKI [132], WOZNIAKOWSKI [175] for the Brownian sheet and due
to WASILKOWSKI [173] for Lévy’s Brownian motion. See RITTER [139, Chapter VI]
for further results and references on approximation of Gaussian random functions.
Therefore, for § > 0 our stochastic model provides sparse variants of general Gaussian
random function.

Error bounds with respect to Besov norms

We extend above findings and state error bounds for linear and nonlinear approximation
schemes for the considered random functions with respect to the norms of the Besov
spaces B} (L,(0)) with v € R and 1 < p < o0.

We define the linear approzimation error of X with respect to By(L,(O)) by

N,p,v

. . v l/p
e, (X) 1= i (EIX = X0, 0))

with the infimum taken over all measurable mappings X such that

~

dim(span(X(0))) < N.

Theorem 3.20. Let 3 € [0,1), m > 0. For a fized approzimation space B} (L,(O)),
veR, 1 <p<oo, let X be given by (3.3) with

v+m <d((a—1)/2+ B/p) =v+m", (3.26)

i.e., X € By (L, (0)) for all m < m*. The linear approzimation error with respect to

By (L,(0)) satisfies

d
2

B @

SUN

eir (X)) = (logy N)% N~F 5=, (3.27)
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Proof. Again, as a specific linear approximation, we consider a uniform approximation

of the form ‘
1

X =Y > oYinZintin

j:j() kJEVj

for some j; > jo, where in particular N =< 2%, With S;,, as defined in (3.4) and with
(3.5), we obtain

S = in(v+d(t—1
E[[|X — Xj1||%Z(Lp(o))] =E Z 2/ (tdlz p))gﬁsjvp]

Lj=71+1

) Z 2jp((l/+m*)+d(%_% )2—jpm*(j§?5j7p]
Lj=j1+1
— Z 2jpd((”+m*)+d(%*%))Q_jpm*af#vjpj.

Jj=n+1

Inserting (W3), i.e., #V,; < 2% (3.1), and (3.26) we get

oo
BIIX — Rl o] < 30 2 iy 24810y
Jj=j1+1
(oo}
= 3 e
Jj=n+1
ydp

- ;2 o—jipm*
122

—~

= (log, N)%@N_p(%+%_§),
which yields (3.27). O

Remark 3.21. In the setting of Theorem 3.20, with a slightly coarser error estimation,
for all m < m* we get

o0

S ; ip((v+m)+d(L—1
E[||X — Xj1||pg(Lp(O))] < 9—hrm LZ 2Jp(( +m)+d(5 ”)>U§Sj,p

=Jo
—pm/d p
= NTER [||X||Bz+m(Lp(0))] '

Since we have E[|| X" ... | < 00, m < m* by (3.10), we derive that the linear
By (Lp(0))

approximation error satisfies

(3.28)

lin —m/d p Hr
Bt (X) 2 N (BIX Iy o))

From (3.28), we observe that, similar to the well-known deterministic setting, see
Section 2.3.2, the approximation order which can be achieved by uniform linear schemes
depends on the regularity of the object under consideration in the same scale of
smoothness spaces.
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The following theorem is a generalization of Theorem 3.15. It states the error bounds
for linear wavelet approximation with respect to H".
Theorem 3.22. Let f € [0,1) and m > 0. For a fized approzimation space H”(O),
v € R, let X be given by (3.3) with v +m < d(a — 1+ B)/2 =: v+ m*, that is,
X € H"™™(O) for all m < m*. The linear approzimation error with respect to H”(O)
satisfies

éir, (X) = (log, N)¥ N~(*=-4),

Proof. The upper bound is proven in Theorem 3.20, where p = 2. The lower bound
is analogously shown as in the proof of Theorem 3.15. Given {e;;};, and @y, as in
Remark 3.2, we know that

6{71\22,11()() = el]i\?,Q,V(cI)l;lle)'

We also know from Remark 3.2 that the covariance operator @ of @1 X is given by

o0
Q6= 2770%p; > (&, €ik) 110y ik

J=jo kev;

which means, that the functions e;; form an orthonormal basis of eigenfunctions of

Q with associated eigenvalues 2% g% p;. Using methods, e.g. shown in RITTER [139,
Chapter II1], we get

oo 1/2 J1
R IR TIPS S

J=n+1 J=Jo
Inserting (W3), i.e., #V; =< 2% and (3.1) into (3.29) yields the claim. O

We define the average nonlinear approzimation error of X : Q — B(L,(O)) with
respect to B, (L,(0)) in the scale (3.15), i.e.,

1 s—v 1
- = +—-, 1l<p<oo, and v<s,
T d P

cf. Corollary 3.12, by
avg . P 1/p
s, (X) = inf (BIIX = X, o))

with the infimum taken over all measurable mappings X such that E[n(X)] < N. Again,
n(g) denotes the number of nonzero wavelet coefficients of g, see (3.24).

Theorem 3.23. Let 3 € [0,1). For a fived approzimation space By (L,(0)), v € R,
1 <p< oo, let X be given by (3.3) with —d/p < v < d((a — 1)/2 + /p), that is,
X € Bi(L,(0)) in the scale (3.15) for all s < s*, where s* is given by (3.16). Then
the average nonlinear approvimation error with respect to By(L,(O)) satisfies

yd 1 a—1

N5 (X) = (logy N) TN (5550

v

). (3.30)
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Proof. As a specific nonlinear approximation of X we consider

XjN E , E :UJ kiKWK

J=jo kEV;

for some j; > jy, where only the non-zero coefficients N := E[n()/{\'jh ~)] are retained.
We have

J1

J=Jjo

With S;,, being defined in (3.4) and with (3.5), we use (3.15), where s = s* and 7 = 77,
to obtain

S = in(v+d(: -1
E[”X — le,NH%Z‘,’(Lp(O))] =k Z 2317( + (2 p)> O-?Sj,p]
Lj=j1+1
_p| 3 orle ) agsjﬁp]

Li=71+1

= (5% 4d(L_ L
Z 2Jp( +d(3 T*)) U?#Vjpj-

Jj=j1+1

Inserting (W3), i.e., #V,; < 279 (3.1), (3.18), and (3.15), where s = s* and 7 = 7*, we
get

Y = pd( 4+ B4l L) cade,, ajdp
E[HX_le,NHp;(Lp(o))] = Z pipd(F e+ )j 2 Q7 2 gJdghid
Jj=j1+1
— Z 57 9mip1=B)(s" )
J=n+1

= i (B )

= (log, N)2* N~ s (“z*+5-%)
which yields (3.30). O

An analogous statement to Remark 3.21 also holds for the average nonlinear
approximation error.

Remark 3.24. Let ¢ > 0 and s := s* — ¢ with s* being defined in (3.16). In the setting
of Theorem 3.23, with a slightly coarser error estimation, we get

E[||X—Xj1,NHI;35(LP(O))] = E Z 9i(p=7)(s+d(3-1)) r- 7 9it(s+d(3-1)) 7S, ’p]

J =j1+1
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<E lz 93(p=7) )(s+d(3-2-5))+0; 2]T<8+d(*_* )UJTSM,] ,

for any § > 0. Inserting s = s* — e and § := p(s —v)(1 — B)(e7)/d, as well as using
(3.18), (3.15), and also (3.15) with s = s* and 7 = 7%, which yields 1/7* = 1/7 + ¢/d,
we get

o )(s*—e+d(i-1—« 67 ojT(s+d T
E[HX — thNH%g(Lp(O))] = E Z 2](17 ) e+d(5 T ))"" J 2] ( + ( ) S]p]
Li=j1+1
=E[ Y 9i ((p=7)d(B-1)(1+5)+) 9ir(s+d(3-1)) 7S
Li=j1+1
~FE Z 0 (p(s=1)T(B=1) (1+5)+8) ogir(s+d(5- )JJT‘Sj’p]
Lj=j1+1
~E Z 9—ip(1=p)(s—v) 23’7(8”(%*%)) 07},
Li=j1+1 -
~ 9= hwp(1=-B)(s—v) | Z 2JT(S+d(*** )U}Sj,p
[j=j+1 i
< 9—i1p(1=B)(s—v) | ZQJT(erd( ) TSJ p]
Lj=0
< NPT E [ X5 2 0y)
with E[S),] = #V,pjvp = #V;pjv, £ = E[SJFT]Z_ZT)' Since we have E[|| X| TBg(LT(O))] < 00

for s < s*, by (3.10), we see that the average nonlinear approximation error satisfies

. 1/
Bg(LT(O))D " (3.31)

From (3.31) we observe that, similar to the deterministic setting, the approximation
order which can be achieved by nonlinear approximation does not depend on the
regularity in the same scale of smoothness spaces of the object under consideration,
but on the regularity in the corresponding scale (3.15) of Besov spaces.

N (X) 2 N7 (B[] X]

For the case p = 2, i.e., for nonlinear wavelet approximation with respect to H",
also a lower bound for the average nonlinear approximation error can be derived.
Theorem 3.25. Let § € [0,1). For a fized approzimation space H”(O), v € R, let X
be given by (3.3) with —d/2 <v <d(a—1+ B3)/2, i.e., X € B5(L,(O)) in the scale
(3.15) for all s < s*, where s* is given by (3.16) with p = 2. Then the average nonlinear
approzimation error in H”(Q) satisfies

eN5,(X) = (log, N) ¥ N~ s 70, (3.32)

Proof. Let X be defined by (3.3). For every level j, we define the number of scaled
coefficients of X larger than a threshold §; > 0 as

M(]v = # {QJVUJ ]k’Zj k| Uj ]k|Zj k| >0:, k€ VJ} . (333)
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We set Vi := 3o, Y and obtain Yj5 ~ Bin(2/%, 27%14). Since the (Yj);x are
discrete and (Z,;);; are 1dentlcally distributed we can compute

274

=D E M5 Yie=1| P> Yip=I
1=0 keV kev;
27d

—ZlP 20| Zj| > 6;) P (Ve =1)
= E[Yj,ﬁ] P(270;Z;1] > 6;)

— 9189 (1 — gy =2
QJVO']‘ ’

where ®.qr denotes the cumulative distribution function of the standard normal distri-
bution. Now, we choose

§;:=2"0; (3.34)
and we obtain E[M (7, 23”03)] = ¢ 29075) with ¢; 1= 2(1 —®eq(1)). For a given N € N
we set j; ;= min{j : N <2% } and determine a level ja, such that

E [M(j2,2""0;,)] > e1N*. (3.35)

This holds for

i = HA | (3.36)

Up to this point we have shown that, for X and any given N € Ny, we can find a level
J2, which contains on average at least ¢; N? coefficients, that are larger than d;,.

Let -
)A(N = Z Z CikWjp = Z OXCH
J=Jo keV; AeV
with E[#@] = E[n()A(N)] < N be any approximation of
X =Y o¥uZixthjnx = Y dyih.
Jj=jo kEV; AeV

We set |A| := j. Then, by using the norm equivalence from (W6), we obtain

2
E[|X = Xnllfmo)] = E [ [ D dvir =) extin
| eV ACT HY(0)
=E Zd,\Yﬁ,\—FZd,\—C,\
AEV\V AeV Hv(0)

=E| Y 2Wa P+ ) 22 dy — ey

| XeV\V AeV
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If we omit the second sum and by (3.33) and (3.34), we get

E[|X = Xnllfmo) = E | Y 22|
| AeV\V

- E Z 22|)\\V|d>\|2

LAEV iy \§

>E | ) 2%|d,.f
_kevjz\6

> B |#{ke Vi \V : 222du > 2} 82
B

M(j?v 2j2u0_j2> - #§:| 22]2” 2

J2

— (BIM(j2, 27"0)] — B[#V)) - 22202,

IN

so that, by inserting (3.1), (3.35), (3.36), E[#V] < 217, we can conclude

N
E[l|X — )?NH?LP(O)] - <2j1d 17) 22121/]%!2 ajad

2J1V ajid
2]1d+ T3

Y

]
(lOg N)'de = B(a 1+B—2J)’

)

which yields (3.32). O

Remark 3.26. For the proof of Theorem 3.25 it is essential to be able to compute
the expected value of M (j,9,), i.e., the average number of coefficients on level j which
are larger than the threshold d;. This random variable can be derived solely due to the
structure of X. Since the threshold d; = 27¥j74/227234/2 decays with increasing level j,
cf. (3.34), the growth of E[M(j,d;)] is in compliance with Theorem 3.10.

Remark 3.27. Observe that the upper bound in Theorem 3.23 for p = 2 coincides
with the lower bound in Theorem 3.25.

3.1.4 Realizations and moments of Besov norms of X

We illustrate the impact of the parameters «, v, and 5 € [0, 1) on individual realizations
of X, defined in (3.3), as well as on the sparsity and decay of its wavelet coefficients
in the case O = (0,1). The parameter « influences decay, while § induces sparsity
patterns in the wavelet coefficients. By providing a polynomial scaling, the parameter
~ allows to emphasize or convey any singularities within finitely many coefficients.
The numerical experiments were performed by using a stable biorthogonal spline
wavelet basis as constructed in PRIMBS [136]. The primal wavelets consist of cardinal
splines of order m = 3, i.e., they are piecewise quadratic polynomials, and the condition
(W4) is satisfied with m = 5. The wavelet basis satisfies (W6) along the nonlinear
approximation line with s; = 3, while s; = 2.5 along the linear approximation line,
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see Section 2.3.2. Moreover, jo = 2 and #V;, = 10, while #V,; = 27 for j > jy. In
parameters (3.1) of the stochastic model for X we set

Oy = 233’07 C, = 26¥j07

which means that sparsity is only induced at levels j > j, and the coefficients at level
Jo are standard normally distributed. This ensures that we keep the entire polynomial
part of X.

In any simulation, only a finite number of coefficients can be handled. Therefore,
we truncate the wavelet decomposition in a suitable way, i.e.,

J1
Xjy =3 > 0iVirZin b, (3.37)

J=Jjo kEVj

is the truncation of X at level ji, cf. (3.20).

Theorems 3.17 and 3.23 provide error bounds for the approximation of X by X jp in
terms of the expected number of non-zero coefficients. An efficient way of simulating
X, is presented in Remark 3.18. Specifically, we choose

a€{2.0,1.8,1.512} and [B=2-q,

which is motivated as follows. At first, a = 2 and 8 = 0 corresponds to the smoothness
of a Brownian motion, see Remark 3.19, and secondly, according to Theorems 3.15 and
3.17 for our choice of a and S the order of linear approximation is kept constant while
the order of best average N-term approximation increases with . The two underlying
scales of Besov spaces BS(L,(Q)) are the linear approximation scale, where 7 = 2, and
the nonlinear approximation scale, where 1/7 = s 4 1/2, cf. (3.15) with » = 0 and
p = 2 for Ly-approximation.
We set

V. = VEAVA
i 1= maxmax o; V| 2|
in order to normalize the absolute values of the coefficients. The left column in Figure
3.2 shows realizations of the normalized absolute values oY x| Z; x| /V}, of all coeflicients
up to level
i =12.

It exhibits that the parameter § induces sparsity patterns, for larger values of S more
coefficients are zero and the wavelet decomposition of X is sparser. Figure 3.2 also
illustrates the corresponding sample functions. We observe that for § = 0 the sample
function is irregular everywhere, and by increasing  the irregularities become more
and more isolated. This does not affect the Lo-Sobolev smoothness, while on the other
hand it is well known that piecewise smooth functions with isolated singularities have
a higher Besov smoothness on the nonlinear approximation scale, cf. Remark 2.23.
According to Theorem 3.10 and Corollary 3.12, X belongs to a space on the linear
approximation scale with probability one if and only if

1
s< 5 (3.38)
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while X belongs to a space on the nonlinear approximation scale with probability one
if and only if
s —t (3.39)
2(1-5) '
Hence, these upper bounds reflect the orders of convergence for linear and best average
N-term approximation, respectively.
Moments of Besov norms or of equivalent norms on sequence spaces appear in
the constants in the error bounds that are derived in this section, see, e.g., Remarks
3.21 and 3.24 where this has been worked out. Here, we consider O = (0, 1), and the

moments of X along the linear and nonlinear approximation scale. We set
bi(s,7) = i(st(a=2)T.
By (W6) we get
|’XHTBg(LT(O)) = ij(s,r) o; Z Ykl Zjk|"
J=jo keV;

Denoting with v, the absolute moment of order 7 of the standard normal distribution,
ie., v, :=272T((1 +1)/2)/7'/%, we obtain E[|| X| Bs(n.(on] = M (s, 7) with

M(s, 1) =v, Z bi(s,7) #V ;07 p;.
j=jo

Figure 3.5 contains the graphs of M along the linear and nonlinear approximation
scales, i.e., s — M(s,2) and s — M (s,1/(s + 1/2)), for the selected values of « and f3,
while v = 0. Note that the upper bounds (3.38) and (3.39), respectively, also provide
the location of the singularities of M along the two scales.

The effect of truncation in Figure 3.5 (a) at level j; = 20, (b) at level j; = 78 and
finite sample size is illustrated in Figure 3.5, as well, by presenting sample means of
the right-hand side in

J1
BrLoo) = D bi(s,m) 07 Y YialZial

j=jo kev;

||Xj1|

Specifically, for each scale and each choice of o and [ we consider 4 different values of
s and use 1000 independent samples. Moreover, for each choice of the parameters «
and 3, the truncation level j; is chosen according to Table 3.1 so that the expected
number j.lzjo #V,; p; of non-zero coefficients is approximately 10° in all cases. We
observe the strongest impact of truncation for the nonlinear approximation scales and
small values of 5. We add that confidence intervals for the level 0.95 are of length less
than 10 in all cases.

Likewise we proceed for (E[|| X
imation scales. Figure 3.6 shows the results after truncation (a) at level j; = 20, (b) at
level j; = 78, sampling, and applying the norm equivalence. It is worth noting that
the sampled Besov norms are smaller than the sampled Ly-Sobolev norms. We add
that confidence intervals for the level 0.95 are of length less than one percent of the
estimate in all cases.

J2B$( LT(O))])I/ 2 along the linear and nonlinear approx-
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level j

level j

(c) a=138,5=0.2

o 10T ]
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I I
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level j

(g) a=1.2,5=038
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b

012 014 0:6 0:8
(b) @ =2.0, 8=0.0
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012 014 016 018
(d) a=18,8=02

b

012 014 0:6 0:8
(f) a=15,8=05

s

0:2 O‘.4 0:6 0:8
(h) a=1.2, =08

Figure 3.2: )/(\'jl (w), v = 0. Left: absolute values of normalized coefficients. Right:

respective sample function
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Figure 3.3: X 1 (w). Left: absolute values of normalized coefficients. Right: respective

sample function.
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(a) a=2.0, B =0.0,7=—10.0
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Figure 3.4: X 1 (w). Left: absolute values of normalized coefficients. Right: respective

sample function
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500 _ )
— — — linear scale
- linear scale, simulation »
4501 nonlinear scale [
o nonlinear scale, simulation
400
3501
3001
£ £
[e]
92501 S
200
150F
100+
50F
. —
0 0.1 0.7
5001 500
4501 450}
400 400
3501 350}
3001 300}
E E
8250- 2250.
2001 200}
1501 150}
100 100+
50k 50
0 0 y ! : > '
0 0 0.5 1 15 2 2.5
: S
S
(c) a=15B=05 (d) a=12,8=038

Figure 3.5: E[|| X ||, . (0)] along the linear and nonlinear approximation scales

« H 2.0‘
]1‘

1.8 :
20 | 24 | 36 | 78

Table 3.1: Truncation levels in Figures 3.5 and 3.6



3.1. A class of random functions in Besov spaces 63

-+ linear scale, simulation
---o- nonlinear scale, simulation .
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Ob d4 05
(a) a=2.0,3=00
20}
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(¢)a=15,8=05
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6001

5001

200

100

(b) a=1.8,8=0.2

0.5 1 1.5 2 25

(d) a=12,6=0.8

Figure 3.6: (E[|| X |13, (1. (0)))"/* along the linear and nonlinear approximation scales
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3.2 A class of random functions in anisotropic Be-
SOV spaces

We analyze the regularity of a class of random functions in anisotropic Besov spaces.
We introduce the random functions based on a similar stochastic model as considered
in the previous section and we derive conditions, see Theorem 3.28, under which such
a random function almost surely has a certain smoothness in B?(L,(0)), where
0 < pg < o0,s>d(l/p—1)4, and a = (ay, ..., az) € RL is a given anisotropy.
See Section 2.2.2 for the definition of anisotropic Besov spaces B;?(L,(0)) and Section
2.3.4 for the construction of an anisotropic wavelet basis. In particular, the employed
wavelet characterization by GARRIGOS ET AL. [82, 83] is stated in Theorem 2.31.

3.2.1 The stochastic model in the anisotropic case

Let ¥ and ¥ be a dual pair of anisotropic wavelet bases, such that the smoothness range
that can be characterized is large enough for all further considerations. Furthermore,
we assume ¥ and W to satisfy (M7), i.e., #V.; < m’, which is based on our approach
to treat bounded domains, cf. (2.29) in Section 2.3.4.

In the anisotropic case, the random functions are defined by

co m—1

X = Z (o)s) Yb,k ZO,k: ¢(()1’),)€ + Z Z Z 0j Yve,j,k Ze,j,k: ng),m (340)

kEVo j=0 e=1 kEV.,

where (Ye ik, Zejk)ejks € = 1,....,m— 1,7 € Ng, k € V., is an independent family
of random variables on a probability space (€2, F,P). As before, the stochastic model
depends on

a,vyER, pge]0,1]. (3.41)

The variables Y, ;; are Bernoulli distributed with parameter
p;j = 27834 wwhere PY.jx=1)=p;, and P(Y.;,=0)=1—p;.
The variables Z, ;. are N(0, 1)-distributed, and we set

0]2- = 41927l 5 e N, and og:=1.

3.2.2 Regularity theorem in the anisotropic case

We state conditions on the parameters (3.41) under which a random function X almost
surely belongs to a given anisotropic Besov space B}*(L,(O)).

Theorem 3.28. Let the assumptions of Theorem 2.31 and (M7) be satisfied, i.e., in
particular the wavelet characterizations (2.27) and (2.28) hold. Let X be a random
function as defined in (3.40). Then X|o is P-almost surely contained in By*(Ly(O)),
for s >d(1/p—1); and either 1 <p,g< o0 or0<p=gq <1, if

i (g + E) _d (3.42)

logom \ 2 p P
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or

d? d
5 < (g + é) —— and qyd < —2. (3.43)
logpm \2 p/) p
In both cases
[||X|O| B2 (L ((’)))] < Q. (3.44)

Proof. Since
| f] B,y ¢ 9 € BIA(L,RY), glo= [},

it is sufficient to show that X as defined by (3.40) is P-a.s. contained in B:?(L,(R)).
Using Theorem 2.31 and that the support of X is contained in the cube [J by (2.29),
we have X € B$?(L,(R?)) P-a.s. if and only if

By*(L,(0)) = inf {]|g]

q/p

1/p 00 m—1
<Z |<X>¢§é?1;)>|p) ‘|‘Z Ex Z Z |X77[Jejk < oo P-as.

kEVo j=0 e=1 keV, ;

Observe that the first sum in this formula is finite, since by (M7) the set V is assumed
to be finite. Therefore we are left to show that the second sum is also finite. Inserting
(3.40) and using the abbreviation

e]p Z Y:Ejk|Z€Jk|

kEV,

yields

00 m—1 qa/p oo m—1 q/p
St (S iwir) =St (Ss)
g

J= e=1 kezd

So, with a; :=m djag, we have to show when

00 m—1 a/p
Z a; (Z Se,j,p) < oo, P-as. (345)
7=0 e=1

Analogously to the corresponding steps in the proof of Theorem 3.10 it can be shown
that (3.45) is equivalent to

o m—1 q/p
Z a; (Z #Ve,ij) < 00. (3.46)
=0 e=1

Inserting (M7) and the stochastic model into (3.46) yields

00 m—1 q/p
> (Z #Ve,jpj> =
7=0 e=1

aj ((m— 1)mjﬂj)q/p

M L0

(m 1)q/p jr 2qu

~
—~

<.
I
o
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with R := (£logym — ¢ + %long - %). Therefore, (3.46) holds if and only if the
conditions (3.42) or (3.43) are satisfied.

It remains to prove (3.44). Note, since (3.42) or (3.43) are satisfied, we have that
(3.46) holds. Using the norm equivalences (2.27) and (2.28), as well as Lemma 3.7 and
Lemma 3.8, with V; := ;' V.; and S;,, := 3.7.' S, ;, instead of (3.4), we can
conclude

0 m—1 q/p oo m—1 q/p
By (L ()] = 2; a;t (Z Sw%p) <> (Z #Veuﬂ]) <oo. O
j:

Ef| x|

e=1

Remark 3.29. Due to our approach (2.29) to handle bounded domains, we are only
able to state sufficient conditions in Theorem 3.28.

Remark 3.30. For p = 2 and in the isotropic case, i.e., a = 1, A = 2, and log, m = d,
the statements (3.42) and (3.43) of Theorem 3.28 coincide with (3.8) and (3.9) of
Theorem 3.10. For p # 2 and in the isotropic case, note that the wavelets in (2.25) are
normalized in L,(R?) and a renormalization of these wavelets to Ly(R?) produces the
additional factor m@(1/2=1/) Therefore, the statements (3.42) and (3.43) coincide with
(3.8) and (3.9) also in this case.

3.3 A class of random tensor wavelet decomposi-
tions

We study a class of random tensor wavelet decompositions that we also introduce
based on the stochastic model of the previous sections. We derive conditions, see
Theorem 3.31, under which such a random tensor decomposition almost surely has a
certain smoothness in the tensor space H**(0), t € [0,00)", £ € [0, 00), of generalized
dominating mixed derivatives. See Section 2.2.3 for the definition of H**(0) and Section
2.3.5 for the tensor wavelet setting. In particular, the employed wavelet characterization
by GRIEBEL ET AL. [85, 86] is stated in Theorem 2.35.

3.3.1 The stochastic model for random tensor decompositions

The aim is to derive random tensor decompositions of the form

X =Y ax(X) Qv\", where ax(X) = [] ar.(X). (3.47)

AcA AmEAm

which have a prescribed smoothness in H*(0O). Here, the sequence (ay,,(X))a,,ea,,
of random variables a,, : 2 — R is based on a stochastic model, which is similar
to the stochastic models of the previous sections. Given a,,, ¥, € R, and 3, € [0, 1],
m =1,...,n, and a probability space ({2, F,P), we set

Uy = Qo = 05 Y0 Z0 0 G €Ng, b € V5, m=1,...,n, (3.48)

where Z ](.;n’)km ~ N(0,1) are standard-normally distributed,

oF = Gomdm g=amimdm g, =1 for j,, =0, (3.49)
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and Yj(milm are Bernoulli distributed random variables with parameter

P =2 Pmimdnang PV —1)=1-PY") =0)=p;,. (3.50)

Jmkm Jmkm

Also, we assume the family of random variables (Yj(fllm, ztm

ke ) ke £ De indepen-
dent.

3.3.2 Regularity theorem in the tensor case

We state conditions on the parameters a.,, B, Ym, m = 1,...,n, such that the de-
composition (3.47) with (3.48) is almost surely contained in a given tensor space
HY(0).

Theorem 3.31. Let the assumptions of Theorem 2.35 and (T2) be satisfied. Let X be
a random tensor decomposition of the form (3.47) with (3.48). Then

i) X is contained in HY(O), t = (t1,...,t,), P-almost surely if and only if

anz+‘5%z_‘1

tm +0 < dpy
re<dy (25

), Ym =0, m=1,...,n. (3.51)

ii) X is contained in HY(O), t = (t,...,t,), P-almost surely if

m nz_'l
to+0<d, <%) Al < =1, m=1,...,n. (3.52)
In both cases
E[[| X[|7t.¢0) < 00 (3.53)
Proof. In order to prove (3.51) and (3.52), according to Theorem 2.35, we check under
which conditions on «,,, B, and v,,, m = 1,...,n, we have
D laa(X)P 22N < 00 Poas. (3.54)
AEA

Step 1. Inserting (3.48) into (3.54) and using the abbreviations

Sz = Z }/;%llm|2§:,)km|2, m=1,...,n, (3.55)
kmEij
as well as a; := 2219+2ll= 2 ... 52 “where j = (j1,...,jn), yields that we have to

check when

> a ﬁ S 2 <00, P-as. (3.56)
m=1

jenNg

Applying Lemma 3.7 and Lemma 3.8, we obtain that (3.56) is equivalent to

> a5 [ #Vinpin < oo, (3.57)
m=1

JENG
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which is shown analogously to the corresponding steps in the proof of Theorem 3.10.

Step 2. We first prove the claim for the case n = 2, which illustrates the key ideas
of the proof. Moreover, we restrict this case to v; = 72 = 0 in (3.49) of the stochastic
model. The general case is proven in Step 4.

With n = 2 we have t = (t1, t2), A = Ay X Ay, and |A| = (|J\1], |A2]) = (J1, Jo) for
A € A, as well as ay = ay,ay, in (3.47). Furthermore, we have \,, = (jm, km) with
Jm € Ny and k,, € V;,_, where V; are finite sets with #V, = mdm = 1,2, cf.
(T2). Hence, we have to check under which conditions

S Jaaf2 22N 2R = ST gy 2lay, [2 220tz 241l aDl

AEA A EAL A2EAs

_ § E E § ‘ 20, . 2 92t15142t252 + 2¢||(41, )l
= ‘a’]h]ﬂ’ ‘a’]27k2’ 2 -

j1€Np klevh 72€Np kQGV]'2
< oo, P-as.

That is, inserting (3.48) and the abbreviation (3.55) we have to show under which
conditions on &y, Bm, Ym, m = 1,2, we get

D 2Mg? Gy Y 22 tIULReg? 5, ) <00, Poas. (3.58)

Jj1€Ng j2€Np

Applying Lemma 3.7 and Lemma 3.8, (3.58) is equivalent to

2t171 2 2taj2 + 20| (J1, 32) || oo ~2
Z 2 1J10j1 #V . pi, Z 92t272 + 2¢[| (51, 2) | o #V,pj, < 00.

J1€Ng j2€Ng

Using (T2) and (3.49) with 71 = 72 = 0, as well as (3.50) we continue with the
calculation

211 2 oo + 20| (51, 52)||eo ~2
Z 9 Ulajl #V,, i, Z 92t2j2 [1G1, 32)l o3, #V 04
J1€Np J72€Np
— Z 9j1(2t1—di(e1+B1-1)) Z 9J2(2ta—da(az+B2=1)) + 2¢||(j1, 2)lloo

Jj1€Ng j2€Ng

— Z 2j1 (2t1—d1(c1+B1—1))

Jj1€Ng
<Z 9J2(2t2—d2(az+P2—1))+20j1 Z 2jg(2t2—d2(a2+52—1)+2£)>
J2<j1 J22J1
Z A]l (Z le g2 T Z C]17J2> = Z Ajl (le +Cj1)' (359)
J1€Np J2<J1 J22J1 J1€Ng
Now, observe that >, .. C;, j, < oo if and only if
-1
ty + € < dy (%) . (3.60)

Applying the geometric series formula we obtain

E Co - = 2j1 (2ta—da(aa+P2—1)+2¢0)
J1,J2
J227
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and hence, we have
Z A\ Ci = Z 9d1(2t1—d1 (a1 +51-1)) 2j1(2t2—d2(a2+52—1)+2£)7
j1€Np J1€Ng

which is finite if and only if

-1 -1
ttty+ 0 < dy (%) + dy (%) . (3.61)
To show > o, AjBj, <00 in (3.59), we again apply the geometric series formula on

> in<jr Birja» and we are left to determine when

Z 9i1(2t1—di(a1+B1=1)+20) _ 9j1(2ti—di(en+B1—1)+2ta—dz(a2+B2—1)+20) - o (3.62)

Jj1€Ng

Summing the difference in formula (3.62) separately, we see that (3.62) is finite if and
only if (3.61) and
o + ﬁl - 1)

2

hold, or the exponents are both zero or equal. The latter cases yield the condition
ty = do(az + B2 — 1)/2 which contradicts (3.60). Observe that (3.60) and (3.63) imply
(3.61).

Step 3. In order to generalize Step 2 to the case n > 2 and to show (3.51), we iterate
the ideas of Step 2. In particular, observe that the conditions on a,,, B,, m=1,...,n,
such that (3.57) holds are determined by splitting the appearing sums iteratively as in
(3.59). Proceeding with analogous arguments leads to the conditions (3.51).

Step 4. Now, we show (3.52). Using (T2) and inserting (3.49) and (3.50) into (3.57)
yields that we have to determine when

§ : ] Y1d1 971 (2t1—d1 (a1 +51-1)) E jnn dn 9jn(2tn=dn(an+Bn—=1)) +2£[|(j1,---Jn)lloc < 00.
J1€Np Jn€No

t+l<d ( (3.63)

We proceed with the same idea as in Step & by iteratively splitting these sums. Then,
using that v,d, < —1 the sum over j,, where j, = ||(j1,--.,Jn)||c0, converges also
if we choose the parameters «,, 3, such that t, + ¢ = d, (o, + B, — 1)/2 holds.
Using that j)»% < 1 in all other places it appears, we proceed to the sum where
Jn-1 = [(J1,- -5 Jn)|loo- Analogously, using 7, _1d,_1 < —1 this sum converges if we
have t,,—1 + ¢ = dp—1(an—1 + Bn-1 — 1)/2. Repeating these arguments yields (3.52).
Finally we prove (3.53) provided that (3.57) is satisfied. Using the Riesz basis
property in Theorem 2.35, as well as Lemma 3.7 and Lemma 3.8 together with the

independence of the S, o, m =1,...,n, we have
[HX”Ht[ O) Z H 2] —< Z a.'] H #v]mpjm < 00. U
JeNg m=1 JENG

Remark 3.32. Observe that, in the case t = 0, where H%*(0) is isomorphic to the
standard Sobolev space, for p = ¢ = 2 the conditions (3.51) and (3.52) of Theorem 3.31
coincide with (3.8) and (3.9) of Theorem 3.10.






Chapter 4

Application to the stochastic
Poisson equation

We consider the stochastic Poisson equation, where the right-hand side is a random
function which is given by the stochastic model that is analyzed in Section 3.1. In order
to obtain approximations to the realizations of the solution, we employ asymptotically
optimal adaptive wavelet algorithms as they asymptotically realize the approximation
rate of best N-term wavelet approximation. Since the related convergence analysis of
these adaptive wavelet algorithms relies on the energy norm, which is equivalent to the
norm in H!, we approximate the realizations of the solutions in H*'. See Section 1.4 for
the complete introduction.

In Section 4.1, we analyze best N-term wavelet approximation for the considered
class of stochastic Poisson equations under different assumptions on the bounded
domain @ C R?, see Theorems 4.1, 4.5, and 4.6. These asymptotic results are matched
by numerical experiments in Section 4.2.

The results of this chapter have been partly worked out by the author and collabo-
rators in [24].

4.1 Best N-term wavelet approximation

First, we consider the Poisson equation on bounded Lipschitz domains O C R¢,

—AU(w) = X(w) in O,
U(w) =0 on 00,

(4.1)

with w € © and a random right-hand side X : Q — Ly(O) C H~*(O) that is defined
as the class of random functions in Section 3.1: Let

a,yER, pel0,1],

» Cyjrio=—dd . 5 > 4 4.2
pji=min {1, (279} and o2 = {123 )= (4.2)
1=y

where jo € Ny and Cy, Cy > 0. Furthermore, let (Z;, Y, x) for j > jo and k € V; be
an independent family of random variables on a probability space (€2, F,P), where

Zir ~N(0,1), and P(Yj,=1)=1—-P(r=0)=p;. (4.3)

71
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Given biorthogonal wavelet bases W, U which satisfy the underlying assumptions
(W1)-(W6) stated in Section 2.3.3, we define the random functions

X =3 0;Yix Zin s, (4.4)

j:jO kEVj

cf. (3.3). Here, X is given as decomposition in the dual wavelet basis \T/, since this way
the approximation to the solution U of (4.1) is a decomposition with respect to W.
In order to analyze best N-term wavelet approximations of the random function

U:Q— H(0)
in H'(O), we introduce the deterministic error of best N-term wavelet approximation
with respect to H*(O) by

e?\?}p(@)(u) = inf {||u — Um0y : U E HY(0), n(@) < N} ,

cf. Section 2.3.2. Again,

n(g) 3:#{>\€V 1 QZZCAw/M CA%O}

AEV

denotes the number of non-zero wavelet coefficients of g. The quantity e‘}\‘;}{l(o)(U (w)),
where U(w), w € €, is the exact solution of (4.1), serves as benchmark for the
performance of the adaptive algorithms. In the stochastic setting, we investigate the
error

' ~ 1/2
Sy (U) = inf (B(IU = Tlido)])
with the infimum taken over all measurable mappings U:Q—H 1(O) such that

(X)) <N P-as.

Clearly, we have
1/2

S (U) = (Ble o (U))

Theorem 4.1. Suppose that d € {2,3} and that the right-hand side X in (4.1) is of
the form (4.4) with o+ 5 >1—4/d. We set

) 1 a+6—1+ 2
= 1min —_— .
€ 2d—1) 6 3d

Then, for every e > 0, the error of the best N-term wavelet approzimation with respect
to H'(O) satisfies
6?\23;11(0)((]) j N_Q+6.

Proof. Let r > 1. By Remark 2.26 in Section 2.3.3 we have

det

entio) (1) 2 |l B, on N-CTV, (4.5)
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for all d > 1 in the scale

1 r—1 1
74 v
The next step is to control the norm of a solution u in the Besov space BL(L.(O)) in
terms of the regularity of the right-hand side x of the Poisson equation. Let

L_ . 4—d
2~ So@—1y

and assume that x € H" (O). We may apply the results from DAHLKE ET AL.
[45], DAHLKE, DEVORE [47] to conclude that u € Br°(L,(0)) for sufficiently small
0 > 0, where

1
d =+ -
an —1—2

Moreover,
lull =31 09y = 12l By* (a0
and we can use (4.5), with r replaced by r — 9, to derive

det

e o) () 2 el gy oy N~OEH/ED,

If, in addition, r*/d < (a+  — 1)/2, then
ey (U) = N +2-38)/(3d)
follows from the regularity result of Theorem 3.10. O

Remark 4.2. In Theorem 4.1, we have concentrated on nonlinear approximations in
H'(0), which is the most important one from the numerical point of view, as we have
briefly outlined in the introductory Section 1.4. In the deterministic setting, similar
results for approximations in other norms, e.g., in Ly or even weaker norms, also exist,
see, e.g., DAHLKE ET AL. [54] for details.

Remark 4.3. The convergence order of nonadaptive uniform methods does not depend
on the Besov regularity of the exact solution but on its Sobolev smoothness, see Remark
2.26. However, on a Lipschitz domain, due to singularities at the boundary, the best
one can expect is U € H*?(0), even for very smooth right-hand sides, see GRISVARD
[89], JERISON, KENIG [104]. Therefore, an uniform approximation scheme can only
give at best the order N=/24) _In our setting, see Theorem 4.1, we have

- 1
Q 2d7
so that for the problem (4.1) optimal adaptive wavelet schemes are always superior
when compared with uniform schemes.

Remark 4.4. With increasing values of o and 8 the smoothness of X increases, see
the regularity result of Theorem 3.10. On a general Lipschitz domain, however, this
does not necessarily increase the Besov regularity of the corresponding solution. This

is reflected by the fact that the upper bound in Theorem 4.1 is at most of order
N-1/(2(d-1)
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For more specific domains better results are available. For instance, suppose O is a
simply connected polygonal domain in R?. Then, it is well known that if the right-hand
side X in (4.1) is contained in H"~!(QO) for some r > 0, the solution U can be uniquely
decomposed into a regular part Ui and a singular part Ug, i.e., U = Ur + Ug, where
Ug € H™(O) and Ug belongs to a finite-dimensional space that only depends on the
shape of the domain. This result has been established by GRISVARD [87], see also [88,
Chapter 4, 5], or [89, Section 2.7] for details.

Theorem 4.5. Suppose that O is a simply connected polygonal domain in R? and that
the right-hand side X in (4.1) is of the form (4.4) with a + 5 > 1/2. We set

_a+f
2

Then, for every € > 0, the error of the best N-term wavelet approximation with respect
to HY(O) satisfies

bes —o+te

eN,Igl(O)(U) <N

Proof. We apply the results from GRISVARD [87, 88, 89]. Let us denote the segments
of 00 by Ty, ..., Ty, M € N, with open sets I'y, £ =1, ..., M, numbered in positive
orientation. Furthermore, let T, denote the endpoint of I'; and let x, denote the measure
of the interior angle at Yo, £ = 1,..., M. We introduce polar coordinates (ky, ;) in the
vicinity of each vertex Yy, and for n € N and ¢ =1,..., M we introduce the functions

Sen (0, 00) = Colrig) 1) sin(nmby/xe),

when Ag, = nm/x, is not an integer, and

Son(ke,00) = (k) H;\Z’" [log ke sin(nmly/x¢) + 0 cos(nmby/ o))

otherwise. Here (; denotes a suitable C'*° truncation function.
Consider the solution u = ug + ug of the Poisson equation with the right-hand side
r € H1(0O), and assume that

rg { M, :neN, £=1,..., M}

Then one has ug € H(O) and ug € Sspan for Sspan = span{Sp,, : 0 < \,; < r}. We
have to estimate the Besov regularity of both, us and ug, in the scale

s
T 2
which is (3.15) with d = 2, p = 2, and v = 1, i.e., the regularity in this scale is related
with nonlinear wavelet approximation in H*(O). Classical embeddings of Besov spaces
imply that ug € BS(L.(O)) for every s < r+1. Moreover, it has been shown in DAHLKE
[42] that Sspan C BE(L,(O)) for every s > 0. We conclude that ug € B(L,(0O)) for
every s < r+ 1.

To estimate u, we argue as follows. Let v, be the trace operator with respect to
the segment I'y, £ = 1,..., M. GRISVARD [88, Theorem 5.1.3.5] has shown that the

Laplacian A maps the direct sum

H:{UEHT—H(O) s yeu = 0, Ezl,...,M}—l—Sspan
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onto H"~1(0O). Note that (H, | - ||z) is a Banach space where
M M
HUHH = ||URHH7"+1(O) -+ Z Z ’Cg7n| and Us = Z Z C&n ng.
=1 0<Xp < =1 0<Xy ,<r

It has been shown in DAHLKE ET AL. [52] that the solution operator A™! is continuous
as a mapping from H"~'(O) onto H. Therefore

M
pr(zo0) 2 urllmae) + ) Y leeal = llullg < ellz-1o)
=1 0<XAg , <t

ul

for every s < r + 1.
Finally, by Theorem 3.10, X € H"~!(O) with probability one and E[||X||§{T,1(O)] is
finite if 1/2 < r < a + . Now the upper bound for el])\fsffp(o)(U) follows by proceeding

as in the proof of Theorem 4.1. O

In case O is a C*°-domain, no singularities induced by the shape of the domain can
occur. However, similar to Corollary 3.12, it is a remarkable fact that for £ close to
one an arbitrarily high order of convergence can be realized.

Theorem 4.6. Suppose that O is a bounded C*-domain in R? and that the right-hand
side X in (4.1) is of the form (4.4) with a/2 + > 1/2. Moreover, we assume that

8 <1 and we set
1 a—1+5 +1
=15\ 2 d

Then, for every e > 0, the error of the best N-term wavelet approximation with respect
to H'(O) satisfies

6?\?31_}1(0) (U) j N_Q+6.
Proof. An application of Corollary 3.12 with p = 2 and v = —d/2 + dd for a sufficiently
small § > 0, yields X € B:(L,(QO)) in the scale

1
S=241-5 (4.6)
T d

with probability one and E[|| X|

QBg(LT(O))] is finite for all

d d a—1 .
_§<3<—1_5< 5 —|—5(1—(5>)_8

If a/2+ > 1/2+ 9, we have s* > dd and we can argue as follows. Since the problem
is regular, the solution u of the Poisson equation with right-hand side x € B2(L.(0O)),
s > § > 0 satisfies u € B2(L,(0)) with

[l

B (L.0) = 1l Bs (2.0

see RUNST, SICKEL [143, Chapter 3] or TRIEBEL [157, Theorem 4.3]. By the embedding
of Besov spaces given in Theorem 2.6 (iv), we obtain

“uHBj;*Q(LT*(O)) = ul BET5F2(L(0))



76 Chapter 4. Application to the stochastic Poisson equation

for the approximation scale

An application of (4.5) yields
N—(s+1)/d

ex o) (1) < Jluf B (L, (0))

Therefore, we conclude that
6?&5;]1(0)(U) j N7(3+ )/d
Let ¢ tend to zero to obtain the result as claimed. O

Remark 4.7. For § = 1 the estimate from Theorem 4.6 is valid for arbitrarily large o,
provided that the primal and dual wavelet bases are sufficiently smooth, so that they
can characterize the considered Besov spaces.

4.2 Numerical experiments using adaptive wavelet
methods

We employ an asymptotically optimal and efficient adaptive wavelet algorithm and
present numerical experiments on [0, 1] to complement our analysis of Section 4.1. We
focus on the impact of the primary parameters « € R and § € [0, 1) of the stochastic
model and set v = 0. On O = [0, 1] the considered class of Poisson equations is given
by

~U"(w)=X(-,w) in (0,1),

U(0,w) =U(1,w) =0, (4.7)

where w € 2 and X as in (4.4). The numerical experiments were performed by using a
stable biorthogonal spline wavelet basis as constructed in PRIMBS [136]. The primal
wavelets consist of cardinal splines of order m = 3, i.e., they are piecewise quadratic
polynomials, and the condition (W4) is satisfied with m = 5. The wavelet basis satisfies
(W6) along the nonlinear approximation line with s; = 3, while s; = 2.5 along the
linear approximation line, see Section 2.3.2. Moreover, jo = 2 and #V;, = 10, while
#V; =27 for j > jo. In the stochastic model (4.2) for the right-hand side X we set

Cl — 26]'07 Cg _ 26%]'0’

which means that sparsity is only induced at levels j > jo and the coefficients at level
Jo are standard normally distributed. This ensures that we keep the entire polynomial
part of X.

In the last several years, much effort has been spent to design adaptive numerical
algorithms based on wavelets. For elliptic problems, adaptive wavelet schemes have
been derived that are guaranteed to converge with optimal order in the sense that
they realize the approximation order of best N-term wavelet approximation COHEN
ET AL. [29, 30], DAHLKE ET AL. [45], GANTUMUR ET AL. [81]. Moreover, it has been
possible to generalize the algorithms also to the case of wavelet frames DAHLKE ET AL.
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[50], STEVENSON [150]. In this subsection we apply these algorithms to the numerical
treatment of (4.7).

The aim is to investigate if for this model problem adaptive wavelet algorithms are
superior when compared with uniform schemes. As we know the order of convergence of
linear uniform approximation methods in Ls is determined by the Lo-Sobolev regularity
of the exact solution whereas the order of convergence of adaptive schemes is determined
by the Besov smoothness, cf. (4.5) and Section 2.3.2.

We therefore study an example where the Sobolev smoothness of the right-hand
side X stays fixed while the Besov regularity changes. This is achieved by choosing
parameter values v and 3 such that the sum « + 3, which determines the Lo-Sobolev
regularity, is kept constant, cf. Section 3.1.4. Then, letting £ tend to one increases the
Besov smoothness significantly, see Corollary 3.12. Since the problem is completely
regular, these interrelations immediately carry over to the exact solution, see TRIEBEL
[157, Theorem 4.3].

The numerical experiment is carried out and evaluated as follows. On input § > 0
the adaptive wavelet scheme computes an N-term wavelet approximation U(-,w) to
U(-,w), whose error with respect to the H'-norm is at most . The number N, N € N,
of terms depends on ¢ as well as on w via the right-hand side X (-, w), and only a finite
number of wavelet coefficients of X (-,w) are used to compute U(-,w). We determine
U(-,w) in a master computation with a very high accuracy and then use the norm
equivalence (W6) for the space H'(O). The master computation employs a uniform
approximation with truncation level j; = 11 for the right-hand side. To get a reliable
estimate for the average number E[n(U)] of non-zero wavelet coefficients of U and for
the error (E[||U — (7||12q1(@)])1/2 we use 1000 independent samples of truncated right-
hand sides. This procedure is carried out for 18 different values of §; the results are
presented together with a regression line, whose slope yields an estimate for the order
of convergence. For the uniform approximation we proceed with only one difference,
instead of 9, a fixed truncation level for the approximation of the left-hand side is used,
and therefore no estimate is needed for the number of non-zero coefficients. As for the
adaptive scheme we use 1000 independent samples for six different truncation levels,
j=4,...,9. We add that confidence intervals for the level 0.95 are of length less than
three percent of the estimate in all cases.

In the first experiment we choose

a=09, B=0.2, (4.8)

i.e., the right-hand side is contained in H*(O) only for s < 0.05. Consequently, the
solution is contained in H*(O) with s < 2.05. An optimal uniform approximation
scheme with respect to the H'-norm yields the approximation order 1.05 — ¢ for every
e > 0. This is observed in Figure 4.1(a), where the empirical order of convergence
for the uniform approximation is 1.113. For the relatively small value of § = 0.2, the
Besov smoothness, and therefore the order of best N-term approximation, is not much
higher. In fact, by inserting the parameters into Theorem 4.6 with d = 1, we get the
approximation order ¢ — ¢ with ¢ = 19/16 = 1.1875. This is also reflected in Figure
4.1(a), where the empirical order of convergence for the adaptive wavelet scheme is
1.164. In both cases the numerical results match very well the asymptotic error analysis,
and both methods exhibit almost the same order of convergence. Anyhow, even in this
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Figure 4.1: Error and (expected) number of non-zero coefficients

case adaptivity slightly pays off for the same regularity parameter, since the Besov
norm is smaller than the Sobolev norm, which yields smaller constants.
The picture changes for higher values of 5. As a second test case, we choose

a=04, B=07. (4.9)

Then, the Besov regularity is considerably higher. In fact, from Theorem 4.6 with d = 1
we would expect the convergence rate o — ¢ with o = 7/3, provided that the wavelet
basis indeed characterizes the corresponding Besov spaces. It is well known that a
tensor product spline wavelet basis of order m in dimension d has this very property
for B¥(L,) with 1/7 = s —1/2 and s < s; = m/d, see COHEN |28, Theorem 3.7.7]. In
our case, s; = 3, 80 ¢ = 2 is the best we can expect. From Figure 4.1(b), we observe
that the empirical order of convergence is slightly lower, namely 1.425. The reason is
that the Besov smoothness of the solution is only induced by the right-hand side which,
in a Galerkin approach, is expanded in the dual wavelet basis. Estimating the Holder
regularity of the dual wavelet basis ¥, see VILLEMOES [169], it turns out that this
wavelet basis is only contained in W¥(Ly,) for s < 0.55. Therefore, by using classical
embeddings of Besov spaces, it is only ensured that this wavelet basis characterizes
Besov spaces B?(L,), with the same smoothness parameter. Consequently, the solution
U is only contained in the spaces B(L,) with 1/7 = s —1/2 and s < 2.55 which gives
an approximation order o — e with ¢ = 1.55. This is matched very well in Figure 4.1(b).
For uniform approximation the empirical order of convergence is 1.115 and thus does
not differ from the result in the first experiment.

Both of the numerical experiments (4.8) and (4.9) already indicate that adaptivity
really pays off for the problem (4.7). Nevertheless, we still observe a bottleneck. So
far, we only discussed random right-hand sides with realizations being in smoothness
spaces with positive smoothness parameters. Then, in the univariate case, the solution
immediately possesses Sobolev smoothness larger than two, so that uniform schemes
already perform quite well. The picture changes for right-hand sides with negative
smoothness. Indeed, choosing X € H~'"(0) yields U € H'**(O) for ¢ > 0, and the
convergence order of uniform schemes in H'(O) is only e. Then, by choosing X in the
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Figure 4.2: Error and (expected) number of non-zero coefficients

Besov spaces as in Theorem 4.6, adaptive schemes still show the same approximation
order as before, so that a difference in the performance of uniform and adaptive
algorithms is even more noticeable. Since Theorem 3.10 also holds for negative values
of o, we can choose

a = —48/55, [ =107/110,

and the corresponding right-hand side X is contained in H~%45(0). In this case, a
uniform scheme has approximation order 0.55 — ¢, which is reflected in Figure 4.2
an empirical order 0.619. Moreover, by Theorem 4.6, adaptive schemes still obtain
approximation order 1.55 — €. Indeed, Figure 4.2 shows almost exactly this order,
namely 1.476.

Our sample problem in the two-dimensional case is the Poisson equation (4.1) with
zero-Dirichlet boundary conditions on the L-shaped domain

O =(-1,1)2\[0,1)%

Here we are going to apply domain decomposition methods based on wavelet frames as
discussed in Section 2.4.2. We consider the right-hand side X =z + X, where x is a
known deterministic function and X is generated by the stochastic model (4.2), (4.3),
and (4.4), but based on frame decompositions. This means that we add a noise term
to a deterministic right-hand side. Specifically, we consider perturbed versions of the
well-known equation that is defined by the exact solution

w(r, 0) = ¢(r)r*/3 sin (29) ,

where (r,6) are polar coordinates with respect to the re-entrant corner, see Figure 4.3
(a,b). Then, u is one of the singularity functions as introduced in the proof of Theorem
4.5. It has a relatively low Sobolev regularity while its Besov smoothness is arbitrary
high, see again the proof of Theorem 4.5 for details. For functions of this type we expect
that adaptivity pays off. In Figure 4.3 (¢,d) we show two solutions to realisations of X
for the parameter combination a = 1 together with 5 = 0.1 and its sparse counterpart
8 =0.9.
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O

(a) exact solution (b) exact right-hand side

0.5
11 101
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0.5 05

(c) a=1.0,8=0.1 (d) a=1.0,3=0.9

Figure 4.3: (a,b) exact equation; (c,d) solutions to perturbed right-hand sides



Chapter 5

On the convergence of the inexact
linearly implicit Euler scheme

We investigate the error propagation and analyze the convergence of Rothe’s method
for evolution equations of the parabolic type with focus on linearly implicit one-
step methods. We use uniform discretizations in time and non-uniform (adaptive)
discretizations in space. The space discretization methods are assumed to converge
up to a given tolerance £ when applied to the resulting elliptic subproblems. Typical
examples are adaptive finite element or wavelet methods. We investigate how the
tolerances ¢ in each time step have to be tuned so that the overall scheme converges
with the same order as in the case of exact evaluations of the elliptic subproblems. See
Section 1.5 for the complete introduction.

In Section 5.1, we take an abstract point of view on Rothe’s method and derive
sufficient conditions for convergence in the case of inexact operator evaluations, see
Theorems 5.21 and 5.26. In Section 5.2, we show that also stochastic evolution equations
can be treated if the linearly-implicit Euler scheme is the method of choice, which we
apply to a class of semi-linear parabolic SPDEs of the form

du(t) = Au(t)dt + f(u(®))dt + Bu)dW(t), u(0)=uy, te€[0,T],

see Observation 5.57 and Theorem 5.63. Note that formally both equations are special
cases of the general problem

du(t) = F(t,u(t))dt + Bu)dW(t), u(0) =uy, t€[0,T), (5.1)

where B = 0 indicates the deterministic case. Finally, in Section 5.3 we substantiate
our analysis further and combine the analysis presented in Section 5.1 with complexity
estimates for optimal adaptive wavelet solvers in order to obtain complexity estimates
for spatially adaptive Rothe methods, see Theorems 5.71, 5.73, 5.78, and 5.79.

The results of this chapter have been partly worked out by the author and collabo-
rators in [22] and [23], see also [21].

5.1 Abstract description of Rothe’s method

We state the abstract setting of Rothe’s method and derive sufficient conditions for
convergence in the case of inexact operator evaluations.

81
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5.1.1 Motivation

We begin with an example that motivates our perspective on the analysis of Rothe’s
method. To introduce our abstract setting, let us consider the heat equation

u'(t)
u(0)

u

Au(t) + f(t,u(t)) on O, te (0,77,
0 on O, (5.2)
on 00, t € (0,7,

I
o

where O C R?, d > 1, denotes a bounded Lipschitz domain. We discretize this equation
by means of a linearly-implicit Euler scheme with uniform time steps. Let K € N be
the number of subdivisions of the time interval [0, 7], while the step size is denoted
by 7 :=T/K, and the k-th point in time is denoted by t; := 7k, k € {0,..., K}. The
linearly-implicit Euler scheme, starting at ug, is given by

u —Uu
% = Augir + [tk we),
ie.,
([ — TA)U]Q+1 = U + Tf(tk, uk), (53)

for k=0,..., K — 1. If we assume that the elliptic problem
Livi=I—-7Aw=w onO, v|pp =0,
can be solved exactly, then one step of the scheme (5.3) can be written as
g1 = L7 Ry p(uy), (5.4)

where
R, (v) == v+ 7f(tg,v)

and L, is a boundedly invertible operator between suitable Hilbert spaces. That is, we
can look at this equation in a Gel'fand triple setting (HJ(O), Lo(O), H 1(O)) with L,
as an operator from H}(O) to H '(O). Recall that HJ(O) denotes the Sobolev space
with Dirichlet boundary conditions, H~(O) its normed dual, and Ly(O) the Lebesgue
space of quadratic integrable functions, cf. Section 2.2.1. We may also consider (5.4)
in Ly(0), since H}(O) is embedded in Ly(O) and Ly(O) is embedded in H(O),
provided that R, : Lo(O) — Lo(O) is well defined.

Having the above simple example in mind, we observe that the fundamental form of
(5.4) essentially remains the same even if we introduce more sophisticated discretizations
in time, e.g., as outlined below and in Section 5.1.4.

5.1.2 Setting and assumptions

In many applications not only one-stage approximation methods, such as the linearly-
implicit Euler scheme, are used, but also more sophisticated S-stage schemes. The
reason is, S-stage schemes can lead to higher temporal convergence orders, see Section
5.1.4 for further details. Therefore, in this section we state a scheme with the same
form as in (5.4) that provides an abstract interpretation of linearly-implicit S-stage
schemes, where S € N.
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As above, we begin with a uniform discretization of the time interval [0, 7] with
K € N subdivisions, step size 7 :=T/K, and t; := k7 for k € {0,..., K'}. Taking an
abstract point of view, we introduce separable real Hilbert spaces H, G, and consider
a mapping v : [0, 7] — H. Furthermore, let L,; be a family of, possibly unbounded,
linear operators which have bounded inverses

L;}:g—fH,

and let
RepiHX - xH—=>G (5.5)
W
be a family of (nonlinear) evaluation operators for k € {0,..., K —1}andi=1,...,S.
As the norm on the Cartesian product in (5.5) we set

%
H<U17 co 7Ui)||7.[><...><';_t = Z HUZH'H
=1

Remark 5.1. The mapping u : [0, 7] — H is understood to be implicitly given as a
solution of a (deterministic or stochastic) parabolic partial differential equation of the
form (5.1).

Remark 5.2. In most cases the operators L;gL are not given explicitly and, for this
reason, we need an efficient numerical scheme for their evaluation. The situation is
completely different with the R, ;, which are usually given explicitly and do not require
the solution of operator equations for their evaluation. Concrete examples of these
operators are presented and studied in Section 5.1.4 below.

Remark 5.3. In a Gel’fand triple setting (V, U, V*) typical choices for the spaces H
and Gare H=V,G =V*or H =G = U. However, also a more general setting such as

VCHCUCV CG

is possible. Observe that our motivating example from Section 5.1.1 fits in this setting
with H}(O) =H C Ly(O) and G = H1(O).

Starting from the given value uy := u(0) € H, we define the abstract exact S-stage
scheme iteratively by

S
Uk+1 = W i,
Z; (5.6)
71 -
Wi = LT,i RT’k,i(uk, Wg,1y - - - ,wk,i,l), 1 = 1, Ce ,S,

for k=0,..., K — 1. One step of this iteration can be described as an application of
the operator

E gk H—H,

S
UHE)W@, (5.7)

wyi(v) 1= L;}Rﬂkyi (v, wi1(v), ... ,wm,l('z))), i=1,...,S.
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If we define the family of operators

(5.8)

g o JEreiko. 0 Erjin, §<k
PR j=k

where I denotes the identity mapping, then the output of the exact S-stage scheme
(5.6) is given by the sequence

U = E7-707k(uO), k= O, . ,K. (59)

The convergence analysis which we present relies on a crucial technical assumption
on the operators defined in (5.8).

Assumption 5.4. For all 0 < j, k < K the operators

E.;r:H — H are globally Lipschitz continuous

with Lipschitz constants C'TL ijpk.

Remark 5.5. Assumption 5.4 is relatively mild, as it is usually fulfilled in the appli-
cations we have in mind. Concrete examples are given at the end of this section, as
well as in Section 5.1.4 below.

We call the sequence (5.9) the output of the ezact S-stage scheme, since the operators
involved in the definition of F.(; are evaluated exactly. In practical applications this
is very often not possible; the operators L }and R, }; can only be evaluated up to a
prescribed accuracy. Therefore, as a start, we make the following assumption.

Assumption 5.6. For all 7, k € {0,..., K — 1}, and for any prescribed tolerance
gr > 0 and arbitrary v € H, we have an approximation Eﬁk’;ﬂrl(v) of B, jr1(v) at
hand, such that ~

HET,]C,]C+1(/U) — ET,k,kJrl(U)HH < &k
with a known upper bound M, (e, v) < oo for the degrees of freedom needed to
achieve the prescribed tolerance ey.

Remark 5.7. In this abstract setting the term degrees of freedom is a bit vague,
since the precise meaning of this term depends on the concrete form of the applied
approximation scheme. For instance, in the finite element and the wavelet setting, the
degrees of freedom refer to the number of basis functions, which are needed for the
approximant to achieve the tolerance, cf. Section 2.3.2.

For simplicity, we make the following assumption.

Assumption 5.8. The initial value is given exactly, i.e.,

up = u(0).
Remark 5.9. The case where Assumption 5.8 does not hold, i.e., ug # u(0), can be
handled in a similar way. However, this only increases notational complexity.

Given an approximation scheme satisfying Assumption 5.6 and using Assumption
5.8, the abstract inexact variant of (5.6) is defined by

Uy = 11(0),

_ _ (5.10)
U1 ‘= ET7k7k+1(uk) for k = O, . ,K — 1.
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In Theorem 5.21 below we show how to tune the tolerances (¢j)k—o,. x—1 in such a
way that the abstract inexact scheme (5.10) has the same qualitative properties as the
exact scheme (5.6). As in (5.8), we define

7o JErkiko. 0 Brjin, J <k
7.0,k +— .
1, j=k.

Consequently, the output of the inexact S-stage scheme (5.10) is given by

ﬁk:ET,07k(u(0)), k:O,7K

Now, we are faced with the following problems. In practice, the Lipschitz constants
C’fljpk of E;j, given in Assumption 5.4, might be hard to estimate directly and
are only available in very specific situations. As we shall see in Section 5.3, the
individual operators L;}RTM, 1 =1,...,5, are much easier to handle. Moreover, a
direct approximation scheme for E. j 111, as required by Assumption 5.6, might also
be hard to get directly. Nevertheless, very often, one has convergent numerical schemes
for the individual operators L; }RTJM-. Therefore, with these observations in mind, we
are now going to state the corresponding assumptions for these individual operators
and specify Assumption 5.4 in the following way.

Assumption 5.10. For k=0,...,K —1and i =1,...,S the operators

LI jRypi:HxX - xH—H
’ N——’

)

are globally Lipschitz continuous with Lipschitz constants C’;ils(i).

Remark 5.11. Note that, on the one hand, Assumption 5.4 is slightly more general
than Assumption 5.10, since it is easy to see that a composition of non-Lipschitz
continuous operators can be Lipschitz continuous. On the other hand, Assumption 5.10
implies Assumption 5.4. This is a consequence of the fact, that, if we introduce the

constants
S

C‘,r,k,(i) = H (1+ Cf,iif,(l)) (5.11)
l=i+1

for k=0,..., K —1and¢=0,...,S5, we can estimate the Lipschitz constants C’Li{)k of

™J
E. ;1 as follows:

k—1
Crne <[ (G —1), 0<j<k<K (5.12)
r=j

This is worked out in detail in the proof of Theorem 5.24 below.
The analogue to Assumption 5.6 is given by the following assumption.

Assumption 5.12. For all 7, k£ € {0,...,K — 1}, ¢ € {1,...,S}, there exists a
numerical scheme that, for any prescribed tolerance €;; > 0 and arbitrary vy, ...,v;—1 €
H, yields an approximation [v]., , of

URES L;Z'IRT,k,i(U07 C s Vit),
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such that

HU - [U}ak,i

with a known upper bound M, j ;(ex;,v) < oo for the degrees of freedom needed to
achieve the prescribed accuracy ¢y, ;.

2 S Ehi

Remark 5.13. We do not specify the numerical scheme [-]. at this point. It might be
based on, e.g., a spectral method, an (adaptive) finite element scheme, or an adaptive
wavelet solver. The latter case are discussed in detail in Section 5.3. There, M, ; (e, v)
is an upper bound for the number of elements of the spatial wavelet system that is
needed to achieve the desired tolerance.

For any numerical scheme satisfying Assumption 5.12, and given tolerances ¢j; > 0,
k=0,...,K—1,i=1,...,S, the corresponding inezact variant of (5.6) is defined by

ﬂo = U,(O),

S
ﬂk—i—l = Z{Dk’i’ (513)
=1

wk,i = [L;%Rr,k,i(akawk,la I 7{1719,1'71)}81”7 1= 17 ey Sa

for k =0,..., K — 1. Note that (5.13) is consistent with (5.10), since it corresponds to
the specific choice

- )

E-r,k,k+1 H — H,

S
v Z@k,i(v), (5.14)

fﬁk,i(v) = [L;}RT,k’i(U, Ifl\}/kJ(’U), . 77:51@;&—1(7]))} 1= 1, ey S

ki’ )

In Theorem 5.26 below we show how to tune the tolerances in the scheme (5.13) in
such a way that the approximation of u in H has the same qualitative properties as
the exact scheme (5.6).

Remark 5.14. For E77k7k+1 as in (5.14) and arbitrary v € H, the estimate

s
| Erpps1(v) = Erppia(v)]],, < Z C 1o ()Ehi (5.15)
i—1

holds with C”. k(i) 8lven by (5.11). Thus, for any prescribed tolerance gy, if Assumptions
5.10 and 5.12 are fulfilled, we can choose €5, 7 = 1,...,.5, in such a way that the error
we make by applying Eﬂ;ﬁk“ from (5.14) instead of E; j 41 is bounded by &y, uniformly
in H. In this sense Assumption 5.12 implies Assumption 5.6. Detailed arguments for
the validity of estimate (5.15) are given in the proof of Theorem 5.24.

5.1.3 Controlling the error of the inexact schemes

We want to use the schemes described in the previous section to compute approximations
to a solution w : [0, 7] — H of a parabolic partial differential equation. The analysis
presented in this section is based on the assumption that the exact scheme (5.6)



5.1. Abstract description of Rothe’s method 87

converges to u with a given approximation order . We then state conditions how to
tune the tolerances in the inexact schemes (5.10) and (5.13), so that they also converge
to u and inherit the approximation order ¢ of the exact scheme, see Theorem 5.21 and
Theorem 5.26. We start with a natural assumption.

Assumption 5.15. There exists a unique solution u : [0,7] — H to the problem
under consideration, i.e., to (5.1).

Remark 5.16. Of course, the type of such solutions depends on the form of the specific
parabolic partial differential equation. We avoid, on purpose, a detailed discussion of
this aspect in this section and postpone further information to Remark 5.38.

The analysis presented in this section is based on the following central assumption.

Assumption 5.17. The exact scheme (5.6) converges to u(T") with order § > 0, i.e.,
for some constant Cegaet > 0,

H’LL(T) - T,O,K(u<0)) HH S Cexact 7_67

where the constant may depend on f, T', and ug, but not on 7.

Remark 5.18. Error estimates as in Assumption 5.17 are quite natural and hold very
often, see Section 5.1.4 and the references therein, in particular, LUBICH, OSTERMANN
[126, Theorem 6.2], which we quote as Theorem 5.37 below.

At first, we give an estimate for the error propagation of the abstract inexact scheme
(5.10) measured in the norm of H.

Theorem 5.19. Suppose that Assumptions 5.4, 5.6, 5.8, and 5.15 hold. Let (uy)i_,
K €N, be the output of the exact scheme (5.6), and let (U)X, be the output of the
scheme (5.10) with given tolerances e, k =0,..., K — 1. Then, for all0 < k < K,

k—1

Li
lu(te) = Telly < llulte) — wells + > CrP s
7=0

Proof. The triangle inequality yields
lute) — el < [Julte) — unl|,, + [k — Gl

so it remains to estimate the second term. Using ug = uy and writing uy — ug as a
telescopic sum, we get

U — Up, = (Ef,o,k(ﬂo) - ET,l,kEO,l(aO))
+ (Er,l,kEm(ﬂo) - ET,2,kE0,2(ﬁo))

+ (ETk 1kE0k 1(tg) — EOk(Uo))
k-1

=Y (B, jxBo(w0) — Erji11Eo 1 (uo)).
7=0

Another application of the triangle inequality yields

E‘

Jue — Uk |ln < Z ErjkEoj(uo) = ErjpaxFo i (uo)| -
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Due to the Lipschitz continuity of E. ;, cf. Assumption 5.4, each term in the sum can
be estimated from above by

| Er jxEo (1) — Erjir o i1 (uo)|,
= || Brjr16Erjis1 o (uo) — ErjiaEo i (uo)],,
CLlﬁrl kHE J»JJrlEOJ( 0) — E0J+1 Uo HH (5.16)

With EO,j (up) = u; and using Assumption 5.6, we observe

| Er 1o (o) = Eojra (o) ||y = | Brgr (@) — Ejja (@), < &5 O

Remark 5.20. In the description of our abstract setting we have chosen the spaces
‘H and G to be the same in all time steps. However, at the expense of a slightly more
involved notation, the result of Theorem 5.19 stays true with H replaced by variable
spaces Hy, k=0,..., K —1, as long as we can guarantee the Lipschitz continuity of the
mappings E; ;1 H; — Hj with corresponding Lipschitz constants C’TL’ ij{’k, 1<j5<k.

Based on Theorem 5.19 we are now able to state the conditions on the toler-
ances (ex)k—o.. k-1 such that the abstract inexact scheme (5.10) also exhibits the
approximation order 9.

Theorem 5.21. Suppose that Assumptions 5.4, 5.6, 5.8, and 5.15 hold. Let Assumption
5.17 hold for some § > 0. If we consider the case of inexact operator evaluations as
described in (5.10) and choose

0<er < (Crfprs) 77
k=0,...,K —1, then we get
[(T) = Er o, (w(0))]],, < (Coxact +T) 7°
Proof. Applying Theorem 5.19, Assumption 5.17 and K = T'/7, we obtain

K-1

oL
utre) = il < [lultn) = urclly + D Criis see
k=0
K-1
5 Li Li —1 _146
< Cexact T + Z CT,]<I;)+1,K (Cf,kp+1,K) T
k=0
— Uexact 7—6 + I(’Tl—’—(S — (Cexact + T) 7—6' 0
One of the final goals of our analysis is to provide upper estimates for the overall

complexity of the resulting scheme. As a first step, in this direction, we provide a quite
abstract version, which is a direct consequence of Theorem 5.21.

Corollary 5.22. Suppose that the assumptions of Theorem 5.21 are satisfied. Choose

(C’Elkl,‘)—i-l K) ! THév

fork=0,..., K —1, then the realization of ET,QK(uO) requires at most
K-1
M. 7(5, (ex)) == Z M (ks Erpgerr ()
k=0

degrees of freedom.
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Remark 5.23. At this point, without specifying an approximation scheme and there-
fore without a concrete knowledge of M, j(e,-), Corollary 5.22 might not look very
deep. Nevertheless, it is filled with content in Section 5.3, where we discuss the specific
case of adaptive wavelet solvers for which concrete estimates for M, x (e, -) are available.

The next step is to play the same game for the inexact scheme (5.13). We start
again by controlling the error propagation.

Theorem 5.24. Suppose that Assumptions 5.8, 5.10, 5.12, and 5.15 hold. Let (ux)k_,,
K €N, be the output of the exact scheme (5.6), and let (U)X, be the output of the
inexact scheme (5.13) with prescribed tolerances ey;, k=0,...,. K —1,i=1,...,S.
Then, for all0 < k < K,

fut) =, < ftt) = el + 3 ( I )Z s

j=0 \l=j+1

Proof. We just have to repeat the proof of Theorem 5.19 with the special choice (5.14)
for ET,k,kH, and to include two modifications. First, instead of the exact Lipschitz
constants C; 414 in (5.16), we can use their estimates (5.12) announced in Remark
5.11. Second, in the last step of the proof of Theorem 5.19, we may estimate the error
we make when using E; ; ;41 instead of E; ;41 as in (5.15) of Remark 5.14. Thus, to
finish the proof we have to show that the estimates (5.12) and (5.15) hold.

We start with (5.12). Note that it is enough to show that

Colei <Clpwy—1, 0<k<K-1, (5.17)
since, obviously,
k—1
oo < J[Cmhn. 0<j<k<K
r=j

Thus, let us prove that (5.17) is true, if Assumption 5.10 holds. To this end, we fix
ke€{0,..., K —1} as well as arbitrary u,v € H. Using (5.7) and the triangle inequality,
we obtain

| Er i1 (@) = Erpira(v)],, < Z l|wi,i (u) — wy,i (V)] (5.18)

Applying Assumption 5.10, we get for each ¢ € {1,...,S}:

o) = wis(®)l,, < CEE ) (Il = ol +Z Jwkaw) = wii(w)],,)-

Hence, for r =0,...,5 — 1, we have

r+1

Z HlUk:z(u) — w;“ HH (1 + Cflp r+1)) Z Hw;“(u) — wkl(U)HH

Li
+ CT,lkp,(r—&-l)Hu - UHH

(5.19)
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By induction, it is easy to show that e, < a,e, + b, and ey = 0 imply

< ij ] H 1. (5.20)

l=j5+1

In our situation, this fact leads to the estimate

S
S weae) — wii(v) HH<ZO£;S,)Hu vnHH (14+CEP )
i=1

l=i+1
since (5.19) holds for r =0,...,5 — 1. Furthermore, we can use the equality
S
Li Li Li
Zcrpz) H 1+C7‘l§l) H( CTk‘p(’L) 1= 7/'7167(0)_1
=1 l=i+1 =1
to obtain

S
Z || wii(u) — wii ()|, < (Chyoy = D llu— vl
=1

Together with (5.18), this proves (5.17).

Now, we show the estimate (5.15). Fix k € {0,..., K — 1} and let E, ;4.1 be given
by (5.14) with the prescribed tolerances ey, i = 1,...,.S, from our assertion. Then,
for arbitrary v € H, we have

| Erpn1(v) = Erpgr(v ||H < Z | we,i(v) @;“(U)HH (5.21)

Using the triangle inequality and Assumption 5.10 we obtain, for each ¢ = 1,...,.5,

[wri(v) = Wi (V) |,
= Lq:ilRT,k,i(U7 W1 (V) ooy Whi—1 (V)
— [L;'}RT,k,i(’Uu Wy (v), -‘-7{Dk,z’—1(v))} y

Lt R0, 031 (0), oy 031 (0)) = L R (0, W (0), s B (0)|

€k,i

IN

H

‘I‘,k,i(v7 @m(v), e wk,ifl(v))

— [L;;Rr,k,i(va Wi (v), ..., {Dk,i—l(v))]

Ek,i

H

< CLlp Z”wkl 'L’Dk,l(v)”H"f'gk,i«

Thus, forr=0,...,5 —1,

r+1 r
Z Hw;w(v) —ﬁkz H’H (1—}—CL1]S (r+1) ZH’wa('U) —@UM(U)HH—FeM.
= i=1
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Arguing as above, cf. (5.20), we get

S
D wniw) = g HH<ZS’“H1+CLII§)Z) Z ks (i) h
=1

l=i+1
Together with (5.21), this proves (5.15). O

Remark 5.25. By construction, Theorem 5.24 is slightly weaker than Theorem 5.19,
but from the practical point of view Theorem 5.24 is more realistic. As already outlined
in Section 5.1.2, in many cases, estimates for the Lipschitz constants according to
Assumption 5.10 and convergent numerical schemes according to Assumption 5.12 are
available.

Based on Theorem 5.24, we are able to state the conditions on the tolerances ¢y,
k=0,...,K—1,i=1,...,5, such that the scheme (5.13) converges with the desired
order. We set

K1
k= H ( ;,l,(O) - 1) (5.22)
I=k+1

for k =0,...,K — 1, where C;,l,(o) is given by (5.11).

Theorem 5.26. Suppose that Assumptions 5.8, 5.10, 5.12, and 5.15 hold. Let Assump-
tion 5.17 hold for some 6 > 0. If we consider the case of inexact operator evaluations
as described in (5.13) and choose

1 —1
0< Eki < §< :'/,k: ;-7k7(2)> 71+6, (523)
then we get
HU(T) - aK”H S (Cexact + T) 7—5- (524)

Proof. Applying Theorem 5.24, Assumption 5.17, and choosing ¢;; as in (5.23), we
obtain

K-1 S
ultie) = Ly, < lJultn) = uxlly + D> CliCrp g ena
k=0 i=1
= (Cexact +T) 7—6- O

Remark 5.27. Let us take a closer look at condition (5.23). The number of factors in

" is proportional to K — k, so that the tolerances are allowed to grow with & (if all
factors in C;’JC are greater than or equal to 1). In this case, this means that the stage
equations at earlier time steps have to be solved with higher accuracy compared to
those towards the end of the iteration. Furthermore, the number of factors in C! ko (i) is
proportional to S — 4, but independent of k. Consequently, also the early stages have
to be solved with higher accuracy compared to the later ones.

Remark 5.28. In Theorem 5.26, (5.23) is a specific choice for the tolerances ey,
k=0,...,K—1,7=1,...,5. Essentially, it is an equilibrium strategy. However, also
alternative choices are possible. Indeed, an inspection of the proof shows that any
choice of ¢y ; satisfying

1 \N—1__ 146
§ k:(z skl = O‘r,k) T

would also be sufficient.
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Remark 5.29. In practical applications, it would be natural to use the additional
flexibility for the choice of €, as outlined in Remark 5.28 to minimize the overall
number of degrees of freedom of the method, given by

K-1 S

M‘I‘,T<5) = MT,T((S (gkz kz = ZMTk’L €k 17wk z) (525>
k=0 =1
where for k=0,..., K —1,:=1,...,9,
Wi = L;,}Rr,k,i(ﬁk, Wity - -y Whyie1), (5.26)

and M.y ;(exq, Wi,;) as in Assumption 5.12. We omit the dependency on (e ;) when-
ever the tolerances are clear from the context. This leads to the abstract minimization
problem

K-1 § K-1 §
(mi)n E E M, ki(gki, Wy;) subject to E crC (i) Ehi < 7.
TRkt 370 =1 k=0 i=1

We conclude this section with first applications of Theorem 5.21.

Example 5.30. Let us continue the example from the very beginning of this section
and consider Eq. (5.2) in the Gel'fand triple (H}(O), L2(O), H~*(O)). We want to
interpret the linearly-implicit Euler scheme as an abstract one-stage method with

H =G = Ly(O). To this end, let
AL D(AD) C Ly(0) — Ly(0),
denote the Dirichlet Laplacian with domain

2

D(AB) .= {u € H}(0): duz= %u e LQ(O)},

which is defined as variational operator, see (A.8) in Appendix A.1.3, starting with the
symmetric, bounded, and elliptic bilinear form, cf. (A.6),

a: Hy(O) x HY(O) = R

5.27
(u,v) — a(u,v) = / (Vu, Vu) dx. (5.27)
o
In this example, we pick a smooth initial value uy € D(AL), and consider a
continuously differentiable function

f:00,T] x Ly(O) — Ly(0O),

which is Lipschitz continuous in the second variable, uniformly in ¢ € [0, T]. We denote
the Lipschitz constant by C'1P/. Observe that Assumption 5.15 is satisfied, since A3
generates a strongly continuous contraction semi-group on Ls(O), cf. Appendix A.1.3,
and therefore Eq. (5.2) has a unique classical solution, see, e.g., PAzZY [133, Theorems
6.1.5 and 6.1.7]. Thus, there exists a unique continuous function u : [0,7] — L2 (O),
continuously differentiable in (0,77, taking only values in D(AZ), and fulfilling

u(0) = up, as well as u'(t) = Adu(t) + f(t,u(t)), forte (0,T).
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In this setting, we can state the exact linearly-implicit Euler scheme (5.3) in the
form of an abstract one-stage scheme as follows: With H = G = Ly(O) and 7 =T/ K,
we define the operators

L7} Ly(0) — Ly(0)

v Ljv = (I —7A8) v,
as well as

RT,k:,l : LQ(O) — LQ(O)
v Rep1(v) == v+ 7f(tg,v),

for k=0,..., K — 1. Then the exact linearly-implicit Euler scheme fits perfectly into
the abstract exact scheme (5.6) with S = 1.

Under our assumptions on the initial value uy and the forcing term f, this scheme
converges to the exact solution of Eq. (5.2) with order § = 1, i.e., there exists a constant
Cexact > 0, such that

[(T) = uk |, o) < Coxace T,
see for instance CROUZEIX, THOMEE [39]. Therefore, Assumption 5.17 is satisfied.
Assumption 5.4 can be verified by the following argument: It is well known that
for any 7 > 0, the operator L 1 defined above is bounded with norm less than or

equal to one, cf. Appendix A.1.3. Because of the Lipschitz continuity of f, for each
k€ {0,..., K — 1}, the composition

E-r,k,k+1 = L;&Rﬂk’l : Lg(@) — LQ(O)
is Lipschitz continuous with Lipschitz constant
Li Lip,
Copr <14 7CHR
Thus, if we define E, j; : Ly(O) — Lo(O) for 0 < j < k < K as in (5.8), these
operators are Lipschitz continuous with Lipschitz constants

CrP < (L4 7CMPI )R,

T7j7k -

i.e., Assumption 5.4 is fulfilled. Furthermore, these constants can be estimated uniformly
for all j, k and 7, since

1< OMP < (14 7CYNE < oxp(TOLP),

Now, let us assume that we have an approximation Eﬂmﬂ(z}), v € Ly(0O), such that
Assumption 5.6 is satisfied. Then, we can apply the results from above to choose the
tolerances (g)r_,’, so that the output ()%, of the inexact scheme (5.10) converges
to the exact solution with the same order § = 1. Indeed, if we choose

7_2

<
~ exp(TCLir-f)

we can conclude from Theorem 5.21 that the inexact linearly-implicit Euler-scheme
(5.10) converges to the exact solution of Eq. (5.2) with order 6 =1, i.e.,

[u(T) = ke[| 20 < (Coxaer + T) 7,

for k=0,..., K — 1,

for all K € N.
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Example 5.31. In the situation from Example 5.30, let us consider a specific form of
f:(0,T] x Ly(O) — Lo(O), namely

(t,U) = f(tv U) = f(U),

where f : R — R is continuously differentiable with bounded, strictly negative derivative,
i.e., there exists a constant B > 0, so that

4 -
—B<£f(x)<0 forall zeR.

Then, for arbitrary vy, ve € Lo(O) we get for any k =0,..., K — 1,

| L7 1Rk (v1) — L;%RTvkal(UQ)HLQ(O)
< ||Rrna(v1) — RT,;@,1(U2)HL2(O)
o+ 70 — o+ 7F 0

1 +Tif($)

< sup 1
x

zeR

o1 — UzHLg(O)-

Thus, if 7 < 2/B, we have a contraction. For K € N big enough, and &, < 72,

k=0,...,K —1, we can argue as in Example 5.30 to show that
HU(T) - aKH[Q(o) S (Cexact + T) Tl?

i.e., the inexact linearly-implicit Euler scheme (5.10) again converges to the exact

solution of Eq. (5.2) with order § = 1, but, in this example, for much larger values of

£k, thus, with far fewer degrees of freedom.

5.1.4 Applicability of linearly-implicit 1-step S-stage schemes

We substantiate our abstract convergence analysis to the case when Rothe’s method is
induced by a linearly-implicit S-stage time integrator. We want to compute solutions
u: (0,T] — V to initial value problems of the form

u'(t) = F(t,u(t)), u(0)=uy, te€]l0,T], (5.28)

where F': [0,7] x V — V* is a nonlinear right-hand side and uy € V' is some initial
value. Consequently, we consider the Gel’fand triple setting (V, U, V*). Typical examples
are, for instance, semi-linear equations, i.e.,

F(t,u(t)) :== Au(t) + f(t,u(t)).

In practical applications usually A is a differential operator and f a linear or nonlinear
drift term.

Essentially this section consists of two parts. First, we show that linearly-implicit
S-stage schemes fit nicely into the abstract setting as outlined in Section 5.1 with
H =V and G = V*, see Observation 5.33. In the second part, see Observation 5.41, we
analyze the case H = G = U, since error estimates for the discretization in time are
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often formulated in the norm of U and then a higher order of convergence might be
achieved, cf. Theorem 5.37.
In their general form, linearly-implicit S-stage methods are given by

s
Ugt1 :uk—i—TZmiyk,i, k=0,1,..., K — 1, (5.29)
i=1
with S linear stage equations
i—1
(I - T’yi,iJ)yk,i = F<tk + Q;T, U +7 Z az,ﬂJk,g) + Z Cz,yyk‘,] + T4, (530)
7=1 7=1
and
i—1 j i
a; 1= ai,jz_ Z%la
j=1 =1
fori =1,...,5. By J and g we denote (approximations of) the partial derivatives

F,(ty, ug) and Fy(tg, ug), respectively. This particular choice for a; ensures that J does
not enter the right-hand side of (5.30). The parameters a; j, ¢; j, vi; and m; # 0 have
to be suitably chosen according to the desired properties of the scheme.

Remark 5.32. If J = F,(tg, ux) and g = Fy(ty,ux) are the exact derivatives, the
corresponding scheme is also known as a method of Rosenbrock type. However, this
specific choice of J and ¢ is not needed to derive a convergent time discretization
scheme. In the larger class of W—methods, J and g are allowed to be approximations
to the exact Jacobians. Often one chooses g = 0, which is done at the price of a
significantly lower order of convergence and a substantially more complicated stability
analysis.

First, we consider the case H =V, G = V*. The scheme (5.29) immediately fits
into the abstract setting of Section 5.1, as long as we interpret the term u; as the
solution to an additional Oth stage equation given by the identity operator I on V.
Now, if we define

LT’Z' V- V*,

5.31
v (L — 71y J)v (5:31)

and use the right-hand side of the stage equations (5.30) to define the operators

Ripi:Vx--xV—=V" (5.32)
+Z

for k=0,...,K—1and¢=1,...,S5, then the scheme (5.29) is related to the abstract
Rothe method (5.6) as follows.

Observation 5.33. Fork =0,..., K—1andi=1,...,5 let L.; and R, ; be defined
by (5.31) and (5.32), respectively, and set LR 0 := Iv_yv. Then the linearly-implicit
S-stage scheme (5.29) is an abstract (S + 1)-stage scheme in the sense of (5.6) with

(vo,...,vi_l)mmi(F(tHaTUO+Z i +T%)
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H=V,G=V* We have

S
Uk+1 = E W i,
i=0

71 S
Wi = LT7Z‘ RT,k,i(uk7 Wk, - - 7wk,ifl)7 1= 07 RS Su

fork=0,... K—1.

Remark 5.34. Of course, since the operators R, ; are derived from the right-hand
side F', it might happen that they contain, e.g., nontrivial partial differential operators.
Nevertheless, even in this case these differential operators are only applied to the
current iterate and do not require the numerical solution of an operator equation, and
that is why the operators R, ; can still be interpreted as evaluation operators.

Let us now look at an example, where a simple one-stage scheme of the form (5.29)
with H =V and G = V* is translated into a scheme with H =G = U.

Example 5.35. Let O C R? be a bounded Lipschitz domain. Consider the heat
equation (5.2) in the Gel'fand triple (H}(O), Lo(O), H'(O)) with
ABu + f(t,u) = F(t,u)

and F': [0, 7] x H}(O) — H~Y(O), where we assume again that f fulfills the conditions
from Example 5.30. The scheme (5.29) with

S=1, mi=m =1 J=AE:H(O)— HY0), and g=0
leads to
U1 = uk—f—T(I—TAg)_l(Aguk —|—f(tk,uk)), k=0,...,K—1,

which fits perfectly into the setting of Section 5.1. It can be rewritten as a 2-stage
scheme of the form (5.6) with # =V and G = V*, cf. Observation 5.33. However, since
the Dirichlet-Laplacian is not bounded on L(O), it can not be understood directly as
an S-stage scheme of the form (5.6) with H = G = Ly(O), but a short computation
shows that it can be rewritten as

Uk+1 = (I—TAg)_l(uk+Tf(tk,uk)), k= 0,...,K— 1.

Thus, if we start with vy € D(AB), and consider the Dirichlet Laplacian as an
unbounded operator on Ly(Q), this scheme can be interpreted as an abstract one-stage
scheme of the form (5.6) with H = G = U, see Example 5.30. It is worth noting that
this result stays true for a wider class of operators A instead of A5, see CROUZEIX,
THOMEE [39] for details.

The next step is to discuss the case H = G = U in detail, where we restrict the
discussion to the case of semi-linear problems (5.28) with a right-hand side of the form

F0.T)xV =V, F(t,u) = Alt)u+ f(t,u), (5.33)

where A(t) is given for all t € (0,7") in the sense of Appendix A.1.3. Furthermore, we
focus on W-methods with the specific choice

J(ty) == A(ty), ¢:=0, (5.34)
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in (5.30). We restrict our analysis to these methods for the following reasons. First, the
linearly-implicit Euler scheme, which is the most important example, is a W-method
and not a Rosenbrock method. Second, the choice of J in (5.34) avoids the evaluation
of the Jacobian in each time step, which might be numerically costly.

In our setting, the overall convergence rate that can be expected is limited by the
convergence rate of the exact scheme, cf. Theorem 5.26 and Assumption 5.17. Therefore,
to obtain a reasonable result, it is clearly necessary to discuss the approximation prop-
erties of the exact S-stage scheme. To the best of our knowledge, the most far reaching
results concerning the convergence of S-stage W-methods for evolution problems have
been derived by LUBICH, OSTERMANN [126]. For the reader’s convenience, we discuss
their results as far as it is needed for our purposes. To do so, we need the following
definitions and assumptions.

The method (5.29) is called A(6)-stable if the related stability function

-1
R(z) =1+ ~m! <I — (Ci,j);‘s:jzl — z(diag(%i) + (a@j)szl)) 1,
where 17 :=(1,...,1)" and m" := (my,...,mg)", fulfills
|R(z)| <1 forall z € C with |arg(z)| > 7 — 6.

If, additionally, the limit |[R(0c0)| := lim|,| [R(2)| < 1, then the method is called
strongly A(6)-stable.

We say that the scheme (5.29) is of order p € N, if the error of the method, when
applied to ordinary differential equations defined on open subsets of R? with sufficiently
smooth right-hand sides, satisfies

||u<tk) - ukHRd < C'ord Tpa

uniformly on bounded time intervals.
Assumption 5.36. Let Cygee; > 0 and denote j(t) = A(t) + Cofrset ! -

(i) For both instances G(t) := F,(t,u(t)) and G(t) := J(t) it holds that G(t) : V —
V* t € ]0,T], is a uniformly bounded family of linear operators in £(V, V*). Each
G(t) is boundedly invertible and the family G(t)~!, ¢ € [0, T], is uniformly bounded in
LV* V).

(ii) There exist constants ¢ < 7/2, C5 > 0, i = 1,2 such that for all ¢ € [0, 7]
and z € C with |arg(z)] < m — ¢ the operators zI — F,(t,u(t)) and zI — j(t) are
invertible, and their resolvents are bounded on V, i.e.,

sect
&

Y Csect
T = Rutt ) ey < o NG =IO gy < o

K

(iii) The mapping t — F,(t,u(t)) € L(V, V*) is sufficiently often differentiable on
[0, 7] and fulfills the Lipschitz condition

| Fu(t, u(t) — Fu(t’,u(t’))HL(W*) <OF|t—t| for0<t<t <T.

(iv) The following bounds hold uniformly for v varying in bounded subsets of V'
and 0 <¢t<T:

| Fru(t, v)w)| < Coullwnllvlwe|lv.

v S OtF”wHVa HFuu(t7v)[wlaw2H

(7

V*
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(v) There exists a splitting
fult,u(t)) = SY 4 5t (5.35)

and constants p < 1, 8 > u (positive), C,gl) (sufficiently small) as well as o)

o Ck,,@?
C’k , and Ckﬂ, such that

||S(l)||£VV* SC}EZ))
HS(T S (b HE VvV <Cy)

) = TR

|77 (t) (. (tk7u(tk ﬁHE(V,V) < Chp
”Jﬂ S(Z)J HE(V,V*) = C,ff),
”Sk TP k)Hﬁ(V*,V*) < CIS%

With above definitions and assumptions at hand, we quote LUBICH, OSTERMANN
[126] concerning the convergence of exactly evaluated S-stage W-methods.
Theorem 5.37 [126, Theorem 6.2|. Suppose that the solution u of Eq. (5.28), together
with (5.33), is unique and has sufficiently reqular temporal derivatives. Let Assumption
5.36 hold. Suppose that the scheme (5.29) is a W-method of order p > 2 that is strongly
A(0)-stable with 0 > ¢ and ¢ < /2, cf. 5.36(ii). Let 5 € [0,1] be as in 5.36(v) such that
D(A(t)?) is independent of t (with uniformly equivalent norms), APu' € Ly(0,T;V).
Then the error provided by the numerical solution uy, k =0, ..., K is bounded in 7 < 7
by

K 1/2
2
(~3 et )+ g i)l
k=0
T 1/2
< ot (g v cpal) of ( / A% ()] dt)
0

T T !
conv / 2 i "
+Cf #(AHMmmH&+AHU®%@+A““U|
(5.36)

The constants C°™, C3°™, and 1y depend on the concrete choice of the W-method,
the constants in the assumptions, and on T'. The maximal time step size Ty depends in
addition on the size of the integral terms in (5.36).

1/2

2
2, dt

Remark 5.38. As in Theorem 5.37, and throughout this section, we assume that
a unique solution exists, i.e., Assumption 5.15 holds. This is the starting point for
our convergence analysis of inexact S-stage schemes. Thus, we do not discuss the
solvability and uniqueness theory for PDEs in detail. However, since in the forthcoming
examples we use the results from LUBICH, OSTERMANN [126], let us briefly recall
which solution concept is used in the following standard situation: Consider a linear
operator A : V — V* fulfilling the conditions from Appendix A.1.3, and assume that
F in (5.28) has the form F(t,u) := Au+ f(t). Then, a weak formulation of Eq. (5.28)
is: find
ue C([0,T);U) N Ly(0, T V),
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such that

d

a(u(t),'u)y = (Au(t), v)y-xv + (f(t),v)y forall veV,te (0,T].

Before we continue our analysis, let us present a well-known W-method which
fulfills the assumptions of Theorem 5.37.

Example 5.39. For S = 2, we present the following scheme taken from VERWER
ET AL. [168], which is a strongly A(6)-stable (0 = 7/2) W-method of order p = 2. It is
sometimes called ROS2 in the literature and is given by

U =up+ =T + =TYk2,
k+1 k 9 Yk B Yk,2

where

-1

Yr1 = <I -5 +1\/§A<tk)) <A(tk)uk + f(fk,uk)>7

1 -1
ykz,2 = (I — 7'2 n ﬁA(tk)) (A(tk + T)(Uk —+ TykJ) + f(tk + T, Uk + Tyk71) — 2yk,1) .

It fits into the setting of (5.29) with
my=3/2, me=1/2, v1=22= 02+ \/5)_1, as1 =1, and co1 = —2.

For the remainder of this section, we restrict the setting of (5.33) to the special
case

Fo0,T]xV = V* F(tu) = Au+ f(¢), (5.37)

where A : V' — V* is given in the sense of Appendix A.1.3, and f : [0,7] — U is a
continuously differentiable function. In this case, as already mentioned in Example 5.30,
Eq. (5.1.4) has a unique classical solution, provided ug € D(A;U), see e.g., PAzY [133,
Corollary 2.5]. Tt is worth noting that this unique solution is a also a weak solution in
the sense of LUBICH, OSTERMANN [126], as addressed in Remark 5.38.

Using the abstract results from Section 5.1, we analyze the inexact S-stage method
corresponding to the W-method with

J:=A and g¢:=0. (5.38)

Furthermore, we restrict the discussion to the case S = 2. This is not a major restriction
for the following reason. According to Theorem 5.37, the maximal convergence order of
W-methods is bounded by § = 1+ 3, where § € [0, 1]. In Example 5.42 below, we show
that an F' of the form (5.37) fulfills Assumption 5.36(v) with § = 1. If we additionally
impose the asserted regularity assumptions with 5 = 1, cf. (5.44) in Example 5.42,
then we can apply Theorem 5.37 with 8 = 1 to the ROS2-method given in Example
5.39 (which is a 2-stage method), and get the optimal order in this context.

The structure (5.37) of the right-hand side F' in Eq. (5.1.4), allows the following
reformulation of the W-method with (J, ¢) as in (5.38).
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Lemma 5.40. Consider the S-stage W-method given by (5.29) with S = 2 and F and
(J,g) as in (5.37) and (5.38), respectively. Then, if v;; # 0, for i =1,2, we have

my My a1 a2,1
Uppr1 = (1 ——— — - — U + | 7M1y — Tmo—— | U1 + TMaUk 2,
T,1 72,2 T,1 72,2

where

_ 1
Vg1 = LT& <T’}/ U + f(tk)> ,
1,1

1 a c a
Upe = L} <( ( — ﬂ) — ) uy, + (ﬂ + 02,1> vk + f(tk + azT)) :
TY2,2 V1,1 TY1,1 Y2,2

Proof. See Appendix B.5. O

As an immediate consequence of Lemma 5.40, we obtain the following observation.

Observation 5.41. If v,; # 0, for i = 1,2, and myvy22 7# maas 1, then the scheme
under consideration perfectly fits into the setting of Section 5.1 with H =G =U. It
can be written in the form of the abstract Rothe method (5.6). More precisely, we have

2
Uk+1 = Z Wi,i,
o (5.39)
Wi = L—;Z'IRT,k,i(uk7 Wg,1,--- 7wk:,i—1)a 1= 07 17 27
with
L;:U—U,
’ (5.40)

v (I - T’}/i’iA)_lv, fori=1,2,
as well as the evaluation operators

RT,k,l U — U,

5.41
v (m — —mQaz’l) v+ T (m1 — m2%> f(tr), ( )
Y11 V2,271, V2,2

and

R7—7k722U><U—)U,

mo a1 C2,1M2
Vo, V1) > | — —— | —— ] %
( ) <’72,2 ( 71,1) V1,1 > (5-42)
MaoQo 1 + M C
2021 272,2 2’11}1 —f-Tme(tk; +a27).
mi72,2 — MaG21

Furthermore, a Oth step given by
L gRrpo: U — U,

( mq mo ( as 1)) (543)
v (1= =2 = 2 (1221 ).
Y11 V2,2 71,1

An easy computation, together with the fact that LT_} and L;% are contractions on U,
cf. Appendiz A.1.3, yield the Lipschitz constant

my maoQa 1

Y11 Y2,271,1

Lip
7.k, (1)




5.1. Abstract description of Rothe’s method 101

of L;&Rﬁk,l. Simultaneously, the Lipschitz constant of L;%Rﬁm can be estimated as

follows:
m2 ( _ @) _ Mt }
V2,2 V1,1 V1,1 ’

Note that both constants are independent of k and T.

Example 5.42. As a first step towards the case of inexact operator evaluations we
need to check Assumption 5.36 for the applicability of Theorem 5.37 in the current
setting (5.37), (5.38). We begin by choosing Coyser = 0. As a consequence it holds that
J = F,(t,u(t)) = A, independently of t. Assumption 5.36(i) holds by the assumptions
on A, see Appendix A.1.3. This, together with the ellipticity assumption, given in
(A.6), already implies Assumption 5.36(ii), see KATO [108]. Further, A = F,(¢,v) is
independent of (¢,v), and as a consequence Assumptions 5.36(iii) and (iv) hold with
CI'=CI = CF = 0. Finally, since J is the exact Jacobian, it is possible to choose

S,il) = S,(f) = 0 in (5.35), such that Assumption 5.36(v) holds with C,gl) = C’SZL =

C’,Erg =0, Cy3 =1 and f = 1. Concerning the W-method (5.29) we assume it to be of
order p > 2 and strongly A(6)-stable with § > ¢, where ¢ is as in Assumption 5.36(ii).
Therefore, e.g., the ROS2 method from Example 5.39 could be employed. If for the
solution of Eq. (5.1.4) with F' as in (5.37) the regularity assumptions

Au' u" € Ly(0,T; V), v € Ly(0,T; V) (5.44)

Moo 1 + Ma7Y2,2C2 1

mM172,2 — MaA21

7,k,(2) —=

cHr < max{

hold, then we can apply Theorem 5.37. Using C’,gl) = 0 and § = 1, the convergence
result (5.36) reads as

K 1/2
GZMFWMQ T mex [lue— ult)ll,
k=0

0<k<K
T T T 1/2
<o ([l as [ o [ el o) -
0 0 0
That means, the error measured in the norm || - ||; is of order 6 = 2.

Example 5.43. We employ the method ROS2 from Example 5.39 to our general
convergence results of Theorem 5.26 for the case of inexact solution of the stage
equations. First, we present the method in its reformulation on H = G = U, as given
in Observation 5.41. Inserting the coefficients

3 1 —
my = 9 mg = 9 Y1 =2 = (2+ \/5) g a1 =1, and ¢y = -2

into (5.39), (5.40), (5.41), (5.42), and (5.43) yields

2
Uk+1 = E Wi,
i=0

71 A
Wi = LT,i RT,k,i(uk7 Wg,1, - - - 7wk,i—1>a 1= 07 17 27
where the Oth stage vanishes, i.e., L;éRﬂk,O =0,

Li=L5:U—U,

1 -1
v | [ —7 A v,
( 2+\/§>
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and the evaluation operators are given by
Rip1:U—=U,
V2 142

|_)__
v 2v+7‘ 5

and

RT71€721U><U—>U,

This scheme fits perfectly into the abstract Rothe method (5.6) with S = 2. By
Observation 5.41, we get the following estimates of the Lipschitz constants of L;}RW,

i=1,2:
Li \/5 Li \/i —\/5 \/§
C Jf,(l) =5 and 077,2(2) < maX{T, - < ==

v =2
As in Example 5.42, we assume that the exact solution u satisfies (5.44). Furthermore,
we assume we have a numerical scheme at hand, such that Assumption 5.12 is satisfied.
Then, by Theorem 5.37 and Theorem 5.26, if we choose the tolerances ¢y ;, for k =
0,...,K —1and i =1,2, so that they satisfy

1 5 1 K—k—1 2 \/§
0<€k,¢§57 <§+\/§) H 1+7 ,

l=i+1

the corresponding inexact 2-stage scheme (5.13) converges with order § = 2. The
computational cost can be estimated by

K-1

Z (M1 (e, Wea) + Mrgo(Er, Wro))

k=0

with M, (-, -) as in Assumption 5.12 and @y ; as in Remark 5.29.

Remark 5.44. For methods of Rosenbrock type, i.e., under the assumption that we
use exact Jacobians J and ¢, a result similar to Theorem 5.37 holds. In LUBICH,
OSTERMANN [126, Theorem 5.2] it is shown that for methods of order p > 3 and under
certain additional regularity assumptions on the exact solution u of Eq. (5.1.4) the
error can be bounded similar to (5.36) with rate 72+%, 8 € [0, 1].

5.2 Application to stochastic evolution equations

We apply Rothe’s method to a class of semi-linear parabolic SPDEs and derive sufficient
conditions for convergence in the case of inexact operator evaluations. We use the
stochastic analogue of the linearly-implicit Euler scheme (5.3) in time, and the spatial
discretization in every time step is a (possibly nonlinear) black box-solver [-]., e.g., an
adaptive wavelet solver as described in Section 5.3.3. As before, we interpret parabolic
SPDEs as ordinary SDEs in a suitable function space U. We consider a separable real
Hilbert space U and the U-valued SDE

du(t) = Au(t)dt + F(u(t))dt + B(u(t))dW(t), w(0) =ug, te€0,T], (5.45)
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driven by a cylindrical Wiener process W = (W (t)):co,r] on the sequence space (5.
Here, u = (u(t))icpo,m is a U-valued stochastic process,

A:DA)cU—-U

is a densely defined, strictly negative definite, self-adjoint, linear operator such that
zero belongs to the resolvent set, and A~! is compact on U. The drift term

F: D((—A)°?) = D((=A)**")
and the diffusion term
B: D((=A)°%) = L(Lz, D((—A)*7?"))

are Lipschitz continuous maps for suitable constants g, or, and ppg. Details are given
in Section 5.2.1. Our setting is based on the one considered in PRINTEMS [137] where
the convergence of semi-discretizations in time is investigated. This is why, in contrast
to the previous sections, the forcing term F' may not depend on the time variable ¢.
Compared with PRINTEMS [137] we allow the spatial regularity of the whole setting to
be ‘shifted’ in terms of the additional parameter o. In concrete applications to parabolic
SPDESs, this leads to estimates of the discretization error in terms of the numerically
important energy norm, cf. Example 5.55, provided that the initial condition uy and
the forcing terms F' and B are sufficiently regular.

5.2.1 Setting and assumptions

Let us describe the setting for Eq. (5.45) systematically and in detail.

Assumption 5.45. The operator A : D(A) C U — U is linear, densely defined,
strictly negative definite, and self-adjoint. Zero belongs to the resolvent set of A and
the inverse A~!: U — U is compact. There exists an g4 > 0 such that (—A)7¢4 is a
trace class operator on U.

To simplify notation, the separable real Hilbert space U is always assumed to be
infinite-dimensional. It follows that A enjoys a spectral decomposition of the form

Av = Z)\j@,ej}(]ej, ve D(A),

jeN

where (e;);en is an orthonormal basis of U consisting of eigenvectors of A with strictly
negative eigenvalues (\;);jen such that

O>)\12)\22...Z)\j—>—00, ]—>OO
For s > 0 we set

D((—=A)*) := {U ceU: Z ’(—/\j)s(v7ej)U|2 < oo} , (5.46)

jeN

(—A)v:= ) (=N) (v ejlues, v € D((—A)), (5.47)

jeN
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so that D((—A)®), endowed with the norm || - || p¢- =||(=A)* - ||y, is a Hilbert
space. For s < 0 we define D((—A)®) as the completlon of U with respect to the norm
| - Ip((=a)s), defined on U by

101y = D (=X (@, e5)u”

jEN

Thus, D((—A)*®) can be considered as a space of formal sums

v:Zv(j)ej such that Z‘ )? (])| < 00

JeN JeN

with coefficients v¥) € R. Generalizing (5.47), we obtain operators (—A)%, s € R,
which map D((—A)") isometrically onto D((—A)"*) for all » € R. Now, the trace class
condition in Assumption 5.45 can be reformulated as the requirement that there exists
an g4 > 0 such that
Tr(—A)72 =) (=) < 0. (5.48)
jEN
The Dirichlet-Laplacian from Example 5.30 fulfills Assumption 5.45.

Example 5.46. Let O C R? be bounded and open, U := Ly(O), and let A := AL be
the Dirichlet-Laplacian on O from Example 5.30, i.e.,

AL D(AD) C Ly(0) — Ly(0)

with domain

D(Ag) = {ueHl : Au —Z U€L2 )}

Note that this definition of the domain of the Dirichlet-Laplacian is consistent with
the definition of D((—AL)®) for s =1 in (5.46), see e.g., LINDNER [124, Remark 1.13]
for details. This linear operator fulfills Assumption 5.45 for all o4 > d/2: It is densely
defined, self-adjoint, and strictly negative definite, since it has been introduced in
complete analogy to the variational operator A from Appendix A.1.3, starting with the
symmetric, bounded, and elliptic bilinear form (5.27). Furthermore, due to the Rellich-
Kondrachov theorem (see, e.g., ADAMS, FOURNIER [2, Chapter VI]), it possesses a
compact inverse (AZ)™! : Ly(O) — Ly(O). Moreover, Weyl’s law states that

_)‘j = j2/d, j € N,

see BIRMAN, SOLOMYAK [11], implying that (5.48) holds for all g4 > d/2.
Concerning the forcing terms F' and B of Eq. (5.45) we assume the following.

Assumption 5.47. For certain smoothness parameters

1 — 04

2

(04 as in Assumption 5.45) F and B map D((—A)?) to D((—A)?7¢) and D((—A)?) to

L(ly, D((—A)e7¢5)), respectively. Furthermore, they are globally Lipschitz continuous,

that is, there exist positive constants C® and CE® such that

020, or<l1l and pp<

(5.49)

Li
| F(v) = F(w)|l p—aye-ery < Cp”llv —w| p((-aye)
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and

Li
|B(v) — B(w)Hz(zQ,D((—A)Q—QB)) < OBPHU - w”D((—A)@)

for all v,w € D((—A)?).
Remark 5.48. The parameters op and pp in Assumption 5.47 are allowed to be
negative.

Remark 5.49. Assumption 5.47 goes along the lines of PRINTEMS [137] (‘shifted’
by 0 > 0). The linear growth conditions [137, (3.5), (3.7)] follow from the (global)
Lipschitz continuity of the mappings F' and B.

Finally, we describe the noise and the initial condition in Eq. (5.45). For the notion
of a normal filtration, see Appendix A.4.
Assumption 5.50. The noise W = (W (t))icpo,r is a cylindrical Wiener process on ¢,
with respect to a normal filtration (F;).cjo,r7. The underlying probability space (€2, F, P)
is complete. For g as in Assumption 5.47, the initial condition uy in Eq. (5.45) belongs
to the space Ly(€2, Fo, P; D((—A)9)).

Let (e!);> be the strongly continuous semi-group of contractions on U which is
generated by A. We call a mild solution to Eq. (5.45) a predictable process

w: Q% [0,T] = D((~A)?)

with
sup I [Hu(t)H%)((fA)e)] < 00 (5.50)
t€[0,T

such that for every ¢ € [0, 7] the equality

u(t) = e*ug +/0 A= F(u(s))ds —l—/o A9 B(u(s))dW (s) (5.51)

holds P-almost surely in D((—A)?). The first integral in (5.51) is a D((—A)?)-valued
Bochner integral for P-almost every w € €2, cf. Appendix A.2, while the second integral
is a D((—A)?)-valued stochastic integral as defined in Appendix A.5.

Remark 5.51. Both integrals in (5.51) exist due to (5.50) and Assumptions 5.45, 5.47.

For example, considering the stochastic integral in (5.51), we know that it exists as an
element of Ly($2, F;, P; D((—A)?)) if the integral

t
/0 E [HeA(t_S)B(U(S))||iHS(g2,D((_A)g))} ds

is finite, where Lpg(¢a, D((—A)?)) denotes the space of Hilbert-Schmidt operators from
ly to D((—A)?). The integrand of the last integral can be estimated from above by

Tr(_A>*QAH<_ )QB+QA/2 A(t—s H QBB

2 o A2 BN, pen]

and we have

H( A)@B+@A/2 A(t—s HL Dty S <C(t— 8)—(2QB+QA)
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with 205 4+ 04 < 1. Moreover,

B {[(=A)7 B[y, pi ] <€ (1 + sup E [H“(T)H%«A)eﬂ) -

rel0,T7]
The last estimate follows from the global Lipschitz property of the mapping
B : D((=A)?) = L(Lz, D((—=A)?7°")).

Proposition 5.52. Let Assumptions 5.45, 5.47, and 5.50 be satisfied. Then, Eq. (5.45)
has a unique mild solution, i.e., there exists a unique (up to modifications) predictable
stochastic process u : Q x [0, T] — D((—A)?) with sup,cjo 7 E [Hu(t)HQD((_A)Q)] < 00 such
that, for everyt € [0,T], Eq. (5.51) holds P-almost surely.

Proof. For the case p = 0 existence and uniqueness of a mild solution to Eq. (5.45)
has been given in PRINTEMS [137, Proposition 3.1]. The proof is a modification of the
proof of DA PRATO, ZABCZYK [40, Theorem 7.4] by using a contraction argument in
Loo([0,T); La(2; U)). For the general case o > 0 the existence and uniqueness can been
proven analogously, see JENTZEN, KLOEDEN [102, Theorem 5.1]. Alternatively, the
case ¢ > 0 can be traced back to the case o = 0. Suppose that Assumptions 5.45, 5.47,
and 5.50 hold for some o > 0. We set

U:=D((~A)°), D(A):=D((—A)*")

and consider the unbounded operator AonU given by

~ ~

A:DA)Y CU—U, v Av:= Av.

Note that A fulfills Assumption 5.45 with A, D(A), and U replaced by X, D(g) and
U, respectively. Defining the spaces D((—A\)s) analogously to the spaces D((—A)*),
we have D((—A)¢t®) = D((—A\)S), s € R, so that Assumptions 5.47 and 5.50 can be
reformulated with o, D((—A)?), D((—A)272F) and D((—A)? ¢8) replaced by o := 0,
D((—A\)§), D((—jzl\)@_QF) and D((—A\)g_@B), respectively. Thus, the equation

du(t) = (/Alu(t) + F(u(t))dt + B(u(t))dW (t), w(0) = uo, (5.52)

fits into the setting of [137], so that, by [137, Proposition 3.1], there exists a unique
mild solution u to Eq. (5.52). Since the operators e' € L(U) and e € L(U) coincide
on U C U, it is clear that any mild solution to Eq. (5.52) is a mild solution to Eq. (5.45)

and vice versa. O

Remark 5.53. If the initial condition uy belongs to
Lp(Qa fO? P7 D((_A).Q)) C LQ(Q7 FO? P7 D((_A)Q))

for some p > 2, then the solution u even satisfies sup;c(o 71 E [[|u(t) |5 ays)) < o0. This
is a consequence of the Burkholder-Davis-Gundy inequalities, cf. DA PRATO, ZABCZYK
[40, Theorem 7.4] or PRINTEMS [137, Proposition 3.1]. Analogous improvements are
valid for the estimates in Propositions 5.60 and 5.65 below.
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In the following example we state concrete examples for stochastic PDEs that fit
into our setting.

Example 5.54. Let O C R? be bounded and open, U := Ly(0), and let A := AB be
the Dirichlet-Laplacian on O as described in Example 5.46. We consider examples for
stochastic PDEs in dimension d = 1 and d > 2.

First, let © C R! be one-dimensional and consider the problem

du(t,z) = Agu(t, z)dt + g(u(t, :(:))dt + h(u(t,z)) dW(t, x),
(t,z) € [0,T] x
u(t,z) =0, (t,z) € [O,T]xao
u(0,2) = ug(x), x€O.

(5.53)

where uy € L2(0), g : R — R is globally Lipschitz continuous, A : R — R is bounded
and globally Lipschitz continuous, and Wy = (Wi(t))iwcp,r is a Wiener process (with
respect to a normal filtration on a complete probability space) whose Cameron-Martin
space is some space of functions on O that is continuously embedded in Ly(O), e.g.,
Wy is a cylindrical Wiener process on La(O). Let (¢y)ren be an arbitrary orthonormal
basis of the Cameron-Martin space of W; and set

F(v)(z) := g(v(x)), v e Ly)(0), z €0,
(B(v)a) r) := h(v(x) Zakwk , v € Ly(O), a= (ag)ken € b, x € O. (5.54)

Then, Eq. (5.45) is an abstract version of problem (5.53), and the mappings F' and B are
globally Lipschitz continuous (and thus linearly growing) from D((—A)°%) = Ly(O) to
Ly(0) and from D((—A)°) to L(ls, Lo(O)), respectively. It follows that Assumptions
5.45, 5.47, and 5.50 are satisfied for 1/2 < g4 < 1 (compare Example 5.46) and
0=or=0p=0.

Now, let O C R? be d-dimensional, d > 2, and consider the problem (5.53) where

up € L2(0), g : R — Ris globally Lipschitz continuous, h : R — R is constant (additive
noise), and Wy = (W1(t))scjo,r] is a Wiener process whose Cameron-Martin space is
some space of functions on O that is continuously embedded in D((—A)725) for some
op < 1/2 — d/4. One easily sees that the mappings F' and B, defined as in (5.54), are
globally Lipschitz continuous (and thus linearly growing) from D((—A)°) = Ly(O)
to Ly(O) and from D((—A)°) to L({y, D((—A)7¢8)), respectively. It follows that
Assumptions 5.45, 5.47, and 5.50 are satisfied for pp < 1/2 —d /4, d/2 < pa < 1 — 295,
and ¢ = or = 0. Alternatively, we could assume h to be sufficiently smooth and replace
h(u(t,z)) in problem (5.53) by, e.g., h(fo Yu(y )dy) with a sufficiently smooth
kernel £ : O x O — R.
Example 5.55. As in Examples 5.46 and 5.54, let A := AJ be the Dirichlet-Laplacian
on a bounded and open domain @ C R?. From the numerical point of view, we are
especially interested in stochastic PDEs of type (5.45) with ¢ = 1/2. In this case the
solution process takes values in the space D((—A)"?) = H}(O), and, in Proposition
5.60 and Theorem 5.63 below, we obtain estimates for the approximation error in terms
of the energy norm

1/2
10l p-agyrz = (Vo, Vo) 5o, v € HYO).
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The energy norm is crucial because error estimates for numerical solvers of elliptic
problems (which we want to apply in each time step) are usually expressed in terms
of this norm, cf. Section 5.3, where we consider adaptive wavelet solvers with optimal
convergence rates.

First, let O C R! be one-dimensional, and consider the problem (5.53) where
up € H3(0), g : R — R is globally Lipschitz continuous, A : R — R is linear or
constant, and Wy = (Wy(t))icp,r) is a Wiener process whose Cameron-Martin space
is some space of functions on O that is continuously embedded in D((—A)Y27¢5) for
some nonnegative gp < 1/4, so that W; takes values in a bigger Hilbert space, say,
in D((—A)~'/%). (The embedding D((—A)'/?7¢8) < D((—A)~'/*) is Hilbert-Schmidt
since (5.48) is fulfilled for o4 > 1/2, compare Example 5.46.) Take an arbitrary
orthonormal basis {¢y }xen of the Cameron-Martin space of Wy, and define F'(v) and
B(v) for v € H}(O) analogously to (5.54), i.e

F(v)(x) := g(v(z)), v € Hy(0), z€0,
(B(v)a)(z) := h(v(z) Zak¢k , v € HYO), a=(a) €Ly, v € O. (5.55)

keN

Then, Eq. (5.45) is an abstract version of problem (5.53), and the mappings
F: D((-=A)"?) = Hy(O) = D((—=A)°) = Ly(O)

and

B D((_A)1/2> N 5(62, D((_A>1/2793)>

are globally Lipschitz continuous (and thus linearly growing). The mapping properties
of B follow from the inequalities

[vw|Ly0) < HUHH(}(O)HWHLZ(O) and HUwHH(}(O) < CH“HH&(O)HwHHg(Op

which are a consequence of the Sobolev embedding H*(O) < L,(O) in dimension 1 and
interpolation since D((—A)Y278) = [Ly(O), D((—A)Y?)];_5,,. Thus, Assumptions
5.45, 5.47, and 5.50 are fulfilled for o = pp = 1/2,0 < pp < 1/4and 1/2 < p4 < 1—2pp.
Now, let O C R? be d-dimensional, d > 2, and consider problem (5.53) where
ug € Hy(0), g : R — R is globally Lipschitz continuous, h : R — R is constant, and
Wi = (Wi(t))teo,r is a Wiener process whose Cameron-Martin space is continuously
embedded in D((—A)'/27¢8) for some op < 1/2 — d/4. Then, the mappings F and B,
defined analogously to the one dimensional case, are globally Lipschitz continuous (and
thus linearly growing) from D((—A)Y?) = H}(O) to D((—A)°) = Ly(0O) and from
D((=A)%) to L(ly, D((—A)'/?7¢2)) respectively. It follows that Assumptions 5.45,
5.47, and 5.50 are fulfilled for p = pp = 1/2, pp < 1/2 —d/4 and 1 < g4 < 1 — 20p.

5.2.2 Semi-discretization in time

From now on, let Assumptions 5.45, 5.47, and 5.50 be satisfied.

For the time discretization of the (mild) solution v = (u(t))iwcp,m to Eq. (5.45) we
use the stochastic analogue of the linearly-implicit Euler scheme (5.3), i.e., for K € N
and
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we consider discretizations (uy)X_, given by the initial condition g in Eq. (5.45) and

Upyr = (I —7A)™? (uk + 7F (ug) + \/FB(uk)Xk) , (5.56)
k=0,...,K—1, '
where .
Xk = )(kK = ﬁ (W(tkKH) — W(tkK)) .
Note that each xy, k¥ = 0,..., K — 1, is an J;,  -measurable Gaussian white noise

on f, i.e., a linear isometry from ¢y to Lo(€2, Fy,,,,P) such that for each a € ¢, the
real valued random variable y;(a) is centered Gaussian with variance ||al|7,. We write
xk(a) ~ N(0, ||al|s,) for short. Moreover, for each k = 0,..., K — 1, the sub-o-algebra
of F generated by {xx(a) : a € £} is independent of F,.

We explain in which way the scheme (5.56) has to be understood. Let G be
a separable real Hilbert space such that D((—A)?725) is embedded into G via a
Hilbert-Schmidt embedding. Then, for all £ =0, ..., K — 1 and for all F; -measurable,
D((—A)?)-valued, square integrable random variables v € Ly(Q, F;,, P; D((—A)?)), the
term B(v)yy can be interpreted as an F;, ,,-measurable, square integrable, G-valued
random variable in the sense

J
B(0)xi = La(S iy P G)- lim D xi(by) B(v)b; (5.57)
j=1

where {b;} ey is an orthonormal basis of ¢,. This definition is independent of the
specific choice of the orthonormal basis {b;},en. Note that the stochastic independence
of {xx(a) : a € lo} and F;, is important at this point. We have

E[IB)xillé] =B B0z, 0] (5.58)

the last term being finite due to the Lipschitz continuity of B by Assumption 5.47
(see also Remark 5.49) and the fact that the embedding D((—A)? 95) — G is Hilbert-
Schmidt. Let us explicitly set

G = D((—A)emaxler estea/2}y,
The condition Tr(—A)~24 < oo in Assumption 5.45 yields that the embedding
D((—A)27) = D((—A)2 enea/?)
is Hilbert-Schmidt, and the embedding
D((—A)e-e8=ea/2) «y D((—A)e-max{er,entea/2})
is clearly continuous. Thus, we have indeed a Hilbert-Schmidt embedding
D((—A)* ") — G.

Forall k =0,...,K —1and v € Ly(Q2, F4,, P; D((—A)?)) we consider the term B(v)xg
as an element in the space

L2(Qv ftk+17 P; G) = L2 (Q7 ftk+17 P; D((_A)g—max{gp, QB+QA/2}>) .
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Next, due to the Lipschitz continuity of F' by Assumption 5.47 (see also Remark 5.49),
we also know that for all v € Ly(S2, F,P; D((—A)?)) the term F(v) is an element
in Ly(Q2, Fi,, P; G). Finally, as a consequence of Lemma 5.58 below and the fact that
max{or, 0 + 04/2} < max{or, 1/2} < 1 due to (5.49), the operator (I —7A)™! is
continuous from G to D((—A)¢). It follows that the discretizations (uz)E_, are uniquely
determined by (5.56) and that every wuy; belongs to the space Ly(Q2, i, , P; D((—A)9)).

Remark 5.56. In practice, one has to truncate the noise decomposition (5.57) and
one may approximate B(v)xx € L2(€2, F,,,, P; G) by a finite sum

ZXk b € L2(Q ftk+17P7D((_A)Q_QB))7 JeN.

However, in Section 5.3 we are going to assume that the right hand sides of the elliptic
equations in each time step are given exactly, cf. Assumption 5.72(ii).

Now, we can embed the scheme (5.56) into the abstract setting of Section 5.1. For
measurability reasons the spaces H and G have to depend on the time step k, i.e., we
consider spaces H = Hy and G = G.

Observation 5.57. Let

Hy = Lo(Q, Fr,, P; D((—A)9)), k=0,....,K, )
Gr = Lo(Q2, 71, P; G), k=1,...,K,
RT,]{: : Hk — Qkﬂ (5 59)
v R (v) i==v+7F() + VTBW)xs, k=0,...,K —1, '
L;l : G — Hy
v L= (1 —7A) M, kE=1,... K. J

With these definitions at hand, the linearly-implicit Euler scheme (5.56) can be written in
the form of the abstract S-stage scheme (5.6) with S =1, LT_} =L ', and R, )1 := R,
fork=0,..., K —1. We have

upr = L' Ryp(uy), k=0,...,K—1. (5.60)

The fact that the spaces H = Hy and G = Gy depend on the time step k does not
cause any problems when using results from Section 5.1, as far as the corresponding
assumptions are fulfilled, see also Remark 5.20.

The following Lemma is helpful not only for the preceding argument but also for
estimates further down.

Lemma 5.58. Let 7 > 0 and r € R. The operator I — 1A is a homeomorphism from
D((=A)") to D((—A)"'). For n € N we have the following operator norm estimates
for (I —TA)™", considered as an operator from D((—A)"*) to D((—A)"), s < 1:

)n S)(m-)’s c0<s <1,

I—7A™ —A)r=s), D((—
It )" lle=ay=), p(-ay) {( AP =) : s <0,

Proof. See [21, Lemma 4.13]. O
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Remark 5.59. Without additional assumptions on B or a truncation of the noise
decomposition (5.57), the operator R, cannot easily be traced back to a family of
operators

Riyw:D(-A)°) = G, weq,

in the sense that for v € Hy = Lo(Q, F,, P; D((—A)?)) the image R, ;(v) is determined
by
(Rrx(v))(w) = Ry jw(v(w)) for P-almost all w € €. (5.61)

However, this is possible, for instance, if the operator B(v) : fo — D((—A)?¢8) for
all v € D((—A)?) has a continuous extension B(v) : Uy — D((—A)? 98) to a bigger
Hilbert space Uy such that /5 is embedded into U, via a Hilbert-Schmidt embedding.
Another instance where a representation of the form (5.61) is possible is the case where
the mapping B : D((—A)?) — L({y, D((—A)? 98)) is constant, i.e., the case of additive
noise. We take a closer look at the latter case, writing B € L(l2, D((—A)¢ ¢8)) for
short. We fix a version of each of the P-almost surely determined, G-valued random
variables By, = Bxy, k=0,...,K —1, K € N, and set

R yw@):=v+ F(v) + (Bxg)(w), we, ve D((—A)°).

It is clear that (5.61) holds for all v € Lo(€2, F,,P; D((—A)?)), and we have the
following alternative interpretation of the scheme (5.56) in the case of additive noise
within the abstract setting of Section 5.1.

H:=D((=A)%)), )
G:=G= D((_A)Q—maX{QF,QB+QA/2}>7
RT,k,w H—G (559w)
v Regw(v) =0+ 7F(v) +V7(Bxi)(w),
L7V G—H
v L= (1 —7A) 1, )

k=0,...,K —1. With these definitions, the abstract scheme (5.6) in Section 5.1 with
S =1 describes the stochastic scheme (5.56) in an w-wise sense, w € €.

Now, we verify Assumption 5.17 for the scheme (5.56) in its abstract form (5.60),
see Remark 5.61 below. Therefore, we state an extension of the error estimate for the
linearly-implicit Euler scheme given in PRINTEMS [137].

Proposition 5.60. Let Assumptions 5.45, 5.47, and 5.50 be satisfied. Let (u)¥_,
be the time discretization of the mild solution (u(t))icjor) to Eq. (5.45), given by the
linearly-implicit Euler scheme (5.56). Then, for every

1 —
5<min{1—gp, 2QA —QB},

we have for all 1 <k < K

1/2 1 1/2
(E [“U(tk) - Uk”%)((—A)@)} > <C (7'6 + E<E U|“0H2D((—A)9)] ) ) )

where the constant C' > 0 depends only on 0, A, B, F, 04, 0B, or, and T.
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Proof. See [21, Proposition 4.15]. O

Remark 5.61. If k > K° 6 > 0, then 1/k < T7°7°, and we obtain

1/p
(E |:”u(tk) - uk”%((fA)e)]) S Cexact 7_6 (562)

with a constant Ce.et > 0 that depends only on 6, ug, A, B, F, 04, 0B, or, and T
Since 0 is always smaller than 1, it follows in particular that (5.62) holds for k = K.
Using the definitions in (5.59) and the notation introduced in Section 5.1 this means
that Assumption 5.17 is satisfied, i.e., we have

|w(T) — Ero.x(u0)l|x < Cexact al

where the Euler scheme operator F, o i : Ho — Hx is given by the composition

(L7'Rox 1) o (L7 Rk 9) oo (L' R, p).

5.2.3 Discretization in time and space

So far we have verified the existence and uniqueness of a mild solution to Eq. (5.45)
as well as the convergence of the exactly evaluated Euler scheme (5.56) with rate
0 <min{l — op, (1 — 04)/2 — 0p}. We now turn to the corresponding inexact scheme
where the iterated stationary problems in (5.56), respectively (5.60), are solved only
approximately. As above, we are interested in how the tolerances for the spatial
approximation errors in each time step have to be chosen to achieve the same order of
convergence as for the exact scheme. Throughout this section we use the definitions
given in Observation 5.57 to interpret the setting described in the previous Sections
5.2.1 and 5.2.2 in terms of the abstract framework of Section 5.1.

As in Section 5.1, Assumption 5.12; we assume that we have a numerical scheme
[-]e at hand which, for all w € Hy, k =0,..., K —1, and for every prescribed tolerance
e > 0, provides us with an approximation [v]. of

v =L 'R, ;(w)

such that
1/2
[0 — Wlellay, = (Elllv = lllbaye)) T~ <e

We think of [v]. as the result of an w-wise application of some deterministic solver for
elliptic equations with error at most ¢ in D((—A)?). For instance, an adaptive wavelet
solver as described in Section 5.3.3 with a proper evaluation of the nonlinearities F'
and B, see, e.g., COHEN ET AL. [31], DAHMEN ET AL. [61], KAPPEI [107], and an
adequate truncation of the noise.

Remark 5.62. Here, we concentrate on the convergence analysis and do not discuss
the number of degrees of freedom involved. However, all results from Section 5.1 that
do not involve assertions concerning the number of degrees of freedom remain valid in
the present setting with obvious modifications.
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Given prescribed tolerances e, k = 0,..., K — 1, for the spatial approximation
errors in each time step, we consider the inexact version of the linearly-implicit Fuler
scheme (5.60)

o = o, (5.63)
U1 = (L' Rep(Up)]e,, k=0,...,K—1, '

which is the analogue to scheme (5.13) from Section 5.1 with S = 1 and ¢4 = .
We already know from the considerations in Section 5.1 that sufficient conditions how
to tune the tolerances ¢; in the inexact scheme (5.63) to obtain the same order of
convergence as for the exact scheme (5.60) can be described in terms of the Lipschitz
constants C’fljpk of the operators

Er,j,k = (L;IRT’k_l) o} (L;1R7—7k_2) O:+-0 (L;IRTJ‘) : Hj — ,Hk;7

1 <j<k<K, K e€N. In the present setting we are able to show that the constants
C’; x are bounded uniformly in j, k, and 7, see Lemma 5.64 below. Together with the
arguments in Section 5.1 and Proposition 5.60 this leads to the main result of this

section.

Theorem 5.63. Let Assumptions 5.45, 5.47, and 5.50 be satisfied. Let (u(t))icpr be
the unique mild solution to FEq. (5.45) and let

1 —
(5<min{1—gp, QA—QB}.

2

If one chooses

€k S ,7_1+6

forallk =0,..., K —1, K € N, then the output ux of the inexact linearly-implicit
Euler scheme (5.63) converges to u(T) with rate 0, i.e., we have

1/2

(E[HU(T> - EKHQD((—A)@)]) < Cr°

with a constant C' depending only on ug, 0, A, B, F, 04, 0B, 0r, and T'.
‘The verification of Theorem 5.63 is based on the estimate of the Lipschitz constants
C’TL’ T given in the following lemma.

Lemma 5.64. Let Assumptions 5.45, 5.47, and 5.50 be fulfilled. There exists a finite
constant C' > 0, depending only on A, B, F, 04, 0B, or, and T, such that

C/P <C  forall 1<j<k<K, KeN,

Proof. See Appendix B.6. O

With this result at hand we obtain, as a next step towards the verification of
Theorem 5.63, the following error estimate for the inexact scheme.

Proposition 5.65. Let Assumptions 5.45, 5.47, and 5.50 be satisfied. Let
(u(t))iepp,r) be the unique mild solution to Eq. (5.45). Let (Uy)r, be the discretiza-
tion of (u(t))cjo,r) i time and space given by the inexact linearly-implicit Euler scheme
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(5.63), where ey, k=0, ..., K—1, are prescribed tolerances for the spatial approximation
errors in each time step. Then, for every 1 < k < K, K € N, and for every

1
5<min{1—gp, QQA —QB}.

we have

~ 112 1/2 ) 1 2 1/2 .-
(B [t = @lap] )~ <€ (7 + 2 (B [uolbnn] )+ D
0

with a constant C' that depends only on 6, A, B, F, oa, 0B, or, and T.

Proof. Arguing as in the proof of Theorem 5.19, cf. Remark 5.20, we obtain the general
error estimate

~ 1/2 -
(B Dlute) = elid-an] ) = lulte) = Tl
e (5.64)
< ||u(tk) - uk”?‘ik + Zcr,ljrjrl,kgja
j=0

where (uy)i, is the discretization of (u(t))sepo,r] in time given by the exact linearly-
implicit Euler scheme (5.56), respectively (5.60). Note that the analogues to Assump-
tions 5.6 and 5.8 in Theorem 5.19 are fulfilled due to the construction of the inexact
scheme (5.63); the analogues to Assumptions 5.4 and 5.15 follow from Assumptions
5.45, 5.47, and 5.50 via Proposition 5.52 and Lemma 5.64. Alternatively, we could have
used a modified version of Theorem 5.24 with S =1 and ¢;; := ¢;. The assertion of
the proposition follows directly from (5.64), Proposition 5.60, and Lemma 5.64. O

The proof of Theorem 5.63 is now straightforward, similar to the argumentation in
the proofs of Theorems 5.21 and 5.26.

Proof of Theorem 5.63. The assertion follows from Proposition 5.65 and the elementary
estimates

1 1 K—1
17 < o T797° and Z e < TT°. O
=0

5.3 Spatial approximation by wavelet methods

We combine the analysis presented in Section 5.1 with complexity estimates for optimal
adaptive wavelet solvers in order to obtain complexity results for the inexact Rothe
method. In Section 5.1, we assumed, cf. Assumption 5.12, that we have a numerical solver
at hand which enables us to compute the solution of the subproblem arising at the k-th
time step and i-th stage up to a prescribed tolerance € ;. In practice, this goal can be
achieved by employing adaptive discretization strategies with a posteriori error control
and guaranteed convergence properties. We conclude in Section 5.3.3 by discussing
adaptive strategies based on wavelets that are guaranteed to converge for a large range
of problems and are asymptotically optimal, i.e., cf. Section 2.3.2, they asymptotically
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realize the same convergence order as best N-term wavelet approximation and the
computational cost is proportional to the number of degrees of freedom N.

Again, we assume that the underlying domain O C @d enables us to construct
biorthogonal wavelet bases ¥ = {¢,, : p € V} and ¥ = {¢, : p € V}, which satisfy
the properties (W1)—(W6) stated in Section 2.3.3.

5.3.1 Complexity estimates using adaptive wavelet solvers

We derive estimates on the number of degrees of freedom within the wavelet setting,
which are needed to guarantee that the inexact scheme (5.13) converges with the
same order as the exact scheme (5.6). As it turns out, among other things, regularity
estimates for the exact solution in specific scales of Besov spaces are essential.

To keep the technicalities at a reasonable level, we focus our analysis on parabolic
evolution equations of the form

u'(t) = A(t)u(t) + f(t,u(t), uw(0)=wuy, te(0,7], (5.65)
in a Gel'fand triple setting (V, U, V*) with V = H$(O), U = Ly(O), and V* = H3(0)
for some 5> 0, ie., A: (0,7] xV — V*and f:(0,7] x U — U. This way, we are in
the setting of Section 5.1 with H = H”(O) for some smoothness parameter 0 < v <3
and G O H*(0O). Recall that we assume 5.8 and 5.15, i.e., the initial value is given
exactly and (5.65) has a unique solution. Furthermore, we assume that an exact scheme
(5.6) is given which satisfies Assumption 5.10 on the global Lipschitz continuity of its
operators, as well as Assumption 5.17, i.e., it exhibits convergence order 9.

We split our analysis into two parts. In the first part, we concentrate on the (rather
theoretical) case, where the solutions of the stage equations are approximated by using
best N-term wavelet approximation; and the complexity estimate is given in Theorem
5.71. Unfortunately, best N-term wavelet approximation is not implementable in our
case, since the solutions to the subproblems are not known explicitly, so the N largest
wavelet coefficients cannot be extracted directly. Therefore, in the second part, we turn
our attention to the case where the stage equations are solved numerically by using an
implementable wavelet solver which is asymptotically optimal. In Theorem 5.73 we
show that the complexity estimate, derived in Theorem 5.71, immediately extends to
this case.

Now to the first part. We consider the inexact scheme (5.13) and apply best N-term
wavelet approximation in each stage as an approximation scheme in place of Assumption
5.12.

Remark 5.66. In the case that ¥ is an orthonormal wavelet basis, a best N-term
wavelet approximation to a function v can be derived by thresholding, i.e., selecting N
wavelet coefficients that are largest in absolute value in the wavelet decomposition of v.
In the biorthogonal case, thresholding yields a best N-term wavelet approximation up to
a constant, cf. Section 2.3.2. Therefore, in this sense best N-term wavelet approximation
is an approximation scheme that fulfills Assumption 5.12.

The error of best N-term wavelet approximation in H”(0O) is defined as

v — Zcug/)u

pEA

exy(v) = inf{ o) - €ER,ACV, #A= N} ’
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cf. Section 2.3.2. Furthermore, recall that for v € B(Ly(O)), where

1 s—v 1
5: ] +§, 0<v<s<sy, (5.66)

and under the assumptions (W1)—(W6), we have the estimate
N0y (V) < Cutin 0]l B3(2,0) N7, (5.67)

with a constant C;, > 0, which does not depend on v or N, see Remark 2.26.
We apply Theorem 5.26 and derive an estimate for the number of degrees of freedom
needed to compute a solution up to a tolerance (Cexact + 1) 70

Lemma 5.67. Suppose that (W1)-(W6) and Assumptions 5.8, 5.10, and 5.15 hold.

Let Assumption 5.17 hold for some § > 0 and let the inexact scheme (5.13) be based
on best N-term wavelet approrimation with the tolerances given by

= (SCLCly) T (5.68)

with C7 ;. oy as in (5.11) and C7), as in (5.22). Let the exact solutions Wy, of the stage
equations in (5.13), be given by (5.26), and assume that all Wy; are contained in the

same Besov space By (Ly(O)) with (5.66). Then we have (5.24), i.e

S (Cexact _'_ T) 7_6

[u(T) — i | HY(0)

and the number of the degrees of freedom M, r(0), given by (5.25), that are needed for
the computation of {ux}_, is bounded from above by

K-1 S . 1 o

s—v s—v _ 6 L
Z {Onhn |wk’i||B§(Lq(O))((S 04'7,60;7k7(i)) TH) W,
k=0 i=1

with Cuyn as in (5.67), and where [-] denotes the upper Gauss-bracket.

Proof. We are in the setting of Theorem 5.26. By (5.67) we may, for each stage equation,
choose N € Nj as the smallest possible integer, such that

6(11\/63{4@) (Wri) < Cutinl| Wil Bs (£4(0)) N~ < Ekyis

holds, that is

L d
N = ’7<Cnlin||U/jk,i||Bg(Lq(O))> %j‘"]
Using (5.68) and summing over k£ and i completes the proof. O

Lemma 5.67 shows that we need estimates for the Besov norms of the exact solutions
Wy ; of the stage equations in (5.13). We can provide an estimate in the following setting.
Lemma 5.68. Suppose L} € L(Ly(O), Bi(L,(0))) with (5.66), i = 1,...,S, and
assume that the operators R. . ; : La(O) X - -+ X Lao(O) — Lo(O) are Lipschitz continuous
with Lipschitz constants C’fl,f(g forallk=0,... K—1,t1=1,...5. With C’;,j,(i) as in
(5.11), we define

1—1
OBeS = (H (1 + IHaX{CLllf l)’ ||L Tk,l(O, . 7O)||L2(O)}) (1 —|— ||uk||L2(@))
=1
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k—1 k—1
+H 1+CTL11<1:OZ) <H n,(0) )Z 7.4, (r)Eir

J=0 “n=j+1
i—1
Li
+Zg,w 1T 1+CT’,§’7(Z))>. (5.69)
7j=1 l=j+1

Then all Wy, as defined in (5.26), are contained in the same Besov space B;(Ly(O))
with (5.66), and their norms can be estimated by

@kl Bs za0)) < L7l 2czao), Bs(za))

1 . (5.70)
< max { CUPA R0, 0) 1oy } OB

Proof. The proof is similar to the one of Theorem 5.24. It is given in Appendix B.7. O

Remark 5.69. In Lemma 5.68, the assumption L;Zl € L(L2(0), B;(Ly(0))) with
(5.66), and the Lipschitz continuity of R j; imply Assumption 5.10 with H = H”(O).
However, this Lipschitz constant may not be optimal.

Remark 5.70. If R, ; is bounded, then we can prove a similar result as in Lemma

2.68.

The combination of Lemma 5.67 and 5.68 yields the main result of the first part,
i.e., the complexity estimate for the case that best N-term wavelet approximations are
used for the solution of the stage equations.

Theorem 5.71. Let the assumptions of the Lemmas 5.67 and 5.68 be satisfied. With
Cl @ asin (5.11) and C7) as in (5.22), we have

)

M, (6

)

K-1 d_

S [ (mas {CHRE N Rei0 - Ol } CB) T 5

k=0 i=1

— i -1 _ﬁ
X (”L’T,il||£(L2(O),B;(Lq((’))))) sv ((S C’;:k(j;’k,(i)) 7_1+6> -‘

| A

As outlined above, the next step is to discuss the complexity of Rothe’s method
in the case that implementable numerical wavelet schemes instead of the best N-term
wavelet approximation are employed for the stage equations. We make the following
assumptions, cf. Assumption 5.12.

Assumption 5.72. (i) There exists an implementable asymptotically optimal numeri-
cal wavelet scheme for the stage equations arising in (5.13). That is, if the best N-term
wavelet approximation in H"(Q) converges with rate

N=", forsome s>v>0,

then the scheme computes finite index sets A; C V and coefficients (c,,),ea, with

HL;21U - Z Cuu

HEN

< O (Lojo) (#0A) T

T,2,8,V

5.72
) (5.72)
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for some constant C%, (L jv). Further, for all € > 0 there exists an I(¢) such that

T,1,8,V

’ L;,ilv - Z Cutp

HEA

<e 1>1e),
HY(0)

and such that
d

H#N o) < CH (L;}v) g v,

T,2,8,V

(ii) The operators R, j; can be evaluated exactly.

In Section 5.3.3 below, we discuss a prototype of an adaptive wavelet method,
fulfilling Assumption 5.72(i), which has been derived in COHEN ET AL. [29]. It satisfies
an optimality estimate of the form (5.72) for the energy norm (2.31), Section 2.4.1.
However, since the energy norm is equivalent to some Sobolev norm || - || g (0, cf. (2.32),
the estimate (5.72) also holds for this case. Moreover, it has been shown in COHEN
ET AL. [29] that the constant is of a specific form, which is similar to (5.67). Therefore,
we specify Assumption 5.72(i) in the following way.

Assumption 5.72. (iii) The constant C5*™ (L_1v) in (5.72) is of the form

T,2,8,V T,

l_s—u+1
B3(Lq(0))s ¢ d 5

Cm(Lotv) = O L bl

T,1,8,V

with a constant égjym independent of L }v.

In this setting we are immediately able to state our main result.
Theorem 5.73. Let the assumptions of the Lemmas 5.67 and 5.68 be satisfied. If
an optimal numerical wavelet scheme, that satisfies Assumption 5.72, is used for the

numerical solution of the stage equations, then the necessary number of degrees of
freedom can be estimated as in Theorem 5.71 with C3™ instead of Cyyn, i-¢.,

M. r(d
K-1 S 4 d_
Aasym\ ;-5 Lip,R es ) s—v
< Z [(Cm‘y ) <max {CT,E,@)’ | Rr ki (0, .. >O)||L2(O)} Ck]?i )
k=0 i=1
_ —d_ -1 -4
X (HLT;HL(LQ(O),Bg(Lq(O))) v ((S (J;"kC;,k,(i)) 7'1+5> -‘ (5.73)

Remark 5.74. The constant éjjj.ym depends on the concrete design of the adaptive
method at hand. As an example this constant may depend on the design of the routines
APPLY, RHS, and COARSE, which are further discussed in Section 5.3.3 below.
Moreover, the value of C7™ depends on the equivalence constants of the energy norm
and the Sobolev norm in (2.32). Therefore this constant may grow as 7 gets small.
However, this is an intrinsic problem and not caused by our approach.

At this point the question remains if and how the Besov norms of the exact
solutions of the stage equations wy;, cf. (5.70) can be specified, and moreover how all
the constants involved in (5.71) and (5.73) can be estimated. Therefore, in the next
section we present a detailed study for the most important model problem, that is the
linearly-implicit Euler scheme applied to the heat equation.
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5.3.2 Complexity estimates for the heat equation

We conclude the discussion of Example 5.30, i.e., we substantiate the analysis further
and discuss regularity estimates for the heat equation. It turns out, that in this case
concrete Besov regularity estimates and an explicit estimate of the overall complexity
can be derived. Recall the heat equation

u'(t) = Au(t) + f(t,u(t)) on O, t e (0,T],
u(0) = g on O,
u=0 on 00, t € (0,7,

on a bounded Lipschitz domain O C R¢, and consider the case H = G = U = Ly(O).
The operators L; i and R, are given by

L;j =(I—7A8)" and Rypy=1T+7f(tg,-). (5.74)

The first step is to estimate the Besov regularity of the solutions to the stage
equations. To this end, the mapping properties of L 1 with respect to the adaptivity
scale of Besov spaces (5.66) have to be analyzed. Recall that for special cases bounds
for the Lipschitz constant of R, ;1 : L2(O) — Ly(O) have already been proven in
Section 5.1, i.e.,

1 +Tif(.ilﬁ)

Lip,R Lip,f Lip,R
ol <14 rCHand O < sg}g e
X

are shown in Example 5.30 and Example 5.31, respectively. We set

Cpons = H(Ag)_l||£(L2(O),Bf’5(L1(O))) (5.75)
and
CSI:)al;p = H(A(lg)ilH[:(LQ(O)’HB/Q(O))a

where (AD)~! € L(Ly(O), B?¢(L1(0))) has been shown in DAHLKE, DEVORE [47],
see also DAHLKE, SICKEL [56, Corollary 1] for details. The fundamental result

(A8)™! € L(L2(0), H**(0))

has been shown in JERISON, KENIG [104, Theorem B].

Lemma 5.75. Let ¢ > 0. Then the operator (I — TAB)™' is contained in
L(Ly(0), B #(L1(0))) and in L(Ly(O), H>?(O)). The respective operator norms
can be estimated by

1
Dy\—1 Lap
|7~ 7a5) H£<L2<0>,B%‘E(L1(0)>> S 70 (5.76)
and .
D\—1 La;
”(I —7A0) HE(LQ(O),H3/2(O)) = ;OSobp’ (5.77)

respectively.
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Proof. We start by proving (5.76). The observation
(I—7A8) ' = (—1Ap) (I - (I —7A5)7")
leads to

1T =728) | p(z0), 2 ctaiom < 7 Cacse 1T = (T =788) | 0

and the last term can be bounded from above by

7= (1= 728) 2200y = H .835)-12 (1= (1= 7)), ex) 10|
VILy(0)=+ keN
—T)\k

1—7'/\k

= sup

2
(v, €k>L2(O)‘
vy 0)=1 ken

2
< sup (v, €k>L2(O)‘
vy 0)=1 ken
=1.
The estimate (5.77) follows in a similar fashion. O

With Lemma 5.75 at hand, we are now ready to prove the desired mapping properties
for L1 : Ly(O) = B:(Ly(0O)), where the scale (5.66) holds. We set

CL2P (9) := (Ca3P) =0 (™), 6 € (0,1). (5.78)

inter Bes,e

Lemma 5.76. Lete >0,d>2,v>0. (1) For (2—¢) — % <v <3, that is

3—2v
we have
3d — 2v + 4ev
_ Dy—1 s ] e ———
(I TAO> c E(L2(O>7 Bq(Lq(O))> with s 2d — 2 -+ 4e

and 1/q = (s —v)/d+ 1/2. Its norm can be bounded in the following way

(T = 728 < Lokn ) (5.80)

inter

—1
)7 a0y, Botzaom)

(i1) For 0 <v < (2—¢) — £, we have

2d
4 -2 —2w+d

(I —7AL) ™ € L(L,(0), BS’E(Lq((’)))) with q =

and its norm can be bounded by 7 C’é:si as in (5.76).

Proof. (1) The proof is based on interpolation properties of Besov spaces. See Appendix
A.1.4 for the definition and BERGH, LOFSTROM [9] for details on interpolation properties
of Besov spaces. For real interpolation it holds that

(Byo (L (0)), Byt (Ly, (0))) 5, = By(Ly(O))

0,p
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vt

2
() v>0,2-¢e)—2<v<i

Figure 5.1: DeVore-Triebel diagrams: Illustrating Lemma 5.76, d = 3

in the sense of equivalent (quasi-)norms, provided that the parameters satisfy

0<f0<1, s=(1—0)sq+0s, L 1_9+ﬁ

p Do b1
and sg,s1 € R, 0 < pg, p1 < 0co. Furthermore, if (5.81) holds, a linear operator T that
is contained in L(Ly(O), B0 (Ly,(O))) and L(Ly(O), B,}(Ly, (0))) is also an element,
of L(L2(0), By(Ly(0))). Its norm can be estimated by

(5.81)

1-6 0
ITlewao) mywaom < Tl o0, g, 1 T lewao) 51 @)

Observe that H32(0) = Bg’_/Q(L2(O)) and that we can apply Lemma 5.75. We need
to determine the value for 6, such that the resulting interpolation space lies on the
nonlinear approximation line 1/p = (s — v)/d + 1/2. This is the case for
g 3—2v 7
d—1+2¢
cf. Figure 5.1(a).

(ii) See the proof of (5.76) in Lemma 5.75 together with the continuous embedding
of Bi™*(L1(0)) = B27#(L,(0O)). In Figure 5.1(b) the upper bound is given by the
intersection of the lines s = (2 —¢) and 1/p = (s —v)/d + 1/2. O

Remark 5.77. Our findings for the discretization of the heat equation by means of
the linearly-implicit Euler scheme carry over to discretizations with S > 1 stages. For
the case S = 2 the operators L;’}, R: ki, 1 = 1,2, are provided by Observation 5.41 and
are similar to (5.74), e.g.,

Ll =(I—7m:88)7", i=1,2

Lemma 5.76 can be reformulated with 7+;; replacing 7, and the Lipschitz continuity of
R; i, can be established directly as before.

We are now able to give specific bounds for the number of degrees of freedom needed
to compute the solution of the heat equation by means of the linearly-implicit Euler
scheme. Again, we split our analysis into two parts. First, we apply Theorem 5.26 to
the case when best N-term wavelet approximation (with respect to the H”(O) norm,
v > 0) is used in each step of the inexact scheme (5.13).
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Theorem 5.78. Let the assumptions of the Lemmas 5.67, 5.68 and 5.76 hold. Let T
be small enough such that

Li f
(14 rC™" THf HLQ(O) <1
We set Csypu = SUPqefo,17] Hu(t)HLz(O) and
Coon(r) i { Coin Gt (1 7CH) 0 <w < 2-9) =4
short - Cnhn Clﬁsei(e) (1 + TCLip’f) : (2 — 5) < v < —, v > 0,

where Cyp, C’gf;‘;, O and 0 are given by (5.67), (5.75), (5.78), and (5.79), respec-
tively. Let Cegact be given as in Assumption 5.17. In the setting of Example 5.30, if best
N-term wavelet approximation for the spatial approximation of the stage equations is
applied, then the number of degrees of freedom M. needed to compute a solution up to

a tolerance (Cexact + T) T can be estimated by

2

1 2
Meg T+ 5 <2Csh0rt(7')> ’ (T%HT—(%H) N Chm(T)T—(%—f—l))’

with AP
2 1 CLip, sTr— 1
Clim(T) = (1 + C1sup,u + CexactT) 37-( T )9 . 2 -
1— (14 7CHPr.f)~5
Furthermore,
: 4 2 Alip fy-1 Lip,f 2
}—I_I)I[l) Chim(7) = 5(1 + Coupyu) * (CHPH) " (exp (CHP ET) -1).

Proof. We apply Theorem 5.71 with S = 1 and 6 = 1. In the setting of Example 5.30
it holds that

Crpmy =1+7CH Oy =1, Crig=2+7C",
independently of k. Thus (5.22) reads as C7; = (1+7C"P/)X~#~1 and (5.69) can be

simplified to
O = 1+ lluell o) + R(CHEH) T2

The norm of ||uy||z,0) can be bounded as follows. By Assumption 5.17 we have
|w(te) = k|| £2(0) < CexactT
and as a consequence
|| o0y < ||ults) — UkHLQ(O) + |[u(tr)] 220) < CexactT + Csupous

where Cyyp.y is finite since [0, 7] is compact and w is continuous. Using the bound (5.80)
of Lemma 5.76(i) in the estimate (5.71) we obtain

K-1

MTT Z ’7< Short Cflkl?R )K k 73(1 + Csupu + CexactT> + k)) 0—‘

k=0

—_

K + (Cshort ((071—:2)7’(1%)) * _3(]‘ + CSUP u + CexactT) + k))
0

=
I

IN
ol
I



5.3. Spatial approximation by wavelet methods 123

An application of Jensen’s inequality and the geometric series formula yield

2 2_
MT,T S K+ sghort20 !

1 3 (1+ rOUPS)K
+ 7—7% a <208hort(1 + C(sup,u + CexactT)> ’ ( 7 )6 2 ¢
2 1 —(1+ 7CLr.S)=5

The proof is finalized by the insertion of K = T'7~! and the observations

o fr 271 io.f 2
lim (1 4+ 7CYP) T — 1 = exp (CMP/ 0 -1

7—0
T 1

lim = —.
BT (1t ot 30

The case, where Lemma 5.76(ii) is applied to (5.71), is analogous. O

Now, we turn to the case when an optimal numerical wavelet scheme is used for
the numerical solution of the stage equations in (5.13). The wavelet schemes we have
in mind, cf. Section 5.3.3, are optimal with respect to the energy norm (2.31). In our
setting it is induced by L, and equivalent to the Sobolev norm H'(QO). For this reason,
we now state the estimate for the number of degrees of freedom in the case of the
Sobolev norm H*(0), i.e., v = 1.

Theorem 5.79. Let the assumptions of Theorem 5.78 hold, whereas we now employ
an implementable asymptotically optimal numerical scheme, such that Assumption 5.72
holds for v = 1. Using Cgor(7) := C2™C(0) (1 + 7CUPF), the number of degrees
of freedom needed to compute a solution up to a tolerance (Coxact +1) T can be estimated

by

M,y <Tr '+ % (zéshort(T))g (13417764 4 Gy ()7 G0, (5.82)
with e
ahm(T) _ (1 ot CexaCtT)gT(l + TCLlp,f>§7iT __2 1
1— (14 7CHP.f)~5
and 1
0 .= P (5.83)
Furthermore,

D

A _ 3/ ALip,f\—1 Lip,f 2

71_1_1% Clim(7—> - (1 + Csup,u)e<c P ) (exp (C P éT -1).

Remark 5.80. The calculations above shows that, among other things, the overall
complexity of the resulting scheme heavily depends on the Besov smoothness of the
exact solutions to the stage equations. Due to the Lipschitz character of the domain
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O, and since we are working in the Ly-setting, this Besov regularity is limited by
s = 2. However, for more specific domains, e.g., polygonal domains in R? and smoother
right-hand sides, much higher Besov smoothness can be achieved, see, e.g., DAHLKE
[42], DAHLKE ET AL. [52] for details.

Remark 5.81. Let us further discuss the asymptotic behavior of M, 1 as 7 tends to
zero. For simplicity, let us consider the case d = 2, then we can choose 6 arbitrary close
to 1. Asymptotically optimal schemes are usually described in the energy norm induced
by the operator L., with a constant analogous to (5.72) that is independent of L, ;,
see, e.g., COHEN ET AL. [29]. With the notation as (2.32), the following consideration
for the energy norm induced by L ;

<(I + TAg)U, u>L2(O) Z <U,U>L2(@) + Tcgnergy(Ag) ||u”§{1((9)7

implies Conergy(1 + TAG) > T%ccnorgy(Ag), so that we can conclude

~

=

asym __ o~ _—
1 Cl T

with some constant C} independent of 7. In this case (5.82) reads as

inter

1/ e . ,
My < T77' 4 5 (2010Lap(1 4l )) <T37'_4 + O ()75 ) ,

i.e., for small 7 the last term is dominating and therefore the number of degrees of
freedom behaves as 775

5.3.3 Adaptive wavelet methods for elliptic problems

To complement our analysis, we summarize some basic ideas on how wavelets can be
used for the adaptive numerical treatment of elliptic operator equations. We consider
equations of the form

Au = f, (5.84)

where we assume A to be a boundedly invertible operator from some Hilbert space V/
into its normed dual V* in a Gel’'fand triple setting (V, U, V*), cf. Section 2.4.1. In our
approach of the Rothe method, the operator A is one of the operators L. ; that arise in
the treatment of the elliptic stage equations. Therefore, in applications V' is usually
one of the Sobolev spaces H”(O) or Hy(O).

Operator equations of the form (5.84) can be solved by a Galerkin scheme. One
defines an increasing sequence of finite dimensional approximation spaces

Sa, :==span{n, : p € A},
where Sy, C Sy,,,, and projects the problem onto these spaces, i.e.,
(Aup,, V)vexy = (f,v)yexy forall v e Sy,.
To compute the current Galerkin approximation, one has to solve a linear system

GAchl - fAn
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with Gy, := ((An, nu)vexv)uwen, and (£a)u = (f, m)vexv, 1 € A

Choosing the approximation spaces in an arbitrary way might result in a very
inefficient scheme. A natural idea is to use an adaptive scheme, i.e., an updating
strategy which essentially consists of the steps

solve — estimate — refine
Ga,cn, = £, lu—wupl =7 add functions
a posteriori if necessary.

error estimator

The second step is highly nontrivial since the exact solution u is unknown, so that
clever a posteriori error estimators are needed. An equally challenging task is to show
that the refinement strategy leads to a convergent scheme and to estimate its order of
convergence, if possible. It has been shown, see, e.g., COHEN ET AL. [29, 30|, DAHLKE
ET AL. [46], that both tasks can be solved if wavelets are used as basis functions for
the Galerkin scheme:

First, (5.84) is transformed into a discrete problem, cf. Section 2.4.1. From the
norm equivalences (W6) it is easy to see that (5.84) is equivalent to

Au=f,
where A = D YAV, ¥)]. ;D' u := D¢, f = D {f,U)].,, and
D = (27*"§, 1), vev. Computing a Galerkin approximation amounts to solving

the system

Ajuy = £y = 1]y, Ay = 27D, A Y vy ) e

Now, ellipticity and the norm equivalences (W6) yield

[u = ualleyw) 2 |A(a = un)lew)
== Alua)lex)
= [Irallesw),
so that the f5(V)-norm of the residual rj serves as an a posteriori error estimator.
Each individual coefficient (ry), can be viewed as a local error indicator. Therefore, a

natural adaptive strategy would consist in catching the bulk of the residual, i.e., to
choose the new index set A such that

[ralzlleawy = Cllralleywy,  for some ¢ € (0,1).

However, such a scheme cannot be implemented since the residual involves infinitely
many coefficients. To transform this idea into an implementable scheme, the following
three subroutines can be utilized:

(S1) RHS|e, g] — g. determines for g € /5(V) a finitely supported g. € ¢5(V) such
that

18 — 8ellesw) < e

(S2) APPLY ¢, G, v| — w. determines for G € L({5(V)) and for a finitely supported
v € (5(V) a finitely supported w. € f5(V) such that

|GV — W.|[gyw) < €.
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(S3) COARSEe,v] — v. determines for a finitely supported v € (5(V) a finitely
supported v, € ¢5(V) with at most m significant coefficients, such that

[V —velleyw) < e (5.85)

Moreover, m =< muy;, holds, my;, being the minimal number of entries for which
(5.85) is valid.

Employing the key idea outlined above leads to the following adaptive algorithm.
Algorithm 5.82. SOLVE[s, A f] — u.
Ao :=0;rp, =15 g0 = |[f||eyv); 7 :=0; up :=0;
while €, > ¢ do
et = 27Ul ryw)s Ajo = Ajs w0 = w3
for({=1,...,L do
Compute Galerkin approximation uy,, , for Aj;
Compute
fIv‘Aj,l—l = RHS[CfOl€j+1, f] — APPLY[CfOIEj+1, A, up
Compute smallest set A,
such that, HFAj,zq ‘Aj,l Hfz(v) 2 %”ff‘l\j,zq Hb(v);
end for
COARSE[C;%;11,un, ] = (Aji1,011);
j=7+1
end while

j,l—1]7

In COHEN ET AL. [29], it has been shown that Algorithm 5.82 exactly fits into
the setting of Assumption 5.72(i). Let us denote by A, C V the final index set when
Algorithm 5.82 terminates (the method of updating €; ensures termination). Then
Algorithm 5.82 has the properties:

(P1) Algorithm 5.82 is guaranteed to converge for a huge class of problems, in particular
for the differential operators L,; that we have in mind. Denoting with H”(O)
the Sobolev space according to (2.32), we have

o 3 o

HEA:

< Clu)e.

HY(0)

(P2) Algorithm 5.82 is asymptotically optimal in the sense of Assumption 5.72, i.e.,
with 1/q = (s —v)/d + 1/2, we have

=30 e

HEA:

< é\asym ||u|
H¥(0)

By (Ly(o)) (#A) "7/,

(P3) Additionally, the number of arithmetic operations in Algorithm 5.82 stays propor-
tional to the number of unknowns, i.e., the number of floating point operations
needed to compute u. is bounded by a constant times #supp u..

Remark 5.83. In Algorithm 5.82, C ! and C;°' denote some suitably chosen constants
whose concrete values depend on the problem under consideration. Also, the parameter
L has to be chosen in a suitable way. We refer again to COHEN ET AL. [29] for details.
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Remark 5.84. In the numerical realization of the three fundamental subroutines, the
routine COARSE consists of a thresholding step, whereas RHS essentially requires
the computation of a best N-term approximation. The most complicated building
block is APPLY. Let us just mention that its existence can be established for elliptic
operators with Schwartz kernels by using the cancellation property of wavelets. For
isotropic wavelets, we refer to COHEN ET AL. [29, 30|, STEVENSON [150], and to
DIKEMA ET AL. [69] for the anisotropic case using Lo-orthogonal wavelets.

Remark 5.85. In GANTUMUR ET AL. [81] it has been shown that a coarsing routine
is not necessary to proof optimality. However, since the implementation of a COARSE
routine is usually simple, it is often beneficial for the performance of numerical experi-
ments to remove small coefficients.






Appendix

A  Fundamentals

This appendix outlines the fundamental structures useful to support the understanding
of the subject of this thesis. In order to provide a concise overview of the considered
setting we omit many details and instead refer to the relevant literature on the respective
topics.

Appendix A.1 states the specific functional analytical setting considered in this thesis.
In Appendix A.2 we give the definition of the employed spaces of integrable mappings.
An introduction to the concept of distributions generalizing the notion of functions
is given in Appendix A.3. Appendix A.4 states the fundamental probabilistic setting
and terms which are used, while Appendix A.5 gives an overview of the construction
of Hilbert space-valued stochastic integrals with respect to a fixed cylindrical Wiener
process.

A.1 Fundamental spaces

We state the specific functional analytical setting considered in this thesis.

Let (G, || - |l¢) be a normed vector space over the field R. The algebraic dual space,
i.e., the set of all linear functionals ' : G — R is denoted by G'. It itself is a vector
space over R when equipped with the arithmetic operations (z' + ') (x) := 2/(z) + v/ (z)
and (cz')(z) := 2'(cx), where o',y € G', v € G, ¢ € R. The mapping

<~, '>G”><G G x G — R,
¥ xx 2 (x),

is called dual pairing. Let (G1, |- ||¢,) and (Ga, || -||c,) be two normed vector spaces with
the underlying metric being induced by the norm. The adjoint operator T' : Gy — G
of a linear operator T : G; — G5 is uniquely given by

<T,y/7w>G/1><G1 = <y/’T'I>G/2><GQ7 YIS Gla y/ € G/27

see, e.g., RUDIN [142, Theorem 4.10]. The space L(G1, Gz) of all linear and continuous
operators T : G; — (5 is itself a normed vector space over R together with

1Tl e o= s [Talle,, T € L(Gr,Gy). (A1)

z€Gh, ||lz|g, <1

The space L(G1,R) := G7 is called topological dual space of Gy, i.e., it consists of all
linear and continuous functionals on G;. In this case the adjoint of a T' € L(G1, G3) is
also denoted by 7™ in place of T". For G| = G2 = G, we write L(G) := L(G, G).

129
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A real Banach space (G, || - ||¢) is a normed vector space over R, which is com-
plete with respect to the metric induced by the norm — usually the canonical metric
dist(z,y) = ||z — y|lg, =,y € G. It is called separabel if it contains a countable dense
subset. A real Hilbert space is an inner product vector space (U, (-, -)y) over R which is
complete with respect to the metric induced by the inner product (-,-)y : U x U — R.
It is a Banach space with respect to the norm || - ||y := +/(:, -)v, which resembles in
many ways the Euclidean norm in R?, e.g., on can define orthogonality of two functions

fJ—g Sl <fag>U:07 fagEUa

see, e.g., SCHILLING [145] for more details on inner product and Hilbert spaces.

Remark. The space (L(G1,G2), || ||z(c1.»)) is a Banach space if (Gs, || - ||, ) is a Banach
space, see, e.g., RUDIN [142, Theorem 4.1]. Therefore, a topological dual space is always
a Banach space.

Remark. In the case that only the generalized triangle inequality holds, i.e.,
|lz1 + z2lle < C (|21l + |z2]le), 1,22 € G, for some C > 1,

we call || - ||¢ a quasi-norm and speak of quasi-Banach spaces. In contrast to Banach
spaces, quasi-Banach spaces in general are not locally convex, the quasi-norm may not
be continuous, and the topological dual space may be empty. Nevertheless, certain
quasi-Banach spaces are essential in the study of nonlinear approximation methods.
Therefore, the quasi-Banach spaces considered in this thesis satisfy

21 + 22l < loalle + 12l 21,22 € G, for some p >0,

which implies the generalized triangle inequality, and are always embedded in some
Banach space in such a way that their dual spaces are rich enough.
Especially comprehensive is the study of the topological dual spaces of Hilbert
spaces (U, (-, -)r), since U* can be identified with U by the Riesz isometric isomorphism
q)iso U — U*,
(A.2)
u— {u, )y,

i.e., in particular the dual pairing coincides with the inner product. We refer to, e.g.,
YoOsIDA [177, Section IIL.6] for details.
A.1.1 Frames and Riesz bases of separable Hilbert spaces

A countable set {e}rez C U is by definition a frame of a separable Hilbert space
(U, (-, -)u), if and only if there exist positive constants c,, C such that

csllullyy <Y [usex)ol” < Collullfy, weU.
ke
A frame is called Riesz basis if its vectors are linearly independent. In this case

Cs Z lag|* < H Zakek

kel kel

2
<Yl (A.3)
v kel
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holds for all sequences (ax)rer € ¢2(Z) and clos(spaney) = U. Frames allow for stable
analysis and synthesis representations of vectors. An analysis representation of an
element u € U is given by the frame analysis operator

(I)frame U — €2<I)7
U (<u7 6k>U)k:€Iv

resulting in a sequence of frame coefficients of u. The adjoint ®f . : o(Z) — U of
Dframe, note (A.2), is the frame synthesis operator since

q)?rame(ak)kez = Z A€k, (ak)kEZ € 82(1-)
keT

The reconstruction of an element v € U from its frame coefficients is computed with
the help of a dual frame {€}}rer. Such a dual frame can be defined by

ex = (Pf e Prrame) ex, k€T, (A.4)

so that we obtain the stable decompositions

u= Z(u, )€ = Z(u,gk)ek

kel kel

of an u € U, see MALLAT [128, Theorem 5.5]. If {ey}rez is a Riesz basis, then its dual
frame {€j }rezr, defined by (A.4), is also linearly independent and we have

<€k; ”e“wy = 5k,k/7

where 0y, 5 is the Kronecker delta, i.e., these dual Riesz bases are biorthogonal families
of vectors. For a detailed discussion of frames, we refer to MALLAT [128, Chapter 5.

A.1.2 Trace-class and Hilbert-Schmidt operators

Let (Uy, (-, )y,) and (Us, (-, -)u,) be two separable Hilbert spaces. We call a linear and
continuous operator 7' € L(Uy, Uy) nuclear or of trace-classtrace-class operator if there
exist three sequences: (f,)neny C Uy which is orthonormal with respect to (-, )¢, i-e.,
for all n,m € N we have (f, fm)v, = Onm, and (¢n)nen C Uz which is orthonormal
with respect to (-, )i, as well as (an)nen C Ry with >~ |a,| < oo such that

T = Z an<fn7 ’>U1 9n-
n=1

The trace of T is well-defined as Tr(T) := > 7 |a,|. A trace-class operator is of
finite rank if there exists a finite number N € N such that for all n > N we have
a, = 0. Let {e, }nen be an orthonormal basis of U;. An operator T' € L(Uy, Us) is called
Hilbert-Schmidt if 3 | | Tey |7, < oo. The space of all Hilbert-Schmidt operators is
denoted by Lyus(Us, Us) and

0o 1/2
1T ms = (Z HTenHU2> (A.5)
n=1
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defines a norm on Lyg(Uy, Us), in particular since (A.5) is independent of the choice of
{€n}nen. The space Lys(Uy, Us) contains all trace-class operators and the space of all
finite rank operators is dense in Lys(Uy, Uz). An inner product on Lys(Uy, Us) can be
defined by

o0

(I, To) s == Z<TlenaT2€n>U27 11,15 € Lus(Uy, Uy),

n=1

in particular, (Lxs(Uy, Us), (-, -)us) is a separable Hilbert space. For details, see, e.g.,

PREVOT, ROCKNER [135, Appendix B].

A.1.3 Gel’fand triple and variational operators

Let (U, (-, -)v) be a separable real Hilbert space and let V' be a topological vector space

densely embedded in U via a continuous inclusion map j : V — U. We also write
VU

Then, the adjoint operator j* : U* — V* of 7 embeds U* densely into the topological
dual V*. By the Riesz isomorphism ®i, : U — U™, see (A.2), we can identify U with
its topological dual U*. Thus, we obtain

o

v u gy

and
<j*q)isoj<vl)7v2>v*><v = <j<U1)7j(U2>>U7 for all vy, vy € V.

The triple (V,U, V*) is called Gel’fand triple or rigged Hilbert space.
Suppose (V, (-, -)y) is itself a real and separable Hilbert space. Furthermore, let

a:VxV—=R

be a symmetric, continuous (or bounded), and coercive (or elliptic) bilinear form on V,
i.e., there exist positive constants Clounq and Cyp such that for all u,v € V' we have

a(u,v) = a(v,u), la(u,v)| < Chouallullv[lv[lv, and a(v,v) > Callv[i. (A.6)
Then, by the Lax-Milgram theorem, see, e.g., YOSIDA [177], the operator

AV V"

v Av = —a(v,-) (A7)

is boundedly invertible. In the Gel'fand triple setting, we can consider A : V — V* as
an unbounded operator on the intermediate Hilbert space U. We set

DA U):={veV : Av € 770y, (U)},
and define the unbounded wvariational operator to A by

A:j(D(AU)CU—=U
ur Au = P

1
iso

7 A .
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The operator A is densely defined, since U* is densely embedded in V*, the symmetry
of the bilinear form a(-,-) implies that A is self-adjoint, and A is strictly negative
definite, because a(-,-) is assumed to be coercive. Furthermore, since A : V' — V* is
boundedly invertible, the operator A~! : U — U, defined by A™! := jA~1j*®,, is the
bounded inverse of A, and A~! is compact if the embedding j is compact.

Let 7> 0, a(-,), and A : V — V* be given as above. We consider the bilinear form

a,VxV =R
(1, 0) = ar(u,v) == 7(j(u), j(v))v + a(u, v),

which is also symmetric, continuous, and coercive in the sense of (A.6). For u,v € V|
the equalities

aT<U,U) = T<j*q)isoj(u)7v>‘/*><v - <AU, U)V*XV

= (17" Pis0] — A)u, V) yexy
hold and, by application of the Lax-Milgram theorem, we conclude that the operator
(77" Pisoj — A): V = V"
is boundedly invertible. Therefore, the operator

(rI —A):j(D(A,U) CU—=U
urs (71 — A)u := Tu — Au,

which coincides with ®_!j* ! (75*®is0j — A)j~! on j(D(A, U)), possesses a bounded
inverse

(71 — A)' = j(157 Pieof — A) 1§ Pi : U — UL

Thus, the resolvent set p(A) of A contains all 7 > 0. In particular, for any 7 > 0,
the range of the operator (71 — A) is the whole space U. Since, furthermore, A is
dissipative, the Lumer-Phillips theorem implies that A generates a strongly continuous
semi-group {e'};> of contractions on U, see, e.g., PAZY [133, Theorem 1.4.3]. Thus,
an application of the Hille-Yosida theorem (see, e.g., [133, Theorem 1.3.1]) shows that
the operator L1 := (I —7A)™1 = 7(11 — A)~' : U — U is a contraction for each 7 > 0.
Note that with a slight abuse of notation, we sometimes write A instead of A.

A.1.4 The considered 0, g-interpolation spaces

Roughly speaking, interpolation determines intermediate spaces Z of two spaces X
and Y, for which all linear operators that map X and Y continuously into themselves
also map Z continuously into itself. Here, we consider the scale of real-valued 6, ¢-
interpolation spaces Z = (X,Y )y, based on the real method of Lions and Peetre, by
using Peetres K-functional. We assume that (X, ||-||x) is a (quasi-)normed vector space
and (Y, |- |y) a (quasi-)semi-normed vector space which is continuously embedded in
X, thatisY — X and || - [|x 2| |y.
The K-functional K(f,t) is defined by

K(f.8) = K(F,,X.Y) o= inf |If = gllx +tlgly, € X, >0
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The term t|g|y can be understood as a penalty term to the approximation of f by
the function ¢ from Y. In this setting, the 6, g-interpolation space (X,Y )gq, 0 € (0,1),
q € (0,00), is defined as the set of all functions f € X such that the term

o0 . d 1/q
flix vy, = (/0 (t°K(f.1) %)

is finite. We refer to, e.g., BERGH, LOFSTROM [9, Chapter 3] and DEVORE, LORENTZ
[67, Chapter 6] for a detailed discussion on the K-functional and interpolation spaces.

A.2 Spaces of integrable mappings

We consider integrability of measurable mappings defined on a o-finite measure space
(X, A, 1) with values in a separable Banach space (G, || - ||¢) over R. A mapping f is
called measurable if the preimage of every measurable set in G under f is an element
of A, where in this setting usually the strong Borel o-algebra B(G) is considered, i.e.,
the smallest o-algebra which contains all open subsets of G.

A mapping s : X — G is called simple or elementary if there exists a finite number
N €N, as well as for n € {1,..., N}, there exists b, € G and mutually disjoint events
X,, € A such that

N
s(z) = anllxn(x), r e X.
n=1

If u(X,) is finite whenever b,, # 0, then the simple mapping s is integrable, and its
integral is well-defined by

/X s(z) p(dx) == Zu(Xn)bn.

Since we assume G to be separable, we have that for every measurable mapping
f X — G there exists a sequence (s;);en of simple mappings with lim;_,, s;(z) = f(z)
for p-almost all z € X. If additionally

lim i Isi(x) = f(z)lle p(dz) =0 (A.9)

for p-almost all x € X, then f is called Bochner integrable and its integral is well-defined
by

/Af(.ilﬁ) p(dz) = lim si(x) La(x) u(dz), A€ A

i—00 X

Note, a measurable mapping f : X — G is Bochner integrable if and only if

[ I@lentas) < o.

The proofs can be found in YOSIDA [177, Section V.5] and we refer to SCHILLING [145,
Chapter 10] for details on the abstract Lebesgue integral used in, e.g., (A.9).
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Within the Lebesgue-Bochner spaces L,(X, A, pu;G), 1 < p < oo, we collect all
p-equivalence classes [f] which contain a measurable mapping f : X — G such that

1/p
1y ) = (/X ||f(x)||%u(dw)) < oo. (A.10)

Two mappings f1, fo : X — G are called equivalent or f; ~ f5 if they only differ on a
p-null set, i.e., p({x € X : fi(z) # fo(x)}) = 0.

The Lebesque-Bochner space Loo(X, A, 11; G) denotes the space of all p-equivalence
classes [f] containing a measurable mapping f : X — G for which there exists a r > 0
such that u({z € X : || f(z)|l¢ > r}) = 0. For this space we define

|flewxame =inf{r>0: p({z € X : |[f(z)|c>r}) =0}. (A.11)

Note that, with respect to

I ame) =it {|glL,xame) 9~ f}, 1<p<oo, (A.12)

the spaces (L,(X, A, 1; G), || - ||z, (x,4,::¢)) are Banach spaces if (G, || - ||¢) is a Banach
space, while for p = 2 and (G, (-, -)¢) a Hilbert space, Ly(X, A, u; G) are also Hilbert
spaces with respect to the inner product

Fisane = [ () gla))a ulda).

In this context of integrability, instead of the equivalence class [f] it is common
to speak of the mapping f and write f € L,(X, A, u;G), as well as || f||z,x.4u6):
in particular since ||[f]||z,(x.4mc) = |flL,(x.4me)- Furthermore, two elements f,g €
L,(X, A, pu;G) can only be compared up to sets of measure zero, e.g., f < g means
f(z) < g(z) for all z outside a p-null set. If (A.10) holds, f is called p-integrable and
if (A.11) is finite, f is called bounded.

Remark. In the case of G = R the above integral construction and (A.10) can readily
be extended to 0 < p < 1 turning (A.12) into a quasi-norm and L,(X, A, i; R) into a
quasi-Banach space. However, the situation is much more involved if G is a general
Banach space or quasi-Banach space, see ALBIAC, ANSORENA [3] for details.

Example. If = M| is the Lebesgue measure on a Lebesgue-measurable set O C R?
and G = R, then

L,(0) == L,(0,B(0), A\ o;R), 0<p < oo,
are known as Lebesgue spaces. We refer to SCHILLING [145] for details on the Lebesgue
measure A% and the case 1 < p < oo.

Ezample. Let Z be a countable set and ) ,_; d; be the counting measure, i.e., the sum
of the Dirac measures d; at the points ¢ € Z. The spaces

() = Ly(Z,2%,) 65 R), 1<p<oo,
i€l

are called p-summable sequence spaces over I for p < oo, while £ (Z) is the space of
bounded sequences, cf. SCHILLING [145, Example 12.12]. We set ¢, := {,(N).
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A.3 Distributions, generalized derivatives, and the Fourier
transform

We give an introduction to distributions which generalize the notion of functions and
the Fourier transform. In particular, the concept of generalized derivatives for locally
integrable functions is based on the integration by parts formula. For the proofs of the
following statements, we refer to ADAMS, FOURNIER [2] and in particular to RUDIN
[142, Chapters 6, 7].

Let O C R? be a domain and let D(O) be the set of all test functions on O, that is
the set of compactly supported infinitely often differentiable functions C§°(QO) equipped
with a final locally convex topology. A linear functional on D(Q) which is continuous
with respect to this topology is called (Schwartz) distribution and D’(O) denotes the
space of all of these distributions.

Here, two properties of distributions are of special interest, namely differentiation

and the Fourier transform. The derivative DT, o € NZ, |a| := a; + -+ + ag, of a
distribution 7" € D'(O) is defined by

DAT(p) == (=1)lIT(D%p) for all ¢ € D(O), (A.13)

where D%y is the classical derivative of . Of course, D is the identity mapping. It
turns out that DT is a continuous linear functional on D(Q) and D*T" € D'(O) for
any a € N¢, T € D'(O). Furthermore, D® : D'(O) — D'(O) is a continuous operator.
The space of distributions contains and generalizes the space of all locally integrable
functions Ly 1oc(O), where a Lebesgue measurable function f: O — R is, by definition,
locally integrable if [ x |fldz < oo for all K compactly embedded in O. The topology
on D(0O) is chosen in such a way that any f € L;,.(O) yields a regular distribution
Ty € D'(O) whose value on the test functions is given by the Lebesgue integral, i.e.,

Ty() = [ foda, o€ DO). (A14)

Since two locally integrable functions yield the same element in D’'(O) if and only if
they are equal almost everywhere, one can identify 7 with f. Note that not every
distribution is of the form (A.14), e.g., the Dirac distribution defined by §(y) := ¢(0),
0 € O, is not a regular distribution.

Above definitions (A.13) and (A.14) allow us to define generalized derivatives of
locally integrable functions. A locally integrable function f, € Lj0.(O), a € Ng, is
called generalized derivative of an f € Ly 10.(O) if

Tfa = Dan n DI(O)

In this case f, is unique up to sets of measure zero. In particular, in the case the
derivative D f also exists in the classical sense and is locally integrable, it coincides
with the generalized derivative. This allows us to also use the notation D f to denote
the generalized derivative and 0 f for the generalized partial derivative.

Remark. 1t has been shown that L,(O) C Ly ,.(O) for 1 < p < oo on any domain, see,
e.g., ADAMS, FOURNIER [2, Corollary 2.15].
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Now, we turn to the Fourier transform and its generalization to distributions. The
space for the Fourier transform § of complex-valued functions f, which is given by

5(0) = [ exo(=ite.&) fa)dr, R
and its inverse

5 )= m) [ explife.©) FOdE @RS
is the Schwartz space of rapid decrease S(R?). It consists of all functions ¢ : RY — C
such that

sup |2°D%p(z)| < oo for all a, B € N,

z€ER
and it is the right space for §, since it has been shown that § : S(RY) — S(R?) is an
isomorphism with inverse 1. The space S(R?) is also equipped with a final locally
convex topology and D(R?) is densely and continuously embedded in S(R?), see, e.g.,
RUDIN [142, Theorem 7.10]. Therefore, with ¢ : D(R?) — S(R?) the identity mapping
and L € §'(R%), one obtains a so-called tempered distribution uy, = L ot € D'(R?),
which, by identifying uy, and L, implies that the space S’(R%) coincides with the set of
all tempered distributions, cf. RUDIN [142, Definition 7.11].

It is possible to extend § to a map on S'(RY). Since (2m)¢F ! is the adjoint of

with respect to the duality pairing, the Fourier transform § on &’'(R?) can be defined
by

§/@) =1 (2m)'F ) forall fe S(RY), ¢ € SRY),

Therefore, by continuity § extends to an isomorphism § : S'(R%) — &'(RY) with inverse
5

Remark. Given the above setting for the Fourier transform, we restrict our analysis to
quasi-normed spaces of distributions which are continuously embedded in S'(R9), e.g.,
the spaces L,(R?) with 1 < p < co. Note that the L,-spaces with 0 < p < 1 can not
be understood as subspaces of S'(R?), cf. TRIEBEL [158, §2.2.3].

A.4 Probabilistic setting

We state the fundamental probabilistic setting and terms which are employed. For
details we refer to HAIRER [95] and PREVOT, ROCKNER [135].

A.4.1 Probability space, random variable, and stochastic process

A probability space is a measure space (2, F,P), where Q is called sample space, the
o-algebra F is the set of events, and P : F — [0, 1] is a probability measure, i.e., P is
countably additive on pairwise disjoint events and P(Q2) = 1. Note that, we assume
(Q, F,P) to be complete, i.e., all subsets of events with measure zero are also events.

Let (S,Y) be a measurable space. An S-valued random wvariable is a mapping
Y : Q — S which is (F, ¥)-measurable, i.e., the preimage of every set of ¥ under Y
is an element of F. The law or distribution of an S-valued random variable Y is the
push-forward measure Y,P:=PoY ! of Y on (S,%).



138 Appendix

Two random variables Y : Q — S, Z : Q0 — S are independent if they generate
independent o-algebras, i.e., any event, e.g., {w € Q : Y(w) =-} € F, in terms of ¥
is independent of any event defined in terms of Z.

An S-valued stochastic process X : €2 x T — S is a collection

X = {Xiher = {X () ber:
indexed by a measurable space (7, 7T), of S-valued random variables X (¢) : 2 — S. A

map X(w, ) : T — S, w € Q, is called a path or realization of X. A stochastic process
Xiod = 2 X T — S is called a modification of X if

P{w e 2 Xpoa(w,t) = X(w,t)}) =1 foreachteT.

Incase X : Q x T — Sis also (F ® T, ¥)-measurable it is called product measurable.
A stochastic process X induces a (S7,T ® X)-valued random variable

Oy Q= {f:T—S} via (Px(w))(t) :=X4(w), weQ teT,

so that the law or distribution of the stochastic process X can be defined as the law of
Dy, i.e., the push-forward measure (®x).P of P along ®x on (S7,T @ X).

A stochastic process is also called random function or random mapping depending
on S, in particular if the index set 7T is one-dimensional, e.g., 7 is a time interval
[0,7] C R and T is the Borel o-algebra B([0,7]). For multivariate 7 with adequate
Borel measurability, also the terms random field or stochastic field are used, e.g., T is
a (spatial) domain O CR? d > 1, or T = [0,T] x O. However, for the most part we
simply stick to the term random function.

Given an ordered index set, e.g., ([0,7],<), one can introduce a filtration on
(€2, F,P), which is an increasing family (F;)co,r] of sub-o-algebras of F. Note, we
assume the filtration to be normal, i.e., Fy contains all events with measure zero and
Fi = (et Fs for all t € [0,T]. A stochastic process X :  x [0,T] — S is called
non-anticipating or adapted to a filtration (F})cjo,r if for all ¢ € [0,7] the random
variable X (t) : Q — S is also (F, X)-measurable. Given the o-algebra

Plo. :za({(s,t] xFy : 0<s<t<T,F, EFS}U{{O} x Fy : Fy E]:o}>,

a stochastic process X : Q x [0,T] = S is predictable if it is (P 1], £)-measurable.

If the space S is, e.g., a separable Banach space (G, || - ||¢) with ¥ = B(G), we can
consider integrability of random variables, i.e., Y € L1(Q, F,P; G), cf. Appendix A.2.
Here, we call the integral

E[Y] = /Q ¥ (w)P(dw)

the expectation or expected value of Y. Given a sub-o-algebra Fy,, of F, then there
exists a unique (up to P-null sets) integrable random variable Z : 2 — G such that

/ Y(w)P(dw) = / Z(w)P(dw), for all A € Fyp,
A A

called conditional expectation of Y with respect to Fyu, see, e.g., PREVOT, ROCKNER
[135, Proposition 2.2.1] for the proof. It is denoted by Z = E[Y|Fyup). In this setting, a
stochastic process X : 2 x [0,7] — G is called L,-martingale, p € [1,00), with respect
to the filtration (F;).co,7) if it is adapted to it and we have X (t) € L,(2, F,P; G) for
all t € [0,T7], as well as

E[X(t)|Fs] = X(s) P-as., forall s tel0,T] with s <t.
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A.4.2 Gaussian measure

Let (G, || - |l¢) be a separable (reflexive) Banach space equipped with the strong Borel
o-algebra B(G). A Gaussian measure p on G is a Borel measure such that for every

linear functional b : G — R the push-forward measure b, = po b~! is a Gaussian
probability measure A'(m,c?) on (R, B(R),dx), i.e.,

1 _(z—m )2
Wbe G* Imy €R Joy, >0 YA€ B(R) : (nob 1)(A) = / e T dy,
A

2
2ro;

if o, > 0 and, if o, = 0, then po b~ = 4,,,. Here, dz denotes the Lebesgue measure
and N (m,o?) is also called normal distribution. A Gaussian measure is centered if
my = 0 for every b € G*. It is common to consider the centered case and to use simple
translations to obtain the general case. With GG being separable, p is well-defined since
the one-dimensional projections b,u carry sufficient information to characterize it, see,
e.g., HAIRER [95, Proposition 3.6]. Furthermore, since the mean m : G* — R of p,
defined by

m(b) := /Gb(:p)u(dx), be G,

is an element of G** it is common to require G to be reflexive, i.e., G = G**. The
mapping Cov,, : G* x G* — R defined by

Cov (b, by) = / by (2)ba(x) pu(dz), by, bs € G,
G

of a centered Gaussian measure p is called covariance operator of ji. Note, by definition
Cov,, is bilinear and non-negative definite. The name is due to the fact that Cov, can
be understood as an operator Cov,, : G* — G** by Cov,,(b;)(by) = Cov,,(by, ba).

In the Hilbert space case, above considerations can be summarized as follows. Let
(H,(-,-);) be a separable Hilbert space. A finite measure p on (H, B(H)) is Gaussian
if and only if

ey (dv) = lmu =3 Quun -y e H,
H
where m € H is its mean and @ € L(H) is its symmetric, non-negative covariance
operator of finite trace. Moreover, the measure p is uniquely determined by m and Q).
It is denoted by p = N(m, Q). We refer to PREVOT, ROCKNER [135, Theorem 2.1.2]
or DA PrRATO, ZABCzYK [40] for details and the proof.

Suppose 2 is some space of G-valued continuous functions, where (G, || - ||¢) is a
separable (reflexive) Banach space, e.g., = C([0,T], G), which permits a Gaussian
measure f. Then the G-valued canonical stochastic process X = {X(t)}4, i.e.,

X(t)(w) :=w(t), weqQ,

is called Gaussian stochastic process.

Ezample. The canonical stochastic process B for the Gaussian measure on C([0, 7], R)
with B(0) = 0 and E[|B(t) — B(s)]?] = |t — s|, t, s € [0,T], is called Brownian motion
or standard one-dimensional Wiener process, cf. HAIRER [95, Section 3.4]. For a
construction of such a process, we refer to SCHILLING [145, §24.29].
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Ezample (Wiener measure). Let
Cw(R:.R) = {f € C(R,R) : lim f(t)/(1+13) < o0}

with || fllew = supser |f(£)|/(1 + t?). Then there exists a Gaussian measure, called
Wiener measure, on Cyw with covariance function Cov(s,t) = min{s,t}, s,t € Ry, see
HAIRER [95, Proposition 3.53].

Ezample (Cylindrical Wiener process). Let (H, (-,-)7) be a Hilbert space containing a
separable Hilbert space (H, (-,-)y) as a dense subset and such that the inclusion map
v : H — H is Hilbert-Schmidt. A Gaussian stochastic process W : Q x [0,T] — H,
such that

E[(u, W($)) g (W(t),v) ] = min{s, t}(ct’u, v)

for any two times s,t € [0,7] and any two elements u,v € H, is called cylindrical
Wiener process over H. Since ¢ is Hilbert-Schmidt the law of W does not depend on H,
which justifies the denotation of W being a cylindrical Wiener process on H. Such a
process can be realized as the canonical stochastic process for some Gaussian measure
on Cw(R,, H). Again, we refer to HATRER [95, Section 3.4] for details.

A.5 Cylindrical Wiener process and stochastic integration

We give an overview of the construction of Hilbert space-valued stochastic integrals
with respect to a fixed cylindrical Wiener process. Therefore, let [0,7], T" > 0, be
understood as the time horizon and let (2, F, P) be a complete probability space with
a normal filtration (F3)scpo,r). We start by summarizing the construction of a cylindrical
Wiener process and then proceed based on the Ito calculus for stochastic integration.
We refer to HAIRER [95] and PREVOT, ROCKNER [135] for details.

A.5.1 Cylindrical Wiener process

Wiener processes have applications throughout the mathematical fields, as they represent
the integrals of Gaussian noise. It is a common and accepted driving process in numerical
modeling of stochastic equations.

Let (H,(-,)m) be a separable real Hilbert space, and let @ € £(H) be non-negative
definite, symmetric, and of finite trace. A stochastic process W : Q x [0,T] — H is
called a Q-Wiener process if

(Q1) W(0) =0 and W has P-a.s. continuous paths ¢t — W(t), t € [0, 7],

(Q2) W has independent increments, i.e., {W(t;) — E(ta),..., W (t,) — W(t,—1)} for
0<ti <ty<---<t, 1 <t, <T isan independent family of random variables,

(Q3) the increments are Gaussian with P o (W (t) — W(s))™t = N(0, (t — s)Q) for all
0<s<t<T.

Note, a real-valued Wiener process is a Brownian motion {#(t)}+cpo,r if, in particular,
Po (B(t) —B(s)) ' =N(0,t —5),0<s<t<T,cf. Appendix A.4.2.
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Let {ex}reny be an orthonormal basis of H consisting of eigenvectors of ) and
corresponding non-negative eigenvalues (\g)reny numbered in decreasing order,

Qek = /\kek, >\k Z O, k € N.

In this setting, we have the following representation. A stochastic process W is a
@-Wiener process, if and only if

= i VAuBr(t)ex, t 0,77, (A.15)

where B, : Qx[0,7] - R, k € {n € N : )\, > 0} are independent Brownian motions on
(Q, F,P). Moreover, the series converges in Ly(£2, F,P;C([0,T], H)), and in particular,
for any @ as above there exists a Q-Wiener process, see PREVOT, ROCKNER [135,
Proposition 2.1.10]. Note that the convergence of (A.15) in Ly(€2; H) depends on Tr(Q)
being finite, i.e.,

[HZ\/—ﬁk ex ] Z)‘k [B1(t) —tZ)\k—tTr

If @ is not of finite trace, e.g., the case where ) = Id is the identity operator, it is
also possible to construct a Q-Wiener process. To this end, let Q'/?(H) together with
the inner product

(U, V) guyz gy 1= Q7 Y2u, Q7 V?v),, w,ve QY*H),

be a subspace of H — called Cameron-Martin space of H. Let (H, (-,-)g) be a larger
Hilbert space containing H as dense subset, and let the inclusion map
J:QY*(H) - H

be Hilbert-Schmidt. Note, Q~/2 is the pseudo-inverse of Q'/? if ) is not one-to-one.
For the definition and details on pseudo-inverse we refer to PREVOT, ROCKNER [135,
Appendix C].

Ezample. Let {e;}ren be an orthonormal basis of Q'/2(H) and let (ay)zen be a square-
summable sequence of positive real numbers. Then

Jap : QV(H) —» H:=H

o0

U +— Z ak<ua ek>Q1/2(H)ek
k=1

is one-to-one and Hilbert-Schmidt: Let u,v € QY2(H) such that J,)(u) = Jia)(v).
Then

J(ak)(u Zak ) €k QU2(H)Ck = 0

implies v = v since a, > 0, k € N, and {ek}keN is a basis, and so J(g,) is one-to-one.
Furthermore,

||<]ak €; ||H — ak ezaek Q1/2 ek ||akek|lH - @z < o0
=1 =

k=1

since (ak)keN is square—summable, and so J(4,) is Hilbert-Schmidt.



142 Appendix

Now, Q := JJ* € L(H, H) is non-negative, symmetric, and has finite trace. The
series

W(t) = iﬁk(t)(]ek, t e [O,T],

defines a Q-Wiener process W : Q x [0, T] — H which is a cylindrical Wiener process
on H, cf. Appendix A.4.2, since

T+ QUR(H) — Q'3(1)

is an isometry, see PREVOT, ROCKNER [135, Proposition 2.5.2].

A.5.2 Stochastic integration
Let (H,(-,-)u) and (U, (-,-)y) be two separable real Hilbert spaces, and let

W:Qx|[0,T]— H

be a cylindrical Wiener process on H C H with respect to the normal filtration
(-Ft)te[o,T}- We turn to the construction of the U-valued stochastic Ito integral

/t<b(s)dW(s), el

over certain Lys(H, U)-valued stochastic processes ®.

Analogously to the construction of the integral in Appendix A.2, one first considers
a class € of elementary stochastic processes, where ® : Q x [0,T] — Lys(H,U) is
elementary if there exists a finite number n € N and 0 =ty < --- < t,, = T such that

n—1
O(w,t) =Y Pp(w) Ly, (), weQ, te[0,7T],
k=0

where @ : Q — Lys(H,U), 0 < k < n — 1, are F; -measurable with respect to the
strong Borel o-algebra on the space of Hilbert-Schmidt operators Lys(H,U). Thus, ®
is an Lo(2 x [0, 7], F @ B([0,T]),P ® dt; Lus(H,U))-valued stochastic process.

For elements ® € £ one defines the stochastic integral Int with respect to W by

Int(®)(t) == /0 t(I)(s)dW(s) = i%(W) (Wt At) — W(t AL)), te[0,T],

which is independent of the representation of ®: Since ®; is F;, -measurable we have
that & (1) is independent of W (tx11) — W (%) and the right-hand side in the definition
above makes sense. Furthermore, the value of Int is independent of the choice of H on
which W can be realized, cf. HAIRER [95, Chapter 3.4].

Since the following extension

—_

B{Iue(®))}] = 3 EITH@(07) — 0500)) (0t — )] = E| [ Tr 00200

3

=
Il
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of the Ito isometry to the Hilbert space setting can be shown, it turns out that
Int : &€ — Ly(Q2, F,P;U)

is an isometry. Using this isometry, the completeness of Ly(€2, F,P;U), and the ob-
servation that £ is dense in the space L (2 x [0, T, Po,r1, P ® dt; Lus(H,U)) of all
predictable Lyg(H, U)-valued processes, see HAIRER [95, Proposition 3.59], it can be
concluded that the stochastic integral Int can be uniquely defined for every process
Qe LY (Qx [0,T],Poxr), P ®dt; Lus(H,U)), see HAIRER [95, Corollary 3.60].

B Proofs

B.1 Proof of Lemma 3.5

On the one hand, let >.° X, < oo, P-a.s., with 14 being the indicator function of A,
we have

o0 X (o) o0
ZELJFX} ZEX]I{X<1}+11{X>1} SUBIX L] + 30 PO > 1),

i=1 =1 i=1

Both sums on the right-hand side are finite, due to Kolmogorov s three-series theorem,
see, e.g., SHIRYAYEV [148]. On the other hand, let > ;= E [

} < 00, then we get

o0

iP(XZ- > 1) =2E [Z G 11{&»})] < ZZE {

=1

]l{X >1}}

[e.e]

Xi
<2y | <o
=1

and

X;
< 2ZE {1 + X, ]I{Xiﬁl}}
=1

=1

This yields

Zvar(Xl Lix,<1y) = Z E[X; Tix<ny) — Z E[X; 1y, <1y
1=1 i=1 i=1
<oy [ N —iE[X-]lX<1]2<oo
=t S e sy
<o <o

which is equivalent to > .~ X; < oo, P-a.s., again due to Kolmogorov’s three-series
theorem. O
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B.2 Proof of Lemma 3.6

For r = 7 with s, € N we have
B[X] ] = E[X] < (B[X;, )"

using Jensen’s inequality, see, e.g., SCHILLING [145, Theorem 12.14]. Furthermore, we
have E[X} | =p <1, and for n > 2

E[Xa,] = g K (Z)p’“(l —p)" "

n—1
-1
=Y (k+1)"'n (n ) )pk“(l —p)" Tt
k=0
=npE[l+ X, 1"
Inductively over s, we obtain
E[X;,] < np (B[] + E[X, 1" < &np + (np)*) < (1 + (np)"),
for positive constants ¢ and ¢ = ¢(n) independent of p and s. For r € Q this leads to
E[X; ) < np (B[] + E[Xoo1,] )Y < Enp + (np)*)* < (1 + (np)")

and using the density of Q in R we get the result for all » € R. O

B.3 Proof of Lemma 3.7

It is B[S, = #V;p;vp and var(S;,) = #V;p;(v2p—p;v;). Using Chebyshev’s inequality,
see, e.g., SCHILLING [145], we get

P(1S;p/ (#Vp;) — vp| =€) < e 2(#Vp5) vy — pvp) < c(e7227 1703,

Since 8 < 1, applying the Borel-Cantelli Lemma, see, e.g., SCHILLING [145], yields
almost sure convergence. Let r > 0 and y; € {0, 1}. By the equivalence of moments of
Gaussian measures there exists a constant ¢; > 0 such that

T T s

E Z Yk Zjn|” <ca|E Z 1YikZjnl” =1y, Z Yjk

keV; keV; keV;

Since (Yji)rev, and (Zjx)rev, are independent this yields E[S] ] < c¢i(v,)" E[S]].
Using Lemma 3.6 there exists a constant ¢ > 0 such that E[S7 ] < ¢ (#V,p;)". O

B.4 Proof of Lemma 3.8
Let Z be N(0, 1)-distributed. The characteristic function ¢g, of S, is given by

¢s,(t) = Elexp(itSy)] = exp(pizpp(t) — 1).



B. Proofs 145

Furthermore, for the characteristic function g, , of Sj,,

#Y,
¢s,,(t) = (piprzp ) +1—p;)"

1 i
= |14 —p;#V, p() —1 .
< + v Pi#V; (€0|Z| (t) ))
We use (3.6) to conclude that

lim PS;p (t) = @5, <t>7

Jj—o0
which yields the convergence in distribution as claimed. Suppose that p > 1 and
r > 0. Then we take ¢; > 0 such that 2™ < ¢ exp(z) for every z > 0 and we put
c2 = Elexp(]Z])] to obtain
E[S],] < B[SA] < e1Elexp(S;1)] = ex(1 + pj(ca — 1))7V4.
Note that the upper bound converges to ¢; exp(cy — 1). In the case 0 < p < 1 we have

Sip < Sjo + Sj1. Hence it remains to observe that sup;; E[S} ] < oo, which follows
from Lemma 3.6. O

B.5 Proof of Lemma 5.40

By (5.37) and (5.38) the stage equations (5.30) read as

(I =ty )wky = Aug + f(te),
(I — Ty20A)wg e = Alug + Taggwg1) + f(ty + aaT) + c21wg 1.

We begin with an application of the following basic observation, that
I=(—-CA™(I-CA)

implies

11
[—CA) A= ——T+ =(1—-CA)™.
(I —CA) ol +t e —C4)

It follows that

1 1
Wg1 = (— I+ (I — 7'71’1/1)_1) up + (I — 77171A)_1f(tk)

Y11 Y11
1 1 1
= — up + L3 u + f(tr)
TY1,1 TY1,1

We denote
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A similar computation for the second stage equation yields

1 1
W2 = <— 1 + (I — T’YQ’QA)l) (Uk + Ta271wk’1)

T72,2 T72,2
+ (I = 7y22A) 7" (f(ty + aaT) + cowy 1)

S(0-) )
= — — —— | Up + Ta21Vg 1
T7Y2,2 11
1 a
+ LT_;( (( — ﬂ) U + Ta271?}k71)
T\ TY2,2 V1,1
1
+ f(tk + agT) + Cc21 (— U + Uk71> )
TV,
1 < Gz,l) az
= - — —— Uk — —Uk
T7Y2,2 V1,1 2,2
1
(5 (- 5) - ) w
’ T72,2 M,1 TY1,1

a
+ <ﬂ + 02,1) vk + f(te + CLQT))-
V2,2

We denote

1 a c a
Vg = L;% (( ( - ﬂ) - 2 ) Uy + (ﬂ + 02,1) v + f(te + agr))
' TY2,2 V1,1 TY1,1 V2,2

and arrive at

Upr1 = Uk + TNy (— U + Um)

TY1,1
1 as az 1
+ 7y (— — | U — —— U1+ Uk
TY2,2 71,1 V2,2

mi Mo Az 1 a2,1
I B Up + | TMy — Tma—— | Up1 + TMaUg 2,
Y11 V2.2 V1,1 V2,2

which is the claim. O

B.6 Proof of Lemma 5.64

The proof is based on a Gronwall argument. Fix 1 < 7 < k < K and observe that, by
induction over k,

Erjx(v) =Ly
k—j—1

+ Y L <TF<ET,j,j+i(U)) +/7B (ET,j,j+i(U))Xj+i>
1=0

for all v € H;. Therefore, for all v,w € H;, we have

| Erjn(v) = Erjr(w)|lng,
<L = L7 D]y,
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kil ’

—j—

Z V7L B (B (Erjjti(v)) — B (ETJ'J'”(w)))XW
He

= (I)+ (II) + (ID). (B.1)

— (k=) (F(ET,j,jJri(U)) - F(ETJ'J”(w)))‘

Hy

We estimate each of the terms (7), (1), and (III) separately.

By Lemma 5.58 and the trivial fact that [|v — w||y, = ||[v — w|ly, for all v,w € H;;,
we have

1
HL Hc (D(( A)g))”“ — w3,
< (1 =7A) o~ wll, (B:2)
< v = wllz;-

Concerning the term (II) in (B.1), let us first concentrate on the case or € (0, 1).
We use the Lipschitz condition on F' in Assumption 5.47 and Lemma 5.58 to obtain

i
() < Z Tl L7 = A | L apey

CCBrss0)~ B,

ki1 (B.3)
QFQF Li Li
< 2 Ty OF Crlis v = wlhy
1

i T .
< CLlp CLIPA ‘ . .
- F P (r(k—j—1))er 7,J,j+1 [v wHHj

For the case that pr < 0 we get with similar arguments

k—j—1 ( )\1)9F
Li L1
(‘II) < C P Z (1 _ T)\l)n T]p]+l ||U - wHH]
=0
k—j—1

S CEP(=M) Y 7O v = wly, -

7,5, +1
1=0

Let us now look at the term (/1) in (B.1). Using the independence of the stochastic
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increments x;4; and Eq. (5.58), we get

k—j—1 o 2
(II1)? = ZO TE U Lkt (B(ET,j,jH(v)) —B(ET,j,m(w)))Xm‘ D((_A)QJ
k—j—1
—(k—7)+i1]12
< Z T HLT (k=% HL(D((fA)Q’QB’QA/Q),D((*A)g))
i=0

)

2
X B {H (B(Em,j+i(v)) - B(Em,jﬂ(w)))xjﬂ' D((_A)Q_QB_QA/QJ

k—j—1
—(k—7)+i]12
D I e ayemem-earay, b ae)

=0
x B [HB(ETJJH(U)) - B(ETJJH(U})) |‘ZHS([27D((_A)E*QB*QA/2))i| :

IN

Concentrating first on the case pp + 04/2 > 0, we continue by using the Lipschitz
condition on B in Assumption 5.47 and Lemma 5.58 to obtain

k—j—1

(0B + 0a/2)%0m 10 _
T(T(k —J— i))2QB+QA TI‘(—A) o

x (CHP)*E [||Em-,j+i(v) - ETajaj-l-i(w)H?)((fA)Q)]

(1m)* <
=0

(B.5)

T Lip
% (T(k—j —1))%eBtea (OT:J'J“'

) llv —wlf3,-

In the case op + 04/2 < 0 the same arguments lead to

k—j—1

_)\1)293+QA B
Im)? < (—T —A)7eA
X (C5")E (|| Erjjri(v) — Er,j,jﬂ(w)\ﬁ)((_mg)] (B.6)
k—j—1

< (CEP)P Tr(=A) oA (=A)Pemten Y r(Crps ) llo — wlliy,.

T,3,3+1
1=0

Now we have to consider four different cases.
Case 1. g € (0,1) and op + 04/2 € (0,1/2). The combination of (B.1), (B.2),
(B.3), and (B.5) yields

k—j—1
-

Lip Lip Lip
O S IO 2 G =iy O

i 1/2
+ CUP(Tr(— A)04)1/2 ( — (CTL,?ZH)Q) :

2 (r(li—j—)enten
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Note that inductively we obtain in particular the finiteness of all CL’p . Next, we

estimate the two sums over ¢ on the right hand side of (B.7) via Holder s mequahty

Set
1
= + 2> 2.

min{l — op, (1 — 04)/2 — 05}

Holder’s inequality with exponents ¢/(¢ — 1) and ¢ yields

T Li
BT
2 e
k—j—1 - % k—j—1 q
Li
<< <<k—j—z>>?3> ( T<C”pj“>q>
=0 o i =0 (BS)

AN
VoS
I =
—~
ﬂ
=4
Q|

I

=l
~_
VRN
~. |
Il <
=] |
o

\]

S

2

o B

oo

+

N

=)
~_

=}

Q=

T q;il k—j—1
_2r4 i
< ( / t qldt) ( T<CTL,3*?J~+,~)"> ,

where the integral in the last line is finite since ;’F‘{ = l_gf/q < 1_(§iQF) = 1. Similarly,

applying Holder’s inequality with exponents ¢/(¢ — 2) and ¢/2,

k—j—1

—Jj—
Lip 2
Z —j—1 )2.95+9A (CT’j’jH)

=0
k—j—1 - q k—j—1 %
( Z (205+9A)q) ( T(C;;}?]Jrz)q) (Bg)

i= —J—1))

q; k— 1
T _(2@B+QA)4 = Lip !
< t 72 E T CT”H :
0

=

The integral in the last line is finite since

(205 +0a)a _ (205+04) _  (203+04)
q—2 1-2/¢  1-(1—-0a—208)

Combining (B.7), (B.8), (B.9) and using the equivalence of norms in R3, we obtain

k—j—1
(CEP) < Cy (1 + Y T(Crr L) Q) , (B.10)

=0

with a constant Cj that depends only on A, F', B, g4, 05, or and T Since (B.10) holds
for arbitrary K € Nand 1 < j < k < K, we can apply a discrete version of Gronwall’s

lemma and obtain

(CHP) < B0y < "y,
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forall 1 < j <k < K, K € Nand 7 = T/K. It follows that the assertion of the
proposition holds in this first case with

C = (eT%Cy)Va,

Case 2. op <0 and g + 04/2 < 0. A combination of (B.1) with (B.2), (B.4), and
(B.6) leads to

k—j—1
CrP <14 CEP(=M)or Y 702,
=0
) k=it ) 1/2
O (= A) ) P x e (3 (e )
1=0

Applying Holder’s inequality with exponent ¢y := 2 to estimate the first sum over ¢ on
the right hand side, we get

k—j—1

1/2
C}ljpk <14 CEP(=\ )QFTW( Z (Crngpgﬂ)Z)
i=0
y k—j—1 L 1/2
+OBlp(Tr(_A)—QA)1/2( QB+QA/2< Z T C«lepjﬂ ) )
=0
which leads to
k—j—1
o+ Y e,
i=0

where the constant C' € (0, c0) depends only on A, F', B, 04, 0B, or and T. As in Case
1, an application of Gronwall’s lemma proves the assertion in this second case.

Case 3. or € (0,1) and pp + 04/2 < 0. In this situation, we combine (B.1) with
(B.2), (B.3) and (B.6) to get

k—j—1

CHP <1+ CpP ; el _;_ yer CrP L
. k=il . 1/2
O (Ta(=A) o) 2 (= a)ete2 (30 r(elp )2)
=0
Setting
L 1 —19F 2

and following the line of argumentation from the first case with g3 instead of ¢ we reach
our goal also in this situation.
Case 4. or < 0 and g + 04/2 € (0,1/2). Combine (B.1), (B.2), (B.4) and (B.5)
to get
k—j—1

CLlp < 1+ CLIp( )QF Z CLlp

7,7,k —

k—j—1 1/2
Li 1/2 Li 2
+ CEP(Tr(—A)~e4) / ( Z P )2@B+QA (CT,]{’HZ.) ) .
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Arguing as in the third case with

1
= + 2
W12 (o5 + 04/2)

instead of g3, we get the estimate we need to finish the proof. O

B.7 Proof of Lemma 5.68

We start with the estimate

1@,ill By (2(0)) = || Lri B (s i1 ey Wi B;(Ly(0))

< ||L;,z1HL(Lz(O),BS(Lq(O))) ”Rﬂkﬂ(ﬁk’ W15 -+ Whyi-1) HLQ(O)
The Lipschitz continuity of R, implies the linear growth property

[ R (G Wty W1 | 1, 0

’L 1
< Lk (Huknm(@ > ||wmuL2<o>) 1B (0 0| 0

7j=1

1—1
Li R -~ nl
SmaX{C oy || B (O --~,0)HLQ(@)} <1+||Uk||L2(O)+Z|lwk,jHL2(O)>
j=1
1—1
Li R
< max {CPE, [ Repi 0, Oy o} <1+uukHLZ(O)+Zrlwk,jHL2<o>
j=1
1—1
e = Tl (o) + Y Ny — @k,jr!L2<o>> -
j=1

As before, the Lipschitz continuity of L;Zl R i implies
Wil o0) = HLT_;RT,k,i(Uk, W1, - - - awk,i—l)HLz(O)

i—1
Li —
< max {CT kr;)(z) ||LT,1'1RT,k,i(07 Tt O>HL2((’))} <]' + ||uk||L2(O) + Z ||wk:j||L2(O)> :
j=1

By induction, we estimate

L+ el nago) + D 1wl paco)

i—1

S <1+max{ L1p HL Tk,l(O?"‘70)||L2(O)}> <1+ ||Uk||L2(O))

=1

Note that

Wk — Wil Lo(0) < Wk — Wil v (0) < Eni-
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This enables us to follow similar lines as in the proof of Theorem 5.24. We estimate

i—1
k= Tkl a0y + D Nwns = el (o)
j=1

i—2
Li ~ ~
<SA+CRu ) <Huk — Ukl a(0) + Y Wk — @i L2(0)>

j=1
+ HL;%_1R77/€72'_1(61€, W1y - -, Whi2)
-1 ~  ~ "l
- [LTJ',lRT,k,i—l(uka Wg,1y--- awkﬂ'_Q)]ak,i_l La(0)
. i—2
<(1+C ) <Huk Tkl a0) + D 1wy — g L2(O)> i1
j=1

and conclude by induction

i1
k= Tkl a0y + D Nwng = el a0y
j=1
i—1 i—1 i—1
Li ~ Li
< (H(l + Cuf,(zﬂ) |ur — Ur| Lo0) + ZEk,j H (1+C7%w)-
=1 j=1  I=j+1

The proof is finished by

k—1 k—1 S
= il ag0) < ( IT vy - 1)> > CLi i
=1

=0 \l=j+1

which is shown as in Theorem 5.24.
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Nomenclature

Z  all integer numbers R all real numbers
N all positive integer numbers R, all positive real numbers
Ny all nonnegative integer numbers C  all complex numbers

Q all rational numbers

1y
A=<B
A>B
AxDB
Bin(n, p)
I'(t)

(SZ'J'

M, dx

N (m,o?)
(I)cdf

supp( f)
Tr(T)

(V,U,V~)
(X, A, )
(Q, F,P)

B3(Ly(0))
Bg’a(Lp(O))
¢ (0)
Cw(R4,R)
D(0), D'(0)
H*(0)
Hs,a(Rd)
Ht,ﬁ(@)
Ll,loc(o)

dimension: d € N
Euclidean d-plane
domain: open and connected subset of R?

indicator function: 1y (x) =1 if x € M and 1,,(x) = 0 otherwise
VA, B: M — [0,00] dc=c¢(A,B)>0 Vme M : A(m) < cB(m)
B=<A

B<Aand A<B

Binomial distribution with n trials and success probability p
Euler’s Gamma function: T'(t) := [, 2'"'e™* A(dz), t >0
Kronecker delta symbol: §; ; = 1 if ¢ = j and d; ; = 0 otherwise
Lebesgue measure

normal distribution with mean m and variance o>

Degel(t) = (2m) V2 [ e da

support: the complement of the largest open set on which f vanishes
trace of T

Gel’fand triple, rigged Hilbert space
o-finite measure space
complete probability space

2.2.1 L,(0) A2
2.2.2 L(X, A ;G) A2
2.2 L(Gy,Gy) Al
A42 Lus(Uy,Us)  A1.2
A3 l, A2
2.2.1 S(RY), S'(RY) A3
2.2.2 w(0) 2.2
2.2.3 W (0) 2.2.1
A3 W (0) 2.2.1
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Index

inequality, direct or Jackson type, 27
inequality, inverse or Bernstein type, 27

adaptive scheme, 125
anisotropic pseudo-distance, 20

anisotropy, 20
approximation, 26
approximation line/scale, 29
asymptotically optimal, 26

Besov space, 15
Besov space, anisotropic, 20
Brownian motion, 139

Cameron-Martin space, 141
covariance operator, 139

degrees of freedom, 26
DeVore-Triebel diagram, 19
difference operator, 15
difference operator, mixed, 20
distribution, 136
distribution, law, 137

dominating mixed derivatives, 21

energy norm, 37
expectation, 138

frame, 130

Galerkin scheme, 124
Gaussian measure, 139
Gel'fand triple, 132
generalized derivative, 136

Hilbert-Schmidt operator, 131

interpolation, 134
[to isometry, 143

Lebesgue space, 135
Lipschitz domain, 16

modulus of smoothness, 15

modulus of smoothness, mixed, 20

multiresolution analysis, 23
noise, 13

random function, 138
residual, 125

Riesz basis, 130

Riesz isomorphism, 130

semi-group approach, 14
Sobolev space, 17

Sobolev space, anisotropic, 21
solution, strong, mild, weak, 13
stochastic integral, 142
stochastic process, 138

test functions, 136
thresholding, 29

variational operator, 132

wavelet basis, 24
wavelet decomposition, 24
Wiener process, 140
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