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Zusammenfassung

Sei M eine geschlossene zusammenhéangende Riemann’sche Mannigfaltigkeit. Im ersten Teil
der vorliegenden Arbeit entwickeln wir einen Funktionalkalkiil fiir Operatoren der Form
fn(P(h)) im Rahmen der semiklassischen Pseudodifferentialoperatoren, wobei {fn}re(0,1] C
C°(R) eine Familie von h-abhéngigen Funktionen ist, die gewissen Regularititsbedingungen
geniigt, und P(h) entweder einen geeigneten selbstadjungierten semiklassischen Pseudodif-
ferentialoperator in L?(R™) oder einen Schrédinger-Operator in L2(M) bezeichnet. Mit Hilfe
unserer Ergebnisse lassen sich semiklassische Spurformeln mit Restgliedabschiatzungen be-
weisen, die gut dafiir geeignet sind, Bereiche im Spektrum mit einer Breite der Ordnung h?
zu untersuchen, wobei 0 < § < % Der zweite Teil der Arbeit behandelt die Spektralthe-
orie und Quantenergodizitiat von Schrodinger-Operatoren auf M unter der Voraussetzung,
dass das zugrunde liegende Hamilton’sche System gewisse Symmetrien besitzt. Genauer
gesagt beweisen wir eine verallgemeinerte dquivariante Version des semiklassischen Weyl-
Gesetzes mit Restgliedabschétzung unter der Annahme, dass auf M eine kompakte, zusam-
menhéngende Lie-Gruppe G isometrisch und effektiv wirkt. Wir verwenden dazu einen Satz
aus dem ersten Teil dieser Arbeit sowie kiirzlich erzielte Ergebnisse zu singuldren dquivari-
anten Asymptotiken, und leiten daraus ein dquivariantes Quantenergodizitéitstheorem ab,
sofern der Symmetrie-reduzierte Hamilton’sche Fluss auf dem Hauptstratum der singuldren
symplektischen Reduktion von M ergodisch ist. Unter anderem erhalten wir eine &quivari-
ante Version des Shnirelman-Zelditch-Colin-de-Verdiére-Theorems, sowie einen darstellungs-
theoretischen Gleichverteilungssatz. In dem Fall, dass M/G eine Orbifaltigkeit ist, erzielte
Kordyukov vor Kurzem &hnliche Ergebnisse. Ist G die triviale Gruppe, so erhalten wir die
bekannten klassischen Resultate.

Summary

Let M be a closed connected Riemannian manifold. In the first part of this thesis, we develop
a functional calculus for operators of the form f;,(P(h)) within the theory of semiclassical
pseudodifferential operators, where {fn}re,1] € CZ(R) denotes a family of h-dependent
functions satisfying some regularity conditions, and P(h) is either an appropriate self-adjoint
semiclassical pseudodifferential operator in L?(R™) or a Schrodinger operator in L2(M). Our
results lead to semiclassical trace formulas with remainder estimates that are well-suited for
studying spectral windows of width of order h?, where 0 < § < % In the second part of the
thesis, we study the spectral and quantum ergodic properties of Schrédinger operators on M
in case that the underlying Hamiltonian system possesses certain symmetries. More precisely,
if M carries an isometric and effective action of a compact connected Lie group G, we prove a
generalized equivariant version of the semiclassical Weyl law with an estimate for the remain-
der, using a theorem from the first part of this thesis and relying on recent results on singular
equivariant asymptotics. We then deduce an equivariant quantum ergodicity theorem under
the assumption that the symmetry-reduced Hamiltonian flow on the principal stratum of the
singular symplectic reduction of M is ergodic. In particular, we obtain an equivariant version
of the Shnirelman-Zelditch-Colin-de-Verdiere theorem, as well as a representation theoretic
equidistribution theorem. If M/G is an orbifold, similar results were recently obtained by
Kordyukov. When G is trivial, one recovers the classical results.
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Introduction

This thesis consists of two parts, Semiclassical functional calculus for h-dependent functions
and Semiclassical analysis and symmetry reduction, each of which has its own introductory
chapter named Overview. The heart of the thesis is the second part. Part I represents the
outcome of a program whose initial goal was solely to provide a detailed explanation and
foundation of the methods of proof used in Part II, and which then developed a life of its
own. The tools from the first part are not restricted in their applications to those in the
second part, which is why Part I is not just a chapter.

The reader who is interested in the spectral theory of invariant Schrodinger operators,
group actions and representations, (singular) symplectic reduction, oscillatory integrals, and
the combination of these topics in relation with quantum ergodicity is encouraged to begin
reading this thesis with the second part. On the other hand, if one prefers to dwell on
semiclassical spectral functional calculus and trace formulas, or insists on a logically correct
order of introducing the necessary tools and background material, Part I is the natural choice
to start with.

The unifying concept that lies behind both Parts I and II is spectral asymptotics. This
means that all main theorems proved in this thesis are of the form

interesting quantity = leading term + remainder term,

where the remainder term becomes negligible when passing to a certain limit related to the
spectrum of an operator or a family of operators, and the rate of the convergence is also
of interest. Semiclassical analysis was invented to deal precisely with such problems, and
therefore we shall use it as our technical framework. As indicated already, the main object of
study in both parts is a semiclassical Schrodinger operator on a closed connected Riemannian
manifold, and the main difference between the two parts is the fact that we assume only in
Part II that the underlying manifold carries a certain Lie group action with respect to which
the considered Schrodinger operator is invariant. We point out that the Overview chapters
in Parts I and II are not just introductory texts, but essential content in the sense that they
introduce the general setup and notation for the whole part, respectively. The detailed expla-
nations of the required concepts are then given in the Background chapters. The Background
chapters from both Part I and Part II are relevant to Part II, which combines methods from
several different areas of mathematics such as spectral analysis, Lie group theory, ergodic
theory, symplectic geometry, and mathematical physics.

The material presented in this thesis is an amalgamation of the contents of the arXiv

Preprint 1507.06214 by the author and the arXiv Preprints 1508.03540, 1508.07381 by Pablo
Ramacher and the author.
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Conventions and notation

A selection of symbols that appear frequently in this thesis can be found in the Glossary on
page 135. Not all symbols in the Glossary are exclusively used for the purpose explained
there; instead, the Glossary entries hold wunless stated otherwise. For example, in large parts
of this thesis, M denotes a compact connected Riemannian manifold without boundary, but
in some paragraphs the same symbol denotes just any smooth manifold, and this is stated
explicitly in those paragraphs.

Additional global conventions and notations

Let us collect a few basic notations and conventions that fit neither in the Glossary nor in the
Chapters 2 and 6. In this thesis, in agreement with common literature, a smooth manifold
is a paracompact Hausdorff space locally homeomorphic to real euclidean space by charts
whose transition maps are smooth, together with a collection of equivalent atlases. The word
smooth and the symbol C* mean “infinitely many times (partially) differentiable”. A closed
smooth manifold is a compact smooth manifold without boundary. A Riemannian manifold
is a smooth manifold X whose tangent bundle T'X is equipped with a Riemannian metric,
and the metric is used to identify T'X with the co-tangent bundle T*X. More precisely, if
g(z) : T, X x T, X — R denotes the symmetric non-degenerate bilinear form defined on 7, X
for each x € X by the Riemannian metric, the identification is given by the isomorphism

T,X = T*X,
vi— (V= g(z)(v,0")).
Under this identification, T* X carries a Riemannian metric, too, by setting for £,& € T X

0" (@)(6,€) = g(v,)),  where ga)(v,w) = &(w), gla)(t,w) = € (w) ¥ w € T, X.

Since Riemannian metrics are usually denoted by g or h, but g denotes an element of a Lie
group in large parts of this thesis and h is the semiclassical parameter, we shall avoid writing
down explicit names for occurring Riemannian metrics. In most cases, the notation

€12 = g*(2)(,6), €eTiX (0.0.1)

suffices for our purposes. In case that X is a topological space, a smooth manifold, or a
Riemannian manifold, function vector spaces like the continuous functions C(X), the smooth
functions C°°(X), and the equivalence classes of square-integrable functions L?(X) with re-
spect to the Riemannian volume density, are supposed to be defined over the field of complex
numbers, that is the functions take values in C. To consider a different co-domain F, we
write C(X, E) and similarly C*°(X, E) and so on. Spaces of compactly supported functions

13



CONVENTIONS AND NOTATION

are decorated with the subscript ., for example C.(X), C°(X). When it does not cause
problems, we sometimes confuse the equivalence classes in L2-spaces with functions repre-
senting them, and similarly we omit the related words essential and almost all. For example,
we consider pointwise multiplication operators in L2-spaces which should actually be called
essential multiplication operators. In general, we make no difference in our notation between
a function and the pointwise multiplication operator defined by that function in some oper-
ator space. For two vector spaces V, W, we write L(V, W) for the linear maps V. — W. If
V, W are normed vector spaces, we write B(V, W) for the bounded linear operators V" — W
and we set

B(V) := BV, V).

If p € C(U), where U is an open subset of a smooth manifold X, we consider ¢ as a smooth
function on X without mentioning the extension by zero explicitly. Similarly, we consider a
function in C*°(X) as an element of C>°(TX) or C*(T*X) without explicitly mentioning the
composition with the (co-)tangent bundle projection. For a chart v: U — V, V C R", and a
function f € C®(T*U), we write fo (y~1, (97~ 1)T) for the composition of f with =1 in the
manifold variable and the adjoint of its derivative in the co-tangent space variable. In general,
1g denotes the constant function with value 1 on a set S, and 1g denotes the identity map
S — 5. For a subset T' C S, we write S — T for the set of elements contained in S but not
in T. If S is a finite set, the number of its elements is denoted by #S. The dot - can denote
either scalar multiplication or the standard inner product in R™. The latter will sometimes
be alternatively written as (-, -), not to be confused with the notation (-) := /1 + || - ||?> where
the argument is only one vector. In remainder estimates, we occasionally write O4(---) to
emphasize that the implicit constants in the estimate depend on e. All partitions of unity
occurring in this thesis are supposed to be smooth. Sometimes, redundancies will occur in
the text as we repeat attributes that are in fact implicit in our global notation.

14



Part 1

Semiclassical functional calculus
for h-dependent functions
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Chapter 1

Overview

1.1 Motivation and setup

The functional calculus for unbounded self-adjoint operators combines well with the symbolic
calculus for semiclassical pseudodifferential operators, leading to trace formulas that can be
used to study the spectrum of such operators within a spectral window of fixed h-independent
width. Here, h € (0,1] is the semiclassical parameter, the ubiquitous global variable in the
world of semiclassical analysis, a brief introduction to which is given in Section 2.1. To explain
things more precisely, let X be either the euclidean space R™ or a closed connected Riemannian
manifold of dimension n, endowed with the Riemannian measure dX, and P(h) be the self-
adjoint extension of an essentially self-adjoint semiclassical pseudodifferential operator in
L2(X) with real-valued semiclassical principal symbol p. Given a function f € CX(R),
and assuming that p satisfies reasonable technical ellipticity conditions, f(P(h)) extends to
a bounded semiclassical pseudodifferential operator on L?(X) with semiclassical principal
symbol f o p, see [17, 63]. Provided that one has chosen f and p appropriately such that
f(P(h)) is of trace class, one obtains the asymptotic trace formula

(2mh)™ trre(x) f(P(R)) = / fopd(T*"X)+ O(h) as h — 0, (1.1.1)
T+ X

where d(T™* X) is the volume form defined by the canonical symplectic form on the co-tangent
bundle T* X . Now, suppose we are in the situation that there are numbers £ € R and ¢, > 0
such that for each h € (0, 1] the following holds: p~*([E — ¢, E + ¢ + ¢]) is compact, E and
E + c are regular values of p, and P(h) has discrete spectrum in [E — ¢, E + ¢ + €] consisting
of only finitely many eigenvalues {E;(h)};csncn. Then, (1.1.1) can be applied for each
feCX([E—¢/2, E4+c+e/2]), and by approximating the characteristic function of [E, E+ (]
with such functions, one gets the semiclassical Weyl law

(2mh)"#{j € J(h) : E;(h) € [E,E + ]} = volp-x (p” ([E, E + ) + o(1) (1.1.2)

as h — 0, see [17, Cor. 9.7] and [63, Thm. 14.11]. In general, it is more desirable to study
spectral windows of shrinking width of the form

[E, E + c(h)], im ¢(h) =0,

|

h—0
since in this case the leading term in Weyl-type formulas as above turns into an integral over
the compact hypersurface p~!({E}) C T*X with respect to the induced Liouville measure,

17



PART I. SEMICLASSICAL FUNCTIONAL CALCULUS FOR h-DEPENDENT FUNCTIONS

and one may drop some technical hypotheses which would be necessary without the localiza-
tion to such a hypersurface. However, this is not possible in the functional calculus approach
sketched above, where the function f is fixed and independent of h.

In this first part of the thesis, we shall develop a semiclassical functional calculus for op-
erators of the form f;(P(h)) within the theory of semiclassical pseudodifferential operators,
where fj, € C°(R) is explicitly allowed to depend on h € (0, 1].

The largest class of h-dependent functions that we will consider is given by Useio,1) S5 »

where for each § € [0, 1) the symbol S;°™ denotes the set of all families { f» }re(0,1] € C(R)
such that

(1) {fn}ne(o,1] defines an element of the semiclassical symbol class Sp;s5(1r), meaning that
Hf,ﬁ”H O~y ash—0, j=0,1,2,...,

where f}(bj ) denotes the j-th derivative of fy;

(2) the diameter of the support of f;, does not grow faster than polynomially in h=1 as
h — 0.

The second property means that there is some N > 0 such that diam(supp f5) = O(h™%)
as h — 0. This is a very mild technical condition; in usual applications the diameter of the
support of f, will be bounded or even tend to zero as h — 0. It is therefore convenient to
introduce also the subset of S§°™'* given by

Sgcomp = {{fn}re,1) € S;”™" : 3 compact interval I C R with supp f, C I ¥V h € (0,1]}.

The class Sgcomp is technically easier to handle and we stress again that the loss of generality

comp to Sg)comp

from Sj seems to be irrelevant to most applications. In the following, we will

use a shorter notation and just write fj, € Sgcomp or fn € S,

1.1.1 Goals of Part I

We pursue two main goals. The first is to prove that f,(P(h)) is a semiclassical pseudod-
ifferential operator, provided that f, € S;°™" and P(h) is the self-adjoint extension of an
appropriate essentially self-adjoint semiclassical pseudodifferential operator in R™. This in-
volves relating the abstract functional calculus to the semiclassical symbolic calculus with
suitable estimates. Our second goal is to provide a detailed treatise of the semiclassical func-
tional calculus for Schrédinger operators on a closed connected n-dimensional Riemannian
manifold M of the form

P(h) = —h?A +7V, V € C®(M,R), P(h) : H*(M) — L*(M), (1.1.3)
where V' is a real-Yalued potential, A is the unique self-adjoint extension of the Laplace-
Beltrami operator A : C*°(M) — C>(M) C L?(M), and H?(M) denotes the second Sobolev
space. Thus, P(h) is the unique self-adjoint extension of the essentially self-adjoint operator

P(h):=—h?A+V,  P(h):C®(M)— C*(M)c L*(M).

18



CHAPTER 1. OVERVIEW 1.2. SUMMARY OF MAIN RESULTS

As is well known, the spectrum of P(h) is discrete for each h € (0,1] and accumulates only
at 400, see [63, Chapter 14]. We write

p(z,€) = €2 +V(x), p:T*M R,

for the Hamiltonian function associated to P(h), which represents its semiclassical principal
symbol. The notations above will be used in all following chapters. Apart from establish-
ing that f,(P(h)) is a semiclassical pseudodifferential operator when f, € S;°™P, we are
interested in an explicit expression for fr(P(h)) in terms of local quantizations of symbol
functions in R™, which can be used flexibly to prove new semiclassical trace formulas that
are well-suited for studying spectral windows of width of order h%, where 0 < § < % This
involves relating the abstract functional calculus to the local semiclassical symbolic calculus
with trace norm remainder estimates, which we do under the assumption that fj, € Sgcomp.
While in R™ trace norm estimates have been carried out very precisely for appropriate classes
of operators in [27] and [17], there seems to be no reference where for a Schrédinger operator
P(h) as above the transition from the global operator f;(P(h)) to the locally defined quanti-
zations, obtained by introducing an atlas and a partition of unity, is made in a way such that
the trace norm of the remainder operators is precisely controlled, not even if fj is actually
independent of h.

1.1.2 Methods

To achieve our first goal, we generalize existing theorems for a fixed h-independent function
[ € C(R) to the classes S§°™P. The main technical difficulties arise from estimates that
are uniform in h for fixed f, but which depend on f and hence are no longer uniform in
h when f = f,. To achieve our second goal, we apply well-known methods, but in a more
detailed fashion than usually found in literature. Here, a technical difficulty lies in the fact
that semiclassical pseudodifferential operators on manifolds are locally not exactly defined
by the quantization of a symbol function, but only up to a remainder with operator norm of
order h*°, while we are interested in trace norm estimates.

1.2 Summary of main results

In what follows, the results of this first part of the thesis are presented in a slightly condensed
form. First, we consider semiclassical pseudodifferential operators in L?(R"), with the nota-
tion A for the self-adjoint extension of an essentially self-adjoint operator A, and Op,, for the
Weyl quantization. For the other required definitions, in particular those of order functions
and the associated notion of ellipticity, the symbol classes Sy.;(m) and Sits(M), and the op-
erator classes W}'s (M), we refer the reader to Section 2.1. To state our results, let § € [0, ).
The main result of Chapter 3 is

Result 1 (Theorem 3.1.1). Let m : R?" — (0,00) be an order function with m > 1, and
let s € Sp(m) be a real-valued symbol function such that s + i is m-elliptic. Choose f, €
S§7™P. Then, for small h the operator fy(Opy(s)) : L2(R™) — L2(R") is a semiclassical
pseudodifferential operator. More precisely, there is a symbol function a € (\,cy Sh.s(m=F)
and a number hg € (0,1] such that for h € (0, ho)

1n(Opa(5)) = Opy (a).

19



PART I. SEMICLASSICAL FUNCTIONAL CALCULUS FOR h-DEPENDENT FUNCTIONS

Moreover, if s has an asymptotic expansion in Sp(m) of the form s ~ Z;io his;, then a has
an expansion in Sp.s(1/m), with explicitly known coefficients, of the form

a~da;, ;€ S57VA/m), aoly.nh) = frlso(y.n.h)). (1.2.1)
7=0

The second result concerns the Schrodinger operator (1.1.3) on a closed connected Rie-
mannian manifold M of dimension n. We obtain in Chapter 4:

Result 2 (Theorem 4.2.1). Choose a function o, € Sg°". Then, for small h the opera-
tor on(P(h)) is a semiclassical pseudodifferential operator on M of order (—o0,0d), and its
principal symbol is represented by the function op o p.

In order to prove trace formulas for a semiclassical pseudodifferential operator on a man-
ifold, it is useful to approximate the operator by pullbacks of semiclassical pseudodifferential
operators in R™ by introducing an atlas and a partition of unity, up to a trace class remainder
operator with small trace norm. In addition, one would like to localize the leading term in the
obtained trace formulas using an operator B € \I/,g; 5(M) with principal symbol represented
by a symbol function b € 52;5(M). Thus, let us introduce a finite atlas

{UasvVa}acas Yo : Ua = R", U, C M open.

We choose the whole euclidean space R™ as the image of our charts in order to avoid problems
related to the fact that pseudodifferential operators are non-local. Furthermore, in order to
state our next result we require a smooth partition of unity {¢,}taca on M subordinate to

{Us}aeca and for each a € A an associated triple of cutoff functions @,,,@,, %, € C2(Uy)
with

©, =1 on supp @a, Y, =1 on supp @,, %a =1 on supp Ea.
For each chart, define a local symbol function
Ua0(y: 0, h) = ((en o) - 0) (va ' (v), (97 )T h) - a (12 (1))
where (y,n) € R?®", a € A, h € (0,1]. Then, one has the following

Result 3 (Theorem 4.3.1). Suppose that g5, € Sgcomp. Then, for each N € N, there is a
number hg € (0,1], a collection of symbol functions {ro.g.n}a,sea C Sii{l(len) and an
operator Ry (h) € B(L?(M)) such that

e one has for all f € L?2(M), h € (0, ho) the relation

Boon(P()(f) =Y Pu - OPp(ta0)((f - Pa) ©Va') ©Va
acA

+ > By Op(ras ) ((f B Ba) 075 ") 08 + R(B)(f): (1.22)
a,BeA

e the operator Ry (h) € B(L2(M)) is of trace class and its trace norm fulfills
19BN (W)ller, 20y = O(h™) ash—0;
e for fized h € (0, ho), each symbol function ro p N is an element of C°(R?") that fulfills

supp Ta,5,8 C supp ((onop) -b-9a) o (15" (072 H)7T).
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CHAPTER 1. OVERVIEW 1.3. DIsSCcUSsSION

1.3 Discussion

1.3.1 Applications

In general, Result 3 can be used to prove an asymptotic semiclassical trace formula with
non-trivial remainder estimates for an operator of the form

T o Bogn(P(h))

where T : L2(M) — L2(M) is some bounded, explicitly known operator. For example, T can
be defined using an additional structure on the manifold M. Then, by Result 3, one has for
each N e N

trr2(an [T oBo Qh(P(h))] = troz(an (T o LN) + O(hN) as h — 0,

where Ly is the operator defined by the right hand side of (1.2.2) without Ry (h)(f). The
significance of Result 3 is that proving a trace formula for T o B o g, (P(h)) with remainder
of order h"V immediately reduces to calculating the leading term trr2an) (T o L), and this
term involves only pullbacks of semiclassical pseudodifferential operators in R™, so that in
the calculations one can rely on the precise symbolic calculus on R™ and needs to deal only
with compactly supported symbol functions.

In the simplest case where T' = B = 1p2(;), Corollary 4.3.2 yields the h-dependent
analogue of (1.1.1) given by

(2mh)"™ trizanyon (P(h)) = / onopd(T*M) + O(hlfQévolT*M(supp on Op)> as h — 0.

T*M

Provided that § < %, this leads directly to an improved version of (1.1.2) given by
@m)"hn 0% {j € J(h) : B;(h) € [E, E + ]} = vol p~*({E}) + o(h5 + h%—é), (1.3.1)

where the volume is now measured using the induced Liouville measure on p~!({ E}), compare
Lemma 6.3.8 and the proof of Theorem 7.2.1 in Part II. Of course, formula (1.3.1) is far from
optimal in terms of its quantitative statement (see Subsection 1.3.2 below), yet it serves as
a simple example of the qualitative fact that due to the localization onto the hypersurface
p~L({E}) it is now enough to assume that p~!([E — ¢, E + ¢]) is compact for some small
e > 0 and that F is a regular value of p, i.e. the ¢ = 0 version of the assumptions required
for (1.1.2).

When choosing § > 0, one can use the operator B to perform a localization to small
subsets (for example, single points or geodesics) of T*M in the semiclassical limit. This is
the small-scale approach, see [25]. By choosing T to be the projection onto a linear subspace
V of L?(M) and then taking into account the equality

tr[T oBo gh(P(h))] =tr [B o op(P(h)) o T} =tr [T o Bogp(P(h))o T]7

one can use Result 3 to study the spectral properties of the bi-restriction of P(h) to V,
still possibly localizing the problem using B. As a major application, we use Result 3 in
Section 7.1 in the second part of this thesis to prove a singular equivariant semiclassical
trace formula for Schrédinger operators in case that M carries an isometric effective action
of a compact connected Lie group G, see Theorem 7.1.1. There, one has T' = T, where
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T, : L*(M) — L?(M) is the projection onto an isotypic component of the left-regular G-
representation in L2(M) associated to a character y € G. The calculation of trre () (Tyo L)
reduces to the evaluation of certain oscillatory integrals which can be carried out using a
formula from [46] whose remainder term is of lower order than that in Result 3. Here, knowing
a better remainder estimate in Result 3 would not improve the results, so in this case Result 3
is fully sufficient both qualitatively and quantitatively. The trace formula stated in Theorem
7.1.1 could not be established without a functional calculus for h-dependent functions. It
implies a generalized equivariant semiclassical Weyl law with remainder estimate, as well as
a symmetry-reduced quantum ergodicity theorem, see Chapters 7 and 8.

1.3.2 Previously known results

An h-dependent functional calculus of the form f;(P(h)) has been used in the literature
before, but only in special cases, not systematically, and sometimes only implicitly. For
example, consider a Schwartz function x : R — R whose Fourier transform has compact
support. Then a common approach in the literature is to study the operator X(P(hif)b_E) in
the context of semiclassical Fourier integral operators, ' € R being a fixed regular value of
p. Writing f(x) := X(””;E), this amounts to studying fZ(P(h)), as in the semiclassical
Gutzwiller trace formula [16, 24] and in the proof of the semiclassical quantum ergodicity
theorem in [20]. Using the same techniques, one can also prove a semiclassical Weyl law
for the smallest possible spectral window [E, E + h] with the best possible O(h)-remainder,
see [17, 20, 32]. However, these techniques are considerably more involved than the simple
semiclassical pseudodifferential operator calculus. The only other way known to the author
in which the abstract functional calculus has been used for h-dependent functions in the
literature is of a very basic form. Namely, given any family {f4}ne(0,1] of bounded Borel
functions on R with uniformly bounded supremum norms for h € (0, 1], one can use the fact
that fn(P(h)) has uniformly bounded operator norm as h — 0, an estimate which follows
directly from the spectral theorem. In particular, one considers f,(P(h)) only abstractly as
an h-dependent bounded operator, and not concretely as a semiclassical pseudodifferential
operator or Fourier integral operator. See e.g. [20, Proof of Lemma 3.11].

1.3.3 Strengths and weaknesses of methods and outlook

Developing the functional calculus for h-dependent functions within the theory of semi-
classical pseudodifferential operators restricts the applications in spectral analysis to spectral
windows of width of order h° with § < 1. In particular, the best possible case § = 1 cannot be
studied. However, qualitatively there is no significant difference between the cases § = 1 and
§ > 0, since for any § > 0 the spectral window [FE, E + h°] shrinks to a point polynomially fast
in the semiclassical limit, leading to a localization on an energy hypersurface in Weyl-type
formulas, and if the manifold dimension is greater than 1, then by Weyl’s law the number of
eigenvalues in [E, E+h%] grows as h — 0, regardless whether 6 = 1 or just § > 0. Thus, going
beyond the theory of semiclassical pseudodifferential operators could only lead to quantita-
tive improvements, at the expense of losing the simplicity of the symbolic calculus. Although
non-optimal, the quantitative results presented here are sufficient for many applications, as
outlined above. An obvious possible future line of research consists in developing a functional
calculus for h-dependent functions within more general semiclassical frameworks of operators,
as the theory of semiclassical Fourier integral operators. This will probably yield improved
quantitative results.
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Chapter 2

Background 1

2.1 Semiclassical analysis

In what follows, we shall briefly recall the theory of semiclassical symbol classes and pseudod-
ifferential operators on R™ and on general smooth manifolds. For a detailed introduction, we
refer the reader to [63, Chapters 9 and 14] and [17, Chapters 7 and 8]. Semiclassical analysis
developed out of the theory of pseudodifferential operators, a thorough exposition of which
can be found in [53]. An important feature that distinguishes semiclassical analysis from
usual pseudodifferential operator theory is that instead of the usual symbol functions and
corresponding operators, one considers families of symbol functions and pseudodifferential
operators indexed by a global parameter

h € (0,1].

Essentially, the definitions of those families are obtained from the usual definitions by substi-
tuting in the symbol functions the co-tangent space variable & by h&. To begin, recall that a
Lebesgue-measurable function m : R™ — (0, 00) is called order function if there are constants
C, N > 0 such that

m(vl) <C <1}1 — ’U2>N m(vg) v V1,V € R"”.

Here we used the notation (v) := /1 + ||v||?. If m;, my are order functions, then myms is also

an order function. For example, m = 1g» and m(v) = (v)", k > 0, are order functions. Let
m : R" — (0,00) be an order function. For § € [0, 3) and k € R, we define the semiclassical
symbol class S;’f;(;(m) as the set of all functions s : R™ x (0, 1] — C such that s(-, h) € C*(R"™)
for each h € (0,1] and for each non-negative n-dimensional multiindex «, there is a constant
Co.5,5x > 0 with

|0%s(v, h)| < Cqs6m(v) h011F v (v, h) € R™ x (0, 1]. (2.1.1)
We write
Sp(m) := Spo(m),  Sps(m) = Sps(m),  Su(m) = Sp,o(m).

We call an element of a semiclassical symbol class a symbol function. Furthermore, let us
define
S, (m) = (] Sks(m), 4 €[0,1/2) arbitrary.
keR
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This set is in fact well-defined (the intersection on the right hand side is independent of §).
S, °°(m) is the set of functions s : R™ x (0,1] — C such that s(-,h) € C*(R") for each
h € (0,1] and for each non-negative n-dimensional multiindex a and each N € N, there is a
constant Cp, y > 0 with
102s(v,h)| < Co ym(v) Y ¥ (v,h) € R x (0,1].

In order to recall the definition of semiclassical asymptotic series, let m : R — (0,00) be
an order function. Given & € [0,1), a sequence {k;};jen C R with k; — —oco as j — o0, a
sequence {s;};eny with s; € SZ?é(m), and a symbol function s € Sp;5(m), we say that {s;}jen
is asymptotic to s in Sp,s(m), in short

oo
s~ Z s;j in Sps(m),
3=0

provided that for each N € N one has s — Z;'V:O 55 € S,’ff\g“(m). We denote by S(R™) the
vector space of Schwartz functions on R™, equipped with the semi-norms

|fla,p = sup [¢*0" f(x)|
z€R™

and denote by S’'(R™) the topological dual space of S(R™), i.e. the space of continuous linear
functionals on S(R™), equipped with the weak-* topology. Let m : R?® — (0, 00) be an order
function. For s € S’h“;&(m), feSMR"), and z € R", define

Opy, (s)(f) (@) := (27T1h>n//e’i(7”y)'”s(x;ry,n,h)f(y) dy dn. (2.1.2)

R" R™
Then, by [63, Theorem 4.16] and [17, Theorem 7.8], the function
Opy,(s)(f) : @ = Opy,(s)(f)(x)
is an element of S(R™) and the map
Opy(s) : S(R") = S(R™),  f = Opy(s)(f),

is a continuous linear operator. Moreover, by duality Op,,(s) extends to a continuous linear
operator

Op,(s) : S'(R™) — S'(R™).

This so-called Weyl-quantization is motivated by the fact that the classical Hamiltonian
H(x,&) = &2 should correspond to the quantum Laplacian —h2?A, and that real-valued sym-
bol functions should correspond to symmetric or, more desirably, essentially self-adjoint op-
erators. An operator §’'(R") — S’(R™) of the form (2.1.2) is called a semiclassical pseudod-
ifferential operator on R™. We denote by Oph(Sﬁ;é(m)) the set of semiclassical pseudodif-
ferential operators that are quantizations of symbol functions in S}’f; s(m). For the following
important formula, we introduce the standard symplectic form o : R?" x R?® — R given by
oz, &y,m) =& y—x-n.

Theorem 2.1.1 (Composition formula, [17, Theorem 7.9]). Let my,my : R?™ — (0,00) be

order functions and s; € Sp,5(mj;). Then, there is a symbol function s € Sp,s(mimy) such
that Opy,(s1) o Opy,(s2) = Opy,(s), and

— 1 /ih k ,
s~ Z o (EU(DJC7 Dy; Dy,Dn)) s1(x, &, h)s2(y,n, h)ly=zm=¢ i Spis(mimg).  (2.1.3)
k=0
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Let s € S,’:;é(lRZ’n). Then, by [17, Theorem 7.11], the operator Op,(s) : S'(R™) — S'(R™)
bi-restricts! to a bounded linear operator Op,,(s) € B(L?(R")) which is essentially given by
(2.1.2), and there is a constant C' > 0 which is independent of h, such that

10p, ()| pr2mnyy < CPF Vb€ (0,1]. (2.1.4)

It will be important for us to know when a semiclassical pseudodifferential operator is of trace
class, and to estimate its trace norm. For these tasks, the following results from [17, p. 113,
Lemma 9.3, Theorem 9.4] are very useful. Let s € S’}f;é(th) for some 6 € [0,3), k € R, and

suppose that the function s(-,h) : R?" — C, (y,n) — s(y,n, h) fulfills

Z ||6a3('7h)||L1(R2n) < o0.

|a]<2n+1

Then, the operator Opy,(s) : L2(R™) — L2(R") is of trace class with trace norm

10D ()l 2 (gny S CRT* Y 10%( W)l (gamy »

|a|<2n+41

where C > 0 is independent of h, and its trace is given by

1220 Opn(s) = s [ (o) dyn (2.1.5)
R2n

Moreover, the integral kernel estimates on [17, p. 113] and the estimate proved there for the

relation between standard quantization and Weyl quantization imply the following results.

Choose ¢ € C(R™) with support inside some compact set K C R"™, and denote the operator

L2(R™) — L2(R") given by pointwise multiplication with ¢ by ®.

e Suppose that the function s(y,-,h) : n — s(y,n,h) is a Schwartz function for each
y € R™ and each h € (0, 1]. Then, the operator ® o Opy,(s) is of trace class and its trace
norm fulfills uniformly for h € (0, 1] the estimate

90004 () oy SCH T 3 10769 M) sy, (216)

|a|<2n+1
with a constant C' > 0 that is independent of h.

e As a special case of the previous one, we have in particular: Suppose that the function
sy, h) : 7 — s(y,m,h) is compactly supported in R™ for each y € R™ and each
h € (0,1], and the volume of the support of the function s(y, -, k) is bounded uniformly
in y € R™ by some h-dependent constant C, > 0. Then,

[® 0 Opp(8) Iy, 12(rn) < CoCrh™" | |<22:+1 X |0%s(y,n, h)|, (2.1.7)

with a constant Cy > 0 that depends on ¢ but not on h.

Very useful in combination with the previous lines is also the following observation, which
follows from the statements above and the composition formula (2.1.3), compare [17, Propo-
sition 9.5]. For i € {1,2}, let s; € Sys(1gz2n) for some & € [0, 3), ki € R, and suppose that

IHere, we are regarding L2(R™) as a subset of S'(R™).
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for each h € (0, 1] the function s (-, h) : R?® — C is compactly supported inside the interior
of some h-independent compactum K C R2". Let sifsy € S,lj;l;er be the symbol obtained
from s; and sy by the composition formula (2.1.3). Then for each N € N, R > 0, and each
non-negative 2n-dimensional multiindex «, there is a constant C, y > 0 such that for all
(y,m) € R?"™ with dist((y,n), K) > R, one has

0% (s1852) (Y, m, h)| < ConhNUIO)Ri=k2=0lelqist((y ), K)™N ¥ h e (0,1].

As the function (y,n) — (dist((y,n), K))"" is in LY(R2") if N > 2n, we can combine the
preceding results to get

Corollary 2.1.2. Forie€ {1,2}, let s; € SE%(len) for some § € [0,3), k; € R, and suppose
that for each h € (0,1] the function si(-,h) : R*™ — C is compactly supported inside some
h-independent compactum K C R?*". Then the operator Op,,(s1tise) is of trace class and

0Py (s1852) 14y 12y = O(hnh—he=(@n+1)0) as h — 0. (2.1.8)

This corollary is important as it tells us that the trace norm of the composition of two
semiclassical pseudodifferential operators, one of which has a symbol supported inside a fixed
compactum, essentially depends only on the norm of the derivatives of the original two sym-
bols near the compactum. Surely, Corollary 2.1.2 could be generalized to h-dependent com-
pactums K(h), but as we are mainly interested in a functional calculus for h-dependent
functions whose support shrinks as h — 0, it is no big loss of generality to assume that the
shrinking happens inside a fixed h-independent compactum.

Let m : R?" — (0, 00) be an order function and let s € Sj,(m). We call the symbol function
s m-elliptic if there is a constant € > 0 such that |s| > em. Crucial for all what follows is the
following result:

Theorem 2.1.3 (Essential self-adjointness [17, Prop. 8.5]). Let m : R*™ — (0,00) be an
order function with m > 1, and let s € Sp(m) be a real-valued symbol function such that s+ 1
is m-elliptic, where i denotes the imaginary unit /—1. Then, there is a number hy € (0,1]
such that the operator (Op,,(s) +i)~1 € B(L?(R")) exists for each h € (0, hg]. Furthermore,
the operator Opy,(s) : S(R™) — S(R™) C L%(R™) is essentially self-adjoint in L2(R™) for each
h € (0,hg], and one obtains the unique self-adjoint extension Opy(s) by equipping Opy,(s)
with the domain

(Opp(s) +14)'L*(R™) C L*(R™).
For example, if m(y,n) = (n)* and s(y,n, ) = ||n||*, then
(Opy(s) + ) T2(R) = T2 (R™), (2.1.9)

where H? (R") is the semiclassical equivalent of the Sobolev space H?(R"), see [63, Thm. 8.10].
Now, the known functional calculus in R"™ for fixed h-independent functions is summarized
in

Theorem 2.1.4 ([17, Theorem 8.7 and p. 103]). Let s be a symbol function as in Theorem
2.1.3 and let f € CP(R). Consider the operator f(Opy(s)) : L2(R™) — L2(R") defined by
the spectral calculus for unbounded self-adjoint operators. Then, there is a symbol function
as,f € Npen Sn(m™*) and a number hgy € (0,1] such that for h € (0, ho)

1 (0p1(3)) = Opi(a. ).
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Moreover, if s fulfills s ~ Z;io his; in Sp(m) for some sequence {s;}j=012,.. C Sp(m),
then there is a sequence of polynomials {qs;(y,n,t,h)}j=0,1,2,... in one variable t € R with
coefficients h-dependent functions in C*(R*") and with qso = 1, such that

~ J 5 S . ; = —
s, f ;:Oh as,f.j in Sp(1/m), a5 ;(y,nh) (2j)!(

0

25
a) (qs,j (y7 m, t7 h’)f(t))tzso(y,n,h) .

In particular, as, o0 = f o so.
A corollary is the following trace formula for semiclassical pseudodifferential operators in R™:

Theorem 2.1.5 ([17, Theorem 9.6]). Let m : R*" — (0, 00) be an order function with m > 1,
and let s € Sp(m) be a real-valued symbol function such that s + i is m-elliptic, with an
asymptotic expansion s ~ Z;io his; in Sp(m), where {s;};j—01.2,.. C Sp(m). Let I C R be
a bounded open interval with

liminf dist(s(v,h),I) > C vV h e (0,1]

llvll—+o0

for a constant C > 0 which is independent of h, and let f € CF(I) C CF(R) be given. Then,

the operator f(Opy(s)) : L2(R™) — L%(R™) is of trace class for small h, and as h — 0, its
trace is asymptotically given by

s (O0(3)) = G | (solum ) dyd + O (17 ).

R2n
In order to introduce semiclassical pseudodifferential operators on general smooth mani-
folds, we need the following special type of symbol classes which is invariant under pullbacks
along diffeomorphisms. For m € R and § € [0, 1), one sets

Sps(R™) := {a :R?™ % (0,1] = C: a(-,h) € C°(R*)V h € (0,1], and ¥ multiindices s, t
3Cyy > 0 [050kalw, &, h)| < Cyy (€)™ R vz e R, 1 e (0, 1]}. (2.1.10)

Note that Sj’;(R™) C Sp.s(msp), where my, : R2" — (0,00) is given by my,(x,&) = (&)™,
but the reverse inclusion is not true. The symbol classes (2.1.10) generalize the classical
Kohn-Nirenberg classes. In the literature one usually encounters only the case § = 0. In our
context it is natural to allow § > 0, since the h-dependent functional calculus is primarily
useful for functions whose derivatives have growing supremum norms as h — 0. See [20] for
more applications of the symbol class (2.1.10). Let now M be a smooth manifold of dimension
n, and let {(Us,Ya)}acA, Yo : M D Uy = Vo CR™, be an atlas for M. Then one defines

Ss(M) ::{a T*M x (0,1] = C, a(-,h) € C®(T*M) ¥ h € (0, 1],
(721)"(Pat) € Sit5(R") Vo € A, ¥ g0 € CX(Ua) ], (21.11)

where (v, 1)* denotes the pullback? along 7, !. The definition is independent of the choice of
atlas, and we call an element of S} (M) a symbol function, similarly to the notion of symbol

2The pullback is defined as follows: First, one identifies T*V, with Vo xR™. Then, given a : T*M x (0, 1] —
C, the function (¢qa) o ('y;l x (Ova DT x 1¢0,1)) : Va X R™ x (0,1] = C has compact support inside Vo in
the first variable, and hence extends by zero to a function R?™ x (0, 1] — C which is smooth for each fixed h.
This function is defined to be (v41)*(paa).
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functions on R™ defined above. We use the short hand notations

Sp (M) = (] Spis(M), Syt (M) == St (M), m e RU{—oo}.
meR

For m € RU{—o0o} and § € [0, 5), we call a C-linear map P : C*(M) — C>°(M) semiclassical
pseudodifferential operator on M of order (m,¢) if the following holds:

1. For some (and hence any) atlas {(Ua,Va)}acas Ya : M D Uy — Vo C R” of M
there exists a collection of symbol functions {sq }aea C Si’s(R™) such that for any two
functions a1, 9,2 € C°(Uy), it holds

Pa1P(@a2f) = €ai10ph(sa)(Ya2f) ©Vat) © Ya-

2. For all ¢y, s € CZ(M) with supp 1 Nsupp @2 = (), one has
||@1OPO©2||H7N(M)_>HN(M):O(hoo) VN:0,1,2,...,
where ®; is given by pointwise multiplication with ¢;, and HY (M) is the N-th Sobolev
space.
When ¢ = 0, we just say order m instead of order (m,0). We denote by W}s(M) the C-linear
space of all semiclassical pseudodifferential operators on M of order (m,d), and we write
Wi (M) = Uptg(M), W, (M) = (1) Wi (M).
meZ

From the classical theorems about pseudodifferential operators one infers in particular the
following relation between symbol functions and semiclassical pseudodifferential operators,
see [34, page 86], [63, Theorem 14.1], [20, page 383]. There is a C-linear map

ris(M) = Spis(M)/ (W2 817 (M), P o(P) (2.1.12)

which assigns to a semiclassical pseudodifferential operator its principal symbol. Moreover,
for each choice of atlas {(Uy, Ya)}aca of M and a partition of unity {¢, }ac.4 subordinate to
{Ua}aca, there is a C-linear map called quantization, written

Shis(M) — Wiis(M), s+ Oph»{Um%}aeA(s)' (2.1.13)
Any choice of such a map induces the same C-linear bijection
o
s (M)/ (W20t (M) = Siis(M)/ (R 208557 (M), (2.1.14)
Opy,

which means in particular that the bijection exists and is independent from the choice of atlas
and partition of unity. We will call an element in the quotient set

Siis(M)/ (h' =2 S5 (M)

a principal symbol, whereas we call the elements of S}’L’;’é(M) symbol functions, as introduced
above. Operations on principal symbols such as pointwise multiplication with other prin-
cipal symbols or smooth functions and composition with smooth functions are defined by
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performing the corresponding operations on the level of symbol functions. For a semiclassical
pseudodifferential operator A on M, we will use the notation

to express that the principal symbol o(A) is the equivalence class in the quotient set
Siis(M)/ (h =2 S5 (M)

defined by the symbol function a € S’}%(M ). Finally, returning to the setup introduced at
the beginning of this first part of the thesis, the known functional calculus for our Schrédinger
operator P(h) on the closed connected Riemannian manifold M for a fixed h-independent
function is summarized in the following

Theorem 2.1.6 ([63, Theorems 14.9 and 14.10]). Let f € S(R). Then, the operator
f(P(h)), defined by the spectral theorem for unbounded self-adjoint operators, is an element of
U, °°(M). Furthermore, f(P(h)) extends to a bounded operator f(P(h)) : L2(M) — L*(M)
of trace class, and one has

o (f(P(h)) = [fopl. (2.1.15)
As h — 0, the trace of f(P(h)) is asymptotically given by
tI“Lz(M)f(P(h)) = ﬁ / fopd(T*M)+ O(h_n+1).

T*M

O
Remark 2.1.7. Clearly, the habit to decorate the names of the various sets of symbol classes
and semiclassical pseudodifferential operators with the lower index h is an abuse of notation
because the sets themselves do not directly depend on the semiclassical parameter. For
example, it would make no sense to ask the question what happens to the whole sets in the
limit A — 0. The h in the names is there to emphasize that the elements of the sets depend
(pointwise) on h. In particular, if one set h globally to 1, one would recover the usual sets of
pseudodifferential operators and symbol functions, compare Chapter 6.
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Chapter 3

Results for R"

In this chapter, we extend Theorems 2.1.4 and 2.1.5 to functions which depend on the semi-
classical parameter h.

3.1 Relating the functional and symbolic calculi

We begin with the following

Theorem 3.1.1. Let m : R?>" — (0,00) be an order function withm > 1, and let s € Sy (m) be
a real-valued symbol function such that s+ 1 is m-elliptic, where © denotes the imaginary unit
V—1. Choose fy € S§""F. Then, the operator fh(Oph(s)) : L2(R") — L2(R"), defined by
the spectral calculus for unbounded self-adjoint operators, is a semiclassical pseudodifferential
operator for small h. More precisely, there is a symbol function a € [\ oy Sh;g(m_’“) and a
number hg € (0, 1] such that for h € (0, ho]

1n(Opa(5)) = Opy (a).

Moreover, if s fulfills s ~ Z;io his; in Sp(m) for some sequence {s;};j—o1,2,.. C Sp(m), then

there is an asymptotic expansion in Sp.s(1/m)

an~ Zaj, a; € Sigé_l)(l/m), (3.1.1)
j=0
where ) 912
i mh) = (24)! (E) (Qj(y’n’t’h)fh(t))t:%(y,n,h) (3.1.2)

for a sequence of polynomials {q;(y,n,t, h)};j=0,1,2,... in one variable t € R with coefficients
being h-dependent functions in C*°(R?") and satisfying qo = 1. In particular,

aO(y7 7, h) = fh(SO(ya m, h))

Proof. We will adapt the proof of Dimassi and Sjostrand of Theorem 2.1.4, extending it to h-
dependent functions f;, € S;”"'F. Let us briefly recall the main steps in the proof of Theorem

2.1.4. First, one uses the Helffer-Sjostrand formula to express f(Oph(s)) as a complex

integral which involves the resolvent of the operator Opy,(s) and an almost analytic extension
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of f. Then one proves that the resolvent is a semiclassical pseudodifferential operator, and
that its symbol has a certain asymptotic expansion whose terms are then plugged into the
Helffer-Sjostrand formula. That the resulting term-wise integrals exist and that they define
elements of appropriate symbol classes is proved using the properties of the almost analytic
extension of f. Finally, the precise algebraic form of the resulting symbol expansion for
f (Oph(s)) is obtained by replacing the complex integrals in the expansion up to a negligible
remainder by integrals that one can evaluate using the Cauchy integral formula. We will now
precisely study the relevant steps in the proof of Theorem 2.1.4 and check how they need to
be generalized or modified to work also for h-dependent functions fj satisfying our regularity
conditions. As mentioned before, the first step in the proof of Theorem 2.1.4 is the Helffer-
Sjostrand formula, see [17, Theorem 8.1]. Thus, let P be a self-adjoint operator on a Hilbert
space H. Let f € C3(R) and let f € CL(C) be an extension of f with d,f(z) = O(|Im z|),
where 0, = %(835 +10,) with the notation z = x + 4y. Then

£(P) = %/@f(z)(z _P) s, (3.1.3)
C

where dz denotes the Lebesgue measure on C, and the integral is a Riemann integral for
functions with values in B(#). The statement (3.1.3) is of course applicable to f = f;, € C3(R)
for each h € (0, 1] separately. No generalization is needed here. The second key step in the
proof of Theorem 2.1.4 is the following Lemma, see [17, Prop. 8.6]. Let s be a symbol function
as in Theorem 2.1.3. Then for each z € C, Im z # 0, there is a symbol function r, € Sy, (1gzn)
such that

(z—W)i1 = Op,,(72). (3.1.4)

The family {r.}, indexed by z, has the property that for each 2n-dimensional non-negative
multiindex «, there is a constant C, > 0 such that for |z| < const., one has

R1/2 | 2n+1
1027, (v, h)| < Co max (1, |) Im z|719=1 Vo e R?, he (0,hy],  (3.1.5)

|Im =z

where the number hg € (0,1] is the same as in Theorem 2.1.3. The lemma does not involve
the function f at all, so obviously it does not need to be modified when f = f;. The third
step, which in combination with the Helffer-Sjostrand formula and (3.1.4), (3.1.5) yields that
f (Oph(s)) is a semiclassical pseudodifferential operator for small h, is given by the assertion
that

D.f(2)r.dz € 8;7°°(1gzn) Vv >0,V feCER). (3.1.6)
Im z|<h?Y

It is proved using (3.1.5) and a particular choice for the extension map f — f in the Helffer-
Sjostrand formula. Specifically, one considers the extension'

z Yr(z)x(y)

Fla+ig) = 2N [ eesimey )7 (5)(6) e, (31.7)

R

where F(f) is the Fourier transform of f, x € C¥(R,[0,1]) is equal to 1 on [—1,1], and
Yy € CE(R) is equal to 1 in a neighborhood of supp f. The main feature of the extension

IThe multiplication with a cutoff function x(y) in front of the integral is only implicitly mentioned at [17,
p- 93/94].
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map C°(R) — C°(C) defined by (3.1.7) is that the functions f in its image are almost
analytic, meaning that for each N € N there is a constant C'y > 0 such that

10.f(z)] < Cy|Im 2|N  VzeC. (3.1.8)

Now suppose that f = f;. This time we cannot just apply the existing results separately
to fp for each h, because (3.1.6) is a statement about uniform estimates in h € (0,1]. Of
course, for each individual h, we obtain an almost analytic extension fh for which (3.1.8)
holds. However, the constant Cy appearing in the inequality for some fh depends on the
function fp,, and so in particular Cy = Cn(h) depends on h. Since we need estimates that
are uniform for h € (0, 1], we cannot directly use (3.1.8) when f = f,. Instead, we study the
proof of (3.1.8) to deduce a more precise estimate with constants that are independent of the
function f. In order to do this, let us make the additional assumptions about the function
Yy that we have || < 1,[¢%| <1, and that ¢y = 1 in a closed interval Iy = [my, Mf] C R
whose endpoints have distance 1 to the support of f, and that ¢y = 0 outside [my—2, My+2].
Asin [17, p. 94], one calculates for each N € N and f € C(R)

0. f(z +iy) = yNﬁ (wf(w) / e TSN N (Y& ENTLF(f)(€) d€

R
+ (@ // iw— “wEXgNiyj)( +D5)2D§V(%)dﬁd§) Vyel[-1.1, (3.1.9)

where we used the notation xn(t) := ¢t~V x'(¢).2 Due to our assumptions on ¢y, |z — 7| is
bounded from below by 1 on the support of ¥ (z) f(Z), and we obtain from (3.1.9)

9: (e +in)| < oIV ([ F (D) gy + e[ £

v —-1,1], (3.1.10
) Vel 3110)

where Cy > 0 is independent of f. Now we observe (i)' F(f) = F(fN*V), and in
addition we note that for every Schwartz function f on R and every j € {0,1,2,...}
(3.1.11)

)

o

< C; G
o < O e |7

with C; > 0 independent of f, see e.g. [63, Lemma 3.5]. Moreover, for a function with support
of finite volume, we have the standard integral estimate

]

Taking into account the estimates (3.1.11) and (3.1.12), the result (3.1.10) turns into

oy < Vol(supp f)Hf(l)H vie{0,1,2,...}. (3.1.12)

5 F(2) < N H )
10:f(2)| < Cn|lm 2|Tvol(supp f) max IF|

VzeC, Imz <1 (3.1.13)

with new constants Cy > 0 that are independent of f. The estimate (3.1.13) is exactly the
modified version of (3.1.8) that we were looking for. Setting f = f},, we get for each N € N
and all z € C with |Im 2| <1

5 7 N ()
9:u()] < Cwltm z[Vvol(supp fu) | max Hfh HOO YV he(0,1], (3.1.14)

?Note that x’ = 0 in a neighborhood of 0.
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with Cy > 0 independent of h. We will now use (3.1.14) to prove

D.fn(z)r.dz € Sy (1gen) Yy >0, fr € SO (3.1.15)

|Im z|<hY

which is slightly weaker than the f,-version of (3.1.6), but sufficient for our purposes. Recall
that the statement (3.1.15) means that for each h € (0,1] the function on R?" defined by the
integral is smooth and one has for all v € R*", h € (0,1], v >, N=0,1,...:

o / 8. fo(2) 12 (0, 1) dz| < Oy BN (3.1.16)

Im z|<h?Y

with constants Cn,q,y > 0. As 0, fn is compactly supported, and the integrand is smooth, we
can interchange integration and differentiation, so that the function on R?" defined by the
integral is indeed smooth for each h. Let now v > §. Then (3.1.5) and (3.1.14) imply that
there is a number hg € (0, 1] such that for each N =0,1,2,... and each a there isa Cy o > 0
such that for all h € (0, hq]

ay / Do frn(z) (v, h)dz| < / |5th(z) gr.(v,h)| dz

|[Im z|<h?Y Im z|<h?Y

. hl/2 \2n+1 o
< Cn,avol(supp fr) o RBE Hf,SJ)HOO / max (1, m) [Tm 2|~ Im 2|V d=.

Im z|<hY

zEesupp 9. fh

For each N > |a| + 2n + 2, we can estimate the final integral according to

R1/2 | 2n+1
/ max (17 ﬁ) [Tm 2|~ Im 2|V dz

Im z
[Tm z|<h?Y
z€supp 9. fr
= / [tm 2|~ Im 2|V dz + B2 / [Tm z|~1%1=27=2|1m 2|V dz
RY/2<|Im z|<h? [Tm z|<h'/2
zEsupp 52fh zEsupp ngh

< C!, yvole(supp 8, fp) (RN 71e1=1) 4 prt/2( 4N =fal=2n=2))
< 2C!, yvolc (supp 8, fp ) (Rmin0-1/AN—max(y.1/2)(al+1))

Turning our attention to the term volc supp 0. fh, note that by construction of the almost
analytic extension fj,

supp 9, fn C supp fn C (supp Vy,) x [L,L}i C C, (3.1.17)

where L > 0 is some constant depending only on the cutoff function y. Due to our assumptions
on the function ¢y, in the paragraph before (3.1.9) one has

vol(supp ¢y, ) < diam(supp f5) + 2 + 2 (3.1.18)
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and we obtain volc ((supp vy, ) x [L, L]i) < 2L(diam(supp f5) + 4). Collecting all estimates
together yields for h € (0, ho] and N > |a| + 2n + 2

854 / 5zf~h(z) TZ(U7 h) dz| < Cn OLhmin(’y,1/2)N—max('y,1/2)(|04H-1)

Im z|<hY

. (4)
vol(supp f3)(1+ diam(supp f) _max /7] . (3.1.19)

for some new constant Cy , which is independent of h. We now use the regularity conditions
on the function (¢, h) — fj,(t) encoded in the assumption f; € S5°™P. The condition that the
function is in Sps(1r) yields

(j)H _ —(N+3)5
Oggngaga?’ Hfh . O(h ) as h — 0,

and because the diameter of the support of f, grows at most polynomially in h~! as h — 0,
there is a constant 7 > 0 such that vol(supp f5)(1 + diam(supp f5)) = O(h™") as h — 0.
Thus, we conclude

< CN,a hN(min(’y,l/Q)—5)—max(’y,l/Q)(|aH—1)—35—r (3120)

]as [ adnma

Im z|<h?Y

with a new constant C . Given N’ € N, we can set N(N') := [N,+maxr§z;11({yz,i(/l;‘j;)+35+r1

to obtain

< Onwviya B V1€ (0, hol. (3.1.21)

o / 8. Fu(2) (v, ) dz

|[Im z|<h?Y

Thus, after performing a global rescaling h’' := h/hg, we have shown (3.1.16), or equivalently
(3.1.15). The next intermediate result in the proof of Theorem 2.1.4 that we want to generalize
involves the integral over the whole complex plane. Namely, one easily obtains

/@f(z) r.dz € Sp(lgen) V f e CP(R) (3.1.22)
C
by taking into account that the integrand has compact support and estimating its L°°-norm

using (3.1.5) and (3.1.8). Just as (3.1.6), (3.1.22) is a statement about uniform estimates in
h € (0, 1], so it does not directly generalize to h-dependent functions. We would like to prove

/5th(z)rz dz € Sps(lgen) Y fn € S5O (3.1.23)
C
Let us try to prove (3.1.23) in the same way as (3.1.22) by estimating the L°°-norm of the
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integrand and using that the integrand has compact support. With (3.1.16), we can write

854 gz.fh(z) TZ(’U,h) dz
/

_ ’ag / 8. fr(2) ra (v, h) dz + 0° / 8. F(2) - (v, h) dz
[Im z|<h1/2 |Im z|>h1/2
< / ‘8 fh Yoo, (v, h) ’dz—i—O(hDo)

[Tm z|>h1/2
z€supp 8. fr

the O(h*°) estimate being uniform in v. Using (3.1.5), (3.1.14), (3.1.17), and (3.1.18), it
follows that with N = |o| + 1

< Cn,avol(supp fr)

83 5th(2) Tz(vvh) dz
/

/ [Tm 2|71 Im 2N dz + O(h™)

|Im z|>h'/2

0<j<N+3 o

zEsupp 0 fr

< Claj+1,avol(supp fn) 0<jg|13\}i1+3 Hf’(Lj) Hoo vol supp 9, fr + O(h™)

< Casvol(supp fr)(1 + diam(supp f,))h =20+ + O(h>)
— O<h—5(\a|+4)—2r),

where 7 > 0 is chosen such that the diameter of the support of f3 is of order h™" as h — 0.
Thus, we arrive at the statement

/ 0o fn(2)r2dz € 3% (1gan) Y fr € S5oP (3.1.24)
C

which is considerably weaker than (3.1.23). Temporarily, (3.1.24) will be sufficient to continue

with the proof, and we will deduce (3.1.23) later. As in the proof of Theorem 2.1.4, we deduce
from (3.1.24)

0:fn(z)rzdz € S0 (m™*)  VEke{0,1,2,...} (3.1.25)

a

by writing fp(t) := (¢t +4)* fn(t) and observing that

fn(0pn(9)) = (Opy(5) +4) " fi (Opn(s)),

see [17, Thm. 8.7]. To proceed, fix some 7 € (0, %) It is shown in the proof of Theorem 2.1.4
that if |z] > k7, |z| < const., the function r, belongs to the symbol class Sg,,y(mfl) with

estimates that are uniform in z, and r, has an expansion in SZ,W (m~1) of the form

o) 27
q]k :U UB ) ) 2j—k _
y TI? ZO kz Z — 50 y n, h))2j+17 QJ,k c Sh(m )7 (Z0,0 = 17

36



CHAPTER 3. RESULTS FOR R" 3.1. FUNCTIONAL AND SYMBOLIC CALCULUS

with uniform estimates on the domain |z| > A7, |z| < const., see [17, p. 102]. Thus, by (3.1.3),
(3.1.4), (3.1.16), and (3.1.25) one obtains f3,(Op;(s)) = Opy(a) with a € S46+2T(m_1) having

an asymptotic expansion in Sff; r(m—1)

S - -1 5 7 4;(y,n, 2, h)
a~ ZhJ aj, a;(y,n, h) = — / 0. fn(2) = ;o(y,n,h))”“ dz, (3.1.26)

|z|=h

where we wrote ¢;(y,n, 2, h) 1= Zij:o qj x(y,m, h) 2*. For the same reason why (3.1.15) holds,
one can replace each @; up to an error in S, *°(m~!) by

qi(y,m, 2, h)
y 77, /6 fh Z - SO(yanvh))2j+1 dz

1 0N\
:w(a) (QJ(yanvtah)fh(t))t:SO(%mh)v

where the evaluation of the complex integral between the first and the second line is as in
[17, (8.16) on p. 103]. We obtain

ar~ Y Wa; in Spr(mTh. (3.1.27)

Now, since fj, is an element of Sp.s(1g) and only derivatives of fj of order at most 25 occur
in a;, we conclude that a; € Szjé( ~1). Therefore, the expansion (3.1.27) implies that a is in

fact an element of Sp,.s(m™1) C S45+2T( 1) and has the same expansion in Sj,.s(m~1). Thus,
the evaluation of the complex mtegrals in the individual terms of the expansion (3.1.26) has
finally provided a proof for (3.1.23). Just as we deduced (3.1.25) from (3.1.24), we deduce
from (3.1.23) that a € (N, Shis(m™F). O

As a corollary, we get a semiclassical trace formula that generalizes Theorem 2.1.5.

Corollary 3.1.2. Let m : R?™ — (0,00) be an order function with m > 1, and s € S, (m) be
a real-valued symbol function with an asymptotic expansion

s~ Zhjsj in Sp(m)

§=0
such that s + i is m-elliptic. Let I C R be a bounded open interval with
liminf dist(s(v,h),I) > C vV h e (0,1]

llvll—+o0

for a constant C > 0 that is independent of h, and let f, € CX(I) C C°(R) be given such
that the function (t,h) — fy(t) is an element of the symbol class Sp;5(1r) for some § € [0, 1).

Then, the operator f,(Opy(s)) : L2 (R™) — L2(R™) is of trace class for small h, and as h — 0
one has

_ 1
trp2 ey fr (Oph(S)) = @rhe / Jn(s0(y,m, h)) dydn
R2n
+ O<h1*25*”volR2n (supp fi o so(-, h)))-

Proof. In view of Theorem 3.1.1 and Corollary 2.1.2, one can prove the statements of the
theorem by complete analogy to [17, proof of Theorem 9.6]. O
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Chapter 4

Results for closed Riemannian
manifolds

In this chapter, we generalize Theorem 2.1.6 to functions which depend on h, and we establish
explicit statements that can be used to prove trace formulas. For the whole chapter, let us
fix the following setup. As introduced in Chapter 1, let M be a closed connected Riemannian
manifold of dimension n. We choose a finite atlas {Un, Vo }aca with charts v, : U, 5 R,
U, C M open, and a subordinate partition of unity {¢a}aca. For each a € A, we choose
in addition a compact set K, C R" such that supp ¢, o v;! C Int(K,), and three cutoff
functions @,,,%,,9, € C>°(M) with supports contained in v, !(Int(K,)) C U, and with
©, =1 on supp ¢a, P, = 1 on supp @, and p, = 1 on supp @,. For a point x € U,, let
y = (y1,---,Yn) € R™ be the coordinates of the point v,(z). Furthermore, we have a local
metric g, := (g¥) with coefficients g/ : R — R and inverse matrix (g5;), together with an
associated volume density Voly, (y) := /det go(y). Note that lim, . Voly, (y) = 0, since
otherwise U, would have infinite Riemannian volume in contradiction to the compactness of
M. It follows that the positive function y — Volg_(y) is bounded.

4.1 Technical preparations

The Schridinger operator P(h) acts on a function f € C°(U,) € C®(M) by the formula

P()(f)(@) = Sa(h)(f 072" )(y) = V]h(y) 3 £, (nga(faJ)> )

+(VorH®) - (feraHw) (4.1.1)

for & € Uy, and P(R)(f)(x) = 0 for € M — U,. The so defined operator

i,j=1

v

So(h) : CE(R™) — C°(R™)

is a second order elliptic differential operator on R”™, in the sense that its principal symbol is
nowhere 0. However, §a(h) is not uniformly elliptic in the sense that its principal symbol is
bounded away from 0, because the coefficients g%/ and g5 can tend to zero towards infinity.
To circumvent this problem, let 7, € C°(R™,[0,1]) be a function which fulfills 7, = 1 in a
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neighborhood of K, and define a new differential operator C°(R") — C°(R™) by

v

Po(R) := TaSa(h) + (1 — 7a)(=h3A), (4.1.2)

where A = Y0 | 8872?' Clearly, P,(h) agrees with S, (h) on functions supported inside K.

The reason why we introduced the new operator Iéa(h) is

Lemma 4.1.1. Let m : R? — (0,00) be the order function given by (y,n) (77>2. Then,
for each o, one has Py(h) = Opy(pa) for a real-valued symbol function p, € Sp(m) such
that po + i is m-elliptic. Furthermore, P,(h) has a unique self-adjoint extension Py(h) :
HZ(R") — L2(R"), and for z € C, Im z # 0, the resolvent (P, (h) —z)~! : L*(R™) — H2(R")
exists as a bounded operator.

Proof. Fix a € A and note that as M is compact we can assume without loss of generality
that all the coefficients g;/, g7 : R® — R and their derivatives are bounded. By (4.1.1) and
(4.1.2),

Py(h) = Opy (pa)
for a function p, € C*°(R?" x (0, 1]) of the form

Paly,mh) = o (min + Va(y) +h>_phwmi,  Va:=Vonr,, (4.1.3)
=1

ij=1

=:pa,0(y,n)

where
P’ (W) = 1aW)gd (y) + (1 —7a(y))d¥,  pi € C°(R™,R),

and the functions p?, and V,, are bounded. Here, §% is the Kronecker delta. Since all the
coefficients in the polynomial p, and all of their derivatives are bounded functions, there is for
each non-negative 2n-dimensional multiindex 3 a constant Cjs > 0 such that [0%p, (y,n, h)| <
Cs (n)? holds for all (y,n) € R2" and all h € (0,1]. Thus, we conclude that p, € Sp(m).
It remains to show that there is some constant €, > 0 such that |p, + i| > e,m. Let
y € R™. Since ¢,(y) is a norm-induced metric on R™ and all norm-induced metrics on
R” are equivalent, it holds n7 g (y)n > ca(y)|n|? for some c,(y) > 0. Clearly, the function
R™ — (0,00), y > ca(y), is smooth and thus assumes a minimum m,, on the compact support
of 7. It follows

| > pi e | = min(Lma)lnl? vy e R (4.14)
%,

Now, recall that p, and V,, are bounded functions, which in view of (4.1.4) implies that we
can find a constant 7 > 0 such that |k}, pf, (y)n: + Va(y)| < 3| > P4 (y)min;| holds for
all n with |n| > r, and all y € R™, h € (0,1]. Thus, we conclude for |7ﬂ7 > Tyt

1 2
[Palys ) +i* = (Fmin(Lma)ln?) +1 ¥y eR", he (0,1]
Now, choose R, > r, large enough and C, > 0 small enough such that
L. 22 2 (1,12 2
(5min(tma)n?)” + 1= C2(jn* +1)
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for all || > R,. Then |pa(y,n,h) +1i| > Cq (n)? for all || > Ry and all y € R™, h € (0,1].
To obtain an analogous statement also for || < R, note that we trivially have |p, +i| > 1,
because p,, is real-valued. Assuming w.l.o.g. that R, > 1, we get

2R2
2R2 — 2R2

1

2 1 2, _
o+ —2R2|| 2RZ 2R2

|pa(yvn7h)+7" >1= (|77|2 )

We obtain for arbitrary (y,n,h) that |pa(y,n, h) + z| > C, (77)2 with Cy := min (Ca, 557 )
so that we are done with the proof that p, + ¢ is m-elliptic. The remaining statements of the
lemma follow from Theorem 2.1.3 and the observation (2.1.9). O

Lemma 4.1.2. For each a € A, define the vector space

L2 M):={fe L%(M), ess. supp fovy,' C Ko},

comp,«

and equip it with the norm induced from L2(M). Then
— 0
5t BLAR™)) = B(Limp o (M), L2(M)), A (f= A(fora')ora )

is a bounded linear operator, where @’ denotes continuation of the function u by zero outside
U,, and the vector spaces B(L?(M)) and B(L2 (M),L2(M)) are each equipped with the

comp,x
operator norm.

Proof. First, note that a function f € Lcomp o(M) indeed pulls back to a function f o~;*
in L?(R™): As the volume density Voly_ is bounded, the only critical issue here is decay at
infinity, and f o4, ! has compact bupport. It now suffices to show that there are constants

Cq, Cl, > 0 such that

||f O’V;IHLQ(]Rn) < Ca ||f||L2(M) v f € Lcomp a(M)v (415)
la o Yallpz(ary < Ch llalle g ¥ a € L*(R™). (4.1.6)

Then it will follow that

ITe(Dlsee,  aniean < CaCalAlpeeny ¥V AEBLARM). (4.1.7)

Zomp,a(

The first relation (4.1.5) can be proved easily by observing that for a function f € L2, (M)

one has

comp,x

1120y > / P dM = / FOra ()2Voly. () dy = / F(va (9)) Vol () dy.

Setting
C-2% .= min Vol 0
« yE}(Q Oga(y) > 9

it follows

11200 = €2 [ 1063 )P dy =€ [ 156 )P dy = €2 £ 09 ager
Ka

R
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The assertion (4.1.6) follows from the boundedness of the function Vol,, . Namely, for a €
L2(R"™) we get

|Movaﬁ%Mpz/kwwu%M4:/WaomFdMeifmwn%muxwdy
M Uas R™

< (sup Vol, 1)) [ la(w)P dy = C2 all e

The following resolvent estimate will be very useful.

Lemma 4.1.3. For z € C, Im z # 0, consider the resolvent (Py(h) — 2)™! from Lemma
4.1.1 for some o € A. Let r,s € CP(R™) have disjoint supports and associated multiplication
operators ®,, ®, : L2(R") — L2(R"). Then, for each N € N there is a constant Cy > 0,
depending on r and s, such that for |z| < const. one has the estimate

|@7 0 (Palh) = 2)7" 0 @l 5 2 gpnyy < Cnvh™ [Im 2771

L2(R™

Proof. We owe the trick used in this proof to Maciej Zworski. Fix some N € N. Set r; :=r
and choose functions rs...,ry which fulfill 7, = 1 on supp r;—1 and supp 7; Nsupp s = 0
for i € {2,...,N}. Let ®; : L?(R") — L?(R") be the pointwise multiplication operator
associated to ;. Then we have ®10®P50---0®P = &,.. Next, observe that for any operator A
on L2(R™) the commutators [P, (h) — z, A] and [P,(h), A] agree, since z is just a multiple of
the identity operator and hence has zero commutator. In addition, note that ®; o ®, = 0 for
all i € {1,..., N}, by choice of the functions r;, and that ®j o (P,(h) — 2) o (1 — ®441) =0,
since P, (h)—z is a differential operator and as such a local operator. With those observations,
one verifies easily

(Pa(h) — 2)_1 o [Pa(h), ®1] o (Pa(h) — Z)_l o [Pu(h), ®2]o
0 (Py(h) — 2) " o [Py(h), ®N] 0 (Py(h) —2) "t o d,
=P10Py0---0Pyo(P,(h) — 2)lod, =®,0 (Py(h) — 2)"to @,.

Each commutator is independent of z, and by [17, top of p. 102] we have for |z| < const. the
estimate

|[Pa(h), @] 0 (Pa(h) — 2 =O(h|Im 2|™Y)  Vie{l,...,N}

)_1||B(L2(Rn))
and
|(Palh) = 2™ sy = O 217),
Therefore, we can conclude that
H@T o (Pa(h) —2)"to @SHB(L%Rn))
< ||(Pa(h) - 2)71”3(1,2(]1@")) ||[Pa(h)a 1] o (Palh) — 2)71||B(L2(]Rn))
o IP(R), @x] 0 (Pah) = 2) | s qamy 125l egeny

< CNhN(|Im z\_l)NH.
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4.2 Operator norm estimates

We can now state and prove our first theorem about the semiclassical functional calculus for
h-dependent functions and the Schrédinger operator P(h) on M with associated Hamiltonian
p, relating the functional and symbolic calculi with operator norm remainder estimates. The
theorem we will prove is actually much more explicit than Result 2 from the summary in
Chapter 1, where it was stated in a condensed form. Choose g5 € S5°""". We then obtain for
cach h € (0,1] an operator gp,(P(h)) € B(L*(M)). In addition, we introduce B € ¥} 5(M) C
B(L?(M)) with principal symbol [b], where b € 52;5 (M).

Theorem 4.2.1. The family of operators { Bogn(P(h))}ne(o,1) C B(L*(M)) has the following
properties:

e There exists a constant ho € (0,1], a family of symbol functions {eq}aca C Sh.s(lgrzn),
and for each h € (0, ho] an operator R(h) € B(L*(M)) such that

(Boon(PM)(f) = Y Pa - Opplea)(@a - ) ova") 07 + R(W)(F) (42.1)
acA

holds for all h € (0, ho)] and all f € L2(M), and
IR sr2(aryy = O(R%)  ash — 0.

The operator R(h) depends on B, p, on, and the choice of the functions {pu, Py, Py facA-

e For each a € A, the symbol function e, has an asymptotic expansion in Sp,s(1gzn) of
the form

Ca~ Y Cajs  €aj €505 (lgan), (4.2.2)
j=0

where eq, ; is for fived h € (0, ho] an element of C°(R*™), and

€a0 = ((onop) - b-pa)o(va" (072 H)7T). (4.2.3)

Moreover, for each o, j and each fixzed h one has
-1 —1\T
Supp eq,; C supp ((gh op)-b- goa) o(v, 5 (Ov3)). (4.2.4)

Proof. Let us first summarize briefly the strategy of the proof, which is divided into four steps.
In Step 0, we use the Helffer-Sjostrand formula to reduce the calculations involving op (P(h))
to calculations involving the resolvent (P(h) —z)~! for z € C, Im z # 0, and estimates which
are valid uniformly in z. In Step 1, we construct a parametrix which approximates (P(h) —
2)~! up to an explicitly given remainder operator. In order to construct the parametrix,
we localize the problem using the finite atlas {(Uy,Ya)}aca for M and the partition of
unity {¢@a}aca, obtaining a local parametrix for each coordinate chart, and sum up these
local parametrices to a global parametrix. In Step 2, we plug the result of Step 1 into the
Helffer-Sjostrand formula which transforms the leading term in our calculations into a sum of
pullbacks of operators in B(L?(R™)). Then we can apply the semiclassical functional calculus
on R™, and in particular Theorem 3.1.1. Finally, in Step 3, we use the concrete form of the
obtained symbol functions from Step 2 to deduce the assertions (4.2.1-4.2.4).
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Step 0. The operator P(h)— z is invertible in B(L?(M)) for z € C, Im z # 0, see [63, Lemma
14.6], and by the Helffer-Sjostrand formula [17, Theorem 8.1] one has

on(P() = o= [ a2 (P ()~ 2) " d
C

where dz denotes the Lebesgue measure, g, : C — C is the same almost analytic extension
of gy as in (3.1.7), and 0, = (9, +i0,)/2 when z = x + iy. The Helffer-Sjéstrand formula
shows that gj, (P(h)) will be expressed as a sum of pullbacks of operators in B(L?(R")) once
we establish the same for the resolvent (P(h) — z)~!. This is our strategy. Now, by Lemma
4.1.1, to the three global operators

P(h) : C™(M) — C=(M), P(h) : H*(M) — L*(M), (P(h)—2)"t: LA(M) — H*(M)
there correspond three families of local operators, indexed by the finite atlas A

Pa(h) : CZ(R™) — CE(R™),  Po(h) : HE(R") — L*(R"),
(Pa(h) = 2)7' : L2(R™) — H(R™),

which are related to the global operators according to

v v

Ph)(f) = Pa(W)(forg)ora ¥V feCE(M), supp for,' C K. (4.2.5)

Step 1. In this step we will deduce a formula for (P(h) — z)~! using the family of lo-
cal resolvents {(P,(h) — 2)1}aeca. For each a € A, denote by ®,,®,,®, the operators
L2(M) — L2(M) given by pointwise multiplication with ¢4, %,,,®,, and by ¥, ¥,, ¥, the
operators L2(R") — L2(R") given by pointwise multiplication with p,0v, 1, B,075 1, $,075 s
respectively. We will denote (bi-)restrictions of these operators to linear subspaces of their
domains by the same symbols. Furthermore, let us introduce the pullback maps

7o LCERY), CE(RY) = LCE(U), CRWUA), A (f 5 A(fora") 0 7),
ot L(CF (Ua), O (Ua)) = LICE(RT),CE(RY), A (f = A(f o) 092Y),

which are each other’s inverses. Elliptic regularity implies that the resolvent (P, (h) — z)~*
induces an operator

(Pa(h) — Z)_1|Cgo(]Rn) : CSO(RTL) — COO(R”)
Regarding C2°(U,,) as a subset of C*°(M) for each «, we can define an operator C* (M) —
C>2(M) by
Y(h,z):= Z o (\I/a o (Py(h) — Z)_1|C(?O(Rn)) o ®,.
acA
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Using that JB(h) — z is a local operator and taking into account (4.2.5), one now computes

v

Y (h,2) o (P(h) — 2)

acA
= Z {'ya (Vg 0 (Pa(h) — z)_l\cgo(Rn)) oyr (Pa(h) - 2) o B, (4.2.6)
acA
— (a0 (Pulh) = 2) o) 0 (1= Ba) o (P(R) — 2) 0 B |
=Ra(h,2)
= > [ (a0 (Pah) = 2) Moy © (Palh) = 2)) 0 B = Ra(h 2)]
acEA
=y [7;(%) o By —ﬁa(h,z)} =y [cpa —ﬁa(h,z)}
acA acA
=lcean — Y Ral(h,2). (4.2.7)
acA

Note how we inserted the additional cutoff operator ®, before (4.2.6) to be able to split off
a remainder term which involves an operator that is composed from the left and from the
right with multiplication operators by functions whose supports are disjoint. It immediately
follows from (4.2.7) that

(P(h) = 2) How@n =Y (h,2) + > Ral(h, 2), (4.2.8)
acA

where B
Ra(h2) = Ral(h, 2) o (P(h) = 2) | a0

We introduced the pullbacks v} and v 1" for temporary use because they are inverses of
each other and they respect compositions of operators, allowing the easy construction of the
parametrix Y (h, z) on C°°(M). To get statements about operators in B(L?(M)), we will work
from now on with the pullback I'} from Lemma 4.1.2. Taking into account Lemma 4.1.1, we
observe that the bounded operator

> @q ol ((Pa(h) = 2)71) 0@ : LA(M) — L2(M)

acA
agrees with Y (h, z) on C®(M). As C>°(M) is dense in L2(M), it follows from (4.2.8) that
Ph) -2 =3 [% o T ((Pa(h) — 2)™1) 0 B + R (B, z)}, (4.2.9)

acA

where
Ra(h,z) =g oTL((Pa(h) —2)7") 0 (1 = ®4) o (P(h) — 2) 0,0 (P(h) —2)"'. (4.2.10)
Step 2. Plugging the result of Step 1 into the Helffer-Sjostrand formula yields

on(P(h)) = %/52@1(2)( 3 [@a oT%((Pa(h) — 2)1) 0 B, +£Ra(h,z)D dz
C

acA

> o oFZ(% /gzéh(z)(Pa(h) —2)7dz) 0 Ba + Rah)],
C

acA
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where

1 _
Ra(h) = — [ 0.0n(2)Ra(h, 2) dz.
o

For each a, the functional calculus for the operator P, (h) applies (by Lemma 4.1.1 and [17,
Theorem 8.1]) and gives

= [0 Pa) )7 dz = o (PaB).
C
‘We obtain the result
on(P(R) = 3 [®a 0T (on (Pa(h))) 0 B + R ()] (4.2.11)

acA

This formula expresses the bounded operator o (P(h)) : L2(M) — L2(M) in terms of the
bounded operators gp, (Pa(h)) : L*(R™) — L2(R"), up to the remainder Y . 4, Ra(h). We
proceed by estimating for fixed « the operator norm of R, (h). In order to do this, we note
that with (4.2.10)

R (h) = % /@@h(z)r; (xpa o (Po(h)—2)"to(1 —%)) o (P(h) — 2) 0@y 0 (P(h) — 2)~ ' d-.
C

Here we have replaced the operators ®,, and (1 — ®,) by the corresponding operators inside
the pullback. We now want to estimate the operator norm of the remainder operator R, (h) by
estimating the operator norm of the integrand, which works because the integration domain
is in fact the support of 9.9y, (z) which is compact and thus has finite volume. By Lemma
4.1.3 and Lemma 4.1.2, we get for each N € N a constant Cy > 0 such that for |z| < const.

This crucial estimate is precisely the reason why it was helpful to split off the remainder term
the way we did in (4.2.6). Moreover, when introducing a commutator, we get for |z| < const.

< CyhN|Im 27N
(M), L2 (M)

(Voo (B) -2 0 1= W)

comp,

H(P(h) ~ 2)oda o0 (P(h) - z)—1H - H [P(h), 3] o (P(h) — 2)~! +$aH

BL2(M)) B(L2(M))

< Ch(|Tm 2])~ ! 41,

< H [P(h),ga] o(P(h) — Z)*1HB(L2(M)) + HE(XHB(LZ(M))

so that in total we obtain a new set of constants {C}, N = 0,1,2,..., such that for |z| <
const.

We thus have successfully estimated the operator norm of 93z, k). In order to estimate also
the supremum norm of the function 0,0,(z), recall from (3.1.14) that for N = 0,1,2,...,
there is a constant Cn > 0 such that

U5 (Voo (Pa(h) = 2)7 0 (1= Ta)) o (P(R) = 2) 0 By 0 (P(h) - z)_lHB(L2<M>>

< OphNIm 2|7V (4.2.12)

5 ~ N (d)
|020n(2)] < Cn|Im z|" vol(supp on) oA th Hoo VzeC,Vhe(0,1].
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Together with (4.2.12), this implies that we get for each N € N a new constant Cy > 0 such
that for all u € L2(M) and for |z| < const.

106n(2) [ 1% (2. )ullf 2 5y

2N 2 (9) 2
< Cnh*Yvol(supp on) Oggnga]sﬁleg H lullfz(any Y he(1]. (4.2.13)

Thus, for all h € (0,1] and N € N one has
2 1 = - 2
980 ()ul e ar) = \Z.; 0.6 ()Ra (= 1) (u) (@) d=| dM ()
/ / 192.60(2) 2| R (2, ) (w)(@)|* dM (o / 19260(2) 2 [ R (2, W)ul 2 o) 2

< Cnh*Mvole(supp 0. on)vol(supp on)? o) <N+4Hfh H w2 ar -

Note that (3.1.5) and (3.1.14) imply for each h € (0, 1] that the function M x C — R given
by
5 - 2
(, 2) = 9200 (2)[*|Ra(z, h) (u)(z)|
has finite L'-norm with respect to the product measure dzdM. This justifies the application

of the Fubini theorem. We are now in essentially the same situation as we were in (3.1.19),
so that with analogous arguments as in the lines following (3.1.19) we conclude

2 2
[Ra(h)ullizary = O) lulliz
with estimates independent of u, and as u € L2(M) was arbitrary, it follows

||‘ﬁa(h)||5(L2(M)) = O(h™).

The estimation of the operator norm of the remainder is now almost complete. Namely, since
A is finite, we can re-write (4.2.11) as

= 40T} (0n (Pa(h))) 0Py + R(h), (4.2.14)
acA

where

h) =Y Ra(h): L*(M) — L*(M)

acA

has operator norm of order h*°. Next, we compose with the operator B and an additional
cutoff operator. That yields

Bogp(P(h)) =Y @4 0Bo®s ol (on (Pa(h))) oo+ R(h), (4.2.15)
acA
where
R(h) =Y (1-®4)0Bo®, 0T} (on (Pa(h))o®a + BoR(h). (4.2.16)
acA
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As ¢, and 1 — g, have disjoint supports, the operator norm of (1 — ®,) o Bo ®,, is of order
h>°. Moreover, by Lemma 4.1.2 and the spectral theorem, we have

75 (on (Pa(h)) )| 52

comp,a

(M),L2(M))
< Cllon (Pa(M))llpaemny) < Cllonlle <€ YV h e (0,1]

with constants C,C’" > 0, the last inequality being a consequence of the assumption o5, €
Sh:s(1r). In addition, we know that the operator norm of R(h) is of order h*°. From these
observations, it follows

IR L2 (aryy = O(R™).

Step 3. We now express the summands in the leading term of (4.2.15) as pullbacks of
semiclassical pseudodifferential operators on R™. Since B is a semiclassical pseudodifferential
operator of order (0,d) with principal symbol [b], one has for each «

®,0Bo®, =, 0l (0p(bs)) 0 Pa, bo € Shis(1gen), (4.2.17)
with a symbol function b, that has the property
bo =bov ' +h by, by € Sps(lgen). (4.2.18)

To proceed, note that by Lemma 4.1.1, we can apply Theorem 3.1.1 to P, (h) for each «,
which gives us a symbol function sq € (\en Shis(m™*), where m(y, n) = (n)?, and a number
ho.« € (0,1] such that for h € (0, ho,a]

on (Pa(h)) = Opy,(sa)- (4.2.19)

Each local operator gp, (P, (h)) is thus a semiclassical pseudodifferential operator. Moreover,
Theorem 3.1.1 implies that there is an asymptotic expansion in Sy.s(1/m)

= 1 ,0\%
Sa~ D sass Sash) = o) @t hen®) 2, L, (4220)

@)

for a sequence of polynomials {g;(t)};=0,1,2,... in one variable ¢ € R with coefficients being h-

dependent functions in C*°(R?*") and with ¢y = 1. In particular, one has s, ; € Sif?éil)(l /m)

and

Sa,O(ya m, h) = Qh(pa,O(yvn))7 (4221)

where
Por0(y:1) = Ta W) (1112 () + Vo) + (1 = 7a(y) [n]? (4.2.22)
is the hO-coefficient in the full symbol of P,(h), see (4.1.3). Since 1/m < 1, it holds

Sifgé_l) (1/m) C SZ??‘S_]) (1gen ), so that we can replace in the statements above ngé—l) (1/m)

with Szg(g_l)(len), obtaining in particular s, € Sp.5(1g2n). Set hg := minge 4 ho,o > 0. By
(4.2.15), (4.2.17), and (4.2.19), we have proved that one has for all h € (0, ho)
Boon(P(h)) =Y @4 0T} (0py(ba) © U 0 Opy(sa)) © o + R(R). (4.2.23)
acA

Let us now prove that the function sq ;(y,,h) : 7 — sq;(y,n, h) is an element of C°(R™)
for each y, h, j which fulfills

SUpp Sa.;(Ya (), h) C (87a)" ((supp on op) NTEM) V€ ;' (Ka). (4.2.24)
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Indeed, this statement follows from formula (4.2.20). By that formula, at each point (y,n, h) €
R?" x (0, 1] the number s, ;(y,7, h) is a polynomial in derivatives of gj, at pa,o(y,n). However,
each derivative of g, has compact support inside supp op, so that for each y, the function
N Sa,;(y,n, k) is supported inside

supp(0n © Pa,0) N {(y,n) :n € R"}.
Since 7, = 1 on K,, it holds for z € v;(K,)
supp (0 © Pa,0) N {(a(®),n) : 1 € R"} = (97a)" ((supp on 0 p) N T, M).

This proves (4.2.24). Now, we apply the composition formula to Opy,(by) o ¥, o Op,,(s4),
treating W, here as a zero order h-pseudodifferential operator. Theorem 2.1.1 then yields

Opj,(ba) © W4 0 Opy,(sa) = Opy(€a), €q € Sh;é(lR%)a

Ca ~ Z €a,js €q,j € Sigéil)(lﬂgzn),
j=0
ca0 = ((Pa ) o (", (@72 ")7)) - (en © Paco)- (4.2.25)

Here we took (4.2.18) and (4.2.21) into account. The function ¢, is compactly supported
inside 7, '(K,), and we have seen that s, has the expansion (4.2.20) in terms of symbol
functions which are compactly supported in the co-tangent space variable r. The summands
in the expansion (2.1.3) of the composition formula are products of derivatives of the original
symbol functions. Therefore, if one of the functions is compactly supported in the co-tangent
space variable 7, and the other one in the manifold variable y, the whole summand is com-
pactly supported in R?". Taking into account (4.2.24), the statement (4.2.4) follows. To finish
the proof, we recall from (4.2.22) how p, o was defined, and that 7, € C°(R") is identically
1 on K,. Since ¢, 0, is supported inside K, the claim (4.2.3) finally follows. O

4.3 Trace norm estimates

Our next goal is to deduce a refined version of Theorem 4.2.1, with a remainder operator of
trace class. In order to achieve this, we need to relate the functional and symbolic calculi
with trace norm remainder estimates. Suppose that we are in the situation introduced at the
beginning of this chapter. For each o € A, set

Uao = ((enop) b 9a) o (121, (9721)"), (4.3.1)
with b as in Theorem 4.2.1. Then, one has the following result.

Theorem 4.3.1. Suppose that o, € Sg’comp. Then, for each N € N, there is a number
ho € (0,1], a collection of symbol functions {ra.g n}ta,pea C 52.65_1(1[@271) and an operator
Ry (h) € B(L2(M)) such that

e one has for all f € L?>(M), h € (0, ho) the relation

Boon(P)(f) =Y Bu - Oba(ta0) (f - Ba) 072 ") ©7a
acA

+ > B Op(rasn)((f - Bo - Bs) 075" ) 098 + Rn(B)(f);
a,BeA
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e the operator Ry (h) € B(L2(M)) is of trace class and its trace norm fulfills

19N (P)lleer2(ary = O(BY) as h = 0; (4.3.2)

e for fized h € (0, ho], each symbol function ro g n is an element of C2°(R?™) that fulfills
SUpp 7a,6,8 Csupp ((0n 0p)-b-pa) o (1o (07517 (4.3.3)

Proof. The proof is divided into five steps. Let the notation be as in the proof of Theorem
4.2.1.

Step 0. Consider the collection of symbol functions {e, ;} with e, ; € S,jlfé_l)(lkzn)
obtained in the proof of Theorem 4.2.1. Let R(h) € B(L?(M)) be the remainder oper-
ator from (4.2.16), whose operator norm is of order h*°. The statement (4.2.2) means

ea — N geay € STV (1520 ), which by (2.1.4) implies

N
0P (ea) = 3 Oy (eas)
j=0

’ < €, B(1-2)(N+1)
B(L2(R™)) — ’

with a constant C, > 0 independent of h. Since A is finite, and applying analogous arguments
as in the proof of Lemma 4.1.2, we obtain

H > Ba0Dn(ea)(Buf) 0oVa) 0= Y. BaOPh(ea)(@uf)ova’) 0 Va

acA acA
0<j<N

B(L2(M))
< C'p(1-20)(N+1)

for some constant C’ > 0 independent of h. Thus, setting

By(h) ==Y Ba0p4(ea)(@af)ora)0Va— Y. BaOPh(€ay)(Buf)ova’) ova + R(h),
acA acA
&5

we have
BN (M) 512y = O (172N, (4.34)

and by Theorem 4.2.1 we obtain for sufficiently small h and each f € L2(M)

Boon(P()(f) = D 2aOpp(ai)(Baf) o va’) 0 va + Ru(R)(f). (4.3.5)
acA
0<j<N

This looks promising, but since we are interested in trace norm remainder estimates, there is
still some work to do.
Step 1. To proceed, we recall that P(h) has only finitely many eigenvalues

in supp gp, and the corresponding eigenspaces are all finite-dimensional. By the spectral
theorem,

N(h)
on (P(h)) = Z on (E;(h)) TL;(h), (4.3.6)
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where II;(h) denotes the spectral projection onto the eigenspace of P(h) corresponding to
the eigenvalue E;(h). Hence, gp, (P(h)) is a finite sum of projections onto finite-dimensional
spaces and, consequently, a finite rank operator, and therefore of trace class.

Now, we get prepared to use a trick that allows us to partially estimate trace norms by
operator norms. The trick has been used already by Helffer and Robert in [27, Proof of Prop.
5.3], and to implement it, we proceed as follows. For h € (0, 1], choose g;, € C°(R) such that

o, =1 on the support of g, (4.3.7)
and such that the function (¢,h) + 0, (t) is an element of the symbol class' Sy, (1g) and

suppo, CI  Vhe(0,1] (4.3.8)

for some h-independent closed interval I C R. The abstract functional calculus given by the
spectral theorem fulfills f(A) o g(4) = (f - g)(A) for any self-adjoint operator A in a Hilbert
space and any two bounded Borel functions f,g on R. We therefore get

on (P(h)) 0@y (P(h)) = (en - 23) (P(h)) = on (P(h)) V¥ h e (0,1]. (4.3.9)

Now, basic operator theory tells us that for operators Z, S € B(L?(M)) of which Z is of trace
class, Z o S and S o Z are also of trace class and it holds

1Z o SHtr,L2(M) < ||Z||tr,L2(M) ||SHB(L2(M))7 (4.3.10)
150 Zlly 2y < 1214 L2cany 1512 any) - (4.3.11)

The trick is to use the latter estimates together with (4.3.9) to estimate the trace norm
of remainders by operator norms. Indeed, we can apply all our predecing results, and in
particular Theorem 4.2.1, also to the operator g, (P(h)). From now on, choose hg to be the

minimum of the two kg we obtain for g5, and g, from Theorem 4.2.1. Choosing B = 112(ar),
one then has by (4.3.5) for N =0,1,2,..., f € L2(M), and h € (0, ho]

o (P)(f) = Y PaOPLEas)(Baf) 0 7a") 070 + B (h)(f), (4.3.12)

acA
0<j<N

where Ry (h) € B(L2(M)) fulfills

BN (B)|| gz aryy = OB, (4.3.13)
(L2(M))

and the symbols €, ; € S, 7(lg2n) have analogous properties as the symbols {e, ;}. In
particular,
a0 = (@ op) @a) o (12", (@) Vhe(0,h. (4.3.14)

We now use (4.3.9) and (4.3.12) to get for N =0,1,2,... and h € (0, ho|:
B o on(P(h)) = B o gn(P(h)) 0 3, (P(h))
= Y Boon(P(h))oBa 0T (0p,(Ea)) © Ba+ Boon(P(h)) o Ry(h).

acA
0<j<N

IThe larger symbol class Sh;s(1r) would also do. However, as the diameter of the support of g;, can be
assumed to be bounded away from 0, the symbol class S (1g) is more natural.
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From now on, we fix N and assume hg to be small enough such that Ry (h) has operator
norm less than % for each h € (0, ho], which implies that 1pz2(ap — Ry (h) is invertible. Note
that this makes hy depend on N. Using also the corresponding Neumann series, one obtains
for h € (0, ho] the equality

Bogp(P(h)) = Z Boop(P(h))oT?, (@a o Oph(éa)j)) o®, o (1L2(M) — EN(h))il

I
Sy
0]
IS
>
=
=
0]
—
—
S
Q
o)
o
k=]
>
o
L
<.
=
o
oA
Q
o)
/N
gk

EN(h)k)

Q

m
FANS
i
o

= Z Boop(P(h)) o T} (¥4 0 Opy(€a,j)) 024

=Ry (h)

il

+ Z Boop(P(h)) oI (Vo 0 Opy(€a,j)) © Pa o (ZEN(h)k) .
acA
0<j<N
To proceed, we insert (4.3.5) into the first summand, which yields
Bogp(P(h)) = Z I (¥g 0 Opylesr)) oglg oI} (Wq 0 Opy(Ea,j)) 0, (4.3.15)
a,BEA

0<j,k<N
=Rn (h)
+ 3 Rn(h) 0T (T 0 Opy(€ay)) © o + Ruv(h).
acA
0<j<N

We see that a drawback of the trick is that besides a new remainder term, we now also have
a different leading term for each N.

Step 2. In this step we prove that the operator Ry (h) is in fact of trace class and satisfies
a good trace norm estimate. Recall that the function @, 0+, ! is compactly supported inside
the interior of the compactum K, C R"™. Now, in view of (4.2.24) and (4.3.8), the results
leading to (2.1.7) imply that W, o Opy,(€q,;) is of trace class, and by (2.1.7) it holds for
h e (O, ho]

[Wo 0 Opy, (€a,s) Htr,LQ(R”)

< Cojh™™(1 4 volpepr(supp onop)) Y max_[97€a;(-, h)
|81<2n+1 (wmeko xR

for some constant C, ; > 0 which is independent of h. Next, we use that e, ; is an element

of S; 7 (1g2n), which implies

max 0% (-, h)| < Canh? Y he (0, hg.
|B|<z2;z+1(y’")€K“XRn| s 7 (0t

In summary, we obtain the estimate

[P © Oy (Ca) [y 12 (ny < Cai (1 + volr-ar(supp o 0 p))h? ™" WV h € (0,ho]  (4.3.16)
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for some new constant C('y,j > 0 which is independent of h. To proceed, note that as M
is compact and Vol,, is bounded and on K, also bounded away from zero, our trace norm
estimates in L2(R™) carry over to trace norm estimates in L2(M) by using Schwartz kernel
estimates similar to [17, (9.1) on p. 112]. Combining now (4.3.10), (4.3.11), (4.3.16), and

(4.3.4), we conclude

HRN(h) 0T (Vs 0 Opy,(€a,j)) ° @4

tr,12 (M)
< Ca (14 volpear(supp op 0 p)) BN FHA=20HI=n g b e (0, b

with a constant C, ; > 0 that is independent of h, and it follows from the finiteness of A
that there is C' > 0 such that

H S° Ru(h) o T (e 0 Opy (ea ) o T
€A

«@
0<j<N

tr,L2(M)

< C(1 + vol p« pr(supp o, o p))hNFH(A=20)=n YV h € (0, ho).

Similarly, taking into account that the operator norm of g (P(h)) is uniformly bounded in h

bcomp
85

by the spectral theorem and the assumption that o5, € , and writing

S Ru(h) =Ba(h)o (S Rw(h)*) = Bu(h)o (s — Bu(h) -
k=1 k=0

where (1L2(M) — RN(h))_l has operator norm less than 2 for h € (0, hg], it follows from
(4.3.16) and (4.3.13) that there is C’ > 0 such that
R (m)

L2 = C'(1 + volp=ar(supp o 0 p))WN 17" W h € (0, hol.

By assumption, the diameter of the support of ¢, is bounded uniformly in h, and M is
compact, so the number vol 1=y (supp op, © p) is also bounded uniformly in h. From the last
two estimates, we therefore conclude finally

IRN (B le 2 (apy < CRNFDU=2070 0y € (0, ho) (4.3.17)

with a new constant C' > 0 that is independent of h. Our estimation of the trace norm of the
remainder operator Ry (h) is finished.
Step 3. We now turn our attention to the leading term in (4.3.15) with summands given
by

I (\Ilg o Oph(eg,k)) oPgol? (\I/a o Oph(éa,j)) 0d,.
The problem with these terms is that they do not yet have the right form as claimed in
the first statement of Theorem 4.3.1, in particular they involve two pullbacks, one along the
chart 7, and one along v, and we need to combine them into a single pullback. This will
be done using a coordinate transformation from the a-th chart to the S-th chart. Before we
can perform this transformation, we need to localize further to the intersection of both chart
domains. To this end, note that since 56 and 1 — 55 have disjoint supports, we have

B50T% (Vo 0 Opy(€ayg)) 0 Ba = s 0 I (Vo 0 O (€ag)) © B © Bp + Rapj(h),
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for a remainder operator R, g,j(h) € B(L?(M)) with [ Ra.5.5 (M)l g2 (ary = O(R>). Similarly
as in (4.3.16), it follows that the operator I'j (W5 00py(es,)) is of trace class in L?(M), and
its trace norm is of order (1 4 volz«az(supp gp o p))h/(1=20)=@n+1)é=n = Again  the number
vol 7« (supp g op) is bounded uniformly in h. Thus, the trace norm of I'j (@[5 o Oph(e[g’k))
is bounded uniformly in h. Therefore, setting

Rap.jk(h) :=T5(¥s0O0py(epr)) o Rapj(h)
we conclude

||Ra,/3,j,k(h) ”tr,LZ(M)
< 105 (%5 0 0P (en)) s ary 1Rerns W lsizqany) = OB). - (43.18)

The reason why we inserted the cutoff operator Eg corresponding to the function %B is that
we are now prepared to perform the required coordinate transformation. Indeed, one has

(Eaiﬁf) 07071 = (iaaﬁf) 07[; °Yp 0’70713

which leads to

25001 (e5,) (522 OP1 Fad)(Baf) 072 070 ) 075
= 75004 (e5.) ((F5%a) 75" [OPh Fas)(Ba s 075 0 071)] 0 Oas) 075
+ Ra,ﬂ7j7k(h)(f)7 (4319)

where Rq g% (k) fulfills ||Ra,5,j7k(h)”tr,L2(M) = O(h*°), as shown above, and we introduced

O48 = Ya o*yE1 :v8(Ua NUB) = 7o (Ua NUB).

By the coordinate-transformation formula [63, Theorem 9.3], it then holds

(@5Pa) © ’Y;;l) [Oph(éa,j)(@aggf) ° ’Y/;l o @;é)] 00us = Oph(ﬂa,ﬂ,j)(@aggf) ° ”Yg_l)

for a new symbol function %a ,; € S; 7 (1ge-) which is for each fixed h a Schwartz function
on R*" and fulfills

TUo5. (U1, h) = (B5%a) © 75 (1) i (Oap(¥), 00as(Oas(y)) n, h)

=:0% 5€a,; (¥:1,h)

+hTa,p(y,mh), (4.3.20)

with a remainder symbol function 7o g; € S; 7 (1gz2n) that is for each fixed h a Schwartz
function on R?", too. We thus obtain for f € L2(M) the equality

I (Ts 0 Opy(e5.0)) (7570 OPw(Fa) (Baf) 072 ) 0 )

=T} (@3 o Opy(€p,) © Opy, (Ta,p,5) © a@) o Bs(f), (4.3.21)
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where U5 : L2(R") — L2(R") is the operator given by pointwise multiplication with the
function P, o 7/;1. Finally, we can apply the composition formula, described in Theorem
2.1.1. Tt tells us that

Opy(ep.k) © OPy(Ta,p,5) = OPp(Sa,p,5.k), (4.3.22)
) (3+k)(20-1) . -
where 54,351 € Sy (1g2n). Moreover, Theorem 2.1.1 says that s, g,; 5 has an asymp

totic expansion in S}(_L‘?gk)(2571)(1ﬂ§271):

oo
j+k+1) (26—
Sapik ~ 3 Sapikls  Sapikt € Sia T (1gan), (4.3.23)
=0
where
Sa,p.ik0 = €k (Bs - Pa) 0V5") - Ohgay- (4.3.24)

Similarly as in our first application of the composition formula after (4.2.25), we conclude
from the relations

supp g Csupp ((onop)-b-@s) o (v5', (985",
supp €q.; C supp (@ 0p) - b-va) o (75" (072 H)")
that so 5%, is compactly supported inside
supp (((onop)-b-s) o (45" (985 )7)) Nsupp (@ op)-bewa) 0 (v, (9921)7)) € R
for each [ and each fixed h € (0, hol, and consequently its support fulfills
vol supp sa,4,5,k1 < Ca,p,jkivol = (supp onop) VY h € (0, hol

with some constant C, g, > 0 that is independent of h. It also follows that s g ;x is for
each fixed h € (0, ho] a Schwartz function on R?". By (4.3.23), we have for each M € N that

M
) GHk+M41)(26-1
Raf ik M = Safjk — D Safjd € Sy 2D (1pa,),
=0

and Corollary 2.1.2 says that Op;, (PRa ,5,%,0m) is of trace class, with a trace norm bound for
h e (0, ho]

10D, Rap.j.k01) ||tr’L2(Rn) < C’OL’ﬁ’jyk’Mh(j+k+M+1)(1725)*(2n+1)57n, (4.3.25)

where Cy 3, k,m > 0 is independent of h. The fact that we need Corollary 2.1.2 here, which
requires the considered symbol functions to be supported inside an h-independent compactum
in R?", is the only reason why we need the additional assumption in this theorem that
on € S(l;)comp. Collecting everything together, we get from (4.3.15-4.3.25) for each N, M € N:

Boon(P(h))

= > [FE(\I’BOOPFL( > Sa,ﬂ,j,kﬁ%,ﬁ,j,k,M)Oﬁaﬁ)ogﬁﬂ%,ﬁ,m(’l) +Ry(h)-

a,BEA 0<I<M
0<j,k<N
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This is the final result of Step 3. We have transformed the leading term of (4.3.15) into a
more desired form that involves only pullbacks by one chart at a time.
Step 4. We complete the proof by setting

Ua,,0 = $0,8,0,0,0,  Ua,8,M,N = E Sa,B,5,k,l — $,8,0,0,0,

0<j,k<N
0<I<M

R (h) = 3 [T5(T 0 Obp(Papwar) 0 Was) 0 By + Rassn ()] + Rav(h).

a,BeA
0<7,k<N

One then has for each M, N € N

Boon(P(h) = > Tj(Ts 00y, (a0 + tasnin) © T ) 0 B+ Rag v (1),
a,BeA

where uq 5,0 € Shis(lren) and ug gy, N € Sii{l(len) are elements of C2°(K, N Kg xR"™) C
C°(R2™) for each fixed h € (0, ko], and

[9Rar,5 (7). L2(M) — O(h(min(N’MHl)(l_%)_n_(2n+1)6) as h — 0.
Let N € N. Since 1 — 2§ > 0, we can find numbers N(N), M(N) € N large enough such that

:O(hﬁ) as h — 0.

HmMW),N(N)(h) e ()
Defining

. — 25-1

Ry(h) = Rym v (B Tap§ 1= Yo m@),N(w) € s (Iren),

we arrive for arbitrary N €N at the equality

Bogp(P(h)) = Z I (@5 0 Opy(Ua,p0 + 74 4. 5) o@aﬁ) o ®g + Ry (h).
a,BeEA

To finish the proof, recall the identities
epo=((enop) 95) o (155 (013)7),  Ban= (@ op) Pa)o (va' (072 ")").

With these identities and the definition of the pullback by the function ©,5 = 74 © 7[;1, one
computes

€0+ OnsPa0 = €40 (€0 0 (Oup, 00L5))
= ((tenop)-ws) o (151 ©@597)) - (@1 0p) - 0a) © (v (972")T) © (Ba, DOL))
= (((Qh op)-ws) o (V5 (0751)T))

(@ op) - 0a) 0 (021 (7)) 0 (10 075 (07)T @ (995 1)7) )

= ((enop) (@nop) - va-vs)o (v5" (07 H)7").

56



CHAPTER 4. RESULTS FOR MANIFOLDS 4.3. TRACE NORM ESTIMATES

Taking finally into account that the functions decorated with a bar are identically 1 on the
supports of the corresponding functions without bar, it holds

Uo 3.0 = 50,8000 = €80 (BgPa) 0V5") - Ohplaio = ((0n o p) - 0a - 8) © (v5 ', (D75 1)").

In particular, since ) . 4 9o = Ly, We can set

ug,0 = Z U, 3,0 = ((Qh Op) ' 805) ° (75_17 (a’yﬁ_l)T)
acA

which finally yields

ll

2. (Eﬁ > Opuliiapo) o EO‘ﬁ) °®s=> T} (ﬁﬁ ° Oph(uﬁ,o)) ° %ﬁ.
e BEA

From the previous theorem one immediately deduces

Corollary 4.3.2 (Semiclassical trace formula for Schrodinger operators). In the situation of
the previous theorem, one has in the semiclassical limit h — 0

tr L2(M) [B o Qh(P(h))]
= ﬁ / b-(onop) d(T*M) + O(hl_Q‘S_”V()lT*M[Supp (b. (on op))]), (4.3.26)
T*M

Remark 4.3.3. If vol =1 [supp (b - (on Op))] = 0, i.e. in all non-trivial cases, we can divide
both sides of (4.3.26) by vol 7« [supp (b - (on Op))] to obtain the equivalent statement

. tr L2 (o) [Bogh(P(h))] _ o . s N
st [supp (o~ (en o p))] b-(gnop) d(T*M) + O(h1=2) s 0

supp b-(enop)

in which the distinction between the leading term and the remainder term is emphasized
more.

Proof. For convenience of the reader, we give the short proof which involves only standard
arguments. By Theorem 4.3.1, there is a number hy € (0, 1] and for each N € N a collection
of symbol functions {ry g n}a,gea C Si%‘l(leW) and an operator Ry (h) € B(L?(M)) such
that for h € (0, ho]

Boon(P()(f) = Y e OPy(ta,0) ((f - Pa) © Ve ) © Ya

acA

+ > By Opu(ras ) ((fBu-Bp) 075" ) 098 + RN (B)(f) ¥ feL?(M),
a,BeA

where uq,0 = ((0n0p) - b-¢a) o (731, (075 1)T). Moreover, the operator Ry (h) € B(L*(M))
is of trace class and its trace norm is of order h™Y as h — 0, while for fixed h € (0, h|, each
symbol function r, g n is an element of C°(R?") that fulfills

vol supp rq. 8,8 < Ca,p,n vol supp ((on © p) - b) (4.3.27)
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with a constant Cy g,n > 0 that is independent of h. In particular, each of the operators
Aa F 2 Ba 00 (a,0) (fBa)o1a"),  Aapn = By Opy(rasn) ((fBa@p)ovs ") o
has a smooth, compactly supported Schwartz kernel, given by

Ka, (21, 22)

1 + = —1
+(y1—y2)n Y Y2 © —1
(27Th) (‘rl)/eh ua,()( 9 7777h) LPct(’yt)c (y2)) d77(V019a (y))

R

KAa‘ﬁ,N (991, x2)

1 L 1—Y2)- Y +y = = — —1
= G ® (xl)/e’t(l’ y)"ra,ﬁ,zv( — 2,n,h)(soa~wg)(vﬁl(yz))dn(\’olgg(y)) ,

R™

where 1,22 € M and y; denotes vq(x;) and 7yz(x;) in the first line and the second line,
respectively. We obtain for arbitrary N € N

tr 2 [B o on (P Z/KA z,x)dM(z) + Y /KA ox (@) dM (z) + O(hN).
oA, a,BEA

Let us consider first the integrals in the second summand. Using (4.3.27) we obtain that
there is a constant Cn g,n > 0, independent of h, such that

‘ /KAa,ﬁ,N (z,z)dM (x)
M

1 =
< Ca,ﬁ,NW 125l ra.s.nll o ’@z '@gHOOVOI supp ((on op) - b).

As 74,5, is an element of 7% (1gzn), one has ||rq 55| = O(h!'~2°), and so we conclude

‘/KAaﬁyN(x,x) dM(z)| = O(h1_25_”vol supp ((on o p) - b)) as h — 0.
M

Since A is finite, it follows

triz(an [B o on(P(h))] = Z /KAQ (x,2)dM(z) + O(hl_z‘s_"vol supp ((on op) - b).
aEA L,

To finish the proof, we calculate the leading term to be given by

/ K, (2, ) dM (z) = Z(%lh)n [ #ul0a @) (w0 0B 0" 0)) dndy

aEA L, acA o
Qﬂ-h Z /Spa 'Ya Qh Op)'b'SDa)(’Ygl(y),(3’7;1)T77,h)%a(%jl(y))dndy
ARZ!L
m ZA / on 0) - B)(x,€) - pa(w) d(T* M) (x,£)
Q€A pinr
1 *
= (27Th)” /((Qhop)'b)(li,f)d(T M)(x,g)
T*M
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Chapter 5

Overview

5.1 Motivation and setup

Let M be a closed connected Riemannian manifold of dimension n with Riemannian vol-
ume density dM, and denote by A the Laplace-Beltrami operator on M. One of the central
problems in spectral geometry consists in studying the properties of eigenvalues and eigen-
functions of —A in the limit of large eigenvalues. Concretely, let {u;} be an orthonormal
basis of L2(M) of eigenfunctions of —A with respective eigenvalues { £}, repeated according
to their multiplicity. As E; — oo, one is interested among other things in the asymptotic
distribution of eigenvalues, the pointwise convergence of the u;, bounds of the LP-norms of
the u; for 1 < p < oo, and the weak convergence of the measures |uj|2dM.

This thesis addresses these problems for Schrodinger operators in case that the underlying
classical system possesses certain symmetries.

In Chapter 7, we shall concentrate on the distribution of eigenvalues. The question is then
how the symmetries of the underlying Hamiltonian system determine the fine structure of the
spectrum. In Chapter 8, we shall concentrate on the ergodic properties of eigenfunctions. In
both chapters, the guiding idea behind is the correspondence principle of semiclassical physics.
To explain this in more detail, consider the unit co-sphere bundle S* M, which corresponds to
the phase space of a classical free particle moving with constant energy. Each point in S*M
represents a state of the classical system, its motion being given by the geodesic flow in S* M,
and classical observables correspond to functions a € C*(S*M). On the other hand, by
the Kopenhagen interpretation of quantum mechanics, quantum observables correspond to
self-adjoint operators A in the Hilbert space L2(M). The elements ¢ € L?(M) are interpreted
as states of the quantum mechanical system, and the expectation value for measuring the
property A while the system is in the state i is given by <A'l/),'l/)>L2(M). The transition
between the classical and the quantum-mechanical picture is given by a quantization map

SFM)3a +— Opy(a), keR,

where Op, (a) is a pseudodifferential operator in L?(M) depending on Planck’s constant h and
the particular choice of the map Op,,, and S¥(M) C C(T*M) denotes a suitable space of
symbol functions. The correspondence principle then says that, in the limit of high energies,
the quantum mechanical system should behave more and more like the corresponding classical
system. The study of the asymptotic distribution of eigenvalues has a history of more than
a hundred years that goes back to work of Weyl [59], Levitan [39], Avacumovi¢ [2], and
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Hormander [32], the central result being Weyl’s law, which says, in the setup above, that

#{j:VE <E}= (;‘)nvol (M)E" +O(E"™")  as E — oo, (5.1.1)

where v, denotes the euclidean volume of the unit ball in R™ and vol (M) is the Rieman-
nian volume of M. In comparison, the behavior of eigenfunctions has been examined more
intensively during the last decades. One of the major results in this direction is the quantum
ergodicity theorem for chaotic systems, due to Shnirelman [52], Zelditch [61], and Colin de
Verdiere [15]. To explain it, consider the distributions®

pi: C®(S*" M) —C, ar— <Oph(a)“jauj>L2(M)'

If it exists, the distribution limit ¢ = lim;_, p; constitutes a so-called quantum limit for
the eigenfunction sequence {u;}. Furthermore, the probability measure on S*M defined by a
quantum limit is invariant under the geodesic flow and independent of the choice of Op,,. Since
the measure p projects to a weak limit /i of the measures fi; = |u; |2dM, it is called a microlocal
lift of 1, and one can reduce the study of the measures i to the classification of quantum limits.
The quantum ergodicity theorem then says that if the geodesic flow on S*M is ergodic with
respect to the Liouville measure d(S* M), then there exists a subsequence {uj, }, o of density
1 such that the p;, converge to (vol S*M)~'d(S*M) as distributions, and consequently the
measures fi;, converge weakly to (vol M )~LdM. Intuitively, the geodesic flow being ergodic
means that the geodesics are distributed on S*M in a sufficiently chaotic way, and this
equidistribution of trajectories in the classical system implies asymptotic equidistribution for
a density 1 subsequence of states of the corresponding quantum system.

A large class of manifolds whose geodesic flow is ergodic are closed manifolds with strictly
negative sectional curvature [31, 7], and one of the main conjectures in the field is the Rudnick-
Sarnak conjecture on quantum unique ergodicity (QUE) [49] which says that if M has strictly
negative sectional curvature, the whole sequence |u; |2dM converges weakly to the normalized
Riemannian measure (vol M)~'dM as j — oco. It has been verified in certain arithmetic
situations by Lindenstrauss [40], but in general, the conjecture is still very open. Sequences of
eigenfunctions with a quantum limit different from the Liouville measure are called exzceptional
subsequences, and it has been shown by Jacobson and Zelditch [35] that any flow-invariant
measure on the unit co-sphere bundle of a standard n-sphere occurs as a quantum limit for the
Laplacian, showing that the family of exceptional subsequences for the Laplacian can be quite
large if the geodesic flow fails to be ergodic. However, it was shown by Faure, Nonnenmacher,
and de Bievre [22] that ergodicity of the geodesic flow alone is not sufficient to rule out the
existence of exceptional subsequences for particular elliptic operators. Examples of ergodic
billiard systems that admit exceptional subsequences of eigenfunctions were recently found
by Hassel [26].

Chapter 8 addresses the problem of determining quantum limits for sequences of eigenfunc-
tions of Schrédinger operators in case that the underlying classical system possesses certain
symmetries. Due to the presence of conserved quantitites, the corresponding Hamiltonian
flow will in parts be integrable, and not totally chaotic, in contrast to the hitherto examined
chaotic systems. The question is then how the partially chaotic behavior of the Hamiltonian
flow is reflected in the ergodic properties of the eigenfunctions.

!Here one regards s € C°°(S*M) as an element in S9(M) C C®(T*M) by extending it 0-homogeneously
to T* M with the zero-section removed, and then cutting off that extension smoothly near the zero section.
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5.1.1 Setup

To explain things more precisely, let G be a compact connected Lie group that acts effectively
and isometrically on M. Note that there might be orbits of different dimensions, and that
the orbit space M := M/G won’t be a manifold in general, but a topological quotient space.
If G acts on M with finite isotropy groups, Mis a compact orbifold, and its singularities are
not too severe. Consider now a Schrédinger operator on M given by

9

P(h)=—h*A+V,  P(h):C®(M)—C®(M), he(01]

where A denotes the Laplace-Beltrami operator as differential operator on M with donulain
C>®(M) and V € C*(M,R) a G-invariant potential. As mentioned already in Part I, P(h)
has a unique self-adjoint extension

P(h) : H*(M) — L*(M) (5.1.2)

as an unbounded operator in L?(M), where H?(M) C L?(M) denotes the second Sobolev
space, and one calls P(h) a Schrodinger operator, too. For each h € (0, 1], the spectrum
of P(h) is discrete, consisting of eigenvalues {E;(h)}jeny which we repeat according to their
multiplicity and which form a non-decreasing sequence unbounded towards 4+oo0. Thus, the
spectrum of P(h) is bounded from below and its eigenspaces are finite-dimensional. The
associated sequence of eigenfunctions {u;(h)};en constitutes a Hilbert basis in L?(M), and
each eigenfunction w;(h) is smooth. When studying the spectral asymptotics of Schrédinger
operators, one often uses the semiclassical method, as in Part I of this thesis. Instead of
examining the spectral properties of P(h) for fixed h and high energies, h being Planck’s
constant, one considers fixed energy intervals and allows h € (0, 1] to become small, regarding
it no longer as a physical constant. The two methods are essentially equivalent. In the
special case V = 0, the Schrodinger operator is just a rescaled version of —A so that the
semiclassical method can be used to study the spectral asymptotics of the Laplace-Beltrami
operator. Now, since P(h) commutes with the isometric G-action, one can use representation
theory to describe the spectrum and the eigenspaces of P(h) in a more refined way. Indeed,
by the Peter-Weyl theorem, the unitary left-regular representation of G

G x LA(M) — L*(M), (9, f) = (Lgf : x> f(g7" - 2)),
has an orthogonal decomposition into isotypic components according to

L*(M)=@Li(M), LYM)=T,L*(M), (5.1.3)

xe@

where we wrote G for the set of equivalence classes of irreducible unitary G-representations,
and T, : L*(M) — L2 (M) for the associated orthogonal projections. The character belonging
to an element y € G is given by x(g) := trp2(ar) my(9), where 7, denotes a representation
of class x. It is also denoted by x, and the projection operators T, are given by the explicit
formula

Ty : fr— (:E > dX/@f(gf1 - x) dg)7 (5.1.4)
G

where dg is the normalized Haar measure on G, and d, the dimension of an irreducible
representation of class x. Since each eigenspace of the Schrédinger operator P(h) constitutes
a unitary G-module, it has an analogous decomposition into a direct sum of irreducible
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G-representations, which represents the so-called fine structure of the spectrum of P(h).
To study this fine structure and the eigenfunctions of P(h) asymptotically, consider for a
fixed x € G and any operator A : D — L%(M) on a G-invariant subset D C L?(M) the
corresponding reduced operator

Ay =Ty o0AoT|p. (5.1.5)

Since P(h) commutes with T}, the reduced operator P(h), corresponds to the bi-restriction
P(h)|y : L2(M) N H*(M) — L2(M). More generally, one can consider the bi-restriction of
P(h) to h-dependent sums of isotypic components of the form

L3y, (M) = 5 L2(M), (5.1.6)
XEWH

choosing for each h € (0, 1] an appropriate finite subset W), C G whose cardinality is allowed
to grow in a controlled way as h — 0. A natural problem is then to examine the spectral
asymptotics and the eigenfunctions of P(h) bi-restricted to L%/vh (M). The study of a single

isotypic component corresponds to choosing Wy, = {x} for all h and a fixed x € G. Note
that, so far, it is irrelevant whether the group action has various different orbit types or not.

On the other hand, the principal symbol of the Schrédinger operator (5.1.2) is represented
by the G-invariant Hamiltonian

p:T*M — R, (z,8) = |IE|I2 + V (=), (5.1.7)

on the co-tangent bundle T*M of M with canonical symplectic form w. It describes the clas-
sical mechanical properties of the underlying Hamiltonian system, and defines a Hamiltonian
flow @y : T*M — T*M, which in the special case V' = 0 corresponds to the geodesic flow on
T*M = TM. Consider now for a regular value c of p the hypersurface ¥, := p~!({c}) C T* M.
It is invariant under the Hamiltonian flow ¢;, and carries a canonical Liouville measure d,.
induced by w. The measure space (X, dX.) is related to the asymptotic distribution of the
eigenvalues of P(h) that are close to ¢ by its volume which occurs in the leading term of
the semiclassical Weyl law, and in case that ¢; is ergodic on (2., dX.), the measure space
is also known to be related to the asymptotic equidistribution of the eigenfunctions {u;(h)}
by the semiclassical quantum ergodicity theorem [20, Appendix D, Theorem 5]. Now, as
we are interested in the asymptotic distribution of eigenvalues close to ¢ along subspaces of
L2(M) of the form (5.1.6) and properties of the corresponding eigenfunctions, we can expect
these issues to be related to measure spaces modeled on subsets of 3. or quotients of such
subsets by the G-action. Indeed, if G is non-trivial, ¢; cannot be ergodic on (X.,d%.) due
to the presence of additional conserved quantities besides the total energy c. To describe
the classical dynamical properties of the system, it is therefore convenient to divide out the
symmetries, which can be done by performing a procedure called symplectic reduction. The
latter is based on the fundamental fact that the presence of conserved quantities or first in-
tegrals of motion leads to elimination of variables, and reduces the given configuration space
with its symmetries to a lower-dimensional one, in which the degeneracies and the conserved
quantitites have been eliminated. Namely, let J : T*M — g* denote the momentum map of
the induced Hamiltonian G-action on T* M, which represents the conserved quantitites of the
dynamical system, and consider the topological quotient space

Q:=Q/G, Q:=J'{o0}).

In contrast to the situation encountered in the Peter-Weyl theorem, the orbit structure of the
underlying G-action on M is not at all irrelevant to the symplectic reduction. Namely, if the
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G-action is not free the spaces 2 and Q need not be manifolds. Nevertheless, they are stratified
spaces, where each stratum is a smooth manifold that consists of orbits of one particular type.
In particular,  and Q each have a principal stratum e and Q,eg, respectively, which is the
smooth manifold consisting of (the union of) all orbits whose isotropy type is the minimal
of M. Moreover, ﬁreg carries a canonical symplectic structure, and the Hamiltonian flow
on T*M induces a flow &; : (NZreg — ﬁreg, which is the Hamiltonian flow associated to the
reduced Hamiltonian p : ﬁreg — R induced by p. One calls @; the reduced Hamiltonian
flow. Since the orbit projection Qreg — Qreg is a submersion, c is also a regular value of
p, and we define 3, = p Y{e}) Qreg Similarly to (EC,dE ), the smooth hypersurface
EC = (Qreg n%.)/G C Qreg carries a Liouville measure ch induced by the symplectic form
on Qreg, and one can interpret the measure space (EC, dZC) as the symplectic reduction of
(2., dX.). If one prefers a symplectically reduced measure space modeled on a subset of .
rather than a quotient space, one can use that (ic, dic) corresponds to the measure space
(Qreg N, 2 — O) where dpu. denotes the induced volume density on the smooth hypersurface
Qreg N3¢ C heg, and the function vol o : X N Qg — (0,00), 2 — vol (G - x) assigns to an
orbit its Riemannian volume. For a detailed exposition of these facts, we refer the reader to
Sections 6.2 and 6.3.

5.1.2 Problem and methods

Let us now come back to our initial questions. Suppose that we have chosen for each h € (0, 1]
an appropriate finite set Wy, C G whose cardinality does not grow too fast as h — 0, see
Definition 5.2.1 below. Then, in Chapter 7, we shall study the distribution of the eigenvalues
of P(h) along the h-dependent family of isotypic components L2, (M) in the Peter-Weyl
decomposition of L?2(M) as h — 0, and the way their dlstrlbutlon in a spectral window
[c,c+ h?] around a regular value c of p is related to the symplectic reduction (im dic) of the
corresponding Hamiltonian system, § > 0 being a suitable small number. Similar problems
were studied for h-pseudodifferential operators in R™ in [21], [13], [58], and within the classical
high-energy approach in [18], [10], [28, 29], and [46]. In our approach, we shall combine well-
known methods from semiclassical analysis and symplectic reduction with results on singular
equivariant asymptotics recently developed in [46, 47]. We will also use Theorem 4.3.1 from
the first part of this thesis. In case of the Laplacian, it would also be possible to study the
problem via the original classical approach of Shnirelman, Zelditch and Colin de Verdiere.

In Chapter 8, we assume that the reduced Hamiltonian flow ¢; is ergodic on (EC,dE ),
and we then ask whether there is a non-trivial family of index sets {A(h)}ne,1], A(h) C N,
such that for j € A(h) we have u;(h) € L (M) for some y € Wj, the associated eigenvalue
E;(h) is close to ¢, and the distributions

i (h) s C2(E0) — €. ar— (Opy (@) (). (W),

converge for j € A(h) and h — 0 to a distribution limit with density 1, which would answer the
corresponding question for the measures |u; (h)|?dM. In particular, in the special case V = 0,
¢ = 1, the problem is equivalent to finding quantum limits for sequences of eigenfunctions
of the Laplace-Beltrami operator. In case that M is an orbifold and W, = {xo} for all h,
where y corresponds to the trivial representation, this problem has been dealt with recently
by Kordyukov [38] using classical techniques.

The general idea behind the approach to equivariant quantum ergodicity in this thesis
can be summarized as follows. The existence of symmetries of a classical Hamiltonian system
implies the existence of conserved quantitites and partial integrability of the Hamiltonian

65



PArRT II. SEMICLASSICAL ANALYSIS AND SYMMETRY REDUCTION

flow, forcing the system to behave less chaotically. Symplectic reduction divides out the
symmetries, and hence, order, and allows to study the symmetry-reduced spectral and ergodic
properties of the corresponding quantum system. In particular, eigenfunctions should reflect
the partially chaotic behavior of the classical system.

5.2 Summary of main results

To formulate our results, we first need to introduce some additional notation. As explained in
Section 6.2, the G-action on M has a principal isotropy type (H), represented by a principal
isotropy group H, as well as a principal orbit type. We denote by s the dimension of the
principal orbits, which agrees with the maximal dimension of a G-orbit in M, and we assume
throughout the whole second part of this thesis that K < n = dim M. Furthermore, we denote
by A§; the maximal number of elements of a totally ordered subset of isotropy types of the G-
action on M. For an equivalence class x € G with corresponding irreducible G-representation
Ty, We write [my | : 1] for the multiplicity of the trivial representation in the restriction of ,
to H. Let G’ C G denote the subset consisting of those classes of representations that appear
in the decomposition (5.1.3) of L2(M). In order to consider a growing number of isotypic
components of L2(M) in the semiclassical limit, we make the following

Definition 5.2.1. A family {Whp}ne(o,1) of finite sets W, C G’ is called semiclassical char-
acter family if there exists a ¥ > 0 such that for each N € {0,1,2,...} and each differential
operator D on G of order N, there is a constant C' > 0 independent of h with

Ly [”DX”'OO <ChN  Vhe(0,1]

We call the smallest possible 9 the growth rate of the semiclassical character family.

Remark 5.2.1. Note that [my|g : 1] > 1 for x € (', since the irreducible G-representations
appearing in the decomposition (5.1.3) of L?(M) are precisely those representations appearing
in L?(G/H), and by the Frobenius reciprocity theorem one has [r,|g : 1] = [L2(G/H) : 7],
compare [18, Section 2].

Ezample 5.2.2. For G = SO(2) = S! C C, one has G = {xr : k € Z}, where the k-th
character x; : G — C is given by xx (ei“’) = ¢*. One then obtains a semiclassical character
family with growth rate less or equal to ¥ by setting W), := {xx : |k| < h~7}.

Ezxample 5.2.3. More generally, let G be a connected compact semi-simple Lie group with Lie
algebra g and T' C G a maximal torus with Lie algebra t. By the Cartan-Weyl classification
of irreducible finite dimensional representations of reductive Lie algebras over C, G can be
identified with the set of dominant integral and T-integral linear forms A on the complex-
ification tc of the Lie algebra t of T". Let therefore denote A, € t¢ the element associated
with a class y € @, and put Wy, := {X eq: [Ay | < h_ﬁ}, where ¥ > 0, h € (0,1]. Then
{Wh}the(o,1) constitutes a semiclassical character family with growth rate less or equal to ¥
in the sense of Definition 5.2.1, see [47, Section 3.2] for details.

Denote by Wps(M), m € RU{—o0}, § € [0, %), the set of semiclassical pseudodifferential
operators on M of order (m, ). The principal symbols of these operators are represented by
symbol functions in the classes Sy’ (M), where the index 0 describes the growth properties of
the symbol functions as h — 0, see Section 2.1 for the precise definitions. An important point
to note is that elements of 52; s(M) define operators on L?(M) with operator norm bounded
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uniformly in A. Finally, for any measurable function f with domain D a G-invariant subset
of M or T*M, we write

)= [ flg-x)dy, (5.2.1)
/

and denote by G‘T} ¢ the function induced on the orbit space D/G by the G-invariant function
(f)- In order to begin with the statements of the results, let

§e (O,TIH)

and choose a semiclassical character family {Wj }ne(0,1) for the G-action on M with growth

rate - 15
— 2k +
V< 2k +3
Furthermore, write
J(h):={jeN:E;h)e [c,c+ k%], x;j(h) € Wi},

where x;(h) € G is defined by u;(h) € L2 Xi(h py(M). We can now state the main result of
Chapter 7.

Result 4 (Generalized equivariant semiclassical Weyl law, Theorem 7.2.1). For an
operator B € W} (M) C B(L*(M)) with principal symbol represented by b € Sj.5(M), one
has in the semiclassical limit h — 0

et o Bty [ d

W d. . 1 1
#Wh, T G [mx ol = 1] o, Ylo (5.2.9)

1—(2k43)9

+ O(h(s T ] (log h_l)A%71>.

When considering only a fixed isotypic component Li(M ) the statement becomes simpler,
yielding the asymptotic formula

@) 0N (Buy(h),ug (W) e = dy [WX|H:11]/®G .

JEN: u; (h)eLZ (M), e
E;(h)€[e,c+h°)

+ 0(h? + s (log h*l)Aff‘l),

see Theorem 7.2.3. Via co-tangent bundle reduction, the integral in the leading term of
(5.2.2) can actually be viewed as an integral over the smooth bundle

S5, (Nreg —{ x,§) €T (Mreg) p(@,§) = 0}7

where Z\Zeg is the space of principal orbits in M and p is the function induced by p on
T*(]Ti/reg), compare Lemma 6.2.3. In case that M is an orbifold, the mentioned integral is
given by an integral over the orbifold bundle Sg,c(ﬁ) = {(z,8) € T*M : p(z,€) = c},
compare Remark 7.1.2.
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We prove Theorem 7.2.1 by applying a semiclassical trace formula for h-dependent test
functions, which is the content of Theorem 7.1.1. The trace formula established here is
a generalization of [58, Theorem 3.1] for Schrédinger operators to closed G-manifolds, h-
dependent test functions, and h-dependent families of isotypic components. In particular,
the fact that we consider h-dependent test functions is crucial for the applications in Chapter
8 and implicitly involves the technical difficulties whose treatment was outsourced to the
first part of this thesis. Ultimately, the proof of Theorem 7.1.1 reduces to the asymptotic
description of certain oscillatory integrals that have recently been studied in [46, 47] by
Ramacher using resolution of singularities. The involved phase functions are given in terms
of the underlying G-action on M, and if singular orbits occur, the corresponding critical
sets are no longer smooth, so that a partial desingularization process has to be implemented
in order to obtain asymptotics with remainder estimates via the stationary phase principle.
The explicit remainder estimates obtained in [47] do not only account for the quantitative
form of the remainder in (5.2.2). They also provide the qualitative basis for our study of
h-dependent families of isotypic components and the localization to the hypersurface f)c.
Without the remainder estimates from [47], only a fixed single isotypic component Li(M )
could be studied, and only eigenvalues E;(h) lying in a non-shrinking energy strip of the form
[c, ¢+ ] with a fixed € > 0 could be considered, compare Remark 7.2.4. Proceeding with our
summary, the main result of Chapter 8 is

Result 5 (Equivariant quantum ergodicity for Schrédinger operators, Theorem

8.2.6). Suppose that the reduced Hamiltonian flow @y is ergodic on X.. Then, there is a
number ho € (0,1] such that for each h € (0, hg] we have two subsets A'(h), A%(h) C J(h)
satisfying

lim #Al(h) _1 lim JEAZ(R) dyj () [Tx; () | 71 1
h—0 #J(h) h—s0  y — L

s€7tn gl ol 1]

such that for each semiclassical pseudodifferential operator A € \Ilg(M) with principal symbol
o(A) = [a], where a is h-independent, the following holds. For all € > 0 there is a he € (0, ho)
such that for all h € (0, he] one has

1

| () ) sy — ][ oMol o oviea ), (5.23)

dyj (my [y oyl s vol o
dpie . 5
| (A (1), 05 (R ) ass| <= VieN(n. (524
SeNQeg

where the integrals in (5.2.3) and (5.2.4) equal fic @Gdic.

Result 5 shows that when considering general semiclassical character families, one can
choose between two versions of the equivariant quantum ergodicity theorem, corresponding
to the two families of subsets A'(h) and A2(h): Either, one prefers the usual notion of a
density 1 family of subsets, then one has to include the factor 1/,/d o lry, (a1l in the
convergence statement; or one accepts a new representation theoretic definition of a density 1
family of subsets of J(h) with respect to the limit A — 0, and then one can avoid introducing
the seemingly inelegant additional factor in the convergence statement. If W) consists of
just a single character, the two options agree and the statement of Result 5 is simpler, see
Theorem 8.2.7. Result 5 will be deduced from Result 4. Again, it should be emphasized
that the remainder estimate for the equivariant semiclassical Weyl law proved in Chapter 7,
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and consequently the desingularization process implemented in [46], are crucial for studying
shrinking spectral windows and growing families of representations in Result 5. The obtained
quantum limits

1 dpe

(vol e (3e N Qreg)) olo

describe the ergodic properties of the eigenfunctions in the presence of symmetries. They
are singular measures since they are supported on ¥. N ,c, which is a submanifold of 3. of
codimension x. In fact, they correspond to Liouville measures on the smooth bundles

8% (Myeg) == {(2,6) € T*(Myeg) : = ¢}

over the space of principal orbits in M; if M is s an orbifold, they are given by integrals over
the orbifold bundles S (M) := {(z,6) € T*M : p(x,§) = c}, see Remark 7.2.2. In the
latter case, the ergod1c1ty of the reduced flow @; on EC is equivalent to the ergodicity of the
corresponding Hamiltonian flow on the orbifold bundle S~ (M) with respect to the canonical
Liouville measures.

In the special case of the Laplacian, Result 5 becomes an equivariant version of the classical
quantum ergodicity theorem of Shnirelman [52], Zelditch [61], and Colin de Verdiere [15]. To
state it in the version corresponding to the A'(h)-statement of Result 5, let {u;};en be an
orthonormal basis in L2(M) of eigenfunctions of —A with associated eigenvalues {E;}jen.

Result 6 (Equivariant quantum limits for the Laplacian, Theorem 8.3.2). Assume
that the reduced geodesic flow is ergodic. Choose a semiclassical character family {Wh}ne(o,1]

of growth rate ¥ < Tl-s-s and a partition P of the set {E;}jen of order 6 € (O, %) n
the sense of Definition 8.3.1. Define the set of eigenfunctions

{ w, P}zeN — {uj 1X; € WE;(lj/)Q}’

where x; is defined by u; € L2 ,(M). Define xl/v’P by ul/v’P € Liwﬂ,(M). Then, there is a

subsequence {uW P}keN of density 1 in {uw P} such that for all s € C>°(S*M) one has

1
’ <Op(s)u2}’7), uz/fp> - ][ s ‘ —0 as k — oo,
\/d wp [T owr|g i 1] L2(M) VOIO

X’tk X’Lk S*Mﬁﬂmg
where we wrote i for pu1 and Op for Op,, which is the ordinary non-semiclassical quantization,
see Chapter 6.

Of course, there is also a second version of Result 6 corresponding to the A2(h)-statement
of Result 5, involving a subsequence with a more complicated density property but a more
elegant convergence statement of the form

d
<Op() Wpuleyp> — ][ s —H as k — oo.
L2(M) vol o
5* MNQyeg

In the special case of a single isotypic component, Result 6 simplifies to the following state-
ment. Let {u}}jen be an orthonormal basis of Li(M ) consisting of eigenfunctions of —A.
Then, by Theorem 8.3.9, there is a subsequence {u }ken of density 1 in {u }jen such that
for all s € C*°(S*M) one has

du
<Op( Juj, Ujy» ]k>L2( — ][ volo as k — oo.
S* MO Qyeg
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Projecting from S*M N{eg onto M we immediately deduce from Result 6 for any f € C(M)

1 ’/fui |2dM — ][f ‘—>0 as k — oo,
M

dX}/:’P [WXZ/]\:,P ‘H -1

which describes the asymptotic equidistribution of the eigenfunctions in the presence of sym-
metries, see Corollary 8.3.5. If we consider instead the variant of Result 6 corresponding to
the A%(h)-statement of Result 5, where the density property of the obtained subsequence is
more complicated, we arrive at the more elegant assertion that there is a weak convergence
of measures

as k — oo.

WV P2 dM — (vol e M

vol »

)—1 dM
vol »

Again, for a single isotypic component Li(M ), the two versions agree and we get a simpler
result, compare Corollary 8.3.10. The fact that the reduced and the non-reduced flow cannot
be simultaneously ergodic is consistent with the QUE conjecture, since otherwise the results
of Chapter 8 would, in principle, imply the existence of exceptional subsequences for ergodic
geodesic flows. In this sense, our results can be understood as complementary to the previ-
ously known results. Applying some elementary representation theory, one can deduce from
Corollary 8.3.5 a statement on convergence of measures on the topological Hausdorff space M
associated to irreducible G-representations. For this, choose an orthogonal decomposition of
L2(M) into a direct sum @,y Vi of irreducible unitary G-modules such that each V; is con-
tained in an eigenspace of the Laplace-Beltrami operator corresponding to some eigenvalue
Eji). Denote by x; € G the class of V;.

Result 7 (Representation-theoretic equidistribution theorem, Theorem 8.3.8). As-
sume that the reduced geodesic ﬂow is ergodic. Choose a semiclassical character family
{Wh}ne(o,1) of growth rate ¥ < 57— and a partition P of {E;}jen of order 6 € (0, %).
Define the set of irreducible G- modules

7P = (Vi X € Wis )

As in Lemma 8.8.7, assign to each VlWJD the G-invariant function ©; == O,wr : M —
l

[0,00), regard it as a function on M/G = M, and write X;fv,P for the class of V}WP, Then,
there is a subsequence {V}IIV’P}mGN with

2, <n 4, W
lim ————"—=1

N=oo ) oy dywr

for which one has in the limit m — oo

1 — M =~
’/f@zm ai - f £55| —0  vreco,
\/dXW,P[WXW,P‘H : ]u J L vol
Im lm M M

where dM = m.dM 1is the pushforward measure defined by the orbit projection w : M — M
and vol : M —» (0,00) assigns to an orbit its Riemannian volume.

For a single isotypic component, one obtains a simpler statement by considering an or-

thogonal decomposition of Li(M ) into a sum @,y V;¥ of irreducible unitary G-modules of
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class x such that each V;* is contained in some eigenspace of the Laplace-Beltrami operator.
Then, we have the weak convergence of measures
— —\—1dM
O dM "5 (vol .5 M )

vol

vol

for a subsequence {ka‘}keN of density 1 in {V;*};en, see Theorem 8.3.11. Note that Result 7
is a statement about limits of representations, or multiplicities, and not eigenfunctions, since
it assigns to each unitary irreducible G-module in L?(M) a measure on the space M, and then
considers the weak convergence of those measures. In essence, it can therefore be regarded
as a representation-theoretic statement in which the spectral theory for the Laplacian only
enters in choosing a concrete decomposition of each isotypic component. In the case of the
trivial group G = {e}, there is only one isotypic component in L?(M), associated to the trivial
representation, and choosing a family of irreducible G-modules is equivalent to choosing a
Hilbert basis of LZ(M) of eigenfunctions of the Laplace-Beltrami operator. Result 7 then
reduces to the classical equidistribution theorem for the Laplacian.

5.3 Discussion

5.3.1 Applications

In Section 8.4 we consider some concrete examples to illustrate the results of Chapter 8. They
include

e compact locally symmetric spaces Y := I'\G/K, where G is a connected semisimple Lie
group of rank 1 with finite center, I' a discrete co-compact subgroup, and K a maximal
compact subgroup;

e all surfaces of revolution diffeomorphic to the standard 2-sphere;
e S3-invariant metrics on the 4-sphere.

In the first case, K acts with finite isotropy groups on X := I'\G, so that Y is an orbifold. Fur-
thermore, the orbit volume is constant. The reduced geodesic flow on M = X := I'\§ coincides
with the geodesic flow on Y and is ergodic, since Y has strictly negative sectional curvature.
Our results recover the Shnirelman-Zelditch-Colin-de-Verdiere theorem for L2(Y) ~ L?(X)X,
and generalize it to non-trivial isotypic components of L2(X). In the examples of the 2-
and 4-dimensional spheres, the considered actions have two fixed points, and the reduced
geodesic flow is ergodic for topological reasons, regardless of the choice of invariant Rieman-
nian metric and in spite of the fact that the geodesic flow can be totally integrable. Since
the eigenfunctions of the Laplacian on the standard 2-sphere — the spherical harmonics — are
well understood, we can independently verify Result 7 for single isotypic components in this
case.

5.3.2 Previous results

Let us first collect the previously known results comparable to those of Chapter 7. For gen-
eral isometric and effective group actions the asymptotic distribution of the spectrum of an
invariant operator along single isotypic components of L?(M) was studied within the clas-
sical framework via heat kernel methods by Donnelly [18] and Briining—Heintze [10]. These
methods allow to determine the leading term in the expansion, while remainder estimates or

71



PArRT II. SEMICLASSICAL ANALYSIS AND SYMMETRY REDUCTION

growing families of isotypic components are not accessible via this approach. On the other
hand, using Fourier integral operator techniques, remainder estimates were obtained for ac-
tions with orbits of the same dimension by Donnelly [18], Briining—Heintze [10], Briining [9],
Helffer-Robert [28, 29], and Guillemin—Uribe [23] in the classical setting, and El-Houakmi-
Helffer [21] and Cassanas [13] in the semiclassical setting. For general effective group actions,
remainder estimates were derived by Cassanas—Ramacher [14] and Ramacher [46] in the clas-
sical, and by Weich [58] in the semiclassical framework using resolution of singularites. The
idea of considering families of isotypic components that vary with the asymptotic parameter
has been known since the 1980s. Thus, for the Laplacian and free isometric group actions,
so-called ladder subspaces of L2(M) and fuzzy ladders have been considered in [50, 23] and
[62], respectively, see also below.

Let us now collect the previously known results which are comparable to those of Chapter
8. In case that G acts on M with only one orbit type, M is a compact smooth manifold with
Riemannian metric induced by the G-invariant Riemannian metric on M. By co-tangent
bundle reduction, 7% M is symplectomorphic to J~1({0})/G, so the ergodicity of the reduced
geodesic flow on M and that of the geodesic flow on M are equivalent. Under these circum-
stances, one can apply the classical Shnirelman-Zelditch-Colin-de-Verdiere equidistribution
theorem to M, yielding an equidistribution statement for the eigenfunctions of the Laplacian
Az; on M in terms of weak convergence of measures on M. On the other hand, one could
as well apply Corollary 8.3.5 and Theorem 8.3.8 to M, yielding also a statement about weak
convergence of measures on M, but this time with measures related to eigenfunctions of the
Laplacian Ap; on M in families of isotypic components of L2(M). It is then an obvious
question how these two results are related. The answer is rather difficult in general, since
— in spite of the presence of the isometric group action — the geometry of M may be much
more complicated than that of M. Consequently, the eigenfunctions of A, even those in
the trivial isotypic component, that is, those that are G-invariant, may be much harder to
understand than the eigenfunctions of Az;. Only in case that all orbits are totally geodesic
or minimal submanifolds, or, more generally, do all have the same volume, one can show that
an eigenfunction of A7 lifts to a unique G-invariant eigenfunction of Ay [57, 8, 3]. In this
particular situation, it is easy to see that the application of the Shnirelman-Zelditch-Colin-
de-Verdiere equidistribution theorem implies the special case of 8.3.8 for the single trivial
isotypic component. The case of a compact locally symmetric space treated in Section 8.4.1
is an example of this in the torsion-free case. In cases where the orbit volume is not constant,
no significant results about the relation between the eigenfunctions of A7 and Ay are known
to the author.

An explicitly studied case is that of a general free G-action, when the projection M —
M/G = M is a Riemannian principal G-bundle. Extending work of Schrader and Taylor
[50], Zelditch [62] obtained quantum limits for sequences of eigenfunctions of A,/ in so-called
fuzzy ladders. These are subsets of L2(M) associated to a so-called ray of representations
originating from some chosen y € G. The obtained quantums limit are directly related
to the symplectic orbit reduction J='(0,)/G ~ T*M, where O, C g* is the co-adjoint
orbit associated to x by the Borel-Weil theorem. They are given by Liouville measures on
hypersurfaces in J~1(0,)/G, and their projections onto the base manifold agree with those
obtained in Chapter 8.

Further, significant efforts were recently made towards the understanding of quantum
(unique) ergodicity for locally symmetric spaces, which are particular manifolds of negative
sectional curvature. As before, let G be a connected, semisimple Lie group with finite center,
G = KAN an Iwasawa decomposition of G, and I' a torsion-free, discrete subgroup in G.
Following earlier work of Zelditch and Lindenstrauss, Silberman and Venkatesh introduced
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in [54] certain representation theoretic lifts from Y = T'\G/K to X = I'\G that substitute
the previously considered microlocal lifts and take into account the additional structure of
locally symmetric spaces. These representation theoretic lifts should play an important role
in solving the QUE conjecture, already settled by Lindenstrauss in particular cases, also for
higher rank symmetric spaces. In case that I' is co-compact, their results were generalized
by Bunke and Olbrich [12] to homogeneous vector bundles X x x V) over Y associated to
equivalence classes of irreducible representations x € K of the maximal compact subgroup
K. The constructed representation theoretic lifts are invariant with respect to the action of
A, which corresponds to the invariance of the microlocal lifts under the geodesic flow. Since
I" has no torsion, K acts on X only with one orbit type.

To close the summary of previously known results comparable to those of Chapter 8, it
might be appropriate to mention that Marklof and O’Keefe [41] obtained quantum limits in
situations where the geodesic flow is ergodic only in certain regions of phase space. Concep-
tually, this is both similar and contrary to the approach of this thesis, since in this case the
geodesic flow is partially ergodic as well, but not due to symmetries.

Finally, comparable to both Chapters 7 and 8, there has been much work in recent times
concerning the spectral theory of elliptic operators on orbifolds. Such spaces are locally
homeomorphic to a quotient of euclidean space by a finite group while, globally, any (reduced)
orbifold is a quotient of a smooth manifold by a compact Lie group action with finite isotropy
groups, that is, in particular, with no singular isotropy types [1, 43]. As it turns out, the
theory of elliptic operators on orbifolds is essentially equivalent to the theory of invariant
elliptic operators on manifolds carrying the action of a compact Lie group with finite isotropy
groups [11, 19, 56]. In particular, Kordyukov [38] obtained the Shnirelman-Zelditch-Colin-de-
Verdiere theorem for elliptic operators on compact orbifolds, using their original high-energy
approach. Result 6 recovers his result for the Laplacian, and generalizes it to singular group
actions and growing families of isotypic components.

Thus, in all the previously examined cases, no singular orbits occur. Actually, this thesis
can be viewed as part of an attempt to develop an equivariant spectral theory of elliptic
operators on general singular G-spaces.

5.3.3 Comments and outlook

Weaker versions of Results 5 and 6 can be proved in the case of a single isotypic component
by the same methods employed here with a less sharp energy localization in a fixed interval
[c, c++¢] instead of a shrinking interval [c, c+h%]. The point is that for these weaker statements
no remainder estimate in the semiclassical Weyl law is necessary, see Remark 8.2.5. Thus,
at least the weaker version of Result 6 could have also been obtained within the classical
framework in the late 1970’s using heat kernel methods as in [18] or [10]. In contrast, for
the stronger versions of equivariant quantum ergodicity proved in Results 5 and 6, remainder
estimates in the equivariant Weyl law, and in particular the results obtained in [46] for general
group actions via resolution of singularities, are necessary. However, the weaker versions
would still be strong enough to imply Result 7 for a single isotypic component. Therefore, in
principle, Theorem 8.3.11 could have been proved already when Shnirelman formulated his
theorem more than 40 years ago.

As mentioned above, the idea of considering families of representations that vary with the
asymptotic parameter has been known since the end of the 1980’s, compare [50, 23, 62], and
it is a natural problem to determine what kind of families can be considered in the context
of quantum ergodicity, and study them from a more conceptional point of view. To illustrate
this, consider the standard 2-sphere S? C R3, acted upon by the group SO(2) of rotations
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around the z-axis in R3. This action has exactly two fixed points given by the north pole
and the south pole of S2. The orbits of all other points are circles, so in this case we have
k=1 and H = {e}, the trivial group. The eigenvalues of —A on S? are given by the numbers
I(l+1),1=0,1,2,3..., and the corresponding eigenspaces & are of dimension 2 + 1. They
are spanned by the spherical harmonics, given in spherical polar coordinates by

Yin(9,0) = \/ZEE T P (cos 0)e™?, 0<¢p<2m 0<6<m, (5.3.1)

where m € Z, |m| <, and P, ,, are the associated Legendre polynomials. Each subspace
C - Y}, corresponds to an irreducible representation of SO(2), and each irreducible represen-
tation with character x and |k| < occurs in the eigenspace & with multiplicity 1, where x4
is as in Example 5.2.2. Considering the limit [ — co and the Laplacian —A is equivalent to

m\l| 0 1 2 3 4 5

5 Y55

4 Yi4 Y54

3 Yo | Yasz | Ve |- Figure 5.3.1: The single trivial isotypic
2 Y2 | Ya2 | Yaz | Y52 |- component in the case M = S%, G =
L Yin | Yer | Ysu | Va1 | Yea |t SO(2), described by m = 0. The k-th
0 Yo,0 | Y10 Y20 Y3,0 Yi0 Ys,0 s . . 2 2

row spans the isotypic component L2 (S#)

-1 Yi 1| Yo 1 | Y31 | Ya 1 | V51 Xk

9 and the [-th column represents the [-th
- Yo 2 | Y32 | Ya 2 | Y52 . .

_3 Vs s | Va s | Yo s eigenspace of —A.

—4 Yy, —a | Ys5,-4

-5 Y5, -5

studying the limit A — 0 and the semiclassical Laplacian —h2A. Figure 5.3.1 depicts a single
isotypic component, corresponding to a constant semiclassical character family. It means that

Y22 Y3 2 Ya2 Ys,2
Yi1 Y21 Y31 Yi1 Y51
Yo,0 | Y1,0 Y20 Y30 Yai0 Ys.0
-1 Yi,—1 | Y2,—1 | Y3,—1 | Ya,—1 | V5,1

Figure 5.3.2: Spherical harmonics on S?
in isotypic components corresponding to a
semiclassical character family with growth

-2 Yoo | Y3,_2 | Yy, o | Y52 rate %
-3 Y33 | Ya,—3 | Y5,-3

—4 Ya,—a | Ys,—a | 7"

-5 Ys,-5

one keeps m fixed and studies the limit [ — oco. In contrast, the semiclassical character family
from Example 5.2.2 for ¥ = % corresponds to the gray region in Figure 5.3.2. As opposed
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to the results of Chapter 8, Figure 5.3.3 illustrates a cone-like family of representations that
would correspond to subsequences of eigenfunctions of density larger than zero, while Figure
5.3.4 depicts the sequence of zonal spherical harmonics Y;;, which are known to localize at
the equator of S% as | — oo, and therefore yield a different limit measure than the one im-
plied by Result 7, see Section 8.4.2 and in particular Remark 8.4.5. Hence, different kinds of
families of representations give rise to qualitatively different quantum limits, and it would be
illuminating to understand this interrelation in a deeper way.

m\l| 0 1 2 3 4 5

; -

4 % Ys5,4

3 /33/ Ya,3 Ys,3

2 Y22 Y3,2 Ya,2 Ys,2

1 Yii | Yan | Van | Yan | V5. Figure 5.3.3: Spherical harmonics on S?
0 Yoo | Y10 Y20 Y30 Ya,0 Y50 to . . oE 3

s S e in cone-like families of representations.
—2 Y2, -2 | Y3 2 ﬁﬁ%?z—\

-3 Y3, 3 | Ya,—3 | Y5,_3

—4 Ya,—a | Y54

_5 Ya_s

5 Ys.5

4 Ya4 Y54

3 Y3 3 Yai 3 Y5, 3

2 Y2 2 Y3 2 Yai2 Y52

L LES RN ER.C TN D N I U B 5 Figure 5.3.4: Zonal spherical harmonics
0 Yo,0 | Y10 Y20 Y30 Ya,0 Y50 2
-1 Yi,o1 | Yo—1 | V3,1 | Va1 | Y51 on 5%
—2 Yo 2 | Ya, 2 | Y42 | Y52

-3 Yz, 3 | Yy _3 | Y5, _3

—4 Yi,—a | Ys5,-4

=95 5,5

As further lines of research, it would be interesting to see whether the results of Chapters
7 and 8 can be generalized to G-vector bundles, as well as manifolds with boundary and
non-compact situations. Also, in view of Result 7, it might be possible to deepen our under-
standing of equivariant quantum ergodicity via representation theory. Finally, one can ask
what could be a suitable symmetry-reduced version of the QUE conjecture. In the particular
case of the SO(2)-action on the standard 2-sphere studied in Section 8.4, we actually see that
in each fixed isotypic component the representation-theoretic equidistribution theorem for
the Laplacian applies to the full sequence of spherical harmonics, so that equivariant QUE
holds in this case. However, even for this simple example it is unclear whether equivariant
QUE holds for growing families of isotypic components.
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Chapter 6

Background 11

Here, we explain in more detail the concepts, definitions and techniques that are relevant to
the setup of this second part of the thesis, in addition to those from Chapter 2 in Part I.

Classical pseudodifferential operators and symbols While most chapters of this the-
sis use the language of semiclassical analysis introduced in Chapter 2 of Part I, there is the
exception of the Sections 8.3 and 8.4, where we specialize from general Schrédinger opera-
tors to the Laplace-Beltrami operator and maintaining the semiclassical notation would be
artificial. Therefore, we mention here briefly that the corresponding classical quantities are
obtained from the introduced semiclassical definitions by setting h = 1. In order to simplify
the notation when h =1, we define for m € RU {—oc0}

Op := Op;y, WGH(M) = WY (M),  W™(M) = Wig(M), (M) := ¥, (M),
S5 (M) := STis(M),  S™(M) = S{(M),  S(M) := S7,4(M).

6.1 Smooth actions of compact Lie groups

In what follows, we recall some essential facts from the general theory of compact Lie group
actions on smooth manifolds. We will actually need only a small number of results. For
a detailed introduction, we refer the reader to [6, Chapters I, IV, VI]. Let X be a smooth
manifold of dimension n and G a Lie group acting locally smoothly on X. For z € X, denote
by G, the isotropy group and by G -z = O, the G-orbit through x so that

G,={9€@qG, g-z=uz}, O0,=G-z={g-z€X, geG}.

Note that G - ¢ and G/G,, are homeomorphic. The equivalence class of an orbit O, under
equivariant homeomorphisms, written [O,], is called its orbit type. The conjugacy class of
a stabilizer group G, is called its isotropy type, and written (G,). If K; and K» are closed
subgroups of GG, a partial ordering of orbit and isotropy types is given by

[G/K1] < [G/K3] <= (K3) < (K;) <= K> is conjugate to a subgroup of Kj.

For any closed subgroup K C G, one denotes by X(K) := {z € X : G, ~ K} the subset of
points of isotropy type (K).

Assume now that G is compact. The set of all orbits is denoted by X/G, and equipped
with the quotient topology it becomes a topological Hausdorff space [6, Theorem 1.3.1]. In
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the following we shall assume that it is connected. One of the central results in the theory
of compact group actions is the principal orbit theorem [6, Theorem IV.3.1], which states
that there exists a maximum orbit type [Omax] with associated minimal isotropy type (H).
Furthermore, X(H) is open and dense in X, and its image in X/G is connected. We call
[Omax] the principal orbit type of the G-action on X and a representing orbit a principal orbit.
Similarly, we call the isotropy type (H) and an isotropy group G, ~ H principal. Casually,
we will identify orbit types with isotropy types and say an orbit of type (H) or even an orbit
of type H, making no distinction between equivalence classes and their representants. The
reduced space X(H)/G is a smooth manifold of dimension n — , where & is the dimension
of Omax, since G acts with only one orbit type on X(H).

6.2 Symplectic reduction

Let us now review in some detail the theory of symplectic reduction of Marsden and Weinstein,
Sjamaar, Lerman and Bates. The theory emerged out of classical mechanics, and is based on
the fundamental fact that the presence of conserved quantities or integrals of motion leads
to the elimination of variables. A thorough exposition can be found in [44].

Let (X,w) be a connected symplectic manifold, and assume that (X, w) carries a global
Hamiltonian action of a Lie group G. In particular, we will be interested in the case where
X =T*M is the co-tangent bundle of our closed Riemannian manifold M. Let

J:X = g¥, Jm(X) =Jx(n),

be the corresponding momentum map, where Jx : X — R is a C*°-function depending linearly
on X € g such that the fundamental vector field X on X associated to X is given by the
Hamiltonian vector field of Jx. It is clear from the definition that Ad*(g~!)oJ = J o g.
Furthermore, for each X € g the function Jx is a conserved quantity or integral of motion
for any G-invariant function p € C*°(X) since in this case

{Jx,p} = w(s-grad Jx,s-grad p) = —w()?,s—gradp) = dp()?) = )N((p) =0,
where {-,} is the Poisson-bracket on X given by w. Now, define
Q:=J'({0}), Q:=0/G.

Unless the G-action on X is free, the reduced space Q will in general not be a smooth manifold,
but a topological quotient space. Nevertheless, one can show that € constitutes a stratified
symplectic space in the following sense. A function f : & — R is defined to be smooth, if
there exists a G-invariant function f € C>(X)% such that f|q = 7*f, where 7 : Q — Q
denotes the orbit map. One can then show that C°°(§~2) inherits a Poisson algebra structure
from C*°(X) which is compatible with a stratification of the reduced space into symplectic
manifolds. Moreover, the Hamiltonian flow ¢; corresponding to f is G-invariant and leaves
Q invariant, and consequently descends to a flow @; on Q [55].

More precisely, let 1 be a value of J, and G, the isotropy group of u with respect to
the co-adjoint action on g*. Consider further an isotropy group K C G of the G-action
on X, let n € J7'({p}) be such that G,, = K, and X} be the connected component of
X :={¢ € X : G; = K} containing 7. Then [44, Theorem 8.1.1] the set J=*({u}) NG, - X%
is a smooth submanifold of X, and the quotient

Q9 = (I (W) N G, - X}) /G
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possesses a differentiable structure such that the projection 7T/(LK) I {pH)NG, - X — QI(LK)

is a surjective submersion. Furthermore, there exists a unique symplectic form @LK) on QLK)
such that (L&K))*w = (W,SK))*(&fLK)), where LLK) 7' {p}) NG, - X — X denotes the
inclusion. Finally, if p € C*(X) is a G-invariant function, H, := s-gradp its Hamiltonian
vector field, and ¢; the corresponding flow, then ¢, leaves the connected components of the
space J7'({u}) N G, - X} invariant and commutes with the G ,-action, yielding a reduced

flow @} on QLK) given by

ﬂ-ELK) o0 Lff() =gl o WELK). (6.2.1)
This reduced flow @} on SNILK) turns out to be Hamiltonian, and its Hamiltonian ﬁLK) :

?ZLK) — R satisfies ﬁLK) o waK) =po LLK).

Remark 6.2.1. With the notation above we have G - X = X(K). Indeed, for z € X, the
isotropy group of z is K. If ¢'g-x = g - x for some g,¢g’ € G, then g~'¢'g - = x, hence
g 'g'g € K, that is ¢’ € (K). That shows G- X C X(K). On the other hand, if z € X(K),
then (G,) = (K), hence for every ¢’ € G, thereisa k € K and a g € G such that ¢’ = gkg~?.
But then kg~! -z = ¢! -z, so that ¢! - € Xk, and in particular x € G - X.

Ezxample 6.2.2. An important class of examples of Hamiltonian G-actions of a given Lie group
G is given by induced actions on co-tangent bundles of G-manifolds. Thus, let ¥ : G x M —
M,(g,2) = ¥y(x) := g -« be a smooth G-action on a smooth manifold M. The induced
action on 7% M is given by

(9-12)(v) = (Vg—1)gs - 1) (0) = 1 (Vg1 )ugw - 0), 1w € T M, v € Tyu M,

where (Uy)uq : TpM — Ty, M denotes the derivative of the map g : M — M,z — g-x. Now,
if 7: X =T*M—M denotes the co-tangent bundle with standard symplectic form w = —d#,
where 6 is the tautological or Liouville one-form on T*M, then

I:T°M 3= I0)(X) :=n(Xrm), Xe€ug, (6.2.2)

defines a momentum map, meaning that the G-action on T*M is Hamiltonian. Here )?T(n)
denotes the fundamental vector field on M corresponding to X evaluated at the point 7(n).
In the particular case when M = @ is itself a Lie group, and L : G X G — G denotes the left
action of G onto itself, there exists a vector bundle isomorphism

TG = G x g*, ng > (9, (Lg)z - 1g)s (6.2.3)
called the left trivialization of T*G, and the induced left action takes the form
g (h,p) = (gh,p), g he€G, peg

Consequently, the decomposition of T*G into orbit types of this action is given by the one of
G and
(T"G)(H) = T*(G(H)),

H being an arbitrary closed subgroup of G. On the other hand, the momentum map reads
J(g, ) = Adj- p, since with = (Ly)f - ny one computes for X € g

Jg: )(X) = T(g)(X) = (Lg-1)5 1(X,)
= 1(Lg)egXy) = (g™ ¥ g)0) = (Ad(g™)X),
compare [44, Example 4.5.5].
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Let us now apply these general results to the situation of this second part of the thesis.
Thus, let X = T*M, where M is a closed connected Riemannian manifold of dimension
n, carrying an isometric effective action of a compact connected Lie group G. In all what
follows, the principal isotropy type of the action will be denoted by (H), H being a closed
subgroup of G, and the dimension of the principal orbits in M by . Furthermore, we shall
always assume that k < n. T*M constitutes a Hamiltonian G-space when endowed with the
canonical symplectic structure and the G-action induced from the smooth action on M, and
one has

Q=J"'({0} = | | AmT.(G - x), (6.2.4)
zeM
where Ann V, C T* M denotes the annihilator of a subspace V,, C T, M. Further, let

Myeg := M(H),  Queg := QN (T*M)(H),

where M(H) and (T*M)(H) denote the union of orbits of type (H) in M and T*M, re-
spectively. By the principal orbit theorem, M,;e; is open in M, hence M., is a smooth
submanifold. We then define .

Mo = Mo /G.

M, g is a smooth boundaryless manifold, since G acts on M,e; With only one orbit type and
Mg is open in M. Moreover, because the Riemannian metric on M is G-invariant, it induces

a Riemannian metric on ]\Zeg. On the other hand, by symplectic reduction 2., is a smooth
submanifold of T*M, and the quotient

Qreg = Qe /G
possesses a unique differentiable structure such that the projection m : Qe — Qreg is a

surjective submersion. Furthermore, there exists a unique symplectic form @ on Qe such
that ¢*w = 7*w, where ¢ : Qg < T M denotes the inclusion and w the canonical symplectic

form on T*M. Consider now the inclusion j : (T My NQ)/G — Qrcg~ The symplectic form
W on e induces a symplectic form j*@ on (T* Myeg N Q)/G. We then have the following

Lemma 6.2.3 (Singular co-tangent bundle reduction). Let & denote the canonical sym-
plectic form on the co-tangent bundle T*J\ch, Then the two 2(n — k)-dimensional symplectic
manifolds .

(T"Myeg N Q) /G, j*0) ~ (T Myeg, @)
are canonically symplectomorphic.

Remark 6.2.4. If M = M., the previous lemma simply asserts that
T*M ~Q = Q/G (6.2.5)

as symplectic manifolds. In case that G acts on M only with finite isotropy groups, M is
an orbifold, and the relation (6.2.5) holds as well, being the quotient presentation of the
co-tangent bundle of M as an orbifold [38].

Proof. First, we apply [44, Theorem 8.1.1] once to the manifold 7*M and once to the man-
ifold 7" M,cs. Noting that the momentum map of the G-action on T*M,., agrees with the
restriction of the momentum map of the G-action on T M to T M,es, we get that j*w is the
unique symplectic form on (T M;eg N Qreg) /G which fulfills

i = 11" %@, (6.2.6)
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where IT : T*M;eg — T*M,eg/G is the orbit projection, i : T* Mieg N ey > T* Mg is the
inclusion, and w is the canonical symplectic form on 7™ M,g.

What follows now is essentially a proof of the co-tangent bundle reduction theorem [42,
Theorem 2.2.2] for the manifold M,cg. The proof given in [42, Theorem 2.2.2] works in
principle also for our situation. However, in [42, Theorem 2.2.2] the authors assume a free G-
action, which is not necessarily the case here, so that the situation is not completely identical.
For convenience, we therefore provide a detailed proof of our theorem.

We are going to construct in a canonical way a diffeomorphism @ : (T*Meg N Qreg) /G —

T™* M,eg such that ®* also fulfills (6.2.6), that is, such that i*w = II*®*®% holds. We will then
be able to conclude from the uniqueness statement associated to (6.2.6) that j*w = ®*©, so

that ® is a symplectomorphism. Denote by 7 : Myeg — Myeg = Miyeg/G the orbit projection.
Together with the pointwise derivatives, 7 induces a morphism of smooth vector bundles

O : TMyeg — TMiyeg,

which has the fiberwise kernel ker 07|, = T,,(G - x). The Riemannian metrics on M,es and
M;eg provide us with the usual isomorphisms of smooth vector bundles o : TMeq ~ T Mg
and B : T'M;eg ~ T M,es. For each x € M,e,, we have

a ' (Ann T,(G - ) = (T,(G - x))l,

so that O is fiberwise injective when restricted to o™ (T* Myeg N Qyeg). However, the di-
mensions of (T;,(G - z))* and Ty () M,eg are both n — k. So denoting the restriction of 97 to
ofl(T”‘Mreg N Qreg) by Or it follows that

7+ @ (T Myeg N Qpeg) = TMyeg

together with the map m : My, — Mreg is a morphism of smooth vector bundles which is
fiberwise an isomorphism. For 2 € Mg, denote the restriction of om to T, (G - x)* by ~,.
That defines an isomorphism 7, : (T.(G - )+ = Tﬂ(x)]T/[/mg. Looking at the definition of
Om, we see that Or is G-invariant and that for each £ € Tﬂ(m)]T/freg, orr{&}) = G-y, 1(6),
the orbit of v;!(£) under the G-action on T M, induced from the G-action on Mee. We
conclude that 97 induces a diffeomorphism

7 (N (T* Myeg N Qeg)) /G — TMiyeg.

Because the G-action on M is isometric, o is G-invariant. Therefore, 07 o a~! is G-invariant
and induces a diffeomorphism

Ao a1t (T* Myeg N Queg) /G — TMyeg.

Composition with 8 yields the map

O :=Bodroat: (T Mg N Qo) /G — T* Miyeg. (6.2.7)

As a composition of diffeomorphisms, ® is a diffeomorphism. Moreover, the Riemannian
metric on M., that is used to define 3 is defined as the induced Riemannian metric obtained
from the G-invariant Riemannian metric on M;e;. Therefore, one can check that the map
® is actually independent from the choice of G-invariant metric on M,.,. That makes the
definition of ® canonical. Now, in view of (6.2.6), we want to show that ®*& fulfills

fw=I"0*D, (6.2.8)
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where @ is the canonical symplectic form on T* Mreg. Since W = —dp, with g the tautological

one-form on T*J\Zeg, the desired equation (6.2.8) would follow, by applying the exterior
derivative d to both sides and using compatibility of pullbacks with d, from the more basic
relation

i*o = II*®*p, (6.2.9)

where p is the tautological one-form on T M,e,. We will now show that (6.2.9) is in fact true.

1

Since by definition 91 oo~ o Il = O o a™ !, we have

Poll=Fodmoat: T* Myeg N Qpeg — T*Mmg.
Taking into account that II*®* = (®II)*, what we have to show is
0y (v) = ((Bodmoa™ ) 0)|,(v) V1N € T Mg N Qeg, v € Ty(T* Myeg N Qreg). (6.2.10)

Let 7 : T*Myeg — Mycg and 7 : T*Mreg — Mreg be the co-tangent bundles. By definition of
the tautological one-forms on the two bundles we have

oln(v) =n(07]y(v)), N E T Mg, v € TyT" Mieg, (6.2.11)
05(@) = (07]5(V)), 7 € T*Myeg, D € TyT* Miyeg. (6.2.12)

Using the definition of the pullback of differential forms and inserting definition (6.2.12) into
the right hand side of (6.2.10) we obtain for n € T*M,eq, v € T))(T* Myeg N Qreg)

((Bodmoa™")"0)ly(v) = 8lgoomoa—1 () (D(B 0 T 0 a™)v)

- v - B (6.2.13)
= (Bodmoa™")()(07|godmoa—1(mI(B 00T oa " )v).

Denote the Riemannian metrics on M,ee and Mreg by ¢ and g, respectively, so that a(v) =
gla(v,-) for v € Ty Myeg, * € Myeg and B(v) = g|z(V,-) for ¥ € Tz Mieg, T € Myeg. Inserting
the definition of 5 into (6.2.13), we obtain for n € T* Myeg, v € T5)(T™* Myeg N Qreg)

((Bodmoa™) 0)y(v)
= §|5087roa—1(77) ((aﬂ o 04—1)(77)» a?|6067roa—1(n)a(ﬁ odrmo a_l)ﬂ)) s (6214)

where we wrote o : T]\Zeg — ]\Zeg for the tangent bundle. Consider now the commutative
diagram
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a(or)
TT Myeq

TT Myeg

oo

do = can.

TT* Moy JT = can. T My, on T

can. g = can.

T = cal.

T* Myeg Mg

“

In the diagram, “can.” denotes the canonical projection of a tangent or co-tangent bundle.
The other maps have been introduced in the paragraph above. That the triangles and the
square in the bottom row of the diagram commute is a consequence of the relevant pairs of
maps being morphisms of vector bundles. The triangles and the square in the top row of the
diagram are just the derivatives of the corresponding triangles and the square in the bottom
row. Therefore, they commute. From the commutativity of the top row of the diagram we
get

0T 0 9B 0 d(0r) 0 da~t = dm o O7. (6.2.15)

We can simplify (6.2.14) using (6.2.15), which leads to
((Bodmoa ) 0)|y(v) = Glsoomon—1(m) (Om 0 @™ (n),0m 0 O7(v)).
By definition of the metric g, this can be rewritten as
((Bodmoa ™) 0)|y(v) = gyoa-1(m) (@' (1),07(v)) .
Moreover, by definition of o', this simplifies into
((Boomoa™) 0)ly(v) =n(07(v)). (6.2.16)

In view of (6.2.11), we have shown (6.2.10), and so we have proved (6.2.9). By the discussion
at the beginning of the proof and in the lines above (6.2.9), we are done. O

6.3 Relevant measure spaces

This section contains a listing of the spaces and measures that will be relevant in the upcoming
sections, followed by a technical subsection in which some basic properties and interrelations
of the introduced measure spaces are studied. If not stated otherwise, measures are not
assumed to be normalized. As before, let M be a closed connected Riemannian manifold of
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dimension n with Riemannian volume density dM, carrying an isometric effective action of
a compact connected Lie group G with Haar measure dg. Let x be the dimension of an orbit
of principal type. Note that if dim G > 0, dg is equivalent to the normalized Riemannian
volume density on G associated to any choice of left-invariant Riemannian metric on G. If
dim G = 0, which in our case implies that G is trivial, dg is the normalized counting measure.
Consider further T* M with its canonical symplectic form w, endowed with the natural Sasaki
metric. Then the Riemannian volume density d(7T*M) given by the Sasaki metric coincides
with the symplectic volume form w™/n!, see [36, page 537]. Next, if Q := J~1({0}) denotes
the zero level of the momentum map J : T*M — g* of the underlying Hamiltonian action,
we regard (e C T*M as a Riemannian submanifold with Riemannian metric induced by
the Sasaki metric on 7" M, and denote the associated Riemannian volume density by dfc.
Similarly, let

C:={(n,g9) €QxG: g-n=n} (6.3.1)

As €, the space C is not a manifold in general. We consider therefore the space Reg C of all
regular points in C, that is, all points that have a neighborhood which is a smooth manifold.
Reg C is a smooth, non-compact submanifold of T*M x G of co-dimension 2k, and it is not
difficult to see that

RegC={(n,9) € QxG, g-n=mn, 1€ Qeg},

see e.g. [46, (17)]. We then regard Reg C C T*M x G as a Riemannian submanifold with
Riemannian metric induced by the product metric of the Sasaki metric on T*M and some
left-invariant Riemannian metric on G, and denote the corresponding Riemannian volume
density by d(Reg C). In the same way, if € M and n € T*M are points, the orbits G - z
and G - n are smooth submanifolds of M and 7™M, respectively, and if they have dimension
greater than 0, we endow them with the corresponding Riemannian orbit measures, denoted
by dig.. and dug.,, respectively. If the dimension of an orbit is 0, it is a finite collection
of isolated points, since G is compact, and we define dug., and dpg., to be the counting
measures. Further, for any Riemannian G-space X, we define the orbit volume functions

volp : X = (0,00), x> volO, =vol (G- z), vol : X/G = (0,00), O+ volO.

Note that by definition we have vol > 0, vol ¢ > 0 for all orbits, singular or not, since the orbit
volume is defined using the induced Riemannian measure for smooth orbits and the counting
measure for finite orbits. An important property of the orbit measures is their relation to
the normalized Haar measure on GG. Namely, for any orbit G - = and any continuous function
f: G-z — C, we have

/ f@)dug.z(z") = vol (G - x) / flg-z)dg. (6.3.2)
G-z G

To see why (6.3.2) holds, recall that there is a G-equivariant diffeomorphism ® : G-z — G/G,.
Then ®.(dug.,) is a G-invariant finite measure on G/G,. Similarly, if II : G — G/G,
denotes the canonical projection, IL,(dg) is also a G-invariant finite measure on G/G,. Hence,
D, (dpg..) = C-IL(dg) for some constant C which is precisely given by vol(G-x), since I, (dg)
is normalized. Observing that [ f(gz)dg = fG/Gm f(gGrx),(dg), (6.3.2) follows.

We describe now the quotient spaces and measures on them that will be relevant to us.
Let dM,cs be the Riemannian volume density on M,.s associated to the Riemannian metric

on M,eg induced by the G-invariant metric on M. Regarding the co-tangent bundle T*J\Zeg,
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we endow it with the canonical symplectic structure and let d(7%M,.s) be the correspond-
ing symplectic volume form. Again, it coincides with the Riemannian volume form given
by the natural Sasaki metric on 7™ M;c,. Similarly, the symplectic stratum (2., carries a
canonical symplectic form @ from [44, Theorem 8.1.1], and dﬁreg = (%) /(n — K)! denotes
the corresponding symplectic volume form. One can then show that dﬁreg agrees with the
Riemannian volume density associated to the Riemannian metric on ﬁreg induced by the Rie-
mannian metric on Q,eq, see Lemma 6.3.1. Since orbit projections on principal strata define
fiber bundles [6, Theorem IV.3.3], Lemma 6.3.1 implies that djug., and dug., are the unique
measures on the orbits in M, and {2 such that

[ r@ar@ = [ [ 1) duala) bl 0) VS € CMug) (633

Myeg MregG»w
/ Fn) d(Queg) () = / / ) by () d0eg(G 1) ¥ f € C(ue). (6.3.4)
Qreg Qreg G1

Next, hypersurfaces given by the inverse image of a regular value ¢ of (maps induced by)
our Hamiltonian function p : T*M — R will be endowed with the Liouville measure induced
by the measure on the ambient manifold, see Lemma 6.3.8 and Corollary 6.3.9. Thus, there
is a canonical measure dX. on the hypersurface ¥. = p~1({c}), induced by the symplectic
volume form on T*M, or equivalently, by the Riemannian volume density associated to the
Sasaki metric. In the case ¥. = S*M it is denoted by d(S*M). Similarly, for S*M,es, the
unit co-sphere bundle over Z\Zeg, the induced Liouville measure is denoted by d(S*J\/Zreg)7
and for the hypersurface Y. = p~1({c}), where p is induced by p and ﬁreg is endowed with
the measure dﬁ,eg, we denote the induced Liouville measure by dic. Furthermore, since
the intersection is transversal, 3. N Qg = p 53€g({c}) is a smooth hypersurface of ¢y, and

carries a Liouville measure p. induced by d€2.cg. As the orbit projection X, N Qg — ic is
a fiber bundle, p. fulfills

/ f(n)duc(n)=//f(n’)duc.n(n’)dic(G-n) VfeC(EeN Qeg). (6.3.5)

3N Qreg 5. Gn

Finally, let dM := 7,dM be the pushforward of dM along the canonical projection 7 : M —
M := M/G. This means that, for f € C(M), we have

/f(@)dM(O):/fow(x) M (2).
v M

In what follows, we will use the orbit volume functions vol and vol o together with the
previously defined measures to form new measures. This way we obtain on M the measure

S and on X. N Qe the measure Vc’ffo. These measures are of fundamental importance

in the following chapters. Finally, for a measure space (X, ) with 0 < u(X) < co and a
measurable function f on X, we shall use the common notation

)]ffdu ::M(lx))Zfdu.

85



PArRT II. SEMICLASSICAL ANALYSIS AND SYMMETRY REDUCTION

6.3.1 Interrelations and properties of the measure spaces

In this subsection, we shall collect a few useful technical facts related to the spaces and
measures introduced above. As before, we are not assuming that the considered measures
are normalized, unless otherwise stated. With the notation as above, we have

Lemma 6.3.1. The measure dﬁmg agrees with the Riemannian volume density defined by
the Riemannian metric on Qeg that is induced by the Sasaki metric on T*M.

Proof. By [4, Theorem 4.6] all metrics on €y, which are associated to the symplectic form &
by an almost complex structure define the same Riemannian volume density, and that density
agrees with the one defined by the symplectic form w. Hence, it suffices to show that the
Riemannian metric on 2, induced by the G-invariant Sasaki metric on T M is associated
to w by an almost complex structure. Now, the Sasaki metric gg on T* M is associated to the
canonical symplectic form w on T*M by an almost complex structure J : TT*M — TT*M.
Consequently, the Riemannian metric ¢t*gg on )., is associated to the symplectic form ¢*w
by the almost complex structure ¢*J, where ¢ : Qe — T*M is the inclusion. Since both
t*gs and (*w are G-invariant, *J : Ty — T€ey is G-equivariant, and therefore induces

an almost complex structure t*7 : T ﬁreg — Tﬁreg which associates the metric induced by
t*gs on §yeg With @. O

Lemma 6.3.2. M — Mg is a null set in (M,dM), and Qreg — (T* Mreg N Q) is a null set in
(Qreg7 ereg)'

Proof. The proof is completely analogous to the proof of [14, Lemma 3]. O
Similarly, on M = M /G we have

Corollary 6.3.3. M— Mreg s a null set in (]T/f, dM), and ﬁreg — (T*Myeg N Q) /G is a null
set in (Qreg, dreg)-

Proof. The first claim is true by definition of the measure dM and Lemma 6.3.2. Concerning
the second claim, note that

(Qreg - (T*Mreg N Qreg))/G = §~2reg - (T*Mreg n Qreg)/G-

Consequently, (6.3.4) and Lemma 6.3.2 together yield

~ N _ 1 _
vol (Qreg — (T* Miyeg N Qo) /G) = / mdmeg(n) — 0.

Qreg - (T* Mreg mQreg)
O

Lemma 6.3.4. The orbit volume function vol o|u,,, : Mreg — R, x> vol (G - x), is smooth.
Moreover, if the dimension of the principal orbits is at least 1, the function vol 0|y, can be

reg

extended by zero to a continuous function vol o : M — R.
Proof. See [45, Proposition 1]. O

Remark 6.3.5. The function vol p : M — R from the previous lemma is in general different
from the original orbit volume function volp : M — R, x + vol(G - x). The latter function
is by definition nowhere zero and not continuous if there are some orbits of dimension 0 and
some of dimension > 0.
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Lemma 6.3.6. On M = M/G we have

BT i

= dM;cg, 0.

VOl | M,eq Vol | M =M, g

Proof. Considering (6.3.3), (6.3.2), and Corollary 6.3.3, the claimed relations are obvious. [
Corollary 6.3.7. The following two measures on (T* Myeg N Qreg)/G agree:

1. the measure j*dﬁreg, where j is the inclusion j : (T Myeg N Qheg) /G — ﬁreg and dﬁreg
the symplectic volume form on Qreg;

2. the measure @*d(T*AZeg), where © 1 (T*Myeg N Q) /G — T*Mreg is the canonical

symplectomorphism from Lemma 6.2.3 and d(T* M,eg) the symplectic volume form on
T* Myeg -

Proof. The measures dﬁreg and d(T*]\Zeg) are defined by the volume forms @w"~*/(n — k)!
and W™ " /(n — k)!, respectively, which implies that the measures j*cl’fvlreg and @*d(T*Meg)
are defined by the volume forms j*@" */(n — k)! and ®*&" " /(n — k)!, respectively. Using
compatibility of the wedge product with pullbacks and Lemma 6.2.3 we obtain

j*(fu"f'{ _ (j*(:))nfn _ ((I)*L/J)nfn _ (I)*((ann).
O

The next lemma describes the Liouville measures on hypersurfaces that we use frequently.

Lemma 6.3.8. Let ¢ € R be a regular value of our Hamiltonian function p. For each § > 0,
let I C [c — §,c+ 0] be a non-empty interval. Then, for all f € C(T*M) the limit

lim #
6—0 VO]R(L;)

/fd(T*M):: / fdx, (6.3.6)
p=1(15) P {e})

exists, and defines a finite measure d%. on the hypersurface %, := p~*({c}). Furthermore,
for each f € C(T*M), one has in the limit § — 0 the estimate

1 o )
voln(y) / fa(T" M) / fdSe = 0(9). (6.3.7)
i) 1)

Proof. Since M is compact, p~!([c — 7,¢+r]) C T*M is compact for every r > 0. Thus, we
can find € > 0 such that each t € [c—¢, c+¢] is a regular value of p. This implies that there is
an atlas for T*M such that the intersection of any chart with p~1({t}) is given by the points
whose last coordinate is equal to t —c for each t € [c—¢, c+¢]. Asp~!([c—¢, c+e]) is compact,
we can reduce such an atlas to a finite collection of charts that still cover p~*([c — ¢, ¢ + €]).
Denote the so obtained finite collection of charts by {Ua,Vataca, Ya : Ua = Vo C R2,
U, C T*M. W.lLo.g. we can assume that V,, C R" is bounded. Let {¢,}aca be a partition
of unity subordinated to the family {Uy,}aeca. Then, by definition, it holds for § < £ and an
interval I5 C [c — 0,¢+ 4]:

d(T*M) =
/Pl(fé)f ( ) Z

/ (@) o ) Dalw)dy ¥ J € CT*M),
acA’VaUaNp=1(ls))
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where D, : U, — R is the smooth function defining the restriction of the volume density
d(T*M) to the chart U, in our local coordinates. (In fact, here D, = \/det(gn(y)), where
Jo 1s the local matrix defined by the Sasaki metric on T*M). Due to our special choice of
coordinates in the chart Uy, we get for f € C(T*M):

/ fd(T"M) = Z/ (f - a) (Ve W15 - y20)) Doy, - - y2n) dys - dyan—1 dyon
p=1(Is) aeA! Ve

= Z/ / R l(f.(1001>(7;1(y1a"'7y2n717t))DOé(y1a"'7y2n717t)dy1 danfl dta
acA Is JVoNR2—

where we used the Fubini theorem for the Lebesgue integral. Since p~!([c — &,c + €]) is
compact, we can assume w.l.o.g. that the function D, is uniformly continuous. Furthermore,
we know that the functions f and ¢, are uniformly continuous on p~!([c — €, ¢ + ¢]). This
implies for each o € A and y € V,:

’(f : @a)('ﬂ;l(ylv cee 7y2n—17t))Da(y17 ceey y2n—17t)
- (f : Qoa)(,)/(;l(yla ey Yon—1, C))Da(y17 ey Yon—1, C)‘ S Ca(|t - C|) Vi S I5a
with some constant C, > 0 that is independent of y. To shorten the notation, set
I(c,a) = / (f =) (e Wy Y2n—1,)) Da(yr, - You—1,¢) dyn - . . dyzn—
VaﬁR2"_1

With [t — ¢| < § we then get
/ / (f’Soa)(’}/;l(yl,"'ayZn—lat))Doz(yh'~-ay2n—1>t)dyl--~ dan—l dt
Is JVanR2n—1

:/(Z(c,a)+Oa(|t—c|)|)dtzvolR(L;)I(c,a)—|—/I Oullt — )| dt = vola(Is) (Z(c, @) + Ou(5)).

Is

Since A is finite, we conclude

1 e B
ml]R(Ls)/p_l(,é)fd(T M) = ;I(C,a) + 04(0) =: _14}) fdpe + O(6).

As the left hand side of the equation above is a global expression independent of any choice
of coordinates, the definition of fp,l( “h fduc is independent of the chosen coordinates. [

From the previous lemma, one immediately obtains a symmetry-reduced version, defining
Liouville measures on the reduced hypersurfaces occuring in this thesis.

Corollary 6.3.9. Let c € R be a regular value of our Hamiltonian function p : T*M — R,
and consider the induced maps

p|ng t Qg = R, p: ﬁreg — R, "D T (Myey) = R,
for which c is also a regular value, as well as the smooth hypersurfaces

Se N Qe =l ({6}) € ey Be=0""({c}) € Oy, "B = 51 ({e}) € T* (M)
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For each 6 > 0, let Is C [c — 6,¢ + &) be a non-empty interval. Then, for all G-invariant
feC(T*M), inducing

flo., € C(Qug),  FEC(Qy),  'f €T (M),

the limits

I ey = ‘
51—I>r(l) VO] I(; / f|Q7‘eg d reg / f‘QTeg d,uc
p‘nw(lo) S eNQrey

1 ~ ~ ~ ~

lim ———— Qyeg =: by

o | = [ 765
e

p=1(Is)
1 ~ — -
lim ———— "FA(T* (Myeg)) =: | 'fd'S,
s [ R () = [ F
P (Is) S,

ezxist, and define finite measures on the corresponding hypersurfaces. Furthermore, for each
G-invariant | € C(T*M), one has in the limit § — 0 the estimates

dQyeg — dupe. = O0(
s [ et [ fladu =06,
Plal, 05) 2oy
AdQpeg — de, =05
i [ T / faS. = (),
p—1(Is) S

— ' A(T* (M —/’Nd’fJC:O(S.

s P - [ (9)

'p=1(Is) 5.
Proof. Since the functions pla,.., P, ‘D fles f, ’f, and the volume densities on {lyeg, ﬁreg,

and T*( reg) are all induced by G-invariance from their counterparts on T*M, we can
proceed by analogy to the proof of Lemma 6.3.8, even though . N Qyeg, f]m and 'Y, are not
compact. In particular, we can find € > 0 such that each t € [c — ¢, c+ €] is a regular value of
P|0,eqs D> and 'p, we can cover p|§1 ([c—e,c+e]), p~Hc—¢,c+e]), and 'p~([c—¢&,c+¢]) by

ﬁmtely many charts, and on these ‘e-thickened hypersurfaces”, the maps pla,.,, D, ‘P, fl,es
f , and f , as well as the corresponding volume densities are uniformly continuous. Thus, we
can perform analogous calculations and estimates as in the proof of Lemma 6.3.8. O

Remark 6.3.10. When V = 0 and ¢ = 1, the Liouville measure on 'p~1({1}) = S*Mmg
obtained in Corollary 6.3.9 agrees with the Liouville measure d(S*M;cs) induced by the
canonical symplectic form on T (Mreg)

Remark 6.3.11. Suppose we regard the hypersurfaces X, ¥. N Qpeq, and ’ ENJC as Riemannian
submanifolds of T*M, (Q,cg, resp. T*Mreg, where the latter spaces are equipped with the
(induced) Sasaki metrics. Then the induced Riemannian measures dXF, duf, d if are
related to the Liouville measures defined above by the norm of the gradient of the defining
functions:

1 =R

dzc - LdzR d = édufv dlic = 17 dlzc
VDl

Vol e T Il

reg
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The following simple yet important lemma tells us that taking averages over certain subsets
of the co-tangent bundle of functions which actually depend only on the base manifold variable
is equivalent to averaging the functions over the corresponding base manifold.

Lemma 6.3.12. Denote by 7 : T*M — M the co-tangent bundle projection, and by T :
(T Mrog N Qreg) /G — Myeg the smooth map induced by the G-equivariant map 7|7« M,.,nQres -

Let f € C(M) be G-invariant, z'nducmg f e C(M/G), and let p : T*M — R be the G-
invariant map given by p(x,§) = ||§||x, inducing p € C*(Q mg) Then we have for all a,b € R
with 0 < a <b

FE(G 1)) dueg (G - 1) = ][ F(G-2)dMyeg (G -2).  (6.3.8)

P~ ([a,b)N((T* MregNSlreg) / G) Mreg

Proof. For convenience, and because the resulting Corollary 6.3.13 is important for the appli-
cations in Section 8.3, we provide a detailed proof. Using the canonical symplectomorphism
P : (T* Mg N Queg) /G — T* Mg from Lemma 6.2.3 and Corollary 6.3.7, we obtain

f(?(G ‘1)) dﬁreg(G “n)

P ([a,B)N((T* MregNQreg) / G) (6.3.9)

_ / Foro®  d(T* Myey).

2P ([a,b)N((T* MregNQreg) / G))

Now that we can work with the co-tangent bundle T*Mreg together with its natural symplectic
volume form as our ambient measure space, the situation is simpler and the rest of the proof
could in principle be written down for an arbitrary Riemannian manifold instead of M,eg.

Let ¢ : U S Vbea chart, where U C ]\Zeg7 V C R"" are open. Together with its
derivative 0, the chart defines an isomorphism of vector bundles TU = V x R"™%. Let
(e1,...,en_x) be the standard orthonormal basis of R*~*. Then we obtain for each z € U a
basis {(0v)|; te1, .., (OY)|; en—w} of T,U, and an associated dual basis {dq1|s, - - ., dgn—r|z }
for T;*U, where dg;|, is defined on the chosen basis vectors of T,,U by

L, j=1
0, j#i.
Fixing this choice of frame for T*U yields an isomorphism of vector bundles ¥ : T*U =

V' x R"™" which is at the same time a chart on T M,¢; with domain T*U. For a co-vector
n € TiU, let (1., Gnor,P1y--sPn-x) € V X R"7% be its coordinates with respect to the

dgil ((09)]; " e;) = { (6.3.10)

chart ¥. In these coordinates, the pullback of the canonical volume form d(7* Mreg) restricted
to T*U along U~! is given by

(U d(T* Myeg)(q, p) = dgi A .. Ndgn— AdpL A ... ANdpp—s, (¢,p) € V xR"™",

b
(n —k)!

and the local Riemannian volume density on U reads

(1) dMyeg(q) = \/det m(q) |dgi A ... A dgn—s), qeV,

where m(q) is the matrix representing the Riemannian metric on T,U, where z = 1~1(q).
The choice (6.3.10) of basis for T} U is the natural one for considering the local pullback of the
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volume form d(T*]\Zeg), since the obtained expression for (\Il_l)*d(T*]\f/.Treg)(q7 p) is invariant
under a change of coordinates on U and hence independent of the initial choice of the chart
1. However, in order to identify the co-tangent bundle globally with the tangent bundle,
we need to use the Riemannian metric to relate each tangent space with its dual space, as
explained in the Conventions and notation at the beginning of this thesis. This means in our
context that we choose a different basis {b7,...,b%_, } for T;U given by

b7 ((00)l5 " e;) = m(a)i; = m(q);,.
Denote the coordinates of n € TxU with respect to this new choice of basis by

(Qh .. '7anna<1a .. '7<’I’L7K/) eV x Rn_ﬁ-

Clearly, they are related to the other coordinates according to
P1 G
o =ml) | (6.3.11)
pTL—KZ C’I’L—K,

Let A C T*U be measurable and =: A — C be an integrable function. Then, one has

/5 AT Vreg) = / ()" (2 d(T* M)
A w(A)

1 — _
:m/:o\D Ya,p)dgu A ... ANdgn_e Ndpy A ... ANdpp—p

T(A)

1 1 =5 -1 —1\* JA 7T
“h—n)! /)\/M / Eo U (g, p)ldp1 A ... Adpp—| (™) dMieg(q),

T(V(A) {g}xR7==NT(A)

where 7 : V x R"™* — V denotes the projection onto V. In order to switch from the p-
coordinates to the (-coordinates, we perform now for each ¢ € V the linear substitution
(6.3.11). The transformation formula for the Lebesgue integral then gives us

EoU g, p)|dpi A ... Adpp_s|
{q}XR"*"ﬁ\I/(A)

- / = o U (. m(g))|det m(@)] [y A .- A dGsl,
m(q)~ ({g} xRr—"Nw(A))
which combined with the previous calculations leads to

/E d(T*j\Zreg) = (n _1 K)!

A 7((A))

/ =0 U (g, m()C) d (671) dMeglq),  (6.3.12)

m(q)=1 ({g} xR =N (4))

det m(q)

91



PArRT II. SEMICLASSICAL ANALYSIS AND SYMMETRY REDUCTION

where we introduced the short hand notation d¢ := |d¢y A ... A d{,—x|, and the notation
m(q)~' ({g} x R"™* N ¥(A)) means that the vectors in R"~* N ¥(A) are multiplied with the
inverse matrix. Now, we apply the general result (6.3.12) to the concrete integral (6.3.9). By
the definition of ® we have 1) o 7o ® ! o U~! = 7, obtaining
(n— k)! foTo® L d(T* Myeg)
T*UN®(H~ ([a,b)N((T* MregNSreg) / G))
$or (&1 (T*U)Np~ ([a,5) N (T* MregNieg) /G))
F(471 (@) ¢ (1) dMreg(q). (6.3.13)
m(g) =" [{a} xBr =00 (51 ([a,b)N((T* MregNreg)/G) ) |
Similarly, taking into account the definitions of ® and p, one easily sees using (6.2.4) that
(@I 0) N5 ([a,]) N (T Mreg 1 Rueg) [G)) = U
holds as well as
m(q)~! [{q} X ]R"*“ﬂ\llo@(’pv*l([a, b])ﬂ((T*MregﬂQreg)/G))] = {(q, ¢):a< CTm(q)C < b},

compare (0.0.1). With these observations, and considering that the integrand does not depend
on (, the right hand side of (6.3.13) simplifies tremendously to

/ F(@ ™ (@) V/det m(g)volac ({¢ = @ < ¢"m(g)¢ < b}) (") " dMeg(g)- (6.3.14)

Y(U)
We now calculate volge ({C ca<(Tm(q)¢ < b}) to be given by

volgc{¢:a < ¢Tm(q)¢ < b} = / ¢
{¢:a<¢Tm(q)¢(<b}
—1
- / de = / [det v/m(q) | d(’
{Vm@ ‘¢ra<crer<n} {¢":a<éT ¢ <b}

= /det m(q)  Vi_r(a,b), (6.3.15)

-1
where \/m(q) ~ is the inverse of the square root of the positive definite matrix m(q) which

fulfills 1 -1
det( m(q) )Z\/m )

and we wrote V,,_,(a,b) for the euclidean volume of an;K - B\"/E", Bl * denoting the
standard ball of radius r around 0 in R"~*. By (6.3.14) and (6.3.15), line (6.3.13) becomes

Fo7o® ™t d(T" M)
T*UN® (P~ ([a,b)N((T* MregNQieg) /G))
Vi—w(a,b)

= 2o [ ) ) sl = D [ P, (6310
%(U) U
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The result above holds for an arbitrary chart domain U C ]\Zeg. Using a locally finite
partition of unity, we can establish the global result

~ _ L~ Ve r(a,b o~
foTo® L d(T* Myeg) = W / fd(Myeg). (6.3.17)
2P ([a,b)N((T* MregNQreg) / G)) Mg

In view of (6.3.9) we have shown

~ _ ~ Vi—x(a,b ~ ~

FT(G o) (G = S0 [ 60 dg) (G- 0)
P ([a@,b)N((T* MregMQreg) / G) Mieg
Taking averages finally yields the assertion (6.3.8). O

Corollary 6.3.13. Let m : S*M — M be the canonical projection of the co-sphere bundle.
Then, for every f € C(M), one has

dy AM
f fowvolo_][fvolo‘

S* MO Qyeg M

Proof. A consequence of (6.3.5), Corollaries 6.3.9, 6.3.7, 6.3.3 and Lemmas 6.3.6, 6.3.12. [

6.4 Singular equivariant asymptotics

As it will become apparent in the next chapter, the results proved in this second part of
the thesis rely on the description of the asymptotic behavior of certain oscillatory integrals
that were already examined in [46, 47] while studying the spectrum of an invariant elliptic
operator. Thus, let M be a Riemannian manifold of dimension n carrying a smooth effective
action of a connected compact Lie group G. Consider a chart v: M DU 5V C R” on M,
and write (z,£) for an element in T7*U ~ U x R™ with respect to the canonical trivialization
of the co-tangent bundle over the chart domain. Let a, € C2°(T*U x G) be an amplitude
that might depend on a parameter 1 € Ry such that (z,&,9) € supp a, implies g -2 € U,
and assume that there is a compact p-independent set K C T*U x G such that supp a, C K
for each p. Further, consider the phase function

(&, 9) = (v(z) —v(9-2),§),  (2,&9) €supp qy, (6.4.1)

where (-,-) denotes the euclidean scalar product on R™. It represents a global analogue of
the momentum map, and oscillatory integrals with phase function given by the latter have
been examined in [48] in the context of equivariant cohomology. The phase function ® has
the critical set [46, equation following (3.3)]
Crit(®) = {(z,£,9) € T*U x G : (Ps) (26,9 = 0}
={(z,&,9) e (ANTU)xG: g (z,§) = (z,§)} =CNT"U,
with C as in (6.3.1), and the central question is to describe the asymptotic behavior as
1 — +oo of oscillatory integrals of the form

() = //ei“@(zvag)au(%g,g)dgd(T*U)(:C,f)- (6.4.2)

T*U G
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The major difficulty here resides in the fact that, unless the G-action on T*M is free, the
considered momentum map is not a submersion, so that the zero set €2 of the momentum
map and the critical set of the phase function ® are not smooth manifolds. The stationary
phase theorem can therefore not immediately be applied to the integrals I(u). Nevertheless,
it was shown in [46] that by constructing a strong resolution of the set

N={(p,g) e M xG:g-p=p}

a partial desingularization Z : X — X := T*M x G of the critical set C can be achieved,
and by applying the stationary phase theorem in the resolution space X, an asymptotic
description of I(u) can be obtained. Indeed, the map Z yields a partial monomialization of
the local ideal Ip = (®) generated by the phase function (6.4.1) according to

2 Is) & 5 =] o} - 271 Us) &, %
J

where £ denotes the structure sheaf of rings of X, Z* (Ip) the total transform, and Z;1(Ig)
the weak transform of Iy, while the o; are local coordinate functions near each & € X and
the [; natural numbers. As a consequence, the phase function factorizes locally according to
®oZ = Ha;j - ®"* and one shows that the weak transforms ®** have clean critical sets.
Asymptotics for the integrals I(u) are then obtained by pulling them back to the resolution
space )NC, and applying the stationary phase theorem to the ®** with the variables o; as
parameters. Thus, with x and A§; as in Section 5.2 one has

Theorem 6.4.1 ([47, Theorem 2.1]). In the limit n — +00 one has

2 K
1) - (:) / Wbl iReO)(x,6,9)
Reg C ‘det (I)”(‘TagaghN(Ivswg)RegC (643)

<C sup ||Dlay|, pm (log )i,
1<2k+3

where D' is a differential operator of order | independent of jn and a, and C > 0 a constant
independent of p and a,, too. The expression ®"(z,§,g)N,, ., Regc denotes the restriction
of the Hessian of ® to the normal space of RegC inside T*U x G at the point (z,€,g). In
particular, the integral in (6.4.3) exists.

The precise form of the remainder estimate in the previous theorem will allow us to give
remainder estimates also in the case when the amplitude depends on u. To conclude, let us
note the following

Lemma 6.4.2. Let b€ C(QNT*U) and x € G. Then

M) d(Reg €)(v.6.9) = Il <11 [ 0028

RegC ‘det D"(2,€, 9)|N(y.c.q)Reg C Qrex

dQeg (2, €)
volo (G- (7,€))

Proof. By using a partition of unity, the proof essentially reduces to the one of [14, Lemma
7], which is based on a result of [13, Section 3.3.2], and involves only local calculations.
Furthermore, b € C2°({eg) is required there. However, similarly as in [46, Lemma 9.3], one
can use Fatou’s Lemma to show that it suffices to require only b € C°(Q). O
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Chapter 7

Generalized equivariant
semiclassical Weyl law

7.1 An equivariant semiclassical trace formula

In this section, we generalize the semiclassical trace formula (4.3.26) to an equivariant semi-
classical trace formula, which will be crucial for proving the generalized equivariant Weyl
law in the next section. As before, let M be a closed connected Riemannian manifold of
dimension n, carrying an isometric effective action of a compact connected Lie group G such
that the dimension x of the principal orbits is strictly smaller than n. Recall the Peter-Weyl
decomposition (5.1.3) of the left-regular G-representation in L2(M), as well as the function
class S};C()mp, see Section 1.1, semiclassical character families, see Definition 5.2.1, and the
Notation (5.1.5). Consider then a Schrodinger operator (5.1.2) with G-invariant potential
and Hamiltonian (5.1.7).

Theorem 7.1.1 (Equivariant semiclassical trace formula for Schrédinger opera-
tors). Let § € [0, Tl—&-g%)’ On € Sgcomp, and choose an operator B € W) ;(M) C B(L*(M))
with principal symbol [b] represented by b € Sg;é(M). Consider further for each h € (0,1] the
trace-class operator

on(P(h)) o B :L2(M) — L*(M).

_1

T — 0 one

Then, for each semiclassical character family {Wh}ne (0,1 with growth rate ¥ <
has in the semiclassical limit h — 0 the asymptotic formula

(2mh)=" treza (en(P(R) 0 B)
#Wh dy [mx|m : 1]

XEWh

_ dQreg 1—(26+3)(5+9) C\AG -1
—/b-(QhOp)—VOIO + O(h (logh™") ) (7.1.1)
Q

Remark 7.1.2. The integral in the leading term can also be written as
| (0o Blg (i),
T* Myog
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with notation as in (5.2.1). To see this, one has to take into account (6.3.2), (6.3.4) and the

G-invariance of p, and apply Lemma 6.2.3 and Corollary 6.3.3. In case that M = M/G is an
orbifold, the mentioned integral is given by an integral over the orbifold co-tangent bundle
T*M, see Remark 6.2.4.

Remark 7.1.3. If G is trivial, the result agrees almost completely with (4.3.26), the only
difference being that the remainder estimate in (4.3.26) is of order h'~%, while (7.1.1) yields
for trivial G (i.e. Kk =¥ =0, A{; = 1) only the weaker order h!=%.

Proof. Let us consider first a fixed x € G. Introduce a finite atlas {UasVataca, Va : Ua SR,
with a subordinate compactly supported partition of unity {¢a}aca on M and a family of

functions {B,. Pa, P taca C C2(M) such that supp By, supp Py, SUpp 3, C Uq and 3, = 1
On SUpp Ya, P, = 1 on supp B, and B, =1 on supp p,. For each a € A, set
Ua,0 = ((Qh Op) b @a) © (7;17 (8,)/(;1)T)

Clearly, uq,0 € SQ;J(R”). Then, by Theorem 4.2.1, there is for each N € N a number
ho > 0 and a collection of symbol functions {rs g n}a,sea C h'72°S) ;(R™) and an operator
Ry (h) € B(L2(M)) such that for h € (0, ho]

(L0 Boon(P)](f) = D To(Za - OPa(ta0) ((f - Ba) 072) 07a)
acA

+ 3" (%5 Opalrasm)((f - Fa - Bs) 075") 0 78) + Ty 0 Ru (W)
a,fEA

for all f € L?(M). Moreover, the operator Ry (h) € B(L?(M)) is of trace class, its trace
norm fulfills
HmN(h)”tr,Iﬂ(M) = O(hN) as h — 0,

and for fixed h € (0, ho] each symbol function 7, 5 n is an element of C°(R?") satisfying
SUPp 7a,5,v C supp ((en ©p) - ¢a) 0 (v 4 (975 )7). (7.1.2)

Inserting the definition (5.1.4) of the projection T, one sees with (2.1.2) that each of the
operators

A o T (Ba - 0P (0 0) ((F o) 072 ) 070 )
A a,B,N * s fe Ty (‘P[f Opy(ra,p,N ( [ %a- ‘Pﬁ)O’YB )075>
has a smooth, compactly supported Schwartz kernel given respectively by
d — i 1
K ix — X = (g~ L. +{(valg™ 1) =va (22),m)
AX (LU],J?Q) (271'}1)” //X(g)gooc(g ‘Tl)e

G R’n

Uq,0 (704(9_1 1) + Y0 (72) 3 1 h)%a(z?) dn dg(Volg, (W’a(x?)))il’

i3 _1'1/' _ ).
KA;& (:v1,x2 27‘(‘h // QOB -1 xl)eﬁ<7/3(g 1)—78( 2)177>
G R™

g (2O TD W) ) G T ) dydg (Vo (5 (22))
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where 21,29 € M, and Vol,_ : R™ — (0, 00) denotes the Riemannian volume density function

in local coordinates, given by
Volg, (y) = v/det ga(y),

go being the matrix representing the Riemannian metric on M over the chart U,. Conse-
quently, we obtain for arbitrary N € N that

trizary (en(P(h)) 0 B) | = trvaqay [Ty o B o on(P(h))]

= /KAz(x,x) dM(z)+ Y /KA%YN(Q;,CE) dM (z) + O(h™), (7.1.3)

a€A a,BEA i

where we took into account that the trace is invariant under cyclic permutations and T, com-
mutes with o, (P(h)). Furthermore, |trrz(ar) @| < [|Q|li, 12(ar) for any trace class operator
Q, and because T), is a projection one has

HTX © %N(h)Htr’LQ(M) < ||mN(h)||tr,L2(M) ||TXHB(L2(M)) < ||mN(h)Htr,L2(M)
so that the O(h)-estimate in (7.1.3) is independent of x. Let us consider first the integrals
in the second summand
dx

[y, et = G [ ] ek w6 g, dy d(TU) .6,
M GT*UB

where uzg(, h) € C (T*Ug x G) is given by

uX N (@.6.9.0) = X@Bs o (ZETHED ¢ )G, T ) (eg), (714)

J(z,g) being the Jacobian of the substitution z = g - #’. By definition of the class Sgcomp

there is a compact interval I C R with supp gp, C I for all h € (0,1]. Taking into account
(7.1.2) and the definition (5.1.7) of p we see that the function uzg(, h) is supported inside a
compact h-independent subset of T*Ug x G. Theorem 6.4.1 now implies for each IV € N the
estimate

‘(%h)" / Kax | (a,2)dM(z)
M

N
U’i:ﬁ (xa§7ga h)

det (2, &, 9)|N(, ¢, Reg Cs

—dy (2wh)"”

RegCg

1/2 d(RegC’g)(aﬁ,g,g)

< Copy o l<82u%3 HDlué:gHothH (log hil)Aﬁ_l , (7.1.5)

where
Reg Cs = {(z,&,9) € (QANT*Up) x G, g- (z,&) = (z,§), v € M(H)},

D! is a differential operator of order I, and ®"(x, §79)|N($1519)Reg ¢; denotes the restriction of
the Hessian of the function

(2,8, 9) = (yp(x) —v8(9 - 2), )
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to the normal space of RegCs inside T*Us x G at the point (z,§, g). Note that the domain
of integration of the integral

X,V
ua (.Z', 5797 h)
AN g n(h) = / £ 77 d(RegCs)(, €, 9)

1
Reg Cp ‘det D"(2,€, 9) Ny c.q) Reg Cs

contains only such g and z for which g -z = z, so that it simplifies to

T Z), 7h :a'i T
X0 0@ PO ypogenymeg).  (rre)

mi,g,w(h) =

RegCp ‘det q)ll(xagvghN(m,E,g)RegCg

Here we used that J(z,g) = 1 in the domain of integration, since the substitution 2’ = g - x

is the identity when g -z = x, and that P45 = 1 on supp $4. By Lemma 6.4.2 this simplifies
further to

%MW=WWM/MMWW@WM%mmﬁ§$5
Qreg

We obtain that there is a constant C, g,n > 0, independent of h and y, such that
2% 5 v (W)| < Capn [myla s W rasnllo |Bo - #6)l -
As 7o 5N is an element of h1*2552;6(R") we have that

708,51l = O(R'™2%),

so that we conclude
AX h
P O(h'"%) ash — 0,
[mxlm 1]

the estimate being independent of x. Now, we combine this result with (7.1.5) and the
relation 74 5 n € h' 725} 5(R™) to obtain the estimate

‘/KAi,[s,N <x’x) dM(m)‘ = O(dX [ﬂ'x‘H : ]l} h1_25_"+” +
M

d, KSQqu_g |IEZYHOohfn+n+175(2n+3)+1726 (log h71)/\f4—1 ), (7.1.7)

where D! is a differential operator of order [ on G and the constant in the estimate is inde-
pendent of . Since A is finite, we conclude from (7.1.3) and (7.1.7) that

trLZ(M) (Qh(P(h)) o B)X = Z /KA§ (J?,.’L‘) dM(JJ)
a€A §r (718)

i O(hk%*"“dx[[ﬂxlzf 1]+ sup Hﬁzyuwhka@wg) (log h71)1\'}€1—1}>’
1<2k+3
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with the constant in the estimate being independent of x. Let us now calculate the integrals
in the leading term. Again, we can apply Theorem 6.4.1, and by steps analogous to those
above we arrive at

AQreg(z,€)
vol (G - (z,£))

(2nh)" / K x (,2) dM (x) — dy (2h)" [yl < 1] / o0 (o (), €, )P ()
M Qreg

A N L T R G

U'<2Kk+3 1<2k+43

where C,, is independent of h and x, and Dl is a differential operator on R2" of order I. Since
. bcomp
on is an element of S one has

. [)l -0 h—(2/€+3)5
l;;gi?)ll oo o, = O( ),

yielding the estimate

oty [ Kog(ovn) abita) = dy oy Il s 11 [ ((0non) - a) 0.8) 20
M

Qreg

_ O(hl+n—(2ﬁ+3)§ dy sup HEZYHOO (log h_l)Aﬁ’}—l)
1<2k+3

as h — 0. Summing over the finite set A, and using (7.1.8) together with 7, = 1 on supp ¢,
and ) 4 ¥a = 1 we finally obtain

. tr2 () (Qh(P(h)) °© B)X
dy [Ty |m 1]

AQyeg (x,€)

(2mh)™" vol (G - (,€))

= / ((Qhop)'b)(xag)

reg

« G —
+ o(hHé + W ()R 0@ H3) (g 1) ! ) (7.1.9)
where the constant in the estimate is independent of y and we introduced the notation

supy<anss | DX o
[Tx|m 1]

Wi(x) = (7.1.10)

Now, having established the result (7.1.9) for a fixed yx, we know precisely how the remainder
estimate depends on y and we see that the leading term is independent of . Thus, we can
average for each h € (0, 1] each summand in (7.1.9) over the finite set Wj, to obtain the result

(2mh)" ™" trea(ary (en(P(h) o B) o A (1, €)
N NNV _Q/ (o) )95 6 .6y

_ 1 5(2m _ZAS -1
rO(n s [ ngh W) P10+ (log 1) 071,

To finish the proof, it suffices to observe that since the growth rate of the family {Wh }ne(0,1)
is U we have ﬁ > em, We(x) = O(h=C+3)7%) a5 h — 0, and the assertion (7.1.1) follow;
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7.2 A generalized equivariant Weyl law

Let the notation be as in the previous sections and the Overview in Chapter 5. We are now
in the position to state and prove the main result of this chapter.

Theorem 7.2.1 (Generalized equivariant semiclassical Weyl law). Let 0 € (O7 ﬁ)

and choose an operator B € \Ilggé(M) C B(L?(M)) with principal symbol represented by
1—(2k44)3

b€ S).5(M) and a semiclassical character family {Wh }ne(0,1) with growth rate 9 < ~——5775

Write

J(h):={jeN:E;h) € [c,c+ k%], x;j(h) € Wi},
where x;(h) € G is defined by uj(h) € Li,-(h) (M). Then, one has in the semiclassical limit
h—0

(2m)" R0~ (Bug(h), ui(h))Lzan
#Wh,

d; (ny [Ty (wyl e 1

- / p e | O(h5+h71’§i"ﬁ”*5 (1ogh*1)A§f_1).
vol o

J(h)

SN Qreg

Remark 7.2.2. Note that the second summand in the remainder dominates the estimate if
and only if § > 1_51?7:;33)19. Further, the integral in the leading term equals [5 (b). dX,

compare Section 6.3, and it can actually be viewed as an integral over the smooth bundle
S e(Mreg) = { (2.) € T* (Moeg) : B(a, §) = c}

where p is the function on T (]\Zeg) induced by p via Lemma 6.2.3. In case that MAIJS an
orbifold, the mentioned integral is given by an integral over the orbifold bundle S% (M) :=
{(z,§) e T*M : p(z,€) = ¢}, compare Remark 7.1.2.

In the special case of a constant semiclassical character family, corresponding to the study
of a single fixed isotypic component, we obtain as a direct corollary

Theorem 7.2.3. Choose a fized x € G. Then for each § € (0, ﬁ) one has the asymptotic
formula

@m)m kST (Bug(h),ug () = dy [yl < 1] /
FEN: u;(h)eLL (M), ZeN Qreg
E; (h)€le,c+h]

b dpic
vol o)

(7.2.1)
+ O<h5 + hzr =0 (log h*l)Aﬁf‘l), h — 0.

Remark 7.2.4. A weaker version of Theorem 7.2.3 can be proved if instead of the spectral
window [c, ¢ + h°] one considers a fixed interval [r, s], the numbers r, s being regular values
of p. One can then show that

b ereg
vol O

(2mh)" ™" Z <Buj(h),uj(h)>L2(M) = dy [yl 1] /
JEN:u;(h)ELZ (M), P H([rys)Nreg
Ej(h)€[r,s]

+0 (hﬁ(log h_l)Aff_l) ,
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which is proven by complete analogy. The even weaker statement

. n—rx ere
lim (271) ST (Buy(h),ug()) e ary = dy [yl ¢ 1 / p S

vol (@)
jEN:u; (h)eLS (M), P ([r,s])NSreg
Ej;(h)€[r,s]

could in principle also be obtained without the remainder estimates from [47] using heat kernel
methods as in [18] or [10], adapted to the semiclassical setting. Nevertheless, for the study of
growing families of isotypic components and shrinking spectral windows as in Theorem 7.2.1
remainder estimates are necessary due to the lower rate of convergence.

Proof of Theorem 7.2.1. The proof is an adaptation of the proof of [63, Theorem 15.3] to our
situation, but with a sharper energy localization. Again, we consider first a single character

X € G. Let h € (0,1] and fix a positive number A < ﬁ—& Choose fa.n, gan € CX(R,[0,1])
1

such that supp fan C [—% + h>‘,§ — b, fan =1on [—% + 3/”/‘,% — 3R}, supp gan C
[—2 —3h* 2 +3hY, gap =1o0n [-3 —h* 1 + A, and

|5i P < C; R, |3§ Gan(y)| < C; M, (7.2.2)

compare [33, Theorem 1.4.1 and (1.4.2)]. Put ¢(h) := ch™% + 3, so that x +— h=%z — c(h)

defines a diffeomorphism from [c, c+h°] to [~1/2,1/2], and set fi sn(z) = fan(h~°z—c(h)),
Ino.n(m) = gy n(h ™%z — c(h)). Let IL, be the projection onto the span of {u;(h) € L3 (M) :
E;(h) € [c,c+ h°]}. Then
Srsn(P(h)y oIy =11y o fasn(P(h)x = fasn(P(h))x,
Irsn(P(h))x o Iy =1L 0 gx 5,0 (P(h))y = L.
Note that fx 5n(P(h)), ga,5,n(P(h)), IL are finite rank operators. For that elementary reason,
all operators we consider in the following are trace class. In particular, by (7.2.3) we have

Z <BUj(h)7Uj(h)>L2(M) = tl“Lz(M) HX oB o HX
FEN: u;(h)€LZ (M)
E; (h)€[e,c+h]

= trLz(M) f)\’g,h(P(h))X o BX + tl“Lz(]V[) HX o g)\,zi,h(P(h))x o (1 — f,\’gﬁh(P(h))X) o BX o HX
= tI‘Lz(M) (f>\75)h(P(h)) o B)X
+ trz2(an HX o (g/\,(;’h(P(h)) o (1 — f)\,(;’h(P(h))) o B)X o HX . (724)

=Rx5,h

(7.2.3)

In what follows, we shall show that the first summand in (7.2.4) represents the main con-
tribution, while R 5, becomes small as h goes to zero. For this, we estimate R s using
the trace norm. Recall that if L € B(L?(M)) is of trace class and M € B(L?(M)), then
ILM ¢, r2ary < I Lller2any 1M1 szcary)> see e-g. [63, p. 337]. By the spectral functional
calculus this implies

[Rononl < [T 0 (gran(P(R)) o (1= frsn(P(R) o B), 0T,

< |(@ran(Pr) o (1= frsn(Pt)),

= ||U>\,6,h(P(h))xHtr7L2(M) HB||B(L2(M)) J

tr,L2(M)

1Bl pr2ar)) (7.2.5)

tr,L2 (M)
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where we set

On6h = gaen(l = fasn) € CZ(R,[0,1]).
In particular, vy s is non-negative. By the spectral functional calculus, vy s, (P(h)) is a
positive operator. T, is a projection, hence positive as well. Moreover, by the spectral func-
tional calculus, vy 5.5 (P(h)), commutes with T, as P(h) does. It follows that v 51 (P(R))y
is positive as the composition of positive commuting operators. For a positive operator, the
trace norm is identical to the trace. Therefore (7.2.5) implies

19x6,n] < ||B||B(L2(M)) trez(ar) Ox6,n(P(R))x- (7.2.6)
By construction of the supports of fy , and gx n, we have
supp vas.n C [c — 3R R0, ¢ + 3R R2T U [e + h? — 3R RS e+ h® + 3R R°]. (7.2.7)

Now, note that the functions a6,k 976,y Un,s,h are elements of Sfi‘j&mp. Since we chose A

such that A + 6 < 2K+3, we can apply (7.1.9) with B = 112(,s) to conclude

n—r trL2(an) Ua5,0 (P(R)) dQye
‘(27Th) ( ) X /(U)\(;hop) &

dy [y | e 1] vol o

reg
< C<h1_2()\+5) + W ()h1=OA+DCR3) (1og h—l)Ai’}—l) (7.2.8)

where C' is independent of h and y, and Wy (x) was defined in (7.1.10). On the other hand,
applying (7.1.9) to the first summand on the right hand side of (7.2.4) yields

. trezqany (fasn (P(R)) o B)
dy [y lm : 1]

_ ds)
n X reg
‘ (2mh) / (fxonop)b -

lo
Qreg

< C(hl‘z(“é) L W (R- DR (10g h—l)Aff’l ), (7.2.9)

where C' is a new constant independent of h and y. Next, we use that Corollary 6.3.9 implies

‘/ U>\6h P) reg —‘/ vuhoﬁ)d( reg)
Qreg 01(9
Combining (7.2.4)-(7.2.10) leads to

=0(h**)  ash—0. (7.2.10)

dQyeg
vol @)

Bu;(h),u;j(h));2
Z < d(x Eﬁx“i )Zﬁ ol - / (frsnop)b

JEN:u; (R)EL2 (M) Do
E;(h)€fe.c+h’]

+ OB 4 2N ()t OHI) (1og poty N ), (211

(27h)" "

the constant in the estimate being independent of y. We proceed by observing

re ere
‘/ fAJh P g* / b—=2
reg

vol o
QregNp~ 1 ([e,c+h?])

(7.2.12)

IN

O(hA+6)

/ (v)\éh Oﬁ) bd(T* reg)

T* Myeg
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Furthermore, with
Se=p"({c}),  Ee=p""({c}),
and the notation from (5.2.1) one computes

1 dQe 1 ~
v b= | (e e
h Q,»egﬂpfl([c,c—&-h‘s]) VOl(’) h ﬁ*l([c,c+h5])

:/~ By dSe + O(h®) = / b9 | om),

vol o
LN Qreg

g

(7.2.13)

c

where we took again Corollary 6.3.9 into account. Combining (7.2.11)-(7.2.13) then yields
for a fixed x € G

eyt (B (), 45 (M) oy / e

) dy [71—X|H 1]
JEN: u;(h)EL2 (M) e Qreg

E; (h)€le,c+h’]

_ O(h6 RN W ()R O @)= (log h_l)A%ﬂ),

(7.2.14)

Here, the constant in the estimate is independent of x. Just as at the end of the proof of
Theorem 7.1.1, we can now take for each h € (0,1] the average over the finite set Wj,, and
knowing that W, has growth rate 9, we get

(Qﬂ)n—nhn—n—ts <Buj(h)’uj(h)>L2(M) _ / b dﬂc

)4% d,. v 01 1
# h J(h) xs (h) [TrXJ(h)|H ] Do Dreg volo (7215)

_ O(h5 + h/\ + hlf()\+5+19)(2n+3)75 (log h*l)A%;/I_l)'

Finally, we choose A such that the remainder estimate is optimal for the given constants §
and ¢. This is the case iff A\ =1— (A 4+ +9)(2x + 3) — 4, which is equivalent to

5= 1—-(2x+3)9 s
2k +4
This choice for A is compatible with the general technical requirement that A\ < —— — 4,

2k+3
and the assertion of Theorem 7.2.1 follows.
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As consequence of the previous theorem we obtain in particular

Theorem 7.2.5 (Equivariant Weyl law for semiclassical character families). For
each x € @, denote by mult, (E;(h)) the multiplicity of the irreducible representation m in
the eigenspace E;(h) corresponding to the eigenvalue Ej(h). Then one has in the limit h — 0
the asymptotic formula

(2m)n—rpn—r=0 Z mult, (E;(h))
H#Wh dim&;(h) - [my|m : 1]
XEWh, jEN:
E;(h)€ [c,c+h)

1-(2r43)9 s

~ G _
:VOIdf]UEU + O(h5+h 2rtd (logh—l)AM 1>. (7.2.16)

Again, in the special case that W), = {x} for all h € (0, 1] and some fixed x € G we obtain

Theorem 7.2.6 (Equivariant Weyl law for single isotypic components). Choose a
fized x € G. Then one has in the limit h — 0

Crmene Ity (£;(h))
o\ RpRTR ) multy (L
(2m) 2. dim &; (h)
JEN:
E; (W)€ [esc+h?]

~ 1 G _
= [my|m : 1]vol 45 Be + O(h5 + hEeFa 0 (loghfl)AM ! ) (7.2.17)
O

Remark 7.2.7. Note that the leading terms in the formulas above are non-zero. Indeed, if c is
a regular value of p and consequently of p, both ¥, and ¥, are non-degenerate hypersurfaces,
which implies that their volumes are non-zero.

As mentioned before, the proof of the generalized equivariant semiclassical Weyl law in
Theorem 7.2.1 relies on the singular equivariant asymptotics which are the content of Theorem
6.4.1. Hereby one cannot assume that the considered integrands are supported away from
the singular part of €2, in particular when localizing to . N Qyeg in (7.2.13). This means that
for general group actions a desingularization process is indeed necessary, as the following
examples illustrate.

Ezamples 7.2.8.

1. Let G be a compact Lie group of dimension at least 1, acting effectively and locally
smoothly on the n-sphere S™ with precisely one orbit type. Then G either acts transi-
tively or freely on S™ [6, Theorem IV.6.2]. In the latter case, G is either S, S3, or the
normalizer of S* in S3. Consequently, if M is an arbitrary compact G-manifold, S* M
will contain non-principal isotropy types in general. As a simple example, consider the
linear action of G = S* on the standard 3-sphere M = S3 = {z € R* : ||z|| = 1} given
by

0 0 0
1 0 0
0 cos¢ sing
0 —sing cos¢

St={z=¢? ¢€c[0,2m)} 22+ R(z) = € SO(4)

OO O
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with isotropy types ({e}) and (S*). The induced action on the tangent bundle

TS?’:l_'TmSB:l_'{(x,U)ERS:xESS, vlz},

which we identify with 752 via the induced metric, is given by
2+ (z,0) = (R(z)x, R(2)v),

and has the same isotropy types. Let now z € S3(S') be of singular orbit type. Then
23 = x4 = 0 and S! acts on

5,8% = {(z,v) € 5 x %t vy + vawo = 0}

with isotropy types ({e}) and (S!). In particular, the Sl-action on S,5% ~ S*S3 is
neither transitive nor free.

2. Let M = G be a Lie group with a left-invariant Riemannian metric and K C G a
compact subgroup. Consider the left action of G on itself and the decomposition of
T*G into isotropy types with respect to the induced left K-action. Taking into account
the left trivialization T*G ~ G x g* explained in [44, Example 4.5.5] one has

(S7G)(H) = 5*(G(H))

for an arbitrary closed subgroup H C K. Thus, in general, the co-sphere bundle of G
will contain non-principal isotropy types. Assume now that G is compact and consider
a Schrodinger operator P(h) on G with K-invariant symbol function p. Let ¢ € R be a
regular value of p and ¥. = p~!({c}). Then the results of Theorem 7.2.1 apply. By the
previous considerations,

S*G N Qg = AN S*(G(H)),  Q=I0),

where Jg : T*G — ¢ is the momentum map of the K-action, and H a principal isotropy
group. Consequently, the closure of S*G N Q,qg, and more generally of ¥, N Qyqq, will
contain non-principal isotropy types in general.

In case that G acts on M with finite isotropy groups, G-invariant pseudodifferential op-
erators on M correspond to pseudodifferential operators on the orbifold M, and vice versa.
In fact, the spectral theory of elliptic operators on compact orbifolds has attracted quite
much attention recently [19, 56, 38] and, as mentioned earlier, the work presented here can
be viewed as part of an attempt to develop a spectral theory of elliptic operators on general
singular G-spaces.
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Chapter 8

Equivariant quantum ergodicity

8.1 Symmetry-reduced classical ergodicity

We begin now with our study of ergodicity, and first turn to the examination of classical er-
godicity in the presence of symmetries within the framework of symplectic reduction. As we
already mentioned, the latter is based on the fundamental fact that the presence of conserved
quantities or first integrals of motion leads to the elimination of variables, and reduces the
given configuration space with its symmetries to a lower-dimensional one, in which the degen-
eracies and the conserved quantitites have been eliminated. In particular, the Hamiltonian
flows associated to G-invariant Hamiltonians give rise to corresponding reduced Hamiltonian
flows on the different symplectic strata of the reduction. Therefore, the concept of ergodicity
can be studied naturally in the context of symplectic reduction, leading to a symmetry-
reduced notion of ergodicity.

Recall that, in general, a measure-preserving transformation 77 : X — X on a finite
measure space (X,v) is called ergodic if T71(A) = A implies v(A) € {0,v(X)} for every
measurable set A C X. Consider now a connected, symplectic manifold (X,w) with a global
Hamiltonian action of a Lie group G, and let J : X — g*, J(n)(X) = Jx(n) be the corre-
sponding momentum map. As already noted in Section 6.2, for each X € g the function Jx
is a conserved quantity for any G-invariant function p € C*° (X, R), so that {Jx,p} = 0. This
implies that for any value p of J, the fiber J=1({x}) is invariant under the Hamiltonian flow
of p, which means that J fulfills Noether’s condition. In particular, if ¢ € R is a regular value
of p and . := p~1({c}), the pre-image under J of any open proper subset in J(3.) will be
an open proper subset in . that is invariant under the Hamiltonian flow of p, so the latter
cannot be ergodic with respect to the induced Liouville measure on Y., unless G is trivial.

Let now p and p be fixed, K C G an isotropy group of the G-action on X, and n €

J-1({n}). With the notation as in Section 6.2, let ¢ € R, and put £ := (5))~1({c}). Let

g be a Riemannian metric on QELK) and J : T QELK) — T Q(LK) the almost complex structure

determined by LT}/(LK) and g, so that (ﬁ,(LK), J,g) becomes an almost Hermitian manifold. We
then make the following

Assumption 1. c is a reqular value offj{uK).

Note that this assumption is implied by the condition that for all € € J='({u}) NG, - X} N,
one has

Hy(&) ¢ 9u - &,
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where g, denotes the Lie algebra of G,. Indeed, assume that there exists some [{] € i,(ffc)

such that grade)([g]) = 0. Since
5 (s-grad pifO, %) = dp{fO) (X) = G(grad p0, %) vV x e TQU,

we infer that Hﬁm([f]) = s—grade)([g}) = 0, which means that [{] € iff? is a stationary
point for the reduced flow, so that @' ([¢]) = [¢] for all ¢t € R. By (6.2.1), this is equivalent to

78 o0 )(e) = FH(E)  VEER, £ €G-,

which in turn is equivalent to ¢y o LELK) (&) € G, -¢. Thus, there exists a G-orbit in
J7'({u}) NG, - X N S, which is invariant under ¢;. In particular one has H,(¢') € g, - &
for all ¢ € G, - €.

Assumption 1 ensures that ELKC) is a smooth submanifold of QLK). Equipping SNI,SK) with
the symplectic volume form defined by the unique symplectic form on SNILK) described in

Section 6.2, there is a unique induced Liouville measure I/l(,,{i) on f],(f,(c), compare Corollary

6.3.9. Moreover, V,S{i) is invariant under the reduced flow @}, since the latter constitutes a

symplectomorphism due to Cartan’s homotopy formula. Suppose now that the hypersurface

iff? has finite volume with respect to the measure V,(ﬁ). It is then natural to make the

following

Definition 8.1.1. The reduced flow @' is called ergodic on ELKC) if for any measurable subset
A c S5 with 3(A) = A one has

VA =0 o ) =1 ).

Lhyc JIe Hsc

We can now formulate
Theorem 8.1.1 (Symmetry-reduced mean ergodic theorem). Let Assumption 1 above
be fulfilled, and suppose that iﬁf? has finite, non-zero volume with respect to its hyper-

surface measure l/l(f?, and that the reduced flow @ is ergodic on E&KC) Then, for each
feL? (Efffc), dug?) we have

T—0 1
Nr = —m = / vy
)

with respect to the norm topology of L2 (ifﬁ), dul(fg)), where

Ne ) =7 [ 7@ e, (] < E.

Proof. The proof is completely analogous to the existing proofs of the classical mean ergodic
theorem, compare e.g. [63, Theorem 15.1]. O

In what follows, we shall apply the general results outlined above to the case where
X =T*M with M and G as in Chapter 5, p = 0, K = H is given by a principal isotropy
group, and p is the Hamiltonian function (5.1.7). We shall then use the simpler notation
S S(H ~ S S(H S H ~ H
Qg =, G =, =50, . =af?, p=p".

As a special case of Theorem 8.1.1 we get the following
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Theorem 8.1.2. Suppose that the reduced flow @ is ergodic on (ic,dic). Then for each
feLl?(2.,dz.),

N2 ~
lim (<f>T - ][fdzc) 3. = 0.

T—o0
= .
Remark 8.1.3. Note that if M is an orbifold, the ergodicity of the reduced flow @; on (ic, dic)
is equivalent to the ergodicity of the corresponding Hamiltonian flow on the orbifold bundle
St (M) = {(z,6) e T*(M) : p(x, &) = c} with respect to Liouville measure.

Next, we examine the relation between classical time evolution and symmetry reduction.
Let a € C*(T*M). For a G-equivariant diffeomorphism ® : T*M — T*M, we have

(@o ) (n) = [ a(®lg-m)dg = [ alg- o) dy = {ag (@),
G G

so that (ao®), = (a); o ® and consequently ((ao®).) = ({a); o ®) holds. Now, we
apply this result to the case & = ¢;, where ¢; is the Hamiltonian flow associated to the
symbol function p of the Schrodinger operator. If 4 : Qe < T M denotes the inclusion and
Tt Qreg — ﬁreg the projection onto the G-orbit space, we have m o ¢; 04 = @, o . Since

(@gopioi=(a)gop) om  (@goi={a)gom,
we get
(a)goprom={(a)gomopoi=(a)goiopioi= (a)gopioi=({a)gow:) o,
where we used that i o ¢; 04 = @ 0. Since 7 is surjective, we have shown

Lemma 8.1.4. Let a € C°(T*M) and p; be the flow on T*M associated to the Hamiltonian

p. Let ¢, be the reduced flow on Qg associated to p. Then time evolution and reduction
commute:

(<a’>G opr) = (a)G ° Py.

8.2 Equivariant quantum ergodicity

We are now ready to formulate our first quantum ergodic theorem in a symmetry-reduced
context. Let the notation be as in the previous sections and Chapter 5.

Theorem 8.2.1 (Integrated equivariant quantum ergodicity). Suppose that the re-
duced flow p; corresponding to the reduced Hamiltonian function p is ergodic on %, =
P ({c}). Let A € W) (M) be a semiclassical pseudodifferential operator with principal sym-

bol o(A) = [a], where a € S{(M) is independent of h. For a number 6 € (0, ﬁ) and a
semiclassical character family {Wh}ne(,1) with growth rate 9 < %’124)5 set
J(h) :={j € N: E;(h) € [c,c+ °], x;(h) € Wi},
where x;(h) is defined by u;(h) € Lij(h) (M). Then, one has
pn—r—6 1 dllf 2
lim Auji(h),u;(h — ][ a—= = 0. (8.2.1
=0 #Wh %) o, () [T (o |1 2 1] (e (1), 115 ()2 vol o 82.1)

$eNQreg
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Remark 8.2.2. Again, the integral in (8.2.1) can also we written as f @G d>,, and if M is

an orbifold, it can be written as an integral over S% (M), compare Remark 7.2.2.

Proof. We shall adapt the existing proofs of quantum ergodicity to the equivariant situation,
following mainly [63, Theorem 15.4]. Let us write u;(h) = u; and Ej(h) = Ej, and choose a
function ¢ € CX (R, [0, 1]) with ¢ = 1 in a neighborhood of ¢. Without loss of generality we
may assume for the rest of the proof that h is small enough so that ¢ =1 on [¢,c+ h‘s]. Set

B:=o(P(h)o(A—alpnn), a:= ][ av‘fj{; :f@’mdic, (8.2.2)

YeNQreg D

c

where (?;L)G was defined in (5.2.1). Note that by the semiclassical calculus we have B €
U, °°(M). Furthermore,

o(B) = (00 o(P()) o (A= alizan) = [(eop) (a— alp-ar)] € S *(M)/hS; (M).

Let us write b := (9o p) (a — a1y ps), so that o(B) = [b]. Clearly,

(b)e = ((eop) (@)g — alr-m))
= (00 ((a)g — alr-nr) = (00D) ((a)g —alg,, ). (8:23)

Next, we define

(2m)n—rpn—rd . 2
[, h = BU‘,U' ) ) 824
. #Wh Jz(h:) dx.f(h) [ij(h)|H : 1] ‘ (Bu; J>L (M) ‘ ( )

By the spectral theorem, o(P(h))u; = u; for E; € [c,c+h°], since o = 1 on [c, c+h°]. Taking
into account the self-adjointness of o(P(h)) one sees that for E; € [c,c + h°]

(Bug, uj) = (Auy, uj)

Laaey = a. (8.2.5)

L2(M)
Consequently, we will be done with the proof if we can show that

}llli% L(h)=0. (8.2.6)

In order to do so, one considers the time evolution operator
FMt) : L2 (M) — L3(M), F'(t) = e #PW/h R,

which by Stone’s theorem [60, Section XI.13] is a well-defined bounded operator. One then
sets
B(t) := F"(t)"'BF"(¢).
In order to make use of classical ergodicity, one notes that the expectation value
—itE;/h —itE;/h —itP(h)/h —itP(h)/h
(Buj, uj)opy = <Be HE[hyy; e~/ uj>L2(M) = <Be PR hyy; =P/ u>

= <B(t)ujvuj>L2(M) s te [OaTL

L2(M)
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is actually time-independent. This implies for each T' > 0
<Buj7uj>L2(M) = ((B)r Uj7“j>L2(M) J

where we set (B) = + fOT B(t)dt € ¥, °°(M). Taking into account HujHiz(M) =1 and the
Cauchy-Schwarz inequality one arrives at

2
’<BUj,uj>L2(M)‘ < (B)r Uj”iz(M)'

We therefore conclude from (8.2.4) for each T' > 0 that

n—KpnN—Kk—48
£(h)| < (2m)" " h 1

< AW, By (B)ptj, ) oy - (8:27)

705 D lm < 1]

Next, let B(t) be an element in ¥, °°(M) with principal symbol o(B) o ¢;. By the weak
Egorov theorem [63, Theorem 15.2] one has

| B(t) — F(t)HB(LQ(M)) = O(h) uniformly for ¢ € [0, 77,

which implies B
(B)y = (B)y + Or(ary) (h)- (82.8)

From the definition of B we get
T
l / bo p; dt
T L
0

Furthermore, the symbol map is a *-algebra homomorphism from ¥, °° (M) with involution
given by the adjoint operation to S, *°(M)/hS, (M) with involution given by pointwise
complex conjugation. That leads to

o((B)1(B),) = “;/Tbo%dtﬂ.

0

o ((B)r)

Now, note that by Lemma 8.1.4

T - T T
<; [vos dt>G 7 [ @eowy dt=1 [Boodidi=@lar,  (29)
0

0 0

which is where the transition from the flow ¢; to the reduced flow ¢, takes place. We can
then apply the generalized equivariant Weyl law, Theorem 7.2.1, which together with (8.2.9)
yields

(27r)nfnhnfn75 1
#Wh,

BYAB) ;).
J(h)dxj(h)[ﬂ-xj(h)|H . ]1] << >T< >TU'J uJ>L (M)

(8.2.10)

1-(2r43)0 5

- /|<@G>T|2dic+oT(h5 RS 1og AT ),

e
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From (8.2.3) we sce that over . = p~*({c}) we have @SGEC =(a)glg, —a-1g = be. With
(8.2.7), (8.2.8) and (8.2.10) we deduce for each T > 0
|£(h) /I )72 dSe + Or (W + h* 522 (log =LA 1)
Zc
hn—n—é 1

" -Or(h).
#Wa Jz(h:) Ay () [T (my | 1 2 1] T

By Theorem 7.2.1, the factor in front of the Op(h)-remainder is convergent and therefore
bounded as h — 0. Moreover, the number [5 [(b.)r|* d2. is independent of h, as we assume

that a is independent of A. Thus,

limsup |£(h)| g/|<’z§c>T|2dic VT >0. (8.2.11)
h—0

This is now the point where symmetry-reduced classmal ergodicity is used. Since b fulfills
fs. b d%, = 0, Theorem 8.1.2 yields im7_ 0 J5. [(be y7|2d%. = 0. Because the left hand side
of (8 2.11) is independent of T', it follows that it must be zero, yielding (8.2.6). O

Remark 8.2.3. Note that one could have still exhibited the Weyl law remainder estimate in
(8.2.11). But since the rate of convergence in Theorem 8.1.2 is unknown in general, it is
not possible to give a remainder estimate in Theorem 8.2.1 with the methods employed here.
Nevertheless, in certain dynamical situations, the rate could probably be made explicit.

In the special case of a constant semiclassical character family, corresponding to the study
of a single fixed isotypic component, we obtain as a direct consequence

Theorem 8.2.4 (Integrated equivariant quantum ergodicity for single isotypic
components). Suppose that the reduced flow @, corresponding to the reduced Hamiltonian
function P is ergodic on 3¢ := p~({c}). Let A € U9 (M) be a semiclassical pseudodifferential
operator with principal symbol o(A) = [a], where a € SY(M) is independent of h. Choose

6 € (0, ﬁ) and x € G. Then, one has
e dpie |2
: n—k—ao c _
lim 3 ‘ (A (h), wj (1) 2 a1y — ][ avois| =0 (8.2.12)
Jx(h) TeNQreg
where
JX(h) == {j € N: Ej(h) € [c,c+ h°], uj(h) € L2(M)}. (8.2.13)

Remark 8.2.5. A weaker version of Theorem 8.2.4 can be proved with a less sharp energy
localization in an interval [r,s] with r < s by the same methods employed here. In fact,
under the additional assumption that the mean value « introduced in (8.2.2) is the same for
all ¢ € [r, s] and all considered ¢ are regular values of p, the reduced flow being ergodic on
each of the contemplated hypersurfaces ic, one can show that

AQreg |2
a —re8
vol o

lim " 3 | (A (1), 05 (B )
GEN:u; (h)EL2 (M), PSS res
Ej(h)€(r,s]

—=0. (8.2.14)
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The proof of this relies on a corresponding semiclassical Weyl law for the interval [r, s] and
single isotypic components, see Remark 7.2.4. The point is that for the weaker statement
(8.2.14) a remainder estimate of order o(h™*) is sufficient in Weyl’s law, since the rate of
convergence in (8.2.14) is the one of the leading term. Thus, in principle, this weaker result
could have also been obtained using heat kernel methods as in [18] or [10] adapted to the
semiclassical setting, at least for the Laplacian. Nevertheless, for the stronger version proved
in Theorem 8.2.4, remainder estimates of order O(hR"~*~%) in Weyl’s law and in particular
the results of [46] are necessary.

In what follows, we shall use our previous results to prove the main result of this chapter,
a symmetry-reduced quantum ergodicity theorem for Schrédinger operators.

Theorem 8.2.6 (Equivariant quantum ergodicity for Schrédinger operators). With
the notation and assumptions as in Theorem 8.2.1, there is a hg € (0,1] such that for each

h € (0, ho] we have two subsets A1(h), A%(h) C J(h) satisfying

2 .
#Al(h) B ) jeAz(h)dxj(h,)[ﬂxj(h,)\Hl] -
R — (3219

jET(h) de (h) [7er (h) [£:1]

such that for each semiclassical pseudodifferential operator A € U9 (M) with principal symbol
o(A) = [a], where a is h-independent, the following holds. For all e > 0 there is a he € (0, h)
such that for all h € (0, he] one has

1 dpie )
‘<AUj(h),Uj(h)>L2(M) - ][ a | <¢ Vi€ AY(h), (8.2.16)
\/ s () [ (o |11 2 1] g ©
dite .
‘(Auj(h),u]—(h»m(M)— ][ Gols| <€ VieN(n), (8217)
2eNQreg

where the integrals in (8.2.16) and (8.2.17) equal fic @Gdic.

Proof. Again, this proof is an adaptation of existing proofs like [63, Theorem 15.5] to the
equivariant setting, only that we do not need the technical condition that the value of the
integral ff}c a dX. must stay the same when varying c in some interval, which slightly simplifies
the proof. On the other hand, the consideration of semiclassical character families adds a few
subtleties.

Write u;(h) = u; and E;(h) = E;. By Theorem 7.2.1 we can choose a hg € (0,1] such
that J(h) # 0 for all h € (0, ho], and suppose that h € (0, ho]. With the notation as in (5.2.1),
we set for any smooth function s on T*M

a(s) = f () dS.

2

Let 7 € C(R, [0, 1]) be such that 7 = 1 in a neighborhood of ¢. Without loss of generality,
we assume for the rest of the proof that hg is small enough so that 7 =1 on [¢,c+ hg]. Now,
for any operator A as in the statement of the theorem set

B:=A—a(a) 7 (P(h)).

By the semiclassical calculus we know that the principal symbol of B is given by o(B) = [b]
with b := a — a(a) Top. Clearly, a(b) = 0, since Top =1 on X.. Let us now assume that the
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statement of the theorem holds for all operators A with «(a) = 0. Then, there are subsets
Al(h), A%(h) fulfilling (8.2.15) such that for all £ > 0 there is a h. € (0, ho] with

E00) [(Bussui)an| <e VhE©h], VieN(n), ic {12},  (3218)

where we introduced the notation

1 -
=i, h) = { Bawlroted P
1, 1= 2.

Due to the choice of the function 7 we have 7 (P(h)) (u;) = u; for all u; with E; € [c,c+h?].
Consequently, (8.2.18) implies for each ¢ € {1,2} that for all € > 0 there is h. € (0, ho] such

that
VEGR) |[(Auj,us)ay —ala)| <e Vhe Ohd, Vi€ A ),

and we obtain the statement of the theorem for general A. We are therefore left with the
task of proving (8.2.18) for arbitrary operators B with a(b) = 0, and shall proceed in a
similar fashion to parts 1 - 5 of the proof of [63, Theorem 15.5], pointing out only the main
arguments. By Theorem 8.2.1 we have for fixed B

ks ](Buja“j>L2(M)|2 .

#Wh jed(h) dy;(n) [ij(h)|H : 1] o

r(h) =0

as h — 0. We then define for h € (0, ho] and i € {1,2} the following B-dependent subsets:

N(R) = J(h) = T¥(R),  T'(h) = {j € () : "G W (Bus,ujdiaan P = Vr(h) }.

Clearly, with the notation

-~ 2, 1=1,
7=
1, 1=2,
one has for each ¢ € {1,2}
Z ’:‘A(j h) < |<Bujvuj>L2(M)‘2 _ #Wh, T’(h)
T - . - n—k—o ’
jETi(h) jeJ(h) dy;(n) [Wx]-(h)|H 1] \/r(h) h

and taking B = 1y2(5r) in Theorem 7.2.1 one computes

H#Wh /1 (h) < #Wp/T(h)
n—k—=94 — hn—kK—0 1
h #J(h) ~ h jg(h) Ty oy oo T ]

r(h)

= 1-(2643)9 s 0.

(2m)smvol 5 Se+ O(hS + k271 0 (log h= 1))

On the other hand,
00 [(Bussuihagn| < T vieN ), i€ {1,2),
yielding (8.2.18) for these particular A'(h), A%(h) and B.
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Consider now a family {Ay}, oy of semiclassical pseudodifferential operators in Wj (M)
with principal symbols represented by h-independent symbol functions. By our previous
considerations, for i € {1,2} and each k there are subsets A% (h) C J(h) such that (8.2.15-
8.2.17) hold for each particular Ay and A%(h). One then shows that for sufficiently small
h there are subsets A’ (h) C J(h) fulfilling (8.2.15) such that Ai(h) C A% (h) for each k.
Hence, the theorem is true for countable families of operators. To obtain it for all operators
in W, (M), it suffices to find a sequence of operators {A},y Which is dense in the set of
operators in W, °°(M) whose principal symbols are represented by an h-independent symbol
function, in the sense that for any given A € W, °°(M) of the mentioned form and any ¢ > 0
there exists a k such that

HA_AIC”B(LQ(M)) <eg, f(a—ak)adic <e

S

for sufficiently small h. To find such a sequence {Ax},.y C ¥, °°(M), note that for two
symbol functions a and b and the corresponding semiclassical quantizations A and B, one has

|A = Bllswen) < lla = bllue - + CVh, ][ (a—b)gdSe < Clla = bl|re (- ar)-
)

c

Consequently, we only need to find a sequence of h-independent symbol functions that is
dense in S; °°(M) equipped with the L°°-norm. That such a sequence exists follows directly
from the facts that C2°(T*M) is L>-norm dense in the Banach space Co(T*M) D S, (M)
of continuous functions vanishing at infinity, and that C°(T* M) is separable. This proves the
theorem for operators A in ¥, °°(M) with principal symbol represented by an h-independent
symbol function. Finally, if A € ¥9(M) is a general operator with principal symbol repre-
sented by an h-independent symbol function, one composes A with the smoothing operator
o(P(h)), where o € C°(R) equals 1 near c¢. This completes the proof of the theorem. O

Again, in the special case that Wy, = {x} for all h € (0,1] and some fixed x € G, we
obtain a simpler statement:

Theorem 8.2.7 (Equivariant quantum ergodicity for Schrédinger operators and
single isotypic components). With the notation and assumptions as in Theorem 8.2.4,
let x € @, o€ (O, ﬁ) be fized, and let JX(h) be as in (8.2.13). Then, there is a hy € (0, 1]
such that for each h € (0, hg] we have a subset AX(h) C JX(h) satisfying

#AX(h)
nso #Ix(h)

such that for each semiclassical pseudodifferential operator A € W%(M) with principal symbol
o(A) = [a], a being h-independent, the following holds. For all € > 0 there is a h. € (0, ho]
such that

(Au(h), i (h))pa () — ][ o Me | oo yje NX(h), Vi e (0.h].

vol (@)
3YeNQreg
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8.3 Equivariant quantum limits for the Laplacian

We shall now apply the semiclassical results from the previous section to study the distribution
of eigenfunctions of the Laplace-Beltrami operator on a closed connected Riemannian G-
manifold M in the limit of large eigenvalues, G being a compact connected Lie group acting
isometrically and effectively on M, with principal orbits of dimension x < n = dim M. For
simplicity of presentation, we will apply in this chapter only the version of Theorem 8.2.6
corresponding to the statement for the family A!(h), which means that we keep the classical
notion of a density 1 family of subsets and introduce a representation theoretic correction
factor in the convergence statements.

8.3.1 Eigenfunctions of the Laplace-Beltrami operator

Let A be the unique self-adjoint extension of the Laplace-Beltrami operator Aon M , and
choose an orthonormal basis {u;}, .\ of L2(M) of eigenfunctions of —A with correspond-
ing eigenvalues {Ej}jel\U repeated according to their multiplicity. Consider further the
Schrodinger operator P(h) given by (5.1.2) with V' = 0 and principal symbol defined by
the symbol function p = |-[|3..,,. Clearly, P(h) = —h?A, and each u; is an eigenfunction
of P(h) with eigenvalue E;(h) = h?E;. Furthermore, under the identification T*M ~ TM
given by the Riemannian metric, the Hamiltonian flow ¢; induced by p corresponds to the
geodesic flow of M. Each ¢ > 0 is a regular value of p, and since V' = 0 the dynamics of
the reduced geodesic flow @, are equivalent on any two hypersurfaces ¥, and .. In the
following, we shall therefore choose ¢ = 1 without loss of generality, and call the reduced
geodesic flow ergodic if it is ergodic on ¥; = p~1({1}). The following construction will allow
a simpler formulation of the subsequent theorems.

Definition 8.3.1. Let {a;} en be a non-decreasing unbounded sequence of real numbers and
Jo € N be an index such that a;, > 0. Ford > 0, the partition of {a;};en of order 6 with initial
index jo is the non-decreasing sequence P = {P(j)}jen C N defined as follows. Consider the
subsequence {jitren C N of indices given by the inductive rule

. . . . -5
J1 = Jo, Jk+1 = min {] €N:a; (1+ as. /2) < aj}-

Then, P(j) := ji, where ji is uniquely defined by aj, < a; < aj,,,.

Ezxample 8.3.1. If a; = E; = j(j + 1), the j-th eigenvalue of the Laplacian on the standard
2-sphere S?, then the partition of {E;}jen of order % with initial index 1 is given by

{rtren ={1,2,3,5,7,10,14, ...}, {P(j)};en =1{1,2,3,3,5,5,7,7,7,10, 10, 10, 10, 14, . . . }.

We are now prepared to state and prove an equivariant version of the classical Shnirelman-
Zelditch-Colin-de-Verdiere quantum ergodicity theorem [52, 61, 15]. In the special case that
M = M/G is an orbifold, a similar statement has been proved by Kordyukov [38] for the
trivial isotypic component.

Theorem 8.3.2 (Equivariant quantum limits for the Laplacian). With the notation
as above, assume that the reduced geodesic flow is ergodic. Choose a semiclassical character
Sfamily {Wh}he(o,l} of growth rate ¥ < Tlﬁ and a partition P of {E;}jen of order 6 €

(O 1—(2k+3)9

T ) Define the set of eigenfunctions

{’U,E/V»P}ieN = {Uj DX S WE;(lj/)z},
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where x; is defined by u; € L2 ,(M). Define X}/V’P by ul/V’P € Liw)p(M). Then, there is a
subsequence {uW P}keN of ! density 1 in {uw P} such that for all s € C>*(S*M) one has
in the limit k — oo

1

Op(s uW’P,uW’P> - ][ s ‘ —0, 8.3.1
d WP[?T W’P‘H ]u ’< ( ) k tk L2(M) VOIO ( )
Xig, Xi 5% MNQreg

where we wrote 1 for 1 and Op for Op,, which is the ordinary non-semiclassical quantization,
see Chapter 6.

Remark 8.3.3. While the maximal order of the partition P is restricted in the theorem, the
initial index is arbitrary. In fact, the need to partition the eigenfunction sequence to apply our
results is just an artefact from the semiclassical formulation of the original general theorems.

Remark 8.3.4. The integral in (8.3.1) can also be written as .77 s d(S*]\A/[/reg), where ¢’ €

C>(S* reg) is the function correspondlng to (s), under the diffeomorphism il ~ S*]\Zeg
up to a null set, and d(S* rcg) is the Liouville measure on the unit co-sphere bundle, see
Lemma 6.2.3, Corollary 6.3.3, and Remark 6.3.10. In the orbifold case, this integral is given
by an integral over the orbifold co-sphere bundle S* M

Proof. First, we extend s to a function 5 € SY(M) C C°(T*M) with 5|s«y = s as follows.
Set 5(x, &) := s(x, &/ ||€],) for x € M, € € T*M — {0}. Choose a small § > 0 and a smooth
cut-off function ¢ : T*M — [0, 1] with

o(r,&)=1 YzeM, VEeTiM with ||¢][, >1—4,
p(r,)=0 YzeM, V€T M with ||€]|, <.

Now set 3(z,&) = p(,€) - 5(x,€) for € € T*M — {0} and 5(z,0) := 0. Then Op(3) is a
pseudodifferential operator in W°(M). Because 3 is polyhomogenous of degree 0 and therefore
independent of || for large £, the ordinary non-semiclassical quantization Op(s) differs only
by an operator in h>*W¥, *°(M) from the semiclassical pseudodifferential operator Op,,(5) €

U9 (M) with principal symbol o(Opy,(5)) = [s]. Thus, when applying Theorem 8.2. 6 to P(h) =
~h2A, we are allowed to replace Op,, (3) by Op(3) in the results. Fix some § € (0, - 21'123)’9)

With ¢ = 1 and E;(h) = h*E; one has
J(h) = {j € N: Ej(h) € [c,c+ h°], x;(h) € Wi}

. 1 1 1

Now, by Theorem 8.2.6, there is a number hg € (0, 1] together with subsets A(h) := Al(h) C
J(h), h € (0, ho], satistying
A
1m )
h—0 #J( )
and for each s € C*>°(S*M) and arbitrary € > 0 there is a h. € (0, ho] such that

(8.3.2)

1

de [ﬂ.Xj |H : ]1]

— dpiy
(OO e~ ] <
5% MM Qog
VjeA(h),Vhe (0,h]. (83.3)

IThe expression of density 1 means that limy,_—co #{k : i < m}/m = 1.
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Next, consider the partition P of {E;} ey of order 6 with jo, ji, P(j) as in Definition 8.3.1.
Since there are only finitely many eigenvalues F; with j < jo and hg < \ﬁ thereisa ky € N

such that hy := v
Tk
{P} >, By construction, k # k" implies J(hy) N J(hy) = 0 since

for all £k > kg. Let us apply the results above to the sequence

J(hk):{jEN:EjE[E]kvE (1+Ej7k6/2)} XJEW 1/2}

= {] eN: Ej S [Ejk?Eijrl) X5 € WE’P(lj/)2}-

Now, if (aq)qen and (bg)qen are sequences of real numbers such that 0 < a4 < by for all g,
and liminf, o by > 0, limg_, % =1, the Stolz-Cesaro lemma implies that
q

Applied to our situation and taking into account that J(hg) N J(hg) = 0 when k # k' we
deduce from (8.3.2) that

N
lim M lim M_l. (8.3.4)
N=oo Uy, J(he) V=00 S0 #T ()

If we therefore set

U J(hk):{] eN:j > jo, X ew —1/2} A= U A(hk),

k>ko VE Pu) k>ko

we obtain from (8.3.4)

#AEANSN}
im
Nooo #{jeJ:j< N}
Consequently, {ix}ren := A is a density 1 subsequence of {j € N : x; € W,,_1/2}, since the
PG)

latter set differs from J by only finitely many elements. From (8.3.3) we conclude that the

i P}keN fulfills (8.3.1), completing the proof. O

sequence {u
Projecting from S*M N Q,ex onto M we obtain

Corollary 8.3.5 (Equidistribution of eigenfunctions of the Laplacian). In the situa-
tion of Theorem 8.3.2, we have for any f € C(M)

1 dM

= ‘/f|u2}’7)|2dM—][fl ‘—>0 as k — oo.
. ' VO

XXZ’P[WXf:’ﬂH -1 2 I o

Proof. Let w: T*M — M be the co-tangent bundle projection and consider for f € C>*(M)
the pseudodifferential operator Op(f o), which corresponds to pointwise multiplication with
f up to lower order terms. Since the Sasaki metric on T*M projects onto the Riemannian
metric on M and is fiber-wise just the euclidean metric, and the Sasaki metric induces d,

we have
VO] O ][ f vol (9

see Corollary 6.3.13. Consequently, the assertion follows directly from Theorem 8.3.2 by
approximating continuous functions on M by smooth functions. O

S* MNQex
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8.3.2 Limits of representations

Corollary 8.3.5 immediately leads to a statement about measures on the topological Hausdorff
space M = M/G and to a representation-theoretic formulation of our results.

Corollary 8.3.6. In the situation of Theorem 8.3.2, we have for any f € C(M)

‘/f<ul/:’7p|2> dM—][f— —0 as k — oo.
d W,7>[7T W,P|H : ]l] J G J vol
Xig - Xy, M M

Proof. Let f € C(]/\\J/)7 7 : M — M be the canonical projection, and denote by f := fow €
C(M) the lift of f to a G-invariant function. With (6.3.3) and Corollary 6.3.3 one deduces
for any u € C*(M)

/f ) u(e)[2 dM (z) /f ) u(e)[2 dM (z) //f )ule")? o (o) dMreg (G - )

foeg G-z

/fG . /\u )2 diica(a') dVoeg(G - )

Mieg

/ f(G-z)vol (G- x /|ug x) |2dngreg(G x)

/fG x) Yo (G - z)dM(G - ),
as well as f,, f m = ereg f ereg fi7 FL. The claim now follows from Corollary
8.3.5. O

Next, let us state a simple fact from elementary representation theory.

Lemma 8.3.7. Let V. C L2(M) be an irreducible G-module of class x € G. Let further
{v1,...,vq } denote an L?-orthonormal basis of V, and a € V NC>(M) have L?-norm equal
to 1. Then, for any x € M,

dX
(laf)g (@) = dt Y low (). (8.3.5)
k=1
In particular, the function
X
Oy :M—->R, z~— d;l Z log ()]2,
is a G-invariant element of C*(M) that is independent of the choice of orthonormal basis,

and the left hand side of (8.3.5) is independent of the choice of a.

Proof. Since the left hand side of (8.3.5) is clearly G-invariant, smooth, and independent of

the choice of orthonormal basis, it suffices to prove (8.3.5). Now, one has a = Zd"

2y ajv; with
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a; € C, Zjﬁl laj|*> =1, and

dy dy
(Lga)(z) =a(g™"-x) = Z avi(g™ -x) = > ajeilgve(x),  gEG, xe M,

k=1

where {c;ji}1<jr<d, denote the matrix coefficients of the G-representation on V. This yields

/ alg )P dg = [alg™ - yatg o) dg

G
/( Z ajcjk(g)vk(x )( Z @i (9)0m (@ )) dg,
G 7,k=1 l,m=1

and we obtain (8.3.5) by taking into account the Schur orthogonality relations [37, Corollary
1.10]

[ entoin(o)ds = a5,
G

and the fact that the substitution g — g~ leaves the Haar measure invariant. O
We can now restate Corollary 8.3.5 in representation-theoretic terms.

Theorem 8.3.8 (Representation-theoretic equidistribution theorem). Assume that
the reduced geodesic flow is ergodic. By the spectral theorem, choose an orthogonal decompo-
sition L?(M) = @,y Vi into irreducible unitary G-modules such that each V; is contained
in an eigenspace of the Laplace-Beltrami operator corresponding to some eigenvalue Ej;).

Denote by x; € G the class of V;. Choose a semiclassical character family {Wh}he(o,l] of

5 and a partition P of {E;}jen of order 6 € (0 ,M). Define the

growth rate ¥ < 2K+ Srrd

set of irreducible G-modules

W, P
{V }IGN = {V Xi € W 7><1]/<2))}'

As in Lemma 8.53.7, assign to each VIW’73 the G-invariant function ©; := O, wr : M —
1
[0,00), regard it as a function on M/G = M, and write XYV’P for the class of VZW’P. Then,

there is a subsequence {Vll/nv’P}meN with

Zz <N XmWP
hm —”

=1
N—o00 Zl<N XWP

for which one has in the limit m — oo

1
d s
\/ xffn’P[ X"

where dﬂj w.dM 1is the pushforward measure defined by the orbit projection w : M — M
and vol : M — (0,00) assigns to an orbit its Riemannian volume.

— dM —
P ‘Zf@lmdM—l[fV()l’—)O v feC(M),
M M
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Proof. Consider the set of eigenfunctions

{UZV’P}Z.&_N {UJ : E W 17/)2}

from Theorem 8.3.2, where we have replaced the notation x; by x(u;) to avoid confusion. For

each [ € N one has V}W’P = span {ul/vp 11 € Jl} for a unique index set J; with #.J; = de,P.
1

Without loss of generality, we can assume min(.J;) = 1 and min(J;4;) = max(J;) + 1 for each

[ € N. By Corollary 8.3.6, there is a subsequence {uW P}keN of density 1 in {uw P} such
that we have for any f € C(M)
)/ WP dM ][f )—>0 as k — oo,
\/d @) Py la 1]
and by Lemma 8.3.7,
<IuZ€V’PI2>G =0, ifiy €. (8.3.6)

Let now {l,, }men be the sequence of those indices | occurring in (8.3.6) when k varies over
all of N. Then, due to the way how we indexed our sets J;, we have for each N € N

S dwr > > #lkiied,} = #{k Lip < delw,p}
I<N

In<N I <N

Passing to the limit N — co we obtain

S v i e #{k ik < e XmW,P}
1>limsup ———— > liminf —————>— > lim = =1,
Nooo 2yendwr — Nooo 3 ndowr T Nooo 2y dr
where the final equality holds because {ul/:P} kN has density 1 in {uw P} . This concludes
the proof of the theorem. O

Note that Theorem 8.3.8 is a statement about limits of representations, or multiplicities,
in the sense that it assigns to each irreducible G-module in the character family a measure
on M, and then considers the limit measure.

To conclude this section, let us notice that in the special case that W, = {x} for all
h € (0,1] and some fixed x € @, the partitioning of the eigenfunction sequence {E;} is not
necessary, and the statements proved in this section become much simpler. Thus, as a direct
consequence of Theorem 8.3.2 we obtain

Theorem 8.3.9 (Equivariant quantum limits for the Laplacian and single isotypic
components). Assume that the reduced geodesic flow is ergodic, and choose x € G. Let
{u}}jen be an orthonormal basis of Li(M) consisting of eigenfunctions of —A. Then, there
is a subsequence {u tren of density 1 in {u }ien such that for all s € C*°(S*M) one has

1 dp
X
{Op(8)uj, w5, Do ary Vol g (5" M N $2yeg) / Stolg ko (837)
5% MNQyeg
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Next, recall that a sequence of measures p; on a metric space X is said to converge weakly
to a measure p, if for all bounded and continuous functions f on X one has

/fdﬂj—>/fd,u as j — oo.
X X

We immediately deduce from Corollary 8.3.5

Corollary 8.3.10 (Equidistribution of eigenfunctions of the Laplacian for single
isotypic components). In the situation of Theorem 8.3.9 we have the weak convergence of

measures
—1dM

vol o

On the other hand, Theorem 8.3.8 directly implies

|u3-‘k|2dM — (vol_an M) as k — oo.
vol ¢

Theorem 8.3.11 (Representation-theoretic equidistribution theorem for single iso-
typic components). Assume that the reduced geodesic flow is ergodic, and let x € G.
By the spectral theorem, choose an orthogonal decomposition Li(M) = @D;cn VX into irre-
ducible unitary G-modules of class x such that each VX is contained in some eigenspace of the
Laplace-Beltrami operator. As in Lemma 8.5.7, assign to each VX the G-invariant function
©; = Oyx : M — [0,00), and regard it as a function on M/G = M. Then, there is a
subsequence {Vi:}keN of density 1 in {VX}ien such that we have the weak convergence

ox dir =¥ (VOIWM>1W

vol

vol

8.4 Applications

In what follows, we apply our results for the Laplacian to some concrete situations where
a closed connected Riemannian manifold carries an effective isometric action of a compact
connected Lie group such that the principal orbits are of lower dimension than the manifold,
and the reduced geodesic flow is ergodic.

8.4.1 Compact locally symmetric spaces

Let G be a connected semisimple Lie group with finite center and Lie algebra g, and I" a
discrete co-compact subgroup. Consider a Cartan decomposition

g=top

of g, and denote the maximal compact subgroup of G with Lie algebra ¢ by K. Choose a
left-invariant metric on G given by an Ad(K)-invariant bilinear form on g. The quotient
M =X :=T\G is a closed smooth manifold, and by requiring that the projection G — X is
a Riemannian submersion, we obtain a Riemannian structure on X. K acts on G and on X
from the right in an isometric and effective way, and the isotropy group of a point I'g € X
is conjugate to the finite group gKg~ ! NT. Hence, all K-orbits in X are either principal
or exceptional. Since the maximal compact subgroups of G are precisely the conjugates of
K, exceptional K-orbits arise from elements in I' of finite order. Now, let Jg : 77X — g*
be the momentum map of the right G-action on X and res : g* — & the natural restriction
map. Then Jx = res o Jg is the momentum map of the right K-action on X. As usual,
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Q=Q/K ~ T*Y ~ Y x p*

Xx g ~T*X

Figure 8.4.1: Co-tangent bundle reduction for a locally symmetric space

let Q := J5'({0}). Let us consider first the case when T' has no torsion, meaning that no
non-trivial element v € I' is conjugate in G to an element of K. In this case, there are
no exceptional orbits, the action of I' on G/K is free, and Y := I'\G/K becomes a closed
manifold of dimension n — d, where n = dim X and d = dim K. Furthermore, by co-tangent

bundle reduction, B
T"Y ~Q/K =:Q (8.4.1)

as symplectic manifolds, compare Lemma 6.2.3 and Figure 8.4.1. In what follows, we give a
more intrinsic description of this symplectomorphism. The left trivialization T*G ~ G x g*
described in (6.2.3) induces the trivialization

TX 5 Xxg" €y — (g, (Ly): mp)s Pr(Eng) = g, my € TG,
pr: G — I'\G being a submersion. The right G-action on T*X then takes the form
Trgn(X) 3 &rg - h = (Bp-1)tgn &rg > (Lgh, (Lgn) o (Bn-1)gn 1),
so that with p = (L)% - ny we have
(Tg,p) - h = (Cgh, Ad* (h)p), heaq. (8.4.2)
Now, for X € g one computes
Ja(Tg, 1) (X) = Ja(€rg)(X) = (Lg-1); (X))

= 1(Lg)o g X = (5 (67 ¢ o) = n(X),

where )N(g” denotes the vector field generated by the right action of X, compare Example
6.2.2, so that the momentum map reads

Jc(Tg,p) =p,  (Tg,p) € T*X.

If n = (Tg, ) € J' ({0}) € T*X, the last equality implies 1 = J(T'g, p) € p*. Furthermore,
in view of the Cartan decomposition G = PK, where P is the parabolic subgroup with Lie
algebra p, one has the diffeomorphism G/K ~ P. Consequently, we can choose as representant
of the class [n] € Q an element n=(Lg,u) with g € P and p € p*, yielding the identification

Q~ (D\P) x p* ~ Y x p*. (8.4.3)
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On the other hand, the left trivialization T*P ~ P x p* and the previous arguments imply
the trivialization
T°Y ~ Y x p*. (8.4.4)

Comparing (8.4.3) and (8.4.4) then yields the desired intrinsic realization of the symplecto-
morphism (8.4.1).

Let us now assume that G has real rank 1. In this case, the orbit space Y has strictly
negative sectional curvature inherited from G/K. Consequently, its geodesic flow 1), is er-
godic. Since the measures on the spaces T*Y =~ Q are given by the corresponding symplectic
forms, this implies that the reduced geodesic flow p; on €, which corresponds to 1, under
the symplectomorphism (8.4.1), is ergodic, and the results from Section 8.3 apply.

Next, let us consider a discrete co-compact subgroup I'y with torsion. In this case K
acts on Xy := I'1\G with non-conjugated finite isotropy groups, so that Y; := I';1\G/K is no
longer a manifold, but an orbifold. Now, by a theorem of Selberg [51], any finitely generated
linear group contains a torsion-free subgroup of finite index. More generally, Borel [5] showed
that every finitely generated group of isometries of a simply connected Riemannian symmetric
manifold has a normal torsion-free subgroup of finite index. Let therefore I' C I'; be a normal
torsion-free co-compact subgroup of finite index [10]. In this case, Y = I'\G/K is a smooth
manifold and a finite covering of Y;, and

X >~ F\X, Y; ~ F\Y,

where F' denotes the finite group F' := I'y/I". Next, let Jé : T*X1 — g* be the momentum
map of the right G-action on Xy, Jk :=reso J§, and Q; := (J})~!({0}). As in the torsion-
free case we have the left trivialization T*X; ~ X3 X g* as smooth manifolds, and by analogy
to (8.4.1) one shows that as symplectic orbifolds

T*Y; ~ Qy, (8.4.5)

which represents the quotient presentation of the co-tangent bundle of Y;. Furthermore, with
(8.4.4) we obtain
T*Y) ~ Q) ~ F\Q ~ F\(T"Y) ~ Y; x p*.

Consequently, we have a diagram analogous to Figure 8.4.1 with ' being replaced by I';.
Besides, if X} denotes the stratum of orbits of principal type of Xj, notice that singular
co-tangent bundle reduction (Lemma 6.2.3) implies

T, O T (%3 /K) = ((T) " ({0 N T7X4) /K C (Q)re
the measures on these spaces being given by the corresponding symplectic forms, and the

complements of the inclusions having measure zero. Consider now the commutative diagram
in Figure 8.4.2, where mx and 7 denote the projections of the K- and F-actions, respectively.

™ ~
T*X 50— § o Try

JwF |

" TK ~
"Xy D —— Oy ~T*Y,

Figure 8.4.2: Orbit projections and symplectic quotients

To relate the dynamics on the symplectic quotients Q and S~21, let p; € C“(ﬁl) be a smooth
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function. By definition, there exists a function p; € C“(T*Xl)K such that p1]|a, = 75p1-
The Hamiltonian flow ¢} of p; then induces a Hamiltonian flow @} on Q1, compare Section
6.2. On the other hand, p; yields a function p € C*°(Q)F with Hamiltonian flow ¢; induced
by the correspondlng flow ; on T*X. Since y; induces the flow 7, it is clear that @; induces
a flow on Ql given precisely by ¢, <pt Indeed, for f; € C®(Qy) and 7y = 7x (1) = mpom(n) =
71 (1) € Q4 one computes for f1(<pt (T))

micfilpr(m)) = (75 o wic f1) (pe() = (i o w5 1) (pe(m) = w5 f1(Be(7)-

Furthermore, in view of (8.4.5), @} yields a flow ¥} on Y.

Let now v; be the geodesic ﬂovv on Y, and assume that the rank of G is 1, so that vy
is ergodic. Then the induced flow ¢} on Y; is ergodic, too, with respect to the orbifold
symplectic measure on 7*Y;. More precisely, by our previous considerations the ergodicity
of the flow ¢, on €2 implies that

CHllcRw

which is precisely the reduced geodesic flow on the symplectic stratum (ﬁl)reg given by (6.2.1),
must be ergodic with respect to the symplectic measure d((ﬁl)reg). Summing up, our results
from Section 8.3 apply. For simplicity, let us state here only the results for single isotypic
components. Then, Theorem 8.3.9 and Corollary 8.3.10 yield

Proposition 8.4.1. Let G be a connected semisimple Lie group of rank 1 with finite center, K
a mazimal compact subgroup, and I' a discrete co-compact subgroup, possibly with torsion. Let
A be the Laplace-Beltrami operator on X =T\G, x € K, and let {u] }jen be an orthonormal
basis of Li(X) of eigenfunctions of —A. Then, there is a subsequence {u;.(k}keN of density 1
in {uj}jen such that for all s € C>°(S*X) one has

X k — 00
<Op ]k’ Jk>L2(X) ][ VOIO (846)
S*X N Qe
as well as
2 koo —1 dX koo -1.dY
[ 2 (vol g %) o (u 2 2. dY (volv%Y) . (847

where Y = T\G/K is in general an orbifold, and dY is the pushforward of the measure dX
along the orbit projection X — Y, see Section 6.3.

Notice that the limit integral in (8.4.6) represents an integral over the orbifold co-sphere
bundle S*Y. Since the orbit volume function is constant in this case, eigenfunctions of the
Laplacian Ay on Y correspond to K-invariant eigenfunctions of A on X, compare Section
5.3.2. Furthermore, up to the constant given by the orbit volume, the pushforward measure
dY agrees in the orbifold case with the orbifold volume form. Consequently, in the special
case that x corresponds to the trivial representation, Proposition 8.4.1 yields the following
result already implied by the work of Kordyukov [38].

Corollary 8.4.2 (Shnirelman-Zelditch-Colin-de-Verdiére equidistribution theorem
for Y). With the assumptions of Proposition 8.4.1, let {v;}jen be an orthonormal basis of
L2(Y) of eigenfunctions of —Ay. Then, there is a subsequence {vj, }ren of density 1 in
{v;};jen such that we have the weak convergence of measures

k—oo

v, |2 dY (vol gy Y) " dY.
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Notice that in view of the left trivialization T*X ~ Xx g* and (8.4.2), K acts on Q C Xxp*
by right multiplication according to

Q> (Tg,p) -k = (Tgk,Ad*(k)p), k€K,

p being Ad(K)-invariant. In particular, regarding the decomposition of 7*X into isotropy
types with respect to the right K-action, whenever I" contains non-trivial elliptic elements,
the closure of S*X N Q¢ in Q will contain exceptional isotropy types, which means that in
the proofs of Theorems 8.2.1 and 8.3.2 one cannot assume that one can stay away from the
singular points of {2, compare also Examples 7.2.8.

8.4.2 Invariant metrics on spheres in dimensions 2 and 4

In contrast to genuinely chaotic cases, it can happen that the reduced geodesic flow is ergodic
simply for topological reasons. Namely, when the singular symplectic reduction of the co-
sphere-bundle is just 1-dimensional, a single closed orbit of the reduced flow can have full
measure. Although non-generic, this situation is topologically invariant, so that if it occurs
for some particular G-space, it occurs for any choice of G-invariant Riemannian metric on that
space, leading to a whole class of examples which might well be complicated geometrically.

In what follows, we will show that the spheres in dimensions 2 and 4, with appropriate
group actions and invariant Riemannian metrics, are examples of the form just described.
The reason why we consider only the dimensions 2 and 4 is that, in general, the n-sphere is
topologically the suspension of the (n — 1)-sphere, but only for n € {2,4}, the (n — 1)-sphere
has the structure of a compact connected Lie group. Thus, let G be a compact connected Lie
group. The suspension of G is the topological quotient space

SG = ([—1, 1] xG)/ ~,
where the equivalence relation is defined by

(t,9)=(t'.g") or
(t,g)~(t',g) <= St=t or
t=t =—-1.

|
—

SG is a compact connected Hausdorff space that carries an effective G-action induced by the
G-action on G by left-multiplication and the trivial action on [—1, 1]. We will call this induced
action the suspension of the G-action. It has exactly two fixed points N := [{1} xG] and S :=
[{—1} x G] which we may call north pole and south pole. Now, in general, SG does not possess
a differentiable structure. However, if G is an n-sphere, then SG is homeomorphic to the
(n+1)-sphere, and consequently carries a canonical smooth structure making it diffeomorphic
to the standard (n + 1)-sphere. As is well-known, the only connected Lie groups that are
spheres are SO(2) = St and SU(2) = S3.

Note that 52, with the S'-action given by the suspension of left-multiplication on S and
equipped with an S'-invariant Riemannian metric, is just a surface of revolution diffeomorphic
to the standard 2-sphere. Similarly, for G = S3, we equip the suspension S* =2 53 with the
S3-action given by the suspension of left-multiplication on S® and an S3-invariant Riemannian
metric, obtaining a class of 4-dimensional examples. We now have the following

Proposition 8.4.3. For n € {2,4}, equip the n-sphere S™ = SS"~1 with the S"~-action
given by the suspension of left-multiplication on S"~'. Then the reduced geodesic flow with
respect to any S™'-invariant Riemannian metric on S™ is ergodic.
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Proof. First, we prove the result for S2. It will then become clear that the situation is entirely
analogous for §*. Thus, let G = S! 22 SO(2). Then, for any choice of SO(2)-invariant metric
on M := SS!, we can identify M with a surface of revolution in R?® diffeomorphic to the
2-sphere and endowed with the induced metric from R2. We assume that the poles are
given by the points N = (0,0,1) and S = (0,0,—1). The corresponding meridians are
orthogonal to the SO(2)-orbits, and since the metric is SO(2)-invariant, each meridian is a
closed geodesic. Now, for (z,&) € T*M, set p(x, §) := ||£||i Let ¢ > 0 and put 2. := p~({c})
and 3, := p1({c}), where p € Cw(ﬁrcg) is the function induced by p
regular value of p. To examine whether the reduced geodesic flow is ergodic on X, note that
with the identification T*M ~ T'M given by the Riemannian metric one has

Qe+ Clearly, cis a

Q=J"{0}) ~ | | Tu(G- )", (8.4.8)

xeM

compare (6.2.4), so that

Qg = (U e} x TG 20" ) U (IN) x @nd\{0}) ) U ({8} x (Tsh\{0}) ),

TEMeg
ﬁreg = ((_1’ 1) X R) U <{1} X (O’OO)) U ({_1} X (0700)) = RQ\{(Ov 1)5 (07 _1)}’

where M,yeg = M\ {N, S}, Mg /G ~ (—1,1). The diffeomorphism SN)mg ~ R2\{(0,1), (0, -1)}
is illustrated in Figures 8.4.3 and 8.4.4 on the next page for S? with the round metric,
which is the generic case since M is SO(2)-equivariantly diffeomorphic to it. Under the
diffeomorphism ﬁreg ~ R2\{(0,1), (0, —1)}, the hypersurface 3. corresponds to an ellipse
with radii determined by ¢, as illustrated in Figure 8.4.4. Let now G - (x,§) € .. Since
¢ € T,(G-x)*, the geodesic flow ; transports (z, &) around curves in T* M that project onto
meridians through N and S, so that the reduced geodesic flow ¢(G - (z,€)) = G - pi(x, €)
through G- (z, &) corresponds to a periodic flow around the ellipse f)c. Consequently, the only
subsets of ic which are invariant under ¢; are the whole ellipse and the empty set, implying
that the reduced flow @; on 3. is ergodic for arbitrary ¢ > 0. Besides, note that the points
on the segment between (0,1) and (0,—1) are stationary under @;.

Next, let us check what happens for a general compact connected Lie group G. Due to
the definition of SG and its G-action, it is clear that SG/G is homeomorphic to [—1,1] and,
due to (8.4.8), that ﬁreg is diffeomorphic to R?\{(0,1), (0, —1)} whenever SG is a smooth
manifold, so that we always obtain not only an analogous but essentially the same picture
as in Figure 8.4.4. Hence, for G = 53, the reduced geodesic flow is given by a periodic flow
around an ellipse, and therefore ergodic. O

We shall now apply some of our results from Section 8.3 to a surface of revolution diffeo-
morphic to the standard 2-sphere. Thus, let M C R3 be given by rotating a suitable smooth
curve v : [0,L] — R2. in the xz-half plane around the z-axis in R3. In particular, 7/(t)
has to be perpendicular to the z-axis at v(0) and y(L). We assume that v(0) = (0, —1) and
~v(L) = (0,1) and that ~ is parametrized by arc length, so that v : [0,L] 3 0 — (R(6), 2(0)),
where R : [0,L] — [0,00), R(0) = R(L) = 0, R(#) > 0 for § € (0,L) corresponds to the
distance to the z-axis, and z : [0, L] — R is smooth. This leads to a parametrization of M
according to

M = {(R(8) cos ¢, R(0)sin p, z(d)), 0 € [0,L], ¢ € [0,27)}.
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Figure 8.4.3: The space T%S?\{0} (red) and three co-tangent spaces (blue) with arrows that
represent elements of Q,e,. The three circles in each plane (brown, teal, green) correspond to

the intersection of the plane with X, for three

different values of c.

b
5

o4
K

Figure 8.4.4: Under the projection Quey — Qeg, T5:52\{0} and TS5%\{0} collapse to open
half-lines (red) and for every z € S*\{N, S}, T75% N Qe collapses to a line (blue). The

ellipses (brown, teal, green) depict 3. for thre

e different values of c.
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Now, let M be endowed with the induced metric from R3. The Laplace-Beltrami operator A
on M commutes with 9,4, so that separation of variables leads to a Hilbert basis of L?(M) of
joint eigenfunctions of both operators of the form

elm(9,0) = fr.m(0)e™?, (I,m)€ICZxZ. (8.4.9)

The irreducible representations of SO(2) ~ S! = {e¢¥, ¢ € [0,27)} C C are all 1-dimensional,
and given by the characters xx(e!?) = e~**¢, k € Z. Thus, each subspace C- ¢, ,, corresponds
to an irreducible representation of SO(2), and {e;m }i. (1,m)ez is a Hilbert basis of L2 (M).
Furthermore, |e; | is manifestly SO(2) invariant. Theorem 8.3.11 then yields for each

—

m € Z ~ SO(2) a subsequence {e;, m}ren of density 1 in {e;m}i: (1,m)ez such that for all

a e C(M)
ar\ o oddd
/a|elk,m|2dﬁ o (/N 1) /ail, (8.4.10)
ar Vo Vo
M M

where as before M = M/SO(2). Let us write (8.4.10) more explicitly. An SO(2)-orbit of a
point © € M with coordinates (¢,0) is of the form {(¢',0) : 0 < ¢ < 27}, up to a set of

measure zero with respect to the induced orbit measure dugo(2).. = R(f) d¢, and we obtain

vol(SO(2) - z) = fozw R(0)d¢ = 2mR(#). Furthermore, M is homeomorphic to the closed

interval [0, L] C R, and the pushforward measure on M is given by dM (9) = 2w R(9)d6,
where we identified SO(2) - x and . Summing up, (8.4.10) yields

1

L L
o / aO)| i 2O RO d0 =T / a(0)dd,  aeC(o,L)), (8.4.11)
0 0

which is a result about weak convergence of measures on M = [0,L]. Formulated on M,
Corollary 8.3.10 yields that for each m there is a subsequence {fi, m}ren of density 1 in
{ftm}i: ,m)ez such that one has the weak convergence of measures

1 dM

2 k—oo
ml"dM — —. 4.12

Here, % is to be understood as the extension by zero of the smooth measure dM (¢, 0)/R(¢,0)
from {(¢,0), 0 € (0,L)} to {(¢,0), 6 € [0,L]}, and we used that volay M = 27 L. In
particular, the obtained quantum limit on M is, up to a constant, related to the Riemannian
volume density on M by the reciprocal of the distance function R, which tends to infinity
towards the poles. This is illustrated in Figure 8.4.5 on the next page, where the function
1/R is plotted on a surface of revolution.

So far, for simplicity of presentation, we have restricted ourselves to the special case of
considering a single fixed isotypic component, which means keeping the index m fixed. Even
in this case, we do not know whether the results (8.4.11) and (8.4.12) are known for general
surfaces of revolution diffeomorphic to the standard 2-sphere. Having actually the more
general Theorem 8.3.8 at hand, the results (8.4.11) and (8.4.12) directly generalize to the

1

situation of a semiclassical character family of growth rate < = as illustrated in Figure

5.3.2 since the dimensions of the irreducible representations are all 1 in this case, and all

—

principal isotropy groups are trivial, so that [my |z : 1] = d, = 1 for all x € SO(2).
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Figure 8.4.5: A quantum limit on a surface of revolution.

Physically, one can interprete these results as follows. For each family of symmetry types
that does not grow too fast in the high-energy limit, there is a sequence of quantum states
such that the corresponding sequence of probability densities on M converges weakly and
with density 1 in the high-energy limit to the probability density of finding within a certain
surface element of M a classical particle with known energy and zero angular momentum
with respect to the z-axis, but unknown momentum.

In the simplest case of the standard 2-sphere M = S? with the round metric, the eigen-
functions are explicitly known, and we show in the following that at least our simplest result
(8.4.11) for fixed isotypic components is implied by the classical theory of spherical harmon-
ics. In fact, we will see that one does not need to pass to a subsequence of density 1. Recall
from Section 5.3.3 that the eigenvalues of —A on S? are given by the numbers I(I + 1),
1=0,1,2,3..., and the corresponding eigenspaces E; are of dimension 2! + 1 and spanned
by the spherical harmonics

Ym(9,0) Uom)l Py (cos @)e imé. 0<¢p<2r,0<0<m, (8.4.13)

l+m)‘

where m € Z, |m| <, and P, ,,, are the associated Legendre polynomials

(_1)m (1 ™ dl+m

P (z) =
compare (8.4.9). Each subspace C - Y}, corresponds to an irreducible representation of
SO(2), and each irreducible representation yj with |k| < occurs in the eigenspace E; with
multiplicity 1. The situation is illustrated in Figure 5.3.1. For each m, the result (8.4.11)
now turns into the statement about Legendre polynomials that for all f € C([0, n]) one has

20, + 1 lk—
2 lk-i-m

/f sin(6)| Py, .m (cos 0)|* do gty /f (8.4.15)

We conclude this section by proving
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Proposition 8.4.4. For fized m, (8.4.15) holds for the full sequence of Legendre polynomials,
that is, if l is replaced by | and “k — oo” is replaced by “I — oc0”.

Proof. Let us begin by recalling the following classical result about the asymptotic behavior
of Legendre polynomials [30, page 303]. For fixed m € Z and each small € > 0 one has

lsz m(cosf) = ( 2 >1/2 cos <( > 0 — % - WZ) +0(17%?) (8.4.16)

lmsin €

as | — oo uniformly for 6 € (¢,m — ¢). From (8.4.13) and (8.4.16) we therefore obtain

2

P 20+ 1 (1 —m) 20+ 1(1—=m)! 1

Yim 2= Pm am Py

[¥im|(6) ‘ (I +m)! bm(c0s 6) 47 (l+m)l pm ! (cos 6)
20411 —m)! o,

2 1/2 1 0—1 mm Lo 3/2)2
4 (I +m)! Irsind *3 2

)
=”421212351”(mineCOSQ(( i)e‘ﬂz)*‘)“ )

The asymptotic relation

(I=m)/(I+m)! ~ 172" asl— oo (8.4.17)

(=m)! l2m

=] is bounded in [, so we can use the simple relation 2582 = 2+ O(I71)

implies that
to obtain

Yi,m(0)* = Eé;ziilzmﬂ;nec ((H )9— 1t 2) +0(7), (8.4.18)

uniformly for 6 € (¢,m — ¢) and each small ¢ > 0. Now let f € C([0, 7], R) and choose & > 0.
Due to the uniform estimate (8.4.18) and boundedness of the integration domain we get

T™—E€

o / F(0)]Yim|(0)? sin 6 d6

—or 7T/Ef(e) 8 . :iiﬂmﬁ Siln(e) cos? ((z + ;) o7+ ";”) sin(60) do + O (1)

- %(l - m)iﬂm 7T/€f(9) cos? << ) 6 — g + ””) o +0(™). (8.4.19)

(I+m)

The oscillatory integral in (8.4.19) has the limit

m™—E

Jim [ f(0) cos® (<z+ )e— T ”?) do
= llirglo / £(0) cos?(10) db :% / f(0)do, (8.4.20)
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where the final equality is true because
m™—E

Jlim / £(6) cos(16) df = Jim. £(0)sin?(16) dé
—00

and sin? +cos? = 1. Using (8.4.20) and (8.4.17) we conclude from (8.4.19) for each small
e > 0 that

Jim 27r/f )Y (6)? sin(6 /f (8.4.21)

On the other hand, (8.4.17) and (8.4.18) imply the pointwise asymptotic property

P [ — ! 1 1
limsup | Y7, |(#)? = lim sup (t—m) M~ cos® ((l + 2) o "+ m7r>

|00 lsoo (4 m)l  72sind 4 2
1 . (l—m)!, . T mr
- 2 l g 0T
w2 sin 6 li%((l—&—m) > l?ligp o8 <( + > 4 + 2 >
1
S Voe(0,m).

Now, Fatou’s Lemma implies that for each small € > 0 one has the estimate

€

limsup 21 | £(8)]Yim|(6)?sinddf < 27r/limsup £ (O)|Yim|(6)? sin 6 do
l—o00 5 l—00
<27T/|f Sln¢9d9<—||f||

and analogously for the integral over (7 — €, 7). In a similar way one computes

lilm inf 27 [ f(0)|Yim|(0)*sin6do > 27r/lilm inf £(6)|Y.](0)% sin 6 df
—00 —00
0 0

€

> —27r/|f(9)|limsupifl\m7|(9) sin 0 df > 27r/|f sin 6 df
l—o0 1119
0

—2¢
> — [fllw
T

and again analogously for the integral over (m — e, 7). Together with (8.4.21) this allows us
to conclude that

lim sup 27r/f(9)|/m(0)2 sin 0 df < lim sup QW/f(G)m(Q)Q sin 6 d6

l—o0 l—o0

+ lim 2 / F(0)|Yim|(6)? sin 6 d6 + limsup 27 / F(0)]Yim|(8)%sin 6 df
—00
1>

l— o0
9% 1 9% 1 e
< 2 fl 2 / Foyao+ = =+ / 70 do+ 151 (8.4.22)
T v v T T
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and similarly
o ™ o L 1 T—€ de
hlm inf 27 [ f(O)|Yi,m|(0)"sin6dd > — [ f(0)df — — || f] - - (8.4.23)
—00 ™ ™
0 €

The left hand sides of (8.4.22) and (8.4.23) are independent of ¢, so that passing to the limit
¢ — 0 we obtain

hrn 27r/f |Ylm| Zsin(0 /f (8.4.24)

O

Remark 8.4.5. We do not know whether for the standard 2-sphere Theorem 8.3.8 is directly
implied by the classical theory of Legendre polynomials. Moreover, it is crucial that m grows
slower than [ as [ — oo. Indeed, if one considers the diagonal sequence Y;; of zonal spherical
harmonics, it is not difficult to see that, contrasting with our results, they concentrate along
the equator in S? as [ — oo in the sense that for a given & > 0 there is a constant ¢(g) > 0

such that
/ |Yl,l‘2 dS2 _ O(e_c(s)l),

S2—-B

where B. denotes the tubular neighborhood of the equator of width e, compare [15] and
Figure 5.3.4, yielding qualitatively quite different limit measures.
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Glossary

x Isomorphism class of irreducible complex G-representations, identified with the associated
character G — C.

D, =3(0s,...,0,,,), x€R™ mecN.

7

d, Dimension of the irreducible G-representations of class x; in character notation one has
dy, = x(e), e € G denoting the neutral element.

A Laplace-Beltrami operator on M, mapping C>® (M) — C>°(M) c L2(M).

A Unique self-adjoint extension of A, mapping H2(M) — L2(M), also called Laplace-
Beltrami operator or just Laplacian.

G Compact connected Lie group.

G Set of isomorphism classes of irreducible complex G-representations, identified with the
character ring of G.

H Principal isotropy group of the G-action on M.
x Dimension of the principal orbits of the G-action on M.

A§, Maximal number of elements in a totally ordered set of isotropy types of the G-action
on M.

M Compact connected Riemannian manifold without boundary.
Mo = M(H) C M, the principal stratum of M.
]\A/freg = M,cg /G, a smooth manifold.

M =M /G, in general not a manifold.
n Dimension of the manifold M.

Q = J1({0}), the zero set of the momentum map J : T*M — g*. In general not a manifold.

Qreg = QNT*M(H), where T*M(H) denotes the union of all orbits of type H in T*M. A
smooth manifold.
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ﬁreg = (eg /G, a smooth manifold.
p Given by p(x,§) = H{Hi + V(z), the Hamiltonian function 7*M — R with the potential
V € C>*(M,R).

P(h) Schrédinger operator C°(M) — C=(M) c L2(M) with principal symbol represented
by p.

P(h) Unique self-adjoint extension of P(h), mapping H2(M) — L2(M), also called Schrédin-
ger operator.

7y |g ¢ 1] Frobenius factor: the multiplicity of the trivial representation in the H-representa-
X
tion 7y |g.

S5, Sgcomp See Section 1.1.

Y. = p~t({c}), the smooth hypersurface associated to a regular value ¢ of the Hamiltonian
function p.

ic = (ZC N Qreg)/G, a smooth manifold.
T\ Projection operator in L*(M) onto the isotypic component L (M), see (5.1.3) and (5.1.4).

W, Semiclassical character family, see Definition 5.2.1.
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