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for all

indicates optimal values of decision variables

k-dimensional vector with only zero components

superscript referring to assets that pay cash flows in every period

d _
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loading of factor j in the affine linear model for asset i

adjustment for risk; AfR(.) =

loading of residual in the affine linear model for asset i
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correlation in dividend growth of two assets conditional on the re-
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conditional density function
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conditional transition probabilities, i.e., that a regime s in expected
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dividend growth rates becomes the new regime in the discretized
(Veronesi, 2000) model
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sufficient statistic for the joint distribution of asset price and cash
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describes the state of the cash flow process at time t as perceived by
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perspective of the individual investor
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information relevant to pricing

risk preference parameter of the exponential utility function (con-
stant absolute risk aversion)

positive constant in the context of pricing with CARA utility; ar = «
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noise term
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1 Introduction

1.1 Introduction to the Problem

Modern financial theory acknowledges that decision makers do not perfectly know the stochastic
process of financial figures, in particular corporate cash flows!. In other words, there is imperfect in-
formation in the sense of incomplete information. Incomplete information in the context of this the-
sis is modeled with the help of an unobservable underlying regime model, i.e., corporate dividends
can assume several regimes. For example normally distributed dividend growth can switch between
a regime with parameters pp;4n and oy;4, and another regime with parameters y;,,,, and oy, Re-
gime switching models are regarded as parsimonious yet powerful model to capture abrupt changes
in the behavior of financial time series including ARCH-effects, skewness, fat tails, non-linear dynam-
ics, and time-varying correlations as Ang/Timmermann (2011), pp. 1, 5, and 6, point out. Moreover,
regime switches have been detected empirically in financial time series (e.g., Guidolin/Timmermann
(2006) and Whitelaw (2001)).

It is clear that incomplete information regarding dividends should be reflected in companies’
stock prices. It is not so clear how incomplete information translates into risk premia. Does incom-
plete information as a second source of risk in addition to “normal” stock price fluctuations (first
source of risk) (i) automatically increase overall risk and, hence, call for an adequate compensation,
or (ii) can incomplete information and “normal” stock price risk interact in a way that overall risk is
reduced and risk premia decrease? At least the classical intertemporal CAPM of Merton (1973)
seems to indicate that a second source of risk might increase or decrease stocks’ risk premia.

For that reason, it is the objective of this thesis to analyze whether incomplete information risk
premia are greater or less than complete information risk premia. To achieve a certain degree of ro-
bustness of findings, the effects of various model assumptions on prices and risk premia are ana-
lyzed:

(i)  Utility functions: in a first step, results are derived for general types of utility function. The impli-
cations of special utility functions (CARA and CRRA) are examined in a second step.

(ii) Types of regimes: a rich class of regime processes is considered; in particular, regimes in stand-
ard deviations are analyzed in addition to the regimes in expectations that are found in the liter-

ature.

1 See, e.g., Chen/Epstein (2002), Epstein/Wang (1994), Hansen/Sargent/Tallarini (1999), and Maenhout
(2004).



(iii) Form of the cash flow model: both fairly general cash flow functions and special functional
forms are analyzed.

(iv) Number of risky assets: models with one risky asset as well as models with several risky assets
are considered.

These goals are primarily tackled by means of theoretical analysis in discrete time. In addition,
Chapter 5 contains numerical analysis for illustrative purposes.

The results of this thesis can be summarized as follows.

Incomplete information exerts a substantial influence on risk premia for all models considered in
this thesis - CARA and CRRA utility functions, richer class of regime processes, various forms of cash
flow model, and more than one risky asset - as the analytical analyses demonstrate. Core of all pric-
ing approaches is the covariance between stochastic discount factor and asset return. Incomplete in-
formation fundamentally alters this covariance. The numerical analyses illustrate that the theoretical
pricing results are also relevant from an economic point of view: incomplete information risk premia
are significantly different from complete information risk premia and the different model versions al-

so translate into significantly different risk premia.

1.2 Review of and Contribution Compared to the Literature

This thesis contributes to incomplete information asset pricing with regimes. Even though regime
switching models are regarded as parsimonious and powerful model to capture empirical features of
financial time series (e.g., Ang/Timmermann (2011), pp. 1, 5, and 6, Guidolin/Timmermann (2006),
and Whitelaw (2001)), pricing models under regime switching are rare. One strand of the literature
deals with incomplete information asset pricing without regime, i.e., does not model abrupt changes
in the behavior of time series. The classical papers in this field are Detemple (1986) and
Detemple/Murthy (1994), the most important more recent papers are Bansal/Yaron (2004), Ai
(2010). A second strand of the literature comprises regimes, but assumes complete information, e.g.,
Abel (1988), Cecchetti/Lam/Mark (1990), Whitelaw (2001), and Elliot/Miao/Yu (2008).

The combination of incomplete information and regimes is only dealt with in the following few
papers: David (1997), Veronesi (2000), Brandt/Zeng/Zhang (2004), Lettau/Ludvigson/Wachter (2008).

David (1997) considers optimal portfolio selection with two assets and two regimes and explores
with the help of optimal portfolio weights implications for market risk premia. From that perspective,
he discusses asset pricing implications only as a by-product. Moreover, he uses very special regimes:
two assets with regimens in means where the regimes are inversely related, i.e., if the mean of one

asset is high, the mean of the other asset is low and vice versa.



The most important paper in the field of incomplete information asset pricing with regimes,
Veronesi (2000), argues within a very narrow framework: the stock market consists of only one stock
whose dividend growth rate is normally distributed and its expected value is subject to regimes
where decision makers possess power utility. This thesis extends Veronesi (2000) by allowing for
CARA utility function (besides CRRA), non-normally distributed cash flows, regimes in means and
standard deviations as well as more than one risky asset. Using more than one risky asset is often de-
cisive because then the dividend of the risky asset no longer fully determines the stochastic discount
factor; the fact that dividends determine stochastic discount factors substantially drive Veronesi
(2000)’s results.

Brandt/Zeng/Zhang (2004) employ a model with Epstein/Zin (1989) preferences that is otherwise
similar to Veronesi (2000); their focus is on different learning behaviors such as rational Bayesian up-
dating, behavioral updating, etc. and whether incomplete information risk premia under regimes
lead to fluctuations of the (conditional) equity risk premium that is comparable to the empirically ob-
served of the equity risk premium. Since their main interest is the fluctuation of risk premia over time
and not the size of incomplete information risk premium, in particular not the comparison of com-
plete and incomplete risk premia, their emphasis is different from my research question.

Lettau/Ludvigson/Wachter (2008) consider Epstein/Zin (1989) preferences, one stock, and two
regimes in means and standard deviations. While Epstein/Zin (1989) preferences is more general
than CRRA utility, they do not consider CARA. Moreover, this thesis adds more general regimes and

several risky assets. — Again, considering just one risky asset might substantially impact results.

1.3 Organization of the Thesis

The rest of the thesis is organized as follows. In Chapter 2 the regime switching model under in-
complete information is outlined. Chapter 3 derives pricing results for CARA utility, Chapter 4 for
CRRA utility. Chapter 5 contains numerical analyses that illustrate the economic significance of Chap-
ter 4’s extensions of the Veronesi (2000) model. The thesis ends with a conclusion (Chapter 6) and an

ample appendix.



2 A Framework for the Analysis of Asset Prices under Incomplete

Information

In the absence of arbitrage, asset prices can be expressed as the expected value of stochastically
discounted future cash flows (see, e.g., Cochrane (2005), p. 61). Hence, asset pricing requires, first, to
determine the cash flow stream, second to determine the stochastic discount factor and, third, to
compute the expected value). Chapter 2 deals with the determination of the cash flow stream (first
step, Section 2.1) and preparatory works (Sections 2.2 and 2.3) for the second and third step (which

are then conducted in Chapters 3 and 4)

2.1 Cash Flows

2.1.1 Nature of Cash Flows

Cash flows are assumed to be risky and stem from equity positions. As such, they have no explicit
maturity date. There is no default in the model and, therefore, cash flows of corporate debt are risk-
less and indistinguishable from the risk free asset. To capture institutional features of companies,
two special models of cash-flows are used. In one version, cash flows are paid by companies with lim-
ited liability to their owners; hence these cash flows can be interpreted as dividends and will always
be non-negative. In a second version, owners without limited liability are considered. In this case,

cash flows may at times be negative.
2.1.2 Exogenous Cash Flows

The perspective of an investor is taken who is unable to influence cash flows but can describe
them by a stochastic model. Cash flows will then throughout be exogenous rather than the results of
corporate decisions. Production and dividend policies are not modeled explicitly.
2.1.3 Cash flows at Discrete Points of Time

In contrast to a substantial body of literature on asset pricing under incomplete information, cash

flows are paid at discrete time intervals rather than continuously (as, e.g., in Detemple/Murthy

(1994), Veronesi (2000)). There are several reasons to justify this difference. First, real-world cash



flows are always discrete. This is especially the case for dividends which are paid quarterly, biannual-
ly or annually and, thus, deviate significantly from cash flows that are available from trading stocks.
Second, assuming cash flows to follow a diffusion process of the type used in the related literature
on incomplete information eliminates uncertainty about second moments of the cash flow process-
es. To see this, refer to, e.g., Merton (1980). He analyzes the problem of estimating the instantane-
ous expected growth rate and standard deviation of an Itd process of the form

2-1

dM,
— =a(t)dt + a(t)dZ;
M,

under the additional assumption that the instantaneous expected growth rate a(t) and the instan-
taneous standard deviation o(t) are piecewise constant at least over short finite time intervals. Any
such time interval contains an infinite number of realizations of the stochastic process. Merton then
demonstrates how an estimator for the instantaneous standard deviation can be constructed whose
variance goes to zero as the number of observations goes to infinity. By contrast, the properties of
the estimator for the instantaneous expected growth rate are fundamentally different. Its variance
depends on the length of the finite time interval over which the process is observed instead of the
number of observations used to compute the estimator (see Merton (1980), p. 356, for the estima-
tors and their variances). From a practical point of view, this means that observing the process over
an arbitrarily short time interval, say a minute, suffices to compute the instantaneous standard devi-
ation with any desired precision, whereas the accuracy of the estimate for the instantaneous growth
rate can only be improved by observing the process over a longer time interval, say a day instead of a
minute. It also implies that infrequent switches in the value of the standard deviation will immediate-
ly be detected, in contrast to switches in the instantaneous expected growth rate. Although Merton
developed these results in the context of asset returns, it is clear that they formally also hold in the
context of continuous dividends of the form (2-1). As a consequence, models such as Veronesi (2000)
only include unobservable means. It is, however, obvious that standard deviations and correlations
are also subject to incomplete information in the real world. If dividends are paid biannually, one has
twenty observations over ten years and, in the face of changing market conditions, it is unclear how
many of them still contain valuable information about future dividends. In conclusion, continuous
time cash flow streams assume away important sources of incomplete information by supposing that
second order moments can be estimated with arbitrary precision, i.e., by relying on a mathematical
artifact. Third, using a discrete time model for cash flows allows for a wide variety of other infor-
mation sources which are available at shorter time intervals than cash flows. Most movements in
stock prices are due to information sources other than dividend announcements, for example the re-
lease of macroeconomic data, the release of sales figures for a particular industry, cuts in sovereign

ratings, rumors about mergers and acquisitions etc. It is then desirable to include points of time into



the model with such signals but without cash flows, and this is logically impossible in a framework

with a continuous-time dividend stream.

2.1.4 Cash Flow Dynamics over Short and Long Time Horizons: Motivation and

Overview

To motivate the formal cash-flow model given below, Figure 2-1 shows dividends per share for

German car manufacturers from 1998 to 2013
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Figure 2-1:  Dividends per Share (stock split-adjusted) for BMW AG and Daimler AG for the time period from 2002 to 2014.
Source: OSIRIS database -> Stock Data -> Annual Stock Data

These examples demonstrate two important aspects of dividend behavior. (i) Dividends are influ-
enced by common factors. In addition, there seems to be some firm-specific component. The effect
of the economic crisis in 2008/2009 on dividends illustrates this: In Figure 2-1, a deep dent appears in
the dividends of BMW and Daimler. (ii) Dividends are characterized by regimes. Dividend behavior
changes substantially over time, often in the form of abrupt and unexpected breaks. For example
Daimler had a stable dividend in the years 2002 to 2006 and 2011 to 2013, with levels changing in
each phase. Note that such abrupt changes in regimes can be firm-specific, industry-wide, or econo-
my wide. This suggests that changes in regimes are priced only insofar as they are “systematic risks”
that affect aggregate dividends.

This motivational example suggests the following cash flow model: there is a short-term cash flow
model and a long-term cash flow model. The short term cash flow model describes the behavior of
cash flows over one period. It captures cash flow fluctuations given one economic environment and
is modeled through factors and firm-specific influences referred to as residuals. Returning to the ex-

ample, it is clear that a dividend model of Daimler would have to be substantially different in, say,



2008, compared to 2002. The long-term cash flow model portrays the change in the economic envi-

ronment.

2.1.5 Short-Term Cash Flow Model: Factor Model

2.1.5.1 Factors and Residuals

If t and t + 1 are two consecutive times of cash flow payments, a factor over the cash flow period
[t,t + 1] is a random variable which makes cash flows at time t + 1 stochastic from the point of view
of market participants at time t. The factors are denoted by fj;.1,j = 1,...,m. In vector notation,
ft+1 is the m-dimensional vector of factors. The number of factors then is m and assumed to be
identical in all cash flow periods.

Factors can be broadly categorized into economy-wide, industry-wide and firm-specific, depend-
ing on the number of risky cash flows they affect. Economy-wide factors then affect all cash flows in
some way. Typical examples are GDP growth or other macroeconomic variables. In the example from
Section 2.1.4, the economic crisis in 2008/2009 will have influenced all firms in the economy to some
extent. Industry-wide factors are limited to firms acting in a particular market, either directly or indi-
rectly through intermediate goods. Again in the example from Section 2.1.4, automobile demand in
China would be a factor relevant to the automobile industry. Firm-specific factors, as the name sug-
gests, influence only cash flows of one particular firm. In Figure 2-1 there are several examples where
dividends of one firm behave differently from those of other firms. For example, there is no analogue
to the low dividend paid by DaimlerChrysler in 2001, and Volkswagen dividends still rise in 2008
when BMW and Daimler had already substantially cut theirs.

Residuals are similar to firm-specific factors, being linked to one particular risky asset, but differ in
two ways. First, residuals have no precise economic interpretation. Instead, they capture all unspeci-
fied sources of cash flow variation which are not caused by factors. Second, it will always be assumed
that there is a residual for each risky cash flow, whereas there might theoretically be assets without
any factors. To motivate both differences, assume that a particular problem of asset pricing under in-
complete information is to be analyzed. The definition of appropriate factors would be one of the
first steps. For example, one might want to study the case where there is one single common factor
for all risky assets, say GDP growth. It is, however, implausible that cash flows of all assets can be en-
tirely attributed to this factor, i.e., there will remain a variety of firm-specific influences for all risky
cash flows which will be lumped together into “residuals”. Mathematically, the residual of asset i
over the period [t, t + 1] will in the following be denoted by ei t+1- If the number of risky cash flows

is denoted by n, e;, is the n-dimensional vector of residuals.



Implicit in the notion of firm-specific factors and residuals is the absence of interrelations. Residu-
als and firm-specific factors should be unrelated to common factors. Moreover, neither the residual
nor the specific factors of one cash flow should be related to residuals or specific factors of other
cash flows. The question arises as to the correct formalization of these ideas; stochastic independ-
ence and the weaker assumption of uncorrelatedness are the two possible choices. As the probability
distributions for factors and residuals and the functional form of the cash flow models will be allowed
to be fairly general in the more theoretical part of the analysis, stochastic independence is assumed.
For example, covariances are a measure for the linear relationship between two variables, and thus it
would be less suited for other forms of relations. In conclusion, it is assumed that the vector of resid-
uals e;, 1 consists of n stochastically independent random variables, conditional on the information
at t.

Although the particular distribution for factors and residuals is deliberately left open, the re-
striction that all variances and expectations be finite is imposed. This excludes some forms of distri-
butions, such as the Cauchy distribution. Moreover, it is assumed that all factors and residuals at all
times have a non-zero variance, i.e., are truly stochastic. The motivation of factors and residuals is to
have stochastic sources in the model. All (conditionally) non-stochastic elements of cash flow will be
parameters of the cash flow function. Therefore, the assumption is not restrictive. Through simple
rescaling arguments, it can then be assumed that all factors and residuals have zero expectations and

unit variances (in the context of a linear model (see Ingersoll (1987), p. 166):

2-2
Ec(et41) = 0n

2-3

Vart(eiltﬂ) =1

i=1,..,n

2-4

E:(fr41) = Om
2-5

Vart(fj,tﬂ) =1,j=1,..,m
where 0, keN , denotes the k-dimensional vector with only zero components.

Correlations between factors are explicitly allowed, insofar as the economic interpretation does
not require independence, for example in the case of a single firm-specific factor for some risky cash
flow.

Whenever the economic interpretation of results does not need to distinguish between factors

and residuals, | simply combine factors and residuals into one i.i.d. random variable denoted by fe;.



2.1.5.2 Functional Forms for the Relation between Cash Flows, Factors and Residu-

als

2.1.5.2.1 General Functional Form

The general relation between cash flows, factors and residuals considered in the analysis is
2-6
Dits1 = Di(Det, frrrs€ieat)
i=1,..,n
where D; denotes the n-dimensional vector of risky cash flows at time t, D; ;4 is the i™ component
of D;,4 and D;(.) is some known functional form.

(2-6) precludes a direct dependency on past cash flows with a time lag greater than one. Apart
from that, it merely restates the ideas outlined above in mathematical form. Note in particular the
time index as an argument on the right-hand side which represents dependence on conditions pre-
vailing at time t.

Note that (2-6) is able to include stylized facts regarding companies’ dividend mentioned in the
seminal, but still valid paper of Lintner (1956): (i) dividends depend on past dividends. Changes in div-
idends rather than the dividend level are the main decision variable (p. 99); (ii) In addition to past div-
idends, earnings (captured in my model with the help of time, factors, and residuals) is the second

major determinant of dividends (p. 101).
2.1.5.2.2 Cash Flows without Lags in Levels

While some results can be obtained for the general model, others depend on the interaction be-
tween cash flow model and assumptions about incomplete information, and thus some special cases

of (2-6) are analyzed in detail. As a first special class of cash flow functions, models of the form

2-7
Dity1=Di(t fers1) i =1,..,n

are considered. In contrast to the general form (2-6), cash flows do not exhibit lags in levels, i.e., do
not depend on D;. An example would be an affine linear factor model for cash flows, i.e., cash flows
are given by an additive relation between factors and residuals:

2-8

m
Dijgy1 = pie + Z - Qije* fiee1 D €ipr, i =11
]:

The dependence on the time index in (2-6) here takes the form of time-dependent coefficients

it Qij e and b;
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The model (2-8) implies the possibility of negative cash flows (unless additional assumptions are
imposed on the distributions of factors and residuals) and is thus suited for the unlimited liability

case.
2.1.5.2.3 Cash Flows without Lags in Growth Rates

As a second special class of cash flow functions, models of the form

2-9
Diry1 =D [1+d;(t, fersq)]

i=1,..,n
with
di(t ferrs) = —1
Dio>0
i=1,..,n

will be considered. Although cash flows exhibit lags in this special class of cash flow functions, the

D; .
growth rate d;(.) = % does not depend on past cash flows or cash flow growth rates. For brevity,
it

this class of cash flow functions is referred to as “cash flows without lags in growth rates”. The as-
sumption

di(t, fees1) =2 -1
jointly with the assumption D; o > 0 implies that cash flows are either positive or zero. Moreover, if
cash flows are zero at one point of time, they will remain zero at all future points of time. Clearly, the
assumption of non-negative cash flows makes this special class of cash flow models a particularly
suitable model for dividends. An example for this special class of models would be an affine-linear

model for cash flow growth rates,

2-10

m
In(1+di(t, fers1)) = mie + Z . Qije* fierr T bt €ierr, i =1,.m
]=

Model (2-10) has a very close relation to dividend models in the related literature, which is desir-
able for comparing results, e.g., Veronesi (2000) and Brandt/Zeng/Zhang (2004). These dividend

models are of the following form which obviously is a special case of (2-10) with zero factors:

2-11

Djt41
ln( D = Uit + bt eriq
it

i=1,..,n
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2.1.6 Long-term Cash Flow Model: Regime Switching

The definition of the model is completed by specifying how the conditioning information in the
factor model changes over time. In the case of the models based on an affine linear function, this
takes the form of stochastic processes for both the coefficients, p; +, a;j  and b; , and factors and re-
siduals. Here a Markov chain is used as it introduces regimes into cash flows, i.e., the second of the
two empirical facts (after factors) described in Section 2.1.4. Factors and residuals will be assumed to

be i.i.d.
2.1.6.1 Definition of the Regime Process

A finite time-homogeneous Markov Chain, denoted by S; and referred to as the “regime process®,

represents the changing economic conditions over time

2-12
S.e{1, ..., K}

2-13
P(St41 =JjISt = k,Se—1=1,...) = P(Se41 = jISe = k) = pyj

j ke{l, ..., K}
where py; denotes the probability of transiting form regime k at time t to regime j at time ¢ + 1

and K is the finite number of regimes. Initial probabilities are denoted by

2-14
T[k'o = P(SO = k)

kje{1,...,K}

T1,0
Ty =| -
Tk,0

2.1.6.2 Definition of the Process of Factors and Residuals

2-15

It is assumed that factors and residuals are both i.i.d. and stochastically independent of the pro-

cess of regimes:

2-16
{fe:}i.i.d.
2-17
{fe;} and {S;} stochastically independent

This will imply that all intertemporal relations between cash flows are entirely attributable to the

regime process, whereas factors and residuals acquire the properties of one-period disturbance
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terms. Because this structure is comparatively simple, results will not be blurred by the interaction of

intertemporal dependencies in factors and regimes, for example.

2.1.6.3 Definition of the Models

The intertemporal version of the general model (2-6) becomes:
2-18
Dity1 = Di(Dt: St:ft+1:ei,t+1)
i=1,..,n

The affine linear models (2-8) and (2-10) are both defined by:

2-19
Hie = 1i(Se)
i=1,..,n
2-20
a;je = a;j(S¢)
i=1.,nj=1,.,m
221

bi¢ = b;i(St)

Note that (2-18) is again able to include additional elements of the Lintner (1956) model: (i) Firms
do not adjust dividends immediately to meet the target payout level. If there is a permanent increase
or decrease in earnings, dividends will be adjusted upwards or downwards over the course of several
dividend periods through a process of “partial adjustment” (see Lintner (1956), p. 100). (ii) Firms are
reluctant to cut dividends, but will do so if there is a permanent decline in earning (see Lintner

(1956), p. 101).

2.1.7 Time Periods without Cash Flows

In the models defined in Section 2.1.6, cash flows are paid at every point of time t. It is, however,
desirable to have points of time without cash flows to facilitate the inclusion of information sources
into the model that arrive at shorter time intervals than cash flows (see Section 2.1.3). This requires
an adjustment of the time structure, and a subsequent definition of cash flow models with regimes

and factors relative to the new time structure.

2.1.7.1 Time Structure

The points of time will again be discrete and denoted by teN,. A denotes the number of time

periods per cash flow period. If, for instance, time is measured in months and cash flows are paid bi-
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annually, then [t,t + 1]is one month and A.= 6. Cash flows would be paid at times 0,6,12, ... etc.

More generally, the times of cash flow payments are

2-22
t(k) =k- AC,kENO

There are then no cash flows at times t) + 1, ..., t(x4+1) — 1. If Ac= 1, the model with cash flows

at every period results as a special case.
2.1.7.2 Process of Regimes

Regimes are again given by the Markov chain (2-12) to (2-15). This implies that there may be re-

gime switches at any point of time t.
2.1.7.3 Cash Flow Models

Cash flows now may depend on the entire history of regimes over [t(k),t(k+1)], i.e.,
St(k), ---:St(k+1)—1- In addition, cash flows are influenced by factors and residuals fet(kﬂ) at the time
of payment:

2-23

Di't(kn) =D; (Dt(k)'st(k)' ""St(kn)—l'fet(kﬂ))
2.1.8 Extensions and Limitations of the Cash Flow Model

2.1.8.1 Finite Number of Regimes

There could be circumstances where an infinite number of regimes would be a realistic choice,
relevance, e.g., dividend growth rates could be normally distributed and its mean and standard devi-
ation could be regime-dependent. This implies that mean and standard deviation could assume arbi-
trary values within a given interval, i.e., there is an infinite number of regimes (see, e.g., Veronesi,
(2000), p. 810 for such a procedure).

A sufficiently fine partition of these intervals, however, could serve as a finite approximation.
2.1.8.2 Markov Property for Transition Probabilities

The definition of a Markov chain entails that transition probabilities may only depend on the cur-

rent regime, but not on the past history of regimes (Assumption (2-17)). Nevertheless, an adequate
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redefinition of the regime process makes it possible to include scenarios into the analysis with transi-
tion probabilities also depending on past regimes (see, e.g., Cox/Miller (1977), p. 133): for conven-
ience, assume that there are only two possible regimes, i.e., S;€{0; 1}, and that transition probabili-

ties at time t should depend on S;_; and S;:

224
P(St4e1 =11 =1,51=1) =pyq

P(St41 =1S¢ =1,5.1 = 0) = po11
P(Se41 =18 = 0,81 =1) =p1o21
P(S¢41 = 1|8 = 0,81 = 0) = poo,1
Corresponding to each pair (S;_;,S;), one defines new regimes S;’ (see again, Cox/Miller (1977),

p. 133). The new regimes S, are given through a (bijective) function:

2-25
S¢':{0;1}* - {0; 1;2; 3}

S,'(0,0) =0, S/ (01) =1, S/ (1,0) =2, S/ (1,1)=3

If regimes in the original formulation are S;_1 = 0,5; = 1,5;,1 = 1, then this corresponds to a
transition from S;'(0,1) = 1 to S¢y4'(1,1) = 3, with P(Se41’ = 31S;’ = 1) = py11. Some transition
in the redefined system must have a zero transition probability. For example, a transition from
S:'(0,0) = 0 to S;;,'(1,0) = 2 is not possible: S, (0,0) = 0 corresponds to (S;_; = 0,S; = 0), and
S¢'(1,0) = 2 corresponds to (S; = 1,5, = 0), i.e., S; would have to take both the values zero and
one. Hence, it is necessary to define P(S;,; = 2|S,' = 0) = 0.

As the example demonstrates, it is possible to define models where, motivated through economic
considerations, transition probabilities depend on a certain number of past regimes. The problem
can then be reformulated and solved under Assumption (2-17), before the economic interpretation
of results takes place in the original formulation.

The obvious drawback of this method is the quickly expanding number of regimes in the redefined
model. For K regimes and dependence of transition probabilities on k4. past regimes, K*order re-

gimes in the redefined model will be needed.

2.1.8.3 Time-Homogeneity of Transition Probabilities

By definition, the transition probabilities of a time-homogeneous Markov chain do not depend on
the time index (Assumption (2-17)). On the other hand, it appears plausible that transition probabili-
ties change over time. An increase in the probability of a transition of a severe economic crisis, for
example, could be expected to lower prices of assets that react especially sensitive to such crises, as
appears to be the case for the automobile industry. Nevertheless, such constellations can still be ana-

lyzed within the model framework with Assumption (2-17).
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Again, a suitable redefinition of the Markov chain can be used to integrate changing transition
probabilities into the model. For simplicity, take again the case where there are only two regimes,
one corresponding to a “boom* state, S; = 1, and one corresponding to a “recession” state, S; = 0.
The probability for a transition from a “boom* regime to a “recession” regime will now be allowed to
take one of two possible values, 0 < p1o' < p1o™ < 1. To keep the example simple, the probability
of remaining in a recession state, py, is taken to be constant. Finally, let A denote the probability for
a change in the recession probability. Now define a new regime model S,” with four possible regimes:

S.'€{0,0,1,1}
Each of the pairs 0,0’ and 1,1’ consists of regimes which are indistinguishable in terms of cash

flow, i.e.,

Di(Dt'ft+1' €it+1s 0) = Di(Dtrft+1r ei,t+1'6)

Di(Dt:ft+1J €it+1 1) = Di(Dt:ft+1: ei,t+1:T)
for all risky assets, all times and all possible realizations of factors and residuals. Let 0 and 1 corre-
spond to the case with a high recession probability p;,", and let 0 and 1 represent the opposite case

of a low recession probability, p;,’. If transitions between the recession and boom regime groups,
i.e., {0,6} and {15}, and between the high and low transition probability groups, i.e., {0,1} and

{6, T}, occur independent, then it is easy to verify that the following transition probabilities solve the

problem:
Se'\Se41’ 0 1 0 1
0 (1—2)"poo 1-2 A" Poo A+ (1= poo)
* (1 — poo)
1 1-2 'P1ol 1-2 A P1ol A (1 - Plol)
: (1 - Plol)
0 A Doo A+ (1 = poo) (1 -2 poo 1-24
(1 — poo)
1 A Ploh A (1 - Ploh) 1-2A)- P1oh 1-2
: (1 - Ploh)
Table 2-1:  Inclusion of Time-Dependent Transitions Probabilities into the Markov Chain Model.

2.1.8.4 i.i.d. Assumption on Factors and Residuals

Factors and residuals are assumed to be i.i.d. and independent of regimes. However, there is a
wide variety of other plausible modeling choices for the processes of factors and residuals. For ex-

ample, factors could exhibit mean reversion or auto-regression.
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The general model (2-18), however, has the core feature that short- and long-term effects are
separated. For that reason, these intertemporal dependencies are captures by means of regimes only
and, thus, are categorizes as long-term effects. The advantage of this separation is a better economic

interpretation of short- and long-term effects.
2.2 Decision Makers
There are assumed to be n; identical investors that maximize additively separable expected utility

e(Y () veol)

where the utility function is assumed to be twice continuously differentiable with U’ > 0 and

over a finite time horizon T,

2-26

U" < 0. In addition to this general form of utility function U(.), two special utility functions are con-

sidered:

Constant absolute risk aversion

2-27
U(C) = —exp(—a-C)

a>0
Constant absolute risk aversion
2-28
1-y
Uucc) = 1=
y>0y+1

For the case y = 1 (where (2-28) is not defined), the utility function is defined as [n(C),? in ac-
cordance with the literature.

The cases of constant and absolute relative risk aversion are of special interest because they are
widely used in the literature on dynamic consumption and portfolio selection. In addition, assuming a
special form of utility function often either admits an explicit solution where none can be found for
general utility functions (see Section 3.1.4), or simplifies existing solutions. Moreover, a specification

of the utility function is necessary for numerical computations.

cl7v-1
1-y

can be con-

2 Since adding a constant to a utility function does not affect decisions, the utility function

1-y 1-y_
sidered instead of iTy, and the limit limy_qCTyl = [n(C), by I'Hopital’s rule, extends (2-28) to the case

y = 1.
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2.3 Information Structures

Since this thesis wishes to analyze how incomplete information affects asset prices, it is necessary
to describe what decision makers know and what is unknown to them. Although incomplete infor-
mation is the direct object of interest, it must first be clarified what is meant by its logical opposite,
complete information, which both defines incomplete information negatively and provides a bench-
mark case against which asset pricing results will be compared. Once incomplete information has
been defined, it will be discussed how various information sources can be used to form conditional
probabilities for the unobservable parts of the cash flow process, making it possible to treat the

problem of asset pricing in an expected utility maximization framework.

2.3.1 Definition of Complete Information

There are two possible definitions of complete information at some time t: (i) a straightforward
definition is knowledge of the model structure, combined with knowledge of all realizations of ran-
dom processes up to time t, for example all regimes from time zero to time t. However, this defini-
tion will prove impracticable and too restrictive: most of this information would be discarded as ir-
relevant by decision-makers since it is not needed for taking optimal decisions (see Bertsekas (2005),
pp. 251, for this argument in a closely related context). As a consequence, information can alterna-

tively be defined as (ii) complete if decision-makers know everything that is truly relevant to them.

2.3.1.1 Complete Information as all Possible Past and Current Information

To apply the definition of complete information model structure, combined with knowledge of all
realizations of random processes up to time, it is necessary to identify random processes and the el-
ements of the model structure.

Random processes are the processes {S;}, {fe.} underlying cash flows, cash flows themselves, i.e.,
{D,}, the processes of prices of risky assets and interest rates, denoted by {P;} and {r;}, respectively,
and finally the processes of consumption, {C;}, portfolios of risky assets, {N;}, and wealth invested in

the one-period riskless asset, {H,}.
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Realizations of these processes up to time t can be categorized as asset-related,
2-29
(S, fet, Dz, P, 77)
and investor-related,

2-30

(Ct—liNt—lth—l)
where, for any sequence {X,}, teN, , the symbol 5(: is defined as

2-31
Xe = (Xo,., X¢)

Note that the index in (2-30) is ¢ — 1 instead of t. The reason for this is that the information de-

rived from observing (2-29) and (2-30) defines the situation at time t immediately before new deci-
sions are taken. In the case where cash flows are paid at times t;, = k - A, keNy, the symbols 5: and

f_et) are defined differently as
2-32
D; = {Dy,Dppy -» Di(eync}
2-33
(Fe)e = {(fdo, (Facr - (FDkerac)
with k(t) referring to the maximum natural number such that k(t) - Ac<t, and, hence, with

k(t) - Ac referring to the latest cash flow payment before or at time t. This convention ensures that,

for example, E can always be interpreted as the history of cash flow payments up to time t.

Complete information about the model structure, combined with knowledge of all realizations of
random processes up to time t then requires that decision-makers observe the processes (2-29) and
(2-30) at all points of time. The information derived from (2-29) and (2-30) is denoted by ItCI.

Complete information further means: (i) decision-makers know the cash flow model; (ii) they un-
derstand both the institutional details of the asset markets; (iii) information on other market partici-
pants including their preferences, information, wealth, and past and present decisions is known.

It should be briefly mentioned what complete information does not mean: It should not be con-
fused with perfect foresight. Information is complete at time t if all events up to time t are known,
but it does not entail knowledge of future events. For example, complete information means that

So,S1,---, St are known, not that S;, is already known at time t.
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2.3.1.2 Complete Information as all Relevant Past and Current Information

The information that is truly relevant to decision-makers (I;) will be substantially less than infor-
mation I,°!. The general idea is that if decision-makers have access to information I, which is not

complete information in the sense of Itd, ie.,3

2-34
cl
LY e,

and if the optimal decision based on I, is always the same as the optimal decision based on Itd, then
knowing I; suffices (see Bertsekas (2005), p. 252). Similarly, it is possible that decision-makers do not
know certain aspects of the model structure, but this lack of information may turn out to be irrele-
vant for taking decisions.

What precisely constitutes complete information in the sense of relevant past and current infor-
mation within our framework is an important part of the analysis and cannot be determined at this
stage. It is, therefore, perhaps helpful to choose an example that is entirely unrelated to the model.
Assume that a decision-maker with preferences defined over the mean and variance of final wealth
solves a static portfolio selection problem of the type that is commonly discussed in Markowitz port-
folio selection Markowitz (1952). He or she may then not know the precise common distribution of
asset returns. However, if means, variances, and covariances of returns are known, this would be en-

tirely sufficient since the decision problem can be entirely characterized in terms of these moments.

2.3.2 Definition of Incomplete Information

It follows immediately that there are two possible definitions of incomplete information, depend-
ing on which definition of complete information is chosen. Corresponding to the definition of com-
plete information as known model structure, combined with knowledge of all realizations of random
processes up to time t, incomplete information would mean that there is at least some time t where
decision-makers cannot observe Itd, and/or they do not know some aspects of the model structure.
Corresponding to the definition of complete information as relevant past and current information, in-
formation is incomplete (i) if there is at least some time t where decision-makers do only have less
precise information than I,°’, and where this further results in decisions that deviate from those that
would be taken based on ItCI, (i) and/or decision-makers do not know a crucial part of the model.

Since asset prices will be derived from decisions, the definition of complete information as rele-

vant past and current information is adequate here. In what follows, incomplete information will

3 llustration of (2-34): Note that I,/ < I, means that I,/ contains more information than I, because more
states of the world are ruled out by I,/ than by I,.
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then always mean absence of complete information in the sense of relevant past and current infor-
mation.

Note that incomplete information should not be confused with asymmetric information in the lit-
erature on rational expectation equilibria and game theory (for an overview of asset pricing under

asymmetric information, see the textbook of Brunnermeier (2001)).

2.3.3 Description of an Information Structure with Unobservable Regimes, Fac-

tors and Residuals

2.3.3.1 Motivational Background

The information structure I," contains all information that investors could theoretically know at
time t. Since asset pricing under incomplete information is the topic of this thesis, incomplete infor-
mation structures with less information than ItCI must be defined. This section aims at specifying
what “less information” means.

Caveat: Incomplete information structures are defined (see Section 2.3.2) as absence of complete
information in the sense of relevant past and current information. This means that information struc-
tures with less information than Itd can still be complete information, and, thus, are not incomplete
information. To illustrate this, it will turn out in Chapter 3 that investors at time t are not interested
in realizations of factors and residuals up to time t as long as they know the current regime. There-
fore, an information structure where the history of regimes, but not the one of factors and residuals,

is observable, would still be complete information.

2.3.3.2 Overview of Information Structures

While it appears reasonable to assume that decision-makers can observe the past history of risky
asset prices, interest rates and cash flows, it is unrealistic that decision-makers also can perfectly ob-
serve realizations of regimes, factors and residuals. Returning to the example of Figure 2-1, it appears
likely from dividend data and other information sources that there may be a new regime from 2011
on. However, it is unclear what this regime might look like, i.e., the regime is not precisely observa-
ble. Factors may not be perfectly observable either. In the example of the automobile industry, the
existence of common factors can be suspected from realized dividend data and information sources
such as newspapers, but this does not mean that factors are precisely observable. Finally, residuals

by definition refer to a sum of unspecified influences and are not observable.
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This motivates the definition of the following information structure I, %'4455€t as containing poten-

tially less information than Itd. Investors observe the realizations of the processes
2-35
Sig:,De, Pr, T
where the arrow above variables denotes the whole history of these variables, see (2-31), and

2-36
o, Py, 7o

where Sig; is a vector of signals* and 7, is the vector of initial probabilities for regimes.

General form of signals

Signals in the context of incomplete information capture information sources on regimes, factors
and residuals other than cash flows such as earnings reports, macroeconomic forecasts etc. From
that perspective, it is plausible to add signals to information structures because they provide infor-
mation on unobservable regimes, factors, and residuals.

The following fairly general structure of signals is assumed:

Ac-=_1 (cash flows paid_in every peri

od)
Sige+1 = Sige+1(St, Str1, fer+1,Me+1)

Signals at time t + 1 are allowed to be a function of the current regime S;, 4, the previous regime
St, and current factors and residuals fe;,,. Making signals a function of these unobservable ele-
ments of the cash flow process makes signals a useful source of information. In addition, there is an
element of noise in signals, denoted by 71;,; and referred to as “signal noise” (which is independent

of S¢, St41, and fegyq).

Sige+1 = Sige+a (St(k),t:St+1ert+1:77t+1)
The structure of signals is similar to the case A.= 1, with one exception. Signals are allowed to
depend on the path of regimes from time ¢, (i.e., last cash flow payment date from the point of
view of time t) instead of ;. The idea is that cash flows at the next payment date ¢(;,4) will depend

on the entire path of regimes St(k).t(k+1)—1 rather than a single regime. Note that if no cash flows are

paid at time t + 1, signals cannot depend on factors and residuals and read

Sige+1 = Siges1 (St(k),tv St+1'nt+1)

4 |t should be noted that signals are entirely exogenous and should, thus, be distinguished from signals that

are sent by a better informed party in the context of asymmetric information (see, e.g., Spence (1973)).
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Illustrative examples

As a first example, take the case where regimes become observable with some time delay: alt-
hough decision-makers may not know the current regime, past regimes may become known over
time as new information arrives. For example, GDP data on one quarter is usually only available in
the subsequent quarter and provides information on the past regime representing the state of the
business cycle. This idea can be formalized by assuming that there are as many possible signal reali-
zations as there are regimes and by setting

Sige+1 = St

A second example makes the signal dependent on both S;,; and S;. This signal structure models
that decision-makers may be sure that there has been a change in regime, but are unsure about what
the new regime is. An example would be the change in central banks” monetary policy from standard
monetary policy to quantitative easing in the wake of the financial crisis. Such a change in policy will
almost certaintly affect financial markets, i.e., there is a regime switch. If, however, the type of assets
included in the purchase program of the central bank is not known, the exact form of the new regime
is unclear.

A very stylized formalization of such a situation is given by the following signal model with only

two possible signal realizations

2-37
, _ (1 Sey1 =S¢
Sige+1 = {2 Str1 # St

Here, signal 2 would be observed if and only if there is a regime switch, without providing further
information on the new regime.

A third example covers signals that also depend on factors and residuals. Consider the model
without lags in growth rates and a single regime in means (as in Veronesi (2000)),

1+d(t ferrr) = exp(u(Se) +b-eyq)

A signal then might take the form of “true mean plus noise”, i.e., Veronesi (2000), p. 810

Sigesr = u(S) + Ny

No signals
An information structure without signals means that all information comes from the history of

cash flows; investors, therefore, merely observe

2-38
D¢, Py, T¢

instead of (2-35).
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2.3.4 Conditional Regime Probabilities

Since investors do not know the regime, they can only assign probabilities to regimes conditional
on past cash flows and signal observations. In this section, the problem of computing conditional re-
gime probabilities is discussed in detail.

Note that conditional regime probabilities do not include any of the endogenous variables such as
asset prices, interest rates or individual decisions. At this stage of the analysis, nothing is known
about these variables, and conditional probabilities are derived exclusively from observations of ex-
ogenous variables, i.e., cash flows and signals. In contrast to asymmetric information (see, e.g.,
Grossman (1978)), asset prices under symmetric (but incomplete) information cannot convey private
information from other investors.

More formally, conditional regime probabilities

2-39
P(St - SlDt’Slg,tl)

need to be determined, including the cases where cash flows are not paid every period (A¢c > 1).
2.3.4.1 Information from Cash Flows Only

In the case information from cash flows only, it is sufficient to discuss the case with cash flows
paid in every period (Ac = 1): the case A¢ > 1 is motivated by the idea that signals can arrive at
shorter time intervals than cash flow payments, thus it is not interesting in the case without signals.

The problem then is the determination of conditional regime probabilities:

2-40
P(s = 5[D;)

This problem of determining conditional regime probabilities can be solved recursively similar to

Hamilton (1994), p. 693, and the mathematical details can be found in Appendix Al.1.

General cash flow model

For general cash flow models
2-18
Dy = Di(Dt—list—lth: ei,t)
i=1,..,n
conditional regime probabilities are given by the following recursion:
2-41
210{1:1 f(De|S¢—1 = 61,D¢—1) " Do, 6, 'P(St—l = 91|ﬁ)
51=1f(Dt|5t—1 =vy, D) 'P(St—l = V1|ﬁ)
0,¢{1, ..., K}

P(St = 90|Ht)) =
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where the recursion is started with the initial probabilities

2-42
P(SO = 90|D_1) = P(SO = k)

0ye{1, ...,K}
with conditional density function® of cash flows at time t + 1
2-43
fD¢e|De—1,S¢-1)
If, for example, the affine linear factor model for cash flows, Dy = u(S¢_1) + A(S;_1)fey, is cho-
sen and fe; is assumed to be multivariate standard normal, then f(D¢|S;_1, D¢_1) is the density of a

multivariate normal distribution with mean vector u;_, = u(S;—;) and covariance matrix X;_; =

A(Se-1A(S-)"

Cash flows without lags in levels

For cash flows without lags in levels
2-7
Dy = Di(St—liftJ ei,t)
i=1,..,n
the conditional regime probability will not depend on D;_; and (2-41) simplifies to:
2-44
Sfo1 f(DelSe—1 = 61) - pji - P(Se=1 = 61[De-1)
251:1 fDelSt—1 =v1) - P(St—l = V1|ﬁ)
0y€{1, ...,K}

P(S; = 6o|D;) =

Cash flows without lags in growth rates

For cash flows without lags in growth rates

2-9
Diry1 =D [1+d;(t, fersq)]

conditional regime probabilities can be expressed in terms of dividend growth rates,

Z¥=1 f(delSt-1=61) " pjic - P(St—l = 91|dt—1)

P(S, = 6o|d;) = diy
( t 0| t) 251:1f(dt|5f—1 =v;)" P(St—l = V1|dt—1)

with

2-45

5 D, can have either a continuous or discrete distribution. If the distribution of D, is discrete, f(.].) is to be in-
terpreted as a conditional probability.
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Notational simplification

For most of the analysis, the exact functional for of conditional regime probabilities is not relevant
for the argument and an abstract notation that ignores the details is desirable. To this end, first use a

simplified notation for conditional probabilities

2-46
Tl‘-k,t = P(St = k|Dt)

ke{1, ...,K}

Tt
T =
Tkt

and recall the definition of initial probabilities

2-47

2-14
Mo = P(So = k)
k,je{1, .., K}
and
2-15

1,0
Ty =
Tk,0

Then conditional regime probabilities can be written as follows:

General cash flow model

my = [(mwe_q, De—y, D¢)

where Il is an appropriate function.

2-50
e = N(me—q,dy)

2.3.4.2 Information from Cash Flows and Signals on Regimes

In the case with signals, both the cases A= 1 (cash flows in every period) and A-> 1 (cash flows
every A periods) must be considered. Since conditional regime probabilities for the case A= 1 can
be thought of as a special case of A-> 1, | discuss conditional regime probabilities for the general

case A-= 1 and obtain conditional regime probabilitiesfor A= 1 as a by-product.
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Ar>1
Generally, if Ac= 1, cash flows at a cash flow payment date t(;1) depend on the path of regimes

since the last payment date t() and up to the point of time prior to t(x4q), i.e., on the path

St(k).t(k+1)—1' For that reason, conditional probabilities for regime paths (rather than single regimes)

must be computed (see Appendix Al1.2).

General cash flow model

Consider the general cash flow model
2-23
Ditgrry = Di (Dt(k)'st(k)' ""St(k+1)—1'fet(k+1))
i=1,..,nkeN
Conditional regime path probabilities can be found recursively where two cases have to be distin-

guished:

Case t +.1.= taa): (Ac)-periodic cash flows are paid at .+ 1

In this case, the regime path is degenerate because it consists of one single regime St(k+1)- Hence,

the recursion for regime path probabilities reads

2-51

5 = @0 a5 @O=
p <St(k+1) Dt(k+1) ’ Dt(k+1) ’Sl'gt(k+1)>

= Lo & 1) —~ a _ = (Ag) & (D

P (D tarn Dty »SWtaey |Staen Staot = Staogtr Drgy Dt )
s s T —

taoyt o . ) _ A5 @B 5@ =

PS¢ -1t geany P\ Stot = Stgo.t|Pegy +De 7 S19¢

P (.Y NP ¢ Qe Stasn) = Stasny Stagt = St t

P|D “ D St
taey  Ptarn 2Wtaen p, @ 5 ®
ZK Z 4 ) t(k) YUt ¥
Stike1) Syt

Dt(k) ,D¢ 7, 5194

Be) =~ (1) = J
"Ps y -P[S =S
psf(k+1)‘1'sf(k+1) < taot taot

where ft(kﬂ) is a realization of the regime at time t(x41), t = t(x+1) — 1 is the time immediately be-

fore (A.)-periodic cash flows are paid, ﬁt(l) are cash flows of assets that pay in every period (if such

assets exist), and pgt(k+1)_1’§t(k+1) is the transition probability from regime St(k+1)—1 to regime St(k+1)'

N (YRR 1) —~ o _ A (o) 5 (Y . a1 ”
P(Dt(kﬂ) ’Dt(k+1) ’Sl'gt(k+1) St(k+1)'st(k)rt = Sty Dt(k) , D¢ ) is a form of “likelihood

function that vyields the probability or density of the observable quantities

(Ao w )

’Dt(k+1) 'Slgt(k+1) conditional on the unobservable regimes St(k)_t and St(k+1) and the

D t(k+1)

previous cash flow payments ﬁt(k) (AC), 13t(1); the precise form of this probability/density depends on

the particular signal model.



27

Case t +.1.< tasa):no.(Ac)-periodic cash flows are paid at £+ 1

The recursion for regime path probabilities reads

2-52

Diy Dt ,SLg:

. 0 A @ =
P<St(k),t+1 ¢ >

A

~ (1) ~ 5 A
P(Dt+1 JSlgt+1|St(kt),t+1:Dt )'PS},SHl 'P<St(k),t Dt(kt) De 7, S51g,

@0 A r’)

A @O & s A @ c
Z§t(k),t+1P(Dt+1 :Sl.gt+1|5t(k),t+1:Dt )'p§t,§t+1 'P<5t(k),t

0 A=
Dryy Dt 'Slgf>

The structure of (2-52) is similar to the case t + 1 = t(41) (i.e., (2-51)). Obviously, there are no

(Ac)-periodic cash flows, and all new information comes from signals @t+1 and, if existing, cash

flows of assets that pay in every period, 5t+1(1)

Both (2-51) and (2-52) can be notationally simplified and combined to one single recursion:
2-53
( Iy (T[t(k),t: Dt(l):Dt+1(1):Si.gt+1) t+1<tw+n

_ @) p
ﬂt(k),t+1 ! I ( T[t(k),tr Dt(k) ) D,t
1

) t+1="twe)
@o), Dt(k+1)(1);5lgt(k+1)>

’ Dt(k+1)

where Tt e t+1 is the vector of probabilities for all possible regime paths from time ¢ to time t + 1.

Ac=1

If cash flows are paid in every period, the problem can be solved in one single step (see Appendix

A1.1):
2-54
_ Zlk(=1 P(Dt+1'5igs,t+1|DtrSt+1 =Jj,5 = k) "Prj " Tt
ﬂj,t+1 - K K . _ _
vo=1 Zv1=1 P(Dt+1vSLgS,t+1|Dtv St41 =V0, St = V1) "Pvive Tyt

je{1, ..., K}
where 7+, 1 is the conditional probability of regime j at time ¢t + 1 (conditional on the history of sig-
nals and cash flows up to time t + 1).

The simplified notation for the recursion is
2-55
Ty = ns(ﬂt—LSigs,t: Di_4, Dt)



Yh-1 P(Dt+1v5igS,t+1|St+1 =],5= k) "Prj Tkt

TC: =
Jt+1 K K : — — . .
vo=1 Zv1=1 P(Dt+1vSlgS,t+1|St+1 =V, 5 = V1) Pvivy " Ty,t

je{1, ..., K}
The simplified notation for the recursion is

2-56
Ty = HS(”t—l: Sigs, Dt)

Y1 P(des1, Sigsra|Sesr = 1, Se = k) * Dij " e

T; =
Jt+l K K : — — . .
vo=1 Zvlzl P(dt+1:Sl.gS,t+1|St+1 =V, 5 = V1) Pvive " Tv,it

je{1, ..., K}
The simplified notation for the recursion is

2-57
Ty = Hs(”t—l» Sigs,t dt)
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3 Partial Equilibrium Asset Pricing

Chapter 3 comprises definitions and general results (Section 3.1), results derived in the context of
constant relative risk aversion (CRRA) (Section 3.2), and results that hold for constant absolute risk
aversion (CARA) (Section 3.3).

Within this general structure, Section 3.1 serves two purposes. First, it analyzes what asset pricing
results and economic interpretations can be obtained without having to rely on concrete specifica-
tions of utility functions (such as CARA or CRRA) or particular information scenarios (complete or in-
complete information). Second, it allows Section 3.2 and 3.3 to analyze exclusively the particular in-
sights from utility functions, cash flow models, and information scenarios instead of repeating all
pricing results and interpretations of the general section for all combinations of utility functions, cash
flow models, and information scenarios. To illustrate this structuring idea, consider one example. The
derivation of equilibrium asset prices under complete and incomplete information involves technical
steps that are virtually identical. Hence, Section 3.1 develops a general procedure instead of repeat-

ing all these steps in the sections on complete and incomplete information in Sections 3.2 and 3.3.

3.1 Definitions and General Results

3.1.1 Partial Equilibrium and investors’ decision problem

In a dynamic consumption and portfolio selection problem the market for risky assets is in partial
equilibrium if (i) all investors behave optimally at all points in time within the planning horizon and if
(ii) demand for risky assets is equal to the exogenous supply of risky assets. The riskless interest rate
is exogenous and constant at some positive value r; investors may borrow or lend any desired
amount at this rate. In particular, the riskless asset is not assumed to be in zero net supply. Cash
holdings are not regarded as an investment alternative. Moreover, cash flows are specified exoge-
nously and not derived endogenously from optimal production decisions making this economy an ex-
change economy in the sense of Lucas (1978). Since an equilibrium relation is applied to the risky, but
not the exogenous riskless asset, a partial equilibrium as in, e.g., Merton (1973) is obtained.

The time horizon is finite and denoted by T. Cash flows are paid at times t = 0, ..., T; trading
takes place at times t = 0, ..., T — 1. Investors consume at all points of time t = 0, ..., T. The model
ends at time T with the consumption of final wealth.

There is a large number of investors with identical initial wealth, preferences, and information. In
principle, these investors can be aggregated into a single representative investor (this approach is

taken, for example, in Lucas (1978)); however, certain economic aspects of asset pricing in competi-
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tive markets are easier to understand if it is explicitly assumed that there are many investors, a fact
that outweighs the notational and mathematical simplifications resulting from the assumption of a
representative investor.

Formally, a partial equilibrium consists of (i) an exogenously specified riskless interest rate r, (ii) a
price process {P;}o<t<r—1, and (iii) an optimal strategy for each of the identical investors that deter-
mines consumption, portfolio holdings of risky assets and riskless investment, denoted by
{Ce(U)}Yo<t<r, IN:U) Yo<t<r—1.{H: (1) }o<t<T—1 respectively, such that the demand for risky assets by
all investors is equal to the exogenous market supply of risky assets. Equilibrium, in other words,
consists of a price process and an optimal market-clearing portfolio and consumption strategy.6

Optimality then means that the strategy of each of the individual investors must solve the prob-

lem?

3-1
T

1
maxg, u,c.}0st<r-1,cr E <zt—o(1+—,0)t -U(C)

)

subject to the budget constraints

3-2
NP +H, +C, =W, 0<T1<T-1

3-3
CT = WT

where I is information at time 0 (which may be either complete or incomplete) and p denotes a
time preference rate

Wealth at time 7 is defined as

3-4
Woinitial T = 0
Wy =3IN,_"{P,+D}+H,_;-(1+7r) 1<T1<T-1
NT_lTDT + HT—I * (1 + T) T= T

where initial wealth is denoted by W, ™",

Note that there is no price vector Py at time T since the model ends at time T. By defining

3-5

however, the price process can formally be extended to time T allowing a unified definition of wealth

fortimes1 <1t <T-—1andtimet=T:

The formal definition of equilibrium as consisting of a price process and optimal behavior is standard in the
literature of equilibrium asset pricing, see, e.g, Cox/Ingersoll/Ross (1985), p. 371, or Lucas (1978), p. 1432.

Indices referring to investors can be omitted from the description of the optimization problem because all
investors are assumed to be identical.
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Woinitial T= 0
W, =
! {NHT{P, +D}+H, ;-(147r) 1<T<T

This simplifies the notation because the final period (from time 7 =T — 1 to time T) does not
have to be treated separately (unless explicitly desired).

Market clearing means that the demand for risky assets must always be equal to the exogenous
market portfolio (denoted by the vector N),
3-7

ny —
2 Nt(v)(lt) =NVI,
v=1

The assumption of identical investors implies that each investor must hold
3-8

W) 1 =
N (It) = Nt(It) = n_.N Vi
1

v=1,..,n
Although the problem of any investor is completely described by (3-1) subject to the constraints
(3-2) and (3-3), it is convenient (and standard in dynamic consumption and portfolio selection prob-
lems) to transform the problem into an equivalent unconstrained problem where investors choose
risky portfolio holdings and consumption, but determine the riskless investment H, by means of the

budget constraint (3-2). Then the problem of investors reads®

3-9
T

1
maxgy, c.}0sc<r-1,cr E (zt-o(1+—p)t “U(C)

with wealth now given recursively by

)

3-10
Wiy = [We = G- (1 +7)

+N,"{Pry1+Dry1 — (1 +7)- P}

0<7t<T-1
3.1.2 Outline of the Derivation of Partial Equilibrium Asset Prices
3.1.2.1 Approaches to the Determination of Equilibrium Prices
In principle, there are two approaches of determining equilibrium asset prices. The first one pos-

tulates a price process and verifies that the postulated price process corresponds to partial equilibri-

um by solving the associated problem of investors (i.e., (3-9) and (3-10)). The second one derives as-

8 One should bear in mind that there is an implicit decision on the riskless investment — the riskless invest-
ment is chosen to balance the budget.
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set prices recursively (rather than postulating and verifying them). Although the first approach has
the advantage of mathematical simplicity, it does not reveal much economic intuition about why a
given price process should correspond to partial equilibrium. It will, therefore, be more helpful for
the understanding of asset pricing if asset prices are derived rather than postulated and verified. For
that reason, the verification approach is only used in the appendix to formally ensure the validity of
the argument. In the text part, however, the economic intuition behind the derivation of equilibrium
pricing and its economic interpretation are in the center of attention.

The derivation of equilibrium asset prices is confronted with the following problem. On the one
hand, equilibrium prices result from aggregated optimal individual decisions. On the other hand, in-
dividual investors make optimal consumption and portfolio decisions based on market prices. This
means, the asset prices to be determined are at the same time input to and outcome of individual
decisions. Based on the solution procedures found in the literature (e.g., Merton (1973) and Breeden
(1979)), the following four-step procedure is used to cope with this difficulty.

(i) A class of models for the dynamics of asset prices and cash flows is exogenously specified.
Thereby, it is implied that the equilibrium asset price dynamics that is yet to be determined be-
longs to this class of models.

(ii) Investors take optimal decisions based on the model specified in step i and derive that way the
demand function.

(iii) Equilibrium asset prices are derived by aggregating individual optimal decisions in equilibrium.

(iv) A consistency check is performed to prove that the class of models specified in step i is indeed
consistent with the actual equilibrium asset prices obtained in step iii.

To illustrate this four-step procedure by means of an example, consider the well-known model of
Merton (1973). In this paper he assumes (Section 3) that stocks follow a diffusion process with sto-
chastic drift and volatility parameters (= class of models, step i of the four-step procedure). He then
(Section 5) derives investors’ optimal decisions thereby generating the demand function (step ii). Ag-
gregating demand in equilibrium (Section 8) leads to an equilibrium drift of the stocks to be valued
(step iii) and the verification that the equilibrium asset price dynamics is indeed consistent with the

assumed class of stock price models (step iv).
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3.1.2.2 Step 1: Class of Models for Equilibrium Asset Prices and Cash Flows

3.1.2.2.1 Class of Models for Equilibrium Asset Prices

No-arbitrage ensures that asset prices are discounted future cash flows,

3-11

T—-t 1
Pt - Z‘L’=1m ) E(qt,t+r ' Dt+r|lt)

Any reasonable class of models for equilibrium asset prices must, therefore, be compatible with
the discounting approach (3-11). Within this general structure of equilibrium asset prices, the trans-
lation of information I; into equilibrium asset prices is of particular importance. The central idea here
is that not all available information is truly relevant for pricing as can be inferred from Grossman
(1976) and Feldman (2007).° In other words, the desired class of models consists of restrictions on
the dynamics of information relevant to pricing within the general structure of discounting future
cash flows.

To be able to specify the class of models, it must be clarified what is meant by information rele-
vant to pricing. Before attempting a general characterization, the idea of information relevant to
pricing is illustrated by means of an example: consider the case of complete information where in-
formation frequency is equal to cash flow frequency. The current regime will certainly be information
relevant to pricing because it captures the conditional distribution of future cash flows and asset
prices are discounted future cash flows. By contrast, past regimes will be irrelevant information be-
cause regimes follow a Markov chain and all investors need to know to characterize the conditional
distribution of cash flows is the current regime.

On a more general level, the problem of finding information relevant to pricing amounts to identi-
fying a limited number of variables which describe asset prices at time t. Since this section concen-
trates on information relevant to pricing, the fact that asset prices are discounted cash flows is sup-

pressed and the original asset pricing relation (3-11) is rewritten in the abbreviated form

3-12
P = Ptl(lt)

where PtI(.) is an appropriate function that relates asset prices to information.

Note that the function Ptl(.) comprises future prices, cash flows, discount factors, and infor-

mation.

9 The idea that not all information is relevant to pricing, was developed first by Grossman (1976) In an asym-
metric information setting. Feldman (2007) offers an overview and clarification of this idea in an incomplete
information setting. In Section 1.2, he discusses the re-representation of incomplete information economies
through a finite number of moments which capture relevant information.
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Identifying information relevant to pricing then is tantamount to finding variables z;? which are

based on less information than I,

3-13
z,P = zP(Iy)

This information relevant to pricing can be categorized into (i) information relevant to pricing all
assets and (ii) information relevant to pricing one asset i. (i) requires more information than (ii) be-
cause information relevant to price all assets must include information relevant to price one asset i.

Information relevant to pricing is, of course, endogenously determined as the result of equilibri-
um processes and, therefore, cannot be specified arbitrarily. Nevertheless, it is possible to formulate

three requirements that z;” must meet:

Sufficiency

Asset prices must be sufficiently described by z.P. Formally,10 sufficiency means that there must
be a function P, (.) that assigns equilibrium asset prices to z;? at all points of time and for all possible

values of I;:
3-14
Pt(th([t)) = Ptl([t)
Vvt =0,..,T—1
In particular, if asset prices at time t + 1 are described by z;,4?, i.e., Pry1 = Pry1(2¢41P), then

equilibrium asset prices at time t must likewise satisfy P, = P;(z;P).

Irreducibility

All elements of z;P must be essential in the sense that the sufficiency condition cannot be met by
a new variable (z;P)" which is obtained by omitting one or several elements from z.P. The irreduci-
bility property formalizes the idea that z;? should only contain information that is relevant to the
pricing of assets.

In addition to these two requirements, z,P should possess the following property for conceptual

simplicity:

Time-Independent Composition and Markov property of z.P

z;:P should at all points of time consist of the same elements. For example, if z;P consists of the

current regime and current cash flows (S;, D;), then z;, 1P should likewise consist of (S;41, D¢t1)-

10 This formalization is based on Bertsekas (2005), p. 252.
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In formalizing these ideas, | assume that z;? follows a (possibly time-dependent) Markov process

3-15
Zgpa? = fz,rp(er:fer)
t=0,..,T—-1

where the noise terms {¢,P} are a vector-valued process which is assumed to consist of independent
random variables.

The idea behind the independence assumption is that z,P should capture all information relevant
to pricing on future realizations z;;1?,..., zzP. If {&;} exhibited some form of dependence, then
knowledge about the history of noise term realizations could possibly help to better predict these fu-

ture values z;,1?,..., z;P relative to a prediction based on z.? alone.

3.1.2.2.2 Class of Cash Flow Models

In addition to the class of models for equilibrium asset prices, a class cash flow model is needed:
asset prices are discounted future cash flows, and without adequate restrictions on cash flows little
can be learned about asset prices. Moreover, investors will formulate their decision problem in terms
of the joint distribution of asset prices and cash flows. Hence, an abstract asset price model alone will
not suffice to derive the demand for assets and, therefore, asset prices.

The specification of a class of cash flow models is developed along the lines of the one for equilib-
rium asset prices: it is assumed that there is a set of variables z,% that describes the state of the cash
flow process at time t as perceived by each of the individual investors, i.e., relevant information from
the perspective of the individual investor. The state of the cash flow process at time t perceived by
each of the individual investors is defined as comprising (i) current cash flows (D;) and (ii) a sufficient
statistic for the distribution of future cash flows (D;,1,.., Dy) conditional on information at time t.

d

Denote by th,o the current cash flow part and by th'+ the sufficient statistic part. Then z;“ can be

written as

3-16
2% = (249, 2,%%)

In contrast to z,?, z,% is not the result of an equilibrium process but exogenous, i.e., input of the
model.
To be able to capture the idea of relevant information regarding cash flows, z,¢ must possess the

following five properties:
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Sufficiency

74 must be sufficient in the sense that it condenses all relevant information available at time t
concerning the state of the cash flow process. Formally,

for the current cash flow part

3-17
Dt = Dt(th'O)

vt=0,..,T
for the sufficient statistic part

3-18
— d,+
Probp,, 1, = PTOth+r|It(Zt oL T)

vt=0,..,T—-1
vr=1,..,T -t
where Probp,, |;, denotes the probability measure of cash flows Dy, conditional on information

available at time t from the perspective of each of the individual investors.

Irreducibility

z,% must not contain any components that can be omitted.

Compatibility with cash flow models defined in (2-18), (2-7), (2-9), and (2-23)

The cash flow model described by th must be general enough to include the various versions of
the cash flow processes defined in the previous chapter, both under complete and incomplete in-

formation, and for information frequencies equal to or higher than cash flow frequencies.

Perspective of Investors

da

The variables z;* must describe the state of the cash flow process from the investors’ point of

view rather than an omniscient observer. If, for example, information is incomplete, then th

cannot
contain the non-observable cash flow regime. Instead, it can only contain information derived from

past signals and cash flows.

Time-Independent Composition and Markov property of z,¢

th should at all points of time consist of the same elements. It is assumed to follow a (possibly

time-dependent) Markov process
3-19
Zr+1d = fz,rd(Zrd:fer)
t=0,..,T—-1
where the noise terms {f,d} are a vector-valued process which is assumed to consist of independent

random variables.
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The rationale for the independence assumption is again that z,% should summarize all infor-

mation available at time 7.
3.1.2.2.3 Joint Dynamics of z,” and z,4

So far z,P and z,% have been modeled isolated of each other. However, since asset prices are dis-
counted future cash flows, there must be a close relation between z.P and th. Hence, the last miss-
ing piece before the desired class of models is completely specified is a model of this relation, i.e., of
the joint dynamics of the information relevant to pricing, z:P, and the state of the cash flow process,
z. 4.

The relation between z,” and z,% is captured by means of a vector-valued process of independent

variables {¢,}.€; contains all components of .7 and frd. Hence, some components of & will affect
both z,P and z,%, whereas others only affect either z,” or z,%.

If z.P and z,¢ are combined into the “state variable” z,,

3-20
z; = (2,7, 2,%)

then it follows that the dynamics of z; is described by a Markov process

3-21
Zr41 = fz,‘r(z‘r' €T+1)

t7=0,..,T—-1
Z; is a sufficient statistic for the joint distribution of asset price and cash flow processes. In partic-
ular, z; completely describes, but is not identical to investors’ investment opportunity set at time t;
investor’s opportunity set, a term introduced by Merton (1973), p. 870, is defined as the conditional

distribution of one-period returns.
3.1.2.3 Step 2: The Optimization Problem of an Individual Investor

Pricing always refers to optimal decisions of each of the identical investors. To find these optimal
decisions, the technique of dynamic programming is applied. In its most abstract form within a con-
sumption and portfolio selection context, the problem of each of the identical investors can be for-

mulated as (see, for example, Bertsekas (2005), Section 5.1)

3-22
1
() = supnc {gr s V(O + EQ e, t + DI

with wealth dynamics (based on (3-10))



38

Wt+1(zt+1p: zP, Zt+1d: Wy; Cy, Nt)
=[W;—C]-(1+7r)+ NtT{Pt+1(Zt+1p) + Dey1(2e41?) — (L +7) - Pe(2P)}

At the individual level, a problem arises which is similar (and closely related) to the problem of
identifying information relevant to pricing in market equilibrium: information relevant to solve (3-22)
will not include all information I; but only a subset. Moreover, the information relevant to solve
(3-22) will not completely coincide with information relevant to pricing in market equilibrium. For ex-
ample, investors need to know their individual wealth to solve (3-22); individual wealth, however, is
negligible at an aggregate level because there aggregate wealth of all investors is needed.

Finding the information relevant to solve (3-22) means that the arguments of the value function
must be found. These arguments can be heuristically identified for time t + 1 (and then inductively

confirmed for time t):

The value function attimet +1,J(.,t + 1)

The value function J(., t + 1) will depend on the time index, investor wealth, and the state varia-

ble z;4q:

3-23
JUep, t +1) = J(Wiiq,Ze4q,t + 1)

To see this, note that J(.,t + 1) is the utility derived from pursuing an optimal policy from time
t + 1 to T based on the starting conditions at time t + 1. Hence investors wealth must clearly be an
argument of the value function because W, determines how much can be consumed and invested
attimest + 1to T, directly at time t + 1 and indirectly as the basis for reinvestment. The success of
reinvestment depends on the conditions at which investment can occur, i.e., the investment oppor-
tunity set, which is completely described by the state variable z;, ;. For that reason, the value func-
tion must be a function of z; 4. Finally, the dependence of the value function on the time index aris-

es from the finite time horizon of the decision problem.

Bellman Equation

Putting the results regarding information relevant to solve (3-22) together, the Bellman equation

(3-22) reads

3-24

JWy, 2, t) = A+

1 —
" SUPN,c {U(C) + 1+p E(J(Wea1 (2641”0 22, 20418 Wi € N), Zeyr €+ 1) |24, Wt)}

where the wealth dynamics is given by
Wt+1(zt+1p: zP, Zt+1d: Wi; Ce, Nt)

=[We—C]-(1+7)+ NtT{Pt+1(Zt+1p) + Dep1(ze41) — (A +71) - Pt(th)}
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Note that the value function for time t 4+ 1 can without loss of generality be written in the form

3-25

JWeir,zerp t +1) = T J(Wei1, Zesr, t + 1)

A +p)tt
Since the value function J(W,1,Z¢41,t + 1) is the derived utility of a risk averse decision maker,

it must meet the usual requirements of such a utility function, i.e., must possess positive marginal

utility of wealth and concavity in wealth. Formally,

3-26

JWii1, 241, t +1) >0

W41

3-27
62

JW,ii,Zpeq, t +1) <0
6Wt+12]( t+1Zt+1 )

Consequently, only first order conditions are needed to find a maximum of (3-24); second order
conditions are redundant because the maximand in the Bellman equation is concave (see Appendix

A2.1).

First order conditions

Optimal values for portfolio holdings and consumption are found by differentiating the Bellman

equation (3-24) with respect to N and C.

3-28
I(w, Z,.4P,2,P, 2 d,W(v);C*(v),N*(V) L Zpaq, t+ 1
E aWt+1]( t+1( t+1 22t 1 Z4t+1 t t t ) t+1 ) Zt:Wt(V) =0,
. {Pt+1(Zt+1p) + Dt+1(zt+1d) -(1+7): Pt(th)}
v=1,..,n
First-order condition for optimal consumption
3-29
, «(V) 14+7r
(e ™) - 1= .
J - NON
E Wl] (Wt+1 (Zt+1prztpvzt+1ert(V); Ce Y , Nt (v))»Zt+1't + 1) Zt, Wt(v))
t+
=0

3.1.2.4 Step 3: Equilibrium Asset Prices

To obtain equilibrium asset prices, three steps must be undertaken. First, prices for each of the
individual investors must be obtained. Second, these prices must be transferred to market equilibri-

um. Third, a final pricing formula must be derived taking equilibrium consumption into account.
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Individual pricing equation

Solving the first-order portfolio conditions of the identical investors (3-28) with respect to asset

prices yields
P
1
1+r
#mj (Wt+1 (Zt+1p»th»Zt+1d' Wt(v)i Ct*(V)'Nt*(V))th+1' t+ 1)
‘E| d

— B . W)
](Wt+1 (Zt+1p»2tp,2t+1d,Wt(v); ¢, '™ N, (V)),ztﬂ,t + 1) ‘Zt» Wt(”)) ze, W™ |

' {Pt+1(zt+1p) + Dt+1(Zt+1d)}

v=1,..,n

£ (o
\ W41

Prices in market equilibrium

Since equilibrium asset prices are of interest in this study and not individual asset prices, the indi-

vidual demand must be aggregated in market equilibrium.

In equilibrium, wealth of each of the identical investors at time t + 1 must be equal to n——th of
1

I — eq . N . .
equilibrium aggregate wealth W, , yielding a relation between equilibrium asset prices at time t

and equilibrium aggregate wealth at time t + 1:
3-30
d /1 — eq
Wm] (— Wir1 Zer t + 1)

ny
P, = ‘E 0 (1 — eq
E 14y E(aWt+1](_. Werr Zept + 1)

w e Zt'Wteq
ny Zo Wt )
: {Pt+1(Zt+1p) + Dt+1(Zt+1d)}

If the process of equilibrium aggregate wealth was observable, i.e., exogenously given, asset pric-

es could readily be derived as, e.g., in the classical CAPM. However, here equilibrium aggregate

— eq
wealth W;,, is endogenous.11

Final pricing formula — no closed-form solution

This endogeneity of WHleq will become clear if the individual wealth dynamics (3-10) is aggre-

gated at equilibrium prices to obtain

3-31
— eq — eq " —T P d P
Wiy = [Wt —n;-Cy ] I+ +N {Pt+1(Zt+1 )+ Dt+1(zt+1 ) —(1+7) Pz )}

where C," is the equilibrium level of consumption chosen by the identical investors.

11 Exogenous here is to be understood as either not a decision variable at time t or not influenced by a decision
variable. On the flipside, endogenous means either decision variable or influenced by a decision variable.
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- . . I — eq I
It is immediately evident that equilibrium aggregate wealth W,,;  depends on equilibrium asset
prices P, and equilibrium consumption of each of the identical investors, C;". Moreover, W;,;  de-
I . . —= eq . o
pends on equilibrium riskless investment H;_; . To see this last dependence, aggregate individual

. _ . — eq
wealth (3-4) at time t to equilibrium wealth at time t, W, :
3-32

_eq

— eq —T
Wt = Ht—l ) (1 + 7‘) +N {Pt(ztp) + Dt(th)}
I . . —= eq .
—The dependence on equilibrium aggregate riskless investment H,_; ~ becomes visible.
Finally, note that equilibrium consumption of each investor C;" is endogenous as well: start with

the first-order condition for optimal consumption (3-29) and observe that all investors in equilibrium

* (V)

. * 1 — eq
choose the same level of consumption, C; = (; and possess wealth Wt+1(") = W1 - Thus
1

equilibrium consumption must satisfy

3-33

U’(C*)—1+r E( J '(1 Wy ! t+1)
)=, aWt+1] Tl1 t+1 o Zt+1

2, W,")
By substituting equilibrium aggregate wealth at time t (3-32) and t + 1 (3-31) into the pricing

equation (3-30) and the condition for equilibrium consumption (3-33), a system of equations is ob-

tained in which P, and C,” are implicit.
3.1.2.5 Step 4: Consistency Conditions

The fourth step identifies conditions under which the class of models for equilibrium asset prices
specified in step i is indeed consistent with the actual equilibrium asset prices obtained in step iii
(Equation (3-32)). This implies checking z;P with respect to sufficiency, irreducibility, and time-
independent composition as well as Markov property (see Section 3.1.2.2.1). | discuss these condi-
tions simultaneously because they are interrelated: finding a set of variables z;? which is sufficient
obviously leads to the question of which elements cannot be omitted and, therefore, the problem of
irreducibility; it will also reveal the composition of z:P which, in turn, makes it possible to examine
the dynamics of z.P and, that way, to check time-independent composition as well as Markov prop-

erty.
3.1.2.5.1 Sufficiency, irreducibility, and time-independent composition

From the system of equations (3-30), (3-31), (3-32), and (3-33) two requirements regarding suffi-

ciency, irreducibility, and time-independent composition of z;? can be deduced. In particular it is
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shown that information relevant to pricing z,? must contain an equilibrium component (first con-

sistency requirement) and a cash flow-based component (second consistency requirement).

Sufficiency: first consistency requirement

Based on the system of equations (3-30),( 3-31), (3-32), and (3-33) that determines in principle as-

. : : — eq
set prices, it becomes clear: asset prices depend on zP, D,k and H,_, , ie., P, =

P, (th,Dtmarket,ﬁt_leq (1 + r)) where where D, ;™€ is the aggregate cash flows paid by all

risky assets in the market portfolio. However, P, = P, (th,Dtm“rket,ﬁt_leq -1+ r)), would imply
that P, # P¢(z;?), i.e., z;P was not sufficient and (3.14) violated. Hence, the first consistency re-

q
) Dtmarket and

quirements demands that the exogenous parts of equilibrium aggregate wealth Wte
ﬁt_leq - (14 ), must be captured by z?, i.e., D,m4"ket = pmarket(; py and ﬁt_leq (1+r)=
ﬁt_leq (z¢P) - (1 + r) so that P, = P;(z,P) (3-14) still holds.
The economic intuition behind this formal argument can be seen from
3-30
#Hlj (nll ' Wt+1eq:zt+1: t+ 1)
Zt,Wteq) Zt'Wteq

Pe=77FE E( 0 7., . t+1
1+n7) aWt+1] (nI t+1 1 Zt+1 )
APes1(Ze1?) + Dy (2641}
(3-30) expresses prices as present values of future cash flows where marginal utility of wealth is

used as (stochastic) discount factor. Hence, the dependence of the discount factor and prices on
equilibrium wealth becomes evident.
Applying the fact that Wteq, D,™ket and ﬁt_leq - exp(r) are already contained in z?, simpli-
fies the pricing equation (3-30) to
3-34
d /1 — eq
Weag! (Tl_1 Wi Zepp t + 1)
P(2) = = "E| E( 0 J(L W, zspt+1
1+7) \ aWt+1](n1 t+1 o Ze+1 )
' {Pt+1(zt+1p) + Dt+1(Zt+1d)}

Zt> Zt

N—

Sufficiency: second consistency requirement

According to pricing equation (3-34), information relevant to pricing reads z;. However, sufficien-
cy requires that z;? is information relevant to pricing and not z; = (ztp,ztd).

The difference between z,? and z, obviously is z,%, i.e., ;¢ = (z,%°,z,%%) (see (3-16)). Hence,
the solution to this problem technically is simply: integrate elements of th into z,P. The question,

however, is: what elements of th must be integrated into z;P, i.e., are information relevant to pric-
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ing? Since P; is the present value of prices and cash flows at time t + 1, a sufficient statistic of the
conditional cash flow distribution must be information relevant to pricing. In other words, z,%* must
be part of z,P. On the other hand, the current cash flow part z,%° does not provide any information
relevant to pricing in addition to th'+ and, hence, is not contained in z;P.

The economic intuition behind this formal argument is straight forward. Prices are expected dis-
counted future cash flows. Hence, information regarding future cash flows must be information rele-
vant to pricing.

One clarification regarding the role of current cash flows is in order. If current cash flows influence
the conditional distribution of future cash flows, e.g., due to an autoregressive structure of cash
flows like Dyyq = D(Dy, Se, feey1), current cash flow will be part of both z,%* (influence on D)
and th,o (cash flow at t). On the other hand, if current cash flows do not influence the conditional
distribution of future cash flows, e.g., due to independent structure of cash flows like D;,; =
D(S;, fer41), current cash flow will not be contained in z,%* (no influence on D;,4) but in z,%° (cash

flow at t).

Irreducibility and time-independent composition

The discussion regarding sufficiency has shown that z:P consists of the exogenous parts of equi-
I — eq
librium aggregate wealth, D,™**¢® and H,_; - (1 + 1), as well as z,%*:
3-35

— eq
th — (Dtmarket’ Ht—l . (1 + T), th,+)

Hence, it is clear that none of these three components can be omitted in general because they are

needed for sufficiency.

Moreover, all three elements will be needed for sufficiency at all points in time. For that reason,

time-independent composition is given.
3.1.2.5.2 Markov property

In order to ensure that the state variable z; follows a Markov process, it must be shown that z; ¢
can be obtained from z; and independent noise terms. The results concerning the composition of z;

and z;, 4 provide a first step to the solution of this problem:
3-36
J— eq
Z, = (Dtmarket, Ht—l . (1 + 7‘), th,+,th,0)

ket 77 ¢4
Zt+1 = (Dt+1mar ¢ (Ze41P) He  (2e44P) - (1 + T).Zt+1d’+:Zt+1d'o)
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74 = (ztd'o,ztd'+) is model input and Markov for the models chosen in this analysis. Nor does

D%t introduce any difficulties: it is a function of z,, D,™*"*¢t = p,MTket(7.@), thus no addi-

tional stochastic elements (which might be non-Markovian) are needed for D,™#"ket,

Therefore, the only element which remains to be checked with respect to the Markov property is
S . . —= eq I . .
equilibrium aggregate riskless investment H,_; . To that end, equilibrium aggregate riskless in-

— eq - - S . . .
vestment H,_; must be made explicit — So far it is only implicitly contained in the budget equation.

In equilibrium, wealth satisfies both

3-37
W @) = Hoey 1 (2?) - (1 + 1) + W PzP) + D74 (2,7)
and
3-38
W @) =H 4y €+ N P2P)

By combining these equations, equilibrium consumption can be expressed through equilibrium
riskless investment:
3-39

. 1 (— eq — eq
C = o {Ht—l (z:?) - (1 + 1) + D,k (z,P) — H, }
I

In a next step plug (3-37), (3-38), and (3-39) into the system that determined equilibrium prices
and consumption (3-30), (3-31), (3-32), and (3-33) to obtain:
3-40
Pi(zP) =
1
1+7)

d
aWt+1 ( [Ht (zP) - (1+7r)+N {Pt+1(Zt+1p) + Dt+1(zt+1 )}] Ziypp t 1)

—_—

1
n_' [Ht @) A+ 1)+ N {Pras Ze41?) + Doy (Zear? )}]> p> z,P
OW ! Zt
\ ”1 Ziy, t+ 1
{Pey1(2417) + Dry1(2641))

( (s ) exp@) + D (2,) -, (27}
1+
1 —

Ja -1
£ <6Wt+1]( n; [Ht (zP)- (1 +1) + N {Pt+1(Zt+1p) + Dt+1(Zt+1 )}] Zepqyt + 1) Z; )

The equation system (3-40) and (3-41) does not permit a closed-form solution for riskless invest-

ment and, hence, a direct analysis of its Markov property. Nevertheless, it provides an abstract char-
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acterization of equilibrium riskless investment and its dynamics that is precise enough to check the

Markov property.
First, observe that ﬁteq is a function of z,P since the equation system (3-40) and (3-41) is parame-
terized by z;P only. Second, (compounded) ﬁteq is an element of z;, P (see (3-36). Combining both

. — eq . . . .
steps, it can be concluded that H; (z:P) = function;(z:P). This is a special case — no noise term —

of
ZiyqP = fz,tp (z?, ft+1p)

— eq N -
Hence, H;  as a deterministic quantity is a (degenerated) Markov process.

3.1.2.6 Dependency of Equilibrium Consumption, of the Value Function, and of Re-

investment Opportunities on z,P

To prepare for the economic interpretation of asset pricing results, the dependency of equilibrium
consumption and the value function J on relevant information must be made explicit and more spe-
cific. So far, however, we know P;(z:P) (see end of Section 3.1.2.3), but only J(W;y1,Z¢41,t +1)
(see (3-23)) and no statement regarding the dependency of equilibrium consumption on z;.

Using the additional details regarding the composition of z;,; elaborated in Section 3.1.2.5, al-

lows improving the specification of equilibrium consumption and the value function.
3.1.2.6.1 Dependency of Equilibrium Consumption on z,?

Equilibrium consumption of each of the identical investors is a function of z,”: to see this, recall
that equilibrium aggregate wealth at time t and equilibrium aggregate riskless investment at time t
are both functions of z;P ((3-37) and Markov property, p. 45, respectively). Solving the equilibrium
aggregate budget equation (3-38) for equilibrium consumption yields
3-42

Ci (zP) = ni, {Wteq(ztp) - ﬁteq(ztp) - NTPt(th)}

The economic intuition behind this result is as follows. The difference between z;P and z; is the

current cash flow part th,o_ However, current cash flow is integrated into current equilibrium wealth

and, hence, already taken into consideration.
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3.1.2.6.2 Dependency of the Value Function on z,”

To prove that the second argument of the value function is z:P rather than z;, inductively assume
that the value function at time t + 1is J(Wy,1, Ze+1P, t + 1). Then the Bellman (3-24) equation reads
](Wtr Ztl t)

U(Ce" (2P W))+;
t t "t 1+P

T a+p)r
E (7 (Wt+1 (Zt+1p:ztp:zt+1d: Wy; C* (2,7, W), N¢™ (2P, Wt)) ZgplP b+ 1) |Zt: Wt) 12
where C."(z:P,W) and N, (z;P, W) are optimal consumption and portfolio holdings of risky assets if
the individual investor possesses wealth W; and if the relevant pricing information is z;P.

Observe, first, that all random elements in the expectation arise from z,,,? and z,,,%. Second,
since information relevant ot pricing is Markov, z;? is all that needs to be known about z,,;?. Third,
Z;+1% contains cash flows at time t + 1 and sufficient statistic for the distribution of future cash
flows (D¢,,,.., Dy) conditional on information at time t + 1. Obviously, current cash flow at time t

cannot influence z;,1%, only z,%* can do it. However, z,%*

is already contained in z:P as the second
consistency requirement (see p. 42) has shown. In other words, z;? is also all that needs to be known
about z,,,¢.

Taking these three aspects together, it is obtained for the left-hand side
3-43

. 1
](thztp' t) = ’ U(Ct (th’ Wt)) +t—

1 +p)t 1+p
E (7 (Wt+1 (Zt+1p:thJZt+1d:Wt; C (2P, W), Nt*(th:Wt))JZt+1pJ t+ 1) |th: Wt)

To see the economic intuition behind the formal argument, proceed as follows. The value function
consists of utility from optimal current consumption and the expected utility of optimal future con-
sumption and reinvestment opportunities. Current cash flows do not provide any additional infor-
mation over wealth concerning optimal consumption at time t. Nor do current cash flows convey in-

formation about future consumption and future reinvestment opportunities. Hence, the value func-

tion cannot depend on current cash flow.
3.1.2.6.3 Dependency of Reinvestment Opportunities on z,”

Reinvestment opportunities at time t consist of prices of risky assets at time t, the riskless interest

rate at time t, and the conditional distributions of future asset prices and cash flows from the per-

1

12 The base case of the assumption is given by the boundary condition J(Wy, zP,T) = J(Wy, T) = @

uWy).
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spective of time t. Prices of risky assets at time t must be a function of z,? (see the definition of z,?
in (3-14)). The riskless interest rate is exogenous. The conditional distribution of future asset prices is
captured by means of z,P because future prices of risky assets at some time t + 7 are functions of
Z: 7P (sufficiency) and the process of information relevant to pricing is Markov. Finally, the second
consistency requirement (see p. 42) demands that the conditional distribution of future cash flows is
described by z:P.

In other words, z;P can be interpreted not only as information relevant to pricing but also as rein-

vestment opportunities at time t.
3.1.3 Economic Interpretation of Asset Prices

The influence of regimes on asset prices under complete and incomplete information and, hence,
the economic interpretation of asset prices, is analyzed with the help of two questions:
(i) How are risky assets priced, both under complete and incomplete information?
(ii) How are risky assets priced relative to the riskless asset, both under complete and incomplete

information?
3.1.3.1 First Question: Economic Interpretation of Stochastic Discount Factors

The reasoning of the preceding sections leads to the following pricing equations for risky assets
3-44
0 -(1 — eq
aWt+1] (Tl_1 Wierr  (ZeaP) 24 P 0+ 1)
' 0 -1 — eq p
L+r ¢ |\E <6Wt+1] (n_l ' Wt+1 (Zt+1p)p Zt+1p, t+ 1) th> Zt /l
) {Pt+1(Zt+1p) + Dt+1(Zt+1d)}

The structure of this pricing equation is identical to the stochastic discount factor approach of as-

Pi(zP) =

set pricing. Therefore, the stochastic discount factor approach will be the basis of the economic anal-
ysis of asset prices and be preferred over the alternative (but equivalent) approaches of pricing by
means of risk-neutralized probabilities or pricing by means of certainty equivalents.

Making the stochastic discount factor explicit, the pricing equation reads
3-45
Pe(2?) = E(qee+1(Ze41” 26P) " {Pev1(Ze1P) + Deg1 (2641} 2e7)

with stochastic discount factor

1 — eq
(_' Werr  (Ze41P) zeedPt + 1)

Qet+1(Ze41P, 2 P) =

N eq
= W1 (Ze41P) 24P 0+ 1)

th)
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Principally, the analysis of the stochastic discount factor in (3-45) can be approached from two dif-
ferent economic angles. The first angle focuses on the risk adjustment nature of the discount factor
by comparing marginal utility to expected marginal utility. The second angle stresses the underlying
intertemporal consumption choice by relating marginal utility of consumption at time t + 1, adjusted

for time preference, to marginal utility of consumption at time t.

3.1.3.1.1 The Stochastic Discount Factor Expressed Through an Adjustment for Risk

Adjustment for Risk Based on the Value Function

From (3-45), it immediately follows that the stochastic discount factor between t and t + 1 con-

sists of two parts: (i) the riskless discounting, exp(—r), and (ii) the adjustment for risk:

3-46

d -/1 — eq
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0 (1 — eq
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The adjustment for risk is based on the value function of each of the individual) investors that in
turn depends on equilibrium wealth of each of the individual investors at time t + 1 and on the rein-
vestment opportunities at time t + 1 (through z;, 1P as the second argument of the value function).
The adjustment for risk can be interpreted as a scarcity indicator (see Wilhelm (1985), p. 16-17 and p.
82). To understand the interpretation of the adjustment for risk as scarcity indicator and the two
channels through which it is affected, consider the effect of equilibrium wealth and the effect of re-
investment opportunities first separated — i.e., while one channel is varied, the other effect is hypo-
thetically held fixed —and then combined:

For given reinvestment opportunities (i.e., by fixing the second argument z,,,? of the value func-

tion), the effect of equilibrium wealth on the discount factor reads as follows. The concavity of the

a
OWryq

value function in W;, ;1 (see (3-27)) assures that jwill be high if wealth is low. If wealth is low

7]
OWryq

7]
OWriq

enough so that j|ztp), the adjustment for risk will exceed unity: risk-averse inves-

]>E(
tors highly value contributions to wealth W, in such states of the world resulting in a discount rate

that is lower than the riskless rate.
. — eq . -, .
For given wealth W;,, , the effect of reinvestment opportunities (through z;,,P) on the dis-

J

a
OWryq

a
OWet1

count factor becomes accessible. If ] is higher than E(

ztp) for some z;,.4?, the dis-

count rate is lower than the riskless interest rate suggesting that reinvestment opportunities will be

. a
bad at time t 4+ 1. By contrast, those states of the world where o
t+1

a -
aWt+1]

] is below E(

th) and
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where the discount rate is above the riskless rate provide good reinvestment opportunities at time
t + 1.
Now the combined effect of wealth and reinvestment opportunities on the adjustment for risk

I — eq . .
can be easily discussed: wealth W;,; = and z;, P together constitute a scarce state of the world if

a
OWeiq

a
OWet1

j(WHleq (Z¢41P), ze 1Pt + 1) is above E ( j|ztp), implying that wealth is comparatively

low and/or z;, 1P leads to poor reinvestment opportunities. By contrast, a state of the world is abun-

a
OWryq

J

dant if j(WHleq(zHlp),thp,t + 1) is below E (amf

t+1

ztp), i.e., wealth is comparatively

high or z;, 1P leads to favorable reinvestment opportunities.

An example might further illustrate the combined effect of wealth and reinvestment opportuni-
ties on the adjustment for risk: consider a state of the world with a secular decline in economic
growth (relative to the status quo at time t) where, as a consequence, forecasted growth rates of

cash flows paid by the market portfolio of risky assets will also be low. Even if a somewhat above av-

erage realization of wealth WHleq is considered, an unfavorable change in reinvestment opportuni-
ties due to a bad realization of z;,,? may considerably overcompensate the, in principle, positive
wealth situation: the multi-period utility as measured by the value functionj decreases more due to
Z;4+1P than it increases due to WHleq. As a consequence, such a state of the world will be scarce;

contributions to future wealth will be welcomed by the decision maker and, hence, be discounted at

a rate which is lower than the riskless rate.

Adjustment for Risk Based on the Marginal Utility of Consumption

The stochastic discount factor in the form (3-45) has the disadvantage that the precise form of the

function J is not known. Hence, it might be promising from an economic perspective to express dis-
counting in terms of the known direct utility function.
This task can be achieved as follows: if the envelope condition is valid for each of the individual

investors,13

W, 1j(Wt+1(V);Zt+1p:t +1)=U' (Ct+1*(w)
+

v=1,..,n
then an equilibrium version of the envelope condition holds,

3-47

0 (1 7 e P P ' * P
aWtH](n_I'WHl (Ze41P), Ze41 Pt + 1) =U (Ct+1 (Ze41 ))

13 It is sufficient for the envelope condition to hold that the optimal controls, consumption and the portfolio
holdings of risky assets, are differentiable with respect to wealth, see Ingersoll (1987), p. 236.



50

and an expression of the stochastic discount factor in terms of the known (direct utility) function

U is obtained:

3-48

Gt,e+1(Ze41Pr 2P) = ! ) UI(CHl*(ZHlp))
' I+r E(U,(Ct+1*(zt+1p))|ztp)

This means that a state of the world can be categorized as scarce or abundant, depending on
whether marginal consumption U’(Ct+1*(zt+1p)) is below or above E(U’(Ct+1*(zt+1p))|zt7’) in
that state.

It should, however, be emphasized that consumption is not exogenously given but endogenously
determined in the optimum of the decision maker. Hence the practical use of the stochastic discount
factor in the form (3-48) is limited and its simplicity deceptive. — It is subject to similar problems as
(3-45): there the value function could not be observed and had to be computed. Here the direct utili-
ty function is known, but its argument consumption cannot be observed and, thus, must be comput-

ed.

3.1.3.1.2 The Stochastic Discount Factor Expressed Through Time Preference and

Relative Marginal Utility of Consumption

Both the version of the stochastic discount factor formulated in terms ofj (3-45) and the direct
utility function U (3-48) focus on the pricing of risky cash flows at time t + 1. However, the underly-
ing nature of intertemporal decisions can be emphasized more clearly if marginal utility of consump-
tion at time t is compared with marginal utility of consumption at time t + 1. Formally, this compari-

son can be achieved when the aggregate versions of the first order consumption condition

th)

3-33°
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and the envelope condition

3-47
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are combined:
- 14r , .
U (Ct (th)) = 1 +p'E(U (Ct+1 (Zt+1p))|th)

Substituting this result into the stochastic discount factor (3-45) leads to
3-49
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(3-49) illustrates that cash flows are especially valuable in those states of the world where mar-
ginal utility of consumption at time t + 1 is high relative to marginal utility of consumption at time t.

The intertemporal nature of the optimal decisions will become even more pronounced if a multi-
period stochastic discount factor is defined. Since the multi-period stochastic discount factor q; (1.1 is

simply the product of neighboring one-period stochastic discount factors,

T
dtt+t = | | dt+v-1,t+v
v=1

the stochastic discount factor in the form (3-49) also easily reveals the desired structure of multi-

period stochastic discount factors,

3-50

_ 1 ) U,(Ct+r*(zt+rp))
T+t U @)

However, both the single- (3-49) and the multi-period stochastic discount factor (3-50) are subject

Qt,t+r(Zt+rp:th)

to the same limitations as the stochastic discount factor in the form (3-48): optimal consumption is

not exogenously given but endogenously determined as the result of optimal decisions.
3.1.3.2 Second Question: Equilibrium Risk Premia

To analyze how risky assets are priced relative to the riskless asset, the concept of a one-period

risk premium is used. It relates expected values of assets to their compounded prices:

3-51
RP(z,P) = E(Pt+1(Zt+1p) + Dt+1(Zt+1d)|th) — (1 +7)P(zP)

In the context of risk premia, two different aspects are of interest:
(i) How does the co-movement of payoffs and adjustment for risk influence risk premia as a whole?

(ii) Are there particular states that contribute exceptionally to risk premia?
3.1.3.2.1 Risk Premia Expressed Through Covariances with the Adjustment for Risk

To address the first aspect, risk premia are expressed through covariances with the adjustment
for risk. Using the identity
cov(X,Y)=EX-Y)—-EX)-E(Y)
in combination with the pricing equation (3-45), yields as risk premium formulation

3-52
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Three different signs of the risk premium (3-52) can occur for any asset i, depending on the sign

of the covariance of P; ;1 + D; +4+1 with the adjustment for risk (3-46)
3-53
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The risk premium of asset i will be positive if the covariance between P; ., + D; 14 and adjust-
ment for risk is negative, zero if the covariance between P; ;11 + D; ¢4 and adjustment for risk is ze-
ro, and negative if the covariance between P; ., 1 + D; ;4 and adjustment for risk is positive (see, for
example, Cochrane (2005), p. 13). To understand the economic logic behind this mathematical result,
consider each of these three cases in more detail: (i) a negative correlation between P; ;14 + D; 41
and adjustment for risk implies that realizations of cash flow and asset prices are mostly high when
needed least, i.e., when each of the individual investors is already well off. For that reason,
P;t11 + Di¢4q is, loosely speaking, discounted heavily in most states, resulting in a low asset price
P;+ and, as a consequence, a positive risk premium. In other words, such an asset is regarded as
worse than the riskless asset calling for a compensation in the form of a positive risk premium. (ii) if
P; t+1 + D; ¢4+ is uncorrelated with the adjustment for risk, cash flows and asset prices are discount-
ed at the riskless rate, implying a zero risk premium. Although P; ;1 + D; 1 is stochastic, there is no
systematic relationship with the adjustment for risk implying that the stochastic discount rate is
sometimes higher and sometimes lower than the riskless rate, but on average the same. Hence such
an asset is regarded as equally good as the riskless asset and no compensation is required. (iii) if
P; t11 + D; ¢4 is positively correlated with the adjustment for risk, asset i provides high values of
P;¢t+1 + D;¢+1 When needed most, i.e., in scarce states of the world. The discount rate is in most
states lower than the riskless rate, resulting in a relatively high price P; ; and, consequently, a nega-
tive risk premium. Consequently, such an asset is regarded as better than the riskless asset and a

negative compensation arises — investors are willing to pay a premium to acquire such an asset.
3.1.3.2.2 The Contributions of Individual States to Risk Premia

To better understand why it is desirable from an economic perspective to know whether there are
particular states that contribute exceptionally to risk premia, consider an example. Assume that a re-
cession might occur with low equilibrium aggregate wealth and bad reinvestment opportunities. It is
interesting to know which assets are hit most by this recession and, hence, demand a high risk pre-

mium.
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Addressing a such question calls for a representation of risk premia that, similar to the stochastic
discount factor representation of asset prices, shows how asset prices and cash flows in a particular
state z;,1 (in the sense of 3-20) contribute to risk premia. To achieve this desired interpretation,
proceed as follows.

After plugging the price equation (3-45) into the definition of the risk premium (3-52), it is ob-
tained
3-54

RPy(2,7) = E(Pr41(2e41") + Deg1(2e417)|2:P)
—E ((1 + 1) qee1(Zer1P, 2P) {Pt+1(zt+1p) + Dt+1(Zt+1d)}|th)

As the risk-neutralized conditional probability (or density) equals the product of empirical condi-
tional probability (or density) and adjustment for risk (see Cochrane (2005), p. 51) the risk premia can
be written as the difference of expectations of payoffs with respect to the empirical and the risk-

neutralized measures:
3-55

RP(2,7) = E(Pr41(2e41") + D1 (2641%)|27) = Ern(Pes1(2e41?) + Deya (2e41%)|2:7)
where E,.,, is the expectation taken with respect to the risk-neutralized conditional probability (densi-
ty).

The risk-neutralized conditional probability (density) will be compared to its empirical counterpart

. . . . Jd = T . .
(i) larger if a bad state occurs, i.e. is above E (W]t+1|ztp), (ii) identical to if a neutral

27
T OWpyq” EHL t+1

. . Jd = . .
state occurs, i.e. is equal to E(—]t+1|ztp), (iii) smaller if a good state occurs, i.e.,
1

a —_
’ 3Wt+1]tJr1 OWr4

is below E (#mjtﬂktp)' Therefore, positive payoffs Py (zr417) + Der1(2e41%) (i) in

s Jen
bad states decrease the risk premium the more, the higher the probability of this state and the high-
er the payoff is; (ii) have no effect on the risk premium in neutral states; (iii) in good states increase
the risk premium the more, the higher the probability of this state and the higher the payoff is.
Coming back to our motivating example, it becomes clear: assets that are subject to a recession,

i.e., a bad state, will demand a high risk premium if they offer low payoffs in these states and theses

states have high conditional probability (density).
3.1.4 Impossibility of a Closed-Form Solution

Although the discussion in the preceding sub-section sheds some light on asset prices and risk
premia on a general and abstract level, it does not allow to derive asset prices in closed form, i.e., to
finalize the pricing task: clearly, equilibrium asset prices are only implicitly given by (3-30), (3-31),

(3-32), and (3-33). This motivates the analysis of particular combinations of utility functions (first
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specification) and state variables (second specification). State variables comprise combinations of
cash flow models and information scenarios, for example, general state variable (no restriction on
cash flow models and information scenarios), general cash flow model under complete information,

or cash flows without lags in levels under incomplete information.
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3.2 Constant Relative Risk Aversion

As a first specification to the general problem consider the case of constant relative risk aversion

and general state variable. Each of the individual investors then solves the optimization problem

)

39
T

1
maxg, c,}0st<t-1,cr E <Zt—0(1+—p)t “U(Cp)

with utility function

cr
Uu(c,) =
€ =1=
O<y,y+#1

and with wealth dynamics (3-10),
W-r+1(Z-r+1p' z.P, Z-r+1dr W; Cr, Nr)
=W, -C]-1+1r)+ NrT{P-r+1(Zr+1p) + Dr+1(Z-r+1d) -1+ 'Pr(er)}
To find a solution to the optimization problem of the CRRA-investor, start with the period be-
tween time T — 1 and T, i.e., a one-period model. There, the boundary condition implies that the

value function at time T coincides with the direct utility function and takes the form

— Tl_y
](WT,ZTP,T) = 1-— %
The system of equations to determine equilibrium asset prices and consumption reads:
3-56 ,
1 — eqy”
Prqg = : E {n_I o —} 'DT(ZTd) Zr—1P
147 E ({%'WTW} Y ‘ZT_llJ)
1
3-57 ,
{Cr_1"}77 = i :; E <{nl1 _Teq} ZT—1p> =0

with

W = [Wrs™ =y Gt A+ )+ W {Dp(2%) — (L +7) - Ppy)

e

J— q —T — eq
Wiy =N Pr_y+Dr ™ (z0_P) + Hr_y  (z7-1P)- (1 +7)
The system of equation defined by (3-56) and (3-57) does not even have a closed-form solution

fortime t = T — 1 because, e.g., C;_;" appears on both sides of (3-57) and on the right-hand side of

— eq, . . . . .
(3-57) (as a part of W ) in a non-linear way. These non-linear equations might be solvable by nu-
merical methods if cash flow model and utility function are specified. However, this does not gener-
ate as much insight as a closed-form solution. As a consequence, CRRA preferences are not further

analyzed in the partial equilibrium framework.
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3.3 Constant Absolute Risk Aversion
3.3.1 Solution for General Cash flow Models and Information Scenarios

3.3.1.1 The Optimization Problem of Investors with CARA Preferences

As an alternative first specification to the general problem consider the case of constant absolute
(CARA) risk aversion and general state variable. Then each of the individual investors solves the prob-

lem

39
T

1
maxgy, c,}0st<t-1,cr E (Zt—0(1+—p)t “U(Cp)

)

with utility function
U(Cy) = —exp(—a - Cy)
a>0

and with wealth dynamics (3-10),
W1 (Z‘L'+1p' Z‘L'p' Z‘r+1d' W; Cr, N‘L’)

= [VML' - C‘r] ' (1 + T') + N‘L'T{PT+1(Z‘L'+1p) + D‘L’+1(Z‘L'+1d) - (1 + T) 'PT(Z‘rp)}
The system of equations to determine equilibrium asset prices and consumption (3-30), (3-31),
(3-32), and (3-33) now admits an explicit solution: it is shown in Appendix A2.2 that the value func-

tion of each of the identical investors who solves the problem (3-9) is of the form

JWii1,2e4,Pt+ 1) = T J(Wei1, Zesn Pt + 1)

1
(1+p)t*
3-58

JWei1,Ze 1Pt + 1) = —exp(—=@piq - Wes1) - Meg1 (Zesr?)
where a;, 4 is a positive constant and m; 4 is a function that takes strictly positive values for all pos-

sible realizations of the variable z;, P (for the details regarding the formalization of a;,, and m;,4,

see again Appendix A2.2):

3-59
Arp1 >0

3-60
Mep1(Ze41P) > 0Vz 4y

In particular, attimet 4+ 1 =T, it is obtained

3-61

3-62
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To see how m;,; captures the influence of reinvestment opportunities z;,,” on the value func-
tion J, observe that a low value of m,,; corresponds to realizations of z,,,? that lead to favorable
reinvestment opportunities. The reason for this is as follows: a high value ofj is tantamount to high

derived utility over the remaining time horizon. But the negative sign of J (3-58) and the positive sign
of m;,4 (3-60) together imply that the value function will take high values whenever m; 4 is low. On
the flipside, realizations of z;, ;P that lead to poor reinvestment opportunities result in high values of
m;,1. Note that at time T, there is no reinvestment and, therefore, my simplifies to one (see (3-62)),

i.e., is neutral.

3.3.1.2 Equilibrium Asset Prices

Plugging the form of the value function under CARA preferences into the abstract pricing equation

3-44
0 (1 — e
aWt+1] (Tl_1 Wierr  (ZeaP) ze4dP 0+ 1)
P) = ' 0 -r1 — eq p
Pt(Zt ) 1 +r E |\E (aWt+1] (n—I . Wt‘l‘l (Zt+1p)’ Zt+1p’ t+ 1) th) Zt /l
) {Pt+1(Zt+1p) + Dt+1(Zt+1d)}
with

Wt+1eq(zt+1p) = [Wteq(ztp) —n;: Ct*(th)] (1+7)

+ NT{Pt+1(Zt+1p) + Dpy1(2e41%) — (L +1) - Pe(2P)}
yields for equilibrium asset prices:
3-63
Pe(2?) = E(qee+1(Ze41” 26P) " {Per1(Ze41P) + Deg1 (2641} 2e7)
with
Ge,e+1(Zes1P, 2eP)

1 ket ket
1 exp (_at+1 " Dy ™ (241 P) + Vi M (Zt+1p)}) “Mey1(Ze417)

= 1 . 1
tr E (exp (_at+1 n_I {Dt+1market(zt+1p) + Vt+1market(zt+1p)}) 'mt+1(zt+1p)|th)

market

where Dy 41 is the aggregate cash flows paid by all risky assets in the market portfolio

ket —
Dt+1mar ¢ (Zze41P) =N Dt+1(Zt+1d)

market

and where V4 is the aggregate value of the market portfolio of risky assets

—T
ket —
Veer " (2e41P) =N Priq(Ze41P)
Compared to the general pricing formula (3-44), asset prices under CARA preferences possess two
important additional properties: a closed-form solution becomes possible and information relevant

to pricing z;P is simplified in that it consists of th'+ only.
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To understand this result, observe, first, that the stochastic discount factor at time t (3-63) does

. market 77 €4 -7 €4 -
no longer depend on any of the quantities D, ,H.—1 ,and H; . The stochastic discount fac-
tor at time t (3-63) consists of two components: a reinvestment opportunities-related and a wealth-

related part. The reinvestment opportunities-related part m;,;(z;;17)1* is not a function of
— eq —eq . . .
p,market . ., and H,y = as is shown in Appendix A2.3. The wealth-related part only depends on

the contribution made at time t+ 1 by risky assets as inspection of (3-63) shows, i.e., ni
1

Dyp™ke (2,,,P) and ni, Vg ™k (7,1 P) are the sole arguments of the wealth-related part.

As a direct consequence of this independence, the closed-form solution becomes possible. Since
ﬁteq @P)-1+nr) = [Wteq (z:P) —ny - C (zP) — Pt(ztp)] ~exp(r), P; entered the right hand
side of the pricing equation and caused the circularity problem in the general case (3-44). However,

this problem disappear with the independence of ﬁteq.

Second, it still remains to be shown that information relevant to pricing z.P simplifies to z,%*. Re-
call that in the general model
3-64

7P = (Dtmarket;ﬁt—leq : exP(T);th'Jr)

holds.

The problem behind this is as follows. Since prices are not only functions of the stochastic dis-
count factor but also of next-period asset prices and cash flows, a characterization of the stochastic
discount factor alone does not suffice. However, simple inductive reasoning (see Appendix A2.3)
shows that if prices at time t + 1 depend on relevant information Zt+1d’+ only, then prices at time t
will likewise only depend on th'+, thus establishing the assertion.

The economic intuition behind this result lies in the fact that investors with CARA preferences
choose risky investment independently of their respective total wealth and just based on the assets’
prices and cash flows (see, e.g., Hakansson (1970), p. 602)). Hence, demand for risky assets is inde-
pendent of total wealth; moreover, supply is exogenous. For that reason, market clearing asset prices

cannot depend on total wealth, but just on the assets’ prices and cash flows in equilibrium.

14 m,41(2¢41) is given by a recursion which can be found in the Appendix A2.3.
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3.3.1.3 Equilibrium Risk Premia

Plugging the now known form of the value function J into the alternative risk premium formaliza-
tion (3-52) yields,

3-65
RP(z,P)

1 ket ket
exp (_Oft+1 ‘n, {Dt+1mar C(2p1P) + Ve (Zt+1p)}) Mey1(Ze41?)

- _ 1 ket ket p
oVl E (exp (—a’t+1 'n_l'{Dt+1mar ¢ (Ze41P) + Vt+1mar ¢ (Zt+1p)}) ) mt+1(Zt+1p)|th) Ze

s Pri1(ze44P) + Dt+1(Zt+1d)

Compared to the general risk premia formula (3-52), a closed-form solution for risk premia under

CARA preferences can be obtained. The simplification of information relevant to pricing z,? to z,%*

as identified in the context of the price equation (3-63) still holds in the risk premia context.

3.3.2 Equilibrium Asset Prices and Risk Premia for the General Cash Flow Model

under Complete and Incomplete Information

Within the framework of CARA preferences (first specification) the state variable (combinations of
cash flow models and information scenarios, second specification) is specified to address the main
topic of this thesis, namely pricing implications of the information structure (complete or incomplete
information) of the decision maker.

To that end, four constellations are considered: information may either be complete or incom-
plete, and the information frequency may either be equal to or higher than the cash flow frequency

(i.e., Ac=1orA:>1).

3.3.2.1 All Assets Pay Cash Flows in Every Period: Information Frequency = Cash

Flow Frequency

3.3.2.1.1 Cash Flow Model

If information frequency equals cash flow frequency all assets pay cash flows at all point of time t.

Since the cash flow follows the general model, it reads

2-18
Diy1 = D(De, St ferst)
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3.3.2.1.2 Complete Information

3.3.2.1.2.1 Information Relevant to Pricing z,”

Since information relevant to pricing z,” under CARA utility function coincides with z,%*

(see
(3-63) and the following paragraph), z;%* must be specified in the context of the general cash flow
model under complete information.

z.%" reads

3-66
z,"4* = (S, Dy)

cld,* is Markov.

where z;

z:%" has been defined as sufficient statistic for the distribution of future cash flows (D¢41,.., Dr)
conditional on information at time t (see, 3-16). Hence, elements must be identified to describe the
conditional distribution of future cash flows. By the form of the general cash flow model under com-
plete information, these future cash flows are functionally related to both current cash flows and the
(observable) current regime. It follows that z,*®* must at least include S; and D,. However, it can

be argued that z,¢/4*

needs no additional components: the cash flow model does not allow any
time lags greater than one. Moreover, regimes are Markov. Therefore, no cash flows or regimes prior
to time t are of relevance. Finally, factors and residuals fe;, are i.i.d. and, therefore, do not convey

information regarding future cash flows.
3.3.2.1.2.2 Equilibrium Asset Prices

In the special case of complete information, the pricing results for general cash flow models and

information scenarios (3-63) specialize to

3-67
PtCI (S, Dy) = E(Qt,t+1d (St+1, fets1, 56 Dp) - {Pt+1CI(St+1th+1) + Dt+1}|st'Dt)
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with stochastic discount factor

3-68
Qt,t+1CI (St+1, fer41,S6: D)
_ 1
T 147
1
{exp (_Oft+1 n_I {Dt+1market(Dt+1) + Vt+1market(st+1' Dt+1)})}
. M1 (Ser1, Dev1)
1
E ({exp (—Oft+1 n_I {Dt+1market(Dt+1) + Vt+1market(st+1'Dt+1)})} Stth>
M1 (Se+1, Des1)

with

D¢y1 = D(Dy, St fers1)

In the case of complete information, the abstract pricing results for general cash flow models and
information scenarios (3-63) take the following form. There are two sources of risk, regimes S;,, as
well as factors and residuals fe;, ;. Although regimes as well as factors and residuals are modeled
stochastically independent (see (2-17)), they do jointly determine the adjustment for risk through the
reinvestment opportunities-related part m; ;' (S;41,Dr+1) and through the value of the market
portfolio of risky assets V,,,™**¢(S,,1, D;,1). Hence, it can be concluded that both regimes S,

market Vv, market
» Vt+1 ’

as well as factors and residuals fe;,; will, through their effect on D, 4 and

m;+1 ¢! give rise to correlations between asset prices, cash flows and the stochastic discount factor
and, thus, are priced in a risk-adjusted way.

3.3.2.1.2.3 Equilibrium Risk Premia

In the special case of complete information, the result on risk premia for general cash flow models

St, Dt)

and information scenarios (3-65) specializes to
3-69
AfRCI(5t+1:fet+1:5t; Dy)

RPtCI(St, Dt) - _COU<
 Pry1 (St41,Dev1) + Deyq

with
AfRCI (St+1,fet+1,St, D)

1
{exp (_at+1 ) n ) {Dt+1market(Dt+1) + Vt+1market(5t+1: Dt+1)})}
) mt+1d(5t+1: Diy1)
1
E ({exp (_at+1 n_l ) {Dt+1market(Dt+1) + Vt+1market(5t+1: Dt+1)})} S, Dt)
M1 (Se41, Des1)

Diy1 = D(De, St ferst)
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Similar to the price equation, risk premia arise from the two sources of risk, new regime S;,; as
well as factors and residuals fe;, 1, where the pricing effects of both sources of risk cannot be sepa-

rated.
3.3.2.1.3 Incomplete Information

3.3.2.1.3.1 Information Relevant to Pricing z.”

Under incomplete information, CARA preference, and general cash flow model, z;P still coincides

with z,%* and reads

3-70
Zt”’d’+ = (m, D)

where z, %+ is Markov and gt = P(St = s|rgt, E)),s =1, ..., K denotes the conditional regime
probability.

As in the complete information case, elements must be identified to describe the conditional dis-
tribution of future cash flows and, thus, to specify Zt”'d'+. In principle, the conditional distribution of
future cash flows depends on current cash flows D; and the current regime S; as in the complete in-
formation case. However, S; is unobservable in the complete information case and, hence, is re-

placed by current regime probabilities.
3.3.2.1.3.2 Equilibrium Asset Prices

In the special case of incomplete information and CARA utility function, the pricing result for gen-
eral cash flow models and information scenarios (3-63) specializes to

3-71

] K
Pt”(ﬂb Dy) = § Tlst
s=1

) E(Qt,t+1u(nt+1JSt+1:fet+1JSt: e, Dy) - {Pt+1i1(7Tt+1JDt+1) + Dt+1}|5t =S, Ty, Dt)
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with stochastic discount factor
3-72
qt,t+1il (Me+1, Se+1 feev1,Se. e, De)
1
- 1+7r

1
{exp (_at+1 ) n ) {Dt+1market(Dt+1) + Vt+1market(77t+1: Dt+1)})}
. ) mt+1” (Te41,Deg1)
1
YK s E ({exp (_“t+1 n {Dt+1market(Dt+1) + Ve " (41, Dt+1)})}

: mt+1i1 (Te41, Desr)

St =S, T[t, Dt>

with
D1 =D(Dy, Sy, fers)
g1 = (e, D, Diy1, Sigesr)
Sige+1 = Sige+1(St, Str1, fer+1,Me+1)

In the case of incomplete information, the abstract pricing results for general cash flow models
and information scenarios (3-63) take the following form. There are four sources of risk, namely cur-
rent regime S;, factors and residuals fe;,;, the regime at time t + 1 S;, 1, and signal noise 74,1
where S; and S;,; are dependent; fe;y1, St+1, and 141 are independent (see (2-17) and p. 21).
Nevertheless, these sources of risk jointly determine the adjustment for risk and, hence, are priced in
a risk-adjusted way: S, and fe,,; influence the adjustment for risk through D,.,™**¢*(D,,),
Vo ™R (1, Dyyq), and My 1T (Tpr1, Dyyq) by determining Dy (first channel) and, in addition,
through signals and their effect on regime probabilities m;, 1 (second channel). By contrast, S;,; and
Nt4+1 only affect the adjustment for risk through signals (second channel). This implies that in the
special case without signals (i.e., all information comes from cash flows) the adjustment for risk is a

function of S; and fe;,4 only.
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3.3.2.1.3.3 Equilibrium Risk Premia

Under incomplete information, the result on equilibrium risk premia for general cash flow models

¢, Dt>

and information scenarios (3-65) reads:
3-73
il
Ath,t+1l (Me+1:Sew1 f€t41, St e, D)

RPY(r,,D,) = —cov( .
 Pry1" (41, Der) + Dega

with
Ath,t+1lI (M1, St+1 fet41,Se, e, D)
1 D market(D )
exp <_at+1 n { Hr-riarket i
I ‘*th+1 (Te41, Dey1)
) mt+1” (e 41, Dev1)
exp <—0£t 1 l ’ { b market(DHl) })
+
Ys=1TseE L +Vt+1market(ﬂt+1,Dt+1) St = 5,1, Dy
“Mpy1 Y (Ter1, Deyr)
Diy1 = D(De, St ferst)

Tey1 = N, De, Ditq, Sigesr)
Siges1 = Siges1(Se, Stv1s fer41,Me41)

Similar to the price equation, risk premia are determined by the same sources of risk as asset

prices where analogous interaction results hold.

3.3.2.1.3.4 Risk Decomposition and Consequences to Prices and Risk Premia

3.3.2.1.3.4.1 Decomposition of Risky Asset Prices and Cash Flows

So far prices under incomplete information have been derived as a function of all sources of risk
identified in Chapter 2, namely current regime S;, factors and residuals fe;,4, the regime at time
t + 1 S¢y1, and signal noise 14,1. The purpose of this section is to identify the price influence of
these sources of risk where special emphasis is laid on the analysis of the current regime S;.

A closer look at these four sources of risk reveals their different reference to time. Current regime
S; refers to time t in the sense that under incomplete information the true probability law at time ¢t
governing future cash flows and prices is not known. Hence, this type of risk can be called —in a sense
of a rule of thumb — “inter-distribution risk”. For example, t + 1 cash flows are logarithmic normally
distributed with parameters p; and gy in regime; and beta-distributed in regime,.

The other three sources of risk refer to time t + 1 in that they determine the realizations of cash

flows and prices at time t + 1 given the regime at time t. This fact can be characterized by the term
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“intra-distribution risk”. For example, if the “true” cash flow regime at time t is the logarithmic nor-
mal distribution with parameters y; and oy, the other sources of risk draw a realization of future
cash flows based on this particular logarithmic normal distribution.

Based on this distinction between “inter-distribution risk” and “intra-distribution risk”, | separate
the pricing influence of these risks as follows.

As point of departure, | use an approach analogous to the standard literature on factor models
(see, e.g., Ingersoll (1987), p. 166) and separate risky asset prices and cash flows Pt+1” + Dy 44 addi-
tively into an expectation component, E(PHl” + Dt+1|nt, Dt), and a risk component with zero ex-
pectation, Pt+1i1 +Deyq — E(PHl” + Dt+1|nt, Dt).

It seems to be natural to decompose the risk component additively into ”inter- and intra-
distribution risk” as well, i.e.,

Pt+1” +Diyq — E(PHI“ + Dt+1|7rt, Dt) equals “intra-distribution risk” plus “inter-distribution
risk”.

“Intra-distribution risk” in a given regime S; = s can be identified with

Pryr" + Dpyq — E(Pt+1” + Dyy1|Se = 5,7, Dy)
Using this formalization of “intra-distribution risk” in the decomposition of the risk component
leads to
Pesr" + Deyy = E(Pesr™ + Degq|me, De)
= {Pt+1u +Dey1 — E(Pt+1i1 + Dey1|Se = 5,7, D)}
+{E(Pt+1i1 + Dey1|Se = 5,7, D) — E(Pt+1i1 + Dyy1|me, D)}

The second term in brackets must then be “inter-distribution risk”. However, both “inter- and in-
tra-distribution risk” depend on a known regime S; = s and, therefore, more information than the
left-hand side. This in turn means that the desired risk decomposition cannot be implemented.

However, if a similar decomposition where the known regime S; = s is replaced by the random
variable S; is applied instead of this failed approach, a successful (non-additive) risk decomposition

becomes possible:
3-74
Peyr" + Dpyq — E(Pt+1” + Dt+1|7Tt: Dt)

= {Pt+1i1 + Diyq — E(Pt+1u + Dt+1|StJ ¢, Dt)}

Acomb.risk

+{E(Pt+1u + Dey1|Se, e, De) — E(Pt+1i1 + Dyya|me, De)}

Aexp.risk

The second term in brackets on the right-hand side captures the fact that the expectation of asset
prices and cash flows conditional on the regime is unknown if the regime is unobservable. | call this

form of risk “expectation risk”. Continuing the above example of the logarithmic normally distributed
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regimes, “expectation risk” results from the fact that it is not known whether the true expectation
parameter is p, or the expected value of the beta distribution. It does not, however, include the risk
of the unknown standard deviation, g; or the standard deviation of the beta distribution, which
clearly is a part of “inter-distribution risk”.

The first term in brackets on the right-hand side comprises two types of risk: first, even if the true
regime was known, asset prices and cash flows would still be stochastic and deviate from their condi-
tional expectation. Second, the true regime is not known. Therefore, | call this form of risk “combined
risk”. In the example of the logarithmic normally distributed regimes, “combined risk” consists of the
fact that the standard deviation parameter can be o; or the standard deviation of the beta distribu-
tion and, in addition, asset prices and cash flows are still random variables.

Consequently, “inter-distribution risk” manifests itself in the form of “expectation risk” as well as
the second component of “combined risk”. “Intra-distribution risk” consists of the first component of

“combined risk”.
3.3.2.1.3.4.2  Pricing of the Parts of the Decomposition

Applying the stochastic discount factor to each of the three summands on the right-hand side of
Pt+1il + Dt+1 — E(Pt+1i1 + Dt+1|7Tt: Dt) + Aexp.risk + Acomb.risk
leads to a decomposition of asset prices into the prices of three components.
The expectations of asset prices and cash flows conditional on the information relevant to pricing

1, D are simply priced through riskless discounting, i.e.,
3-75

, . 1 ]
E(Qt,t+1” ) E(Pt+1” + Dt+1|7TtJDt)|7TtJ Dt) = 1—_{_7, ) E(Pt+1” + Dt+1|7Tt: Dt)

Pricing “expectation risk” yields (see Appendix A2.4.1.2.1)
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. . 1
E(qt,t+1” . Aexp.nsk|n.t,Dt) —

147

K )
' z 1{7Ts,t — O (s, Dt)} ' E(Pt+1” + Dt+1|St =S,My, Dt)
s=

where 6 (7., D) is a risk-neutralized probability’> of regime s,

15 7o see the interpretation of 05 (1w, D;) as risk-neutralized regime probability, first observe that the K values
Hs_t(nt, D;),s =1, ...,K are non-negative and add to one, and, therefore, can formally be interpreted as re-
gime probabilities. Also observe that 6;,(m;, D;) is obtained from the empirical regime probability mg,
through an adjustment for regime risk; the adjustment for risk equals the compounded stochastic discount
factor.
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3-77
O, ¢ (¢, D)

1
T E <exp (—a’t+1 n {Dt+1market(Dt+1) + Vt+1market(”t+1;Dt+1)})
st .
M1 (Tes1, Desr)
1
exp (—a’t+1 n {Dt+1market(Dt+1) + Vepr ™ (41, Dt+1)})

: mt+1” (7Tt4+1, Dey1)

s=1,..,K

St =S, Dt)
St - SI, Dt)

With this interpretation of 6. (m,, D;) in mind, it becomes clear that the sign of the price of “ex-

Zf’:lns’,t E (

pectation risk” depends on whether the expectation of E(PHI” + Dt+1|5t =5, nt,Dt) with respect
to empirical probabilities is higher or lower than its expectation with respect to the risk-neutralized

probabilities.1® Assets are especially valuable if they provide high conditional expected asset prices

] is above

and high conditional expected cash flows in bad regimes (i.e., where W
t+1

(aw j|ztp)); such assets will provide a hedge against “expectation risk”, and investors will be
t+1

willing to pay for such a hedge. Similarly, “expectation risk” lowers the value of those assets that of-
fer low expected asset prices and cash flows in bad regimes.
Pricing “combined risk”, yields (see the Appendix A2.4.1.2.2)
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s=1

_E(Athconditional (s; Ne+1r Stats fCee1r Ser e Dt) . Acomb.risk S, =s, Dt)

where the “conditional adjustment for risk” relative to regime s is defined by

conditional /
AfR; (S;Me+15Sew1s f €41, Sto T, D)

1 Dt+1market(Dt+1) i
exp| —a - m Teiq, D
_ P( t+1 ", {+Vt+1market(”t+1:Dt+1) t+1" (Tex1, Degr)

Bl 1 Dipy ™€ (Dpyy) ;
E|exp <—a’t 1'_'{ “Mpy1 Y (Tey1, Desr)
< oy Ve " (444, Dity) ¥ ¥ ¥

St =S, Dt)

with
D¢y1 =D(Dy, Sy, fers1)
Tey1 = I(7g, Dy, Dey1, Sige+1)
Sige+1 = Sige+1(Se, Sev1s ferv1,Mer1)

To answer the initial question of this section, namely how “inter-distribution risk” and “intra- dis-

tribution risk” are priced and whether their price effects can be separated, it can be stated: “inter-

16 Note, that this structure is similar (and closely related) to the result on risk premia (3-55).
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distribution risk” is priced via risk-neutralized regime probabilities (., D;) that are elements in
both the prices of “expectation risk” and “combined risk”. “Intra-distribution risk” is priced via a con-

ditional adjustment for risk and only appears in the price of “combined risk”.
3.3.2.1.3.4.3 Decomposition of Risk Premia

The risk premium RPt” (ms, Dy) can likewise be decomposed into two components attributable to

“expectation risk”17 (first term) and “combined risk” (second term):
3-79
il K il
RP," (1, Dy) = 2 1{”s,t - gs,t(”tr Dt)} ) E(Pt+1 + Dt+1|St =S, Ty, Dt)
S=

K .
+ 05,t (1T, De) - Rp,conditional (g, . D,)
s=1

with
RPtconditional (S; ,, Dt)
= _COV(Athconditional(Si Ne+1, St+1 fee+1, St e, D), Acomb'riSklst =S, Dt)
Analogous to the price formulation, “inter-distribution risk” is priced via risk-neutralized regime
probabilities 8;(m;, D;) that are elements in both the prices of “expectation risk” and “combined
risk”. “Intra-distribution risk” is priced via a conditional risk premium and only appears in the part of

the risk premium attributable to “combined risk”.

3.3.2.2 Not All Assets Pay Cash Flows in Every Period: Information Frequency 2

Cash Flow Frequency

3.3.2.2.1 Cash Flow Model

In the more general case where information frequency is higher than or equal to cash flow fre-
quency, there are two groups of assets: assets where information frequency is equal to cash flow
frequency, so-called (1)-periodic assets, and assets where information frequency is greater than cash
flow frequency, so-called (Ac)-periodic assets. Denote by n,(where n; can be zero) and n, . the
number of the respective assets. In addition, the points of time where (A.)-periodic assets pay cash

flows read t(y) = k - Ac, keNy. Although (A¢)-periodic assets pay cash flows only every A periods,

17 Recall from the discussion of general asset pricing results that risk premia are differences of expectations
under empirical and risk-neutralized probability measures.
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trading and information arrival occurs at every point in time t = 0, ...,T — 1. For (1)-periodic assets,
cash flow, information, and trading times coincide.

Since cash flows for both groups of assets follow the general model, they read

For (1)-periodic assets

2-18
Dy, =DW (Dt(l):st:fet+1)

For (A;)-periodic assets

2-23

(Ac) — p(a (Ac)
Depyy 0 =D (D ta Staotasn-1S et(k+1))
3.3.2.2.2 Complete Information

3.3.2.2.2.1 Information Relevant to Pricing z,”

Under complete information, CARA preferences, and general cash flow model where information

frequency is higher than or equal to cash flow frequency, z,? coincides with z,%* and reads
3-80
PRGOS ( et Degey ac) Dt(l))
where St(kt),t is the path of regimes since the last payment date for (A.)-periodic cash flows and

cl,(Ac).d,+

where z; is Markov. t(,) denotes the most recent cash flow payment date of (A¢)-periodic

cash flows from the perspective of time t:

3-81
k; = max{keNy: k- A< t}

As in the simpler case of information frequency equals cash flow frequency, elements must be
identified to describe the conditional distribution of future cash flows and, thus, to specify
ZtCI'(Ac)'d'+. The functional form for (A.)-periodic cash flows implies that future cash flows of this

type depend on the path of regimes St(kT)IT as well as the most recent (A.)-periodic cash flows
Dt(kt)(AC). Future cash flows of the (1)-periodic type depend on the most recent regime S; (which is

included in the path of regimes St(kt),t) and current cash flows Dt(l).
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3.3.2.2.2.2 Equilibrium Asset Prices

In the case of complete information where information frequency is higher than or equal to cash
flow frequency, the pricing result for general cash flow models and information scenarios (3-63) spe-

cializes to two pricing equations, one relating to each group of risky assets:

Prices of (A,)-periodic risky assets
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with
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Prices of (1)-periodic risky assets
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market _ Df+1market(Dt+1(AC)JDt+1(1)) t+1="ta
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Vt+1mar ¢ (St(k),t+1'Dt(k)( C)'Dl'+1( )) t+1+# t(k+1)

My P (St+1,t+1vDt+1(AC)th+1(1)) t+1="tus)

mt"'lCI,(AC) - cL(Ag) (4o (€Y
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(1)-periodic and (A.)-periodic assets possess two different cash flow structures in that (A.)-
periodic assets do not pay cash flows in every point in time. This difference translates into two dif-
ferent price formulas: prices of (A.)-periodic assets are present values of next-period prices only!8
whereas prices of (1)-periodic assets are present values of next-period prices and cash flows.

Both prices, however, are not isolated from each other but are interdependent. In particular, in-
formation relevant to pricing for both groups of assets not only includes the conditional distribution
of cash flows of that particular group: regime and cash flow for the (1)-periodic assets; path of re-
gime and cash flow for the (A.)-periodic assets. Instead, prices of each group also depend on the
conditional distribution of cash flows of the other group. The underlying reason is that aggregates of
cash flows paid by both groups of assets are one major component of the stochastic discount factor
that prices both groups of assets.

In addition, the adjustment for risk for both prices depends on two sources of risk, regimes S;, 4
as well as factors and residuals fe;, . In the generalized case where information frequency is higher

than cash flow frequency S;, 1 can now be interpreted as the stochastic part of the new path St(k),tﬂ

or, if t +1 = tg41), In other words, the source of risk at time t + 1 is not the entire

Staernptrn”
path of regimes but only the next addition to the regime path, i.e., S;.1 which means that both S;,;
and fe;,q are priced in a risk-adjusted way.

Given these identified sources of risk in the case where information frequency is higher than or

equal to cash flow frequency, analogous interaction results hold to the case where information fre-

quency equals cash flow frequency.

3.3.2.2.2.3 Equilibrium Risk Premia

In the case of complete information where information frequency is higher than or equal to cash
flow frequency, the result on equilibrium risk premia for general cash flow models and information

scenarios (3-65) takes the following form:

18 With the exception of time t = t41) — 1.
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Risk premia of (A/)-periodic risky assets

3-84
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Risk premia of (1)-periodic risky assets
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Similar to the price equation, risk premia are determined by the same sources of risk as asset

prices where analogous interaction results hold.

3.3.2.2.3 Incomplete Information

3.3.2.2.3.1 Information Relevant to Pricing z,”

Under complete information, CARA preferences, and general cash flow model where information

frequency is higher than or equal to cash flow frequency, z,? still coincides with z,%* and reads
3-86

iL(Ao)d+ — a0) p. @
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where z; is Markov and where

= - @A) p @
T[t(kt),t (St(kt),t) =P (St(kt),t - st(kt),t Slgt' Dt(kt) 'Dt

denotes conditional regime path probabilities.

As in the complete information case, elements must be identified to describe the conditional dis-
tribution of future cash flows and, thus to specify zt“'(Ac)'d*. In principle, Zt”'(AC)'d'J’ depends on the
path of regimes and the most recent cash flows of both types. However, the path of regimes is not
observable in the complete information case and hence replaced by conditional regime path proba-

bilities.
3.3.2.2.3.2 Equilibrium Asset Prices

In the case of incomplete information where information frequency is higher than or equal to
cash flow frequency, the pricing results for general cash flow models and information scenarios

(3-63) specialize to two pricing equations, one relating to each group of risky assets:

Prices of (A,)-periodic risky assets

3-87
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Prices of (1)-periodic risky assets
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As in the complete information case with information frequency higher than or equal to cash flow
frequency, there are two groups of prices that are interdependent. There are two underlying reasons
for this interdependence: first, and similar to the complete information case, the stochastic discount
factor; second, in addition to the complete information case, an information argument: (1)-periodic
cash flows, together with signals, provide information on the true path of regimes that is relevant to
pricing (A.)- periodic assets.

There are four sources of risk, namely the current regime path St(k)_t, factors and residuals fe;, 1,
the regime at time t + 1 S;;; as the next addition to the regime path, and signal noise 1,1 where

St(k)_t and S;,, are dependent; fe;, 1, St(k)_tﬂ (or,ift + 1 = t41), ), and 444 are inde-

St(k+1)'t(k+1)
pendent (see (2-17) and p. 21). Nevertheless, these sources of risk jointly determine the adjustment
for risk and, hence, are priced in a risk-adjusted way: As in the simpler case where information fre-

qguency equals cash flow frequency, these sources of risk fall into two groups: St(k),t and fe;,q influ-

ence the adjustment for risk both through Dt+1(1) (or, if t + 1=t Dt(kH)(AC) and Dt(kﬂ)(l))

and through signals; S; . and n;,, affect the adjustment for risk only through signals.
3.3.2.2.3.3 Equilibrium Risk Premia

In the case of incomplete information where information frequency is higher than or equal to
cash flow frequency, result on equilibrium risk premia for general cash flow models and information

scenarios (3-65) takes the following form:

Risk premia of (A/)-periodic risky assets
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Risk premia of (1)-periodic risky assets
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Similar to the price equation, risk premia are determined by the same sources of risk as asset

prices where analogous interaction results hold.

3.3.2.2.3.4 Risk Decomposition and Consequences to Prices and Risk Premia

The results on the pricing of “inter-distribution risk” and “intra-distribution risk” generalize with-
out major change to the case where information frequency is higher than or equal to cash flow fre-
quency: regimes merely have to be replaced by paths of regimes. Since the results otherwise parallel
those obtained for the special case of identical information and cash flow frequencies, the details are

only stated in Appendix A2.4.2.
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3.3.2.3 Comparison of Asset Prices and Risk Premia across Information Structures

What can be said about the relationship between asset prices across differing information struc-
tures in a CARA partial equilibrium setting? Specifically two questions are addressed.

(i) Comparison of complete and incomplete information asset prices and risk premia. It could be
argued naively that risk premia under incomplete information are always higher and asset prices
always lower than their complete information counterparts because investors under incomplete
information will demand a compensation for more sources of risk: regimes S;,; as well as fac-
tors and residuals fe;,q in the case of complete information versus four sources of risk in the
incomplete information case (current regime S;, factors and residuals fe;, 1, the regime at time
t +1 S¢41, and signal noise 17;44)

(ii) Effect of signal quality on asset prices and risk premia. To illustrate this question, consider two
scenarios where investors learn much or little from signals about unobservable regimes. How do
these different signals affect asset prices and risk premia?

Both the case where information frequency is equal to cash flow frequency as well as the more
general case where information frequency is higher than or equal to cash flow frequency are dis-

cussed in this section.

3.3.2.3.1 Comparison of Asset Prices and Risk Premia under Complete and Incom-

plete Information

3.3.2.3.1.1 Asset Prices under Complete and Incomplete Information

To see if incomplete information asset prices are lower than the corresponding complete infor-
mation prices and, more generally, to characterize the relationship between complete and incom-
plete information asset prices, it is instructive to consider time t = T — 1 and information frequency
equal to cash flow frequency first. Then the model takes on a static character since there is no price
vector at time T: Stochastic discount factors under complete (3-67) (p. 60) and incomplete (3-72) (p.

63) information simplify in the one-period model to1®

1

1+r
E <exp <—0( . nl . DTmarket(DT)>
1

1
exp <—0( . n_l . DTmarket (DT)>

qr-17(Dr,Sr—1,Dr_1) =

ST—l' DT—1>

market

19 Observe that the value of the market portfolio of risky assets at time T is zero, V; = (0. Moreover, un-

der both complete and incomplete information one has a; = a and m;< = m; =
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1
exp <—0( . n_I . DTmarket (DT)>

17Dy, tp_q, Dr_q) =
QT1,T(T7TT1 T-1) 1+r

1
Z§=1 Tsr-1E <exp <—0( . n_I . DTmarket(DT)>

Sr—1 =5, DT—1>

and incomplete information asset prices are expectations of complete information asset prices

with respect to the risk-neutralized probabilities defined in (3-77) (p. 67):

3-92
. K
PT—llI (Ttr-1,Dr—1) = Zs_les,T—l(nT—erT—l) ) PT—1CI(S» Dr_y)

It follows from (3-92) that incomplete information asset prices can be higher, equal to, or lower
than complete information asset prices: mathematically, this is a simple consequence of the fact that
incomplete information asset prices at time t = T — 1 are convex combinations of complete infor-
mation asset prices (with weights 85 r_; (71, Dr—1),s = 1, ..., K).

To give an economic intuition behind this result, take any asset i and consider a simple two-
regime example with a good and a bad regime in the sense that Pi,T_ch(good, Dr_q) >
Pi,T_ch(bad, Dr_1). Assume that in the complete information case the good regime occurs. In the
incomplete information case, however, the bad regime has a positive probability. Hence,
Pl-,T_ch(good, Dr_1) is too high to induce market clearing under incomplete information and a price
discount from Pi,T_ch(good, Dy_1) becomes necessary. On the flipside, if the bad regime holds in
the complete information case, PL-,T_ld(bad, Dy_1) is too low to induce market clearing: the good
regime might occur and each of the individual investors is willing to pay more than
Pi,T—1CI(bad» Dr_1).

If an arbitrary point in time t is considered and information frequency still equals cash flow fre-
quency, incomplete information asset prices no longer are necessarily expectations of complete in-
formation asset prices. Instead, the results for time T — 1 can be generalized along a slightly differ-

ent line as expectations of “conditional asset prices” with respect to risk-neutralized probabilities:

. K L.
Ptll (¢, Dy) = § 195,t(77t: D) - thndltwnal (s,Dy)
5=

with

Ptconditional (S, Dt)

= E(exp(—r) ) Athconditional(Sti Te41, Dev1, T, D) - {Pt+1u(ﬂt+1:Dt+1) + Dt+1}|5t =S, Dt)

Here p,conditional(c 1) prices “intra-distribution risk” and is based on the conditional adjust-
ment for risk defined in (3-78) (p. 67)

There are two reasons why incomplete information asset prices no longer are risk-neutralized ex-
pectations of complete information prices. First, prices at time t 4+ 1 are defined on a different set of

possible outcomes than under complete information: under complete information, there are only K
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possible next-period prices; under incomplete information, there are as many possible next-period

prices as there are possible conditional regime probability distributions. Second, AfR,c°m4tonal .

der incomplete information differs from its complete information counterpart AthCI (3-68) (p. 61).
The value functions under complete and incomplete information are not the same, leading to differ-
ent marginal contributions to wealth which are at the core of the adjustment for risk.20

Finally, in the generalized case where information frequency is higher than or equal to cash flow
frequency, there cannot be a simple relationship between complete and incomplete information as-
set prices if it does not even hold in the special case of information frequency equal o cash flow fre-

qguency.
3.3.2.3.1.2 Risk Premia under Complete and Incomplete Information

To compare risk premia under complete and incomplete information, start again at time T — 1,

i.e., adapt the risk premia formula

3-79

, K ,
RPtll (¢, Dy) = Z _1{”s,t - gs,t(nt: Dt)} ) E(Pt+1” + Dt+1|5t =S, Ty, Dt)

S
K .
+ Z es,t (”tv Dt) . RPtcondltLonal(s; Ty, Dt)
s=1
to the one-period case where information frequency equals cash flow frequency. First observe
that E(Pt+1“ + Dyy4|Se = 5,7, D) simplifies to E(Dr|Sy—1 = s, Dy_4) because prices at time T are
equal to zero. Second, conditional risk premia RP, ™ol (g r. D,) coincide with complete in-
formation risk premia RPy_;/ (s, Dy_1). The reason is that at time T asset prices are zero and com-

plete and incomplete information value functions are identical and equal to the (direct) utility func-

tion. Hence, it is obtained for the one-period risk premia

3-93
RPT—lll(T[T—lJDT—l)

K
= 2 1{7Ts,T—1 - GS,T—l(”T—l'DT—l)} E(Dr|St—1 = s,D1-1)
S=

K
+ z 195,T—1(7TT—1:DT—1) - RPr_,“"(s,Dr_1)
s=

It follows from (3-93) that incomplete information risk premia can be higher, equal to, or lower

than complete information risk premia: mathematically, this is a simple consequence of the fact that

20 Note that both differences vanish at time T — 1. The first difference disappears because prices at time T
equal zero and, hence, cannot have a different distribution in the complete and incomplete information
case. The second difference does no longer exist since the boundary conditions at time T guarantees that
the value function coincides with the direct utility function for both complete and incomplete information.
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incomplete information risk premia at time t = T — 1 consist of two components. A convex combi-
nation of complete information risk premia (with weights 65r_;(mr_1,D7-1),s =1, ..., K, second
term of (3-93)) and another component that is completely unrelated to complete information risk
premia and can be positive, negative, or zero.

To give an economic intuition behind this result, observe that the first term equals the risk premi-
um due to expectation risk”. Hence, this risk premium is positive if expected cash flows are high
when needed least and negative when needed most (see, p. 67). The economic intuition behind the
second term is similar to the discussion of prices. Consider a simple two-regime example with a good
and a bad regime in the sense that RPi,T_ch(good, Dr_q) < RPi,T_ch(bad, Dy_1). Assume that in
the complete information case the good regime occurs. In the incomplete information case, howev-
er, the bad regime has a positive probability. Hence, RPi,T_ch(good, Dr_4) is too low and
RPL-,T_lc’(bad, Dy_4) too high to cover the incomplete information case.

For that reason, risk premia at an arbitrary point in time t where information frequency equals
cash flow frequency as well as information frequency is higher than or equal to cash flow frequency

do not possess a clear-cut relation.

3.3.2.3.2 Asset Prices and Risk Premia under Differing Signal Qualities

Analyzing how changes in signal quality affect asset prices and risk premia means, it must be clari-
fied what is meant by signal quality. Note that there are two limiting cases regarding signals: A use-
less signal is one that does not alter the conditional regime probabilities, i.e., all information is de-
rived from the history of past cash flows alone. A perfect signal is one that assigns probability one to
the true regime (and zero probability to all other regimes), i.e., a complete information scenario.
Based on these limiting cases, high signal quality is — intuitively - defined as moving closer to the per-
fect signal case and low signal quality as approaching the useless signal case.

Signal quality can influence asset prices and risk premia via two channels, namely (i) dynamics of

the information relevant to pricing, Z.L-” or ZTiI’(AC), and (ii) the functional relation which transforms

this information into prices, the price function, Pt“(.) or Pt”’(v)(. ), ve{l1,Ac}.

Dynamics of the information relevant to pricing under different signal qualities

The first insight concerning information relevant to pricing is that its composition does not itself
depend on the signal quality: it is either given by z,"P (3-70) (p. 62) or Ztil’(AC)’p (3-80) (p. 69) and
the crucial part is either conditional regime probabilities or conditional regime path probabilities.

However, the dynamics of these conditional probabilities depends on signal quality. To see this

point, the relation between signal quality and the dynamics of information relevant to pricing must
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be analyzed. The easiest way of analyzing this relation is to consider limiting cases first and then the
particular information scenario at hand (intermediate case).

In the complete information case where information frequency equals cash flow frequency, the
dynamics of information relevant to pricing can be identified with the transition from (S;, D;) to
(S¢41,De41). Under complete information the dynamics of its two components regime and cash
flows are conditionally independent: conditional on (S;, D;), the randomness of cash flows D, is

entirely due to factors and residuals, as the cash flow model

2-18
Dey1 = D(Dt, St ferrr)

reveals. Moreover, the regime process and the process of factors and residuals have been assumed
to be independent (see (2-17)). In other words, the components regime and cash flow can fluctuate
totally independently of each other, i.e., in particular, a bad regime can coincide with a good cash
flow.

Under the second limiting case incomplete information without signals where information fre-
guency equals cash flow frequency, by contrast, the situation is different: the transition between
times t and t + 1 of information relevant to pricing is entirely due to cash flows D;,; which now
have a double function: cash flows D;,, are a component of information relevant to pricing at time
t + 1 (direct effect) and, in addition, provide new information on the regime process (indirect effect).
Thus, good cash flow must also increase the conditional probability of a good regime. In contrast to
the complete information case, good cash flows and increasing probabilities of bad regimes cannot
occur.

In the intermediate cases where signals are neither perfect nor useless and information frequency
equals cash flow frequency, conditional probabilities depend on both signals and cash flows; the sit-
uation, therefore, is similar to complete information in that there are now two stochastic sources in
the transition of information relevant to pricing. However, conditional probabilities and new cash
flows are stochastically dependent, similar to incomplete information without signals. Continuing the
above example, high cash flows can now coincide with a signal indicating a bad regime. Cash flows
and the signal will have a conflicting effect on conditional regime probabilities: good cash flows will
tend to raise the conditional probabilities of good regimes (or regime paths) whereas the bad signal
will have the opposite effect. Which effect dominates will depend on how high signal quality : if sig-
nal quality is high, updated conditional regime probabilities are mostly determined by the signal; if
signal quality is low, updated conditional regime probabilities mostly depend on cash flows.

These results transfer to the generalized case where information frequency is higher than or
equal to cash flow frequency. Regimes and regime probabilities merely have to be replaced by re-

gime paths and probabilities of regime paths.
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Price and risk premium functions under different signal qualities

Recall that the price function translates given information relevant to pricing into concrete asset
prices by discounting future cash flows. Similarly, a risk premium function can be defined by assign-
ing the associated risk premium to information relevant to pricing. This means, even if information
relevant to pricing is held constant, the price function will, in general, depend on signal quality. Since
the argument for price functions and risk premium functions is exactly the same, | will focus on price
functions and do not explicitly mention risk premia in the following paragraph.

To understand this connection between price function and signal quality intuitively, note that the
price function not only depends on parameters like risk aversion, market portfolio, time preference
rate etc., but also on the parameter signal quality. If one of these parameters is modified, it is clear
that the price function can change. However, a more precise statement regarding the effects of sig-
nal quality on the price function cannot be made. Signal quality enters the price function via distribu-
tion of next period prices and stochastic discount factors. The complex interaction between both
channels cannot be specified further.

More formally, let s and s’ denote two different signal qualities. The dependence of asset prices
on signal quality can be expressed by writing Py (1, D¢; ) and q¢ ¢41 (¢4, De1, e, Dy 8) instead of
the less precise P, (1r;, D;) and Get+1" (Ter1, Degr, e, De). In this notation the asset price under in-

complete information and CARA utility function for general cash flow models (3-71) reads

K
P (my, Dy; ) = z Tt

s=1
*E(qe,e+1 (i1, Desr, e, Di; 8) * (Peyt (M1, Des1s 8) + Dy }|Se = s, De, 1)

To compare the effect of signal qualities s and s’ on asset prices, information relevant to pricing
(my, Dy) is held constant. But although information relevant to pricing is the same,
P; 41 (Tt 41, Desq; 9) is a different random variable than P, ; (7441, D¢y $'). For example, conditional
regime probabilities can be much more volatile under s’ than under s. Moreover, the stochastic dis-
count factor q; 11 (711, Det1, T, Dy; 6') should also differ from qp 11 (711, Det1, e, Dy; 6) because
(i) the stochastic discount factor depends on the signal structure via V™€t (mr,, 1, D11 8) and
(ii) via Mgy 1 (41, Dey1; 9)-

Finally, in the generalized case where information frequency is higher than or equal to cash flow
frequency, price functions can still depend on signal quality via distribution of next period prices and

stochastic discount factors. The exact functional form is even less tractable.

Signal quality and its effect on asset prices and risk premia

In conclusion, it is not possible to give a general answer to the question of this section, namely the

effect of signal quality on prices and risk premia. The effect of signal quality on the dynamics of in-
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formation can be determined analytically, the effect of signal qualities on price and risk premium
functions, however, has proven to be analytically intractable. As a consequence, the total effect of

signal qualities on asset prices and risk premia remains unclear.

3.3.3 Equilibrium Asset Prices and Risk Premia for a Special Cash Flow Model un-

der Complete and Incomplete Information

3.3.3.1 Motivation for the Case to Analyze

In Chapter 2 several special cash flow models, which were from an economic perspective ex ante
interesting, were introduced: cash flows without lags in levels and cash flows without lags in growth
rates. Principally, asset pricing implications of all of these special cases must be derived. However,
not all of these special cases contain insights into pricing that go beyond the pricing results that are
already known for general cash flow models (Section 3.3.2).

For that reason, the pricing implications of only selected special cash flow models are examined.
The selection criterion in this connection is that information relevant to pricing must be simpler than
in the general cash flow model. In other words, merely substituting the special cash flow model into
the pricing formula does not justify its analysis in Section 3.3.3.

Information relevant to pricing reads in the complete information case

3-66
th'd'+ = (S, Dp)

and in the incomplete information case

3-70
2" = (m,, D))

In the case of cash flow models without lags in levels, information relevant to pricing for all assets
simplifies considerably because the regime alone captures all inter-temporal dependencies between
cash flows. By contrast, in the case of cash flows without lags in growth rates, future cash flows still
depend on current cash flows. Therefore, information relevant to pricing for both all assets and one
asset i is still given by (3-66) and (3-70) and cash flows without lags in growth rates do not lead to a
simplification of information relevant to pricing.

The case where information frequency is higher than cash flow frequency is not considered for a
different reason. The discussion for general cash flow models (Section 3.3.2) has already shown that
the single current regime is replaced by a path of regimes in the more general case where infor-
mation frequency is higher than cash flow frequency. Obviously, this will still hold for special cash

flow cases. Thus, it suffices to consider the case with equal information and cash flow frequencies.
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In sum, Section 3.3.3 will consider only cash flow models without lags in levels where information

frequency equals cash flow frequency.
3.3.3.2 Cash Flow Models without Lags in Levels

Cash flow models without lags in levels read by definition
2-7
Dey1 = D(Se, fers1)
In addition, a special functional form of D(.), an affine linear factor model, is specified

2-8

m
Dij1 = pie + z . Qije* fierr T bt €ipv, i =1,.m
]:

The problem is to analyze how the specific economic properties of cash flow models (2-7) and
(2-8) translate into asset prices and risk premia. To that end, the asset pricing implications of the
more general model D(S;, fe;41) are discussed in a first step before the implications of the affine
linear factor model are analyzed in a second step. This procedure has the double advantage of being
not as restrictive as assuming the affine linear cash flow model from the outset and, at the same
time, of making clear which asset pricing implications hinge on the assumption of the affine linear

factor model and which results hold more generally for models of the type D(S¢, fer41)-

3.3.3.2.1 Complete Information

3.3.3.2.1.1 Information Relevant to Pricing z,”

Under complete information, CARA preferences, and cash flow model without lags z;? still coin-

da,+

cides with z,**. Furthermore, z,%* simplifies to

3-94
Ztcl,p — ZtCI'd'+ — (St)

The reason is that future cash flows are no longer functionally related to current cash flows, im-
plying that the conditional distribution of future cash flows is completely described by the current

regime.
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3.3.3.2.1.2 Equilibrium Asset Prices

Cash flows without lags in levels: no additional restrictions on the functional form of D(.)

If cash flow models belong to the subclass of this section, CARA equilibrium asset prices under

complete information and general cash flow model (3-63) simplify to

3-95
PtCI(St) = E(Qt,t+1d(5t+1:fet+1:St) : {Pt+1CI(St+1) + Dt+1}|5t)

with stochastic discount factor

qt,t+1d (Sev1,fet41,Se)

1
{exp (_at+1 n_l ) {Dt+1market(Dt+1) + Vt+1market(5t+1)})}

_ 1 . M1 (Sea1)
1
L+r E ({exp (—a’t+1 n_I {Dt+1market(Dt+1) + Vt+1market(5t+1)})} St>
M1 (Se41)

with
Deyq = D(St, fersr)
For cash flow models without lags in levels, the adjustment for risk takes on a special multiplica-
tive form as opposed to the general cash flow model: risks stemming from the two independent sto-
chastic sources, factors and residuals fe;,; and regime S;, 4, are taken into account separately by an

adjustment for factor and residual risk on the one hand and an adjustment for regime risk on the

other hand:
3-96
1
Q41 Sevr, fersr, Se) = i Ath,t+1,fet+1d(fet+1:St) . Ath,St+1CI(St+1:St)
with
1
B exp (—at+1 ‘nr {DpygmeHt (Dt+1)})
Ath,t+1,fet+1 (fet"'l’St) = 1 market
E (exp (—at+1 vl {Dt44 (Dt+1)}) |St)
with
Dey1 = D(St, fers)
and

1
exp <_“t+1 n_I Vt+1market(5t+1)>
) mt+1d (Se41)
1
E exp <—0(t+1 n_l ) Vt+1market(5t+1)> S,

"M y1(Ser1)

The economic reason for this multiplicative separation is that future cash flows over the time

Ath,t+1,st+1CI (St+1,Se) =

horizon from times t + 2 through T are entirely described by the new regime S;,; but do not de-
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pend on cash flows D, ; under cash flow models without lags in levels. Therefore, the reinvestment
opportunities-related part m;,;°(S;+1) and the value of the market portfolio of risky assets
VeyyMOTkEE (S, , 1) are not influenced by factors and residuals fe;. ;. By contrast, new cash flows D, ,
do not depend on the new regime S;, . This admits the separation result. Note that despite this sep-
aration both S;, 1 and fe;, ;1 are still priced in a risk-adjusted way.

This separation of the effects of factors and residuals fe;,; from the effect of the regime S;;1
translates from stochastic discount factors to asset prices: first observe that new prices Py ;' =
Piy1(S41) depend on the new regime only while cash flows are functions of factors and residuals
only, D¢y = D(St, fery1). Together with the structure of the stochastic discount factor, this implies
that the risk in next-period asset prices is taken into account by the adjustment for risk stemming
from the source S;, 1, whereas the rate at which next-period cash flows are discounted is determined

by the adjustment for risk stemming from the source factors and residuals fe;,1:

3-97
1
PtCI(St) = 1—+r ' E(Ath,t+1,st+1CI (St+1:St) ' Pt+1CI (St+1)|5t)
1 cl
+1—+r ) E(Ath,tH,fepr1 (fers1,Se) Dt+1|5t)
with

Dir1 = D(St, ferr1)

Cash flows without lags in levels: affine linear factor model

If it is further assumed that cash flows follow the affine linear factor,

m
Dij1 = pie + z . Aije* fierr T b €ipv, i =1,.m
]:

CARA equilibrium asset prices under complete information and general cash flow model (3-63)

simplify to
3-98
RIS = %—l—r . E(Ath't+1'St+1CI (St+1,St) * Prar (5t+1)|5t)
+ 1_-1}-7" -E(AfRervife,,” (fersr,St) - Deva|St)
with

Diy1 = D(St, fersn)
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where

1 cl _
1+r ) E(I‘lth,tH,fetJr1 (fers1,Se) - Di,t+1|5t) =

m 1
+ Z 1 aij (Se) 1_+r ) E(Ath,t+1,fet+1Cl(fet+1rSt) 'fj,t+1|5t)
]:

Tt ui(Se)

+b;(S¢) 1_41-7" ) E(Ath,t+1,fet+1C1 (fet+1,Se) - ei,t+1|5t)
i=1,..,n
The first term of (3-98) prices Pt+1CI(St+1) and cannot be significantly simplified compared to
(3-97). The second term of (3-98) prices cash flows D, ;. It consists of expected cash flows discount-

. . 1 . . .
ed at the riskless rate (i.e., o u;(S¢)) and compensations for factor risk (second row) and residual

risk (third row). - A compensation for risk consists of the quantity of risk multiplied by the price of

risk.

The quantity of factor j risk of asset i equals a;;(s), the price of factor j risk is Ajf(s)

3-99
Ajf(s) = %—i—r . E(Ath,t+1,fet+1CI(fet+1;St) 'fj,t+1|St = 5)
j=1,..,m

While the quantity component aij(s) is @ known model input, the price per unit of factor j risk,
Ajf(s), is endogenously determined and deserves further analysis. It consists of the interaction be-
tween the adjustment for risk based on factors and residuals on the one hand with factors on the
other hand, i.e., exhibits the usual “covariance structure”. In particular, Ajf(s) can be positive, zero
or negative: factors which, other things equal, move in the same direction as the adjustment for risk
based on factors and residuals have a negative price }Ljf(s).21 Accordingly, factors that are uncorre-
lated with the adjustment for risk based on factors and residuals have a price of zero and factors
which tend to move in the opposite direction of adjustment for risk based on factors and residuals
have a positive price.

Note that the adjustment for risk based on factors and residuals is completely determined by ag-
gregate cash flows paid by the market portfolio of risky assets (3-96) (p. 85). Hence, these results can

be alternatively restated through co-movements of factors with aggregate cash flows.

2170 see this, recall that factors have been assumed to possess zero expectations, hence
1 1
E(Ath,t+1,fet+1c (fer+1,Se) 'fj,t+1|5t) = COV(Ath,HLfeHlC (fet+1'5t)'fj,t+1|5t)-
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The quantity of residual risk of asset i equals b;(s), the price of residual risk is 1;°(s)

3-100

18(s) = ! -E(AfR cl Sp) - S, =
i (s) =1+r ( f tt+1,ferq (fet+1,Se) ei,t+1| t—S)

i=1,..,n

The structure of compensation for residual risk is the same as for the compensation for factor risk.
However, its economic significance is different. By their very nature, residuals are uncorrelated with
other factors and affect cash flows of one single asset. If it is assumed that every asset makes only a
small contribution to aggregate cash flows, residuals should be roughly uncorrelated with aggregate
cash flows. In other words, residuals should approximately have a price of zero.

In sum, the linear price structure in general and, in particular, the negligible price influence of re-
sidual risk when cash flows follow an affine linear factor model parallels the results of linear factor
models of asset prices (see, e.g., Ingersoll (1987), pp. 172). In other words, an affine linear factor-

model of cash flows translates into an affine linear factor model of prices.
3.3.3.2.1.3 Equilibrium Risk Premia

Cash flows without lags in levels: no additional restrictions on the functional form of D(.)

If cash flow models belong to the subclass of this section, CARA complete information risk premia

)

1
{exp (_Oft+1 n_I {Dt+1market(Dt+1) + Vt+1market(5t+1)})}
) mt+1d (Se+1)
1
E <{exp (_Oft+1 n_I {Dt+1market(Dt+1) + Vt+1market(st+1)})} 5t>
“Mey1(Ser1)
Dir1 = D(St, ferr1)

Given the multiplicative structure of the adjustment for risk, risk premia read as follows parallel-

(3-69) specialize to

3-101
Ath,t+1,fet+1CI(fet+1:St)
Pry1'(Sp41) + Deyq

RP.CI(S,) = —cov(

with

Ath,t+1,fet+1CI(fet+1rSt) =

ing the results for asset prices (3-97):

3-102
RP(S) = —cov(AfReri15,,, " (Sev1,Se) Pear” (Se+1)|Se)

- cov(Ath_Hl,femCl(f€t+1,St); Di41|St)

with



89

Dir1 = D(St, ferr1)

Risk premia consist of a covariance between adjustment for risk stemming from the source S;,4
and P;.1'(S¢41) (first term of (3-102)) and a covariance between the adjustment for risk stemming

from the source factors and residuals fe;, 1 and D, (second term of (3-102)).

Cash flows without lags in levels: affine linear factor model

If it is further assumed that cash flows follow the affine linear factor,

Diyq = u(Se) + A(Se) - feesr

CARA equilibrium risk premia under complete information and general cash flow model (3-102)

simplify to
3-103
RPtCI S = _COU(Ath,t+1,St+1CI(St+1JSt)JPt+1CI(St+1)|St)
- COV(Ath,t+1,fet+1d(fet+1:St): Dt+1|5t)
with
Diyr = D(Sp, fersn)
where

_COV(Ath,tH,femd (fet+1,S0), Dijta |St)

1 m f
== ) a0 A )

j=1
1 e
—1—+r'bi(5t)'1i (Se)
i=1,..,n

The first term of (3-103) is the risk premium resulting from Pt+1CI(St+1) and cannot be signifi-
cantly simplified compared to (3-102). The second term of (3-103) is the risk premium resulting from
cash flows D;,1 and consists of compensations for factor risk (second row) and residual risk(third

row).

3.3.3.2.2 Incomplete Information

3.3.3.2.2.1 Information Relevant to Pricing z.”

Under incomplete information, CARA preferences, and cash flow model without lags z;P still coin-

da,+

cides with z,**. Furthermore, z,%* simplifies to:

3-104
Ztll,p — Ztll’d’+ — (T[t)
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The reason is that future cash flows are no longer functionally related to current cash flows, im-
plying that the conditional distribution of future cash flows is completely described by current regime

probabilities.

3.3.3.2.2.2 Equilibrium Asset Prices

Cash flows without lags in levels: no additional restrictions on the functional form of D(.)

If cash flow models belong to the subclass of this section, CARA equilibrium asset prices under in-

complete information and general cash flow model (3-71) simplify to

3-105

, K . .
Pt”(”t) = 2 17Ts,t ) E(qt,t+1ll(nt+1rSt+1'fet+1r5tr ) - {Pt+1ll(”t+1th+1) + Dt+1}|5t = 5)

s=

with stochastic discount factor
il
qt,t+1L (Me+1>Sev1s f€r41, St L)

1
{exp (_Oft+1 n_I {Dt+1market(Dt+1) + Vt+1market(ﬂt+1)})}

= 1 . 'mt+1il(”t+1)
1+r 1 market market
exp|—«a -—-iD D +V, T
YK oo E ({ P( t+1 ', {De+1 .( t+1) T Vera ( t+1)})} S, = s)
"My (Teyq)

with
Dir1 = D(St, ferr1)
Tryq = (g, Deyy, Siges1)?

Siger1 = Siges1(Se)Sev1s fera1,Me41)
For cash flow models without lags in levels, the adjustment for risk is very similar to the general
cash flow model (3-71). In particular and opposed to the complete information case (3-96), the ad-
justment for risk does not possess a multiplicative structure. The reason is that conditional regime

market market il
» Vet and Mm¢4q

probabilities ;4 are a function of cash flows D; 4. Therefore, Dy,
are all functions of D;,4 and stochastically dependent, making a separation impossible. To see the
economic intuition behind this result, recall cash flows D, are an important information source and
contribute to conditional regime probabilities ;.. This leads to stochastic dependence of D;,4 and
T¢r1 (compare intermediate case where signals are neither perfect nor useless, p. 81). In other

words, it is clear that all four sources of risk are priced in a risk-adjusted way.

Cash flows without lags in levels: affine linear factor model

22 Note that the updating of conditional regime probabilities does not depend on current cash flows D, for the
subclass of models under consideration.



91

If it is further assumed that cash flows follow the affine linear factor,

Deyq = p(Se) + A(Se) - fersn
CARA equilibrium asset prices under incomplete information and general cash flow model (3-71)

take the specific form

3-106

, K . ,
Pt”(”t) = lﬂs,t ) E(qt,t+1ll(nt+1vSt+1'fet+1'5tr ) - Pt+1”(”t+1rDt+1)|St = 5)
z :s_

K
+ z 17Ts,t ) E(Qt,t+1”(nt+1:St+1:fet+1:StJ7Tt) ) Dt+1|St = 5)
S:

where

K ) 1 K
Z Tt E(qt,t+1”(nt+1:St+1:fet+1:St: ) Di,t+1|St = 5) = 1+ ) z Tst i (s)
s=1 +r s=1

1 K
D Bl ] (o)

1+7r
m K
+ Z Z O5,t (1) - a;;(s)
j=14—s=1

. E(Athcondltwnal(Si Nes1rSew1s f €41, ) 'fj,t+1|St = S)

K .
+ 2 195_t(1'rt) “b;(s) - E(Athwndltwnal(S; Nes1r Serts f€re1,, ) ei,t+1|St = 5)
s=

i=1,..,n
with the conditional adjustment for risk

ditional
Athcon tona (S; Net1s Sea1s feta1) T0t)

1
{exp (_at+1 n_l ) {Dt+1market(Dt+1) + Vt+1market(ﬂt+1)})}
) mt+1il (Teyq)
1
E (exp (_at+1 n_l ) {Dt+1market(Dt+1) + Vt+1market(ﬂt+1)}) S, = s)

) mt+1” (Tes1)

with
Diyq1 = D(St, fersr)
Tey1 = (T, Dey1, Siges1)
Siger1 = Siges1(Se: See1s fera1,Me41)
and with risk-neutralized regime probabilities
1
E exp (—a’t+1 i {Dt+1market(Dt+1) + Vt+1market(ﬂt+1)})
T[s,t " 1 .
"Meyr" (Teg1)
1
exp (—a’t+1 n {Dt+1market(Dt+1) + Vyy MmOk (7Tt+1)})

) mt+1i1 (Te41)

St = S)
St = S’>

The first term of (3-106) prices Pt+1”(7rt+1) and cannot be significantly simplified compared to

O () =

Z?’:lﬂs’,t ‘E (

(3-105). The second term of (3-106) prices cash flows D;,. It consists of expected cash flows dis-
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. . 1 H " H M 7
counted at the riskless rate (i.e., E-Zle s - 4;(s)) and compensations for “expectation risk

(second row) and combined risk (third and fourth row), where “combined risk” contains factor risk

(third row) and residual risk (fourth row).

Compensation for “expectation risk”

Recall that “expectation” risk captures the fact that the expectation of cash flows conditional on
the regime is unknown if the regime is unobservable. Under the affine linear factor model, the condi-
tional expectation of cash flows is given by 1(S;). Since it is unobservable, it gives rise to “expecta-

tion risk” and a compensation is demanded by each of the individual investors. This compensation

1 . . H “
reads e Z§=1[95,t(nt) — ns,t] - 1; (s). Itis a special case of the general result that the price of “ex-
pectation risk” stems from the difference between risk-neutralized and empirical regime probabili-

ties. Clearly, it does not have a complete information counterpart.

Compensation for “combined risk”

Recall that “combined risk” captures the fact that (i) even if the true regime was known, cash
flows would still be stochastic and deviate from their conditional expectation and (ii) the true regime

is not known. (i) is a form of intra-distribution whereas (ii) is a form of inter-distribution risk.

Generally, factors have zero expectations and, hence, factor risk falls into the category of “com-
bined risk” and not “expectation risk”. Under incomplete information, factor risk contains both an in-
tra-distribution and an inter-distribution component.

The intra-distribution component within regime s possesses the structure quantity of risk multi-
plied by the price of risk:

aij (S) _Ajf,conditional(s’ nt)
with
3-107

. 1 , ..
,cond l —
Ajf conditiona (S, nt) = T . E(AfRLI,constwnal(s; 7Tt+1:7Tt) 'fj,t+1|5t — S)

where a;;(s) denotes the quantity component and Ajf’conditional(s, ;) the price component of fac-
tor j conditional on regime s.

The intra-distribution component of factor risk is, thus, analogous to the complete information
case.

The inter-distribution component stems from the fact that both the quantity and the price com-
ponents are regime-dependent and, therefore, not known. Hence, additional compensation is re-

quired so that the total compensation for factor risk reads:
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K L
D Boam) - ay(s) A s )

S=

Similarly to factor risk, residual risk completely belongs to “combined risk” (not “expectation risk”)
and has an intra-distribution and an inter-distribution component. Its pricing is completely analogous
to factor risk. The intra distribution component in regime s reads:

bi(s) _Aie,conditional (S, ”t)
with
o 1 .
e,conditional _ conditional /., _
A (s,me) = 1+r E(Ath (S M4 Sevrs ferrn,, ) - ei,t+1|St = 5)

The inter-distribution component is reflected by risk-neutralized regime-probabilities. The total com-

pensation required for residual risk, therefore, is

K "
Z Hs,t(n't) . bl-(s) _Aie,condttlonal(s’ nt)
s=

3.3.3.2.2.3 Equilibrium Risk Premia

Cash flows without lags in levels: no additional restrictions on the functional form of D(.)

If cash flow models belong to the subclass of this section, CARA complete information risk premia

)

(3-73) specialize to
3-108 .
AfRLI(St+1:fet+1J77t+1JSt: T¢)

RP,(m,) = —cov( :
Prir” (Tpy1) + Deyq

with

Ath,t+llI(nt+1'St+1rfet+1v )
1 D market D )
R

ket
FVepr " (T11)

Megr " (Ten)
. exp <_at+1 1 { Dey ™% (D) })
Ls=1MstE MU Vg™ (T 40) St =s,m¢
Mgy (Tegr)
D11 =D(Dy, Sy, fers1)
g1 = (g, Deyq, Siges)
Sige+1 = Sige+1(St, Str1, fer+1,Me+1)

Risk premia consists of a covariance between adjustment for risk and Pt+1i1 (¢y1) + Deyq. Simi-

larly to the case of prices (3-105) and opposed to the complete information case, the adjustment for
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risk cannot be separated multiplicatively into an adjustment for risk stemming from the source S;, 1

an adjustment for risk stemming from the source factors and residuals fe; 4.

Cash flows without lags in levels: affine linear factor model

If it is further assumed that cash flows follow the affine linear factor,
Diyq = u(Se) + A(Sp) - fersn
CARA equilibrium risk premia under complete information and general cash flow model (3-108)

take the specific form

3-109
RPt”(T[t) = _COU(Ath,t+1ll(nt+1'St+1'fet+1v”t)r Pt+1ll(”t+1)|”t)

- COU(Ath,t+1” (Me+1, Ser1s ferr1, ), Dt+1|7Tt)

with
Diy1 = D(St, fersr)
Tey1 = (T, Dey1, Siges1)

Siger1 = Sige+1(Se, Sta1s fer 41, Mer1)

where

il
—cov <Ath,t+1L (Me+1,Sev1, fer41,Tt)
Ditsa

)

K
- 2 : 1[”s,t — O ()] pi(s) — (L +71)
S=
" « f,conditional
DD Bslm) ay() A (s,72)
j=1 s=1

K .
ST Y Bl bi(s) 2,5 (o )
S=

The first term of (3-109) is the risk premium resulting from Pt+1CI(St+1) and cannot be signifi-
cantly simplified compared to (3-108). The second term of (3-109) is the risk premium resulting from
cash flows D;,; and consists of compensations for “expectation risk” (second row), factor risk com-

ponent of “combined risk” (third row) and residual risk component of “combined risk” (fourth row).
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4 General Equilibrium Asset Pricing

Chapter 4 comprises definitions and general results (Section 4.1), derives and discusses equilibri-
um asset prices for general cash flow models for a broad class of utility functions (Section 4.2), and
asset prices for special cash flow models (Section 4.3).

Within this general structure, Section 4.1 serves purposes similar to the corresponding partial
equilibrium Section 3.1, namely the definition of the equilibrium concept, as well as the intuitive der-
ivation and interpretation of asset prices within a framework which does not make particular as-
sumptions on the information scenario, the cash flow model or the utility function. In contrast to the
detailed argumentation in Section 3.1, | treat briefly or omit details whenever they would merely re-
peat the reasoning from the partial equilibrium framework; this procedure has the double advantage
of avoiding repetitions and shifting the focus to the differences between partial and general equilib-

rium framework.

4.1 Definitions and General Results

4.1.1 General Equilibrium and investors’ decision problem

In a dynamic consumption and portfolio selection problem the market for risky assets and a one-
period riskless asset will be in general equilibrium if (i) all investors behave optimally at all points in
time within the planning horizon and if (ii) the demand for risky assets and the riskless asset is equal
to the exogenous supply. Cash holdings are not an investment alternative. Moreover, cash flows are
specified exogenously and not derived endogenously from optimal production decisions making this
economy an exchange economy in the sense of Lucas (1978). Since an equilibrium relation is applied
to all (risky and riskless) assets, a general equilibrium as in, e.g., Lucas (1978), is obtained.

Time horizon, investors and information scenarios are as in the partial equilibrium case.

Formally, a general equilibrium consists of (i) a process of the riskless bond price {B;}o<t<r—1, (ii)
a process of risky asset prices {P; }o<¢<7—1, and (iii) an optimal strategy for each of the identical inves-
tors that determines the portfolio of risky assets, the riskless investment and consumption, denoted
by {N:(I)}o<t<r—1, {H:U)Yo<ter—1, {CeU:)Yo<t<T, respectively, such that the demand for risky as-

sets and the riskless asset is equal to the exogenous market supply of these assets.
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Optimality means that the strategy of each of the identical investors must solve the problem

)

4-1
T

1
max{NT,CT},OS‘rST—l,CTE <Zt—0(1+—p)t “U(Cy)

with wealth dynamics

4-2
Wepr = [We = G (1 +7) + N {Pryy + Doys — (1 +7) - B}
0<7<T-1
with
Pr =0,
Initial wealth is denoted by Woi"i““l; all remaining wealth must be consumed at time T
4-3
Cr=Wr

The riskless investment is eliminated as a decision variable and implicitly given by (see the discussion

in Section 3.1, pp. 31)
4-4
NP, +H, +C,=W,0<1<T-1

Market clearing means that the demand for risky assets and the riskless asset are always equal to

the exogenous supply. The exogenous market portfolio of risky assets is denoted by N.

4-5
ny —
2 Nt(v)(lt) =NVI,
v=1

The riskless asset is in zero net supply:
4-6
Ht(V)Ut) =0Vl

v=1

Since investors are identical, the market clearing conditions (4-5) and (4-6) imply that each investor

1 . . . . .
must hold n—-th of the market portfolio of risky assets and does not invest or borrow via the riskless
1

asset:
4-7
W) 1 <
N (1) = Ne(Iy) = n_'NVIt
1
v=1,..,n
4-8

Ht(V)Ut) = Ht(lt) = 0V,

v=1,..,n
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4.1.2 Outline of the Derivation of General Equilibrium Asset Prices

Prices are characterized in the same four steps as in the partial equilibrium context: (i) an abstract
model for the joint behavior of asset prices and cash flows from the point of view of investors is spec-
ified, (ii) the decision problem of investors based on the abstract model is solved, thereby deriving
the demand function, (iii) equilibrium asset prices are obtained as the aggregate result of investor
decisions and (iv) conditions are analyzed under which equilibrium asset prices do indeed belong to

the abstract class of models specified in step (i).

4.1.2.1 Step 1: Class of Models for Equilibrium Asset Prices and Cash Flows

As in the partial equilibrium case, a class of models for the dynamics of asset prices and cash flows

is exogenously specified and investors are assumed to base their decisions on this model.

Class of Models for Equilibrium Asset Prices

Asset prices are a function of information relevant to pricing at time ¢, z,P:
4-9
Pt(th([t)) = Ptl([t)
vVIi,vt=0,..,T—1
In contrast to the complete information case, the price of the riskless bond now also is a function
of z,P:

4-10
Bt(ztp(lt)) = Btl(lt)
VItVt == O, ...,T - 1

Class of Cash Flow Models

The state of the cash flow process at time ¢ is captured by z,¢ and is defined exactly as in the par-
tial equilibrium framework: it consists of (i) current cash flows D,, modeled by a component z,%°,
and (ii) a sufficient statistic for the distribution of future cash flows (D;41,.., Dr) conditional on in-

formation at time t, modeled by th'+:

4-11
2% = (249, 2,%%)

The state of the cash flow process z,% does not differ between partial and general equilibrium:
since cash flow process and signal model are exogenous and the same under both equilibrium

frameworks, only asset prices can be different in partial and general equilibrium.
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Joint Dynamics of z,P and z,¢

Again as in the partial equilibrium case, the joint dynamics of the information relevant to pricing,

z,P, and the state of the cash flow process, z,¢ are governed by a Markov process
4-12

z; = (2,7, 2,%)
with dynamics

4-13
Zt41 = fz,t(Zt' $e+1)

where &;, 1 are vector-valued and independent random variables.

Consistency Conditions

Both information relevant to pricing and the state of the cash flow process must satisfy the same
conditions as under partial equilibrium, in particular they must be sufficient, irreducible, and possess
a time-independent composition as well as the Markov property (for the details, see pp. 34 and pp.

35).

4.1.2.2 Step 2: The Optimization Problem of an Individual Investor

The optimal decision of each of the individual investors at time t is characterized by the Bellman
equation. Based on the insights from the partial equilibrium case, it can be conjectured that the value
function at time t + 1 is a function of individual wealth, the information relevant to pricing z;, 1P and

timet + 1,

4-14
JUpsr1,t +1) = J(Weiq, 24Pt + 1)

Note that (4-14) makes use of the insight from the partial equilibrium case that the second argu-
ment of the value function is only z; 4P rather than the entire state variable z;,;; the corresponding
argument carries over to the general equilibrium case.

The Bellman equation is identical to the partial equilibrium case although the expectation is to be
taken with respect to an underlying distribution of general equilibrium (rather than partial equilibri-
um) asset prices; intuitively, it does not matter to individual investors how the riskless interest rate

observed in the market has been determined.
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4-15

J(Wy, z¢,t) = YL

1
' SupN,C {U(C) + m

' E(j(Wt+1(Zt+1p; 2P, 2414 Wi C, N); Zepq P U+ 1)|Zt: Wt)}
with wealth dynamics (based on (4-2))
Wt+1(Zt+1p:th:Zt+1d)
= [W, —C]- (1 + Tt(th))
+ NtT{Pt+1(Zt+1p) + Dt+1(Zt+1d) - (1 + Tt(th)) : Pt(th)}
Note that the value function for time t 4+ 1 can without loss of generality be written in the form
4-16

1 _
JWei1, Zesr, t +1) = A+t JWip1,Zep1,t + 1)

1+
It is assumed that the functionj is twice partially differentiable with respect to W, 4, increasing in

W, 1 and concave in W, ;.
4.1.2.3 Step 3: Equilibrium Asset Prices

To obtain equilibrium prices of risky assets and the riskless asset, first-order conditions for the
problem of the identical investors are derived and aggregated into equilibrium. The prices of risky as-
sets and the riskless asset can (in this order) be obtained from the first-order conditions for the op-
timal portfolio and optimal consumption. While it is intuitive that equilibrium prices of risky assets
can be obtained from the first-order conditions for optimal portfolio holdings of these assets, it is
perhaps less clear why the price of the riskless asset is obtained from the first-order condition of con-
sumption. The intuitive explanation is that, given individual wealth and portfolio holdings, choosing
consumption is tantamount to choosing the riskless investment because both decision variables are

linked through the budget equation (4-4).
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Individual pricing equation

4-17
Py
B 1
1+ 1:(z:P)
a -
Wiy

. a - * *
E| E (W] (Wt+1 (Zt+1p»th»Zt+1d, w, ™ ¢, (V)»Nt (V)),Zt+1p' t+ 1) |Zt» Wt(v)) Ze, Wy
\ t+1

APes1(Ze41P) + Deya (20417}

(V) *
(Wt+1 (Zt+1p'ztpvzt+1ert(V); Ct Y Nt (v))'zt+1p't + 1)

W) |

4-18

By

_ 1
T 1+ 1:(2P)
Ja - ¥ X
1 'E (Wm] (Wt+1 (Zt+1p:th;Zt+1d:Wt(v)i Ce (V):Nt (V)):Zt+1p;t + 1)
1+ P U’ (Ct*(V))

%WWM)

Prices in market equilibrium

In equilibrium, wealth of each of the identical investors at time t + 1 must be equal to n——th of
1

S — eq . I . .
equilibrium aggregate wealth W, , yielding a relation between equilibrium asset prices at time t

and equilibrium aggregate wealth at time t + 1:

4-19

d -/1 — eq
—. p
1 6Wt+1](n1 Witr ZepVt + 1)
- .E 0 -/1 — eq — eq ,W
1+ 1p(zP) l\E <6Wt+1] (n_I Wi  ZeqPt + 1) ze, Wi ) 26 Wt
' {Pt+1(zt+1p) + Dt+1(Zt+1d)}

Moreover, if C.* denotes equilibrium consumption of each of the identical investors, it is obtained

eq
Pi(z¢) = |

for the price of the riskless bond:

4-20

0 -(1 — eq — eq
1 1 E(Wm](n_l'wtﬂ :Zt+1p:t+1) z, Wy )

1+r(zP) 1+p U'(C,)

Bi(z) =

Final pricing formula — existence of a closed-form solution

. . eq — eq S
To derive a closed-form solution, W,,; , W, ', and C;" must be analyzed. Equilibrium aggregate

wealth is, in principle, as in the partial equilibrium case,

Wt+1eq = NT{Pt+1(Zt+1p) + Dt+1(zt+1d)} + ﬁteq . (1 + Tt(th))
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However, there is now a decisive difference to the partial equilibrium case: the market clearing

condition for the riskless asset (4-6) implies ﬁteq = 0; hence equilibrium aggregate wealth simplifies
to
4-21
Wt+1eq(zt+1) = NT{Pt+1(Zt+1p) + Dt+1(Zt+1d)}

Equilibrium consumption of each the identical investors can be found by observing that aggregat-
ing individual budget equations (4-4) yields
4-22

W @) =N P@P) +m-C

and at the same time Wteq (z;) possesses the same structure as WHleq (zt41) (4-21), i.e.,
— eq —T D d
We (z)) =N {Pt(Zt )+Dt(zt )}
The characteristic result for economies in the style of Lucas (1978) is obtained: in equilibrium,
each investor consumes ni-th of equilibrium aggregate cash flows,
1

4-23

1
Ct* — n_I . Dtmarket(ztd)

with
—T
Dtmarket =N Dt(th)

For that reason, it is obtained

4-24
0 -1 — eq
m] (n—l Wierr  (Ze41), Ze4 Vot + 1)
= . 0 -1 — eq
Pr(z) 1+ r.(zP) El e <—6Wt+1](n_ll Weer  (Ze41) ZeaPrt + 1) ZtJWt(V)) Zt
' {Pt+1(Zt+1p) + Dt+1(Zt+1d)}
4-25
0 -1 — eq
1 1 E <—] (_ Werr (Ze41), 2e4P ot + 1) Zt
B (Z ) _ _ . aI/Vt+1 ny
t(z¢) = =
1+ r:(z/P 1+
t( t ) p Ur <nll_ Dtmarket(ztd)>

. . S — eq
and a closed-form solution becomes possible because equilibrium aggregate wealth W;,; ~ no long-

er depends on quantities that are endogenously determined at time ¢ (i.e., P, ﬁteq or C.").
4.1.3 Step 4: Consistency Conditions
The conditions under which the class of asset prices specified in step (i) is consistent with actual

equilibrium asset prices are derived by reasoning in the same way as in the partial equilibrium case;

the details of the derivation can, therefore, be omitted and it suffices to state results: the overall
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structure of information relevant to pricing is the same as in the general equilibrium case (3-35),, i.e.,

_ — eq - - .
the exogenous parts of equilibrium aggregate wealth W, *, and a sufficient statistic of the condi-
tional cash flow distribution must be information relevant to pricing, Zt‘“.However, there is an im-
portant difference in the composition of the exogenous part of equilibrium aggregate wealth: in the

general equilibrium framework, it merely consists of aggregate cash flows paid by the market portfo-
—T
lio of risky assets, Dtmarket(ztd) = N D.(z,%). By contrast, the contribution of equilibrium aggre-

. . — eq
gate riskless investment H;_; -(1 +rt(ztp)), the second component of exogenous aggregate
wealth under partial equilibrium, is identically equal to zero in the general equilibrium framework
and, thus, drops out.

In conclusion, information relevant to pricing in the general equilibrium framework takes the form

4-26
_ market d,+
z,P = (Dt ) Z¢ )

and

4-27
Z, = (th,th) — (Dtmarket,ztd,+’ztd,0)

market d
D, ,

To check the Markov property of z, z:%* and th,o must be analyzed in more detail.

market d,+
D, » Zt

Since and z,%% are derived from or are parts of the state of the cash flow process

7,4, is is clear that z, will be a Markov process if z,% is a Markov process. This is the case for all cash

flow models considered in this thesis.

4.1.4 Dependency of Equilibrium Wealth, of Equilibrium Consumption, of the

Value Function, and of Reinvestment Opportunities on z,”

In preparation of a detailed analysis of asset prices and stochastic discount factor, it is shown that
the following quantities that will be frequently needed depend on information relevant to pricing

th:

Equilibrium Aggregate Wealth

Since consistency requires that aggregate cash flows paid by the market portfolio of risky assets
are an element of information relevant to pricing, i.e., D,™4"*¢t = p,market(;.p) it follows that

equilibrium aggregate wealth is a function of z;P only and reads
4-28
— eq
W (2:P) = V" (2,P) + D™ (2,P)

—T
where V,M47ket (7 Py = N P,(z,P) is the market value of the portfolio of risky assets.
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Equilibrium Consumption

Equilibrium consumption of each of the identical investors equals n—-th of aggregate cash flows
1

paid by the market portfolio of risky assets D, ™€t (z,P) and, therefore, is a function of z,” only:
4-29
Ce (zP) = l ) Dtmarket(ztp)
ny

Value Function

It has been conjectured in step ii (4-14) (p. 98) that the second argument of the value function of
each of the identical investors at time t + 1 is z;, 1P (rather than the less restrictive z;,). Thus this
conjecture would be inconsistent (and therefore invalid) if it turned out that the second argument of
the value function at time t was z; (or in fact any variable other than z;P); the proof is analogous to
the partial equilibrium case (see p. 46).

Hence, the Bellman equation reads:
4-30
J(We, z,P, t)
1
~(+p)

-{U(C*(zp W))+L
t t vVt 1+,0

E (7 (Wt+1 (Zt+1p:ztp;zt+1d: Wy; Ct™ (2P, W), Nt*(th:Wt))JZt+1pJ t+ 1) |th:Wt)}
where C."(z:P,W,) and N."(z:P, W,) denote optimal consumption and the optimal portfolio of risky

assets.

Reinvestment Opportunities

Recall from the partial equilibrium setting that reinvestment opportunities at time t consist of
prices of risky assets at time t, the riskless interest rate at time t, and the conditional distributions of
future asset prices and cash flows from the perspective of time t. As in the partial equilibrium case,
prices of risky assets and the conditional distribution of future cash flows are functions z,?. In con-
trast to the partial equilibrium case, the one-period riskless interest rate is no longer exogenous;
however, the one-period riskless interest rate is a function of z;:P: the one-period riskless interest

rate is related to the one-period bond price via 1. (z,?) = B,(z,?)™! — 1 (see (4-20)).
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4.1.5 Economic Interpretation of Asset Prices

The pricing of both the riskless asset and of risky assets in general equilibrium needs to be inter-
preted. Since the endogenous riskless interest rate is new compared to the partial equilibrium case, it
requires a detailed analysis. The structure of risky asset prices is parallel to partial equilibrium, but
there are important differences in details, and it is these differences that are of interest in this sec-

tion.
4.1.5.1 The One-Period Riskless Interest Rate

The one-period riskless interest rate is obtained from the price for the one-period riskless bond
(4-25) and reads
431

U’ <l . Dtmarket(ztp)>
n;
-1

re(zP) = (1+p)-

1
E <U' <n_1 ) Dt+1market(zt+1p)> th>

The one-period riskless interest rate consists of a compensation for time preference (represented
by the parameter p) and a component relating to the inter-temporal consumption decision under risk
(see, e.g., Cochrane (2005), p. 11-12). While the compensation for time preference is straightfor-
ward, the second part deserves a closer look. It is an increasing function of the ratio of current mar-
ginal utility of consumption to expected marginal utility of consumption at time t + 1. Hence, the
second part is larger than, identical to or smaller than one depending on whether current marginal
utility of consumption is (in this order) greater to, equal to, or lower than expected marginal utility of
consumption at time t + 1. Consequently, the one-period riskless rate will be higher than, identical

to or lower than the time preference rate. Observe that the interest rate may become negative in

this model if U’ (i . Dtmarket) is sufficiently low relative to E (U’ (ni . Dt+1market) |zt), i.e., if in-
1

ny
vestors expect time t + 1 to be much worse than time t. This is a consequence of the assumption
that investors cannot hold cash: negative interest rates are not possible if investors can costlessly
hold cash since this introduces a riskless investment opportunity with a zero interest rate, ruling out
negative interest rates by arbitrage.
To see the economic mechanism behind the composition of the one-period interest rate, consider
the adjustment process that would occur in the case the one-period riskless interest rate deviated

from the level indicated by (4-31). If the interest rate was below the level indicated by (4-31), inves-

) . . 1
tors would try to choose a level of consumption at time ¢t which exceeds — - D, market (7.7) by bor-
1
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rowing at the riskless rate. However, the riskless asset is in zero net supply and, in addition, investors

1 .
cannot consume more than — Dtmarket(ztz’). Hence there would be an excess supply of the riskless
1

asset and the riskless interest rate would have to rise until investors choose to lower desired con-

sumption to —- D,Maket (7,P), thus eliminating the desire to borrow. If the riskless interest instead
1

exceeded (4-31), the high interest rate would induce investors to reduce consumption below

1 : . .
—~- D, Market (7.7 and to save instead. This would create an excess demand for the riskless asset and
1

the riskless interest rate would have to fall until investors choose to increase desired consumption to

1 o :
—~- D, Market (.Y, thus eliminating the desire to save.
1

4.1.5.2 The Stochastic Discount Factor

4.1.5.2.1 The Stochastic Discount Factor Expressed Through an Adjustment for Risk

Similar to the partial equilibrium case, the core of the stochastic discount factor in general equilib-
rium is the adjustment for risk
4-32

ZiiqP,z;P) = —— - AfR Zer1P, z,P
Aee+1(Ze+1? 2eP) 1+ 1.(2,7) fRet+1(Ze41?, 2P)

with

d =( ed
_9 P P
aWt+1] (Wt+1 (Zt41P), Ze APt + 1)

0 -/— eq
E<6Wt+1](Wt+1 (Zt41P), Ze 4Pt + 1)

AfRir41(2e41P, 2P) =

th)

Using the envelope condition, the adjustment for risk in (4-32) can be re-expressed through mar-

ginal consumption utility

4-33

U’ <nl ) Dt+1market(zt+1p)>
1

Ath,t+1(Zt+1pthp) = 1

E <U' <n_1 ' Dt+1market(zt+1p)> th>

(4-33) is a major difference to the consumption-based adjustment for risk in partial equilibrium

(3-48) (p. 50). Equilibrium consumption is identical to aggregate cash flows per investor, an exoge-
nous quantity which is known. This simple result does not have a partial equilibrium analogue: equi-
librium consumption under partial equilibrium does not have to coincide with aggregate cash flows

per investor.
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4.1.5.2.2 The Stochastic Discount Factor Expressed Through Time Preference and

Relative Marginal Utilities of Consumption

Substituting the price of the riskless bond (4-25) and the adjustment for risk based on marginal

utility of consumption (4-33) into the stochastic discount factor (4-32) yields:

4-34

1
U <_n 'Dt+1mark€t(zt+1p)>
1

1+p U’ (l ) Dtmarket(ztp)>

Gt,e+1(Ze41Pr zP) =
ny
Moreover, (4-34) can be generalized to multi-period stochastic discount factors:
4-35
1
rl 2. market D
1 Y <n, Deyr (Zt+e ))

Qt,e+1(Ze4<P, 2P) = e
(1 + p) U, <l . Dtmarket(ztp)>

ny

The stochastic discount factors (4-34) and (4-35) have three advantages over (4-32): first, they
consist of exogenous consumption, second, they yield the price of the riskless bond (while (4-32) is
based on the one-period riskless rate) and, third, they easily lend themselves to a multi-period ex-

pression of risky asset prices.

4.1.5.3 Equilibrium Risk Premia

The general structure of risk premia is identical to partial equilibrium. However, there are two dif-
ferences. First, there are two channels through which risk premia of assets are formed, (i) through
the riskless interest rate and (ii) through prices of risky assets. Second, the adjustment for risk can be

expressed through exogenous components only.

4.1.6 Conclusion and Consequences to the Further Analysis

The preceding discussion has shown that asset pricing in the general equilibrium framework is in
many respects simpler than under the partial equilibrium framework. Asset prices can be derived in
closed-form for arbitrary utility functions, provided the value functions of the identical investors is
twice continuously differentiable with respect to wealth, concave in wealth, and the (aggregate ver-
sion) of the envelope condition holds. These results have three implications for the further analysis:

(i) the specification of a particular utility function is of less importance in the general equilibrium set-
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ting than in the partial equilibrium case.?3 For that reason, the remainder of the general equilibrium
analysis is structured based on cash flow models rather than utility functions as in the partial equilib-
rium case. (ii) All analyses are based on stochastic discount factors expressed through time prefer-

ence and relative marginal utilities of consumption only, i.e.,

4-36
P(2?) = E(qee+1(Ze41” 26P) " {Pev1 (Ze41P) + Deg1(2e419)}]2e7)
4-37
B (z:P) = E(Qt,t+1(zt+1p:ztp)|ztp)
with
(1 market D
Y n_I'Dt+1 (Z417)
7z p,Z Py = .
qre+1(Ze41?, 2eP) 1+p 11 I
U n "Dy (z:P)
4-38
RP(z,P) = —COU(Ath,t+1(Zt+1p;th);Pt+1(Zt+1p) + Dt+1(zt+1d)|ztp)
with

1
U <n_ : Dt+1market(zt+1p)>
1

1
E<U <n_I'Dt+1market(Zt+1p)> th>

(iii) Additional insights can be obtained by expressing prices of risky assets as (multi-period) dis-

AfRt41(Ze44P,2P) =

counted future cash flows:

4-39

T—t
Py (z,F) = Z _1E (Qt,t+r(zt+rp:ztp) . Dt+T(Zt+Td)|th)

T
with
U’ l D market(z p)
1 n; t+7 t+7

Gt,e+7(Ze4:P, 2P) = .
’ 1+p)F 1
U n_l Dtmarket(ztp)

To distinguish verbally between risky asset prices in the forms (4-36) and (4-39), | refer to (4-36)
as “quasi-static asset prices”2* and to (4-39) as “asset prices as discounted future cash flows”. Alt-
hough asset prices can, in principle, also be expressed as discounted future cash flows under partial
equilibrium, it only permits non-trivial results under general equilibrium because of the simple struc-

ture of stochastic discount factors.

23 Recall that CARA preferences had to be imposed in the partial equilibrium case to obtain tractable results.

24 The terminology “quasi-static” is due to Wilhelm (1983) p. 53, and is motivated by the idea that multi-period
asset prices can be expressed as interdependent one-period asset pricing problems.
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4.2 Equilibrium Asset Prices and Risk Premia for the General Cash Flow

Model under Complete and Incomplete Information

4.2.1 All Assets Pay Cash Flows in Every Period: Information Frequency = Cash

Flow Frequency
4.2.1.1 Complete Information

4.2.1.1.1 Information Relevant to Pricing z,P

For general cash flow models under complete information, information relevant to pricing con-

sists of the pair of the current regime and current cash flows:

4-40
z? = (S, Dy)

To see that (S;, D;) contains all information relevant to pricing, observe that it describes (i) aggre-

market

gate cash flows paid by the market portfolio of risky assets, D, , and (ii) also is a sufficient sta-

market

tistic for the conditional distribution of future cash flows: (i) is evident because D; is the ag-

gregate of D;; the argument to justify (ii) is the same as in the partial equilibrium case (3-66) (p. 60).

4.2.1.1.2 Equilibrium Asset Prices

4.2.1.1.2.1 Quasi Static Asset Prices

In the special case of complete information, the (quasi static) pricing results for general cash flow

models and information scenarios (4-36) and (4-37) specialize to
4-41
PtCI(St: Dy) = E(qt,t+1d(fet+1:5t: D¢) - {Pt+1d(5t+1JDt+1) + Dt+1}|5t: Dt)
4-42
Btd (Se,Dy) = E(qt,t+1CI (fers1, St Dt)lsb Dt)
with stochastic discount factor

4-43

1
u <n_ ’ Dt+1market (Dt+1)>
1

1+p 1
U (n_I . Dtmarket(Dt)>

Qt,t+1d (fet+1, S D) =

with
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Diy1 = D(Dg, Sty fers1)

The pricing equations (4-41) and (4-42) demonstrate how the two sources of risk under complete
information, namely (i) regimes S;,1 and (ii) factors and residuals fe;,, are priced. Since the pricing
of risk in general depends on the relationship of asset prices and cash flows to the stochastic dis-
count factor - and in particular on the covariance with the stochastic discount factor -, it appears
promising to examine if and how the effects of sources of risk S;,; and fe;,; on asset prices and
cash flows tend to introduce covariances with the stochastic discount factor. Such an analysis is facili-
tated in the general equilibrium framework of this chapter by the fact that the stochastic discount
factor is known to be determined by aggregate cash flows D, ™* ¢t The question of how the re-
gime S;,4 and factors and residuals fe;, 1 tend to induce covariances between asset prices and cash
flows with the stochastic discount factor then amounts to analyzing how these sources of risk jointly
determine asset prices and cash flows as well as aggregate cash flows.

Formally, asset prices and cash flows can be thought of as consisting of two components, (i) a part

market and (i) a remaining part that captures all

that is “explained” by aggregate cash flows D;,
other stochastic influences that are not due to D,,, ™ *¢t. More precisely, part (i) is the expectation
of asset prices and cash flows conditional on Dy, ;™**¢*(D,,,), S; and D, and part (ii) equals the

fluctuation around this expectation:

4-44
Pey1“'(Se41,Des1) + Doy = E (Pt+1CI(St+1:Dt+1) + Dt+1|StJDt: Dt+1market(Dt+1)) + Apyq
part (l) part (ll)
with
Ap41=Pey1 + Dpyy — E (Pt+1d + Dt+1|StJ Dy, Dt+1mark€t(Dt+1))
and

D¢y1 = DDy, St ferr1)

There are two important aspects about A;, ¢, both of which can be established by virtue of the
tower property of conditional expectations. First, A;,; has a zero expectation conditional on infor-
mation relevant to pricing S, D;:

E(At411Se, Dy) = 0%
Second, A;41 is uncorrelated?® with the stochastic discount factor conditional on information rel-

evant to pricing S, D;. Both properties of A, imply that it is not priced: it is uncorrelated with the

25 This follows from the following equation:
E(Be411Se, Do) = E (E (Besa|Ser Des Dot ™™ (De11) ) |55, Dy )
= E(E (Pea™ + Dega [Se Do Dot ™™ (D)) = E (Peas® + Des|Ser Doy Dead ™™ (Do) ) [0, D)
=0

26 To see this, first use the fact that E(A.,1|S;, D;) = 0 and apply the tower property of expectations:
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stochastic discount factor and, therefore, priced risk neutrally as its expectation discounted at the
riskless interest rate, but this (discounted) expectation is zero. This result can also be shown directly
by first applying the tower property of conditional expectations to pricing equation (4-41), yielding
P (S;, Dy)
=E (E (Qt,t+1d (fet+1, St Do) - {Pt+1d (St+1, Des1) + Dt+1}|5t: Dy, Dt+1market(Dt+1)) |St; Dt)
with

Dey1 = D(Dt, St ferrr)

and by then noting that the stochastic discount factor is certain conditional on the information

Stl Dt)
Dey1 = D(Dt, St ferr1)

Solely E (PHICI(SHl,DHl) + Dt+1|St, Dt,DHlmarket(DHl)) is priced because A;,; has a zero

St, Dy, Dy ™K€ and, therefore, can be factored out from the inner expectation:

4-45
Qt,t+1d (fet+1, St D)

P, D) =E
©O T T P E (P (Sert, Dert) + D[St Doy Dot ™ (D)

with

price. This conditional expectation is, conditional on S;, D;, non-zero (except for degenerate constel-

market

lations). It will also be correlated with the stochastic discount factor: as Dy, 1 is a random vari-

able, the conditional expectation

E (Pes1 (St Derr) + Do [Se Do Dyt ™ (D))

will be random conditional on information relevant to pricing S;, D;, too. Thus the conditional expec-

tation and the stochastic discount factor are both driven by the same underlying random variable

Dyp1™4Tke Therefore, sources of risk that affect Dy, ;™" %€ will be priced in a risk-adjusted way.
These considerations on the relevance and irrelevance of price and cash flow components allow
answering how the sources of risk S;; and fe;,; are priced: in a first step, the influences that cause

a covariance with the stochastic discount factor can be identified. From the form of the cash flow

market

model, it follows that D;, 4 is a function of D, S; and fe;,; only, and of these variables only

feryq is stochastic under complete information at time t. It can be concluded that fe,,; will,

through its effect on D, ., ™3¢t

, give rise to correlations between (the relevant component of) asset
prices and cash flows and the stochastic discount factor. In a second step, sources of risk that do not

cause covariances with the stochastic discount factor can be identified. Perhaps surprisingly, the new

COV(CIt,tHCI(fetH: St: D), Ayy |St' Dt)
= E(qeesr” (Fecsn So Do) - E (Aesa[Ser Do Deas ™™ (De11) ) S Dy )
and further observe that E(A44|St, Dy, Dy ™€) = 0.
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regime is uncorrelated with Dt+1market by the assumptions on the processes of regimes and factors.
It, therefore, only determines A,,;. In other words, although S,,; may influence P;,;, this influ-
ence is not priced since it is not related to the stochastic discount factor. In addition to the irrele-
vance of Sy, 1, it can also be argued that not all aspects of factors and residuals fe;,, cause correla-
tions with the stochastic discount factor. Loosely speaking, fe; ., gives rise to a covariance with the
stochastic discount factor insofar as it determines aggregate cash flow Dy, ;™%*¢t. However, fe;,1
not only determines this aggregate of cash flows but also individual cash flows D;, ;. Insofar as fe; ;1
only determines individual (but not aggregate) cash flows, it is uncorrelated with the stochastic dis-
count factor and its influence is priced risk-neutrally. Formally, the distribution of fe,,; conditional
on Dy, ™%t will contribute to A .

Although it is now clear that non-zero covariances with the stochastic discount factor and, thus,
risk-adjusted pricing, can only be introduced by factors and residuals fe;,4, it is still unclear through
which channels such correlations are introduced by fe;, . This question can be answered by analyz-

ing the covariances of the stochastic discount factor with P,; " and D, 1:

4-46
COU(Qt,t+1C1 (fet+1, S, Dp), Pt+1CI(St+1v Dt+1)|5tr Dt)

and

4-47
COV(Qt,tHd (fet+1,St:Dt), Deyq |St: Dt)

To obtain the desired insights into the covariance between stochastic discount factor qt_t+1” and
Py 1(St41,Desq), it is necessary to learn more about the dependency of Py 1(St41, Di+1) On cash
flows D; 4. Using the fact that asset prices are present values of future cash flows (4-39) (p. 107) re-

veals more about the structure the of covariance:

4-48
COV(Qt,tHd (fet+1,St, Dy), Pt+1CI(St+1J Dt+1)|5t: Dt)
T—t 1 1
- ZT=1 1+ p)° ' U (i D market)
n, ¢t
(1
1 E (U (n_ ’ Dt+1+rmarket) “Diy14c St+1:Dt+1)
. Ul=-p market I S. D
cov n; t+1 ’ U’ (l -D market) Lt
n, Pt
with

Diy1 = D(De, St ferst)

Formula (4-48) reveals three possible channels through which fe;,; can cause correlations be-

tween the stochastic discount factor qt‘t+1” and asset prices P,,1": channel (i) marginal utility

U’ (n_z . Dt+1mark€t). Marginal utility is the first argument of the covariance and also appears in the
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denominator of the second argument. Therefore, this first channel works in the direction of a nega-

tive covariance and a lower price at time t. Channels (ii) and (iii) stem from the covariance between

U’ (l ) Dt+1mark€t) and £ (U' (n% ) Dt+1+rmarket) "Diy14z

ny

Sts1 Dt+1). The conditional expectation

1
— market) and future cash flows

comprises two components: future marginal utility U’ (n,'D”l”

D;1147- Although both components cannot be separated mathematically, they are different from an

economic perspective in that marginal utility is asset independent whereas cash flows, by definition,

. . . . . 1
are asset-specific. Following the economic argument, an interrelation between U’ (n— : Dt+1market)
1
1 . . . 1
and U’ (n—-DHlearket) (channel (ii)) and an interrelation between U’ (n—-DHlmarket) and
1 1
D¢1147 (channel (iii)) can be identified. Regarding the sign of the covariance between U’ (n—-

I

market (1 market
Diiq ) and E (U (Tl_1 “Diy14c ) “Div14c

St+1:Dt+1) nothing can be said without further

restrictions on the cash flow model. Hence, channels (ii) and (iii) can increase or decrease prices at
time t.

To obtain the desired insights into the covariance between stochastic discount factor qt,HlC’ and

St Dt>

Dy44, plug in for q¢ 41" to obtain

4-49

1 1 1
1+p ' 1 "cov <U' <n_1'Dt+1market(Dt+1)>,Dt+1
U’ <n_ . Dtmarket(Dt)>
1
with
Diy1 = D(Dg, Sty fers1)

fesy1 introduces correlations between the stochastic discount factor qt‘t+1d and asset prices D;yq

since it contributes to marginal utility U’ <n—-Dt+1market(Dt+1)> via its effect on aggregate cash
1

flows and, at the same time, influences individual cash flows. Insofar this effect is similar to channel
(iii) in (4-48).

Concerning the price of the one-period riskless bond (4-42), by definition, cash flows of the one-
period riskless bond are discounted at the riskless-rate. Hence, the question of the relevancy or irrel-

evancy of sources of risk regimes S;, 1 as well as factors and residuals fe;, 1 is meaningless.
4.2.1.1.2.2 Asset Prices as Discounted Future Cash Flows

In the special case of complete information, asset prices as discounted future cash flows for gen-

eral cash flow models and information scenarios (4-39) specialize to
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4-50
T-t

PtCI(St; D) = Z _1E(qt,t+TC1 (fet+1,t+'n St+1,t41-1 St Dt) : Dt+r|5t: Dt)

with multi-period stochastic discount factors

T

4-51

1
1 u <Tl—1 Dt+‘rmarket(Dt+1)>
qt,t+‘rd(fet+1,t+‘n St+1,647-15 St Dt) = (1+p)° )
u'<

% . Dtmarket (Dt)>
where cash flows at time t + 7 are obtained recursively from current cash flows D; as a function of
the path of regimes S; +,,_; and the path of factors and residuals fe; 1 ¢4, i-€.,

Deyr = Dt+‘r(DtrSt,t+‘r—1'fet+1,t+‘r)

The pricing equation (4-50) demonstrates how the two sources of risk (i) path of future regimes
St+1t+7 - Note the current regime S, is non-stochastic - and (ii) path of factors and residuals fe; 1 41
are priced. Since asset prices are the sum of discounted future cash flows, it suffices to consider the
present value of one point in time t + 7. The pricing of these sources of risk can be analyzed in the
same way as in the quasi-static case through their influence on the stochastic discount factor; the on-
ly two differences compared to the quasi-static case are that only cash flows (but not asset prices) at
time t + 7 are discounted and that more sources of risk influence D, ; than in the quasi-static case.

Similar to the quasi-static pricing equation in the form (4-45), the tower property of expectations

reveals that solely those components of cash flows D;,; are priced that can be explained through

market
Dyry i, E (Dt

S;, Dy, Dth“rket(DtH)); these components of cash flows D, alone are

possibly correlated with the stochastic discount factor:

4-52
E(Qt,t+‘rd (fet+1,t+‘rr St+1,e41-15 56 Dt) ) Dt+‘r|5tr Dt)

=E (Qt,t+rd (fet+1,t+'r: St+1,t41-1 St Dt) E (Dt+r St Dy, Dt+rmarket(Dt+r)) |5t; Dt)

with
Diyr = Dt+‘r(DtrSt,t+‘r—1'fet+1,t+‘r)
It follows that the influence of the sources of risk can be discussed in the same way as in the qua-

si-static case. In a first step, those sources of risk that determine D,,,™*"*¢¢(D,, ) can be identified

as priced in a risk-adjusted way. Since D, ™4 ket

is a function of the paths S ;4,1 and fepyq 4q it
can be concluded that all elements of these paths are potentially priced in a risk-adjusted way. In a
second step, the sources of risk that do not cause covariances with the stochastic discount factor can

be identified. Clearly, S, is not an element in the determination of D, ™" ¢

and, therefore, is
not priced. In addition to the irrelevance of S;,;, it can also be argued that not all aspects of factors

and residuals fe;,, cause correlations with the stochastic discount factor. First, observe that not the
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paths of regimes S, ;.1 as well as factors and residuals fe;1 ¢+, as such exert influence on prices

market via D,,._, and Sy4,_q are of interest. Formulated differ-

but only their joint effects on D,
ently, the differences between two paths that lead to the same D;,,_; and S;;,_;1 are of no im-
portance from a pricing perspective. Second, fe;, . is only priced insofar as it determines aggregate
cash flows whereas its influence on individual cash flows is not priced.

Although it is now clear that non-zero covariances with the stochastic discount factor and, thus,
risk-adjusted pricing, can only be introduced by D;,;_1, St+z—1, and fes ., it is still unclear through
which channels such correlations are introduced by Dy, ;_1, S¢17—1, and feq,;: only a generalized
version of the cash flow channel (4-49) exists. However, this channel is by far more complex and,
hence, needs a more thorough analysis. This can be done by considering the covariance of the sto-
chastic discount factor qt_tHC’ with cash flows D, ; in more detail:

4-53
Cov(qt,t+rd (fet+1,t+'n Sti1t+1-15 56 Dt); Dt+r|5t: Dt)

1
1 U <n_1'Dt+Tmarket(Dt+‘r)>

(1+p)7 U,<1

= Ccov ’Dt+‘l,' St’ Dt

NP

Since Diy7_1, St4r—1, and feq ., possess a different reference to time, it is reasonable to break up
the cash flow channel (4-53) into two sub-channels: D;,,_; and S;,;_1 on the one hand and fe;,
on the other hand. This is achieved by splitting up the covariance (4-53) into a covariance due to

fersr (with Dyyr_1, St47—1 averaged out) and a second covariance due to Dy, ;_q, Styr—1 (With fepy o

averaged out). As Appendix A3.2 shows, this leads to

4-54

1
/ .U (n—I-DHJ"”"“(DHT)) \ . .

cov| . ,Di17|Se, Dy | = . )
1+p)* 1+p)°
( 'D) U’ < 1 Dtmarket(Dt)> ( P) U’ ( 1 Dtmarket(Dt)>

/ 1_ market
E\cov|U . Deyr (Dt+7) | Dese St Dy
1
St+‘r—1rDt+‘r—1>rE(Dt+T|St+T—1rDt+T—1)

1
+ cov <E <U’ <n_ * Dy MR (Dt+‘r)> Sty Dt>}
I

The covariance (4-54) reveals the details of risk-adjusted pricing. Consider the first term in brack-

St+‘r—1' Dt+‘r—1>

ets on the right-hand side of (4-54), the covariance of the stochastic discount factor and cash flows

due to fe;,, conditional on S;yr_1, Dyr—1,

1
cov <UI <Tl— ) Dt+Tmarket (Dt+r)> »Detr
1

St+r—1: Dt+r—1>

Since S;4-1, Dy17—q are stochastic, the expectation of these conditional covariances is taken:
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1
E <C017 <U’ <n_ SIS (Dt+‘r)> »Diir St Dt>
I

From an economic point of view, taking the expectation means that S;,,_4 and D;,,_; are aver-

St+‘r—1r Dt+‘r—1>

aged out.
The second term in brackets on the right-hand side of (4-54) can be interpreted as a covariance
due to S;y7_1,Dryr—1 alone: the effect of factors and residuals fe;,, is not contained in this term

because both marginal utility of consumption and cash flows are replaced by their expectations con-
ditionalon S; 471, D¢41r_1:

1
cov <E <U' <n_ : Dt+rmarket(Dt+r)> Sty Dt)
I

In this sense, the second term complements the first term on the right-hand side of (4-54). The

St+‘r—1r Dt+‘r—1> ’ E(Dt+1|5t+‘r—1' Dt+‘r—1)

order of expectation and covariance are reversed because the influence of factors and residuals is
averaged out.
In conclusion, the channels through which correlations are introduced by D¢, ;_1, St47—1, and

ferr are now clarified.
4.2.1.1.3 Equilibrium Risk Premia

In the special case of complete information, the result on risk premia for general cash flow models

St, Dt)

and information scenarios (4-38) specializes to

4-55
Ath,t+1CI (fets1,St. D)

RPtCI(St, Dt) = —Cov
B (Peer® (Seas Deas) + Dega|Ses Dy Dot ™™ (D41) )

with

Ath,t+1CI(fet+1rStv Dy) =

v (nl - Dt+1m“”‘“(Dt+1>>
I
1
E<U <n_I'Dt+1market(Dt+1)> St Dt)
Dey1 = D(Dt, St ferr1)

Paralleling the results for asset prices, (4-55) shows that only factors and residuals fe;,, insofar

market

as they influence D4 , give rise to a risk premium. The new regime S;,4 and the influence of

factors and residual fe;,; on structure of D;,; do not contribute to the risk premium.
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4.2.1.2 Incomplete Information

4.2.1.2.1 Information Relevant to Pricing z,P

For general cash flow models under complete information, information relevant to pricing con-

sists of the pair of conditional regime probabilities and current cash flows:

4-56
zP = (m,D),0< t<T—-1

The argument is similar to the complete information case, but conditional regime probabilities re-
place the unobservable regime in the description of the conditional distribution of future cash flows

from the point of view of investors.

4.2.1.2.2 Equilibrium Asset Prices

4.2.1.2.2.1 Quasi Static Asset Prices

In the special case of incomplete information, the (quasi static) pricing results for general cash

flow models and information scenarios (4-36) and (4-37) specialize to

4-57
K il
i qet+1 (fet+1,Se, D)
Ptll(ﬂ't, Dt) = z Tt * E( il S =s,D;
s=1 APesr” (Tep1, Degr) + Degs}
and
4-58

. K .
Btll (1, Dy) = z 17Ts,t ) E(Qt,t+1” (fecs1, St Dt)lst =S, Dt)
o=

with stochastic discount factor

4-59

1
u <n_I'Dt+1market(Dt+1)>
il ,S., D) = .
qet+1 (fet+1,St, De) 1+p UI(

%_Dtmarket(Dt)>
with
D11 =D(Dy, Sy, fers1)
Mepq = (e, Dey Dy 1, Siges1)

Siges1 = Siges1(Se, Sev1s fer41,Me41)
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Pricing equations (4-57) and (4-58) demonstrate how the four sources of risk under incomplete in-
formation, namely (i) the unknown current regime S, (ii) factors and residuals fe;, 1, (iii) the new re-
gime at time S;, ; and (iv) signal noise 1,1, are priced.

The findings from the complete information case suggest that the pricing of sources of risk de-

market

pends on their relation to aggregate cash flows D, and, in particular, the covariances of as-

set prices and cash flows with the stochastic discount factor. Asset prices and cash flows can be

market

thought of as consisting of a first part that can be explained by D;,4 , i.e., the expectation of

market

asset prices and cash flows conditional on D, , and a second part that captures the fluctua-

tion around this expectation:

4-60
Pt+1”(7Tt+1rDt+1) + Dy =E (Pt+1il (Te41, Deyr) + Dt+1|7Ttv Dy, Dt+1market(Dt+1)) + Apyq
part (i) part (ii)
with
Dp1= Pryy" (41, Deyr) + Doy — E (Pt+1”(”t+1rDt+1) + Dt+1|”tr Dy, Dt+1market(Dt+1))
and

Diy1 = D(De, St ferst)
Tey1 = N, De, Ditq, Sigesr)
Siges1 = Siges1(Se, Stv1s fer41,Me41)

Clearly, As41 is uncorrelated with the stochastic discount factor and possesses a zero expectation

conditional on information relevant to pricing, hence its price is zero. As a consequence, solely

Ty, Dt>

E ({Pt+1i1 (Te41, Degr) + Dt+1}|7Tt: Dy, Dt+1market(Dt+1)) is priced:

4-61
Qt,t+1”(fet+1:5t: D)

{Pt+1i1 (Te41, Deyr) + Dt+1}|7TtJ Dy, Dt+1market(Dt+1))

Ptil(n-tlDt) = E( E(

with
D11 =D(Dy, Sy, fersr)
g1 = (g, D, Diy1, Sigesr)
Sige+1 = Sige+1(St, Str1, fer+1,Me+1)

These considerations on the relevance and irrelevance of price and cash flow components allow
answering how the sources of risk (i) the unknown current regime S, (ii) factors and residuals fe;, 4,
(iii) the new regime at time S;,;1 and (iv) signal noise 1, are priced. There are two sources of risk
that cause covariances with the stochastic discount factor, namely (i) the unknown current regime

and (ii) factors and residuals: this can be deduced from the fact that D, ,™* ¢t

is a function of Dy,
St and fe;,1, where only D; is non-stochastic conditional on information relevant to pricing at time

t. The remaining two sources of risk do not cause covariances with the stochastic discount factor;
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these sources are (iii) the new regime at time S;,; and (iv) signal noise 7n;,,. They only influence
A4 4, the part of price and cash flow fluctuations that is not priced. In addition, sources of risk (i) S
and (ii) fe;,, are not priced insofar as they only determine individual (but not aggregate) cash flows

D;, 1. Formally, the distribution of the unobservable current regime and of factors and residuals con-

ditional on D, ™a7ket

are a source of fluctuations in A4, 1 and, therefore, not priced.

As in the complete information case, one may not only want to identify the sources of risk that
are priced but also learn more about how they give rise to correlations with the stochastic discount
factor. Paralleling the considerations of the complete information case, there are several channels
through which correlations between the stochastic discount factor qt_t+1” and asset prices Pt+1” as

well as cash flows D;,; can occur. In analogy to (4-48) the covariance between qt,t+1” and Py, Y

reads:

4-62
) i1
COV(Qt,t+1”(fet+1;5t;Dt): Priq (T[t+1:Dt+1)|7Tt: Dt)

ZT_t 1 1

= ~ 1 p . , 1

=11 +p) U (n Dtmarket)
1

Ter1) Dt+1)

et
E (U (n_ ) Dt+1+rmarket) “Dit14r
), ! e, Dy

U’ (nll . Dt+1market)

1
-cov| U’ (__DHlmarket
ny

(4-62) reveals that the three channels identified in the complete information case still exist in the
incomplete information case. However, there is one difference: these three channels are now intro-
duced by S; and fe;,, (instead of only fe;,. ). Moreover, under incomplete information a fourth
channel exists. The conditional regime probabilities ;4 are stochastic from the perspective of time
t because they depend on D, 4. This dependence on D, 4 causes an interrelation with marginal utili-
ty.

The covariance between stochastic discount factor Qt,t+1u and D;,4 is similar to the complete in-
formation cash flow channel (4-49) with the difference that under incomplete information both S;
and fe;, introduce the interrelation.

Concerning the price of the one-period riskless bond (4-58), by definition, cash flows of the one-
period riskless bond are discounted at the riskless-rate. Hence, the question of the relevancy or irrel-
evancy of sources of risk regime S;, 4, current regime S;, signal noise 1,4 as well as factors and re-

siduals fe;, is meaningless.
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4.2.1.2.2.2 Asset Prices as Discounted Future Cash Flows

In the special case of incomplete information, asset prices as discounted future cash flows for
general cash flow models and information scenarios (4-39) specialize to
4-63

. K T—t .
Ptll (¢, Dy) = § 17Ts,t ) § 1E(qt,t+r”(fet+1,t+ri St+1,t47-15 St Dt) ) Dt+r|St =S, Dt)
S= =

with stochastic discount factor

4-64

Yt
U <Tl— ’ Dﬁ_fmarket (Dt+r)>
1

U’ ( 1 Dtmarket(Dt)>

Qt,t+ri1(fet+1,t+'n Stirt+1-15 56 Dt) = (1 _:p)f'
ny
where cash flows at time t + 7 are obtained recursively from current cash flows D; as a function of
the path of regimes S; +,,_; and the path of factors and residuals fe; 1 ¢4

Note that (4-63) can be considered a discrete-time generalization?’ of the pricing formula of
Veronesi (2000), Proposition 1a, p. 813 in that it considers several risky assets, more general cash
flow models, signal structures, and regime transition probabilities.

To examine how the sources of risk are priced, observe that signal noise does not enter the pre-
sent value equation (4-63). The reason is that signal noise affects prices, but not cash flows. For that
reason, only the pricing influence of the three other sources of risk needs to be discussed in more de-
tail. Similar to the quasi-static pricing equation in the form (4-61), the tower property of expectations

reveals that solely those components of cash flows D;,; are priced that can be explained through

market
Dyry i, E (Dt

S;, Dy, Dtharket(DHT)); these components of cash flows D, alone are

possibly correlated with the stochastic discount factor:

4-65
E(Qt,t+‘r” (fet+1,t+-n St+1,647-15 56 Dt) ) Dt+‘r|7Tt' Dt)

=E (Qt,t+ri1 (fet+1,t+'n St+1,t47-1 St Dt) E (Dt+r ¢, D, Dt+rmarket(Dt+r)) |7Tt: Dt)

It follows that the influence of the sources of risk can be discussed in the same way as in the com-

plete information discounted cash flow case (4-52). The sources of risk that determine
Dyy %€t (D,, ) are the path of regimes S; 4,_1 and the path of factors and residuals fe ., ¢4
these sources of risk are potentially priced in a risk-adjusted way. The sources of risk that do not de-

market

termine Dy, certainly include the regime S;,; and, therefore, S, is not priced. In addition

to the irrelevance of S;, ., it can also be argued that not all aspects of factors and residuals fe;,

27 \eronesi (2000) uses a continuous-time framework whereas (4-56) is derived in discrete time. Strictly speak-
ing, (4-56) is a generalization of a discrete-time analogue of Veronesi (2000).
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cause correlations with the stochastic discount factor. Recall from the complete information case

that, first, not the paths of regimes S, ; ;1 as well as factors and residuals fe;.4 ++, as such exert in-

fluence on prices but only their joint effects on D, ,™*" ¢t

via Dy, ,_1 and Sy, ,_4 are of interest. In
particular, the unobservable regime S; per se does not matter; however, the fact that S; is unobserv-
able means that it is integrated into the distribution of S;,;_; and D;,,_1 conditional on information
relevant to pricing. Second, fe;, . is only priced insofar as it determines aggregate cash flows where-
as its influence on individual cash flows is not priced.

Although it is now clear that non-zero covariances with the stochastic discount factor and, thus,
risk-adjusted pricing, can only be introduced by D;,;_1, St+z—1, and fes ., it is still unclear through
which channels such correlations are introduced by Dy, ;_1, S¢17—1, and feq,;: only a generalized
version of the cash flow channel of the quasi-static model exists. However, this channel is by far
more complex and, hence, needs a more thorough analysis. This can be done by considering the co-

variance of the stochastic discount factor qt,HT” with cash flows D;,; in more detail (for a deriva-

tion, see Appendix A3.2):

4-66

(1
/ ;v (n—l-Dm’””"“(Dm)> \ . .

cov | . ,Dive|me, Dy | = . .
1+p)* 1+p)°
( 'D) U’ < 1 Dtmarket(Dt)> ( P) U’ ( 1 Dtmarket(Dt)>

/ 1 . market .
Ef{cov(U n Dtir (Dt+1) | * Dear e, Dy
1
St+r—1J Dt+r—1> 4 E(Dt+rlst+r—1: Dt+r—1)

1
+ cov <E (U, (n_ ) Dt+rmarket(Dt+r)> Ty, Dt)}
1

The interpretation is largely analogous to the complete information case. The first channel is the

St+‘r—1r Dt+‘r—1>

covariance of the stochastic discount factor and cash flows due to fe;.; conditional on
Sts7r—1,Dt1r—1 Where Sy ,_1 and Dy, ,_, are averaged out. The second channel consists of the covar-
iance due to S;y;_1,D¢yr—1 alone where fe;,, is averaged out. Note only one difference to the
complete information case: the distribution of D;,;_1, S;+7—1 is now conditional on m;, D; because

the current regime S; is unobservable.
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4.2.1.2.3 Equilibrium Risk Premia

In the special case of incomplete information, the result on risk premia for general cash flow

¢, Dt>

models and information scenarios (4-38) (p. 107) specializes to

4-67
AfRepir" (fers, St e, De)
) E(Pt+1” (Te41, Deyr) + Dt+1|7'rt, Dy, Dt+1m“”‘6f)

RP,Y(r,,D,) = —cov<
with

v (nl - Dmm“”‘“(Dm))
1

Ath,t+1LI(fet+1vStr T, Dy) = 1
Z§=1 Tse* E <U' <n_, ) Dt+1market(Dt+1)>
Diy1 = D(De, St ferst)

Tey1 = I, De, Dy, Sigesr)
Siges1 = Siges1(Se, Stv1s fer41,Me41)

Risk premia arise from the unknown regime S; as well as from factors and residuals fe;,, insofar

St =S, Dt)

as they influence aggregate cash flows Dt+1m“rket; insofar as the unknown regime S; as well as from

factors and residuals fe;,q only influence the structure of cash flows D;, 1 they do not give rise to a
risk premium. Moreover, for a similar reason there is no risk premium on signal noise 7g;4 4+, and

the new regime S;44
4.2.1.2.4 Risk Decomposition and Consequences to Prices and Risk Premia

Parallel to partial equilibrium (Section 3.3.2.1.3.4), risk is decomposed into “inter- and intra-
distribution risk”. In this connection, both the quasi static and the discounted cash flow case are con-

sidered separately.

4.2.1.2.4.1 Quasi Static Case

4.2.1.24.1.1 Decomposition of Risky Asset Prices and Cash Flows

“Inter-distribution risk” covers the fact that under incomplete information the true probability law
at time t governing future cash flows and prices is not known; it is caused by the current regime S;
(see p. 64). “Intra-distribution risk” refers to time t 4+ 1 in that it determines the realizations of cash
flows and prices at time t + 1 given the regime at time t. It results from factors and residuals fe;, 1,

the regime at time t + 1, S;,1, and signal noise 1,1 (see p. 65). As opposed to the partial equilibri-
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um case, in general equilibrium the risk due to S;,1 and 1., is not priced. Hence, “intra-distribution
risk” coincides with risk from factors and residuals fe;, ;.
Clearly, it will not make sense from an economic perspective to decompose those parts of asset

prices that have a price of zero. These parts have already been identified in (4-60) (p. 117)

4-60
i i k
Pt+1LI(7Tt+1rDt+1) +Diy1 =E (Pt+1ll(”t+1'Dt+1) + Dt+1|7Ttv Dy, Dt+1mar et(Dt+1)) + Apyq
part (i) part (ii)
with

Ap+1= Prya" (41, Dpsn) + Dy — E (Pt+1u(ﬂt+1:Dt+1) + Dt+1|7Tt: Dy, Dt+1market(Dt+1))
and
D1 =D(Dy, Sy, fers1)
Terq = N7y, D, Deyq, Sigesn)
Sige+1 = Sige+1(St, St+1, fer+1,Me+1)

For that reason, only part (i) is relevant to the risk decomposition where the decomposition itself

parallels the partial equilibrium case

4-68
E (Pt+1il (Te41,Degr) + Dt+1|7Ttr Dy, Dt+1market(Dt+1)) - E(Pt+1il + Dt+1|”tr Dt) =
E (Pt+1”(”t+1rDt+1) + Dt+1|”tr Dy, Dt+1market(Dt+1))
—E ((EPt+1iI + EDt+1)(Stvfet+1; g Dt)|7Tt' Dy, St)
Acomb.risk
+ {E ((EPt+1i1 + ED11)(Se, fers1; e, Do) |y, Dt:St) - E(Pt+1i1 + Dy |, Dt)}

Aexp.risk

with

(EPt+1u + EDt+1)(5t:fet+1i my, D) = E (Pt+1i1(7rt+1JDt+1) + Dt+1|7Tt: Dy, Dt+1mark€t(Dt+1))
4.2.1.2.4.1.2 Pricing of the Parts of the Decomposition

The pricing of ASOMbTisk gnd A€XP-Tisk js 5o similar to the partial equilibrium case that it suffices

to merely state the results:
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Price of “expectation risk”

4-69
E(Qt,t+1i1 (fet+1,Se, Dy) - AexPTisk |7Tt: Dt)
_ 1
1+ Ttil (¢, D)

K )
Z 1{”s,t - es,t(nb Dt)} E ((EPt+1lI + EDt+1)(St:fet+1; e, Dt)l”t: Dy, St = 5)
S=

with risk-neutralized regime probabilities

4-70

1
Tt E <U <n_1 Dt+1market(D(Dt;Strfet+1))> S; =5, Dt)

Ot (e, Dy) = 1
YK T E <U' <n_, Doy M (D (D, St;fet+1))>

St = S,,Dt>

Price of “combined risk”

4-71
E(Qt,t+1il (fers1,Se, Dy) - Acomb'riSle[t» Dt)
_ 1
~ 1+7n4(m, Dy)
K » ,
Z Os,t (¢, Dy) 'E(Athcondltwnal (Se; fersr,De) - Acomb-risk ¢, De, S¢ = S)
Ss=
with

1
U <n_ Dt+1market(Dt+1)>
1

St, Dt)

Based on (4-70) and (4-71), it becomes clear how “inter-distribution risk” and “intra- distribution

Athconditional(Sti ferr1, D) = Ath,t+1CI(fet+1;5t: D)) = 1
E <U' <n_1 Dt+1market(Dt+1)>

risk” are priced: “inter-distribution risk” is priced via risk-neutralized regime probabilities 6, (r;, D;)
that are elements in both the prices of “expectation risk” and “combined risk”. “Intra-distribution
risk” is priced via a conditional adjustment for risk and only appears in the price of “combined risk”.
In this connection, the most notable difference to the corresponding partial equilibrium occurs. The
conditional adjustment for risk now exactly coincides with the complete information conditional ad-

justment for risk.
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4.2.1.2.4.2 Discounted Cash Flow Case

4.2.1.24.2.1 Decomposition of Risky Cash Flows

Since the discounted cash flow case contains different sources of risk than the quasi-static case,
the sources of risk of the discounted cash flow case must be categorized into “inter- and intra-
distribution risk”. According to (4-64) not all sources of risk are relevant to pricing, but only the fol-
lowing elements: Dy ;_1, St17—1, and feq, .. These three elements must be categorized.
“Intra-distribution risk” refers to future points in time which is why D, ;_4, St47_1, and fe;,, belong
to “intra-distribution risk”. “Inter-distribution risk” refers to time t and, hence, consists of the unob-
servable current regime S; only. Compared to the quasi static case, however, S; only plays a minor
role because it is only indirectly relevant through the distribution of S;,;_1, D¢+7—1 conditional on in-
formation relevant to pricing, i.e.,

4-72

K
(pll(5t+r—1JDt+T—1|7Tt: Dy) = Z 1‘PCI(St+r—1:Dt+r—1|St =s,D;) ‘Tt
S=

where 7+ denotes the conditional regime probability for regime s, ¢! the probability (or density) of
S¢+7—1, De47—1 conditional on m,, D;, and @€ the probability (or density) of Sy, ;_1, D¢4;—1 condition-
al on S, D; (i.e., information relevant to pricing under complete information).

It is known from (4-65) that only E (D4 |ms, Dy, Deyr ™ €") is priced and, hence, relevant to the
risk decomposition. What is still unclear is the exact criterion according to which risk is decomposed.
Since S; is only of indirect relevance, it is more promising to decompose cash flows into parts relating
to the sources of risk S¢;;_1, D¢rz—1 and fe; ... These sources of risk can be grouped together into (i)
St47—1 and Dy r_4 and (ii) fes,., based on their reference to time and, thus, mimic the idea of the

decomposition in the quasi-static case:

4-73
E(Dpye|me, Dy, Dy ™€) — E(Dyyo|me, D) =

{E (Dt+r|7Tt: Dy, Dt+rmark€t) - E(E (Dt+r|nb Dy, Dt+rmarket) |7Tt: D¢, Stvr-1) Dt+r—1)}

Acomb.risk

+ {E(E(Dt+‘r|ﬂt' Dy, Dt+rmarket)|”t' D¢, St4r-1 Dt+‘r—1) — E(Dgyolme, Dt)}

Aexp.risk
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4.2.1.2.4.2.2 Pricing of the Parts of the Decomposition

Applying the stochastic discount factor to each of the three summands on the right-hand side of
E(Deae|me, D, D ™) = E(Dps|me, Dy) + ASFPTIK 4 pcombrisk
leads to a decomposition of the present value of D, into the prices of three components.
The expectations of cash flows D, , conditional on the information relevant to pricing ¢, D, are

simply priced through riskless discounting. Although there is no explicit multi-period riskless asset, a

T, Dt>

multi-period riskless discount factor can still be computed and is given by

4-74

1
. E(U (n—I-Dm’"“”‘“(Dm))

(1+p)r U,<1

il,riskless —
qtt+t (e, D) =

E . Dtmarket (Dt)>

Therefore, the price of expected cash flows reads

4-75
E(Qt,t+ril * E(Dpyo|me, Dt)l”t» Dt) = Qt,t+r”'ri5kless(7'[t» D¢) - E(Dgyr|me, Dy)

Price of “expectation risk”

Pricing “expectation risk” yields (see Appendix A3.5.2.1.2.1)

4-76
E(Qt,t+ri1 _Aexp.risk|n.t’ Dt)

= E(Qt,t+ri1|ﬂb Dt)
) {Em (E(§t+‘r|ntr D¢, St4r-1, Dt+‘r—1)|ﬂt' Dt) — E(E(Deyr|Stsr—1, Depr—1)|me, Dt)}
with cash flows explained by aggregate cash flows
§t+‘r = E(Dt+r|”tr Dy, Dt+rmarket)
where E™ denotes the expectation taken with respect to the risk-neutralized probability (or density)
of St47—1, D¢ y7—1 conditional on 1y, Dy, i.e., based on (4-72):
4-77
1
E(U' (5 Deve) [See-1. Deves)
(1
(U (D) b

With S¢, 1, Dt+7—1 in place of the unobservable regime S; from the quasi-static case, the economic

(prn,il (St+r—1' Dt+r—1|7Ttr Dt) = (piI(St+‘L'—1’ Dt+‘r—1|ﬂt' Dt) .

interpretation of the pricing of “expectation risk” in the discounted cash flow case (4-76) is analogous

to the quasi-static case (4-69).
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Price of “combined risk”

Pricing “combined risk”, yields (see Appendix A3.5.2.1.2.2)

4-78
E(Qt,t+ri1 _Acomb.riskln.t, Dt)

= E(qt,t+ri1|ﬂb Dt)

(1
U (n_I_DHTmarket) -
"E"™| E 1 market ACOMOTSEN S 1, Dego—1, 7, Dy | |76, Dy
E (U (5 Dewe ™) [Seae-1, Do)

To answer the initial question of this section, namely how “inter-distribution risk” and “intra- dis-

tribution risk” are priced and whether their price effects can be separated, it can be stated: “Intra-
distribution risk” equals the price of “expectation risk” and “combined risk”, i.e., is priced via a condi-
tional adjustment for risk and risk-neutralized probability (or density) of S¢r—1, D¢trr—1-

To make a pricing statement on “inter-distribution risk”, the influence of the unobservable regime
S must be made explicit. For that reason the risk-neutralized density is written as
4-79

) K
(prn,LI (St+T—1'Dt+‘L'—1|7Tt' Dt) — E l(prn,cl (St+‘l.'—1' Dt+‘L’—1|St =5, Dt) . 65+T(7Tt, Dt)
s=

where @™ (Stir—1,Drsr—11St = 5,Dp) denotes the risk-neutralization of
0 (Stsr—1,Dpsr-11S: = 5,D;) and 0,7 (m,, D) the risk-neutralization of ., the conditional prob-
ability of §; = s.

4-80

E (U, ( nlz _ Dmmarket) | S, =s, Dt)

E (U' (nll ) Dt+1market) |1Tt’ Dt)

95+T(7Tt: D) =mg;-

The unobservable regime S; as the source of “inter-distribution risk” is averaged out to obtain the
(multi-dimensional) marginal distribution of S;,;_1, Di47—1 (conditional on information relevant to
pricing), but with respect to risk-neutralized (rather than empirical) probabilities. This means that the
unobservable regime S; is at least indirectly priced as an element of the risk-neutralized distribution

of St4r-1, D41
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4.2.1.2.4.3 Decomposition of Risk Premia

Incomplete information risk premia expressed as the sum of an “expectation risk” and a “combined

risk” component read

4-81

. K .
RPM(m,,D,) = Z _1{7Ts,t — O (my, Dt)} E ((EPt+1LI + EDt+1)(5t:fet+1i ¢, D) |1y, D, Sp = 5)

S
K .
+ Z Hs,t (T[t' Dt) . RPtcondltLonal(s; T, Dt)

s=1

with
RPtconditional (S; ”tth) = —COU(Athconditional(St;fet_l,l,Dt),Acomb'riSk ., Dt' St — S)
Analogous to the price formulation, “inter-distribution risk” is priced via risk-neutralized regime

probabilities 8;(m;, D;) that are elements in both the prices of “expectation risk” and “combined
risk”. “Intra-distribution risk” is priced via a conditional risk premium and only appears in the part of

the risk premium attributable to “combined risk” where the conditional adjustment for risk now ex-

actly coincides with the complete information conditional adjustment for risk.

4.2.2 Not All Assets Pay Cash Flows in Every Period: Information Frequency 2

Cash Flow Frequency

4.2.2.1 Cash Flow Model

The cash flow model is the same as in the corresponding partial equilibrium case (Section 3.3.2.2):
Dpyy™ =DW (Dt(l):st:fet+1)
In addition, there are n,. (A¢)-periodic assets which pay cash flows every A; periods at the

points of time t(;) = k - A¢, keNj and are described by the cash flow model

(A¢) — p(ag) (A¢)
Dtgyyy @ = D¢ (D ta ©Staotasn-1F et(k+1))

In contrast to the partial equilibrium case it must be assumed that there is at least one asset pay-
ing cash flows at every point of time, i.e., n; > 0 because otherwise equilibrium consumption will be

Zero.
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4.2.2.2 Complete Information

4.2.2.2.1 Information Relevant to Pricing z,P

For general cash flow models under complete information where information frequency is higher

than or equal to cash flow frequency, information relevant to pricing reads:
4-82
cl,(be)p = 9] (1))
zg OT = (St(kt),t: Dt(kt) » D¢

To see that (St(kt),t' Dt(kt)(AC),Dt(l)) contains all information relevant to pricing, observe that it

market

describes (i) cash flows paid by the market portfolio of risky assets, D; , and (ii) also is a suffi-

cient statistic for the conditional distribution of future cash flows. (i) follows from the composition of
aggregate cash flows: aggregate cash flows D,™**¢t are a function of D,¥ and, if t = t(k,) of

Dt(kt)(AC). The argument to justify (ii) is the same as in the partial equilibrium case (3-80) (p. 69).
4.2.2.2.2 Equilibrium Asset Prices

4.2.2.2.2.1 Quasi Static Asset Prices

In the special case of complete information where information frequency is higher than or equal
to cash flow frequency, the (quasi static) pricing results for general cash flow models and information

scenarios (4-36) and (4-37) specialize to

Prices of (A,)-periodic risky assets

4-83
cl,(Ac) (A¢) n (D
P (St(k)'t’Dt(k) D )
1,(A @o) @
=E Grean ™00 (fet+1'5t(k)'t'Dt(k) “, Dy )5 p. @0 p @
Ap,, L) L p (A taor Ztay 0t
{t+1 + Deia }
with
k = kt
Dy 40 = D) (Df(k) (AC)’Sf(k)'f’fe“l) t=tusr — 1
0 t <tpgsn—1

Pt+1CI'(AC) (St+1,t+1:Dt+1(AC)JDt+1(1)) t=tusn —1

Pt+1CI'(AC) = {
Pt+1CI,(AC) (St(k),t+1' Dt(k) (AC)r Dt+1(1)) t< t(k+1) -1
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Prices of (1)-periodic risky assets

4-84
cL,(1) A¢) p M
Pe (St(k»t' Degy = De )

—F <Qt,t+1d’mc) (fet+1: St tr De g o), Dt(l))
APe1™ ™ + D, )

(be) p
Stgotr Degy < De )
with

cl,(1) (Ac) (1) —
Piiq (St(k+1)vt(k+1)’Dt(k+1) ¢ ’Dt(k+1) ) t+1=1t@

P, t+1d’(1) =
Pt+1CI’(1) (St(k),t+lr Dt(k) (AC): Dt+1(1)) t+1+ t(k+1)

Price of the one-period riskless bond

4-85
cL(Ac) (a¢) p (O
B (St(k)'t'Dt(k) <D )

=E (qt'”lCI'(AC) (f Cer1 Stg,tr Degyy “,p t(l)) |St(k)'t' b t(k)(AC)’D t(l))
where the precise form of the stochastic discount factor depends on the position of t within the cash

flow period t(x), t(k+1) — 1:

4-86
1
U’ (_ D market)
1 n t+1
cl(A¢) Qo) p WY = . 1
reen (fe”l'st(k)'t' Degy = De ) I+p o (i ) Market)
n; t
(Qt,t+1d’(AC) (fet+1:5t(k),t: Dy, o), Dt(l)) t=tus — 1
= Gee+1" 4 (fersr, St DP) Ly <t+1 <t
k qt,t+1C1'(AC)(fet+1'St'Dt(AC)'Dt(l)) Ly =t
with

D, MoTket = {Dt+1market(Dt+1(AC),Dt+1(1)) t="tu+) —1
Dt+1market(Dt+1(1)) ta) St <ta+p —1
p,market _ {Dtmmket([’tmd'l’t(”) taey <t < Egern)
Dtmarket(Dt(AC)’ Dt(l)) tay =t

Similar to the partial equilibrium case there are two types of asset prices for risky assets because
there are two different cash flow structures. Both prices are interdependent through the common
stochastic discount factor.

In addition, the pricing of the two sources of risk can be analyzed with the help of (4-83) and
(4-84). From the perspective of time t the sources of risk are (i) regimes S;, 4, the only stochastic el-

ement of the regime path St(k),tﬂ or, if t + 1 = t41), and (ii) factors and residuals

St(k+1)'t(k+1) ’

fets1-
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Given these identified sources of risk in the case where information frequency is higher than or
equal to cash flow frequency, analogous pricing results hold to the case where information frequency
equals cash flow frequency: S;,4 is not priced. Insofar as fe;,, contributes to aggregate cash flows,
it is priced in a risk-adjusted way, but if insofar as it determines individual (but not aggregate) cash
flows, it is priced risk-neutrally. — The transmission channels are de facto the same as in the case
where information frequency equals cash flow frequency.

Concerning the price of the one-period riskless bond (4-85), the irrelevance of regimes S;,4 for
pricing is clear because cash flows are riskless and S;,; does not contribute to the stochastic dis-
count factor. Factors and residuals fe;, 4, on the other hand, enter the price of the one-period risk-
less bond price via the stochastic discount factor. Depending on the position of time t within the cash
flow period, the price of the bond further simplifies: if, there are no (A;)-periodic cash flows at time

t or t + 1, the price of the riskless bond is a function of the single regime S;,and (1)-periodic cash

flows Dt(l) only. This is a direct consequence of the form of the stochastic discount factor. If t is a

payment date of (Ac)-periodic cash flows (¢t = t(,)), the price of the riskless bond depends on the

single regime S; as well as the cash flows of both types of assets, Dt(AC) and Dt(l). Finally, ift + 1isa

payment date of (A¢)-periodic cash flows (t + 1 = t(x,+1)), the price of the riskless bond depends on

the same information as risky assets, namely St(k)_t, Dt(k) (4c) and Dt(l).

4.2.2.2.2.2 Asset Prices as Discounted Future Cash Flows

In the special case of complete information where information frequency is higher than or equal
to cash flow frequency prices of risky assets expressed as discounted future cash flows (4-39) special-

ize to two pricing equations, one relating to each group of risky assets:

Prices of (A,)-periodic risky assets

4-87
p, 1) (D Lo ¢, p,®,s t(k)'f”‘l)

zT—t Qt,t+rCI'(AC) (fet+1,t+‘rr Stpt+r—10Degy o), Dt(l))

A 1
Dt(k)( C)'Dt( )'Sl'(k),t
=11 .D,. @B (p, @ fe S
t+T=t(kt+T) t+1 t(k) ) t+1,t+1 t(kt),t+‘t'—1

Prices of (1)-periodic risky assets

4-88
PO Dy @, 0D, Sty 10-1)

_F <ZT_t {%,HrcL(AC) (fet+1,t+‘rr St(k),t+‘r—1rDt(k) (AC)»Dt(l))}
: Dt+r(1) (Dt(l):fet+1,t+'n St,t+r—1)

=1

(Ac) (€Y)
Dt(k) <, D¢ 'St(k)’t>
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with
k = kt

with multi-period stochastic discount factor
4-89

qt,t+TCI’(AC) (fet+1,t+‘[l St(k),t+’[—1’ Dt(k) (AC)l Dt(l))

1
1 U <n_l ' Dt+Tmarket (Dt(k) (AC), Dt(l)l fet+1,t+‘l,'! St(k),t+‘[—1)>
B 1+p)" ' l market
u (Tll Dt )
where D,™%ket and D, , ™37kt 3re given by
k A 1
o market _ D™k (D4, Dy MY b ) < E <t )
t Dt,market(Dt,(Ac)’Dt’(l)) t(kt,) =t
t'eft, t + 1}

with cash flows DtH(AC) and Dt+T(1) recursively derived from Dt(k)(AC) and Dt(l) as functions of the
paths of factors and residuals fer1 ¢4, as well as the path of regimes S,/ r47-1.

The pricing equations (4-87) and (4-88) demonstrate how the two sources of risk (i) path of future
regimes S;. ¢4+ - Note the current regime S; is non-stochastic - and (ii) path of factors and residuals
fers1,+7 are priced: the pricing is virtually identical to the case where information frequency is equal
to cash flow frequency although the timing of cash flows is more complicated because cash flows are
no longer paid in each point in time. Recall that in the special case where information frequency
equals cash flow frequency, not the complete paths of factors and residuals as well as regimes were
directly relevant but only D;,,_1 and S;,;_4 as well as fe; ;. In the current case where information

frequency is higher than or equal to cash flow frequency, the relevant aspects of the path generalize

(ac) (€Y
to Dt(kt+‘r—1) ¢, D¢yr_q’ and St(ktﬂ_l)’tﬂ_l aswell as feq ;.

4.2.2.2.3 Equilibrium Risk Premia

In the special case of complete information where information frequency is higher than or equal
to cash flow frequency the result on risk premia for general cash flow models and information sce-

narios (4-38) takes the following form:
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Risk premia of (A;)-periodic risky assets

4-90
cL(Ac) Qo) p W
RE (St(k)'t'Dt(k) Dy )
c1,(Ac) Ac) p. (D
= —cov AfRe (fe”l'sf(k)'f’ Degy = De )5 D, @c) p @
cL,(A A Layt’ “tay Tt
'{Pt+1 (Ac) + Dt+1( c)}
with
k = kt
A
Dpy 40 = D (Dt(k)( C)'St(k)'t'fe”l) b= tgern — 1
0 t <tasn—1

Pt+1CI'(AC) (

Pt+1CI’(AC) (St(k),t+lr Dt(k) (AC):Dt+1(1)) t< t(k+1) -1

(Ac) (1) — _
Py, Sh0) = Steen taerny Peenny Deeany ) =t — 1
N =

Risk premia of (1)-periodic risky assets

4-91
cl,(1) L) p (W
RP (Sf(k)'f’ Degy ™ De )
(A
AthCI( ) (fet+1:St(k),t: Dt(k) (AC): Dt(l)) (Ag) (1)
= —cov 1) (1) St(k)'t' Df(k) <Dy
'{Pt+1c' + Deyq }
with
cl,(1) (Ac) (¢8) —
p. L) _ Pers (St(k+1)'t(k+1)’Dt(k+1) “ Dty ) E+ 1=t
t+1 =
Pt+1d'(1) (St(k),t+1: Dt(k) (AC); Dt+1(1)) t+1# tk+1)

with adjustment for risk

U’ (% . Dt+1market)
1

E (U’ (E ' D”lmarket) |St(k)'t' Dt(k)(AC)'Dt(l))

(A
AthCI( c) (fet+1:5t(k),t: Dt(k)(AC)' Dt(l)) —

,(A
) {Athcl( c) (fet+1,5t(k),t' Dt(k)(AC):Dt(l)) t=tgen—1
,(A
AfR ) (feryy, Se, D) £y S £ < Eeyn) — 1
with
D, market — {Dt+1market(Dt+1(AC),Dt+1(1)) t=tu+ —1
. =
Dy ™ (D1 ) try St <tgsn—1

Paralleling the results for asset prices (4-83) and (4-84), (4-90), and (4-91) show that only factors

market give rise to a risk premium. The new re-

and residuals fe;,q insofar as they influence D,
gime S;,1 and the influence of factors and residual fe; 4 on structure of D;,; do not contribute to

the risk premium.
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4.2.2.3 Incomplete Information

4.2.2.3.1 Information Relevant to Pricing z,P

For general cash flow models under incomplete information where information frequency is high-

er than or equal to cash flow frequency, information relevant to pricing reads:
4-92
(AP = a0 (1))
zp T = (T[t(kt),t: Dt(kt) , Dy

where Mgt A€ conditional probabilities for the path of regimes since the last payment date for

(A¢)-periodic cash flows and ¢(,,) denotes the most recent cash flow payment date of (A¢)-periodic
cash flows from the perspective of time t.

The argument is analogous to the complete information case, with conditional regime path prob-
abilities now replacing regime paths as an element of the conditional distribution of future cash

flows.

4.2.2.3.2 Equilibrium Asset Prices

4.2.2.3.2.1 Quasi Static Asset Prices

In the special case of incomplete information where information frequency is higher than or equal
to cash flow frequency, the (quasi static) pricing results for general cash flow models and information

scenarios (4-36) and (4-37) specialize to

Prices of (A,)-periodic risky assets

4-93
Ptll'(AC) (T[t(k),t: Dt(k) (Ac)’ Dt(l))
Qt,t+1i1'(AC) (fet+1:5t(k),t: Dy, (@), Dt(l)) o) o O
=£ il,(Ac) (A¢) Tegotr Degy < De
{Prss + Dpyq 9}
with
k = kt
A
Dy 40 = D (Dt(k)( C)'St(k)'t'fe”l) b= tgern — 1
0 t <tasn—1

Pt+1il'(AC) (T[t+1,t+1rDt+1(AC)'Dt+1(1)) t =1t — 1

Pt+1il'(AC) = ;
Py "0 (T[t(k),t+1JDt(k) (AC),Dt+1(1)) t <t —1

Tegt+1 = o (T[t(k),t+1:Dt(l)JDt+1(1):Sigt+1):t +1# e
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(A¢) (¢Y)
Tegoptasn=1 Degy D=1 )

Tty taersy — Hl( o) p @ s
Pt k+1) gt(k+1)

D L(k+1)

Sige+1 = Sigesq (St(k),trSt+1'fet+1r77t+1)

Prices of (1)-periodic risky assets

4-94
i1,(1) (Ac) (1)
Py ("t(k)'t' Dty De )

_F <Qt,t+1i1'(AC) (fet+1JSt(k),t: Dt(k)(AC): Dt(l))
{Perr™® + Dy, W}

Tt ot Dt(k) (Ac)’ Dt(1)>

with

Pt+1il'(1)(”t+1,t+1»Dt+1(AC)»Dt+1(1)) t =1t — 1

Pt+1il'(1) = ;
Ppyy ™ (T[t(k),t+1: Dy, (AC),Dt+1(1)) t+ 1+t

Price of the one-period riskless bond

4-95
il,(Ac) Qo) p @
B (nf(k)'f’ Dy ™ De )

=E (qt'”l”'(AC) (f Cer 1 Stg,tr Degyy “,p t(l)) |T[t(k)'t' D, “,p t(l))
where the precise form of the stochastic discount factor depends on the position of t within the cash

flow period t(x), t(k+1) — 1:

4-96
1
U’ (_ ) market)
1 o Deea
cl,(Ac) S D, Qo p @)= . 1
Qe+ (fe“l’ Lot Ptay Pt ) 1+p (L. pmarket
n, ¢t
CIt,t+1CI’(AC) (fet+1r5t(k),t' Dt(k)(AC)»Dt(l)) t=toen — 1
= CIt,t+1CI'(AC) (fet+1:5t: Dt(l)) tay <t+ 1<t
Qt,t+1CI'(AC)(fet+1;5t;Dt(AC);Dt(l)) tay =t
with

market {Dﬁlmarket(DHl(AC):Dt+1(1)) t="tu+) —1
Dtyq =

Dt+1market(Dt+1(1)) ta) St <ta+p —1
p,market _ Dtmarket(Dt(AC)'Dt(l)) Ly <t <T@+
t Dtmarket(Dt(AC)’Dt(l)) t(k) =t

As in the complete information case with information frequency higher than or equal to cash flow
frequency, there are two groups of prices that are interdependent. There are two underlying reasons
for this interdependence: first, and similar to the complete information case, the stochastic discount

factor; second, in addition to the complete information case, an information argument: (1)-periodic
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cash flows, together with signals, provide information on the true path of regimes that is relevant to
pricing (A.)- periodic assets.
In addition, the pricing of the four sources of risk can be analyzed with the help of (4-93) and

(4-94). From the perspective of time t the sources of risk are (i) the current regime path St(k),t, (ii)

factors and residuals fe;, 4, (iii) the regime at time t + 1, S;,1, as the next addition to the regime
path, and (iv) signal noise 04 1.

Given these identified sources of risk in the case where information frequency is higher than or
equal to cash flow frequency, analogous pricing results hold to the case where information frequency

equals cash flow frequency: Sy, and 1., are not priced. Insofar as St(k),t and fe;,, contribute to

aggregate cash flows, they are correlated with marginal utility and are priced in a risk-adjusted way.

However, insofar as St(k)’t and fe;,q only determine individual (but not aggregate) cash flows, they

are one component of the conditional expectation and, thus, priced risk-neutrally. — The transmission
channels are de facto the same as in the case where information frequency equals cash flow fre-
quency.

Concerning the price of the one-period riskless bond (4-95), the irrelevance of S;,; and 1,4 for
pricing is clear because cash flows are riskless and S;,; and ;.1 do not contribute to the stochastic

discount factor. The current regime path St(k),t as well as factors and residuals fe;,; enter the price

of the one-period riskless bond price via the stochastic discount factor. Depending on the position of
time t within the cash flow period, the price of the bond further simplifies: if, there are no (Ac)-
periodic cash flows at time t or t + 1, the price of the riskless bond is a function of the probabilities

W only. This is a direct consequence of the

m; for the single regime S;, and (1)-periodic cash flows D;
form of the stochastic discount factor and the fact that S; is unobservable. If t is a payment date of

(A¢)-periodic cash flows (t = t(,)), the price of the riskless bond probabilities ; for the single re-

gime S; as well as the cash flows of both types of assets, Dt(AC) and Dt(l). Finally, if t + 1 is a pay-

ment date of (A.)-periodic cash flows (t +1 = t(kt“)), the price of the riskless bond depends on

the same information as risky assets, namely Tt ot Dt(k) (4c) and Dt(l).

4.2.2.3.2.2 Asset Prices as Discounted Future Cash Flows

In the special case of incomplete information where information frequency is higher than or equal
to cash flow frequency, prices of risky assets expressed as discounted future cash flows (4-39) spe-

cialize to two pricing equations, one relating to each group of risky assets:
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Prices of (A,)-periodic risky assets

4-97
PO (Dt(k) ¢, Y, ”t(k)'t)

= Z Mot (5 f(k)'f)
Sf(k),t

£ ZT—t qt,t+‘r”'(AC) (fet+1,t+-n Stagt+r—1Degy o), Dt(l))

D (Ac)’D (1)’5 =3
=1-1 .Dp,. @B (p, o) fe S two t Lot Lot
t+T=t(kt+T) t+1 t(k) ’ t+1,t+1 t(kt),t+‘t'—1

Prices of (1)-periodic risky assets

4-98
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P, (Dt(

= 2 Tt iyt (st(k)'t)

St(k),t

E <2T_t {Qt,t+‘ri1'(AC) (fet+1,t+-n Stept+r—1Degy o), Dt(l))}
: Dt+r(1)(Dt(1):fet+1,t+r: St,t+r—1)

L) p (W
o C :Dt ,ﬂt(k),t)

(Ac) 1 _
Dy ™ De™s Sty —St(")'t>

7=1
with

k =k
with multi-period stochastic discount factor

4-99

i A
qt,t+T11’(AC) (fet+1,t+‘[l St(k),t+’[—ll Dt(k)( C)l Dt(l))

1
1 U <n_1 . Dt+Tmarket (Dt(k) (AC), Dt(l)’fet+1't+-[, St(k),t+T—1)>
=(1+p)f' l l market
v (nl D )

where D¢t and D, ;™% are given by
,market , (Ac) , (D '
D, market _ be (Do, Dyr ™) Eer) <8< i)
t Dt,market(Dt,(Ac)’Dt,(l)) t(kt,) =t
t'eft, t + 1}
with cash flows DtH(AC) and Dt+T(1) recursively derived from Dt(k)(AC) and Dt(l) as functions of the

paths of factors and residuals fe;. ¢4, as well as the path of regimes St(k),tﬂ_l.

Observe that signal noise 1,1 does not enter the present value equations (4-97) and (4-98). The
reason is that signal noise affects prices, but not cash flows. For that reason, only the pricing influ-

ence of the three other sources of risk, (i) the current regime path St(k)_t,(ii) path of factors and re-

siduals fe;q ¢4, (iii) the regime at time £ + 1 S, as the next addition to the regime path must be

analyzed. The results parallel those obtained in the cases that have been analyzed so far: the relevant
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aspects of the paths of factors and residuals as well as regimes are Dt(kt 1)(AC), Dt+1_1(1) and
+7-
St(kc+r-1)'t+f_1 as well as fe;y;. In particular, the unobservable regime S; per se does not matter;
however, the fact that S; is unobservable means that it is integrated into the distribution of
(Ac) (€Y o . . -
Dt(kt+‘r—1) , Deyr—q1-7 and St(ktﬂ_l)’tﬂ_l conditional on information relevant to pricing. Second,

fetir is only priced insofar as it determines aggregate cash flows whereas its influence on individual

cash flows is not priced.
4.2.2.3.3 Equilibrium Risk Premia

In the special case of incomplete information, where information frequency is higher than or
equal to cash flow frequency, the result on risk premia for general cash flow models and information

scenarios (4-38) takes the following form:

Risk premia of (A/)-periodic risky assets

4-100
il,(A¢) (A¢) (1)
RP ¢ (”f(k)'f’ Dty ¢ De )

AfR il,(Ac) e 1,S D (Ac)’D (1)’1-[
— {—CO‘U< f t (f t+1 ) (tA(k)),t t(k) . t t(k),t)
'{Pt+1l' 4+ Diyq € }

ﬂt(k),t
, Dt(k) (Ac)’ Dt(l)

with
k = kt
A A _
DHl(Ac) _ D@0 (Dt(k)( C),St(k),trfetﬂ) t =t — 1
0 t <tasn—1
iI,(Ac) (Ac) (€Y — _
p.. (8 _ Pryq e (T[t(k+1)'t(k+1)’Dt(k+1) ¢ ’Dt(k+1) ) t =t —1
t+1 = .
Pt+lll,(AC) (T[t(k),t+1r Dt(k)(AC)rDt+1(1)) t< t(k+1) -1

Risk premia of (1)-periodic risky assets

4-101
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with adjustment for risk

i, (A
AfR, "8 (f€t+1. Staotr Degy “, b, Y, ”f(k)rt)
r i market
U (nl D41 )

1
. (L. market _ Ao) (1))
Zst(k)'t Tt gont (S t(k)'t) E (U (Tl1 D+ )|St(k)'t = Staotr Degy 2 De

(A
_ {AthCI( 2 (fet+1JSt(k),t: Dy, (AC);Dt(l):”t(k),t) t=tg+ —1

AthCI.(AC)(fet_I_l’St’ Dt(l)lﬂt) t(k) S t < t(k+1) _ 1
with
D, market _ {Dt+1market(Dt+1(AC)'Dt+1(1)) t=tx+n —1
t+1 =
Dpy ™R (D W) tay St <tgen—1

Paralleling the results for asset prices (4-93) and (4-94), (4-100), and (4-101) show that only the

current regime path St(k),t as well as factors and residuals fe;, 1 give rise to a risk premium insofar as
they influence D;,,™**¢. The new regime S;., signal noise 7,4, and the influence on structure of
cash flows through the current regime path St(k),t as well as factors and residual fe;,; do not con-

tribute to the risk premium.

4.2.2.3.4 Risk Decomposition and Consequences to Prices and Risk Premia

The results on the pricing of “inter-distribution risk” and “intra-distribution risk” generalize with-
out major change to the case where information frequency is higher than or equal to cash flow fre-
quency: regimes merely have to be replaced by paths of regimes. Since the results otherwise parallel
those obtained for the special case of identical information and cash flow frequencies, the details are

only stated in the Appendices A3.5.2.2.2.1.1 and A3.5.2.2.2.1.2.
4.2.3 Comparison of Asset Prices and Risk Premia across Information Structures
Two questions relating to asset prices and risk premia cross differing information structures have

been addressed in the partial equilibrium framework (Section 3.3.2.3) and are of equal interest in the

general equilibrium framework as well:
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® How do complete information asset prices and risk premia relate to their incomplete infor-
mation counterparts?
The focus here is slightly different from the partial equilibrium framework: there, the main
question was whether incomplete information asset prices are lower than the corresponding
complete information prices. The answer has turned out to be negative and, clearly, it would
be negative in the general equilibrium framework for similar reasons. Therefore, the question
is reformulated more generally to characterize the relationship between complete and incom-
plete information asset prices.

* What is the effect of signal quality on asset prices and risk premia? How do asset prices change

across information structures with high and low signal qualities?

4.2.3.1.1 Comparison of Asset Prices and Risk Premia under Complete and Incom-

plete Information

4.2.3.1.1.1 Asset Prices under Complete and Incomplete Information

There is a very close relationship between complete and incomplete information asset prices: in-
complete information asset prices are simply expectations of complete information asset prices with
respect to empirical probabilities (as opposed to risk-neutralized probabilities) for regimes.

To see this relation, observe that the stochastic discount factors under incomplete information

(4-64) coincide with the complete information discount factor (4-51)

4-102
il . — cl .
qtt+t (fet+1,t+‘r' St+1,647-15 56 Dt) =t t+1 (fet+1,t+‘r' St+1,t47-15 56 Dt)

1
, U (n—I-Dm’"“T"“(Dm))

e

Dtmarket(Dt)>

Moreover, cash flow models under complete and incomplete information are the same, i.e.,
Diyr = D(Dyr—1,Stav-1, fetac)
The reason is that cash flow models merely describe the relation between cash flows D;,,_; and
D, ., but do not make any assumptions on whether their inputs are observable.
Identical discount factors together with identical cash flow models imply that the present value of
cash flows at time t + T under incomplete information (4-63) simply is an expectation of complete in-

formation present values of cash flows at time t + 7 (4-50):
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K .
Z _lﬂs,t : E(qt,t+‘r”(fet+1,t+‘rr St+1,t41-1 5t Dt) : Dt+r|5t =S, Dt)

K
= z Tt E(Qt,t+rd (fet+1,t+'r: St+1,t41-15 5t Dt) ) Dt+r|5t =S, Dt)
o=

Finally, asset prices are the sum of discounted future cash flows and, therefore, incomplete in-

formation asset prices must be expectations of complete information asset prices.

4-103

, K
Pt”(ﬂb Dt) = E 177:5,15 ' PtCI(St =S, Dt)
s=

In the case of the one-period riskless bond, similar reasoning yields an analogous result:

4-104
, K
B! (1, D) = z Mg+ B (S = 5,D¢)
s=1

Note that this relation between complete and incomplete information asset prices generalizes
similar findings of Veronesi (2000), pp. 813-814.

Two aspects of (4-103) and (4-104) are worthwhile pointing out: (i) the relation between com-
plete and incomplete information prices is completely different from partial equilibrium. (ii) (4-103)
and (4-104) seem to imply a risk-neutral pricing of the unobservable regime’s risk because prices un-
der incomplete information are expectations (under the empirical measure) of complete information
prices.

The key to answering (i) is that the stochastic discount factors under complete and incomplete in-
formation are identical. This result can be attributed to two core characteristics of a Lucas (1978)
economy. First, cash flows are exogenous and, hence, do not depend on available information. If
they were endogenously determined (production economy), production would depend on available
information and, therefore, differ under complete and incomplete information. Second, in general
equilibrium, aggregate consumption must be equal to aggregate cash flow because the riskless asset
is in zero net supply and holding cash is impossible.

To see that (ii) is actually false, it is necessary to compare the pricing of risk under complete and

incomplete information in more detail:

Complete Information Risk Correction

The present value of cash flows (under either complete or incomplete information) is rewritten as
the sum of risk-neutrally discounted cash flows and a price of risk,
E(Qt,t+r ) Dt+r|5t: Dt) = E(qt,t+r|5t: Dt) *E(Dt4<|Se, Dy) + COU(%,HT; Dt+r|5t: Dt)
Since E(qt,t+T|St, Dt) is a multi-period riskless discount factor, E(qt,t+T|St, Dt) *E(Dtyr|St, Dy) is
the risklessly discounted expected cash flow. The risk correction cov(qt_HT, Dt+T|St, Dt) is responsi-

ble for the pricing of risk and consists of the price of risk discounted risklessly to t:
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4-105
COV(Qt,t+T' Dt+‘r|5tr Dt) = E(Qt,t+‘r|5tr Dt) ) COU(Ath,tHCI» Dt+T|Str Dt)
with

/ l market
dtt+t u (n, DHT )

" E(qoreelSoDe) E (v (nl, - Deyr™ ) |5, D )

AfRye”

Incomplete Information Risk Correction

The incomplete analogue of (4-105) is
4-106
COU(%,HT; Dt+r|7TtJ Dt) = E(‘It,t+r|7'ft: Dt) : COU(Ath,t+TlI: Dt+r|7Tt: Dt)
with

U’ (nll . DHTmarket)

Zé(:lns,t E (U' (nl, ) Dt+rmarket) |St =S, Dt)

Ath,t+TiI =

Relation between Complete and Incomplete Risk Corrections

Based on (4-105) and (4-106), it is now possible to answer the question of how the pricing of risk
under complete and incomplete information and, in particular, whether the risk of unobservable re-
gimes is priced risk-neutrally: The risk correction at time t + 7 under incomplete information, i.e.,
cov(Ath,HT”, Dt+T|T[t, Dt), is closely related to its complete information counterpart,
COV(Ath,HrCI: Dt+r|5t: Dt):

4-107

COU(Ath,tH”: Dt+r|7Tt: Dt)

K
= 2 es,t(ﬂtr Dy) - Cov(Ath,t+‘rCIrDt+‘r|St' Dt)

s=1

K
+ z 1{95,t(ﬂb D) — 7Ts,t} * E(Dy|St = 5,Dp)
s=

where 6. (m,, D) is the risk-neutralized probability of regime s defined in (4-70), i.e.,

1
Tt E <U <n_1 Dt+1market(D(Dt;Strfet+1))> S; =5, Dt)

Os.¢ (e, Dy) =

1
YK T E <U <n_, *Deyy "R (D (D, St;fet+1))>

St = S,, Dt)

(4-107) demonstrates that the unobservable regime’s risk is not priced risk-neutrally. Instead, the
risk corrections under complete information cov(Ath_t+TCI,Dt+T|St, Dt) are weighted using risk-
neutralized regime probabilities 85 . (1, D;). Moreover, the conditional expectation E (D¢ .|S;, D) is

random and, therefore, an additional correction for risk is needed that is absent in the complete in-

formation case.
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Information frequency equal to or higher than cash flow frequency

Both results derived from the case where case where information frequency is equal to cash flow
frequency transfer to this case. First, incomplete information asset prices are simply expectations
with respect to empirical probabilities (as opposed to risk-neutralized probabilities). The crucial point
that stochastic discount factors are the same under complete (4-89) and incomplete information

(4-99) still holds. Second, unobservable regime’s risk, the path of regimes St(kt)'t is not priced risk-

neutrally. The risk corrections under complete information are weighted using risk-neutralized re-
gime path probabilities. Moreover, the conditional expectation of cash flows conditional on the re-
gime path is random and, therefore, an additional correction for risk is needed that is absent in the

complete information case.
4.2.3.1.1.2 Risk Premia under Complete and Incomplete Information

If asset prices under incomplete information are expectations of complete information asset pric-
es, one may suspect that this might also hold for risk premia. However, this is not the case. Instead,
conditions resemble the relation between complete and incomplete information risk corrections. To

see this, it is best to use the decomposition (4-81) (p. 127):

4-81

. K ,
RPtlI (e, Dy) = 2 1{”s,t - gs,t(”tr Dt)} E ((Ept+1” + EDt+1)(5t»fet+1i e, D)|me, De, S = 5)
s=

K ..
+ z Hs,t(n't: Dt) . RPtcondltwnal (S; 1y, Dt)
s=1

with
RPtconditional (S; e, Dt) = _Cov(Athconditional (St; fet+1'Dt)' Acomb'riSklﬂtv Dt' St — S)
and
4-68
E (Pt+1ll (Te41, Degr) + Dt+1|7Tt: Dt;Dt+1market(Dt+1))
—E ((EPt+1” + EDy11)(Se, fersns 7Tth)|7Tt: Dt:St)
Acomb.risk
4-71

v (ni- Dmm“”‘“wm))
1

(1
E (U (n_,' Dmm“”‘“wm)) St Dt>

To give an economic intuition behind this result, recall that the first term in (4-81) equals the risk

AfR.Conditonal(g . fe. 1,Dr) = AfRp 41 (fersr, St D) =

premium due to “expectation risk” and the second “combined risk”. Since “expectation risk” has no
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complete information counterpart, incomplete information risk premia cannot be expressed mean-
ingfully through complete information risk premia.

It could still be hoped that clear a relation between the “combined risk” part of the risk premium
and complete information risk premia holds in that conditional risk premia coincide with complete in-
formation risk premia. However, this is not the case either: Even though complete and incomplete in-

formation adjustments for risk are identical, this is not the case for the second argument of the co-
variances. E (Pt+1d (St+1,De41) + Diy1|S: = s, Dy, Dt+1market(Dt+1)) (second argument of the co-

variance under complete information (4-55)) and AS°™PTisk (second argument of the covariance un-
der complete information) are different because they are based on complete and incomplete infor-
mation prices respectively.

Finally, there cannot be a clear-cut relation between complete and incomplete information risk
premia in the case where information frequency is higher than or equal to cash flow frequency if no

such relationship holds in the simpler case where information frequency equals cash flow frequency.
4.2.3.1.2 Asset Prices and Risk Premia under Differing Signal Qualities

Recall from the corresponding partial equilibrium discussion for CARA utility (Section 3.3.2.3) that
signal quality can influence asset prices and risk premia via two channels, (i) dynamics of information

relevant to pricing and (ii) the functional relation which transforms this information into prices, the

price function P, (.) or Pt”'(v) (), ve{1,A.}.

Dynamics of the information relevant to pricing under different signal qualities

The central insight concerning information relevant to pricing is that it is identical with infor-

mation relevant to pricing under partial equilibrium and CARA utility: information relevant to pricing
is (1¢, D¢) or, more generally, (ﬂt(kt)'t’ Dt(kt)(AC),Dtm). Since cash flows and signals are exogenous

and do not depend on the equilibrium concept, it is clear that the dynamics of information relevant

to pricing are exactly as in the partial equilibrium framework with CARA utility.

Price and risk premium functions under different signal qualities

As a direct implication of the relation between complete and incomplete information asset prices,

it follows immediately that signal quality does not influence price functions: (4-103) (p. 140) implies

K
Pi(my, Dg;8) = Pe(my, De) = Z 17Ts,t ) Ptd(s' Dy)
S=

where s denotes any signal quality

since the right-hand side is independent of the signal quality s.
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By the same reasoning, it is concluded that the price function for the one-period riskless bond

does not depend on signal quality (4-104) (p. 140):
K

By (¢, Dg;8) = Be(my, D) = 2 17Ts,t 'Btd (s, Dy)

S=

Risk premium functions are likewise independent of signal quality: one way to see this is through
the definition of risk premia:
RP.(ty,D¢;8) = E(Ppyq (41, Dey158) + Dpyqlme, D) — (1 + 1 (1¢, Dy; 5)) * Pe(my, De; )
with
D¢y = D(Dy, St fers1)
Tey1 = I(7g, Dy, Dey1, Sige+1)
Siger1 = Sige+1(Se, Sevr, ferv1,Mer1)

Since prices of both risky and the riskless asset and, therefore the one-period riskless interest
rate, are independent of the signal structure, it is clear that the second summand of the risk premi-
um is independent of signal quality:

(1 +1¢(1y, Dy 5)) - Py(m, Dy 5) = (1 + rt(nt'Dt)) - Py(m,, D)

It is less evident that the first summand, E (Ps;q(T¢41, Dey1; 8) + Deyql|me, De), does not depend
on signal quality: prices at time t + 1 depend on conditional regime probabilities, and these condi-
tional regime probabilities depend on signals. To see this, substitute the relation between incom-

plete and complete information asset prices (4-103) applied to time t+1, Zsl,('=1”t+1,s"

Pe1'(s", Deg1), into E(Peyy (e41, Deva; 8) + Dy e, Dy) to obtain

K
E ( § - Mesrs' " Pear” (8, Desr) + Dega|me Dt)
s'=

with
Tey1 = (e, Dy, Dey1, Sigesr)
Clearly P,/ (s’, D;,1) depends on cash flows only (but not signals) whereas ;. is a function of
both cash flows and signal. Using this fact in combination with the tower property of conditional ex-

pectations, it is obtained

K
E (2 , lE(T[t+1,s’|T[tv D, Des1)  Pey1® (5, Degr) + Diyy T[t'Dt>
s'=

Intuitively, the conditional expectation E(nt+1’51|nt, Dy, Dt+1) averages out the effect of signals

Sig¢+1- Moreover, it is shown in Appendix A3.6 that E(”t+1,s’ |7Tt, Dy, Dt+1) is independent not only

of a particular signal realization but even of the signal quality s itself.28 For E(nt+1’51|nt,Dt, Dt+1)

28 Note that the fact that the expectation E(ﬂt+1,5'|7Tt, Dy, Dt+1) does not depend on a particular signal realiza-
tion does not in itself imply functional independence of the signal quality s. The expectation could still be a
function of the distribution of signal quality s. For example, an expectation over normally distributed signals
usually differs from an expectation over t-distributed signals.
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can be interpreted as a particular form of conditional probability for regime S;,, = s’ that is ob-
tained by updating regime probabilities r; for regime S; by including new cash flows D;,; but with-
out recourse to signals.

In sum,

K
E ( § - Tesrs' " Pear” (8, Desr) + Doy |me Dt)
s'=

and, consequently, risk premium functions do not depend on the signal quality s.
Finally, in the generalized case where information frequency can be higher than cash flow fre-
quency, price and risk premium functions are still independent of signal quality. The crucial point is

that incomplete information prices are still expectations of complete information prices.

Signal quality and its effect on asset prices and risk premia

In conclusion, it is possible to give a general answer to the question of this section, namely the ef-
fect of signal quality on prices and risk premia. The dynamics of information relevant to pricing de-
pends on signal quality as in the partial equilibrium framework. In contrast to the partial equilibrium

framework both price and risk premium functions are independent of signal quality.

4.3 Equilibrium Asset Prices and Risk Premia for Special Cash Flow Models

under Complete and Incomplete Information

4.3.1 Motivation for the Cases to Analyze

The purpose of this section is to analyze the asset pricing implications of the special cash flow
models introduced in Chapter 2: cash flows without lags in levels and cash flows without lags in
growth rates. A detailed discussion of these cash flow models is only justified if significant insights
are obtained in addition to the results for general cash flow models (Section 4.2).

As in the partial equilibrium framework, the selection criterion is whether information relevant to
pricing is simplified relative to the general case. First, in the case of cash flows without lags in levels
information relevant to pricing for all assets is simplified; second, in the case of cash flows without
lags in growth rates under constant relative risk aversion (CRRA) information relevant to pricing one

asset i is simplified.
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4.3.2 Cash Flow Models without Lags in Levels

4.3.2.1 All Assets Pay Cash Flows in Every Period: Information Frequency = Cash

Flow Frequency

Cash flow models without lags in levels read by definition
2-7
Diyq = D(St, fersr)
In addition, a special functional form of D(.), an affine linear factor model, is specified

2-8

m
Dij1 = pie + z . Aije* fierr T bt €iev, i =1,.,m
]:

The discussion is organized in the same way as in the partial equilibrium framework (Section
3.3.3.2): the implications that follow from the more general form D;,; = D(S;, fe;,+1) alone are dis-

cussed before the more special affine linear factor model.

4.3.2.1.1 Complete Information

4.3.2.1.1.1 Information Relevant to Pricing z,”

For cash flow models without lags in levels under complete information, information relevant to
pricing consists of the pair of the current regime and aggregate cash flows paid by the market portfo-
lio of risky assets and is, hence, simpler than (S;, D;), information relevant to pricing for general cash

flows models:

4-108
th — (St’ Dtmarket)

To see that (St,Dtmarket) contains all information relevant to pricing, observe that it contains (i),
by definition, aggregate cash flows paid by the market portfolio of risky assets and (ii) also contains a
sufficient statistic for the conditional distribution of future cash flows: recall from the corresponding
partial equilibrium case (Section 3.3.3.2, p. 84) that future cash flows are no longer functionally re-
lated to current cash flows, implying that the conditional distribution of future cash flows is com-

pletely described by the current regime.
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4.3.2.1.1.2 Equilibrium Asset Prices

4.3.2.1.1.2.1 Quasi-Static Asset Prices

Cash flows without lags in levels: no additional restrictions on the functional form of D(.)

If cash flow models belong to the subclass of this section, quasi-static asset prices under complete

information and general cash flow models (4-41 )and (4-42) (see p. 108) simplify to

4-109
cl market
P.“'(S,, Dy )

=k (qt'”ld(fet“'st' Dtmarket) ' {P”ld (5t+1rDt+1market(Dt+1)) + Dt+1} |St' DtmarkEt)

4-110
Btd (St: Dtmarket) — E(qt,t+1d (fet+1:St: Dtmarket)|5t, Dtmarket)

with stochastic discount factor

4-111
1
. U <n_I . Dt+1market(Dt+1)>
cl .S, D markety _ .
Att+1 (f€t+1 e ) 1+p U’ (lD market)
n t
1
with

Diy1 = D(St feps)
This means — contrary to the case for general cash flow models — both D,™%"*¢t and D, , ™ ket

market

are no longer interrelated via D;. As a consequence, the influence of D, on the stochastic dis-

market o the stochastic

count factor can be multiplicatively separated from the influence of D;,;
discount factor.
This separation of D,™#*¢ and D,,,™* " translates from stochastic discount factors to asset

prices and the pricing equations (4-109), (4-110), and (4-111) can be written as:

4-112

P CI(S D market) — Ptreg(sf)

t bt U’ (l -D market)
n; t
with
1 (1

Ptreg (St) =E <m U <n_ Dt+1market(Dt+1)> ’ {Pt+1d (St+1;Dt+1market(Dt+1)) + Dt+1} St>

1
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4-113
Bt” (St; Dtmarket) — ﬁ)treg (S¢)
U’ (n_, Dtmarket)
with
reg _ 1 (1 market
B9 (S,) = m'E<U <n_I'Dt+1 (Dt+1)> 5t>

D11 = D(St, ferr)
With the help of Equations (4-109) and (4-110) the pricing statement of the general cash flows
model (4-41) (p. 108) regarding the pricing of the two sources of risk S;,; and fe;,1 can be further
specified. To that end, recall that prices and cash flows can be decomposed into (i) a part that is “ex-

market

plained” by aggregate cash flows D, 1 and (ii) a remaining part that captures all other stochas-

tic influences that are not due to Dy, ;™*"*¢t, see (4-44) (p. 109):

4-114
Pt 1T€g(5t 1) Pt 1T€g(5t 1)
1+ - e = E| 1+ . + Dei1|Se, Dest ™ (Desn) [+ Aeiy
U’ (_ -D market) U’ (_ D market) —
n; “ttl \ n; Ct1 / part (i)
part (i)
with

Ap41=Pey1” + Dpyy — E (Pt+1d + Dt+1|5t;Dt+1market(Dt+1))

Dey1 = D(Se, fers)
| discuss parts (i) and (ii) separately for asset prices and cash flows.
In the case of P, part (ii) is entirely due to the regime S, and reads

4-115
Pt+1reg(5t+1) - E(Pt+1reg(5t+1)|5t)

U’ (nll . Dt+1market)

It is known from the general cash flow case that S;,; is not priced. However, in contrast to the
general cash flow case, the effect of fe;,4 on individual (as opposed to aggregate) cash flows does
not appear in part (ii). The reason is that asset prices are only a function of aggregate cash flow, see
(4-109).

The priced part of Py, part (i), reads:

4-116
E(P, 1CI|St Dy 1market) = ECuy ™ (Sera)lS)
+ Dy =

U’ (nll . Dt+1market)

market

The main difference to the general case is that aggregate cash flows D, only affect this

part via marginal utility of consumption at time ¢ + 1 and not additionally via the conditional expec-
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tation in the numerator. The expectation E(Psy1"%9(S;,1)|S;) does not depend on D, ™ *¢t pe-

cause conditional distribution of future cash flows at t + 1 is completely described by the regime
Sex1.

On the pricing of cash flows D, (as opposed to asset prices Pt+1d) not much more than for
general cash flow models can be said. In particular, part (ii) still depends on factors and residuals via

their effect on individual (as opposed to aggregate) cash flows:

4-117
Diy1 — E(Dry1|Se, Doy ™7€Y)

Part (i) consists of the expectation of cash flows conditional on D, ™* ¢t and S,:

4-118
E(Dp41|Se, Doy ™7€0)

The difference to the general case is that this expectation is no longer conditional on D;,.
The channels through which factors and residuals fe;,, exert price influence in this special cash
flow model without lags in cash flows are of a particularly simple form. Out of the three channels for

prices — covariances of the stochastic discount factor with P, — only the first channel exists, i.e.,

. . . . 1 .
the fact that marginal utility of consumption at time U’ (n— . Dt+1market) appears in both the nu-
1

merator of the stochastic discount factor and the denominator of prices P;,,'. However, neither
marginal utility of consumption nor cash flows at some future point of time t + 7,7 > 1 are correlat-
ed with the stochastic discount factor if there are no lags in cash flows (channels two and three). In
other words, asset prices are always negatively correlated with the stochastic discount factor2® and,

therefore, discounted at a rate that is higher than the riskless rate. Thus the price of asset prices

cl

P, 1" must always be less (or, in degenerate cases, equal to) the “risk-neutral” discounting of
E(Piy1 (St41) Dt+1market)|5t) at the riskless rate:
4-119

E (qt'“ld(fetﬂ:st: Dtmarket) ’ Pt+1d (St+1: Dt+1market(Dt+1)) |St: Dtmarket)
1
=
1+ el (St' Dtmarket)

“E(Pe1 ¥ (Sex1, Desa ™ E0)|Se)

The cash flow channel - covariances of the stochastic discount factor with D, -, however, is un-

changed.

23 Formally, a convexity argument via Jensen’s inequality leads to this result: if f is any convex function, then

f(E(X)) < E(f(X)) (see, e.g., Chow/Teicher (1997), p. 104). Applying this to the convex function f(x) = l,

X

' - . 1
defined on the set of positive real numbers, with x=U’(n—l-DHlm“rk“(DHl)), shows

1 1

<E
1 1
E<U’<n—I'Dt+1market(Dt+1)> 5t> U’<n—I'Dt+1mark8t(Dt+1)>

St
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Concerning the price of the one-period riskless bond (4-112), the special cash flow model without

lags in levels cannot contribute over what is already knows from general cash flow models.

Cash flows without lags in cash flows: affine linear factor model

If it is further assumed that cash flows follow the affine linear factor,
m
Dity1 =ty + z - Qije* fierr T bt €ipv, i =1,.m
J:

equilibrium asset prices of risky assets read

4-120
PtCI(St Dtmarket)
_ 1 _ E(Peiq" 9 (Se4ISe)
1+T‘CI S’Dmarket 1
t ( t Mt ) ElU’ n_I Dt+1market(Dt+1) St
* 1 *E(AfRe+1 (Ferrn, Se) * Deaa|St)
1+ Ttd(sp Dtmarket) tt+1 t+1,9t t+1]9ot
with
1
U <n_1 . Dt+1market(Dt+1)>
AfRpri1” (ferss, Sp) = N
E <U' <n_1 . Dt+1market(Dt+1)> St)
Diyq = pu(Se) + A(Se) " ferra
where
4-121

) E(Ath,t+1CI(fet+1rSt) ) Di,t+1|St)

1 + rtcl (St, Dtmarket)
_ 1
=T rtC’(St; Dtmarket)

i (Se)

m 1
+Z a;:(S,) E(AfR, s 1 (Fepir,S:) " FiranlS
j=1 L]( t) 1+TtCI(St,Dtmarket) ( f tt+1 (fers1,Se) fj,t+1| t)

1
+b;i(St) - Dtmarket) ) E(Ath,t+1CI(fet+1:5t) ) ei,t+1|St)

1+ rcl(S,
i=1,..,n

No significant additional insights on the price of the one-period riskless bond or on the part of

risky assets that prices Pry; (Ser1, Deyy ™) are obtainable. However the price of new cash

flows D;, 4 can be analyzed in more detail. The structure of the price of D, is very similar to partial

equilibrium case with CARA utility: expected cash flows are discounted at the riskless rate (i.e.,

1 . . . . .
T, (50,0, - 1;(S¢)). Moreover, there is a compensation for factor risk and one for residual risk.
t Pt

— A compensation for risk always consists of the quantity of risk multiplied by the price of risk.
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The quantity of factor j risk of asset i equals a;;(s), the price of factor j risk is Ajf(s, Dtm“rket)

4-122
1

14+ rtd (St: Dtmarket)

Ajf(s: Dtmarket) = ) E(Ath,t+1CI(fet+1:5t) 'fj,t+1|St = 5)

j=1,..,m

The quantity of residual risk of asset i equals b;(s), the price of residual risk is 4;°(s, Dtmarket)

4-123
1

1 + rtcl (St; Dtmarket)

Aie(s' Dtmarket) = 'E(Ath,t+1CI (fers1,St) ei,t+1|5t = 5)

The economic interpretation of compensations for factor and residual risk is parallel to the partial
equilibrium case with CARA preferences; however, here results are not based on any particular utility
function.

In addition to these parallel results to the partial equilibrium case, there is one result specific to
the general equilibrium case: factors and residuals fe;,; will only be priced insofar as they contrib-
ute to aggregate (as opposed to individual) cash flows can be expressed in a particularly simple form:

the relevant part of fj;yq1 (or e;;4q) can be identified as the conditional expectation
E(fj_t+1|5t,Dt+1m“rket(Dt+1)) (or E(ei_t+1|5t,Dt+1market(Dt+1))). Formally, this can be derived

using the tower property of conditional expectations: the price the price of factor j risk /residual risk

reads:
4-124
E(AfReesr (feer1,Se) * fieen|Se)
=E (Ath,t+1CI (fers1,Se) " E (fj,t+1|5t: Dt+1market(Dt+1)) |5t)
4-125
E(Ath,t+1CI(fet+1:5t) ) ei,t+1|5t)
=F (Ath,t+1d(fet+1:St) E (ei,t+1|5t:Dt+1market(Dt+1)) |St)
with

Dt+1 = .u(St) + A(St) ’ fet+1
In economic terms, this means that the truly relevant risk factor is not f; ;.1 but only a certain
part, namely the part that can be explained by D,,,™* ¢ These truly relevant risk factors are the

expectations of factors conditional on S; and Dy, ™% (D,,1), E(fj,tﬂlSt, Dt+1market(Dt+1)).

The general result that only fluctuations explained by aggregate cash flows are priced, therefore,

takes a very intuitive form.



152

4.3.2.1.1.2.2 Asset Prices as Discounted Future Cash Flows

Cash flows without lags in cash flows: no additional restrictions on the functional form of D(.)

If cash flow models belong to the subclass of this section, asset prices as discounted future cash

flows under complete information (4-50) simplify to

4-126
T—t
I k k k
Ptc (St: Dtmar et) = Z 1E(qt,t+rd(fet+r» St4r-1; Dtmar et) : Dt+r|5t: Dtmar et)
T=

with multi-period stochastic discount factors

4-127
1
. U <n_1_Dt+Tmarket(Dt+T)>
cl Sei1:D market\ _ .
Att+1 (fet+‘r t+7-1; Yt ) (1+p)° U (ni_Dtmarket)
1
with

Diyr = D(Stir-1,fe€r47)

The pricing equation (4-126) and the multi-period stochastic discount factor (4-127) demonstrate
how the two sources of risk (i) path of future regimes S;; ;. - note the current regime S; is non-
stochastic - and (ii) path of factors and residuals fe;. ¢4+, are priced. First, recall from the general
cash flow model that not the paths of regimes S; +,,_; as well as factors and residuals fe;q ¢4, as
such exert influence on prices but only their joint effects on Dyy;_1, St+z—1, and fe; .. Second, the
multi-period stochastic discount factor in the special cash flow model without lags in levels clarifies
that only S;,;_1, and fe;,; remain. The underlying reason is that cash flows D;,,_; do - by defini-
tion - not affect cash flows at time t + 7 if there are no lags in cash flow levels and, therefore, differ-
ences between paths of factors and residuals as well as regimes are irrelevant as long as they lead to
the same regime S;,;_1 and fe;, ;.

St+7—1 and feq,, affect risk-adjusted pricing via a generalized version of the cash flow channel
(4-49). This generalized cash flow channel can be described by means of the covariance between the
stochastic discount factor and cash flows, which leads in the special case of cash flows without lags in

levels to the following simplified version of (4-54):

4-128

1
/ .U (;-DM"C‘”‘“(DM) . .
. I D S. D market | _
yHt+T|Po it -

1+ p)* U’ (i . Dtmarket) / 1+ p)* . U’ (i . Dtmarket) .

ny ny
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K 1
{2 1P(5t+1'—1 =s'|S¢) - cov <U' <n_ ) Dt+rmarket(Dt+r)>,Dt+r
= 1

s'=

St+‘r—1>

1
+ cov <E <U' <n_ - Dy T (Dt+r)> St+r—1> VE(DesrlStse-1)

1

o

The covariance (4-128) reveals the details of risk-adjusted pricing. The first term in brackets on
the right-hand side of (4-128) is the covariance of the stochastic discount factor and cash flows due
to fe; ;. The conditioning information simplifies to S;,;_4 (instead of S;,;_1, D¢1;_1 as for general
cash flow models)) and is averaged out by the transition probabilities P(S;1;—1 = s'|S;),s’ =
1,...,K. The second term in brackets captures the covariances of the stochastic discount factor and

cash flows due to Sy, ;_1 (instead of Sy, ;_1, Dt1r_1), with factors and residuals fe;,, averaged out.

Cash flows without lags in cash flows: affine linear factor model

Cash flows that follow the affine linear factor read

m
Dijy1 = pie + Z - Qije* fie+1 HDig€ipr, i =11
]:

To prepare for the analysis of the affine linear factor model, the present value of cash flows
(4-126) is re-formulated as the sum of expected cash flows discounted at a riskless rate and a risk

correction,
4-129
cl market
E(Qt,t+r Dt+‘r|St' D, )

— E(Qt,t+rd |St: Dtmarket)

1

[
: {E(Dt+‘r|5t) + cov < durir Dtyr

E(Qt,t+‘rd |Stv Dtmarket) ’

St Dtmarket>}

The first part, expected cash flows discounted at a riskless rate, reads in the affine linear factor
model
4-130

K
E(qt,t+‘rd|5tr Dtmarket) *E(Dpy|Se) = E(Qt,t+‘rd|5t' Dtmarket) 2 , 1P(5t+‘r—1 =s"S¢) - u(s")
s'=

The second part, the risk correction, specifies in the affine linear factor model to

4-131

Grese”!
E(Qt,tHd |St' Dtmarket) eor <E(qt,t+rdt|;:Dtmarket) e

— E(Qt,t+rd |St: Dtmarket)

market
S¢, Dy >

K
) z 95’+T(5t) ) COV(Ath,Hrd (fersn St+r—1)JDt+T|St+T—1 = 5’)

s'=1
K +
+ , 1{93’ T(St) = P(St4r-1 = 5'|5t)} “E(Dp4o|St47r-1 =5")
S'=

with
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s'=1,...K
The risk correction (4-131) shows how the two sources of risk S;,;_1 and fe.,, are priced. The
risk of S;1,_1 is priced by risk-neutralized probabilities for a transition from regime S; to S;;_41. The
source of risk fe;, . is priced by covariances conditional on a given regime S;,;_1,
COU(Ath,t+‘L'CI (fetrr Serr-1), Dt+‘r|St+T—1 = 5’)
The assumption of an affine linear factor model leads to a specific form of these covariances:

4-132
1
COU(Ath,t+TC (fetrrrSt4r-1)) Di,t+T|St+T—1 = S')

K
= 2 - aij (s")- E(Ath,t+‘L'CI(fet+‘L" Styr—1) 'fj,t+‘r|5t+‘r—1 = 5’) + b;(s")
]:

) E(Ath,t+rCI (fecsr Star—1) - ei,t+r|5t+r—1 = S')

(4-132) shows that the pricing of the source of risk fe;,; in the present value of cash flows is the
same as in the quasi-static case: the risk correction for fe;,, consists of quantities of risk multiplied
by the prices of risk; the quantities of factor j risk and residual risk in the cash flow of asset i are con-
ditional on regime S;,,_1 = s’ and read a;;(s") and b;(s"), respectively. The prices of factor j risk
and residual risk are also conditional on regime S;,,_; = s'and read

E(Ath,t+TCI(fet+Tl St4r-1) 'fj,t+r|5t+r—1 = 5’)
and
E(Ath,t+‘L'C1 (fersrrs Star—1) * ei,t+‘r|5t+‘r—1 = 5’)

Observe that both quantities and prices of factors and residuals are exactly the same as in the

quasi-static framework because the regime process, the process of factors and residuals and, finally,

the cash flow function are time-homogeneous.
4.3.2.1.1.3 Equilibrium Risk Premia

Cash flows without lags in cash flows: no additional restrictions on the functional form of D(.)

If cash flow models belong to the subclass of this section, risk premia under complete information

and general cash flow models (4-55) simplify to
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4-133
Ath,t+1CI(fet+1rSt)
E(Pry1"%9(Se41)1Se)

v’ <n_, ’ Dt+1market(Dt+1)>

+E (Dt+1|5tv Dt+1market(Dt+1)) St

with

U (3 Dera ™7 (D)

cl — ny
AfRir41 (fers1,St) =

E<U’<

- Dmm“”‘“(Dm))
1

st>
Diy1 = D(St, ferrr)

Observe that risk premia depend on the regime S; only and, therefore, on less information than

asset prices, which depend, by definition, on information relevant to pricing z,? = (S, Dtmarket).
The underlying reason is that risk premia only depend on the conditional distribution of D;,;, but

this conditional distribution is summarized by S; alone for cash flow models without lags in levels.

The risk premium consists of two parts stemming from asset prices Pt+1CI (first term) and cash

flows D¢, 1 (second term). While not much can be said on the risk premium part stemming from cash
flows in addition to what is already known for general cash flow models, the risk premium part that

stems from asset prices is unequivocally non-negative:

4-134
Ath,t+1CI (fers1,St)

—cov| EC IS |

(1
U’ <n_ Dt+1market(Dt+1)>
1
= E(Pt+1reg(5t+1)|5t)
( / \ )
HE| Se |-
Sf)J

(1 (1
| \U <n_, - DHJ"“”““(DM)) / E (U <n_,' Dm’"“r"etwm))
The reason is that the channel of marginal utility of consumption at time t (channel (i)) introduces

> 030

a negative correlation between the stochastic discount factor and asset prices. This is formally shown

by the same convexity argument as in Footnote 29, p. 149.

30 |t is implicitly assumed that E(Py41 %9 (S;41)]S:) = 0. Note that this assumption is necessary because this
analysis is not restricted to assets with limited liability.
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Cash flows without lags in cash flows: affine linear factor model

If it is further assumed that cash flows follow the affine linear factor,

Dev1 = pu(Se) + A(Sy) - fersn

the risk premium part resulting from D, 4 is linear in prices for factor and residual risk
cl
AfRi 1" (fersr, Se)

—cov \
<,E(Di,t+1|st.Dt+1m‘”"“(Dt+1)) )

m
= —exp (Ttd (St: Dtmarket)) . Z . a;j (St) . Ajf(st: Dtmarket)
]=

4-135

—exp (rtd(st; Dtmarket)) 'Eilbi(st) 'Aie(stv Dtmarket)

i=1,...,n
where Ajf(s, D,/"%"ket) and 4;°(s, D,™*€") are the prices of factor j risk (4-122) and the price of

residual risk (4-123).

Observe that aggregate cash flows D,™*"¢¢ are contained in both exp (rtC’ (St, Dtmarket)) and

Ajf(s, DketY or 2,6(s, D" *EY). However, D,™*¢" cancels out, i.e., there is no contradiction

to the assertion that risk premia are not a function of D,*"*¢t_ with the now clarified structure of
the risk premium part stemming from cash flows, it is evident that the interpretation is essentially
the same as under partial equilibrium with CARA preferences (3-103) (p. 89) and can, therefore, be

omitted.

4.3.2.1.2 Incomplete Information

4.3.2.1.2.1 Information Relevant to Pricing z,P

For cash flow models without lags in levels under incomplete information, information relevant to
pricing consists of conditional regime probabilities and aggregate cash flows paid by the market port-
folio of risky assets and is, hence, simpler than (m;, D;), information relevant to pricing for general

cash flows models:

4-136
th — (”tr Dtmarket)

To see that (nt, Dtmarket) contains all information relevant to pricing, observe that it contains (i),
by definition, aggregate cash flows paid by the market portfolio of risky assets and (ii) also contains a
sufficient statistic for the conditional distribution of future cash flows: recall from the corresponding

partial equilibrium case (Section 3.3.3.2, p. 84) that future cash flows are no longer functionally re-
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lated to current cash flows, implying that the conditional distribution of future cash flows is com-

pletely described by current regime probabilities.

4.3.2.1.2.2 Equilibrium Asset Prices

4.3.2.1.2.2.1 Quasi-Static Asset Prices

Cash flows without lags in levels: no additional restrictions on the functional form of D(.)

If cash flow models belong to the subclass of this section, quasi-static asset prices under incom-

plete information and general cash flow models (4-57) and (4-58) (see p. 116) simplify to

4-137
il market
P (m, Dy )

K
- 2 T[S't
s=1

K reg ot
i ket Ysr=1Ts  e41 " Prar 2 (s)
E Qt,t+1ll(fet+1JSt: Dtmar ¢ ) :

U’ (nll . Dt+1market)

market
+ Deyq ¢ [Se =5, D¢

and

4-138
. K .
Btll (1, Dy) = Z 17Ts,t ) E(Qt,t+1” (fet+1:5t: Dtmarket)lst =S, Dt)
5=

with stochastic discount factor

4-139
1
) U <n_l Dt+1market(Dt+1)>
il S. D markety) _ .
Att+1 (f€t+1, t» Ut ) 1+p U’ (lD market)
n t
1
with

Diy1 = D(St, fersr)
Tryq = (g, D, Deyq, Sigest)
Siger1 = Sigev1(Se, Stans fer41:Mer1)

All results concerning the pricing of the various sources of risk derived for general cash flow mod-
els must evidently hold for the special case; in particular, only the risk sources S; and fe;,; are
priced according to their relation to aggregate cash flows.

| discuss the various channels through which this relation between the stochastic discount factor
and aggregate cash flows is introduced separately for asset prices Pt+1“ and cash flows D; ;.

Recall the four channels between stochastic discount factor Qt,t+1u and asset prices Pt+1” from

the general cash flow model. In this special case only channels (i) marginal utility and (iv) stochastic
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conditional probabilities remain relevant. Channels (ii) marginal utility at future points in time and

(iii) cash flow do no longer exist.

To understand this result, plug in for the Pt+1”, i.e., combine the results on the relation between
complete and incomplete information asset prices (4-103) (p. 140) with the properties of complete
information asset prices for cash flow models without lags in levels (4-112):

4-140

K
p,. = Zs’=1ﬂs',t+1 ' Pt+1reg(5')
t+1 —

From the decomposition (4-60) (p. 117), it is know that not all components of (4-140) are priced

but only

4-141
k
Z§:1 E(T[s',t+1 |7Tt' D™ et) “Pryq9(s")

U’ (nll . Dt+1market)

E (Pt+1 il |7Tt: Dt+1market) —

(4-141) demonstrates that in addition to the channel of marginal utility of consumption that is al-
ready present in the complete information case (channel (i) of the general case), correlations be-
tween asset prices and the stochastic discount factor are now also introduced through stochastic
probabilities ;.4 (channel (iv) of the general case). The priced part of these stochastic probabilities
is E(7gr y41|e, Deyy ™€) and has a simple interpretation: E (g 1 |me, Dpyy ™€) is a particu-
lar conditional probability for S;,, = s’ that is formed by updating regime probabilities 7; by infor-

mation on aggregate (but not individual) cash flows:

4-142
E(”s’,t+1|”t; Dt_l_lmarket) = P(St+1 = S,|7Ttr Dt+1market)31

The channel of stochastic conditional probabilities (channel (iv)) can either reinforce or dampen

the effect of the marginal utility channel. Consider a regime S;,; = s’ that is likely to be the true re-

market market

gime if D44 is high (and unlikely if D;, 4 is low). Then both the inverse of marginal utili-

-1
ty of consumption, [U’ (niI-DHlmarket)] (channel (i)), and the regime probability (4-142),

market) (

E(nsr1t+1|nt, Diyq channel (iv)), will move in the same direction as aggregate cash flows and,

therefore, introduce a negative covariance with the stochastic discount factor. On the other hand, if

Sip1 =S’ is a regime that is unlikely to be the true regime if D, ,™* %t is high, [U’ (ni
1

31 To see this, first observe that the probability of some event 4 is the expectation of the indicator function 14,
ie., P(A) =E(1,). Applying this to the left-hand side of (4-142) yields E(nsr,t+1|nt, DHlm‘"k“) =
E(E(1
of Dgyq
pectations.

St+1:5:|nt, Diy1,Siges1)|me Dy ™7Y). Further observe that knowledge of D, implies knowledge

market e, {mte, Dy1, Sigrsr} = {0t Dey1, Doyt ™%, Sigis1}, and apply the tower property of ex-
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market

-1
Dt+1m“rket)] (channel (i)) will move in the same direction as D;,q while

E(mg pyq|me Dt+1market) (channel (iv)) will move in the opposite direction, with an unclear overall
effect. Observe that the total effect of the marginal utility channel (channel (i)) and the channel of
stochastic conditional regime probabilities (channel (iv)) on asset prices is captured by K asset-

independent pricing components,
4-143

market)

i E(7y 141|es Desa
E Qt,t+1”(f€t+1.5t.Dtmarket)' ( =L | ’

U’ (nll . Dt+1market)

market
¢, Dy

The price of asset prices Pt+1“ is a linear combination of the complete information price compo-
nents Pryq' “9(s’),s’ = 1,...,K, with the asset-independent components that price the sources of
risk, (4-143):

4-144

E(qt,t+1i1 (fet+1:St: Dtmarket) : Pt+1i1 (T[t+1: Dt+1market)|7'ft; Dtmarket)

market)

market re '
¢, Dy “Pryq 9(s")

K E(mg 141|me, D
il markety , s,t+1 t Mt+1
§ El qre+1 (fet+1r5tr Dy ) 1
=1 ’ market
U - Dt+1
ny

S,

Since there are two channels in the incomplete information case, the price of Pt+1” at time t
therefore is no longer necessarily less than the “risk-neutral” discounting of
E(PHl”(nHl,Dt+1market)|nt) at the riskless rate as it is the case under complete information
(4-119).

Concerning the pricing of cash flows D;,; and the price of the one-period bond (4-58) the as-
sumption of cash flow models without lags in levels does not lead to insights that go beyond general

results and is, therefore, omitted.

Cash flows without lags in cash flows: affine linear factor model

Since the assumption of an affine linear factor model is merely more specific (compared to the
more abstract form D(S;, fe;+1)) with regard to the effect of factors and residuals on cash flows giv-
en a particular true regime S;, not much would be gained by detailed discussion of the effect of an
affine linear factor model on asset prices under incomplete information: incomplete information is
concerned with the fact that the regime S; is unobservable, whereas the affine linear factor model

takes S; as given.
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4.3.2.1.2.2.2 Asset Prices as Discounted Future Cash Flows

Cash flows without lags in levels: no additional restrictions on the functional form of D(.)

Asset prices as discounted future cash flows are fully described by the relation between complete
and incomplete information asset prices (4-103) (p. 140) in combination with complete information

asset prices expressed as discounted future cash flows (4-126) (p. 152):

. K
Ptll (T[t' Dtmarket) — Z 17_[5'1: 'PtCI (S, Dtmarket)
S=

T—t
P¢(Sp, DY) = 2 1E(Qt,t+‘rd(fet+‘n Sewr—1; D¢ ) - Do [Se, D)
=

The only remaining question of interest therefore is the pricing of the sources of risk compared to
the complete information case. S;;;_1, and fe;,, can be identified as the only relevant sources of
risk(as opposed to path of future regimes and path of factors and residuals) for the same reason as
under complete information. The difference to the complete information case lies in the distribution
of S;4;_1 since the current regime S; is unobservable.

St+r—1 and fe, .. affect risk-adjusted pricing via a generalized version of the cash flow channel
(4-49). This generalized cash flow channel can be described by means of the covariance between the
stochastic discount factor and cash flows, which leads in the special case of cash flows without lags in

levels to the following simplified version of (4-66):

4-145
1
;U (n—, Der " (D) . .
cov Tt I , Dpyr|me, DOTRE | = i : .
’ k ’ k
p U (n_ . p,mar et) P (n_ . p,mar et)
1 1

s'=1

K 1
{z P(St4r-1 = $'|my) - cov <U' <n_ ) Dt+1market(Dt+1)>:Dt+T
1

o
St4r-1 =S >

1
+ cov <E <U' <n_ ' Dt+rmarket(Dt+r)> ”t)}
I

The covariance (4-145) reveals the details of risk-adjusted pricing. The first term in brackets on

St+‘r—1> ’ E(Dt+1|5t+‘r—1)

the right-hand side of (4-145) is the covariance of the stochastic discount factor and cash flows due
to fe; ;. The conditioning information simplifies to Sy, ;_4 (instead of S;,;_1, D¢17_1 as for general
cash flow models)) and is averaged out by transition probabilities P(S;y,—1 = s'|m:),s' =1, ..., K.
The second term in brackets captures the covariances of the stochastic discount factor and cash

flows due to S;,;_1 (instead of Sy, ;_1, D¢ +7r—1), with factors and residuals fe;,, averaged out.
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Cash flows without lags in cash flows: affine linear factor model

If it is further assumed that cash flows exhibit an affine linear factor model, the covariance condi-

tional on S;,,_1 = s’ in (4-145),

1
cov <UI <Tl— ) Dt+Tmarket (Dt+r)> »Deir
1

o
St4r-1 =S >

takes on a factor structure. However, since this covariance is conditional on S;,,_; = s’, its specific
form is not related to incomplete information. Similar reasoning holds for the expectations of cash
flows conditional on S;,,_; = s’ in (4-145),
E(Dt4rl|St4r-1)
Therefore, the implications of the assumptions of an affine linear factor model need not be fur-

ther elaborated and can be omitted.
4.3.2.1.2.3 Equilibrium Risk Premia

Cash flows without lags in cash flows: no additional restrictions on the functional form of D(.)

If cash flow models belong to the subclass of this section, risk premia under incomplete infor-

mation and general cash flow models (4-67) simplify to

Ath,t+1”(fet+1:St:7Tt)
RP(my) = —cov Zsl,{’=1E(7Ts’,t+1|7Tt' Dt+1market) Pyt (S")

) U (nll ) Dt+1market)

+ E(Dt+1|ﬂt, Dt+1market) T[t

with

1
U <n_ Dt+1market(Dt+1)>
1

Ath,t+1iI (fetr1,Seme) = 1
25:1 Mg E <U' <n_1 ) Dt+1market(Dt+1)>
Dir1 = D(St, ferr1)
Tryq = (g, D, Deyq, Sigest)
Siges1 = Siges1(Se, Sev1s fer41,Me41)

Risk premia depend on conditional regime probabilities ; and, therefore, on less information

St=S>

than asset prices, which depend, by definition, on information relevant to pricing zP =
(e, Dtm“rket). The underlying reason is similar to the complete information case: risk premia only
depend on the conditional distribution of D, , but this conditional distribution is summarized by m;
alone for cash flow models without lags in levels.

The risk premium consists of two parts stemming from asset prices Pt+1CI (first term) and cash

flows D;,; (second term). The risk premium part stemming from asset prices is governed by the
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channels of marginal utility of consumption at time t (channel (i)) and the channel of stochastic con-
ditional regime probabilities (channel (iv)). Due to the interrelation between two channels, the risk
premium is no longer necessarily non-negative as is the case under complete information (4-134).
The risk premium part that stems from cash flows can be expressed through (i) risk-neutralized re-
gime probabilities, capturing the risk of the unobservable regime, and (ii) complete information co-

variances and expectations, capturing the risk of factors and residuals (see the decomposition of risk

)

T 2:{:1{65‘t(nt) B T[S't} 'E (E (Dt+1|5t' Dt+1market(Dt+1)) |St = s)

K
- z es,t(”t)
s=1

rcov (Ath,t+1CI(fet+1;5t):E (Dt+1|5t: Dt+1mark€t(Dt+1)) |St = 5)

premia (4-81) (p. 127)):
4-146
—cov <Ath,t+1u(fet+1vStr )
) E(Dt+1 |7Ttr Dt+1market)

Cash flows without lags in cash flows: affine linear factor model

Since the assumption of an affine linear factor model is merely more specific (compared to the
more abstract form D (S, fe;+1)) with regard to the effect of factors and residuals on cash flows giv-
en a particular true regime S;, not much would be gained by detailed discussion of the effect of an
affine linear factor model on asset prices under incomplete information: incomplete information is
concerned with the fact that the regime S; is unobservable, whereas the affine linear factor model

takes S; as given.

4.3.3 Cash Flow Models without Lags in Growth Rates under Constant Relative

Risk Aversion

Cash flow models without lags in growth rates read by definition

2-9
Dity1 = D¢ [1+d;(St, ferr1)]

i=1,..,n
It is further assumed that cash flow growth rates cannot be less than —1, i.e., special case of lim-

ited liability is solely considered, and that initial cash flows are positive for all assets:32

32 The restriction to nonnegative cash flows is motivated by economic intuition and not necessary to derive the
pricing results for cash flow models without lags in growth rates. To understand the argument of the eco-
nomic intuition, consider the case of a negative cash flow. A positive 1 + growth rate — something that has a
positive connotation - combined with a negative cash flows means that the cash flows becomes even more
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di(Se, fers1) = —1
Dip>0
i=1,...,n
These assumptions jointly imply that cash flows are always non-negative and, in particular, that
investors cannot lose more than their initial investments. In view of these properties, cash flows in

this section can be interpreted and will be referred to as dividends.

4.3.3.1 Complete Information

4.3.3.1.1 Information Relevant to Pricing z,”

For cash flow models without lags in growth rates under constant relative risk aversion (CRRA)
and complete information, information relevant to pricing for all assets remains unchanged relative

to the general case, i.e.,

4-147
th'p = (S, Dp)

However, information relevant to pricing for an individual asset i is simplified considerably relative to
the general case and reads
4-148

Zi,td'p = (St: Di,tJ5t)
where §; = (6”, ...,6n,t) and §; ; denotes dividends paid by company j relative to dividends paid by
the market portfolio of risky assets,

4-149
N;-Djr  Nj-Dj

no N . - market
v=1Nv DV,t Dt

j=1,..,n
which, for brevity, will be referred to as relative dividend contributions.

In words, information relevant to pricing for an individual asset i includes its own dividend pay-
ment D; . and the relative dividend contributions of all risky assets, but neither dividend levels of
other individual assets nor the level of aggregate dividends.

It is more difficult to explain the composition of z; ;P intuitively than in the previous cases. This
difficulty is due to the fact that the simplification to relative dividend contributions results as much
from the form of the utility function (CRRA) as from the special properties of the cash flow function.

Constant relative risk aversion leads to stochastic discount factors that only depend on dividend

negative; a negativel + growth rate (negative connotation) combined with a negative cash flow results in a
positive cash flow.
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growth rates and relative dividend contributions. The special dividend model of this section means
that dividend growth rates are independent of past dividend levels. These properties of utility and
special cash flow models jointly imply that stochastic discount factors only depend on relative divi-

dend contributions but not in any way on dividend levels.

4.3.3.1.2 Equilibrium Asset Prices

4.3.3.1.2.1 Quasi-Static Asset Prices

If cash flow models belong to the subclass of this section and investors exhibit CRRA preferences,
quasi-static asset prices under complete information and general cash flow models (4-41) and (4-42)

simplify to (for the derivation, see Appendix A3.7)
4-150
P, (St Dy, 6¢)

cl

P
=Dy E (qt,t+1d(fet+115t: 8¢) - [1+di(Se fersa)] {(B)t . (St+1,6¢41) + 1}
Lt+

i=1,..,n
4-151
Btd (St 6p) = E(Qt,t+1d(fet+1:5t: 5t)|5t: 5t)
with stochastic discount factor

4-152

1 -y
qt,t+1d(fet+1r5t' 0) = m {[1 + dt+1market(6t;St;fet+1)]}

with aggregate dividend growth

4-153
n
dt+1market(5t;5t:fet+1) = z 15v,t dy(Se, ferr1)
V=

with dynamics of relative dividend contributions

4-154

¢ [1 + d'(St:f€t+1)]
8 c11(8,, Sp, fepry) = =2 )
jirr1l0e Se. e v=10y¢ " [1+dy (St fersr)]

j=1,..,n
and with price dividend ratio, i.e., the inverse of the dividend yield, attime t + 1
4-155
p cl Pi,t+1(5t+1J Dit+1, 5t+1) D. >0
(5)““ (St+1,0¢41) = D41 bt
' 0 Dity1 =0
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The stochastic discount factor (4-152) depends on the growth rate of aggregate dividends that, in
turn, is a weighted sum of the individual dividend growth rates where the weights are relative divi-
dend contributions. Given individual dividend growth rates d4, ..., d,, a change in relative dividend

contributions such that contributions of assets with high dividend growth increase relative to assets

with low dividend growth will result in higher aggregate dividend growth d., , ™*"*¢¢

. Hence, the sto-
chastic discount factor decreases because marginal utility at timet + 1 decreases. In contrast to
general cash flow models the stochastic discount factor (4-152) does not depend on dividend levels.
To understand why dividend levels do not matter, consider a proportional increase of dividends of all
assets in time t. Then the structure of the cash flow model without lags in growth rates implies that
dividends at time t + 1 change by the same proportion, and the properties of constant relative risk
aversion further imply that the relation of marginal utility at time ¢ + 1 to marginal utility at time ¢
remains constant.

The fact that aggregate dividend levels do not play a role for the stochastic discount factor trans-
lates to the risky asset prices (4-150) and the price of the one-period riskless bond (4-151). To illus-

trate this fact, tautologically re-express the price for general cash flow models (4-41) in the form of a

price dividend ratio

cl
P c _ D . Diti1 ] Pitq
it+1  — it
- iy Dits1
current dividend -2 - 2
level dividend growth price dividend ratio

For dividends without lags in growth rates, both dividend growth rates and price dividend ratios

take special forms

4-156
P cl
cl _ . | —
Pityr” = ei_,; [14di(Se, fersr)] (D) (St+1,6¢41)
current dividend dividend growth Lt+1
level price dividend ratio

In this special case neither dividend growth rates nor the price dividend ratio depend on dividend
levels. While this is clear in the case of dividend growth rates by definition, some justification is
needed for the price dividend ratios. Intuitively, if the dividend of asset i at time t is multiplied by a
constant factor, dividends at future dates change by the same factor. Therefore, the price of asset i
at time t — the present value of future dividends - will change by the same factor as well. This in turn
means that the price dividend ratio is constant.

Concerning the price of the one-period riskless bond (4-151), the special cash flow model without
lags in growth rates shows that the one-period riskless bond price depends on relative dividend con-
tributions via the stochastic discount factor. Furthermore, this special cash flow model cannot con-

tribute over what is already knows from general cash flow models.
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With the help of Equations (4-150) and (4-151) the pricing statement of the general cash flows
model (4-41) (p. 108) regarding the pricing of the two sources of risk S;, 1 and fe;,1 can be further
specified. To that end, recall that the pricing of the sources of risk in general depends on their rela-
tion to aggregate cash flows. For the subclass of cash flows without lags in growth rates, these gen-
eral results can be reformulated in terms of growth rates of individual and aggregate dividends
(4-153). Only that part of capital gains and dividend growth that can be explained through the

growth rate of aggregate cash flows is priced:

4-157
P; ' (S¢, Dy, 8¢)
Q41 (ferrn, Se. 6e)
= D t" E P cl St’ 6t
i, -E <[1 +d;i(Se, ferr)] {(5) (Spa1, 8psr) + 1} S,, 8, dt+1market>
,t+1
i=1,..,n

All channels through which factors and residuals fe;,; exert influence on Pi,td that have been
identified in the general cash flow model exist in this special cash flow model without lags in growth
rates (in contrast to special cash flow models without lags in levels). Since covariances of the stochas-
tic discount factor with P,.1" and covariances of the stochastic discount factor with D, are not
immediately visible in (4-157), they must be located first.

The price channel - covariances of the stochastic discount factor with P, - reads in this special

case:

cl
covariance of the stochastic discount factor with D;, - [1 + d;(S¢, fer+1)] - (g) (St41,0c41);

it+
the cash flow channel - covariances of the stochastic discount factor with D, - is: covariance of the
stochastic discount factor with D; ¢ - (1 + dl-(St,feHl)).
Within the three channels of the price channel, the channel of marginal utility of consumption at
time t + 1 (channel (i)) reads
U’ (l . Dt+1market) — {i . Dt+1market}_y
n; n;
and the channel of future marginal utility of consumption in points of time t+ 14+ 1,7>1

(channel (ii)) reads

(1 1 n
u (n_ ’ Dt+1+rmark€t) = {n_ Dt+1market Z L 5v,t+1 ) [1 + dv+(T) (St+1,t+r—1:fet+1,t+1+'r)]}
1 1 =

with

T
d4,*® (Seartrets fErotirnse) = 1_[(_1[1 +dy (Ser14g-1 ferrrag) = 1



167

Since the stochastic discount factor is a ratio of channel (ii) divided by channel (i), the effects of

dividend levels ({ni, . Dt+1market}_y) cancel out. Instead, only relative dividend contributions matter.

The channel of future dividends D;, 1, (channel (iii)) remains unchanged compared to the general

case flow case in that the level of individual dividends still is decisive because D; ;4147 = Djt41
§=1[1 + di(St+14+¢-1, fer+1+7)] cannot be simplified.

For a similar reason the cash flow channel - covariances of the stochastic discount factor with

14 d;(S;, fers1) - is unchanged.
4.3.3.1.2.2 Asset Prices as Discounted Future Cash Flows

If cash flow models belong to the subclass of this section, asset prices as discounted future cash

flows under complete information (4-50) simplify to

4-158
P; (St Dy, 6¢)

T—t
=D, Z _1E(qt,t+rd(fet+1,t+'n Stert+1-15 56 5t) : [1 + di+T(St,t+T—1:fet+1,t+r)]|St: 5t)

T
i=1,..,n
with multi-period stochastic discount factors

4-159

1 n +(D) 4
(1+p)° ' {z L Syt [1 +d, (St,t+r—1:fet+1,t+r)]}
v:

cl . —
dtt+t (fet+1,t+'r: St+1,t47-1Str 5t) =

with
T
Ay O (Serrerro1 fersneriae) = ng—l[l +dy(Seaz-1 ferrrag)] = 1

The pricing equation (4-158) and the multi-period stochastic discount factor (4-159) demonstrate
how the two sources of risk (i) path of future regimes Sy, (1, - note the current regime S; is non-
stochastic - and (ii) path of factors and residuals fe;. ¢+, are priced. Recall from the general cash
flow model that not the paths of regimes S;;,,_; as well as factors and residuals fe;q 4+, as such
exert influence on prices but only their joint effects on Dy ;_1, St4+7z—1, and feq,;. For cash flow
model without lags in growth rates, cash flows D;,,_; are merely replaced by the more specific

T — 1-period growth rates dv+(T_1),v =1

, ..., . In other words, assuming a cash flow model without
lags in growth rates does not simplify the situation as much as in the case of cash flows without lags
in levels: for cash flow model without lags in levels, cash flows are only inter-temporally related via
the regime; by contrast, for cash flow model without lags in growth rates, future cash flows are still

directly related to current cash flows (in addition to the indirect relation via the regime).
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+(T—-1 . . . .
(@ ), Stir—1 and fe.,; exert price influence is the generalized

The channel through which d,,
cash flow channel (4-49) and is described by means of the covariance between the stochastic dis-
count factor and cash flows, which leads in the special case of cash flows without lags in growth rates

to the following simplified version of (4-54):

4-160

1 n +(7) 7
I o R I TN R AR CYRS |
V=

’ [1 + di+(T) (St,t+r—1:fet+1,t+1+'r)]
1
R
n
E| cov {szl 8y [1+ dV+(T) (Sere4r-1,feraresr)]

) [1 + di+(T) (St+1,t+r—1:fet+1,t+1+'r)]

St, 6t

-y
} Serr—1, YD, 8, 1S, 8,

n Y
E <{Z Oye- [1 + dv+(T) (St+1,t+'r—1:fet+1,t+r)]}
+ cov v=1
VE(d V]S40, a7 0D, 8)

LY d+(‘r—1), Ky )
t+71—-1 t St,5t

The covariance (4-160) reveals the details of risk-adjusted pricing. The first term in brackets on
the right-hand side of (4-160) is the covariance of the stochastic discount factor and cash flows due
to fey4,. The conditioning information simplifies to S;,,_,,d*®™1, 8, (instead of S;,;_1, D471 @S
for general cash flow models)). The second term in brackets captures the covariances of the stochas-
tic discount factor and cash flows due to S;,,_; and d*~1 (instead of Sy, ;_1, Dy+7—1), With factors

and residuals fe,,, averaged out.
4.3.3.1.3 Equilibrium Risk Premia

If cash flow models belong to the subclass of this section, risk premia under complete information

and general cash flow models (4-55) simplify to

4-161
Ath,t+1CI (fers+1, 56 6¢)

cl

RPtCI(St,D"t, 6t) = _D',t *Cov P St’ 6t
‘ T+ dis e {(—) G B 1}
I,t+

D
with
{(Z0_18ve-dy(Se fer))
E({Z01 6y dy(Se feesn)) " [Se8¢)
dey = dy (S feess)

Like quasi-static asset prices, the risk premium is the product of the current dividend level D; ; and

Ath,t+1CI(fet+1;5t: 0p) =

a structure term that depends on relative dividend contributions only. The risk premium is governed
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by the three price channels and the one cash flow channel in a way that is parallel to quasi-static as-

set prices.

4.3.3.2 Incomplete Information

4.3.3.2.1 Information Relevant to Pricing z,P

For cash flow models without lags in growth rates under constant relative risk aversion (CRRA)
and incomplete information, information relevant to pricing for all assets remains unchanged relative

to the general case, i.e.,

4-162
Zt”’p = (m, D)

However, information relevant to pricing for an individual asset i is simplified considerably relative to

the general case and reads

4-163 .
Zi,tll'p = (T[t' Dy, 5t)

The argument is parallel to the complete information case, with conditional regime probabilities

replacing their complete information counterparts, observable current regimes S;.

4.3.3.2.2 Equilibrium Asset Prices

4.3.3.2.2.1 Quasi-Static Asset Prices

If cash flow models belong to the subclass of this section and investors exhibit CRRA preferences,
quasi-static asset prices under incomplete information and general cash flow models (4-57) and
(4-58) (see p. 116) simplify to
4-164

Pi,til (T[t' Di¢, 5t)
=Dy

K

Tst
s=1

qt,t+1u(fet+1JSt:5t)

K P cl , St =S, 6t
[1+d;i(Se, fersr)] § 1”s’,t+1 : (5)”1 (" 6e41) +1
i

s'=
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4-165

. K .
Btll (¢, 6¢) = 2 17Ts,t ) E(Qt,t+1ll (fet+1, St 6t)|5t' 5t)

S=
with stochastic discount factor

4-166
Aeee1" (ferr1,Se ) = ﬁ ' {[1 + dpyy NS, Stert+1)]}_y
with
M1 = (T, diyq, Siges)

Siger1 = Siger1(Se)Sev1r fera1,Me41)
with aggregate dividend growth (4-153)

n

dt+1mark€t(5t'5trfet+1) = Z Oy dy (St fetr1)

v=1
with dynamics of relative dividend contributions and complete information price dividend ratios giv-
enin (4-154) and (4-155).

All results concerning the pricing of the various sources of risk derived for general cash flow mod-
els must evidently hold for the special case; in particular, only the risk sources S; and fe,,, are
priced according to their relation to aggregate cash flows.

The four channels that introduce correlations between the stochastic discount factor and asset
prices identified for general cash flow models under incomplete information still exist. In addition to
the three channels already present in the complete information case, stochastic conditional probabil-
ities introduce another source of correlations between the stochastic discount factor and asset pric-
es. Jointly with relative dividend contributions §;,4 (and, therefore, channels (ii) and (iii)), conditional

regime probabilities affect the price dividend ratio at time t + 1:

4-167
K P cl
il _ . . . !
Pun= Dy [+dGuferd] Y monc(f) 68w
—~ — s'=1 it+1
current dividend dividend growth
level price dividend ratio

Concerning the pricing of dividends D;,; and the one-period riskless bond (4-165), the special
cash flow model without lags in growth rates shows that the one-period riskless bond price depends
on relative dividend contributions via the stochastic discount factor. Furthermore, this special cash

flow model cannot contribute over what is already knows from general cash flow models.
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4.3.3.2.2.2 Asset Prices as Discounted Future Cash Flows

If cash flow models belong to the subclass of this section, asset prices as discounted future cash

flows under incomplete information (4-63) simplify to

4-168 '
Pi,t” (Tft» Dy, 5t)

= Di,t

K
. Z T’:S't
s=1

T—t _
2 :1E(Qt,t+‘rll (fet+1,t+‘n St+1,t+7-15 St 5t) ) [1 + di+1(5t,t+‘r—1rfet+1,t+‘r)]|St =S, 5t)

T

i=1,...,n
with multi-period stochastic discount factors
4-169
il 1 " (D) )
qtt+t (fet+1,t+'n St+1,t41-1 St 5t) = m Z . 5v,t : [1 +d, (St,t+r—1ert+1,t+r)]
V=
with

T
Ay O (Serttrr—1 feroreriar) = 1_[(-1[1 +dy(Seag-1 feernag)| = 1

The channel through which dv+(r_1), Stir—1 and fe.,; exert price influence is the generalized
cash flow channel (4-49) and is described by means of the covariance between the stochastic dis-

count factor and cash flows, which leads in the special case of cash flows without lags in growth rates

to the following simplified version of (4-54):

4-170
;. " 5..-[1+d +(T)(S -
cov| T+ p)t {21;:1 vt [ v t,t+‘r—1'fet+1,t+‘r)]} _
) [1 + di+(T) (St,t+r—1:fet+1,t+1+r)]
1
T+

n -y
Syt [1+dy P (Serr o1, fe }
El cov {Zv:l vt [ v ( t+1,t+7-1 f t+1,t+‘r)] St+r—1:d+(1_1):6t ., 5t

) [1 + di+(T) (St+1,t+r—1Jfet+1,t+1+r)]

n
E <{Z 6v,t ' [1 + dv+(T) (St+1,t+r—1rfet+1,t+‘r)]}
+ cov v=1
) E(di+(f-1) |St+r—1: d+(‘r—1)’ 615)

The pricing of these sources of risk is not much simplified compared to general cash flow models

Sear—1,d* Y, 5t>
¢, O

and, hence, the same economic interpretations hold. The covariance of the stochastic discount factor

with dividends can be attributed to a covariance due to fe;,, on the one hand and a covariance due

to dv+(T_1),v =1,..,n,and S;,,_, on the other hand.
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4.3.3.2.3 Equilibrium Risk Premia

If cash flow models belong to the subclass of this section, risk premia under complete information

and general cash flow models (4-67) simplify to

4-171
RP.Y(m, Dy, 6t)
= _Di,t
Ath,t+1”(fet+1»5t» O, Tt)
K P cl ’ ¢, 515
A1+ di (St feer)] z s 41" (5) (s',0p41) + 1

s'=1 it+1

with

{Zg=1 Oy - dv(strfet+1)}_y
Zlens,t : E({ZLl:l Syt dv(st:fet+1)}_y|5t =S, 5t)
dir1 = dy(Se, fersr)

¢ [1 + d'(St:fet+1)]
8 c11(8,, Sp, fep) = =2 )
jirr1l0e Ses e v=10y¢ " [1+dy (St fersr)]

j=1,..,n

Ath,t+1lI (fets1, St 0, 1) =

Tey1 = (e, De, Dy, Sigesr)
Siger1 = Sigev1(Se, Stans fer41:Mer1)

As under complete information, the risk premium is the product of the current dividend level D; ;
and a structural term that depends on relative dividend contributions only. In addition to the three
price channels and the one cash flow channel that cause covariances of the stochastic discount factor
with asset prices under complete information, the fourth price channel of stochastic conditional re-

gime probabilities is now also present under incomplete information.

4.4 Asset Prices for Large Time Horizons

4.4.1 Motivation and Methodology

Asset prices at some point of time t have so far been derived given a finite remaining time horizon
T — t. However, it would be desirable to extend the analysis to cases where the time horizon is large,
if possible, infinite to cope with, e.g., dividends paid by stocks.

Infinite time horizons are tackled in the dynamic programming literature in two ways. First, when
a direct utility function is given, a value function for the infinite time horizon is guessed and verified

by means of the Bellman equation and a transversality condition (see, e.g., Ingersoll (1987) , p. 274).
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Second, the value function for infinite time horizons is obtained, if feasible, from iterating the opti-
mal value function of the corresponding finite case, i.e., using so called “value iteration”, (see
Bertsekas (2007), p. 8, 9). However, the “guess and verify approach” is only applicable for specific
utility functions and, hence, is not a valid alternative for my analysis because a concrete utility func-
tion is not specified. “Value iteration” is confronted with the problem that it is only valid under fairly
general, but not all conditions (see Bertsekas (2007), p. 9). These conditions are cumbersome and al-
so depend on the concrete specification of the utility function (see Bertsekas (2007), p. 124 and p.
135). The “guess and verify approach” is completely infeasible without specifying a concrete utility
function, whereas “value iteration” can at least be implemented but not verified whether the condi-
tions for convergence to a proper infinite horizon problem are met. Therefore, | use “value iteration”
and deliberately leave open the problem of convergence conditions.

More formally, “value iteration” is used to analyze asset prices for large time horizons. The idea of
a large time horizon is formalized by the limit lim;_;P;(z:P; T — t) where T — t denotes the re-
maining time horizon. Of course this limit does not necessarily need to exist, precisely because the
cash flows model is fairly general. For that reason, the special cash flow models without lags in levels
(Section 4.3.2) and without lags in growth rates (Section 4.3.3) are considered for the case where in-
formation frequency is equal to cash flow frequency.

One final remark is in order. It suffices to analyze complete information asset prices because in-
complete information asset prices are expectations of complete information asset prices and, there-

fore, finite if all complete information asset prices are finite.
4.4.2 The Case of Cash Flows without Lags in Levels

If cash flow models do not exhibit lags in levels, asset prices as discounted future cash flows read

((4-126) with (4-127)):
T—t
Ptd (St: Dtmarket; T — t) = z E(Qt,t+rd (fet+'r: St+r-15 Dtmarket) ) Dt+T|St: Dtmarket)
=1

with multi-period stochastic discount factors

(1
, U <n_, - DHT’”“”‘“(DHT))

1+p)r . ' i market
u (n, Dt )

ket
Qt,t+rd(fet+r: Sttr-1; Dtmar ¢ ) =

with

Dirr = D(Styr—1,f€t4r)

To show that prices converge as the time horizon goes to infinity, it suffices to show that

ny

E (U' (i : Dmm“”‘“(DHa) ‘Dyar

St> is bounded for all possible values of 7. Discounting with
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the subjective preference term - then leads to a convergent series. To that end, rewrite these

)

K 1
= z 1P(St+r—1 = 5'|S;) {E <U' <n_ Dt+rmarket(Dt+r)> *Diyr
= I

SI

1
1+p)*
conditional expectations into the form

4-172

1
E <U' <n_, ' Dt+rmarket(Dt+r)> "Diyr

St4r-1 = 5'>}

with
Diyr = D(Stsr-1,f€r41)
Because both the cash flow function and the regime process have been assumed to be time-

homogenous, it can be concluded that the conditional expectations

4-173

1
(EU'D)(s) = E (U' (n_, : Dtﬂm“r"“(DtH)) Desr

]
St+‘r—1 =S >

Stl = S,>
1
=E <U' <n_, ' th+1market(th+1)> "Dt,+1|Se, = 5’)

for any two time indices t; and t,. It follows that the expectations (4-172) are for all values of T linear

are independent of the time index, i.e.,

1
(EU'D)(s") = E (U' (n_, - Dt1+1’”“”‘“(Dt1+1)> ‘D, +1

combinations of the K conditional expectations (EU'D)(s"),s’ = 1, ..., K . Moreover, because prob-
abilities cannot exceed one, it follows that the conditional expectations (4-172) are bounded provid-

ed the K conditional expectations (4-173) exist

4-174
(EU'D)(s") < 0033

s'=1,...K
Returning to the problem of price convergence, it can first be concluded that the present value of

cash flows at time t + 7 reads

E(‘It,t+TCI(f€t+p Stireis Dtmarket) . Dt+T|St: Dtmarket)

K ) (EU'D)(s")
- Z . P(St4r-1 =5'IS) -exp(=p-7)- 1 market
s'=1 U’ (E ) Dt )

and this in turn implies that asset prices are linear combinations of the conditional

tions(EU'D)(s"),s' =1, ..., K:

33 Note that no particular distribution of factors and residuals has been imposed. This implies that the expecta-
tions may not exist. In this case it is clear that neither finite nor infinite time horizon asset prices exist.
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4-175
K l . . l 1
P CI(S D market,T _ t) — ZS’=1w(s S T — t) (EU D)(S )
t et ’ U’ (i D market)
n, t
with

T-t
P SaT—t EZ -
(1)(5 t ) =1 (1+p)T

(4-175) provides the answer to the problem of convergence: large time horizon asset price are fi-

*P(St4r—1 = 5'ISt)

nite (provided condition (4-174) is met) and read

4-176
K I} , ,
1=1 WS )S - EU D S
limT—t—moPd(St, Dtmarket;T . t) _ Ygr=1 w( ) ( )(s")
U’ (i .D market)
n, ¢t
with

o
w(s',S) = ZT=1(1+;))T.P(SHT_1 =s'lS)
because the limits of w(s’,S;; T —t) (as T —t goes to infinity) are well-defined and given by
w(s',S;).34
From an economic point of view, the result that asset prices always converge to finite values is
due to the fact that expected discounted utility-weighted cash flows do not exceed a certain maxi-

maxg o, (EU'D)(s")

mum ( S,E{l """ ) ), hence the time preference rate dominates.35
U

1 marke
E'Df ket
4.4.3 The Case of Non-Negative Cash Flows without Lags in Growth Rates under

CRRA Utility

If cash flows do not exhibit lags in growth rates and are non-negative (D; o > 0,d;(S;, fer+1) >
—1,i =1,..,n)35, asset prices as discounted future cash flows read for CRRA utility functions ((4-158)

with (4-159)):

34 This follows because P(SHT_1 = s'lSt) > 0, hence the series that defines w(s’,S;) must either

1
converge to a finite limit or diverge to 400, but divergence to 400 can be excluded because the positive time
preference parameter (p > 0) and the fact that probabilities are less than one (P(S;4—1 = s'|S;) < 1) show
that w(s’, S;) must be less than a convergent geometric series:

o0 1
N L
SR s

35 This result in the context of on cash flow levels in a regime-switching model parallels the findings of Ingersoll
(1987), p. 275 for growth rates.

36 Note that the cash flow model is slightly more restrictive than in Section 4.3.3 because the case
d;(S;, fers1) = —1 is excluded because some of the quantities introduced below could otherwise not be
meaningfully defined.
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Pi’tCI(St, Di,t’ 6t’ T - t)

T—t
=D Z _1E(qt,t+rd(fet+1,t+'n Sti1t+1-15 56 5t) : [1 + di+T(St,t+T—1:fet+1,t+r)]|St: 5t)

T

1 n v
CIt,t+rCI (fet+1,t+‘rr St+1,t47-1 St 5t) = m ) {Z L Oy [1 + dv+(ﬂ (St,t+f—1'fet+1,t+f)]}
V=

Asset prices (4-158) can either diverge to +oo or converge to finite values as the time horizon goes
to infinity because growth rates 1 + di” (due to limited liability) and stochastic discounted factors
are non-negative (due to no-arbitrage). Intuitively, convergence and divergence depend on whether
the time preference rate dominates the growth of expected discounted utility-weighted dividends.
Checking this condition now is more complicated than in the previous case because, first, conver-
gence must be checked for all possible combinations of the current regime S; and relative dividend
contributions §; and, second, expected discounted utility-weighted dividends are no longer neces-
sarily bounded37.

The first problem turns out to be less problematic than it may first appear because the price divi-
dend function can be shown to be convex in relative dividend contributions for each current regime

(see Appendix A3.7). This implies that it suffices to consider the n “corner points” where all dividends
p\ I
come from one single asset, i.e., (E) (St, ej),j =1,..,n, where ej is the degenerate situation38
it

where all dividends are paid by asset j. It can be deduced that, given a current regime S;, price divi-

dend ratios take finite values for all possible constellations of relative dividend contributions if and
P cl

only if this is the case for the K degenerate cases (B)i,t (St, €j; T — t),j =1,..,n.

The second problem (unbounded cash flows) means that asset prices can diverge to 400, hence
conditions must be found that decide whether asset prices under a given cash flow model and re-
gime process converge or diverge. To that end note that “corner” price dividend ratios can be ex-
pressed through a generalized geometric series (with matrices instead of real numbers) (see Appen-

dix A3.8):

37 For example, consider the following non-stochastic special case of the dividend model:D;,; = D; ;-
(1 + py) with D; g > 0, i.e., [1 + d;(Se, ferr)] = [1 +d;] = (1 + ), i.e., dividends grow exponentially and
will go to infinity as the time horizon goes to infinity.

38 Note that the assumptions of positive initial dividends D;o > 0,i=1,..,n and dividend growth rates and
dividend growth rates d;(S;, fer+1) > —1,i = 1,...,n, imply that these degenerate cases can never be
reached. They must be interpreted as limiting cases as the relative dividend contribution of one asset goes
to one.
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where M; ; is the KxK-matrix
Mi,j = (mi,j(i'j)s_s')

with

m; (i'j)s,s' =Dss' " E({l +d, (S, feer 1)}V {1 + di(st,rfet+1)}|5t = 5)
where Mi‘jf is the 7-th power of M; ; and (Eqd) is the K-dimensional column vector

E({1+d,(Se, feer )Y - {1+ di(Se, feer)}]Se = 1)
(Eqd) = ——

L+p E({1+d,(Se, feer )YV - {1+ di(St, feesrr)}|Se = K)

A common approach to decide whether expressions involving powers of matrices converge is to
use Eigenvalue decompositions. Only the case where M; ; admits such a decomposition is considered,
i.e.

M;; = V-D-V1
where D is the diagonal KxK-matrix with the Eigenvalues of M; ; on the main diagonal and where V

is an invertible KxK-matrix. Some manipulations (see Appendix A3.8.3) show that the prices
p\
limT_t—>00(B) (ej;T—t) are linear combinations of geometric series of the factors
it

A, ) -ﬁ,s =1,..,K, where A(i,j)s,s = 1, ..., K, are the Eigenvalues of matrix M, ;. It can be

concluded that these prices exist if

4-178
1
A0 )] —< 1
@D 155
s=1,..K
j=1,..,n

From an economic point of view, the result (4-178) is the condition that the time preference rate

dominates the growth of expected discounted utility-weighted dividends. 3°

39 This result in the context of dividend growth in a regime-switching model parallels the findings of Ingersoll
(1987), p. 275 for growth rates.
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5 Numerical Computations of General Equilibrium Asset Prices and

Risk Premia

The analysis in the Chapters 3 and 4 is theoretical and, as such, can only establish the existence of
certain effects. The magnitude and, therefore, the economic importance of these effects for empiri-
cally plausible parameter constellations remain unclear, however. Numerical analysis can fill this gap
(see, e.g., Judd (1998), p. 6).

Against this background, the following three questions regarding prices and risk premia under
complete and incomplete information arise:

® Question 1: How relevant is the effect of incomplete information on risk premia compared to
complete information?

e Question 2: Do the extensions of Veronesi (2000) introduced in this thesis - namely more than
one risky asset, a richer class of regime processes, and incomplete information on both first
and second order moments of dividends — translate into substantially different risk premia
than in Veronesi (2000) or do these extensions not fundamentally alter incomplete infor-
mation risk premia?

e (Question 3: For what parameter constellations are the differences identified in Questions 1
and 2 particularly pronounced?

Not all models analyzed in Chapters 3 and 4 are suitable to address these three question. The
model must be sufficiently comparable to the model in Veronesi (2000) but, at the same time, allow
for extensions mentioned in Question 2. Only general equilibrium models with “large” time horizon,
constant relative risk aversion, dividends given by a model without lags in growth rates, and normally
distributed factors and residuals are suitable, i.e., one particular version of the model of Section 4.4.3
is used. If the cash flow function differed too much (such as cash flow without lags in levels), or if an
altogether different type of utility function (such as constant absolute risk aversion) were considered,
results would be hard to compare. At the same time, this model framework is sufficiently flexible to
address the extensions outlined in Question 2.

Since Veronesi (2000) focuses on return-based risk premia (the cash flow-based risk premium di-
vided by the price of the risky asset) a return-based risk premium is used in this chapter as well. To
answer Questions 1,2, and 3, four steps are necessary: (i) the risk premium defined in (4-55) and
(4-67) must be translated into a return-based formulation (Section 5.1) (ii) the continuous-time divi-
dend model in Veronesi (2000) must be translated into a discrete-time framework, and dividend

models for the extensions must be formulated (Section 5.2); (iii) empirically plausible parameter con-
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stellations must be identified (Section 5.3); (iv) numerical methods must be chosen since analytical
results cannot be obtained (Section 5.4). Section 5.5 finally describes numerical results and answers

the questions.

5.1 Return-Based Risk Premia

5.1.1 Definition of Return-Based Risk Premia

Dividing asset i’s risk premia (4-171) by its price yields its return-based risk premium

5-1
. rRP, *(%, D;,, 6
RPi,tlI,ret(ﬂtr 6t) = L’tl'.l ( : Lad t)
P (T[t' Di¢, 5t)
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P
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with

(3018, dy(Sefers)}) |
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In a similar way, a return-based risk premium RPi_tCI'ret(St, &;) is obtained from complete infor-

Ath,t+1iI (fet+1, S0 0, ) =

mation (4-161):
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5.1.2 The Components of Asset Returns

The interaction of various components of asset returns is crucial to the interpretation of numeri-

cal results and, therefore, to answering the Questions 1, 2, and 3. It is helpful to identify these com-
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ponents of the return on risky assets for the model of cash flows without lags in growth rates under
CRRA utility. The total return on asset i reads

5-3

P cl ,
{ =1 T 4 (5)”+1 (s",6¢41) + 1}

Return;¢ppq = [1+di(Se, ferr1)] N
(5),, o0

This return can be thought of as consisting of capital gains and dividend yield.

The first return component, (gross) capital gains, is given by
5-4

il
Cap. Gai _ Pty (T[t+1rDi,t+1'6t+1)
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This return component can be interpreted as the product of (gross) dividend growth [1 +

d;(S;, fer+1)] and incomplete information price dividend ratio growth,

55
(B . ’ (Te41,8e41)  {Zgraa Tl e B) ! (s',8:41)
D41 _ DJit41
- -
(%)i_tl (e, 6¢) (%)i,t+1l (¢, 6¢)

For example, if dividends grow by 5 percent and the price dividend ratio increases from 12 to 15,
incomplete information price dividend ratio growth is 1.25 (where a value of 1 means no change),
and capital gains are 1,05 - 1.25 = 1.3125.

The second return component, dividend yield, reads

Dit41 [1+d;(S fersq)]

DiU. Yielditt+1 = - = -
” Pi,t” (Tfp Dy, 5t) B 4
(5),, @eo0)

Continuing the above example, dividend yield would be 0.0875 if dividend growth is 5 percent and

the price dividend ratio at time t is 12.

5.2 Dividend Models for the Numerical Analysis

5.2.1 A Discretized Version of the Veronesi Model

Veronesi (2000), p. 810, models continuous-time dividends as a generalized geometric Brownian

motion: the drift parameter of dividend growth is, in contrast to a geometric Brownian motion, re-
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gime-dependent; the volatility of dividend growth is constant as in a geometric Brownian motion. Ve-

ronesi’s model must be discretized in order to answer Questions 1, 2, and 3:
5-6
Diyy = Di-exp(pe + b - epyq)
where {e,} is a process of independent standard normal random variables, b is a constant, and p;
can take K values as a function of the regime S;
5-7
te = p(Se)

The regime S; takes K possible values and is governed by the following two-stage process: in eve-
ry time interval, there is a probability pp, . that a regime is drawn. If drawing occurs, the probabili-
ties of the K regimes are p, 5,5 = 1, ..., K (referred to as the conditional transition probabilities). The
transition probabilities pg i from the regime process in my model then read:

5-8
. _ { Pporaw *Pu,s’ s#s'
s (1 — Poraw) + Poraw Pus S= s'

Note that the term pp,q * Pys in the case s = s’ captures the possibility that a drawing occurs
but no change in regimes occurs, i.e., the regime s is drawn again.

This discretized model has the disadvantage that the parameter u; cannot be interpreted as ex-

pected dividend growth E, (D;“):
t

D
Eq ( [t;l) = E(exp(ue + b - €41)) = exp(ue + 0.5 - b%)
t

i.e., expected dividend growth is a function of both y; and b.

This problem can be solved by using a slightly different model that has regimes in expected divi-
dend growth (as opposed to regimes in log dividend growth) and a constant standard deviation of
dividend growth conditional on the regime (as opposed to constant standard deviation of log divi-
dend growth conditional on the regime). Both models are comparable in the sense that the modified
model still reproduces the essential results (see Section 5.5.1.1, p. 199) found in Veronesi (2000)
(Lemma 3, p. 816, incomplete information lowers risk premia if the risk aversion parameter y exceeds

one). Formally, the modified model can be described as follows:

There are K different regimes in expected dividend growth E; (Dgl):
t

5-9

Dt+1 Dt+1
E (5 =
“\ b, D,

s=1,...,K

St=S)

The standard deviation gp of dividend growth conditional on the regime is assumed to be con-

stant across regimes:
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5-10

D D
op = Stddev; ( lt)+1> = Stddev( lt;l
t t

S¢ = s)
s=1,...,K
Transition probabilities are defined as in the discretized Veronesi model: a draw of regimes in ex-
pected dividend growth rates occurs with probability ppean praw, and the conditional transition
probabilities (conditional on the occurrence of a draw) are pyeqns, S = 1, ..., K. The transition prob-

abilities of the regime process are, therefore, given by
5-11
!
_ Pmean,praw " PMmean,s’ S#S
Pss' =

o
(1 - pMean,Draw) + Pmean,Draw ' PMeans S =S

Initial probabilities are set equal to pyeans, S = 1, ..., K. The idea here is that the first drawing oc-
curs at time zero.
Since expectation and standard deviation of dividend growth conditional on the regime are model

inputs, the parameters u(S;) and b(S;) must be chosen to match these inputs. Given expected divi-

dend growth E (%
t

S¢ = s) (5-9) and the conditional standard deviation g, (5-10), it is obtained™

5-12
_ l)t+1 _ 2
t
s=1,...,K
with
5-13
op?

=Gl =)

Here the difference to the discretized Veronesi model becomes visible: the assumption of regime-
dependent expectations and a regime-independent conditional standard deviation imply that both u
and b are regime-dependent (as opposed to u only). Conversely, the assumption in the discretized
Veronesi model that only u but not b is regime-dependent yields both regime-dependent conditional

expectations and standard deviations.

40 These parameters can be found and verified by virtue of E(exp(X)) = exp(E(X) +0.5- Var(X)) where X
is a normally distributed random variable.
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5.2.2 Extension of the Discretized Veronesi Model

Extension of the Veronesi model include incomplete information on both first and second order

moments of dividends as well as more than one risky asset.

5.2.2.1 Single Risky Asset: Incomplete Information on Both First and Second Order

Moments of Dividends

5.2.2.1.1 Motivation

Veronesi (2000) only considers incomplete information about the drift parameter u of the diffu-
sion process that governs dividend growth; since dividends are paid continuously in his model and, as
a consequence, there always exists an infinite number of dividend observations over any finite time
interval, this assumption is reasonable within a continuous time framework: investors can always
precisely infer the standard deviation parameter of the diffusion process. However, the assumption
of a continuous stream of dividends is clearly unrealistic. If there is only a finite number of dividends,
as is the case in my model, uncertainty about second-order moments of dividend growth becomes a

potentially important problem to investors.

5.2.2.1.2 Formulation of the Model

It is assumed that there are regimes in means and standard deviations conditional on regimes
where standard deviation regimes are independent of mean regimes.
To formalize this idea, | first define two independent regime processes for means and standard

deviations and then combine both processes into a single regime process.

Regimes in means

5-14

Dt+1 Dt+1
E(5) = £ (5
“\ Db, D,

Means __
S; = Sm)

1, o, Kmeans

Sm

Regimes in standard deviations conditional on regimes

5-15

D D
Stddev, ( lt;l) = Stddev (%
t t

StStddevs — Ss)

Ss =1, ..., Kstadevs
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Combination of both processes into a single regime process

The total number of regimes K then is the product of the number of mean and standard deviation
regimes, i.e., K = Kyeans * Kstadevs.- The first Kergaens regimes (s = 1, ..., Kstgqens) correspond to
mean regime 1 and the standard deviation regimes 1 to Kg;gdevs, the next Kgigdeys regimes
(s =1+ Kstqaevsr 2 " Kstaqgevs) correspond to mean regime 2 and 1 to Ks;g4evs, and so on. More
formally, the combination of mean regime s,, and standard deviation regime s are assigned a re-
gime number s(s;,, Sg) via
5-16

s = 5(Sm Ss) = Kstagevs * (Sm — 1) + 85
Sm =1, ..., Kyeans
Ss =1, ..., Kstadevs

Since mean regimes and standard deviation regimes are assumed to be stochastically independ-
ent, the probability for a transition from s = s(s,,, S;) to s’ = s(s,,’, ss') must be
5-17

Ps(sm,s)s(sm’ss") = Psmsm’ " Psg,ss’
with

1
Pmean,praw * PMean,s,,’ Sm F Sm
1

(1 - pMean,Draw) + PMmean,praw " PMean,s,, Sm = Sm

Pspsm’ = {

!

!
Pstddev,praw ° Ps,,s' Ss # Ss

Ds s/ =
o8 (1 - pStddev,Draw) + pStddev,Draw ' pStddev,sS Ss = Sg

Likewise, the initial probability of regime s(sm, Sg) iS Pmean,s,, * Pstadev,s,» @gain because the first

drawing occurs at time zero.

Determination of the parameters u(S;) and b(S;)

Since expectation and standard deviation of dividend growth conditional on the regime are model

inputs, the parameters u(S;) and b(S;) must be chosen to match these inputs. Given expected divi-

dend growth E (D;“ S¢ = s) (5-14) and the conditional standard deviation Stddev; (D;“) (5-15), it
t t

is obtained

5-18

_ Dt+1 _ 2
t
s=1,...,K

5-19
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s=1,...,K
5.2.2.2 Two Risky Asset: Regimes in Asset 2 Only

5.2.2.2.1 Motivation

In models with a single risky asset, the dividends of the risky asset also completely determine the
stochastic discount factor. This assumption is unrealistic since investors tend to have multiple
sources of income. At the same time, the fact that dividends provide the stochastic discount factor
drives many of the central results for models with a single risky asset, in particular the result that the
incomplete information risk premium is less than the complete information risk premium. Thus, if the
price of a risky asset that is not the sole source of income is to be studied, it is desirable to have a
model with multiple risky assets. | use two risky assets, where one risky asset (asset 2) will be the
main object of interest and the other risky asset (asset 1) should be interpreted as lumping together
a range of other assets.

If there are two risky assets, dividends of all assets could potentially exhibit regimes. For ease of
interpretation, however, | define a model where only dividend growth of asset 2 exhibits regimes
while dividend growth for asset 1 is regime-independent. To facilitate comparisons with Veronesi’s
model (Section 5.2.1) and the first extension of Veronesi’s model (Section 5.2.2.1), regimes in asset 2

are as in the first extension of Veronesi’s model.
5.2.2.2.2 Formulation of the Model

| assume that asset 2 exhibits regimes in means and standard deviation in dividend growth of the
type described in the previous model. Expectation and standard deviation of dividends of asset 1 as
well as the correlation in dividend growth of both assets conditional on the regime are assumed to

be regime-independent.

Dividend model

Dividends of assets 1 and 2 are given by
5-20
Diti1 =Dy exP(lh +ay fre1+ b1 91,t+1)
5-21
Dys1 = Doy exp(pe + g fran + bor - €2641)
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with regime-independent parameters p;, a; and b, for asset 1 and with regime-dependent parame-

ters uy ¢, ay ¢ and b, , for asset 2:

HUoe = U2 (Se)
Azt = Az (Se)
bz,t =b, (St)

The correlation in dividend growth of both assets conditional on the regime is regime-

independent and denoted by corry 4, :
5-22

COTT <D1,t+1 DZ,t+1
)
Dl,t DZ,t

s=1,..,K

S¢ = s) = COTTq, a,

Regime process

Since the regime S; is supposed to consist of independent mean and standard deviation compo-

nents, it is described by (5-14), (5-15), (5-16), and (5-17).

Determination of the parameters u4, a;, b; and 1, (S;), a,(S:), b, (Ss)

Since expectations, standard deviations and correlations of dividend growth conditional on the
regime are model inputs, the parameters u,, a;, by and u,(S;), a,(S:), b,(S;) must be chosen to
match these inputs. Given (5-14), (5-15), (5-16), (5-17), and (5-22), unique solutions are found for y4,

15(s),s = 1,...,K, and for the sums a;2 + b, and a,(s)% + b;(s)%,s = 1, ..., K:

5-23
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5-24
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However, there are various possible solutions for a;, b; and a,(s), b,(s),s =1, ..., K. These solu-
tions must satisfy the restrictions imposed by the assumption of regime-independent dividend corre-
lations (5-22):

5-27

D41 D2,t+1> exp(a1 "a (5)) -1

Pu P \/{{exp(alz) — 13} - {exp(ay(s)? + by (s)?) — 13

corrg, a4, = Corrt<

Based on (5-24), a; can be chosen to take any value that satisfies

D111
Var (—)
Dy

|by| is then found via (5-24), and all further parameters (a,(s),b,(s),s = 1, ...,K) are found from
(5-27).

Observe that correlations in dividends translate intuitively into the elements of the affine linear
factor model for log dividend growth: Assuming (without loss of generality) that a; is positive, corre-
lations of dividends are positive if and only if the coefficients a,(s),s = 1, ..., K are also positive. This
means that the coefficients for the common factor f;,; must possess the same sign and can be de-
duced from the right-hand side of (5-27). Similarly, it can be concluded that dividend growth of both

assets is uncorrelated if and only if the coefficients a,(s),s = 1, ..., K are all zero.

5.3 Arguments of the Risk Premium Function and Parameter Values

In order to obtain numerical results, two things must be specified: (i) values for the arguments of
the risk premium function, i.e., regime probabilities ; and, if there are several risky assets, relative
dividend contributions &;; (ii) specific values for the various model parameters. While model parame-
ters are exogenous, the arguments of the risk premium function are, in principle, endogenous (and

thus are no model parameters).

5.3.1 Choice of the Arguments of the Risk Premium Function

Incomplete Information risk premia are functions of regime probabilities r; and, if there are sev-
eral risky assets, of relative dividend contributions §;. This leads to the question of which values are
to be chosen for the numerical analysis.

In the case of relative dividend contributions, this is comparatively straightforward because only

the case with two risky assets is considered. The interval [0;1] in which §; ; takes values can, for ex-
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ample, simply be divided into equidistant points. If the second asset is to be interpreted as “small”
relative to the market, the limit case where §; ; = 1 can be considered.
In the case of regime probabilities, the space of possible values is much larger. There are two

types of conditional regime probabilities that are interesting choices as arguments for risk premia:

(i) Invariant (steady state) regime probabilities

Under certain conditions, the regime process possesses unique invariant regime probabilities
which possess several interesting properties. One of these properties is that these probabilities can
be thought of as acting like a center of gravity toward which conditional regime probabilities can be
expected to return. More formally, the expectation of regime probabilities at time t 4+ T conditional
on information available at time t, E;(7;,;), converges to a limit if the regime chain is aperiodic and
irreducible as T goes to infinity, and this limit coincides with (unique) invariant probabilities (see Ap-
pendix A4.1 for details). Therefore, if the current regime probability 7r;, is higher (lower) than the in-
variant probability of regime s, the regime probability of regime s can be expected to decline (in-

crease) in future time periods.

(i) Initial regime probabilities

Alternatively, initial probabilities can be considered. Initial probabilities then represent investors’
initial information, whereas complete information (for which risk premia are also computed) repre-
sents the limit case as information becomes very precise over time. This approach ensures that risk
premia are also reported for models that do not possess a unique invariant distribution. This is, for
example, the case in the discretized Veronesi-model without switches in regimes (pprqw = 0) where
investors essentially learn about an unobservable (but constant) parameter.

In the following only initial probabilities are considered: for the models specified above, it turns
out that whenever invariant regime probabilities exist, they coincide with initial probabilities. If
Ppraw = 0, no unique invariant regime probabilities exist and only initial probabilities can be consid-

ered.

5.3.2 Choice of Parameter Values

A range of values for parameters is considered: in this way, risk premia are not only obtained for
given parameter values, but additional insights regarding robustness are gained on how risk premia
change in response to changes in parameters. The range of values should be empirically plausible,
although no attempt is made to calibrate the model to empirical data. Finally, | have conducted a

preliminary analysis in which a wider range of parameters were considered than those discussed be-
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low. Mostly divergent parameter constellations as well as parameter constellations that did not pro-

vide substantial additional insights could be eliminated with the help of the preliminary analysis.

5.3.2.1 Preference Parameters

Preference parameters comprise the time preference parameter p and the risk aversion parame-

tery.

Time Preference Parameter p

The values p = 0.025 and p = 0.05 are considered for the time preference parameter p. | ex-
clude lower values of p (such as p = 0.01) from the analysis because price dividend ratios frequently
diverge for such values. On the other hand, high values of p (say, p = 0.1) are omitted because they

lead to very high interest rates and to very low price dividend ratios.

Risk Aversion Parameter y

The risk aversion parameter y takes a value from the set {0.5;1;2;3;5}. The seminal paper
Friend/Blume (1975) finds relative risk aversion parameters y in excess of one, and thus several val-
ues greater than one are considered. Friend/Blume (1975), p. 920, emphasize the special role of loga-
rithmic utility (y = 1) which also plays a crucial role in Veronesi (2000). Therefore, the case y = 1 is
also considered and one parameter value with less risk aversion than logarithmic utility is included

for robustness reasons.

5.3.2.2 Parameters of Regime Process and Dividend Function

5.3.2.2.1 General Remarks on the Parameter Choice

The structure of the regime processes are similar in all of the three models that are considered.
For example, switches in regimes are always modeled as a two-stage random experiment where it is
first decided if a drawing occurs (first stage, captured by the parameter pp,qu) and, if a drawing oc-
curs, which regime becomes the new regime (second stage, modeled by conditional transition prob-
abilities Pprean,s and/or Pseqgen,s)- This suggests that parameters are kept identical across the three

models if possible in order to ensure that results can easily be compared.
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5.3.2.2.2 Parameters for the Discretized Veronesi Model (Regimes in Expectation

of Dividend Growth)

5.3.2.2.2.1 Expected Dividend Growth Regimes

There are assumed to be eleven expected dividend growth regimes: These regimes form an equi-
distant partition of the interval from 0 to 10 percent expected dividend growth. In other words, the

expected dividend growth regimes are

5-28

D, 1 —D
E( t+1 t
Dy

s=1,..,11
The choice of 0 and 10 percent are to be interpreted as lower and upper bounds, respectively.
Several symmetric probability distributions centered on a mean of 5 percent will be defined on this

range.

5.3.2.2.2.2 Standard Deviation of Dividend Growth Conditional on the Regime

The (regime-independent) standard deviation of dividend growth conditional on the regime,

op = Stddev (Dg;l

S; = s), takes values in the set {0.01,0.025,0.05,0.075,0.1}. At the lower end of

this parameter range, the standard deviation of dividend growth takes a value that is empirically
plausible for annual aggregate consumption growth per year. Higher values of up to ten percent
could represent the standard deviation of annual aggregate dividend growth (see, e.g., Campbell

(2006), Table 2, p. 814 for volatilities of aggregate consumption and dividend growth).
5.3.2.2.2.3 Probability of a Drawing of Regimes

The parameter pprqaw (the probability that a regime in expected dividend growth is drawn) will
take one of the following values:
Poraw€{0,0.04,0.1,0.25}
If Prean,praw €9uals 0, the probability of a regime switch is zero. This case is of interest as it rep-
resents the case with one single regime under complete information and the case with uncertainty
about a constant mean parameter under incomplete information. Under incomplete information,

this model can thus be seen as a form of parameter uncertainty.



191

The parameter values for pyeqn praw (0.04,0.1,0.25) are intended to represent various degrees of
regime stability: since the expected time until a (possibly new) regime is drawn is pMean‘me‘l, the
parameters imply that a regime is drawn on average every 25 periods (Pyean praw = 0.04), every ten

periods (Pyean praw = 0.1), and every four periods (Pyean praw = 0.25).

5.3.2.2.2.4 Conditional Transition Probabilities

Conditional transition probabilities of the 11 regimes, Pyeans, S = 1,...,11 are modeled in two
ways: (i) lower probability for more extreme regimes (based on a normal distribution); (ii) uniform

distribution.

Model Based on the Normal Distribution

| define classes (similar to a histogram) with each of the expectation regimes as middle-points of
one class. The probability of the regime then is the probability of the class under a normal distribu-
tion with expectation Upeqans = 0.05 and standard deviation parameter gy04n5; this standard devia-

tion is a model parameter and can take various values. The probability of regime s is defined by

h
UMeans:TMeans (Eds + E) s=1
h h
Pmean,s = cI)IiMeanSvaeans (Eds + E) - (DﬂMeans'UMeans (Eds - E) I1<s<K
h
1- q)ﬂMeanSrJMeans (Eds - E) s=K
with
Eds = E(d¢44]S: = s)
where @, sweans d€NOtES the distribution function of a normal distribution with mean Upeqns

and standard deviation ouegns-

The advantage of this models is that it can be summarized by one single parameter (Gseqns) that
is easy to interpret: A high values of gy.qns implies that extreme expected dividend growth regimes
are comparatively likely (relative to more moderate regimes close to the middle point of the interval

for expected dividend growth).

Uniform Distribution

If Opreqns €Xceeds a certain threshold, the discretized normal probability ceases to be a reasona-
ble model because the most extreme regimes (0 and 10 percent expected dividend growth) would ul-
timately be assigned the highest probabilities, resulting in a U-shaped probability distribution (as the

preliminary analysis has shown). Such a model would be hard to interpret in economic terms. As a
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better alternative, | use a discrete uniform distribution as the model with the highest level of disper-
sion of conditional transition probabilities/initial probabilities.
Figure 5-1 illustrates the model for pyeqn s for values of Geqns€{0.005;0.01; 0.025} and for the

interval ranging from 0 percent to 10 percent.
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0,4

B o Means=0.01
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0,1 e ——

Conditional Transistion Probabilities

O .
0 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1

regimes

Figure 5-1:  Various models for conditional transition probabilities

5.3.2.2.3 Parameters for the Extended Veronesi Model (Regimes in Expectation

and Standard Deviation of Dividend Growth)

5.3.2.2.3.1 Expected Dividend Growth Regimes

The same range of expectation regimes as in the discretized Veronesi model is considered, i.e.,
eleven expected dividend growth regimes range from 0 percent to 10 percent and are chosen to

yield an equidistant partition of this interval.

5.3.2.2.3.2 Standard Deviation of Dividend Growth Regimes

Three standard deviation regimes are considered. | primarily consider standard deviations ranging
from 1 percent to 10 percent and obtain the regimes for the standard deviation of dividend growth
of 1 percent, 5.5 percent, and 10 percent (equidistant regimes). In addition, narrower bands of
standard deviation regimes (1 percent to 2 percent, 1 percent to 5 percent, and 1 percent to 7 per-
cent, each case with three equidistant regimes) are also analyzed in order to obtain insights on the
effect of the range of standard deviation regimes on risk premia. This range of regimes replaces the

(regime-independent) parameter o from the discretized Veronesi model.
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5.3.2.2.3.3 Probability of a Drawing of Regimes

The probability of a drawing in expectation regimes and the probability of a drawing in the stand-
ard deviation regime are both parameterized by pp,.€{0,0.04,0.1,0.25}. To interpret this parame-
ter correctly, recall from Section 5.2.2.1.2 that expectation and standard deviation regimes are as-
sumed to be stochastically independent. For example, the probability that both expectation regimes
and standard deviation regimes are drawn is pp,q, 2 (rather than pp,.q,,). Similarly, the probability

that a drawing either only in regimes or only in standard deviations occurs is 2 * ppraw (1 — Ppraw)-
5.3.2.2.3.4 Conditional Transition Probabilities

The conditional transition probabilities of expected dividend growth regimes are given either by
one of the three models based on the normal distribution (with parameter
Opmeans€{0.005,0.01, 0.025}) or by the uniform distribution.

The conditional transition probabilities for the standard deviation of dividend growth regimes are
also parameterized either based on a normal distribution with a parameter gg; 44005 (Which takes one
of three possible values) or a uniform distribution. However, gs;44e1s Should not be set equal to
Opeans Decause both parameters refer to different intervals (0 to 10 percent for gy eqns, but intervals
with various ranges for gg;q4evs). FOr the case of standard deviation regimes ranging from 1 percent
to 10 percent, gy oqns takes values {0.025,0.03,0.04}. The resulting conditional transition probabili-
ties are depicted in Figure 5-2. For the case of narrower bands of standard deviation regimes,
Ostadevs 1S chosen to match the conditional transition probabilities from the case with standard devi-
ations ranging from 1 percent to 10 percent. For example, the regime with the standard deviation of
3 percent in the case of regimes ranging from 1 percent to 5 percent is assigned the same conditional
transition probability as the 5.5 percent standard deviation regime in the case with standard devia-
tions ranging from 1 percent to 5 percent. This approach facilitates comparing results because only
the range of standard deviation regimes changes while conditional transition probabilities remain
unchanged. Formally, the values for gg;g400s from the case with standard deviations ranging from 1

percent to 10 percent are scaled down in the case of standard deviation regimes ranging from 1 per-

0.02 . . . .
cent to 5 percent by the term YT (the relative length of intervals between regimes in both cases)

0.02 0.02 0.02

and Og;q4evs takes one of the values {0.025 "Soas’ 0.03- 5045’ 0.04 - 0045}. The remaining bands of

standard deviation regimes are treated in an analogous way.
Finally, | pair the various levels of dispersion of conditional transition probabilities for means

(0peans) and standard deviations (0g¢g4eps) SUch that the lowest/middle/highest value of gy egns is
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always associated with the lowest/middle/highest value of gg;440vs, respectively. Similarly, the cases
of uniform transition probabilities are always paired. Although it would be possible to consider “un-
paired” variables, for example, a model with a low value for gyeqns and a high value of gg;g4e15, the
additional insights are limited as the preliminary analysis has shown.

In order to simplify and unify notation, the resulting four levels of dispersion of conditional transi-
tion probabilities (for expectation and standard deviation regimes, and for all bands of standard de-

viation regimes) are denoted by 0;4, Omidadies Orign, and “uniform®.
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O 4
0,01 0,055 0,1
Standard deviation regimes

Figure 5-2:  Various models for conditional transition probabilities for standard deviation regimes

5.3.2.2.4 Parameters for the Model with Two Risky Assets

5.3.2.2.4.1 Parameters for Asset 2

Recall that asset 2 is the risky asset with regimes in dividend growth (while dividends of asset 1
are regime-independent). Since these regimes are exactly as in the extended Veronesi model, the pa-
rameters (expectation and standard deviation regimes, probability of a draw in regimes, conditional
transition probabilities) are chosen as in the extended Veronesi model. However, only the case with
standard deviation regimes ranging from 1 percent to 10 percent is included into the analysis: the
main object of interest is the existence of a second risky asset, and the additional insights obtained

by considering the cases with narrower bands of standard deviation regimes would be limited.
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5.3.2.2.4.2 Parameters for Asset 1

There are only two parameters that must be specified for dividend growth of asset 1: the regime-
independent expectation and the regime-independent standard deviation of dividend growth of as-
set 1. Both parameters are chosen to match the expectation and standard deviation of dividend
growth of asset 2 conditional on incomplete information (rather than conditional on a particular re-
gime). The idea is to avoid any substantial decline or increase in the level of aggregate dividend
growth as the relative dividend contribution of asset 1 goes from 0O (i.e., all dividends paid by asset 2)
to 1 (all dividends paid by asset 1). If, for example, the standard deviation of dividend growth of asset
1 (conditional on incomplete information) was substantially less or more than that of asset 2, a
change in the level of the risk premium would result from this difference in standard deviation levels
alone as the relative dividend contribution of asset 1 (§;.) increases or decreases. By equating
standard deviation levels for the extreme cases where one asset provides all dividends (6, = 0 or
61+ = 1), this effect is mostly eliminated, and it becomes possible to focus on changes in correlations

of asset returns and the adjustment for risk.
5.3.2.2.4.3 Correlation of Dividend Growth Conditional on the Regime

Since expectation and standard deviation of asset 1 have been set to match asset 2, the only new
parameter in this model with two risky assets is the correlation of dividend growth rates of both as-

sets conditional on the true regime (5-22),

COTT <D1,t+1 DZ,t+1
)
Dl,t DZ,t

s=1,..,K

S¢ = s) = COTTq, a,

which has been assumed to be regime-independent.?! | consider uncorrelated dividend growth rates
(corrdl,d2 = 0) as well as positive and negative correlations. Positive values are 0.6, 0.8 and 0.99,
ranging from intermediate to very high correlations. Similarly, negative values are -0.6, -0.8 and -

0.99.
5.4 Numerical Aspects

There are three main computational problems that must be solved to answer the questions out-

lined in (Section 5.1): (i) check for convergence of price dividend ratios in the case of “large time

41 Similar to the standard deviation of dividend growth, it is necessary to distinguish between the correlation
conditional on the true regime and the correlation conditional on incomplete information.
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horizon”; (ii) computation of complete information price dividend ratios; (iii) computation of com-
plete and incomplete information risk premia. It turns out (see Sections 5.4.2, 5.4.3, and 5.4.4) that

these problems cannot be solved analytically, thus numerical methods must be employed.
5.4.1 Software Implementation

There is no (commercial or free) software available that contains inbuilt routines to solve prob-
lems (i) to (iii): although algorithms and routines for Eigenvalue decompositions, Gaussian quadra-
ture, spline interpolation and Monte Carlo simulation exist in software packages, it is still necessary
to develop an overall algorithm that combines these techniques. | have developed and implemented

a suitable overall algorithm in the programming language C++.
5.4.2 Problem 1: Check for Convergence of Price Dividend Ratios

Convergence of the models can easily be examined by employing the Eigenvalue-based ap-
proached outlined in Section 4.4.3. This approach has the advantage that it can be decided whether
price dividend ratios converge or diverge by analyzing “degenerate” cases where all dividends are
paid by a single asset, i.e., it is not necessary to compute the entire price dividend ratio function for
all relative dividend contributions. Formally, this approach checks the condition (4-178) and involves
the computation of the matrix M;; in the case of a single asset and the matrices
M; 1,M; 5, M, 1, M, , in the case with two single assets) described in (4-177). The elements of these
matrices can be found analytically by using the normality assumption on factors and residuals and
the form of the dividend growth function,

(1 +d;) = exp(u;(Se) + Ai(Se) - fers1)
where A;(S;) is the row vector of regime-dependent coefficients of factors and residuals, and by us-
ing the identity

E(exp(X)) = exp(E(X) +05- Var(X))
that holds for a normally distributed random variable X.
Algorithms from the Eigen C++ library (Version 3.2.0) have been used for the Eigenvalue decom-

positions of the matrices M, ;.
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5.4.3 Problem 2: Computation of Complete Information Price Dividend Ratios

5.4.3.1 Case with a Single Risky Asset

In the case of a single risky asset, dividends are, by definition, always paid by one single asset. In
other words, there only is the “degenerate case”, and all price dividend ratios are obtained as a by-
product of the check for convergence of price dividend ratios. Price dividend ratios can be obtained
as a by-product of the Eigenvalue-based check for model convergence (see Appendix A3.8.3.2.2.2 for

the details).42

5.4.3.2 Case with Two Risky Assets

In the case with two risky assets, complete information price dividend ratios are also needed for
non-degenerate constellations of relative dividend ratios. As a consequence, the Eigenvalue-based
approach only checks convergence and yields price dividend ratios for special constellations. The
computation of complete information price dividend ratios for “large time horizons” can be thought
of as consisting of two sub-problems: (i) compute complete information price dividend ratios for a fi-

nite remaining time horizon T — t; (ii), approximately take the limit as T — t goes to infinity.

Solution to sub-problem 1

m
Denote by (g). (s, 8,) the complete information price dividend ratio for a remaining time hori-
l

(n)
zon of n periods. | show in Appendix A4.2.1.1 that (g). (s,61),s=1,..,K,5,€[0;1] can be re-
L

P (n-1) P (0)
cursively obtained from (5). (s,61),s =1,..,K,56,€[0; 1], where (5)- = 0 starts the recur-
l L

sion%3:
5-29

py Qee+1” (feer1,Se 01e)  [1+di(Se, feps)]

(— (s,6,)=E K py ™V St =501t =6,
D)- Z (—) ' 8(8,,,S +1 ’
L s'=1p5ts D/, (5 ’ ( 1,tr t'fet+1))
s=1,..,K
i=1,2

42 pAlternatively, complete information price dividend ratios could be found from a linear equation system with
the K complete information price dividend ratios as unknowns: quasi-static asset prices (4-150) simplify to a
linear structure because the relative dividend contribution of the single asset is always equal to one.

43 |ntuitively, the asset price in a model with a time horizon of zero periods must be zero.
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Solution to sub-problem 2

(n+1)
The price dividend ratio is iterated until a distance measure for the functions (5). and
2

)
(g). falls below a certain error tolerance level (for details see the Appendix A4.2.1.2). Since the it-
l

eration (5-29) is based on the equation for quasi-static asset prices, this procedure leads to an ap-

proximate solution of the integral equation defined by quasi-static asset prices.

Numerical details on the solutions to sub-problems 1 and 2

The computation of the iterations and the check for approximate convergence entail various nu-
merical operations: (i) the expectation (i.e., an integral) on the right-hand side of (5-29) has to be
evaluated for selected values of §; and (ii) the resulting function values have to be interpolated to
the interval [0,1]. | choose equidistant partitions of [0,1] to define the values of §; at which the ex-
pectations are taken.

Concerning (i), the integrals are evaluated by Gauss-Hermite quadrature with the “probabilist”
weight function w(x) = exp(—0.5 - x2) and with 32 weights/abscissas (for details, see the Appendix
A4.2.2. Abscissas and weights for the quadrature rules can be found at Burkardt). Stoer/Bulirsch
(2000) , p. 181, state that Gaussian integration methods give the most accurate results compared to
simple rules such as the Newton-Cotes formulas and also compared to extrapolation methods for
given computational effort. Moreover, Gaussian quadrature of the Hermite type is particularly suita-
ble to a setting with integrals over the entire real line (—o0, +0) that is relevant in the present con-
text, whereas most other methods are for finite intervals, thus leading to additional problems. To
check the accuracy of integration by Gaussian quadrature using a number of 32 weights/abscissas, |
use integrals that have an analytical solution and, in addition, use Monte Carlo simulation where no
analytical solution is available.

Concerning (ii), cubic splines are used (see Stoer/Bulirsch (2000), Section 2.4.2). These splines
yield smooth functions and are computationally simple. They also have the advantage that the ap-
proximation error can be made arbitrarily small if a sufficient number of interpolation points is cho-
sen (see Stoer/Bulirsch (2000), p. 101 for smoothness, and Section 2.4.3 for the discussion of the in-

terpolation error).
5.4.4 Problem 3: Computation of Risk Premia
Although risk premia can be found analytically if there is a single risky asset and information is

complete, risk premia under incomplete must always be computed numerically. This again involves

the computation of integrals. The same methods as for price dividend ratios (Gaussian quadrature of
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the Hermite type) can be used for risk premia. In addition to Gaussian quadrature, | also use Monte
Carlo simulation in order check the accuracy of results and, more importantly, gain insights into the
various channels that introduce correlations between asset returns and the adjustment for risk (see

the discussion in connection with (4-62)).

5.5 Results

5.5.1 Discretized Veronesi Model: Single Risky Asset Model with Incomplete In-

formation about Expected Dividend Growth

5.5.1.1 Description of Results and Answers to Questions

* Answer to Question 1 (relevance of incomplete information to risk premia compared to complete
information)

The answer to Question 1 is due to Veronesi (2000), Lemma 3, p. 816: Incomplete information risk
premia differ from complete information risk premia: while complete information risk premia are al-
ways positive, as implied by theory, incomplete information risk premia can become negative for cer-
tain parameter constellations if the risk aversion parameter y exceeds one (see Table 5-1 and Table
5-2). Moreover, even if incomplete information risk premia are positive, they are almost always be-

low complete information risk premia and are of a significantly different size (see Figure 5-3):

6
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Figure 5-3:  Ratio of complete to incomplete information risk premium as a function of the risk aversion parameter y for
uniform conditional transition probabilities, (6p = 0.1, ppraw = 0.25, p = 0.05). The ratio is computed for
the maximum and minimum complete information risk premium across regimes.

Note that risk premiums ratios are functions of a finite set of risk aversion parameters but have been con-
nected by a polygonal path for readability.
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* Answer to Question 2 (relevance of extensions to Veronesi (2000))
Since the model of this section is a discretized version of Veronesi (2000), results cannot differ

from Veronesi (2000).

* Answer to Question 3 (relevance of model parameters)

This question is not fully addressed in Veronesi (2000). Based on my numerical results (see Table
5-1 and Table 5-2), the parameters y (risk aversion), Pyean praw (Probability that a drawing of re-
gimes occurs), op (standard deviation of dividend growth conditional on the true regime), and
Omeans (Dispersion of conditional transition probabilities/initial probabilities) exert a strong influence
on incomplete information risk premia. Of lesser importance is the time preference parameter p.

Incomplete information risk premia are often negative if yexceeds one, particularly if pyean praw
is low and/or the dispersion of conditional transition probabilities (Gyeqns) is very high. Whenever
incomplete information risk premia are positive, their magnitude is low, but negative incomplete in-
formation risk premia can be substantial, in particular if op, the standard deviation of dividend
growth conditional on the true regime, is low (1 percent). For a high value of g, = 0.1, negative risk
premia are observed less often and are less pronounced. Incomplete information risk premia tend to
be higher than complete information risk premia if y is below one. If y > 1, incomplete information

risk premia are almost always below complete information risk premia in all regimes.
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Incomplete information risk premia (o, = 0.01)

Pmean.praw = 0

Omeans = 0.005 Omeans = 0.0 Opmeans = 0.025 uniform
p = 0.025
y=0.5 DIV DIV DIV DIV
y = 0.01% 0.02% 0.07% 0.11%
y = -0.06% -0.26% -1.81% -3.03%
y = -0.12% -0.51% -4.01% -6.46%
y = -0.25% -1.02% -9.75% -14.66%
p = 0.05
y=0.5 0.04% 0.13% 1.34% 1.87%
y=1 0.01% 0.02% 0.07% 0.11%
y =2 -0.04% -0.18% -1.20% -2.03%
y=3 -0.10% -0.41% -2.84% -4.72%
y=5 -0.21% -0.90% -7.17% -11.40%
Pmean.praw = 0.25
Opeans = 0.005 Opeans = 0.0 Opmeans = 0.025 uniform
p = 0.025
y=0.5 0.01% 0.02% DIV DIV
y = 0.01% 0.02% 0.07% 0.11%
y =2 0.01% -0.01% -0.14% -0.25%
y = 0.00% -0.07% -0.55% -0.95%
y = -0.04% -0.27% -1.85% -3.15%
p = 0.05
y =05 0.01% 0.02% 0.07% 0.12%
y=1 0.01% 0.02% 0.07% 0.11%
y =2 0.01% 0.00% -0.12% -0.22%
y=3 0.00% -0.06% -0.50% -0.88%
y=5 -0.03% -0.26% -1.75% -2.98%
Table 5-1:  Incomplete information risk premia for the discretized Veronesi model (case op = 0.01). ‘DIV’ refers to a pa-

rameter constellation where the complete information price dividend ratio diverges to infinity in at least one
regime. Negative risk premia are highlighted in red print.
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Incomplete information risk premia (op = 0.1)

Pmean.praw =0

Opeans = 0.005 Opeans = 0.0 Opmeans = 0.025 uniform
p =0.025
y=0.5 DIV DIV DIV DIV
y = 0.97% 0.98% 1.03% 1.07%
y = 1.91% 1.67% -0.42% -1.94%
y = DIV DIV DIV DIV
y = DIV DIV DIV DIV
p = 0.05
y =05 0.52% 0.60% 1.54% 2.07%
y=1 0.99% 1.00% 1.05% 1.09%
y =2 1.98% 1.82% 0.62% -0.35%
y=3 3.00% 2.58% -1.51% -4.21%
y=5 DIV DIV DIV DIV
Pmean.praw = 0.25
Opeans = 0.005 Opeans = 0.0 Opmeans = 0.025 uniform
p = 0.025
y =05 0.48% 0.49% 0.54% 0.59%
y = 0.97% 0.98% 1.03% 1.07%
y =2 2.00% 1.97% 1.84% 1.72%
y = 3.05% 2.97% 2.43% 1.96%
y = 5.15% 4.83% 2.63% 0.86%
p = 0.05
y =05 0.49% 0.50% 0.55% 0.60%
y=1 0.99% 1.00% 1.05% 1.09%
y=2 2.04% 2.03% 1.90% 1.80%
y=3 3.13% 3.05% 2.55% 2.12%
y=5 5.28% 4.98% 2.93% 1.26%
Table 5-2:  Incomplete information risk premia for the discretized Veronesi model (case op = 0.1). ‘DIV’ refers to a pa-

rameter constellation where the complete information price dividend ratio diverges to infinity in at least one
regime. Negative risk premia are highlighted in red print.

Complete information risk premia vary little across regimes and depend positively on ap, the
standard deviation of dividend growth conditional on the true regime, and the risk aversion parame-

ter y (see Figure 5-4 and Figure 5-5). The other model parameters exert a negligible influence.
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Figure 5-4:  Maximum and minimum complete information risk premia across regimes as a function of the risk aversion
parametery (op = 0.01, pprqw = 0.25, p = 0.05)
Note that risk premium ratios are functions of a finite set of risk aversion parameters but have been connect-
ed by a polygonal path for readability.
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Figure 5-5:  Maximum and minimum complete information risk premia across regimes as a function of the risk aversion
parameter y (op = 0.1, ppraw = 0.25, p = 0.05)
Note that risk premium ratios are functions of a finite set of risk aversion parameters but have been connect-
ed by a polygonal path for readability.

5.5.1.2 Interpretation of Results

5.5.1.2.1 Explanation of the Answer to Question 1

Return-based incomplete information risk premia read for the special case of the discretized Ve-

ronesi model
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5-30
Ath,t+1i1(fet+1vSt' Te),
Rp,iret = {ZK’—lﬂs't+1'(£) ! (s’)+1}
CI =TV s, fer)] - e "
(E)t ()
with

(1+ d(st'fet+1))_y
- Tgt* E((l + d(st:fet+1))_y|5t = 5)

Tpyq = N(me, degq)

Negative incomplete information risk premia occur whenever the correlation of the adjustment

Ath,t+1”(fet+1rSt' m) =

for risk with the return on the risky asset is positive; positive incomplete information risk premia
arise when the covariance is negative. The sign of this correlation depends crucially on stochastic re-
gime probabilities 7. Since these regime probabilities are functions of dividend growth 1+ d, a
correlation with the adjustment for risk — which is proportional to (1 + d)~Y - is introduced (channel
of stochastic regime probabilities, see the discussion of (4-62), p. 118).

Observe that all components of the correlation between return on the risky asset and adjustment

for risk are driven by dividend growth 1 + d, a fact that can be summarized in the following Table

5-3:
Reaction to an increase in dividend growth 1 + d: Sign of the
risk premium:
Dividend Incomplete information Price Divi-
Adjustment | . dend Ratio growth
yield
for risk Py o, RP I (1t
—(1 +d) { o=t sl e+t (5) (s )} ‘ (me)
-y - t+1
1+4d Py U .
(p), @ & " o
t D), U
O0<y<i1 - + + >0
y=1 - + 0 >0
y>1 - + - >=<0

Table 5-3:  Responses of risk premium components to positive dividend growth and implication for the sign of the in-
complete information risk premium.

While the responses of the adjustment for risk and dividend yield to high dividend growth are ob-
vious, the response of incomplete information price dividend ratio growth is not immediately clear

and needs a more detailed explanation. This ratio consists of conditional regime probabilities m;, 4
P cl
and complete information price dividend ratios (5) (s),s =1,...,K. Both components interact
t+1

in a way that depends on the risk aversion parameter y. To see how this interaction works, consider

how the risk aversion parameter y and the expected dividend growth regime jointly form complete
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information price dividend ratios. The complete information price dividend ratio increases or de-
creases in the expected dividend growth regime, depending on whether y is less than or greater than
one. In the remaining case of logarithmic utility (y = 1), complete information price dividend ratios
do not depend on regimes. The underlying economic reason for this behavior for different y is stand-
ard: high future dividend growth has two conflicting effects on the price dividend ratio; (i) the direct
effect of high dividend growth is that future dividends are high, but the price dividend ratio equals
discounted future dividend growth. (ii) However, high future dividend growth also has an indirect ef-
fect on price dividend ratios: high dividend growth is tantamount to high future consumption, hence
low marginal utility of consumption, and, finally, low stochastic discount factors. The relative
strength of the direct and the indirect effect depends on y: If ¥ is less than one, the direct effect pre-
vails, whereas the indirect effect via stochastic discount factors dominates for y > 1. In the remain-

ing case, log utility, both effects always exactly offset.
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Probabilities of Expected Dividend Growth

Figure 5-6:  Probabilities of various expected dividend growth regimes (E(d)) as functions of dividend growth (ppyqw =
0.25, opeans = 0.005, ap = 0.01): simulation with 10,000 dividend growth realizations
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Figure 5-7: Case y < 1, incomplete information price dividend ratio growth, assets returns, and capital gains as functions
of adjustment or risk (Pprqw = 0.25, Opreans = 0.005, o, = 0.01, p = 0.05, y = 0.5): simulation with 10,000
adjustment for risk realizations.
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Figure 5-8: Case y > 1, incomplete information price dividend ratio growth, assets returns, and capital gains as functions
of adjustment or risk (ppraw = 0.25, Oyeans = 0.005, op = 0.01, p = 0.05, y = 5): simulation with 10,000
adjustment for risk realizations.

Now observe how complete information price dividend ratios and conditional regime probabilities

interact depending on y. The numerator of incomplete information price dividend ratio growth, i.e.,

cl

. . . . L . . P .
the incomplete information price dividend ratio at time t + 1 (Zf,:lrrsr 41 (5) (s"), is a
! t+1

weighted average of complete information price dividend ratios, with stochastic regime probabilities
serving as weights. Consider the effect of high dividend growth on asset returns: investors will up-
date conditional regime probabilities: the probabilities of regimes with high expected dividend
growth will increase, whereas the probabilities of low growth regimes will decrease. This implies that
the incomplete information price dividend ratio will be similar to complete information price divi-
dend ratios in regimes with high expected dividend growth. Now combine this with the interaction of
the complete information price dividend ratio with y: if y < 1, complete information price dividend
ratios in high expected dividend growth regimes are highest. This implies that incomplete infor-
mation price dividend ratio growth in response to high dividend growth will be a high value. If y > 1,
one gets the opposite case and incomplete information price dividend ratio growth will take a low
value: incomplete information price dividend ratio growth will then be roughly equal to the lowest
complete information price dividend ratios (which are associated with the highest expected dividend

growth regimes fory > 1).
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5.5.1.2.2 Explanation of the Answer to Question 3

Since the risk premium is proportional to the covariance of the adjustment for risk with asset re-
turns, the effect of the various parameters on risk premia can, in principle, be discussed by examining
how the covariance depends on these parameters. Several parameters, however, affect the covari-
ance in multiple ways, and it is thus helpful to break down the covariance into the following three
components: the covariance is the product of (i) the standard deviation of the adjustment for risk, (ii)
the standard deviation of asset returns and (iii) the correlation of the adjustment for risk with asset
returns. Any parameter that strongly affects at least one of these components of risk premia can,

therefore, have a strong effect on risk premia.

5.5.1.2.2.1 Incomplete Information

The effects of model parameters on the standard deviation of the adjustment for risk

Numerical computations (see Appendix A4.2.3) show that the standard deviation can roughly be
thought of as the product of the risk aversion parameter y and the standard deviation of dividend
growth conditional on incomplete information:

Stddev(AfR|m;) = y - Stddev(1 + d|m;)

The standard deviation of dividend growth Stddev(1 + d|m,) = JJDZ + Var (E (D;“

t

St) |nt) con-

sists of gp, the standard deviation of dividend growth conditional on the regime, and a second com-
ponent which captures the uncertainty about the true regime. This uncertainty about the regime is
captured by conditional regime probabilities at time t, m;, which are initial probabilities.** The level
of dispersion of these initial probabilities is quantified by o310qns-

Note that Ppeqn praw does not have any effect on the standard deviation because it neither de-
scribes current regime probabilities nor the distribution of (one-period) dividend growth 1 + d be-
tween timestand t + 1.

In conclusion, the following parameter influences can be identified: the standard deviation in-

creasesiny, in gp, and in Oyeqns-

The effects of model parameters on the standard deviation of asset returns

The standard deviation of asset returns based on (5-3) reads

44 More precisely, the probabilities 7, are either initial probabilities or, if existing, unique invariant regime
probabilities. However, it turns out that unique invariant regime probabilities only exist if pyean praw iS POSI-
tive, and that they coincide with initial probabilities in this case. If pyean praw is zero, only initial probabilities
can be considered. In short, it suffices to consider initial probabilities in all cases.
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/ { RIPE NP (%)Hld (s)+ 1}\

Stddev(Return,,,) = Stddev | [1+ d(S, fer1)] N
\ G )

Since dividend growth and incomplete information price dividend ratio growth are typically highly

correlated, this standard deviation is not easily expressed as a sum or product of standard deviations
of dividend growth and incomplete information price dividend ratio growth. For that reason, | heuris-
tically discuss in a first step the fluctuations of both components individually and then consider their

interactions in a second step, but do not formally compute the standard deviation of returns.

The fluctuation of incomplete information price dividend ratio growth Zf,:lnsr,tﬂ-

P

cl
(B) (s") increases as (i) the range between the minimum and maximum complete information
Lt+1

price dividend ratios increases,

p cl
MaXge(q,...K} (E)t+1 (S)

. p cl
MiNge(1,..,K} (E)t " (s)

and (ii) as the fluctuation of stochastic regime probabilities 74, 1 increases.
Complete information price dividend ratios differ across regimes if Pyean praw is low, if y is high,

and if oy is high. The intuition for these effects is as follows:

o Pm ean,Draw

If the regime is an extreme one (say, 0 expected dividend growth or, on the other end, 10 percent
expected dividend), then this regime is likely, or even certain (if pyean praw = 0), to last for many
periods, and thus highly influences future dividend growth. By contrast, if Ppyean praw is relatively
high, an extreme regime will probably be replaced by a more moderate regime within the next few

periods, and its influence on future dividend growth is more limited.

4

Minimum and maximum complete information price dividend ratios will be found in the most ex-
treme regimes. The subjective impact of the most extreme regimes increases with risk aversion y.
Consequently, the range of complete information price dividend ratios increases in the risk aversion

parametery.

[ ] O'D
If ap is high, the probability of obtaining extreme dividend growth outcomes increases in all re-

gimes. Since investors are risk averse, this effect is more felt in regimes with low expected dividend
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growth than in regimes with high expected dividend growth. Therefore, the range of complete in-

formation price dividend ratios increases.

® OMeans

Opmeans Modestly affects the absolute levels of complete information price dividend ratios. How-
ever, if one divides the complete information price dividend ratio in regime 11 (10 percent expected
dividend growth) by the complete information price dividend ratio in regime 1 (0 percent expected
dividend growth), gy.ans has a negligible effect in this relative sense.

The fluctuation of stochastic regime probabilities decreases in pyean praw as well as op, and in-
creases in Opeqns, and decreases in Prean praw and op. The effect of o and oyeqns are particularly
pronounced. Note that stochastic regime probabilities do not depend on the risk aversion parameter
y.

The intuition for these effects is as follows:

o Pm ean,Draw

Recall that ;. are probabilities of the regime S;, 4, while dividend growth only depends on the
current regime S;.4> Nevertheless, learning about S; also conveys indirect information on Sy, ;. How-
ever, the link between S; and S;,; becomes weak if pyean praw is high and, consequently, the prob-
ability of a regime switch is high. By contrast, if pyean praw is zero, S¢ and S;,, are identical, and div-
idend growth provides direct information on S;, ;. Therefore, the probabilities ;4 will react strong-
ly to dividend growth if ppean praw draw is low and dividend growth contains much information

about S¢; 1. The opposite holds if ppyeqn praw is high.

® 0p and OMeans

The effect of g and oyeqns is best understood in combination. gy.qans Can be interpreted as the
level of uncertainty on the regime before new information in the form of dividend growth arises
(with a high value of gyeqns corresponding to high uncertainty), while o, is inversely related to the
quality of this new information (i.e., the information provided by dividend growth). For example, if
Omeans 1S low and op is very high, investors are relatively certain about the current regime, and will
learn little about the current regime because dividends are a noisy source of information (o}, is high).
If, by contrast, Oyeans is high (or, in the most extreme case, regime probabilities are even uniform),
and if gp is low, little is known about the regime S; before dividend growth is observed, and dividend

growth provides much information about S;. Therefore, stochastic regime probabilities react strongly

45 Dividend growth over the time interval from t to t + 1 is a function of the current regime S, as well as fac-
tors and residuals fe;,4, but not S, ;.
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to dividend growth if gyqns is high relative to op, and the opposite is true if oypqns i low relative to

op.46

The fluctuation of dividend growth increases in (i) the standard deviation of dividend growth con-
ditional on the true regime, gp, and (ii) the uncertainty about the true regime o04ns- The parameter

Pmean,praw and ¥ have no effect.

The standard deviation of asset returns depends on the interaction of dividend growth and in-
complete information price dividend ratio growth.

If y is less than one, both of these influencing variables tend to move into the same direction. Any
parameter that increases fluctuations in one or both influencing variables should then increase the
standard deviation of asset returns.

If y exceeds one, dividend growth and incomplete information price dividend ratio growth tend to
move in opposite directions. This typically leads to a U-shaped relationship between model parame-
ters and the standard deviation of returns. To understand this U-shaped relation, consider o, the
other parameters behave in a similar way. If g is very low, dividend growth exhibits little variation,
and the standard deviation of asset returns is almost the same as the standard deviation of incom-
plete information price dividend ratio growth (which can be substantial even for low ap). As g in-
creases, incomplete information price dividend ratio growth is to some degree compensated by divi-
dend growth4” and, hence, the standard deviation of asset returns is less than the standard devia-
tions of its two components. From a certain level of g, on, the standard deviation of asset returns
mostly consists of the standard deviation of dividend growth and any further increases in g, will now

lead to an increase in the standard deviation of asset returns.

Effect of model parameters on the correlation of asset returns with the adjustment for risk

The correlation of asset returns with the adjustment for risk

46 The intuition is similar to Bayesian statistics: if inference about an unknown parameter is to be drawn, the
effect of an observation on posterior probabilities depends on the relative precision of the prior distribution
(i.e., the information prior to the observation, here inversely related to o,,,s) @and that of the observation
(here the inverse of o},), see, e.g., Box/Tiao (1973) p. 17.

47 Note that an increase in p not only leads to higher fluctuations of dividend growth but also to lower fluctu-
ations of incomplete information price dividend ratio growth: a higher level of g, means that dividend
growth contains less information on the regime and thus the reaction of stochastic regime probabilities to
dividend growth is less pronounced.
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depends on whether y is greater or less than 1. If y < 1, the correlation is always negative. If
y > 1, the correlation depends on the interplay between dividend growth (term i, tends to reduce
correlation) and incomplete information price dividend ratio growth (term ii, tends to increase corre-
lation); these two terms exert conflicting influences. The term that fluctuates more coins the correla-
tion. If pprquw increases, term ii fluctuates less (see p. 209) and term i is unaffected resulting in a de-
creasing correlation (less positive or more negative). If ap and oy eqns, increase, term i fluctuates
more; op reduces the fluctuation of term ii while g0, has an increasing effect (see p. 210). In oth-
er words, an increasing ap makes term i more important than term ii and, thus, tends to reduce re-
duced correlation of asset returns with the adjustment for risk. The effect of increases in oyegqns 1S

unclear because both terms fluctuate more.

Effect of model parameters on the risk premium

Combining the three statements derived, model parameters influence the risk premium as in Table

5-1 and Table 5-2.

5.5.1.2.2.2 Complete Information

The return-based complete information risk premium for the single asset case reads (special case

of (5-2))
5-31
/ Ath,t+1CI(fet+1;5t); ! \
. ko (PY T I, |
RPITeY(S,) = —cov [+ d(S, fern)] { s'=1Ps,s P(Dc?t+1 (s)+1 St
(p), G
with

(1 + d(strfet+1))_y
E((l + d(St:fet+1))_y|St)

Ath,t+1CI(fet+1vSt) =

Under complete information, the term

cl

(), 1]

)"0
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is expected price dividend ratio growth, not random, and, hence, can be factored out of the covari-

ance.

cl

(s") + 1}

o) B B,
t]” C
) o

The covariance is determined by the risk aversion parameter y (via the adjustment for risk) and

RPtCI‘Tet(St) = —cov <Ath,t+1CI (fets1, St),
[1+d(Ss, ferr1)]

the standard deviation of dividend growth o, which drives both the adjustment for risk and dividend
growth [1 + d(S;, fer+1)]. All other parameters (Dyean praw » Omeans) Only influence the fraction;
moreover, since these parameters change both numerator and denominator, the overall effect is
comparatively small.

To see why the covariance increases in both the risk aversion parameter y and the standard devi-

ation of dividend growth o, note that the covariance in (5-31) can be expressed as

cl
v <Ath,t+1 (fers1,St), 5t>

[1+d(S: fers1)]
= stdev(AfRe 41 (fers1, Se)|Se) - corr(

Ath,t+1CI(fet+1:5t):
[1+d(Se fers)]

)

- stdev([1 + d(St, ferr1)]ISe)
where
stdev([1 + d(S;, fer+1)]IS) = op
The standard deviation of the adjustment for risk is well approximated (analogue to Appendix
A4.2.3) by the product of the risk aversion parameter y and the standard deviation of dividend
growth:
StdeU(Ath,t+1CI(fet+1JSt)|5t) =Y 0p

The risk premium, thus, approximately reads

K . B ol 1
)} e (), 2+1}
t cI
P
(E)t (Se)
For that reason, an increase in y and in gp increases the risk premium. Note that

cl
—corr <Ath.t+1 (fers1,Se),
[1+d(Se fersa)]

o
RPTN(S) =y - op? - {—corr <Ath't+1 (Feera,Se), S
[1+d(S; ferr1)]

St> is positive.
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5.5.2 Extended Veronesi Model: Single Risky Asset Model with Incomplete Infor-

mation about Expectation and Standard Deviation of Dividend Growth

5.5.2.1 Description of Results and Answers to Questions

® Answer to Question 1 (relevance of incomplete information to risk premia compared to complete
information):

Incomplete information risk premia differ significantly from complete information risk premia for
this extension of Veronesi’s model. Incomplete information risk premia are not necessarily lower
than complete information risk premia (see Table 5-4 and Table 5-5). However, incomplete infor-
mation risk premia can be negative if the risk aversion parameter y exceeds one whereas complete

information risk premia are positive.

® Answer to Question 2 (relevance of extensions to Veronesi (2000))

This extension of Veronesi’s model leads to incomplete information risk premia that can be great-
er or less than complete information risk premia (see Figure 5-5). Since incomplete information risk
premia are always less than complete information risk premia in the discretized Veronesi model, this
extension of Veronesi (2000) is non-negligible. However, the force underlying Veronesi’s result, the
positive correlation of incomplete information price dividend ratio with the adjustment for risk, re-

mains the same.

2,5

= Stddev(d) = 0.01
1,5

——Stddev(d) = 0.055
Stddev(d) = 0.1

RPCI/RPII

0,5

0 ——

y=0.5 y=1 y=2 y=3 y=5

Figure 5-9: Complete information risk premia divided by incomplete information risk premium in various standard devia-
tion regimes and for various values of the risk aversion parameter y (expected dividend growth regime =
0.01), where pprqw = 0.25, conditional transition probabilities ¢y,,,, and p = 0.05.
Note that complete information price dividend ratios are functions of a finite set of regimes but have been
connected by a polygonal path for readability.
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* Answer to Question 3 (relevance of model parameters)

Based on my numerical results (see Table 5-4), the parameters y (risk aversion), Pyean praw
(probability that a drawing of regimes occurs), and gy eqns (dispersion of conditional transition prob-
abilities/initial probabilities). Finally, the dispersion of dividend growth rates has an important effect.
This parameter is defined as the maximum difference in standard deviations of dividend growth
across regimes (e.g., 10% — 1% = 9% in the model with standard deviation regimes 1%, 5.5%, and

max

10%) and is, for brevity, denoted by Ao, ; it replaces the parameter o (standard deviation of div-
idend growth conditional on the regime) from the discretized Veronesi model. It turns out that this
parameter has an effect on risk premia similar to the effect exerted on risk premia by the parameter
op in the discretized Veronesi model. In particular, negative risk premia (in the case y > 1) are ob-
served less often as the difference of standard deviations of dividend growth increases. Of lesser im-

portance is the time preference parameter p.
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Incomplete information risk premia

Ppraw = 0
Olow Omiddle Ohigh uniform
p = 0.025
y=20.5 DIV DIV DIV DIV
y=1 0.37% 0.39% 0.47% 0.52%
y=2 0.67% 0.48% -1.26% -2.63%
y=3 DIV DIV DIV DIV
y=5 DIV DIV DIV DIV
Olow Omiddle Ohigh uniform
p = 0.05
y =05 0.22% 0.31% 1.43% 2.01%
y=1 0.38% 0.40% 0.48% 0.54%
y=2 0.71% 0.60% -0.45% -1.32%
y=3 1.03% 0.71% -2.46% -4.91%
y=5 DIV DIV DIV DIV
Poraw = 0.25
Olow Omiddle Ohigh uniform
p = 0.025
y =05 0.18% 0.20% 0.27% 0.33%
y=1 0.37% 0.39% 0.47% 0.52%
y = 0.76% 0.77% 0.69% 0.61%
y = 1.16% 1.13% 0.70% 0.33%
y = 1.90% 1.71% -0.05% -1.52%
p = 0.05
y=10.5 0.19% 0.20% 0.27% 0.33%
y=1 0.38% 0.40% 0.48% 0.54%
y=2 0.78% 0.80% 0.73% 0.66%
y=3 1.19% 1.17% 0.78% 0.44%
y=5 1.97% 1.79% 0.15% -1.23%
Table 5-4:  Incomplete information risk premia for the extended Veronesi model (standard deviation regimes ranging

from 1 percent to 10 percent). ‘DIV’ refers to a parameter constellation where the complete information price
dividend ratio diverges to infinity in at least one regime. Negative risk premia are highlighted in red print.

Complete information risk premia increase substantially in standard deviation regimes; expecta-
tion regimes have a much lesser influence. In addition, complete information risk premia increase in

the risk aversion parameter y:
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Complete information risk premia in minimum and maximum expected dividend growth regimes, each expec-

tation regime combined with all three standard deviation regimes

Poraw =0

(the dispersion of conditional transition probabilities is irrelevant for pp;.q,, = 0)

E(1+d|S) 0 0.1
Stddev(1 + d|S) 0.01 0.055 0.1 0.01 0.055 0.1
p = 0.025
y =05 DIV DIV DIV DIV DIV DIV
y=1 0.01% 0.31% 1.01% 0.01% 0.28% 0.92%
y =2 0.02% 0.62% 2.00% 0.02% 0.62% 2.01%
y=3 DIV DIV DIV DIV DIV DIV
y=5 DIV DIV DIV DIV DIV DIV
p = 0.05
y =05 0.01% 0.16% 0.52% 0.00% 0.14% 0.45%
y=1 0.01% 0.32% 1.04% 0.01% 0.29% 0.95%
y =2 0.02% 0.63% 2.05% 0.02% 0.63% 2.06%
y=3 0.03% 0.94% 3.00% 0.03% 1.04% 3.33%
y=5 DIV DIV DIV DIV DIV DIV
Ppraw = 0.25
(dispersion of conditional transition probabilities = g,,,,)
E(1+4d|S) 0 0.1
Stddev(1 + d|S) 0.01 0.055 0.1 0.01 0.055 0.1
p = 0.025
y =05 0.01% 0.15% 0.51% 0.00% 0.13% 0.44%
y=1 0.01% 0.31% 1.01% 0.01% 0.28% 0.92%
y =2 0.02% 0.62% 2.00% 0.02% 0.62% 2.01%
y=3 0.03% 0.92% 2.93% 0.03% 1.01% 3.25%
y=5 0.05% 1.49% 4.50% 0.07% 2.00% 6.13%
p = 0.05
y =05 0.01% 0.16% 0.52% 0.00% 0.14% 0.45%
y=1 0.01% 0.32% 1.04% 0.01% 0.29% 0.95%
y =2 0.02% 0.63% 2.05% 0.02% 0.63% 2.06%
y=3 0.03% 0.94% 3.00% 0.03% 1.04% 3.33%
y=5 0.05% 1.53% 4.61% 0.07% 2.05% 6.28%
Table 5-5:  Complete information risk premia for the extended Veronesi model (standard deviation regimes ranging from

1 percent to 10 percent) for the minimum and maximum expected dividend growth regimes, each in combina-
tion with all three standard deviation regimes. ‘DIV’ refers to a parameter constellation where the complete
information price dividend ratio diverges to infinity in at least one regime.
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5.5.2.2 Interpretation of Results

5.5.2.2.1 Explanation of the Answer to Question 1

Why are incomplete information risk premia are not necessarily less than complete information risk

premia?

This result is due to the standard deviation of dividend growth that is now subject to regimes. For
example, if the lowest standard deviation regime is 1 percent and the highest standard deviation re-
gime is 10 percent, and if it is further assumed that the probability of the 10 percent standard devia-
tion regime is, say, 99 percent under incomplete information, then the incomplete information risk
premium should still be higher than the complete information risk premium in the complete infor-

mation regime with 1 percent standard deviation.

Why can incomplete information risk premia be negative?

The channel of stochastic regime probabilities is responsible for this result: if the risk aversion pa-
rameter y exceeds one, the correlation of the adjustment for risk with asset returns can become pos-
itive, and the risk premium will be negative.

To see how this channel works, first note that the general structure of the risk premium is the

same as in the discretized Veronesi model:

5-32
Ath,t+1i1 (feer1, S, e,
Rp,iret = {ZK’—lﬂs't+1'(£) CI(S')+1}
) =IO 1 as fe) - e "
(E)t ()
with

(1+ d(st'fet+1))_y
- Tgt* E((l + d(St:fet+1))_y|St = 5)

Tpyq = (e, degq)

Ath,t+1ll (fers1, St 1) =

However, incomplete information price dividend ratio growth

{Zf’=1 Mg t41 (g)tﬂd (5')}
)" @

—the crucial part in the discretized Veronesi model - differs.

We know, however, from the discretized Veronesi model that the reaction of incomplete infor-

mation price dividend ratio growth to an increase in dividend growth 1 + d is exactly the part that is
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responsible for the potentially negative sign of the incomplete information risk premium. For that
reason, the reaction of incomplete information price dividend ratio growth to an increase in dividend

growth 1 4+ d should be analyzed more thoroughly.
P cl
Recall this term consists of (i) complete information price dividend ratios (5) (s),s=1,..,K
t+1

and (ii) stochastic regime probabilities s, ;. Both components interact in a way that depends on the

risk aversion parameter y.

The complete information price dividend ratio depends on both expectation regimes and stand-
ard deviation regimes of dividend growth. The form of this relation depends on the risk aversion pa-

rameter y, is rather complex, and, hence, is best understood by Figure 5-10:
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Figure 5-10: Complete information price dividend ratios as function of expectation (E) and standard deviation regimes (S)
and for various risk aversion parameters y where ppqw = 0.25, g5, = 0.005, and p = 0.05
Note that complete information price dividend ratios are functions of a finite set of regimes but have been
connected by a polygonal path for readability.

Figure 5-10 illustrates:
(i) Ify <1, the complete information price dividend ratio increases in the expectation regime and
decreases in the standard deviation regime of dividend growth.
(i) If y = 1, the complete information price dividend ratio is independent of expectation regimes

and standard deviation regimes of dividend growth.
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(iii) If y > 1, the complete information price dividend ratio decreases in the expectation regime and
increases in the standard deviation regime of dividend growth.
(iv) The effect of the expectation regime is stronger than the effect of the standard deviation re-

gime, leading to an overall positive effect for y < 1 and an overall negative effect fory > 1.

The computation of regime probabilities ;.1 is more complicated than in the discretized Verone-
si model where only expectations are unobservable; for that reason, partially a graphical illustration
is used: high dividend growth can either be due to high expected dividend growth or a high standard
deviation of dividend growth while high dividend growth always suggests a high expected dividend
growth regime in the discretized Veronesi model. Consider the probabilities of expected dividend
growth regimes (Figure 5-11): as in the discretized Veronesi model, the probability of a particular ex-
pected dividend growth regime reaches a local maximum value at dividend growth rates that equal
this expectation. However, if dividend growth rates are sufficiently above or below the expectation in
question, the probability rises again as it becomes clear that the standard deviation regime is one
with a high conditional standard deviation (see Figure 5-12). This effect does not exist in the discre-

tized Veronesi model.
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Figure 5-11: Probabilities of various expected dividend growth regimes (E(d)) as functions of dividend growth (ppraw =
0.25, uniform conditional transition probabilities): simulation with 10,000 dividend growth realizations.
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Figure 5-12: Probabilities of various standard deviation (stddev(d)) of dividend growth regimes as functions of dividend
growth (ppraw = 0.25, uniform conditional transition probabilities): simulation with 10,000 dividend growth
realizations.

Figure 5-13and Figure 5-14 plot simulated dividend growth rates against price dividend ratio
growth rates for the cases y > 1 (Figure 5-13) and y < 1 (Figure 5-14). Thecasesy >1land y <1
differ in that price dividend ratio growth reacts negatively to dividend growth for y > 1 and positive-
ly for y < 1. However, in both cases the relation consists of three different regions: a relatively steep
middle region is situated between two flatter outer regions. If one looks at the probabilities of the
standard deviation regimes (Figure 5-14), it becomes clear that the transition from the steep middle
regions to the flat outer regions in Figure 5-13 and Figure 5-14 coincide with the sharp rise of the
probability of the highest standard deviation regime. In the steep middle region, it is mostly the
probabilities of expectation regimes that react strongly to dividend growth (see Figure 5-13) and the
probabilities of the three standard deviation regimes are comparatively stable (again see Figure
5-14). Thus there is a middle region that mostly behaves in a way similar to the discretized Veronesi
model, and there are two outer regions that are characterized by a sharp increase in the probability

of the highest standard deviation regime.
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Figure 5-13: Case y > 1: incomplete information price dividend ratio growth as a function of dividend growth (ppyqw =
0.25, uniform conditional transition probabilities, p = 0.05, y = 5): simulation with 10,000 dividend growth
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Figure 5-14: Case y < 1: incomplete information price dividend ratio growth as a function of dividend growth (pprqw =
0.25, uniform conditional transition probabilities, p = 0.05, y = 0.5): simulation with 10,000 dividend growth
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It is now possible to use the insights on the reaction of price dividend ratio growth to dividend
growth to discuss the sign of the risk premium. Recall that the return on the risky asset consists of
dividend growth and price dividend ratio growth. The various effects of an increase in dividend

growth are parallel to the discretized Veronesi model and can be summarized by the following table:

Reaction to an increase in dividend growth 1 + d: Sign of the

risk premium:

Incomplete information the Price Div-

Dividend
Adjustment yield idend Ratio growth
for risk Py ¢, RP, e (1t
—(1 +d) { =1 sl e+ (5) (s )} ‘ (me)
1+d) NG NG =
= T
(), @ 3), @
0<y<i1i - + + >0
y=1 - + 0 >0
y>1 - + - >=<0

Table 5-6:

complete information risk premium.

Responses of risk premium components to positive dividend growth and implication for the sign of the in-
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The details of the interplay between the components of Table 5-6 can best be analyzed graphical-
ly: Figure 5-15 illustrates this relationship for the case y > 1 where a clear positive relationship be-
tween the adjustment for risk and the return on the risky asset is evident in the middle region. In the
outer region, this relation reverses from positive to negative: dividend growth over-compensates
price dividend ratio growth in these regions where dividend growth is so extreme that it most likely
comes from the high standard deviation regime. Note that the risk premium is still negative in the
case depicted in Figure 5-15 despite the negative relation between adjustment for risk and asset re-
turns in the outer regions: the covariance is a special form of an expectation, and as such is weighted
by a density function, implying that the middle region has a much higher impact on the risk premium
than the outer regions. Figure 5-16 depicts an alternative parameter constellation with y > 1 where
the risk premium is positive: the reaction of price dividend ratio growth in response to dividend
growth is very weak in this instance and dividend growth dominates, resulting in a positive risk pre-

mium.
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Figure 5-15: Case y > 1, parameter constellation with a negative risk premium: incomplete information price dividend ra-
tio growth, assets returns, and capital gains ass functions of adjustment or risk (ppyqw = 0.25, uniform condi-
tional transition probabilities, p = 0.05, y = 5): simulation with 10,000 adjustment for risk realizations.
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Figure 5-16: Case y < 1, parameter constellation with a positive risk premium: incomplete information price dividend ratio
growth, assets returns, and capital gains as functions of adjustment or risk (ppraw = 0.25, Omigaie, P = 0.05,
y = 5): simulation with 10,000 adjustment for risk realizations.

5.5.2.2.2 Explanation of the Answer to Question 2

Why can incomplete information risk premia be greater or less than complete information risk

premia?

See Explanation of the Answer to Question 1.

What mechanism is responsible for that fact that incomplete information risk premia are less than

complete information risk premia still exists in the extended Veronesi model?

The channel of stochastic regime probabilities still exists in the extended Veronesi model, see Ex-

planation of the Answer to Question 1.

5.5.2.2.3 Explanation of the Answer to Question 3

The economic mechanisms behind the effects of the risk aversion parameter y, the drawing prob-
ability ppyqw,, and the dispersion of the conditional transition probabilities are very similar to the
discretized Veronesi model and, hence, are omitted.

The difference between the highest and lowest standard deviations of dividend growth (Ao, ™%¥)
is new and should be explained. To that end, the risk premium as a covariance is broken up into the

following three components: the covariance is the product of (i) the standard deviation of the ad-

justment for risk, (ii) the standard deviation of asset returns and (iii) the correlation of the adjust-
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ment for risk with asset returns. Any parameter that strongly affects at least one of these compo-

nents of risk premia can, therefore, have a strong effect on risk premia.

5.5.2.2.3.1 Incomplete Information

Effect of Aap,™ ™ on the standard deviation of the adjustment for risk

If Aop™* is high, dividends conditional on incomplete information will exhibit high standard de-
viation which, in turn, leads to a high standard deviation of the adjustment for risk (first element of

the risk premium).

Effect of Aap ™™ on the standard deviation of asset returns

Aop™* has various effects on the standard deviation of asset returns (second element of the risk

premium): recall that returns possess the structure

{Zg(’:l Tl t41 " (g)tﬂ
®) @

If Aop ™™ is high, dividend growth [1 + d(S;, fer+1)] will exhibit substantial fluctuation.

cl

(s") + 1}

[1+d(Se ferr1)] -

max

Incomplete information price dividend ratio growth is influenced by Aop as follows: first, the

max

higher Aop , the less regime probabilities 7y ., 1 react to dividend growth (see p. 210), thereby
decreasing the fluctuation of incomplete information price dividend ratio growth. Second, via the ra-
tio of maximum to minimum complete information price dividend ratios across regimes,

P cl

' P cl
MiNse(1,..,k} (5)t+1 (s)

The spikes that standard deviation regimes introduce into complete information price dividend

max

ratios (see Figure 5-10) become more pronounced as Ao increases; this second effect tends to

increase the fluctuation of incomplete information price dividend ratio growth. Concerning the total

max

effect of Aop on standard deviation of incomplete information price dividend ratio growth, Table

5-7 suggest a U-shaped influence:
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Standard deviation of incomplete information price dividend ratio growth

Dispersion of conditional transition probabilities
Aap™ ™ Tlow Omiddle Ohigh uniform
2%-1% 1.40% 4.17% 15.26% 20.92%
5%-1% 0.97% 2.63% 11.12% 16.83%
7%-1% 0.62% 1.95% 9.48% 15.07%
10%-1% 2.95% 3.87% 9.51% 14.17%

Table 5-7:

Standard deviation of incomplete information price dividend ratio growth as a function of the difference be-
tween the highest and lowest standard deviations of dividend growth across regimes (Aoyp,

max)

ous levels of dispersion of the conditional transition probabilities (o = 0.05,y = 5, ppraw = 0.25).

The joint effect of Aogp

sion parameter y in a way that is analogous to the discretized Veronesi model. For y < 1 an increas-

ing Aap ™"

U-shaped relation between Aagp
5-8Table 5-8): for parameter constellations where incomplete information price dividend ratio
growth outweighs the effect of dividend growth, an increase in Aagp
tion of asset returns (e.g., see the case of uniform conditional transition probabilities in Table 5-8)).

From a certain level of Aap

effect on incomplete information price dividend ratio growth leading to an increase in the standard

max

max

max

on, the effect of Aop

max

deviation of asset returns (see the case a4y, in Table 5-8).

on dividend growth overcompensates the

max

on the standard deviation of asset returns depends on the risk aver-

typically leads to an increase in standard deviation of asset return. For y > 1 there is a

and the standard deviation of asset returns (illustrated in Table

reduces the standard devia-

Standard deviation of incomplete information asset returns

and for vari-

Dispersion of conditional transition probabilities
Agp™ Olow Omiddle Ohigh uniform
2%-1% 0.70% 2.00% 12.20% 17.58%
5%-1% 3.51% 2.45% 7.00% 12.39%
7%-1% 4.56% 3.44% 4.33% 10.14%
10%-1% 7.79% 7.79% 7.01% 9.76%
Table 5-8:  Standard deviation of incomplete information asset returns as a function of the difference between the high-

max

est and lowest standard deviations of dividend growth across regimes (Aop ) and for various levels of dis-

persion of the conditional transition probabilities (p = 0.05,y = 5, ppraw = 0.25).

Effect of Aa,™™ on the correlation of asset returns with the adjustment for risk

The correlation of asset returns with the adjustment for risk
Ath,t+1lI(fet+1:5t; Tt), \
P cl
K (L l
(58 e (5),, 6H+1) .

(%)t" () /

term ii

corr

1+d(Se ferr) |

\ termi
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depends on whether y is greater or less than 1. If y < 1, the correlation is always negative. If
y > 1, the correlation depends on the interplay between dividend growth (term i, tends to reduce
correlation) and incomplete information price dividend ratio growth (term ii, tends to increase corre-

lation). The term that fluctuates more coins the correlation. An increase in Aop,™**

always leads to
an increase in the fluctuation of term i and has a mixed effect on term ii. Typically, this leads to a re-

duced (less positive or more negative) correlation of asset returns with the adjustment for risk.

Effect of Aap,™** on the risk premium

Combining the three statements derived on the compenents of the risk premium as a covariance,
an increase in Aagp ™ leads to an increase in the incomplete information risk premium (more posi-

tive or less negative) as Table 5-9 shows:

Incomplete information risk premia

Dispersion of conditional transition probabilities
y =05 Ao,™** Olow Omiddie Ohigh uniform
2%-1% 0.02% 0.02% 0.08% 0.13%
5%-1% 0.05% 0.07% 0.12% 0.17%
7%-1% 0.08% 0.09% 0.15% 0.22%
10%-1% 0.20% 0.20% 0.27% 0.33%
y=5 Aop™** Olow Omiddie Ohigh uniform
2%-1% 0.05% -0.17% -1.67% -2.91%
5%-1% 0.53% 0.32% -1.20% -2.46%
7%-1% 0.88% 0.67% -0.86% -2.00%
10%-1% 1.79% 1.79% 0.15% -1.23%
Table 5-9:  Incomplete information risk premia as a function of the difference between the highest and lowest standard
deviations of dividend growth across regimes (Agp™**) for y = 0.5 and ¥ = 5 as well as for various levels of
dispersion of the conditional transition probabilities (o0 = 0.05, ppraw = 0.25).
5.5.2.2.3.2 Complete Information

The return-based complete information risk premium for the single asset case is formally identical

to 5-31. For that reason,

{ '=1Psis’ (g)t+1

cl

(s") + 1}

),

can be factored out simplifying the risk premium to:
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5-33
cl

(s") + 1}

c > {Zf’zl Ps,s" " (%)Hl
t]’ c
). (50

The covariance is determined by the risk aversion parameter y (via the adjustment for risk) and

RPth,ret (S,) = —cov <Ath,t+1CI (fets1,St),
[1+ d(Se, ferr1)]

the regime-dependent standard deviation of dividend growth which drives both the adjustment for
risk and dividend growth [1 + d(S;, fe;+1)], but expected dividend growth regimes do not play an

important role. To see this, note that the covariance in (5-33) can be expressed as

cl
v <Ath,t+1 (fers1,St), 5t>

[1+d(Se ferr1)]
= stdev(AfRee41 (Fers1, Se)|Se) - corr(

Ath,t+1CI(fet+1rSt)r
[1+ d(St feer1)]

st>
-stdev([1 + d(S, fers1)]1S)

The standard deviation of the adjustment for risk is well approximated (analogous to Appendix
A4.2.3) by the product of the risk aversion parameter ¥ and the standard deviation of dividend
growth,

StdeU(Ath,t+1CI(fet+1JSt)lst) ~ y - stdev([1 + d(Se, ferr1)]11Se)

The risk premium, thus, approximately reads

Ath,t+1d(fet+1vSt)r
[1+d(Se ferr1)]

RPTEE(S,) ~ y - {stdev([1 + d(S;, feer1)]1S)}? - {_COTT<

)

P cl
K (L l
{ s'=1Ps;s’ (D)t+1 s+ 1}
P cl
(p), G
For that reason, an increase in y and in stdev([1 + d(S;, fer+1)]|St) increases the risk premium.

Ath,t+1CI(fet+1;5t);
[1+d(Se ferr1)]

Note that —corr < St> is positive.

5.5.3 Regimes in Asset 2 Only

5.5.3.1 Description of Results and Answers to Questions

* Answer to Question 1 (relevance of incomplete information to risk premia compared to complete
information)
Incomplete information risk premia differ significantly from complete information risk premia for
this extension of Veronesi’s model. Incomplete information risk premia are not necessarily lower

than complete information risk premia (see, e.g., Figure 5-17 and Figure 5-18). However, incomplete
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information risk premia can be negative if the risk aversion parameter y exceeds one whereas com-
plete information risk premia are positive.

Since only the dividends of asset 2, but not those of asset 1, are subject to regimes, the relevance
of incomplete information risk premia should be analyzed separately for both assets. In this connec-
tion note that dividends of asset 2 follow the same model as dividends in the models with a single

risky asset (extended Veronesi model); it is instructive to consider asset 2 first:

Asset 2

First consider the case of incomplete information (see Figure 5-17).

If §;+ — 0 (all dividends are paid by asset 2), prices and risk premia of asset 2 correspond to a
model with a single risky asset with regimes in expectations and standard deviations of dividend
growth; hence all results that have been described for the case with a single risky asset must hold for
this special constellation: (i) incomplete information risk premia are significantly different from com-
plete information risk premia; (ii) incomplete information risk premia can be negative for y > 1. Note
that the correlation of dividend growth rates of assets 1 and 2 is irrelevant to risk premia of asset 2
for §;+ = 0 because both the stochastic discount factor and dividends are completely provided by
asset 2 and do not depend in any way on dividends of asset 1.

As the dividend contribution of asset 1, §; ¢, increases relative to asset 2, the risk premium of as-
set 2 increases for positively correlated dividend growth of both assets and the incomplete infor-
mation risk premium will be positive for all &, ; that exceed a certain threshold &; . “48. If dividend
growth of both assets is negatively correlated, the incomplete information risk premium first in-
creases in §; ; but then decreases from a certain value of §; ; on, with a negative risk premium for
81¢ — 1%

Second consider the case of complete information (see Figure 5-17).

Complete information risk premia are positive for all analyzed parameter constellations; note that

negative complete information risk premia are (in contrast to the single asset case) theoretically pos-

sible.

48 61; can be zero because the incomplete information risk premium can be positive even if all dividends are
provided by asset 2 (see the results for the single asset models).

49 Of course, asset 2 would not have a risk premium if it did not pay any dividends (i.e., 01 = 1) because the
price of such an asset has to be zero at the present and all future points of time. However, §,, = 1 should
be interpreted as a limit case, i.e., the contribution of asset 2 is “very small” relative to the market to the
point that it is negligible.
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Figure 5-17: Risk premia of asset 2 for selected complete information regimes and for incomplete information for the case
of positive correlation (Parameter values: y = 5, p = 0.05 ppyqw = 0.25, correlation of dividend growth con-
ditional on the regime = 80 percent).

Risk premia have been computed at equidistant intervals of 10 percent for §; ; and interpolated to the inter-
val [0;1].

Asset 1

First consider the case of incomplete information (see Figure 5-18).

If §; ¢ — 0, incomplete information leads to a low and possible negative risk premium of asset 1.
This effect is quite large for y > 1.

As 8, ; increases to 1, the incomplete information risk premium increases.

Second consider the case of complete information (see Figure 5-18).

Complete information risk premia are positive for all analyzed parameter constellations; note that
negative complete information risk premia are (in contrast to the single asset case) theoretically pos-
sible. As &, ; increases to 1, the various complete information risk premia converge to the same value
(which also is the incomplete information risk premium). Note that this behavior is not observed in

asset 2.
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Figure 5-18: Risk premia of asset 1 for selected complete information regimes and for incomplete information for the case
of positive correlation (Parameter values: y = 5, p = 0.05 ppyqw = 0.25, correlation of dividend growth con-
ditional on the regime = 80 percent).

Risk premia have been computed at equidistant intervals of 10 percent for §;, and interpolated to the inter-
val [0;1].

e Answer to Question 2 (relevance of extensions to Veronesi (2000))

Extending Veronesi’s model to two assets leads to incomplete information risk premia that can be
greater or less than complete information risk premia. Since incomplete information risk premia are
always less than complete information risk premia in the discretized Veronesi model, this extension
of Veronesi (2000) is non-negligible. In addition, the force underlying Veronesi’s result, the correla-
tion of incomplete information price dividend ratio with the adjustment for risk, reverses from posi-
tive to negative as &, ¢ increases from 0 to 1. In other words, incomplete information has the oppo-

site effect as in Veronesi’s model if §; ; is close to 1.
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® Answer to Question 3 (relevance of model parameters)

Asset 2

If §; + — 0 (asset 2 pays all dividends), the model essentially corresponds to the extended Verone-
si model. From that perspective, the correlation of dividend growth rates of both assets conditional
on the regime is the only parameter of interest. It turns out that this correlation neither affects the
complete nor incomplete information risk premium on asset 2.

If §;+ — 1 (asset 1 pays all dividends), the regime parameters pp,4,, and dispersion of conditional
transition probabilities have a small effect on complete and incomplete information risk premia of
asset 2. The effect of the risk aversion parameter y depends on the correlation of dividend growth
rates of both assets conditional on the regime. If this correlation is positive, both complete and in-
complete information risk premia increase in y; for negative correlation both complete and incom-
plete information risk premia decrease in y. The standard deviation of dividend growth has conflict-
ing effects on incomplete information risk premia; under complete information, the standard devia-
tion of dividend growth has an effect that is similar to the risk aversion parameter y.

For intermediate cases where both assets pay at least some dividends (0 < §; ; < 1), the most in-
teresting parameter is the correlation of dividend growth rates conditional on the regime. Figure
5-19 shows that the incomplete information risk premium of asset 2 increases in this correlation for
0 < 81+ < 1. The incomplete information risk premium of asset 2 first increases and then decreases
in 8; ¢. The relative dividend contribution at which the incomplete information risk premium takes a
maximum value increases in the correlation of dividend growth rates conditional on the regime. The
complete information risk premium of asset 2 increases in the correlation of dividend growth rates of

both assets.
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Figure 5-19: Incomplete information risk premia on asset 2 as a function of 8, and various correlations of dividend growth
rates conditional on the true regime (ppraw = 0.25, uniform conditional transition probabilities, p = 0.05,
y =5)
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Asset 1

If 8, — 1 (asset 1 pays all dividends), complete and incomplete information risk premia coincide.
The risk premium on asset 1 does not depend on the correlation of dividend growth rates conditional
on the regime.

If §;+ — 0 (asset 2 pays all dividends), the incomplete information risk premium on asset 1 in-
creases in pprqw and decreases in the dispersion of conditional transition probabilities. However,
Ppraw and the dispersion of conditional transition probabilities have no effect on complete infor-
mation risk premia. The risk aversion parameter y has conflicting effects on the incomplete infor-
mation risk premium on asset 1. The complete information risk premium of asset 1 becomes more
extreme with an increase in y: negative risk premia get even more negative, positive risk premia
more positive. The correlation of dividend growth rates conditional on the regime increases both
complete and incomplete information risk premia on asset 1.

For intermediate values of relative dividend contributions (0 < §; ; < 1), the incomplete infor-
mation risk premium on asset 1 increases in the correlation of dividend growth rates conditional on
the regime (see Figure 5-20). Similarly, the complete information risk premium of asset 1 increases in

the correlation of dividend growth rates of both assets.
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Figure 5-20: Incomplete information risk premia on asset 1 as a function of 8, and various correlations of dividend growth
rates conditional on the true regime (ppraw = 0.25, uniform conditional transition probabilities, p = 0.05,
y =5).
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5.5.3.2 Interpretation of Results

5.5.3.2.1 Explanation of the Answer to Question 1

Why are incomplete information risk premia not necessarily less than complete information risk

premia?

The reason why incomplete information risk premia can be greater or less than complete infor-
mation risk premia is the same as in the extended Veronesi model with regimes in standard devia-
tions and expectations of dividend growth: the standard deviation of dividend growth is now subject

to regimes.

Why can incomplete information risk premia be negative?

The channel of stochastic regime probabilities is responsible for potentially negative incomplete
information risk premia. It should therefore be analyzed how this channel depends on a change in
the relative dividend contribution of asset 1, §; ;. First note that the general structure of the risk

premium is given by specializing (5-1) to the case with two risky assets,

RPi,tiI (T[t: Di¢, 51,t)

RP; "7 (1, 81p) = —5
. (me:010) P, (me Dy, 61)
/ Ath,t+1iI (fet+1:5t: 51,t: T[t):
(i (B),, () +1
= —cov s'=1Ts"t+1 "\ ). §5,01t41) t }n 5
| [1+di(St, ferra)] b l-IL'Hl poLt |
(5),, (o) /
i=1.2
with

Ath,t+1u(fet+1rStr 81t ”t)
{51,t : (1 + dl(St:fet+1)) + (1 - 51,t) : (1 + dz(St:f€t+1))}_y
Z§=1 Mot E({51,t ) (1 +d; (Stvfet+1)) + (1 - 51,t) ) (1 + d, (Stvfet+1))}_y|5t =S, 51,t)

As in the models with a single risky asset, (i) stochastic regime probabilities and (ii) complete in-

formation price dividend ratios jointly form incomplete information price dividend ratio growth,

K / o !
—1 Tt ' (—) )
25’_1 s ,t+1 D it+1 ( 4 1,t+1)

(SPCR

i=12
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hence (i) and (ii) should first be analyzed individually. In a second step, the reaction of incomplete in-
formation price dividend ratio growth in response to dividend growth and the consequences for the

correlation of the adjustment for risk with asset returns should be discussed.

Complete information price dividend ratios of asset 1 decrease in the expectation and increase in
the standard deviation of dividend growth of asset 2 (see Figure 5-21). Note that this pattern does
not reverse for y < 1 (see Figure 5-22) because regimes are now limited to the stochastic discount
factor due to asset 2, whereas dividend growth of asset 1 does not exhibit regimes; hence there is no
conflicting effect of discounting and dividends as in the case of asset 2.

An increase in the relative dividend contribution of asset 1, §;, lowers the differences in price div-
idend ratios across regimes to the point where the price dividend ratio does not depend on the re-
gime if all dividends are paid by asset 1 (§; = 1): The stochastic discount factor becomes less regime-
dependent because more aggregate dividends are paid by the regime-independent dividends of as-

set 1.

20

18

deltal=0

delta1=0.3

=—=delta 1=0.5
deltal=0.7

= elta 1=0.9
deltal=1

Complete Information Price Dividend Ratio Asset

Figure 5-21: Complete information price dividend ratios of asset 1 as a function of expectation (E) and standard deviation
regimes (S) and for various relative dividend contributions §; and for risk aversion parameter y = 5, with
Ppraw = 0.25, uniform conditional transition probabilities, and p = 0.05 as well as correlation of dividend
growth conditional on the regime = 80 percent.
Note that complete information price dividend ratios are functions of a finite set of regimes but have been
connected by a polygonal path for readability.
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Figure 5-22: Complete information price dividend ratios of asset 1 as a function of expectation (E) and standard deviation
regimes (S) and for various relative dividend contributions §; and for risk aversion parameter y = 0.05, with
Ppraw = 0.25, uniform conditional transition probabilities, and p = 0.05 as well as correlation of dividend
growth conditional on the regime = 80 percent.
Note that complete information price dividend ratios are functions of a finite set of regimes but have been
connected by a polygonal path for readability.

Asset 2

If y > 1 and if §; is low (i.e., most dividends are paid by asset 2, the complete information price
dividend ratio decreases in the expectation and increases in the standard deviation of dividend
growth regimes of asset 2 (see Figure 5-23), i.e., the complete information price dividend ratio be-
haves as in the extended Veronesi model. However, as §; increases (still with y > 1), this pattern
first weakens and finally reverses into a positive relation between expected dividend growth regime
and the complete information price dividend ratio; the effect of the standard deviation of dividend
growth regime also switches from positive to negative for high §;. As in the case of asset 1, the effect
of a high value §; on complete information price dividend ratios is due to the mostly regime-
independent stochastic discount factor. Therefore, high expected dividends of asset 2 are no longer
associated with low future marginal utility of consumption as would be the case for low values of §;,
and the complete information price dividend ratio as discounted future dividend growth increases in
expected dividend growth.

If y < 1, the price dividend ratio of asset 2 always increases in the expectation regime, and de-
creases in the standard deviation regime of dividend growth of asset 2 and this increase is reinforced
as 07 increases. The reason for this pattern is that the effect of regimes on dividends always domi-

nates the effect of regimes on the stochastic discount factor for y < 1, and this dominance becomes



more pronounced as the stochastic discount factor is increasingly determined by regime

ent dividend growth of asset 1.

Figure 5-23:
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independ-

Complete information price dividend ratios of asset 2 as a function of expectation (E) and standard deviation
regimes (S) and for various relative dividend contributions &§; and for risk aversion parameter y = 5, with
Ppraw = 0.25, uniform conditional transition probabilities, and p = 0.05 as well as correlation of dividend

growth conditional on the regime = 80 percent.

Note that complete information price dividend ratios are functions of a finite set of regimes but have been

connected by a polygonal path for readability.
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Figure 5-24:

Complete information price dividend ratios of asset 2 as a function of expectation (E) and standard deviation
regimes (S) and for various relative dividend contributions §; and for risk aversion parameter y = 0.05, with
Ppraw = 0.25, uniform conditional transition probabilities, and p = 0.05 as well as correlation of dividend

growth conditional on the regime = 80 percent.
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Note that complete information price dividend ratios are functions of a finite set of regimes but have been
connected by a polygonal path for readability.

Stochastic regime probabilities ;. depend on dividend growth rates of both assets: (i) dividend
growth of asset 2 is regime-dependent and, thus, provides direct information; (ii) dividend growth of
asset 1 is regime-independent, but still provides indirect information via the common factor f;, (see
the dividend models (5-20) and (5-21)):

Dity1 =Dyeexp(uy +ay foor + by eqeer)
Dyty1 = Doy exp(,uz (Se) + az(Se) " frea + ba(Sp) - eZ,t+1)

The direct information effect is illustrated by Figure 5-25 which depicts the probability of one ex-
pected dividend growth regime (expected dividend growth = 5 percent): this plot is roughly similar to
Figure 5-11 (expected dividend growth in the case of one asset). Similarly, Figure 5-26 illustrates the
relation between dividend growth of asset 2 and the probability of the high standard deviation re-
gime, which resembles Figure 5-12(probabilities of all standard deviation regimes in the case with a

single risky asset).
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Figure 5-25: Probability of the expectation regime with 5 per- Figure 5-26: Probability of the high standard deviation

cent expected dividend growth and dividend regime and dividend growth of asset 2
growth of asset 2 (correlation of dividend growth (correlation of dividend growth condi-
conditional on the regime = 80 percent, uniform tional on the regime = 80 percent, uni-
conditional transition probabilities, pPprqw = form conditional transition probabilities,
0.25): simulation with 10,000 dividend growth re- Poraw = 0.25): simulation with 10,000
alizations. dividend growth realizations.

If the indirect information effect is added to the direct information effect, the total effect arises.
Since the total effect is less intuitive than the direct information effect, it is illustrated by two exam-
ples for expectation regimes and standard deviation regimes:

Example 1 (effect of dividend growth of asset 1 on the probability of a 5 percent expected divi-
dend growth regime): Figure 5-27 depicts the total effect of dividend growth rates of both assets on

the probability of the 5 percent expected dividend growth regime. If dividend growth of asset 2 is
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close to its expectation of five percent, dividend growth of asset 1 has a U-shaped effect on the
probability of the expected dividend growth regime. Intuitively, very high or very low dividend
growth of asset 1 is most likely due to an extreme realization of the common factor f;,,. However,
since dividend growth of asset 2 is close to the expectation regime of 5 percent, it can be inferred
that the impact of the common factor on dividend growth of asset 2, a,(S;) - f;4+1 cannot be large,
and thus a,(S;) must be small. This, in turn, is the case in the regime with low standard deviation of

dividend growth.
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Figure 5-27: Probability of the expectation regime with 5 percent expected dividend growth and dividend growth of asset 2
(correlation of dividend growth conditional on the regime = 80 percent, uniform conditional transition proba-
bilities, pprqw = 0.25): simulation with 10,000 dividend growth realizations.

Example 2 (effect of dividend growth of asset 1 on the probability of the high standard deviation
regime): consider the effect that dividend growth of asset 1 has in combination with dividend growth
of asset 2 on the probability of the high standard deviation regime (Figure 5-28): if dividend growth
of asset 2 is moderate, the probability of the high standard deviation regime is low; if dividend
growth of asset 1 is very high or very low, it can be inferred (as in the example with expected divi-
dend growth) that a,(S;) - f;+1 is most likely low, suggesting a low standard deviation regime. Hence
high dividend growth of asset 1 further reduces the probability of the high standard deviation re-
gime. By contrast, if dividend growth of asset 1 is moderate, it is likely that the moderate value of
dividend growth of asset 2 is at least partially the result of a factor realization f;,, close to zero, and

hence the probability of the high standard deviation regime is somewhat higher.
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Figure 5-28: Probability of the regime with high standard deviation of dividend growth of asset 2 (correlation of dividend
growth conditional on the regime = 80 percent, uniform conditional transition probabilities, pprqw = 0.25):
simulation with 10,000 dividend growth realizations.

If all dividends are paid by asset 1 (6, ;=1) and dividend growth rates of both assets are either pos-
itively or negatively correlated, the price dividend ratio growth of asset 1 is regime-independent

((PD)1,t+1

D)., 1) and thus does not react to dividend growth of asset 1.
1,t

If all dividends are paid by asset 2 (§; =0) incomplete information price dividend ratio growth re-
acts only weakly to an increase in dividend growth of asset 1 for both y > 1 and y < 1. For positively
correlated dividend growth of both assets, this reaction is weakly positive, for negative correlation it

is weakly negative (see Figure 5-29 and Figure 5-30)



242

2,5

Incomplete Information Price Dividend Ratio
Growth Asset 1

0,75 0,85 0,95 1,05 1,15 1,25 1,35 1,45
Dividend Growth 1+d1

Figure 5-29: Incomplete information price dividend ratio growth of asset 1 and dividend growth of asset 1: case §,,=0 and
positive correlation of dividend growth rates (pprqw = 0.1, uniform conditional transition probabilities,
p = 0.05, y = 3, correlation of dividend growth conditional on the regime = 80%.): simulation with 10,000
dividend growth realizations.
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Figure 5-30: Incomplete information price dividend growth rate of asset 1: case §,=0 and negative correlation of dividend
growth rates (pprqw = 0.1, uniform conditional transition probabilities, p = 0.05, y = 3, correlation of divi-
dend growth conditional on the regime = -80%.) : simulation with 10,000 dividend growth realizations.
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For intermediate constellations with 0 < §; ; < 1, the reaction of incomplete information price
dividend ratio growth to dividend growth of asset 1 is intermediate between the situations for
6, — 0 and §;, — 1 (for all values of y and for positive and negative correlations of dividend

growth rates). The lower & ;, the more dispersed the scatter plots become.

If all dividends are paid by asset 2 (6, = 0) and dividend growth rates of both assets are posi-
tively correlated, there is no strictly decreasing reaction of incomplete information price dividend ra-
tio growth to dividend growth of asset 2. Instead the three regions known from the extended Vero-

nesi case are observable (see Figure 5-31 for y > 1 and Figure 5-32 fory < 1)
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Figure 5-31: Incomplete information price dividend ratio growth of asset 2 and dividend growth of asset 2: case 6,,=0,
y > 1, and positive correlation of dividend growth rates (pp,rqw = 0.1, uniform conditional transition proba-
bilities, p = 0.05, y = 3, correlation of dividend growth conditional on the regime = +80 percent.): simulation
with 10,000 dividend growth realizations.
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Figure 5-32: Incomplete information price dividend ratio growth of asset 2 and dividend growth of asset 2: case 6,,=0,
¥y < 1, and positive correlation of dividend growth rates (pp,rqw = 0.1, uniform conditional transition proba-
bilities, p = 0.05, y = 0.5, correlation of dividend growth conditional on the regime = 80 percent.): simulation
with 10,000 dividend growth realizations.
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If all dividends are paid by asset 2 (6, — 0) and dividend growth rates of both assets are
negatively correlated, the relation between price dividend ratio growth and dividend growth of asset
2 does not change markedly (not depicted) because the stochastic discount factor is a function of div-
idend growth of asset 2; dividend growth of asset 1 only affects stochastic regime probabilities but
not the stochastic discount factor.

If all dividends are paid by asset 1 (§;, — 1) and dividend growth rates of both assets are
positively correlated, the reaction of incomplete information price dividend ratio growth to dividend
growth of asset 2 is reversed compared to the case §; ; — 0 if y > 1; it looks roughly similar to Figure
5-32.

If y is less than one, no such reversal occurs in complete information price dividend ratios (see the
complete information price dividend ratios in Figure 5-22), and consequently the slope in the relation
between incomplete information price dividend ratio growth and dividend growth remains positive
as for 6; = 0 (not depicted).

If all dividends are paid by asset 1 (§; ; — 1) and dividend growth rates of both assets are nega-
tively correlated, the relation between incomplete information price dividend ratio growth and divi-
dend growth of asset 2 is very similar to the case with positively correlated dividend growth rates for
bothy < 1andy > 1 (not depicted).

For intermediate constellations with 0 < §; ; < 1, the reaction of incomplete information price
dividend ratio growth to dividend growth of asset 2 for y > 1 switches from the behavior for
61+ — 0 to the one for §; ; — 1. The switching occurs when &, ; is high enough (around §; ; = 0.7 in

the example depicted in Figure 5-23).

If all dividends are paid by asset 1 (6, ;=1) and dividend growth rates of both assets are either pos-
itively or negatively correlated, the sign of the risk premium is positive: incomplete information price
dividend ratio growth does not react to dividend growth of asset 1; the sign of the risk premium is
solely determined by the reactions of the adjustment for risk and of dividend yield to dividend

growth of asset 1.
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6, —>1 Reaction to an increase in dividend growth 1 + d, (driver of the adjust- Sign of the risk
corr(d,,d,) ment for risk): premium:
positive or
negative
Incomplete Information Price Divi-
Adjustment Dividend yield dend Ratio Growth
for risk _A+d) + d,) RP, 7 (m,, 1)
Py Y K p o '
(1+d)7Y (5)11 (7, 1) { s'=1Ts t41 " (E)l,t+1 (s, 1)}
), e
0<y<i1i - + 0 >0
y=1 - + 0 >0
y>1 - + 0 >0
Table 5-10:

the sign of the incomplete information risk premium of asset 1.

Responses of risk premium components of asset 1 to positive dividend growth of asset 1 and implication for

If all dividends are paid by asset 2 (6, ; — 0) and dividend growth rates of both assets are posi-

tively correlated, the sign of the risk premium is ambiguous: incomplete information price dividend

ratio growth reacts negatively, but dividend yield reacts positively to dividend growth of asset 1;

hence the sign of the risk premium depends on the relative strength of both components.

6, —0
corr(d,,d,)
>0

Reaction to an increase in dividend growth 1 + d, (driver of the adjust-

ment for risk)

Sign of the risk

premium:

Incomplete Information Price Divi-
Adjustment | Dividend yield dend Ratio Growth
for risk (1+dy) B p o RP, It (1, 0)
py U {Zs’=1 Mgl 41" (E) (s, 0)} Lt t

a+dy7 | (p),, @O N,

(5),, @0
o<y<l1 - + - >=<0
y=1 - + - >=<0
y>1 - + - >=<0

Table 5-11:

Case of positive correlation of dividend growth rates; responses of risk premium components of asset 1 to

positive dividend growth of asset 2 and implication for the sign of the incomplete information risk premium of
asset 1.

In the case of negative correlation (still for §; ; — 0), a negative sign of the risk premium results:

both dividend yield and incomplete information price dividend ratio growth react negatively to divi-

dend growth of asset 2, as does the adjustment for risk.
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6, —0 Reaction to an increase in dividend growth 1 + d, (driver of the adjust- Sign of the risk
corr(dy,d;) ment for risk) premium:
<0

Incomplete Information Price Divi-

Adjustment | Dividend yield dend Ratio Growth

(1 + dl) p cl il,ret
7 , RP, . ,0
{Zf,zl Tyt 1r " (5)1”1 (s ,0)} e (e, 0)

P n
), o

for risk

(A +dy) (ﬁ)uu (m;, 0)

o<y<l1 - - - <0
y=1 - - - <0
y>1 - - - <0

Table 5-12: Case of negative correlation of dividend growth rates: responses of risk premium components of asset 1 to
positive dividend growth of asset 2 and implication for the sign of the incomplete information risk premium of
asset 1.

If all dividends are paid by asset 2 (6, = 0) and dividend growth rates of both assets are posi-
tively or negatively correlated, the sign of the risk premium depends on y: for y < 1, both dividend
yield and incomplete information price dividend ratio growth react positively to dividend growth of
asset 2 and, thus, are inversely related to the reaction of the adjustment for risk (positive risk premi-
um). For y > 1, incomplete information price dividend ratio growth reacts negatively, but dividend
yield reacts positively to dividend growth of asset 2; hence the sign of the risk premium depends on
the relative strength of both components (positive or negative risk premium). Note that this case
(61, — 0, asset 2) is very close to the extended Veronesi single asset case, with the only difference
that dividend growth of asset 1 provides additional information. This information depends on the

strength of the correlation of dividend growth rates, but not on the sign of this correlation.
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6, —0 Reaction to an increase in dividend growth 1 + d, (driver of the adjust- Sign of the risk
corr(d,,d,) ment for risk) premium:
positive or
negative
Incomplete Information Price Divi-
Adjustment Dividend yield dend Ratio Growth
for risk (1 +dp) X P o RP, "¢ (1r,,0)
py U { s'=1T0s t+1° (5) (s, 0)} 2t t
a+dy7 | (p),, w0 N
(5),, @O
o<y<l1 - + + >0
y=1 - + 0 >0
y>1 - + - >=<0
Table 5-13: Responses of risk premium components of asset 2 to positive dividend growth of asset 2 and implication for

the sign of the incomplete information risk premium of asset 1.

If all dividends are paid by asset 1 (§; ;=1) and dividend growth rates of both assets are positively
correlated, the sign of the risk premium is positive: incomplete information price dividend ratio
growth does not react to dividend growth of asset 1; the sign of the risk premium is solely deter-

mined by the reactions of the adjustment for risk and of dividend yield to dividend growth of asset 1.

6, -1 Reaction to an increase in dividend growth 1 + d; (driver of the ad- Sign of the risk
corr(d,,d,) > justment for risk) premium:
0
Incomplete Information Price Divi-
Adjustment | Dividend yield dend Ratio Growth
for risk a +d) K AN RP, "¢ (m,, 1)
NG {Z 11Tl gy " (5) (s ,1)} t t
a+dy” | (p),, @D N
(5),, (D
O0<y<i1 - + 0 >0
y=1 - + 0 >0
y>1 - + 0 >0

Table 5-14: Case of positive correlation of dividend growth rates: responses of risk premium components of asset 2 to
positive dividend growth of asset 1 and implication for the sign of the incomplete information risk premium of
asset 1.

If all dividends are paid by asset 1 (§; ; — 1) and dividend growth rates of both assets are nega-
tively correlated, the sign of the risk premium is negative: incomplete information price dividend ra-
tio growth does not react to dividend growth of asset 1; the sign of the risk premium is solely deter-

mined by the reactions of the adjustment for risk and of dividend yield to dividend growth of asset 1.
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Negative correlation between dividend growth of both assets means high dividend growth of asset 2

is mostly associated with low dividend growth of asset 1 and vice versa.

6~ 1 Reaction to an increase in dividend growth 1 + d; (driver of the ad- Sign of the risk
corr(d,,d,) < justment for risk) premium:
0
Incomplete Information Price Divi-
Adjustment | Dividend yield dend Ratio Growth
for risk @ + d2)

P cl , RP il,ret T ’1
Bfame (p),,, eo0f | D

(5),, @

a+ayr | (), @D

0<y<i1 - - 0 <0
y=1 - - 0 <0
y>1 - - 0 <0

Table 5-15: Case of negative correlation of dividend growth rates: responses of risk premium components of asset 2 to

positive dividend growth of asset 1 and implication for the sign of the incomplete information risk premium of
asset 1.

Now consider combinations of §; ; that are intermediate between the extreme cases considered
so far (6, — 0 and &, ; — 1). The sign of risk premia depends on the interplay between adjustment
for risk, dividend yield, and incomplete information price dividend ratio growth. Since there is an in-
finite number of intermediate cases (0 < §; ; < 1), a graphical analysis instead of a tabular approach
is suited. To be more precise, correlations between adjustment of risk and dividend yield as well as
between adjustment for risk and incomplete information price dividend ratio growth is analyzed

graphically.




If dividend growth rates of both assets are positively correlated, the sign of the risk premium is
ambiguous with the exception of §; ; very close to one: the correlation between dividend yield and
adjustment for risk is negative, the one between adjustment for risk and incomplete information

price dividend ratio growth is positive (except for §; ; very close to one) as Figure 5-33 and Figure

5-34 illustrate.
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Figure 5-33:

Correlation between dividend yield of asset 1 with adjustment for risk as a function of &,,, various values of y,

and positive correlation of dividend growth rates (pprqw = 0.1, uniform conditional transition probabilities,
p = 0.05, correlation of dividend growth conditional on the regime = 80 percent)
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Figure 5-34: Correlation between incomplete information price dividend ratio growth of asset 1 with adjustment for risk as
a function of 6,,, various values of y, and positive correlation of dividend growth rates (pp,q, = 0.1, uniform

conditional transition probabilities, p = 0.05, correlation of dividend growth conditional on the regime = 80
percent)

If dividend growth rates of both assets are negatively correlated, the sign of the risk premium

switches from negative for low values of §; ; to positive for high values of §; ;: both the correlations
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between dividend yield and adjustment for risk as well as the correlation between adjustment for

risk and incomplete information price dividend ratio growth change sign from positive to negative as

81 ¢ increases as Figure 5-35 and Figure 5-36 illustrate.
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Figure 5-35: Correlation between dividend yield of asset 1 with adjustment for risk as a function of &, , various values of y,

and negative correlation of dividend growth rates (pp;qw = 0.1, uniform conditional transition probabilities,
p = 0.05, correlation of dividend growth conditional on the regime = -80 percent)
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Figure 5-36: Correlation between incomplete information price dividend ratio growth of asset 1 with adjustment for risk as
a function of 6,,, various values of y, and negative correlation of dividend growth rates (pp,q, = 0.1, uni-

form conditional transition probabilities, p = 0.05, correlation of dividend growth conditional on the regime =
-80 percent)

Asset 2

If dividend growth rates of both assets are positively correlated, the sign of the risk premium de-
pends on y: for y < 1, the risk premium is positive for all values of §; ;, but for y > 1, the risk premi-
um changes from ambiguous for low values of &, ; to positive for high values of §; ,: if y < 1, both
dividend yield and incomplete information price dividend ratio growth are negatively correlated with
the adjustment for risk, resulting in a positive risk premium. If y > 1, dividend yield is correlated
negatively with the adjustment for risk, whereas incomplete information price dividend ratio growth

is correlated positively with the adjustment for risk. This implies that the sign of the risk premium is
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ambiguous for low values of §; .. However, if §; ; exceeds a certain threshold, the sign of the correla-
tion of incomplete information price dividend ratio growth with the adjustment for risk switches

from positive to negative, and the risk premium becomes positive as Figure 5-37 and Figure 5-38 il-

lustrate.
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Figure 5-37:

Correlation between dividend yield of asset 2 with adjustment for risk as a function of &, , various values of y,

and positive correlation of dividend growth rates (pprqw = 0.1, uniform conditional transition probabilities,
p = 0.05, correlation of dividend growth conditional on the regime = 80 percent)
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Figure 5-38: Correlation between incomplete information price dividend ratio growth of asset 2 with adjustment for risk as
a function of 6, , various values of y, and positive correlation of dividend growth rates (pp;q,, = 0.1, uniform

conditional transition probabilities, p = 0.05, correlation of dividend growth conditional on the regime = 80
percent)

If dividend growth rates of both assets are negatively correlated, the sign of the risk premium de-
pends on y: for y < 1, the risk premium is positive for low values of §; ; and ambiguous for values of
8y ¢ that are high but less than 1. If §; ; — 1, the sign of the risk premium is negative. For y > 1, the

sign of the risk premium is always ambiguous with the exception of §; ; = 1 where the sign of the
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risk premium is negative. If y < 1, the sign of the correlation of dividend yield with adjustment for
risk changes from negative to positive; the sign of the correlation of incomplete information price
dividend ratio growth with adjustment for risk is always negative (with the exception of §; ; — 1 and,
if y =1, 6, = 0). This implies that the risk premium is positive as long as both dividend yield and in-
complete information price dividend ratio growth are negatively correlated with adjustment for risk.
As the sign of the correlation of dividend yield with adjustment for risk reverses, the total effect on
the risk premium becomes unclear, with the exception of §; ; = 1 where incomplete information
price dividend ratio growth is uncorrelated with adjustment for risk; the risk premium is determined
by dividend yield alone for §; ; — 1 and, thus, is negative. If y > 1, the sign of the correlation of divi-
dend yield with the adjustment for risk is always opposite to the sign of the correlation of incomplete
information price dividend ratio growth with adjustment for risk leading to an ambiguous sign of the
risk premium (with the exception of §; ; — 1 where only dividend yield matters and the risk premium

is negative) as Figure 5-39 and Figure 5-40 illustrate.
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Figure 5-39: Correlation between dividend yield of asset 2 with adjustment for risk as a function of 8,4, various values of v,
and negative correlation of dividend growth rates (pprqw = 0.1, uniform conditional transition probabilities,
p = 0.05, ,correlation of dividend growth conditional on the regime = -80 percent
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Figure 5-40:

Correlation between incomplete information price dividend ratio growth of asset 2 with adjustment for risk as
a function of 8,4, various values of y, and negative correlation of dividend growth rates (pp,q,y = 0.1, uni-
form conditional transition probabilities, p = 0.05, correlation of dividend growth conditional on the regime =
-80 percent)
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5.5.3.2.2 Explanation of the Answer to Question 2

Why can incomplete information risk premia be greater or less than complete information risk

premia?

See Explanation of the Answer to Question 1.

Why does the force underlying Veronesi’s results, the correlation of incomplete information price

dividend ratio with the adjustment for risk, reverse from positive to negative as d; ; increases from 0

to1?

The answer can be found in Figure 5-38 and Figure 5-40: a negative correlation of incomplete in-
formation price dividend ratio growth with adjustment for risk is visible for values of §; ; that are
high but less than 1. For these values, first, dividend growth of asset 2 contributes at least a part of
the stochastic discount factor (as opposed to the extreme case §; ; — 1). Second, the relation be-
tween complete information price dividend ratios of asset 2 and expected dividend growth of asset 2
becomes a positive (rather than negative) one if §; , is high enough (see Figure 5-23 where this re-
versal from negative to positive occurs for §; ; > 0.7). This implies that high dividend growth of asset

2 is associated with high incomplete information price dividend ratio growth evenif y > 1.

5.5.3.2.3 Explanation of the Answer to Question 3

5.5.3.2.3.1 Incomplete Information

Asset 2

_5_1,15___’_(2

If §;+ — 0, the independence of the incomplete information risk premium of the correlation of
dividend growth rates conditional on the regime must be explained. This result is somewhat surpris-
ing because dividend growth of asset 1 is a source of information on the true regime due to the
common factor f;, .

However, it turns out that dividend growth of asset 1 is not relevant because the adjustment for
risk consists of dividend growth of asset 2 only. Therefore, the effect of dividend growth of asset 1 on
asset returns of asset 2 (as a source of information) is uncorrelated with the adjustment for risk, and

not priced.
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_5_1,15___’_1

The regime parameters pp,rqw and dispersion of conditional transition probabilities do not sub-
stantially influence incomplete information risk premia of asset 2 although the distribution of divi-
dend growth of asset 2 depends on both of these parameters. The reason is that the return on asset
2 is priced only insofar as it is correlated with the adjustment for risk which, for §; ; — 1, is complete-
ly determined by the regime-independent dividend growth of asset 1.

It should, however, be mentioned that there is a pseudo-dependence of (complete and incom-
plete information) risk premia of asset 2 on the dispersion of conditional transition probabilities:
prima facie, risk premia of asset 2 increase in this dispersion at §; ; = 1 (see the last columns in Ta-
ble 5-16 and Table 5-17); however, recall that the standard deviation of dividend growth of asset 1 at
61+ — 1 has been chosen to match the standard deviation of dividend growth of asset 2 at §; ; — 0,
and this latter standard deviation increases in the dispersion of conditional transition probabilities.
Hence risk premia on asset 2 increase in the dispersion of conditional transition probabilities because
the adjustment for risk (which is determined by dividend growth of asset 1) exhibits a higher stand-
ard deviation.

The risk aversion parameter y has a strong positive effect on the standard deviation of the ad-
justment for risk (recall that this standard deviation roughly corresponds to the product of y with the
standard deviation of dividend growth). There also exists a small effect of y on incomplete infor-
mation price dividend ratio growth of asset 2 which, however, is mostly uncorrelated with the ad-
justment for risk and, thus, not priced.

If dividend growth rates of both assets are positively correlated, dividend growth of asset 2 is
negatively correlated with the adjustment for risk. An increase in the correlation of dividend growth
rates then results in an increased positive risk premium. If dividend growth rates of both assets are
negatively correlated, dividend growth of asset 2 is positively correlated with the adjustment for risk;
an increase in the correlation of dividend growth rates (i.e., a less negative correlation) increases the
risk premium by making it less negative. If dividend growth rates of both assets are uncorrelated, the

risk premium of asset 2 is (very close to) zero.

Adjustment for risk consists of a part contributed by asset 1 and another part contributed by asset
2 where the part of asset 2 becomes less important if §; ; increases. The part of asset 2 always in-
duces a negative relation with dividend growth of asset 2. If dividend growth rates of both assets are
either uncorrelated or negatively correlated, asset 1 compensates or at least dilutes this negative re-
lation between the adjustment for risk and dividend growth of asset 2, a decreasing risk premium of

asset 2 results. For positive correlations, the part of the adjustment for risk provided by asset 1 also
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stands in a negative relation to dividend growth of asset 2 working in the direction of an increasing

risk premium.

Incomplete information risk premia of asset 2 (y = 3)

Poraw = 0.1
Sic | Oue | Oue | Bue | Oue | B | e | Bue | Oie | Bue | Oue
-0 =01 |=02|=03|=04|=05|=06|=07|=08]|=09 -1
Olow 1.13% | 1.13% | 1.12% | 1.10% | 1.08% | 1.06% | 1.03% | 1.00% | 0.96% | 0.92% | 0.88%
Omiddle 1.02% | 1.07% | 1.09% | 1.10% | 1.10% | 1.09% | 1.07% | 1.04% | 1.01% | 0.96% | 0.90%
Ohigh -0.04% | 0.40% | 0.67% | 0.87% | 1.01% | 1.11% | 1.17% | 1.18% | 1.16% | 1.10% | 0.97%
uniform | -0.93% | -0.16% | 0.30% | 0.67% | 0.93% | 1.12% | 1.24% | 1.30% | 1.29% | 1.21% | 1.02%
Poraw = 0.25
81 | Oue 8ie | 61e | O | Oie | Gie | G | e | Oue O
-0 =01 |=02|=03|=04|=05|=06|=07|=08]|=09 -1
Olow 1.19% | 1.17% | 1.15% | 1.12% | 1.09% | 1.06% | 1.03% | 0.99% | 0.96% | 0.92% | 0.88%
Omiddle 1.17% | 1.17% | 1.17% | 1.15% | 1.13% | 1.10% | 1.07% | 1.04% | 1.00% | 0.96% | 0.90%
Ohigh 0.78% | 0.94% | 1.04% | 1.12% | 1.16% | 1.19% | 1.19% | 1.17% | 1.14% | 1.07% | 0.97%
uniform | 0.44% | 0.74% | 0.94% | 1.08% | 1.19% | 1.25% | 1.28% | 1.28% | 1.25% | 1.17% | 1.03%
Table 5-16: Incomplete information risk premia on asset 2 for as a function of the relative dividend contribution of asset 1
(61,+) and the dispersion of conditional transition probabilities (y =3, p = 0.05, correlation of dividend
growth rates conditional on the regime = +80 percent). Negative risk premia are highlighted in red print.
Incomplete information risk premia of asset 2 (y = 0.5)
Ppraw = 0.1
8ic | Oie O O1 O O1 O O 01 O O
-0 =01|=02|=03|=04|=05|=06|=07|=081] =09 -1
Ojow 0.19% | 0.19% | 0.18% | 0.18% | 0.17% | 0.16% | 0.16% | 0.15% | 0.15% | 0.14% | 0.13%
Omiddate | 0.22% | 0.21% | 0.20% | 0.20% | 0.19% | 0.18% | 0.17% | 0.16% | 0.16% | 0.15% | 0.14%
Ohigh 0.34% | 0.33% | 0.31% | 0.30% | 0.28% | 0.26% | 0.24% | 0.22% | 0.20% | 0.18% | 0.15%
uniform | 0.44% | 0.42% | 0.41% | 0.38% | 0.36% | 0.33% | 0.30% | 0.27% | 0.24% | 0.20% | 0.15%
Poraw = 0.25
81 01t 81 81t 81 01t 81 81t 81t 01 81t
-0 =01 | =02|=03|=04|=05]|=06| =07|]=08]| =09 -1
Olow 0.19% | 0.18% | 0.18% | 0.17% | 0.17% | 0.16% | 0.16% | 0.15% | 0.14% | 0.14% | 0.13%
Omiddte | 0.20% | 0.20% | 0.19% | 0.19% | 0.18% | 0.17% | 0.17% | 0.16% | 0.15% | 0.14% | 0.14%
Ohigh 0.27% | 0.26% | 0.25% | 0.24% | 0.23% | 0.22% | 0.21% | 0.19% | 0.18% | 0.16% | 0.15%
uniform | 0.33% | 0.32% | 0.30% | 0.29% | 0.27% | 0.26% | 0.24% | 0.22% | 0.20% | 0.18% | 0.16%
Table 5-17: Incomplete information risk premia on asset 2 for as a function of the relative dividend contribution of asset 1

(61,+) and the dispersion of conditional transition probabilities (y = 0.5, p = 0.05, correlation of dividend
growth rates conditional on the regime = +80 percent).
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Asset 1

_5_1,15___’_1
If 81+ — 1, there is essentially complete information on asset 1. It is clear that neither the correla-
tion of dividend growth rates nor the regime parameters have any effect on the risk premium on as-

set 1 in this case. 50

_5_1,15___’__

Under incomplete information, the regime parameters pp,qu and dispersion of conditional transi-
tion probabilities are highly relevant to the risk premia of asset 1 via the channel of stochastic regime
probabilities. If §; ; — 0, complete information price dividend ratios of asset 1 are negatively related
to expected dividend growth of asset 2 (recall that the stochastic discount factor is completely de-
termined by asset 2). This yields a strong positive correlation of incomplete information price divi-
dend ratio growth of asset 1 and the adjustment for risk (see Table 5-11 and Table 5-12). A low value
of Ppraw, OF @ high dispersion of conditional regime probabilities both reinforce this positive correla-
tion of the adjustment for risk with incomplete information price dividend ratio growth of asset 2 for
reasons that are analogous to the case with a single risky asset (recall, however, that positive correla-
tion exists for asset 1 even if y < 1 in contrast to the single risky asset case).

The risk aversion parameter y has conflicting effects on the risk premium of asset 1 because both
the standard deviation of the adjustment for risk and incomplete information price dividend ratio
growth of asset 1 are affected by y and, typically, in different direction.

Incomplete information risk premia of asset 1 increase in the correlation of dividend growth rates

conditional on the regime for a reason that is analogous to the case with asset 2 and §; ; — 1.

The reasoning for the effect of the correlation is identical to the case of asset 2.

50 As in the case of asset 2, complete and incomplete information risk premia increase in the dispersion of
conditional transition probabilities; this increase, however, is a mere artifact (see the discussion of asset 2).
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Incomplete information risk premia of asset 1 (y = 3)

Ppraw = 0.1
81t 8¢ 81¢ 81¢ 8¢ 81¢ 81¢ 8¢ 81¢ 81¢ 81t
=0 =0.1 =0.2 =0.3 =04 =0.5 = 0.6 = 0.7 =0.8 =0.9 =1

Olow 0.67% | 0.76% 0.84% | 0.91% 0.97% 1.02% 1.07% 1.12% 1.16% 1.20% 1.24%

Omiddle | 0.38% | 0.55% | 0.69% | 0.81% | 0.92% | 1.01% | 1.09% | 1.16% | 1.22% | 1.28% | 1.32%

Ohigh -1.87% | -0.89% | -0.38% | 0.09% 0.44% 0.74% 0.98% 1.19% 1.35% 1.47% 1.54%

uniform -3.65% | -1.98% | -1.27% | -0.48% | 0.03% 0.51% 0.89% 1.20% 1.46% 1.64% 1.74%

Ppraw = 0.25
81t 8¢ O O 8¢ O O 8¢ O 81 81t
=0 =0.1 =0.2 =0.3 =04 =0.5 = 0.6 =0.7 =0.8 =09 =1

Olow 0.78% 0.84% 0.90% 0.95% 1.00% 1.04% 1.08% 1.13% 1.17% 1.20% 1.24%

Omiddle | 0.65% | 0.75% | 0.84% | 0.92% | 0.99% | 1.06% | 1.12% | 1.18% | 1.23% | 1.28% | 1.32%

Ohigh -0.27% | 0.09% 0.37% | 0.61% | 0.81% 0.99% 1.15% 1.28% 1.39% 1.48% 1.54%

uniform -1.05% | -0.46% | -0.03% | 0.34% 0.65% 0.93% 1.16% 1.36% 1.53% 1.66% 1.74%

Table 5-18: Incomplete information risk premia on asset 1 for as a function of the relative dividend contribution of asset 1
(61¢) and the dispersion of conditional transition probabilities (y = 3, p = 0.05, correlation of dividend
growth rates conditional on the regime = +80 percent). Negative risk premia are highlighted in red print.




259

Incomplete information risk premia of asset 1 (y = 0.5)

Ppraw = 0.1
81 81 81 81 8¢ 81 81 8¢ 81 81 81
=0 =0.1 =0.2 =0.3 =04 =05 = 0.6 =0.7 =0.8 =0.9 =1

Olow 0.13% | 0.13% 0.14% | 0.14% | 0.15% 0.16% | 0.16% | 0.17% 0.17% | 0.18% | 0.19%

Omigae | 0.12% | 0.13% | 0.14% | 0.15% | 0.15% | 0.16% | 0.17% | 0.18% | 0.18% | 0.19% | 0.20%

Ohigh 0.04% 0.08% 0.10% 0.13% 0.15% 0.17% 0.18% 0.20% 0.21% 0.22% 0.23%

uniform -0.02% | 0.04% 0.08% 0.11% 0.14% 0.17% 0.19% 0.21% 0.23% 0.25% 0.26%

Poraw = 0.25
1e 1e O1¢ O1¢ 1t O1¢ O1¢ 1e O1¢ O1¢ 1t
=0 =0.1 =0.2 =03 =04 | =05 =0.6 =07 | =08 | =09 =1

Olow 0.13% 0.14% 0.14% 0.15% 0.15% 0.16% 0.16% 0.17% 0.17% 0.18% 0.19%

Omiadle | 0.13% | 0.14% | 0.14% | 0.15% | 0.16% | 0.17% | 0.17% | 0.18% | 0.18% | 0.19% | 0.20%

Ohigh 0.11% | 0.13% 0.14% | 0.16% | 0.17% 0.18% | 0.19% | 0.20% 0.21% | 0.22% | 0.23%

uniform 0.09% 0.12% 0.14% 0.16% 0.18% 0.19% 0.21% 0.22% 0.24% 0.25% 0.26%

Table 5-19: Incomplete information risk premia on asset 1 for as a function of the relative dividend contribution of asset 1
(61,¢) and the dispersion of conditional transition probabilities (y = 0.5, p = 0.05, correlation of dividend
growth rates conditional on the regime = +80 percent). Negative risk premia are highlighted in red print.

5.5.3.2.3.2 Complete Information

The complete information risk premium in the case with two risky assets reads
RP; " (S, 61,t)
1
/ Ath,t+1C (fers1,Se, 6¢) \

P cl ,
Y1 Ps,s" " (ﬁ)wr1 (s, 81e41) + 1\} Se,01¢ '

(5), "o

vl
1+ di(Se feer1)] {

In contrast to the case with a single risky asset, the term
cl
K . B) l
s'=1Pss’ (D Lea1 (s, 81e41) +1

(5), 60

can no longer be factored out of the covariance because the relative dividend contribution &;. is

stochastic and correlated with the adjustment for risk. As a consequence, complete information risk
premia become dependent to some extent on both pp,4u and the dispersion of conditional regime
probabilities. These regime parameters influence complete information price dividend ratios and,

therefore, the correlation of the term
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)2 cl ,
Z§’=1 Ds,s" " (E)it+1 (s , 51,”1) +1
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with the adjustment for risk.
However, the correlation induced by ;4 is small.
Similar to the single risky asset cases, the covariance can be approximated by

RPi'tCI,Tet(St’ 61'1-)
~y - stddev([8y, - {1+ di (S, feer1)} + (1= 81¢) - {1 + da(Se, fers1)3]|Se, 61e)

K P cl ,
/ s'=1Ps.s" (E)i,t+1 (5", 01041) +1
~stddev | [1+d;(S;, ferr1)] NI St 61t
\ ), a0 )
D/t

( Ath,t+1CI(fet+1rStr 51,t) \
J s/=1P (P) : (s',81041) + 1 L
*{ —corr s'=1Ps,s" "\D ). 101,41 )
1+ di(Se feer)] S oLt
L\ 6), .50 /)

Risk premia can be expresses as the product of three terms.
The standard deviation of the adjustment for risk (first term) is approximated by (see the cases
with a single risky asset)
y - stddev([8;, - {1+ dy (S, feer)} + (1= 81¢) - {1 + da(Se, ferr1)]|Se, 1)

and, hence, increases in y. Moreover, the standard deviation in this product reads

stddev([8y, - {1+ dy(Se, feer)} + (1= 81¢) - {1 + da(Se, feer)3]|Se 6ue) =

2
51,t2 ~var(dy(Se, fer+1)1Se) + (1 - 51,t) ~var(dy(Se, fers1)1Se)
+2° 81, (1= 61) - stddev(dy (Se, fers1)1Se) - stddev(dy (S, fers1)ISe) - corrg, q,

where corr(dy (S, fetr1), d2 (St fers1)IS: = 5) = corrg, 4, is the correlation of dividend growth
rates

This standard deviation and, hence, the standard deviation of the adjustment for risk increases in
CoTT4, a,-

The standard deviation of asset returns (second term)
cl
K . B) ’
s'=1 pst,sl (D Le+1 (S B 61,t+1) + 1

(5),, .0

is mostly determined by the regime-dependent standard deviation of dividend growth and increases

stddev [1 + di(st,fet+1)] '

St! 61,t

in stdev([l + dl-(St,fet+1)]|St, 51,t)- Ppraw and the dispersion of conditional transition probabilities

only affect the fraction consisting of complete information price dividend ratios. Since they have in-
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fluences on numerator and denominator that mainly offset each other, their overall effect is typically
small.
In addition, the sign of (third term)

/ Ath,t+1CI(fet+1:StJ61,15) \

corr 5’—1 Ps.s" " (g) i (S',51 t+1) +1 S & I
- = ts . , ,
1+ di(Se feer)] P 1C,1t+1 oLt
(E)i,t (S” 61.t)

mostly depends on the correlation of Ath,HlCI (fet+1,5t, 61,t) and 1 + d;(S;, feg+1) which, in turn,

depends on (i) the relative dividend contribution of asset 1 §; ; and (ii) the correlation of dividend
growth rates of both assets. In contrast to the case with a single risky asset, the sign of the third term
can be negative if dividend growth rates of both assets are negatively correlated and, in addition, as-
set i does not contribute to the adjustment for risk (for example, asset i = 2 is considered at
61t — 1).

Putting the insights on the three terms together, an increase in y or the regime-dependent stand-
ard deviation of dividend growth will increase a positive risk premium, and decrease a negative risk
premium. Whether the risk premium is positive or negative, in turn, depends on the combination of

the correlation of dividend growth rates and the relative dividend contribution & ;.
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6 Conclusion

Starting point of our analysis was the observation that decision makers do not perfectly know the
stochastic process of financial figures, in particular corporate cash flows and that this incomplete in-
formation is modeled with the help of an unobservable underlying regime model.

Veronesi (2000) has shown that incomplete information leads to an unintuitive asset pricing out-
come: the incomplete information risk premium (two sources of risk) is below its complete infor-
mation counterpart (one source of risk) for typical values of risk aversion parameters. This result of
Veronesi (2000) has been derived in a narrow model framework: CRRA utility, mere expectation re-
gimes, and only one asset.

This thesis found:

(i) Incomplete information exerts a massive influence on risk premia for all models considered in this
thesis - CARA and CRRA utility functions, richer class of regime processes, various forms of cash
flow model, and more than one risky asset - as the analytical analyses demonstrate. Core of all
pricing approaches is the covariance between stochastic discount factor and asset return. Incom-
plete information fundamentally alters this covariance.

(ii) The numerical analyses illustrate that the theoretical pricing results are also relevant from an
economic point of view: incomplete information risk premia are significantly different from com-
plete information risk premia and the different model versions also translate into significantly dif-
ferent risk premia.

In other words, this thesis demonstrates that Veronesi (2000) results are rather robust, i.e., hold

in a much broader model framework.
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Al Appendix to Section 2.3.4.1 and 2.3.4.2: Recursions for Condi-

tional Regime Probabilities

Al.1 Information Frequency = Cash Flow Frequency

Al1l.1.1 Formulation of the Problem

The problem to be solved in this section of the appendix is the determination of conditional re-
gime probabilities for all points of time conditional on the information I; available to each of the in-
dividual investors:

Tyt = P(Se = vIp)
v=1,..,K
where S; denotes the regime at time t and K is the number of possible regimes. Information includes

the history of past cash flows and, optionally, a history of past signals.

(a) Case with signals

The most general signal model used in this thesis reads

Al-1
Siges1 = Sig(Se, Ses1s ferr1:Me+1)

where 7,41 is a vector of i.i.d. “white noise”. Information available to investors comes from observ-
ing
where E and Tgt) are the histories of dividends and signals up to time t
b, = (Do, ... D,)
Sig: = (S191, - S1ge)

(throughout, | denote a realization of some random variable X, by X,).

(b) Case without signals (Section 2.3.4.1)

The case without signals can be interpreted as a special case of signal model (A 1-1). For example,
signals Sig; can be set to a constant. Evidently, such signals reveal no information and are therefore
equivalent to a situation without any signals. Information available to investors comes from obser-
ving

—_—
=

Dy
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Al1.1.2 Results

Al1.1.2.1 Case with Signals

Define conditional regime probabilities at times t and t + 1 by r; and ;. , respectively:

P (5.~ 17..%5)

Ty = L
P (St - K|5t,Slgt)
Similar to Hamilton (1994), p. 693, conditional regime probabilities at time t + 1 are recursively

obtained from conditional regime probabilities at time t via

A1l1-2

P (St+1 = §t+1|5t+1:@t+1)
K P(Dt+1 = Ds1,Siges1 = %t+1|st+1 =St41,S: = S0, Dy = ﬁt)
Z§t=1{ i 2N P (St = §t|5:?gt)) }
P(Dt11 = Di11,Siges1 = Stgr41|Se+1 = S41,5c = 5,D, = Dy)
Pss,, P (Se = 5[Ds, Sige ) }

Ses1=1,.,K

2211:125:1{

This recursion is of the abstract form
A1-3
Tey1 = I(7g, Dy, Dey1, Sige+1)
where I1(. ) is the functional from defined on the right-hand side of (A 1-2).
Observe that the term (first term in the sum (A 1-2))

Al4
P(5t+1:~%t+1i§t+1;§t: Et) = P(Dt+1 = 5t+115i9t+1 = S’l\gt+1|5t+1 = §t+1:St = §t: D, = ﬁt)

possesses the function of adding new information D;,; and Sig.,; to conditional regime probabili-

ties.

Al1.1.2.2 Case without Signals

If there are no signals (and general cash flow models), (A 1-4) simplifies as follows:

A1l-5
p(ﬁt+1v§gt+1;§t+1v§t'ﬁt) = p(ﬁt+1;§tvﬁt) = P(Dt+1 = D¢14|Se = S, Dy = ﬁt)
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Al1.1.3 Proof
A1.1.3.1 Case with Signals

Step 1: Use the definition of conditional probability to separate new information Dy, and Sig,.,

—_

from information 5;, Stg, that is already included in regime probabilities for time t
. == P (5t+1 = St+1, Dot = Deg1, Sigess = @t+1|ﬁtr%t)
P (Ste1 = Sexs|Ders S1gesn ) = —— —
p (Dt+1 = Dt41,Sigt41 = Sl.gt+1|Dt:Slgt)

Step 2: Since all information comes from D, and Sig,,; which both depend on the regime S, this
dependence is made explicit by rewriting the numerator as a sum over all possible values of

St

p (St+1 = St41, Des1 = Deg1, Sigesr = @t+1|ﬁtr%t)

K - =

= ZS 1P (St+1 =S5t+1,5t = St D1 = D41, Sigesr = Slgt+1|Dt:Sl.gt)
t=

Step 3: Rewrite the numerator in a Bayesian fashion to separate regime probabilities at time t (“pri-

or probability”) from the probability of new information given regimes (“likelihood”)

p (St+1 = §t+1:Dt+1 = 5t+1JSigt+1 = @tﬂlﬁt:%t)

K —_— —
=D P(Ser1 = SernSe = $0Desr = Dev Sigieas = Sigeas[ D, i)

K —_— —
= P (Dt = Dss Sigess = SgeraSees = Sevns e = 50,51, 1)

P (St+1 = §t+1r5t = §t|ﬁt' @t)
The cash flow model together with the assumptions on the processes of regimes, factors and re-
siduals, and signal noise imply that the conditional distribution of D;,4 and Sig;,, only depend on

the regimes S; and S;,4 and cash flows D; so that the first term in the sum can be considerably sim-
plified to
p (Dt+1 = 5t+115i9t+1 = %t+1 St41 = §t+1JSt = gt: D\t:SIi:Qt)
= P(Dt+1 = 5t+1JSigt+1 = @t+1|5t+1 = §t+1JSt = gt: D, = Et)
In addition, the Markov property and the assumption that the process of regime is independent of

the processes of factors and residuals as well as signal noise together imply for the second term in

the sum:
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p (St+1 = §t+115t = §t|5t;@t) = D8.Se41 P (St = §t|5t; @t)
where pg, s, is the probability of a transition from regime S, to regime S;4 4.

Combining the Steps 1 to 3 yields the intermediate result:

A1l-6

P (St+1 = §t+1|5t+1:~%t+1)
P(Dt+1 = 5t+115i9t+1 = %t+1|5t+1 = §t+115t = §t: Dy = ﬁt)
"DSpSees P (St = §t|ﬁt' @t)

p (Dt+1 = Di41,Sigesr = @t+1|5t:5@t)

K
Z§t=1

Step 4: Determine the denominator in (A 1-6) from the condition that conditional regime probabili-

ties at time t + 1 must add to one
p (Dt+1 = Di41,Siges1 = %t+1|5tj~%t)
K K . . _
= z Z P(Dt+1 = Dt11,5i9¢41 = Sl.gt+1|5t+1 =511,5: =5 D¢ = Dt)
Sy1=1 s=1

"Ds,s4q P (St = S|E:?g£)

Step 5: Final result
Plugging Step 4 into (A 1-6) yields the desired recursion between conditional regime probabilities

(A 1-2):

—_— ——

P (St+1 = §t+1|5t+1:~%t+1)
P P(Dt+1 = 5t+115i9t+1 = %t+1|5t+1 = §t+115t = §t: Dy = ﬁt)
Zs}:l{ "DP38pSe1 P (St = §t|ﬁ'ﬁ) }
P(Dt+1 = Diy1,Siges1 = @t+1|5t+1 =541,5:=5,D¢ = Dt)
“Ds,syy P (St = S|i:fgt)) }

K K
Sy1=1 Zs=1{

which can be abbreviated as in (A 1-3):

Tryq = (g, D, Deyq, Sigest)

A1.1.3.2 Case without Signals

If there are no signals, (A 1-4)

p(ﬁt+1r%t+1;§t+1v§tr ﬁt) = P(Dt+1 = Dy1,Sigesr = %t+1|5t+1 =St41,St = 8¢, Dy = Dt)

simplifies to

p(ﬁt+1v§gt+1;§t+1v§t'ﬁt) = P(Dt+1 = ﬁt+1|5t = §tr D, = ﬁt) = p(Dt+1;§tr ﬁt)
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Observe that the regime S, drops out of the conditioning information on the right-hand side of

this previous equation because cash flows D;,; do only functionally depend on the regime S;:

Diy1 = D(Dy, St fers1)-

Al1.2 Appendix to Section 2.3.4.2: Information Frequency > Cash Flow Fre-

quency

Al1l.2.1 Formulation of the Problem

The problem to be solved in this section of the appendix is the determination of conditional re-
gime path probabilities for all points of time conditional on the information I; available to each of the

individual investors:

Tt eyt (St(kt),t) =P (St(kt),t = St(kt),t|1t)

where St(kt)'t is the path of regimes from the most recent payment date of (A.)-periodic cash flows

t(,) to the current point of time t. Information includes the history of past cash flows and a history
of past signals.

Signals are of the form

Sige+1 = Sigesq (St(k),t'St+1:fet+1'77t+1)
where 7,41 is a vector of i.i.d. “white noise”. Information available to investors comes from observ-
ing

5 (o) 5 (1) o
Deo “.D: 519

&Y

= (Ac)’ D,

where Dt(kt) and Sig; are the histories of (A)-periodic and (1)-periodic cash flows and of

signals up to time t:

= be) _ (s o) 5 (Ao = (A¢)
Dt(kt) — (Dt(()) Dt(l) ) ey Dt(kt) )
S _ =~ (1)
D, (D0 s D)

Slgt (5191' T 'S/l?gt)

Al1.2.2 Results

Conditional regime path probabilities at time t + 1, t(x41) = t + 1 > t(4) are obtained by the fol-

lowing system of equations:
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Case 1: No (A¢)-periodic cash flows at the next point of time ¢ + 1: t(x4q) >t + 1 > £y

Al1-7

=~ (0 = (1) —’>

p <St(kt),t+1 Dt(kt) ) Sige

5 @ 5 (1) —'>

(€Y) &
P(Dt+1 Slgt+1|St(k)t+1JDt )'PS},SHI 'P<St(kt),t Dt(kt) De 7,519,

(¢Y) =
ZSt(k) t+1 p (Dt+1 Slgt+1 |St(k) t+1) Dt ) . p§tr§t+1 -P <St(k),t

Dey S1g;

=~ (00 = (1) —’>

Case 2: No (A¢)-periodic cash flows at the next point of time t + 1 = t(;41)
A1-8

p <Sf(k+1)

Dt(k+1) Df(k+1) St Gt (er)

@0 = @ = )

= (b¢) & (€9)
P (D Eie+1)

5 W) /5@

St(kﬂ)’st(k)t Staotr Degy " De )
5 @0 50 =
PSt sy ™ Segerny P<St(")t Staort [Peg D¢ ", S1g:

St(k+1) = St(k+1)’5f(k) t = Stgot ]
N (AC) (1) ¥

D t(k+1) ,Sig Lt (s )

Lty

A Qo) & @D
(P (Dt(k+1) Dt(k+1) Slgt(k+1)
K 5 4

=125yt

St(k+1)

lDt(k) Dt
7 @) 51 =
Dy, “.D; 'Slgt> J

Finally, an abbreviated form that comprises both cases, the recursion of conditional regime path

" Pe 18 “P(S =s
PS¢ pesny =S eany tat = Stgot

probabilities reads:
A1-9
( Mo (T[t(k),tv Dt(l)rDt+1(1)rSigt+1) t+1 <t
(ac) p, M
e

T t41 = Tt 60 Dt
(k) (k) (k)
kl_ll ( t + 1 == t(k+1)

(A¢) 1) ¢;
’Dt(k+1) ’Dt(k+1) 'Sl'gt(k+1)
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A1.2.3 Proof

A1.2.3.1 Case 1: No (A.)-periodic cash flows at the next point of time t + 1:
t(k+1) >t+1

Step 1: Use the definition of conditional probability to separate new information ﬁt+1(1) and Sig,.1

Ac)

from information ﬁt(kt) ,ﬁt(l),@t that is already included in regime path probabilities

for time t

~ (0 A T)

A ~ (1) —~
P<St(kt),t+1:Dt+1 ) SLGt+1 Dt(kt) De 7, 519,

~ (40 & (D r’)

P<St(kt),t+1 Dt(kt) Dy1 7, 519¢41

@ 5 @ —’> _

Diyy Dt ,S1g¢

~ (1) —~
P<Dt+1 »S1G¢+1

Step 2: Rewrite the numerator in a Bayesian fashion to separate regime path probabilities at time ¢t
(“prior probability”) from the probability of new information given regime paths (“likeli-

hood”)

5 @) 5@ ="
Dt(kt) “.D, 'Slgt> =

5 ~ 1) —~
P<St(kt),t+1th+1 1 S1gt+1

= @0 A T)

~ (1) ~ A
=P<Dt+1 ) SLGt+1 St(kt),t+1:Dt(kt) D¢ 7, 519,

~ (0 A (D T)

'P<§t(kt),t+1 Dt(kt) Dy, S1ge

The cash flow model together with the assumptions on the processes of regimes, factors and re-
siduals, and signal noise imply that the conditional distribution of D4 and Sig;,, only depend on
the regimes S; and S;, 1 and cash flows D;. Then the first term of the above product simplifies to

& =~ (b 5 (V) = ~ (1) —~ . ~ (D
St(kt),t+1'Dt(kt) “, Dy 'Slgt> =P(Dt+1 1 S1gt+41 St(kt),t+1rDt )

-~ Q) —~
P<Dt+1 ,Stgt41

In addition, the Markov property and the assumption that the process of regime is independent of
the processes of factors and residuals as well as signal noise together imply for the second term in

the product:
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Dt(kt) ,D¢ 7, 5194

- POV SPC)
P<St(kt),t+1 ¢ )

Dey Dt ,SLg:

~ o A D= )

s le A @050 = S
= P<St+1 Stgeorts Deyy ~ + Dt '5‘9f>'P<Sf(kf)'f

Dt(kt) ,D¢ 7, S19¢

=P(_§‘t+1|§t).P<§t(kt)’t B0 = D = )

Diyy Dt ,SLg:

— e A . & 75 (B 5@ =
_pSt:St+1 P<St(kt),t >

where pg, s, . is the probability of a transition from regime S, to regime S;41.

Combining the Steps 1 to 2 yields the intermediate result:

A1-10
P<St(kt),t+1 Dt(kt) D17, 519141

o ~ @ —>>

s @ & A (@ &
P(Dt+1 JSlgt+1|St(kt),t+1:Dt )'PS},SHI 'P<St(kt),t

Diyy Dt ,S1g¢

@0 A (D r’)

=~ (0 A D r’)

~ 1) —~
P<Dt+1 1 S1G¢t+1 Dt(kt) De 7,519,

Step 3: Determine the denominator in (A 1-10) from the condition that conditional regime path

probabilities at time t + 1 must add to one

Diyy Dt ,SLg:

5 @O Qo) 5 V) =~
P<Dt+1 ,StGt+1 ¢ >

A O &~ & ~ (D
= z P(Dt+1 JSlgt+1|St(kt),t+1:Dt )'PS},SHI

St(k),t+1

P <§ Eliep)t

G0 A =
Dey, o De 'Slgf>

Step 4: Final result
Plugging Step 3 into (A 1-10) yields the desired recursion between conditional regime path proba-
bilities (A 1-7):

A1l-11

=~ (b0 A D —*>

P<St(kt),t+1 Dt(kt) De ", 519¢

(€Y

~ o« ~ @
P (Dess

yStGt+1 |St(kt),t+1v D¢

S @o 5@ —:»)

) ' pft,ﬁt_'_l ' P <St(kt),t Dt(kt) rDt :Slgt

) P55 P <St(k)'t

® A

rSlgt+1|St(k),t+1rDt Dt(kt) De 7, 519¢

= D 5 (@ 5@
Xsegpennh (Dt+1 )
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A1.2.3.2 Case 2: (Ac)-periodic cash flows at the next point of time £ + 1 = £ 1)

If t + 1 = t(g+1), then the path of regimes at time t + 1 consists of the single regime St(k+1)' The

conditional probability for this degenerate regime path can be obtained recursively from the condi-

tional probabilities for the regime path St(k),t(k+1)—1 as follows:

Step 1: Use the definition of conditional probability to separate new information

o) 5 €Y — . s () 5 () = . .
Dt(k+1) ¢ ’Dt(k+1) and Slgt(kﬂ) from information Dt(k) “,D¢ ", S1g, that is already in-

cluded in regime path probabilities for time t

p <S tk+1) D tk+1)

Ao & 1) =
’ Dt(k+ 1) ’ Slgt(kﬂ))

(GY RPN 1) —~
’ Dt(k+1) ’ Slgt(k+ 1)

=~ (b0 A T)

P (Sf(k+1)'Df(k+1) Df(k) De ", S1ge

= (Ag) &
p <D tk+1)

1
Deary  15Wtgesn Deyy Dt ,S1g¢

~ o & (D r’)

(Ac) €y

Step 2: Since all information comes from ﬁt(k+1) , and Sig;,, which all depend on the

’Dt(k+1)
regime path St(k),t' this dependence is made explicit by rewriting the numerator as a sum

over all possible values of St(k)_t

A = (bc) = 1) —~ =~ (Ac) 5 V) =
p <Sf(k+1)' Df(k+1) ’ Df(k+1) 'Sl'gt(k+1) Df(k) Dy ’Slgf>
_ & _ N Ac) » 1) &~ = () 5 (VD ="
B 2 P<St(k+1)'st(k)'t _st(k)'f'Dt(kﬂ) 'Dt(k+1) 'S‘gt(km Dt(k) D 'Slgt>

St

Step 3: Rewrite the numerator in a Bayesian fashion to separate regime path probabilities at time t
(“prior probability”) from the probability of new information given regime paths (“likeli-

hood”)

A Ao) w5 ®

P <St(k+1)' St(k)'t = Stgytr Dt(k+1) ’Dt(k+1) 'Slgt(k+1) Dt(k) D7, S1gy

=~ (b0 A= )

L) # (

1) o~ 4
’ Df(k+1) ’Sl'gt(k+1) Sf(k+1)’ Sf(k):t = Staytr Df(k) D7, S1ge

= D & (o) 5@ =
=P <Dt(k+1) >

Dy, D¢ ", 51g¢

a _ = (A A (1) &=
P <St(k+1)' Staot = Stgont

The cash flow model together with the assumptions on the processes of regimes, factors and re-

Ao 5 (€Y

siduals, and signal noise imply that the conditional distribution of ﬁt(kﬂ) ,Dt(kﬂ)

and Slgt(k+1)
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—~ =~ (4
only depends on the regime path St(k):t(k+1) and cash flows Dt(k = and Dt(k)( C). Hence, the first

+1)~1
term of the above product simplifies to:

= (be) & 1 —~ & _ =~ () s (D ’
p <Dt(k+1) Dt(k+1) ’Slgt(kﬂ) St(k+1)’ St(k)'t - st(k)'t’ Dt(k) 'D Slgt)

(AC) = (Ac)

(A ®
=P (Df(k+1) Df(k+1) Sl'gt(k+1) Sf(k+1)' Sf(k) t = Stgot Df(k) Df(k+1) 1 )
In addition, the Markov property and the assumption that the process of regime is independent of

the processes of factors and residuals as well as signal noise together imply for the second term in

the product:

Dy, D ,S1g:

A _ = (Ac) (1)
: <St(k+1)’ Sf(k)'t = Staot

5 Qo 5@ &~
P<St(k+1) St(k)t St(k) t’Dt(k) 'Dt ;Slgt>

P <St(k),t = St(k),t Dt(k) l Slg

p, 0 p,@ —’>

(€Y ’

D (AC),D Slgt

D L

= pﬁtlﬁt(k+1) ) P <St(k),t = st(k),t

N—————

where pg, s, is the probability of a transition from regime S, to regime St(kﬂ).
(k+1)

Combining the Steps 1 to 3 yields the intermediate result:
A1-12

p <S t(k+1)

(b¢) &
D t(k+1)

1) =
Df(k+1) S gf(k+1)>

A (GYIRES @
P (D t(k+1) D tk+1) ,Sig Wt 1es1)

= (L) 5 (D
St(k+1)'st(k)t Sty t’Dt(k) D )

Zst t
: 5 B 5@
(k) Dt(k) o ’ D Slgt>

" Ps 18 “P(S =s
PSt sy~ P gerny taot = Stat

A A 7 1)
P <Dt(k+ 1) Dt(k+ ED I Slgt(k+ 1)

Deyy Dt ,S1g¢

o = M r’)

Step 4: Determine the denominator in (A 1-12) from the condition that conditional regime path

probabilities at time t + 1 must add to one

o

Dey ,S1g;

PN Ao # 1 —~ ~ (YN (1)
<Dt(k+ 1) ’ Dt(k+ 1) ’ Slg t(k+1) >

= Ae) & 1) —~ A = (Ac) & (D
P (D taern) D tarn O |Stay = Staern Staot = Stgotr Degyy Dt )

5 @0 5=
Dy, Dy ,Slgt>

St =1 *Peé _1 & -P|S =S
Gt~ s e pst(kﬂ) 1t sy < taot = Staot
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Step 5: Final result
Plugging Step 4 into (A 1-12) yields the desired recursion between conditional regime probabilities
(A 1-8):

A1-13

Dt(k+ 1) ’ Dt(k+ 1) ’ Slgt(kﬂ)

a = o) = 1) =
p <Sf(k+1) )

p (A Bo) & ®

= (Ao 5 (D
D t(k+1) D t(k+1) )

St(k+1)' St(k)'t = St t Dt(k) Dt

5 o 5=
Dty Dy ,Slgt>

,Stg t(k+1)

Lt iy

" Ps 18 “P(S =s
PSt sy~ Pt gerny taot = Stat

A Ao 5 D
P( Dty 1519

t(k+1) =~ (M) 5 (D
) Dt(k) ) Dt

St(k+1) = St(rs1)’ St(k)rt = St t
D t(k+1)

K
Zst(k+1):1 Zst(k),t _T’ _ﬁ’ .
0,705, |

Pty St P <St(k)'t = St t
(A 1-11) and (A 1-13) can be combined and abbreviated as in (A 1-9):

( I (T[t(k),tv Dt(l)rDt+1(1)rSigt+1) t+1 <t

— (Ac) (1)
T[t(k),t+1 - I ( T[t(k),t: Dt(k) ) D,t
k 1

t+1=t
(A¢) 1) ¢; ) (k+1)
’Dt(k+1) < Dt(k+1) 'Sl'gt(k+1)
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A2 Appendix to Section 3.3: Partial Equilibrium Asset Pricing with
CARA Preferences

A2.1 Appendix to Section 3.1.2.2.3: Concavity of the Maximand in the Bell-

man Equation

A2.1.1 Formulation of the Problem

The Bellman equation of each of the identical investors leads to a problem of the following kind: a

function of the form
A2-1
— 1 p p d p p
h(C,N; W, z:) = U(C) +m'E(](Wt+1(N' C; Wi, 2P, 20447, 2041 ?), 2041 P ot +1)|2,7)
with
Wt+1(N' C; Wy, th'Zt+1p'Zt+1d)
= [W, = Cl- (1 +7) + NT{Pry1(Z41") + Des1(2e41%) — (L + 1) - Pe(2P)}
must be maximized by choosing N (portfolio holdings) and C (consumption). The function J is twice

partially differentiable with respect to wealth W, ; with

J>0
OWtiq

2

J<0
)

i.e., ] is increasing and concave in wealth given z,, . and z,P. Similarly, the utility function U(C) is
increasing and concave in C
U'>o0
U'"<o
The problem is to show that these assumptions (concavity of J and U in W, and C, respectively)

imply concavity of h(C,N; W,, z,) in C, NeR™*1. This is important because any combination of C and

. . oh oh L
N that solves the first-order conditions Py 0and Prvia 0,, then maximizes (A 2-1).
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A2.1.2 Proof

A2.1.2.1 Idea of the Proof

The following characterization of concave functions is used (see Geiger/Kanzow (1999), Proposi-
tion 3.7a, p. 15):
If X € R™ is an open and convex set and f: X — R is continuously differentiable, then f is con-

cave if and only if

A2-2
0> [x—x"1T-{Vf(x) = Vf(x)}Vx,x'eX

where Vf(x) is the gradient of the function f at x,

9 (x)

6x1

L/

dx,

Vf(x) =

A2.1.2.2 Details of the Proof

Step 1: Find suitable choices for the function f and the set X in the consumption/portfolio context

Choose h(.; W, z;) as the function f, with arguments (1?/) from X = R™*1. Let (1?/) and (lfl’) be

any two combinations of consumption/portfolio holdings (corresponding to arbitrary vectors x and

x"in (A 2-2).

Step 2: Specify the right hand side of the inequality (A 2-2)

1)~ T fon () -w4((%)

(R on 9k on
={C—C}-{%(C,N)—%(C,N)}+{N—N}T{ﬁ(C,N)—ﬁ(C,N)}

()
Vh(C,N) = |
e /

For brevity, | write W;.,(N,C;W,) instead of Wt+1(N, C; Wt,ztp,zt+1p,zt+1d) and Py 4 +

where

Diyy — (1 + 1) - Pyinstead of Ppyq(zp44P) + Dt+1(zt+1d) — (1 +7):P(zP)
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In this notation, we have

A2-4
oh 1+ 9
5E (€N = U'(©) =5 E (G W OV, G W), 20047, + D)
+
A2-5
oh
ﬁ(c’ N) = 1+p E (GWt 1](Wt+1(N:Ci W), zeg1Pot +1) - {Pryqg + Dpypy — (1 + 1) - P} th)
+

Moreover, we have

A 2-6
Wesr (N, C; W) = W y(N', C5 W) = =1+ 1) - {C = C'}+{N = N} {Py1+ Dey1 — (1 +7) - P}

Plugging (A 2-4) and (A 2-5) into (A 2-3) yields

A2-7
INqT ,
)~ o ((©)-7((%)
={c-C}
| {UI(C) ) i :; - (GVIZHJ(WW(N' C;We), zesaP ot + 1) zﬁ’) —U'(CcH+ 1 :;
F (aWHl](WHl(N'» C';We), ZesrPrt + 1) th)}

1
+{N-N' T{—
{ } )

E (GW JWesr (N, G W), 24Pt + 1)~ {Pryq + Deyy — (1 +7) - P} th)
t+1
1
1+p
B (53— S Wen OV, € W), 2P, 4 1) (Pray + Dy = (L4 7) - P}z )}
t+1

Step 3: Show the non-positivity of (A 2-7)

Collecting all terms that include the function U vyields:
{c-c}-{u'@©-ueCHt=o
To see why this term is non-positive, first assume that C > C’ (i.e., {C — C'} = 0). Then the fact
that U"" < 0 means that U’ decreases in its argument, hence {U'(C) —U'(C")} <0and {C —C'}-
{U'(C) — U'(C")}. In the second case C < C’, similar reasoning yields {C — C'}-{U'(C) — U'(C")} <
0.
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Collecting all terms that include the function J yields

—(1+7)-{C-C"}

1 d 1
: ‘E Weer (N, C;W,), zeasP, t + 1 p)——
{1+,0 <6Wt+1]( 41 ( ) Zer1 Pt + |2 1+p

E (GW JWeer(N', CT5 W), Ze 4 Ps t + 1|2, )}
t+1
+{N—-N T{
{ '} T+,
E (E)W JWepa(N, C; W), 2y 1Pt + 1) * {Pryq + Deyy — (1 +7) - P} th>
t+1
1
1+p
E (E)W JWea(N', CT W), eyt Pt + 1)~ {Pryq + Dy — (1 +7) - P} th)}
t+1
and, by (A 2-6),
_ 1
1+p
E 6Wt+1](Wt+1(N C;Wp), zee Pt +1) — aWt+1](Wt+1(N JCH W), Ze Pt + 1)} ZP | <0

Wit (N, G W) = Wt (N, C5 W)}
To see non-positivity, apply an argument similar to the terms involving the function U to the

terms in the expectation: if Wy 1 (N, C; W;) = W1 (N', C'; W;), concavity of ] in W, ,; means

— (W (N, C; W), Zp 4Pt + 1) —

ET; JWep (N, C' W), 24Pt +1) <0
t+1

and if Wy, (N, C; W,) < Wyyy (N, C'; W), then

OWii1

JWep1(N,C;We), Zp 1Pt + 1) — =——J (Wi 1 (N', C'; W), 24P, t +1) > 0

oWy g OWiyq

In conclusion, both summands that make up the right-hand side of (A 2-7), and therefore the sum

itself, are non-positive, as was to be shown:

(-G {m () - ()} =0
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A2.2 Appendix to Section 3.3.1.1: Value Function of Each of the Identical

Investors

A2.2.1 Formulation of the Problem

The problem is to find the value function for the following consumption and portfolio selection

problem of a CARA investor:

T 1 .
E (2 -U(C) |2y, W, Lnltlal)
r=0 (1 + p)t ( t) 0 0

with
U(C) = —exp(—a-C)
a>0
by choosing a portfolio holding of risky assets N;, 0 <7 < T — 1, and consumptionC;,0 <t <T
with wealth dynamics
Wepr = W = C] - exp(r) + N {Praq + Doys — (1 +7) - P}
0<7t<T-1

where all remaining wealth is consumed at time T

and with asset prices and cash flows as functions of a Markov process z; = (ZTp,ZTd):

P—{ 0 =T
T P(z?) 0<T<T-1

A2-8

D, = Dy(z%)
Note that it is not yet assumed here that the process {z;} is the partial equilibrium price process
described in Chapter 3. Instead, {z,} is any Markov process of the form
Zey1 = fo2(20, §041)
t=0,..,T—-1
where {&.} is a vector-valued i.i.d. process and where z,P must include a sufficient statistic for z,,,%
which is denoted by z,2*.
However, it is implicitly assumed that the price process is sufficiently “well-behaved” in the sense
that it does not allow arbitrage opportunities and there always exists at least one interior solution to

the problems posed by the Bellman equation.
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A2.2.2 Results

The value function takes the form

A2-9
JWe, 2P t) = TaEt exp(—ag - W) - my(z,F)
where a; and m;(z.P) are recursively defined by
A2-10
a t=T
=] a oA +7r
oct_{ 41 ( ) 0<t<T-1
la + aryr - (1 +7)]
A2-11
m¢(z;P)
( 1 t=T
( @ (A4 (a’t+1_1+7')_ Ay (147) ]
| lexp [+ appq- (1 +71)] a 1+4+p/ [a+a-A+1)]
=) 1 - In(G, (N, (2¢P); 2,P)) } 0<t<T-1
* A1 1+r
. PY. 5. PY . .
k G¢(Nt " (zP); zP) { a 1+p+1} J
with

Gt (N*(z:P); 2:P)
= E(exp(_at+1 ' Nt*(ztp)T{Pt+1(Zt+1p) + Dt+1(Zt+1d) -1+ Pt(th)}) 'mt+1(Zt+1p)|th)
Here a; is a constant that is strictly positive and m;(.) is positive for all possible values of z;P.
N."(zP) is a portfolio characterized by the following optimality conditions:
Any combination of portfolio holdings N, (z:?) and consumption C;" (z:?, W;) that solves the fol-

lowing first-order conditions will be optimal due to the concavity of the value function in wealth:

A2-12

E <exp(_at+1 N (2P) {Pes1(2e41P) + Ds1 (2e41%)}) - My (Ze41?) 2 p> —0

¢ |=9

APe+1(2e41P) + Dy (2e41) — (L + 1) - Pe(2P)}
A2-13
a 1+r
In(=+L. — — X
. 1 ey (147 In(G,(N;"(z.?); z,P
C (2P W,) = — ( a +p) 41 ( ) ) _ (t( ¢ (zP) t))

[@+ap - A+1)] [a+an,-A+1] ° [a+am, - A+71)]

A2.2.3 Proof
A2.2.3.1 Idea of the Proof
The proof is by induction over the remaining time horizon up to the final point of time T, i.e.,

T — t. | prove the form of the value function ((A 2-9) with (A 2-10) and (A 2-11), including the positivi-

ty of a; and m;(z;?)).
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A2.2.3.2 Details of the Proof

Basecase: T —t =0
At time T, the value function must coincide with the direct utility function by the nature of dy-

namic programming:

JWr,zeP, T) = J(Wr, T) = -exp(—a - Wr)

1
(1+p)"
By setting
mr(zrP) =1
and
ar=a

it is evident that (A 2-9) is correct for timet = T.

Inductive step
Inductively assume that (A 2-9) is true for time t + 1. Then the Bellman equation for time t reads
A2-14

~exp(—a-C)

1
J(Wt, z¢, t) = supc {— REPL

+E(

)

W1 =[We=Cl-(A+1)+ NT{Pt+1(Zt+1p) + Dt+1(Zt+1d) —(1+r): Pt(th)}

(1 +p)ttt cexp(—rrq  Wetn) Myt (Ze44P)

with

In order to determine the precise form of J(W;, z;P, t) in (A 2-14), the optimization problem on

the right-hand side of (A 2-14) must be solved. To that end, first substitute the wealth dynamics into

1 . .
—— and, second, rewrite the expectation

the Bellman equation. In a next step, first, factor out — )

1
E (_ (1+p)t+t exp(—ariq - Wiy1) 'mt+1(Zt+1p)|Zt, Wt):

A 2-15
JWe, z,P, t) = T+t
“infen {exp(—a' -C) + 1+p ) exp(_at+1 Wy —C1-(1+ 7")) * G¢(N; th)}
with
Gt (N; z,P)

= E(exp(—arsr  NT{Per1(2e41P) + Deg1(2e41?) — (L + 1) - Pe(2P)}) - Mgy (2e41P)|2cP)
Observe that G, (N; z;P) is strictly positive because both terms in the expectation are strictly posi-

tive (m;41 by inductive assumption), hence the expectation must also be strictly positive. Also note
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that G; is a function of z/? (rather than all of z;) because z;P must include a sufficient statistic for
Zp+1% which is denoted by z,2*.

In order to determine the precise form of J(W,, z;P, t) in (A 2-15), the optimization problem

infen {exp(—a -C) + : exp(_at+1 Wy —=C]- (1 + 7")) G (N; th)}

1+p
must be solved. This in turn can be accomplished in two steps: (i) minimize G;(N; z;P) with respect
to N and (ii) minimize exp(—a-C) + ﬁ ~exp(—apy, - W, —C1-(1 + r)) - G¢(N:" (2P); z,P),

whereN,*(z;P) is a portfolio that attains a minimal value for G, (N; zP).
Concerning the first step, the first order condition reads
<exp(—a't+1 : NT{Pt+1(Zt+1p) + Dt+1(Zt+1d)}) *Mep1(Ze41P) 2 p> —0
e | =Y
' {Pt+1(zt+1p) + Dt+1(Zt+1d) —(1+r)- Pt(th)}

Any pair of consumption and portfolio holdings that solve the first-order conditions attain optimal

values because the value function is concave in wealth (see Appendix A2.1). Note, however, that a
solution does not necessarily exist for all possible price and cash flow processes described by (A 2-8).
However, here it can be assumed that there exists some portfolio N,*(z;?) that minimizes
G:(N; z:P). because later on the object of interest will only be a particular price process, namely the
process of partial equilibrium CARA asset prices that will, by construction, solve the first-order condi-
tions.

Given a solution N,"(z/P) to the first sub-problem, the first-order condition for consumption
reads:

1+r .
—a-exp(—a-C)+ apyq m exp(_at+1 We—=C]-(1+ 7')) *Ge (N (2,P);2,P) =0

Some simple manipulations yield a solution C;" (2P, W;) (as a function of N;"(z;P)):

=
A2-16
a 1+r .
exp(—a-C) = 21 1T P cexp(=aepq - [We = C1- (1 +7)) - G (N (2¢7); 2¢P)
=
a 1+7r

—a-C= ln( Zrl 1T p) — Qpyr (W = C1- (L + 1) + In(G (N, (2¢P); 2,7))

=
a 1+7r
—lat+ay,-A+n)]-C= ln( Zfl Epn ,0) — @ppq - (L4 7) Wy + In(Ge (N (27); 2P))
=
Qg 147 .
ln( a 1+ ,0) ryq - (1+7) R ln(Gt(Nt (th)iztp))

t

l[a+ a1 +7)]  [a+ a1 +7)] @+ appq - (1 +7)]
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To finalize the proof of the form of the value function, the optimal controls C."(z:?,W,) and
N.*(z;P) are plugged into the Bellman equation:
1
(1+p)t
: {exp(—a : Ct*(zth Wt)) + exp(_at+1 (W — Ct*(ztp: wol-(1+ 7"))
- Ge(N¢" (2:P); th)}

First use the first-order consumption condition (A 2-16) to simplify the Bellman equation (A 2-14):

](WtJ th, t) =

A2-17

1
J(Wy, 2P, t) = _(1+—l7)t. {exp(_at+1 Wy = G (2P, W] - (1 + 7")) ) Gt(Nt*(th);th)}

_{at+1_1+r+1}
a 1+p

The remaining problem is to substitute C,"(z.P,W;) into —a;4q* [W; — C (2P, W) - (1 + 1)
and then plug the latter term into the value function:

Qg 147
W, — C* (2P, W,) = (1) + W, -
TR  atag (L]

a In(G, (N (z:P); zP))
@+ a1~ (1+7)] [a+ag-(1+7)]

a:x“ G (N (2P); z:P) is positive since G;(N;"(z:P); z:P) is positive, hence, the loga-

(observe that

rithm is well-defined)

—Qpyr [We = Co (2P, W) - (1 +7)
_ Arpr - (1+7) (a’t+1 1+ 7') a - (147)
T latan A+l Ve T4p) Tata, arnl
Arpq - (1+7)

Clatagy - (4] - In(Ge (N, (2:7); 2:7))

Define a; as the coefficient of W, on the right-hand side of the preceding equation:

a-apyp-(1+7)
[@ + apq - (1 +7)]

ay =

Observe that a; is positive because (1 + 1), a;44 (by inductive assumption) and « (risk averse in-

vestor) are all positive.
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Plugging —a;4q - [We — C" (2,2, W,)] - (1 + 1) into the Bellman equation in the intermediate

form (A 2-17) then shows that the value function is of the following form:

J(We, zP, t) = exp(—a; - W) - me(zP)

1
(1+p)t
with

my(z,P) = exp (— Oy (A +7) ] . (a“'l . 1+ “r‘) _ : Arpq - (1+71)

[+ arq - (A +7) a 1+4p a+ a1+ 7)]
a1 1471
- In(G.(N.* P; 14 -G.(N,* P; P.{ e 1}>0
n(G,(N" (z¢"); z¢ ))) t(Ne" (2¢P); 2¢P) a' 1+,0+

This concludes the proof by induction of the form of the value function.

A2.3 Appendix to Section 3.3.1.2: Partial Equilibrium Asset Prices

A2.3.1 Formulation of the Problem

Consider a cash flow process of the form
— d
D, = Dt(Zt )
7.4 = (th,O’th,+)

4+ js a sufficient statistic for the conditional distribution of future cash flows (and, in partic-

where z;

a0

ular, z,.1%) and z,%° is a component that describes current cash flows. The dynamics of z,¢ are

given by
ZT+1d = fz,rd(zrdifr+1d)
t=0,..,T—-1
where fﬁld are vector-valued i.i.d. random variables.
Partial equilibrium asset prices possess two characteristics: first, information relevant to pricing
consists of a sufficient statistic for the conditional distribution of future cash flows, i.e., z;? = th'+;

second, the partial equilibrium price process under CARA utility is recursively defined starting from

time T where the price process is zero:

A2-18

0 t=T
Pt(th)={

E(qeer1(Ze+1? 2e41% 27) " {Pes1 (Ze41P) + Desr (241 D)}2e?) 0<t<T -1
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with
d
qt,t+1(zt+1przt+1 »th)

1 ket ket —
exp (_at+1 n, {Desa ™ (2041 ) + Ve ™€ (Zt+1p)}) "Mey1(Zes1P)

1 _
E (exp (_at+1 n_l ) {Dt+1market(zt+1d) + Vt+1market(zt+1p)}) 'mt+1(Zt+1p)|th)

market

= exp(-1) -

where D41 is the aggregate cash flows paid by all risky assets in the market portfolio

ket — !
Dt+1mar ¢ (ze+1P) =N Dt+1(zt+1d)

market

and where V; 41 is the aggregate value of the market portfolio of risky assets

ket — !
Vt+1mar ¢ (Zt41P) =N Pri1(Ze44P)

with a4 given by the recursion (A 2-10),

a t=T
atz{a'at+1'(1+7") 0<t<T—1
la + apsr - (1 +7)]

and with M., (z:41P) given by the following partial equilibrium analogue to (A 2-11)

A2-19
m(z;P)
p 1 t=T
( LTS 1+7) _ (a’t+1 _ 1+ 7') Qe (1+7) ]
| lexp| la+ap,- (A +7)] a 1+p/ [a+ap-(1+71)]
=<1 - In(G,(z,")) } 0<t<T-1
_ a 1+r
k Gl T+ )
with

— 1 —
Gt(th) = Gt (n_ " N, th>
1

—T —
=E (exp (_Oft+1 "N {Pt+1(Zt+1p) + Dt+1(Zt+1d) —(1+7)- Pt(th)}) 'mt+1(zt+1p)|2tp)
A2.3.2 Proof

A2.3.2.1 Idea of the Proof

In order to demonstrate that this price process is indeed a partial equilibrium, it must be shown

that the n; identical investors always behave optimally by holding ni-th of the market portfolio of
1

risky assets N. This in turn is established by deriving the value function of one of the identical inves-
tors acting under the price process (A 2-18) with (A 2-10) and (A 2-19); this value function will be re-
ferred to as the equilibrium value function. The proof is by induction over the remaining time horizon

up to the final point of time T, i.e.,, T — t.
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Evidently, if each of the n; identical investors holds ni—th of the market portfolio of risky assets N,
1

the market for risky asset clears.
A2.3.2.2 Details of the Proof

| inductively prove that the equilibrium value function of one of the identical investors acting un-
der the partial equilibrium price process (A 2-18) with (A 2-19) is given by
A2-20

J(We, zP,t) = ATt

-exp(—a; - W) - me(z,P)
with m; and a; given by (A 2-19) and (A 2-10), respectively:

m(z,P)
( 1 t=T
( @141 (at+1 1+ 7") o (341 )
] fexp [+ apq - (14 7)] a 1+p/ [a+ag,- 1A+71)]
:<! - In(G,(2:P)) & 0<t<T-1
| G- 1) J

with
— 1 —
Gt(th) = Gt (_ " N, th>
ny

=E (exp (—a’t+1 'NT{Pt+1(Zt+1p) + Dt+1(Zt+1d) —(1+r)- Pt(th)}) 'mt+1(zt+1p)|2tp)

and

a t=T
a’tE{a'at+1'(1+r) 0<t<T—1
[+ apyq - (1 +7)]

where a; is a positive constant and m; . (.) is a function that only takes positive values.

If this equilibrium value function characterizes optimal behavior of investors, then holding ni—th of
1

the market portfolio of risky assets N at all points of time solves the first-order condition of portfolio

holdings and, hence, is optimal.
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Inductive proof of the form of the equilibrium value function

Basecase:T —t =0

Ift =T, itis clear that the equilibrium value function simply reads

JWr,zeP,T) = J(Wr,T) = ~exp(—a - Wr)

1
1+p)7
with
my(zrP) =1

and

(A 2-20) is true.

Inductively assume that (A 2-20) is true for time t 4+ 1. Then the necessary conditions for portfolio
holdings (A 2-12) read in partial equilibrium
E <exp(_at+1 “Ne" (2eP) {Pes1 (2e41P) + Desr (2e41%)})  Miesr (Ze44P)

P)=0
APe+1(2e41P) + Dy (2e41) — (L + 1) - Pe(2P)} & ) -

By definition of the price process, N.*(z,P) = ni - N is a solution of the first-order conditions for
1

optimal portfolio holdings (and the corresponding consumption is given by (A 2-13)) in partial equi-
librium. Second-order conditions need not be checked because of the concavity of the equilibrium
value function. From the discussion of the portfolio selection problem under CARA preferences, it fol-

lows that the equilibrium value function at time t is indeed given by (A 2-9). Since the optimal portfo-
liois N;"(z:P) = — N and, by inductive assumption, M, (Z;41?) = M4 1(Z¢417), the recursion for
1

m;(.) (A 2-11) implies that we also have m;(z;P) = m;(z;P) at time t This completes the proof by

induction of (A 2-20).
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A2.4 Appendix to Prices of “Expectation Risk” and “Combined Risk”

A2.4.1 Appendix to Section 3.3.2.1.3.4.2: Information Frequency = Cash Flow Fre-

quency

A2.4.1.1 Formulation of the Problem

The problem is to show that the prices of “expectation risk” and “combined risk” read as follows:

Price of “Expectation Risk”

3-76
E(qeps1 - APTEK| R, D,) = — T -1}-r : Z;{ns,t — 05, D)} - E(Peyy™ + Deys|Se = 5,74, D)
with
A¥PTiSk= E(P " + Dyyq|Se e, Dy) — E(Peyr™ + Deya|me, Dy)
Os ¢ (e, Dy)

1 market market
exp\—«a —D D + 7, Trpq,D
”s,t'E< p( t+1 n, { t+1 ( t+1) t+1 (TTe41 t+1)})
= “Mep1” (Terq, Do)
= T ” -
Zf’:ﬂfs',t -E (exp (_atﬂ n_I {Dt+1mar elt(Dt+1) + Ve ™ et(”t+1;Dt+1)})
“Mey1 Y (Tes1, Desr)

s=1,..,K

St =S, Dt)
St - SI, Dt>

Price of “Combined Risk”

3-78
E(qt,t+1” ,Acomb.riskln.t’ Dt)

1
147

K
) 2 es,t (e, Dy)
s=1

. E(Athconditional(S; 77t+1:5t+1:fet+1:5t: Ty, Dt) . Acomb.n‘sklst =5, Dt: T[t)
with 6 ¢ (¢, D) as in (3-77)

conditional /.,
AfR; (S Mex1> Stw1s f 41, St e, D)

1 Dy ™ (Dyys) il
exp| —«a — m Terq,D
P( t+1 ', {+Vt+1market(ﬂt+1:Dt+1) t41" (Tex1, Degr)

1 Diyy ™€ (Dyyq) ;
Elexp| —a;.4 —-" “Mmy14(m4yq,D
< P( t+1 ', {+Vt+1market(ﬂt+1:Dt+1) t+17(Te41, Deyr)

St =S, Dt)
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A2.4.1.2 Solution
A2.4.1.2.1 Price of “Expectation Risk”

Using the definition of A®*PTisk jn (3-74), the price of “expectation risk” reads
E(Qt,t+1” . Aexp.riskln.t’ Dt)

= E(‘It,t+1” : {E(Pt+1i1 + Dt+1|StJ7Tt: Dt) - E(Pt+1” + Dt+1|7Tt: Dt)}l”t: Dt)

The computation of the price of “expectation risk” is developed as follows.

Step 1: Rewrite the expectation conditional on 7, D; as an expectation over all possible values of the

unobservable current regime S;

A2-21
E(Qt,t+1i1 ' {E(Pt+1u + Dt+1|StJ ¢, Dt) - E(Pt+1i1 + Dt+1|7Tt: Dt)}'”t: Dt)

K
- z T[S,t
s=1

' E(‘It,t+1” ' {E(Pt+1i1 + Dt+1|St: ¢, Dt) - E(Pt+1” + Dt+1|7Tt: Dt)}lst =S, ﬂt:Dt)
Step 2: Re-express the first term on the right-hand side of the previous equation,

K , .
Zszlﬂs,t : E(Qt,t+1ll ' {E(Pt+1ll + Di41|Se, e Dt)}lst =S, My, Dt)

with the help of risk-neutralized regime probabilities:

For brevity, first define

A2-22
aJ" exp (_Oft+1 n_z {Dt+1market(Dt+1) + Vt+1market(ﬂt+1'Dt+1)}>

: mt+1”(ﬂt+1J Diy1)

In this notation, the stochastic discount factor reads

a]il
Q1 = - ' OWees
’ 1+7r aJy
E (s e 20)

Then the first term on the right-hand side of (A 2-21) can be rewritten as
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K ] .
Zs_lﬂs,t ) E(qt,t+1” 'E(Pt+1ll + Diyq|Se 4, Dt)lst =S, My, Dt)

1
147
K] il
s=1 aJu )
E (— e, D
OWeyq 7078
a]il
aw, i
P el *E(Pes1" + Desa|Se. e, D) |Se = 5,74, Dy
E (Wt-l-l St = S,Tl,'t,Dt>
Risk-neutralized regime probabilities read in this context of partial equilibrium under incomplete
information
9 il
Ts  E (ﬁm S¢ = 5,1y, Dt)
05, (e, D) = aji
E\577— nt,Dt)
OWeiq
i.e.,
A2-23
K . .
z 17Ts,t : E(Qt,t+1” : E(Pt+1l + Dt+1|St: TTg, Dt)|St =S5, Ty, Dt)
S=
1
147
K
) 2 O, (¢, Dt)
s=1
a]il
aw, i
E aju e 'E(Pt+1ll + Dt+1|5tr Tty Dt) St = 5,1, Dy
E(m St = S,T[t,Dt>

Step 3: Simplify the conditional expectations on the right hand side of (A 2-23)
The conditional expectation E(Pt+1“ + Dt+1|5t, ¢, Dt) is non-stochastic conditional on

S; = s,m, D Hence, it can be factored out:

a]il
aw, .
o e 'E(Pt+1ll + Di11|Se, e, Dt) St = 5,1, Dy
E(m St = S,T[t,Dt)
a]il
aw, .
=E EYEd = St = 5,1, Dy 'E(Pt+1ll + D¢y1|Se = 5,1y, Dt)
E(m St = S,T[t,Dt>

= E(Pt+1i1 + Dey1|Se = 5,74, Dt)
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OWiiq

|St=S,TL't,Dt)

Note that E

S; = s,m, D; | equals one.

]
E( 9]
Wit

Putting Steps 2 and 3 together, the first term on the right-hand side of (A 2-21) reads:

K ] .
Z _17Ts,t ) E(qt,t+1” 'E(Pt+1ll + Dt+1|5tvntr Dt)lst =S, My, Dt)

1

K .
=177 Z O ¢ (e, D) - E(Pt+1” + Dt+1|StJ7Tt: Dt)
r s=1

Step 4: Evaluate the second term

K . .
—z 17Ts,t : E(Qt,t+1” : E(Pt+1” + Dt+1|7Tt: Dt)lst =S, My, Dt)
o=

on the right-hand side of (A 2-21):
First, observe that the conditional expectation E(Pt+1“ + Dt+1|nt, Dt) is non-stochastic condi-

tionalon S; = s, m, D;. Hence, it can be factored out:

K ) .
- Z _17Ts,t ) E(qt,t+1” ) E(Pt+1” + Dt+1|7Tt: Dt)|5t =S,y Dt)

K . .
=- Z 17Ts,t ) E(qt,t+1”|5t =S, My, Dt) ) E(Pt+1” + Dt+1|7Tt: Dt)
5=

. - 1
Second, the expectation of the stochastic discount factor evaluates to o yielding

K , .
Zszlﬂs,t 'E(Qt,t+1” : {_E(Pt+1” + Dt+1|nt'Dt)}|St =S, Ty, Dt)

1 .
- 147 ' E(Pt+1” + Dt+1|nt' Df)

Third, rewrite the expectation conditional on m;, D; as an expectation over all possible values of

the unobservable current regime S;

K _ .
_Z :17Ts,t : E(Qt,t+1ll 'E(Pt+1ll + Dt+1|T[tr Dt)lst =S, T, Dt)

1

K .
T 147 zs=1ns't *E(Pers" + Desa|Se = 5,7, D)




291

Step 5: Final result
Putting Steps 2 and 4 together, the right-hand side of (A 2-21) reads:
E(Qt,t+1” . Aexp.riskln.t’ Dt)
= E(Qt,t+1” ) {E(Pt+1il + Dt+1|5tvntr Dt) - E(Pt+1” + Dt+1|T[t' Dt)}lﬂtr Dt)
_ 1
T 14

K .
' { § 195,t(77t: D) ' E(Pey1" + Dpya|Se = 5,1, Dy)
S=

K .
- E 17Ts,t E(Peys” + Dt41|St = 5,701, Dt)}
s=

1 E K il
= - 1+r ) 1{Tfs,t - gs,t(”tr Dt)} ) E(Pt+1 + Diyq|Se = 5,714, Dt)
s=

as was to be shown (3-76).
A2.4.1.2.2 Price of “Combined Risk”

Step 1: Rewrite the expectation conditional on 7, D; as an expectation over all possible values of the

unobservable current regime S;

K
il , Aocomb.risk _ . il , Aocomb.risk _
E(Qt,t+1 A |7Tt: Dt) = § 17Ts,t E(Qt,t+1 A |St =S5,Ty, Dt)
S=

Step 2: Re-express the right-hand side of the previous equation with the help of risk-neutralized re-
gime probabilities

Using
a]il
Qeeer’! = - ' OWees
) il
1+7r E( aJ T[t:Dt>

W41

yields
E(Qt,t+1” . Acomb.riskln.t’ Dt)
a]il
1 K oW, )
Z Ts¢* E t+1 .Acomb.nsk St = s, M, Dt
s=1 E (

“1+r aji
OWiyq e Dt)

il il
Factoring out E (% |rct, Dt) and expanding by E (a(;i
t+1 t

Sy =s,my, Dt) yields

+1
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E(Qt,t+1” . Acomb.riskln.t’ Dt)

1
T 147
a]il
K Wias :
z 1 05t (e, Dt) - E aJi = L ACombTIk(S, = 5,1y, Dy
S= _
E (aWt+1 Se = 5., Dt)
with risk-neutralized regime probabilities
9 il
Ts  E (#ﬁl S¢ = 5,1y, Dt)
05t (e, Dy) = aji
F (2 )
OWpyq 7070
Step 3: Integrate the adjustment for risk
Using
a]il
iti aw,
Athcondltwnal (S Mex1, Sear fera1, Se T, De) = aji ==
E(m St = S,Tl,'t,Dt)

the price of “combined risk” (3-78) is obtained as follows:

1 K
= 1+r ) ZS=195,t(7Tt: D)

ditional ]
'E(Athwn Honat(s; N1, Se+1, f €41, St T, D) 'Acomb'nSklst =S,Ty, Dt)

A2.4.2 Appendix to Section 3.3.2.2.3.4: Information Frequency > Cash Flow Fre-

quency

A2.4.2.1 Formulation of the Problem

Definition and price of “expectation risk” and “combined risk” for the case where information fre-
quency is higher than or equal to cash flow frequency have been omitted in the main text because
they are almost entirely analogous to the special case where information frequency equals cash flow
frequency. For the sake of completeness, “expectation risk” and “combined risk” are defined and

priced in this section of the appendix.
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A2.4.2.1.1 Definition of “expectation risk” and “combined risk” in the case where

information frequency is higher than or equal to cash flow frequency

Total risks

Total risk is defined as the deviation of risky asset prices and cash flows from their expectations

conditional on information relevant to pricing, Zt”'(AC)'p = (”t(kt),t' Dt(kt)(AC), Dt(l)):

Casel: (Ac)-periodic cash flows are paidint + 1 (¢ + 1 = t(x,41))

Pei1™ (M1 001, Der 49, Deit @) + Dt sy e

= B (Pet ™ (41,000, Dear ), Doss @) + Doy, @9 e, 00 De ) 9 D P)

Case2: no (Ac)-periodic cash flowsint + 1 (tk,) < t < t(e,+1))

Pt+1”’(AC) (T[t(kt),t+1' Dt(kt) (AC): Dt+1 (1))

- Et (Pt+1 il’(AC) (T[t(kt),t+lr Dt(kt) (AC): Dt+1 (1)) |7Tt(kt)'t' Dt(kt) (AC)r Dt(l))

where cash flows and the recursion for conditional regime path probabilities are given by

D
e 0 t+ 1% e

Dy, =DW (Dt(l):st:fet+1)

T[t(k),t' Dt(k) (Ac)’ D,t(l) )

Tt t =1 (
(k+1)t(k+1) (A¢) 1) ¢
v D179, Degr™ 7, Sigesn

Sige+1 = Sige+a (St(k),t:St+1ert+1:77t+1)
For brevity, | adopt the following notation that omits the details of the dynamics of cash flows and

regime path probabilities to cover both cases:
A2-24
PO + Tevi=tgey Der1 49 — E, (Pt+1il'(AC) T Ler1=t gy Dy 4 Tt Degeyy (AC)'Dt(l))
with
0 t+ 1% tgern

) (Ac) —
1t+1=if(k+1) Desa™ = { @) t41= t(k+1)

Df(k+1)

In similar notation, the deviation of asset prices and cash flows from their information conditional

on information relevant to pricing reads:
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A2-25
Pepr™ W + Dy - E, (Pt+1il'(1) + Dy Tegennt Pty (AC),Dt(l))

Definition of “expectation risk” and “combined risk”

As in the special case with information frequency equal to cash flow frequency, | decompose (A
2-24) and (A 2-25) into an “expectation risk” component and a “combined risk” component:
A2-26
iI,(A A i,(A A A 1
Pryy A + Teri=tgen Dy — (Pt+1l (Bc) 4 Ter1=tgepn +Dyyy 40 T[t(kt),trDt(kt)( 9, D, ))
iI,(A A
Py 0O + Teri=tgeq Dypyy 40

i (A A A
—E (Pt+1”( C) + 1t+1=t(k+1) ' Dt+1( C) St(kt)lt’ Tl‘-t(kt_),tl Dt(kt-)( C)JDt(l))

Acomb.risk

E (PH'liI,(AC) + 1t‘|'1=t(k+1) ' Dt+1(AC)|St(kt)'t' T[t(kt)'t' Dt(kt) (AC)' Dt(l))

—E (P”l”'(AC) F leri=tgenn 'Dt+1(AC)|nt(kt)'t' Dty (AC)'Dt(l))

Aexp.risk

+

A2-27
Pee1"® + Dy — E, (Pt+1”'(1) + Dt+1(1)|ﬂt(kt),t: Dt(kt)mc). Dt(l))

= {Per™@ 4 D @ = B (Pt ™ @ 4+ Doty VS 00 00 De, 9 D)}

Acomb.risk

ir,(1) (€Y Ac) p (M
E (Pt+1 + Dy |St(kt),tr Tt Degyy 0 Dt )
—E (Pt+1ll,(1) + Dt+1(1) T[t(kt)tt' Dt(kt) (AC)’ Dt(l))

Aexp.risk

+

A2.4.2.1.2 Price of “expectation risk” and “combined risk”

Price of “expectation risk”

The price of “expectation risk” (defined in (A 2-26) and (A 2-27)) for both (A.)-periodic and (1)-

periodic assets reads

A2-28
i1, (A A Y. risk A 1
E(‘It,t+1l (Bc) (nt+1JSt+1:fet+1JSt(k),t:ﬂt(k),b Dt(k)( C);Dt( )) ASPTES Tt (et Dt(kt)( C);Dt( ))
1
o 1+r
. — . (Ac) (1))
z {nf(k)'t (S f(k)'f) O (St(k)’t'ﬂt(kt)’t’ b Elier) D
St(k),l'

il, _ A
E (Pt+111 o) + Dt+1(V)|St(kt),t - St(k),tl Tl‘-t(kt),b Dt(kt-)( C), Dt(l))
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with
E (Pt+1”'(v) + Dt+1(V)|St(kt),t = St Deg, (AC),Dt(l))

i,(Ac) . (Y9 | = (a¢) (1)) -
E (Pt+1 T Levi=tgpy " Dest St(kt),t = St Tt tr Dt(kt) »De v=Ac

" B A B
E (Pt+1ll @ + Dt+1(1)|St(kt),t - st(k),t' T[t(kt),tr Dt(kt)( C):Dt(l)) v=1
and with risk-neutralized regime-path probabilities

. A 1
O (st(k»t' Tt eyt D t(kt)( 9, D, ))

ket ket
o () - B ({7t esa ™ 4 v
Eaot Ptaort S URRLACT)

Staot = Stgort )

A¢) p (O
eyt Dey P

market market S =g 7
Z T S ry. E exp(_at+1 ' {Dt+1 + Vt+1 }) t(k),t t(k)'t
St(k),t L)t L)t

. mt+1i1,(A(;) (AC)’ Dt(l)

) T[t(kt)vt’ Dt(kt)
with
Dt+1market(Dt+1(Ac)’Dt_l_l(l)) t+1= L+

Dt+1market —
Dt+1market(Dt+1(1)) t+ 1+t

Vt+1mark€t(7'ft+1t+1:Dt+1(AC);Dt+1(1)) t+1="tgs)

Vt+1market —
ket A 1
Vt+1mar ¢ (T[t(k),t+1'Dt(k)( C)'Dt+1( )) t+1+# t(k+1)

i A
. mt+1ll'(AC)(7Tt+1,t+1'Dt+1( C):Dt+1(1)) t+1="tgs)
mt+111.(Ac) —

i A
mt+1”'(AC) (T[t(k),t+1' Dt(k)( C): Dt+1(1)) t+1+ t(k+1)

Price of “combined risk”

The price of “combined risk” (defined in (A 2-26) and (A 2-27)) for both (Ac)-periodic and (1)-
periodic assets reads
A2-29
E (qt,Hl”'(AC) (77t+1»5t+1»fet+1'St(k),t,ﬂt(k),t, Dy, (AC)'Dt(l)) . Acomb.risk

_ 1
147

) : o) p (W
Z Gt(St(k)'t'ﬂt(kt)‘t'Dt(kt) “, Dy )

Staort

Ao p (M
T[t(kt)'t'Dt(kt) ¢, D; )

Stpt = Stgot
conditional A 1 borisk (ke) k)
.E(Ath (nm,Sm, Fers1sStgeyr Tagey Degy @, D) - acomoris

(A(:), Dt(l)

)] T[t(kt-)'t' Dt(kt)

with
conditional A 1
AfR; (nt+1rSt+1'fet+1rSt(k),tv Tt eyt Dt(k)( ©), D, ))

exp(—octﬂ . {Dt+1market + Vt+1market})

, i1,(a
Mgy PO

= . <exp(—0~’t+1 . {Dt+1market + Vt+1market})
. mt+1ll,(A(;)

(YD) 1
Stept Tt Degey Dt
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with

Dt+1market _ Dt+1market(Dt+1(Ac),Dt+1(1)) t+1 =t
Dt+1market(Dt+1(1)) t+1 % t(k+1)

k A
ekt _ {Vt+1mar et(nt+1t+1JDt+1( C):Dt+1(1)) t+1="txs

k A
AL et (T[t(k),t+1'Dt(k)( C)'Dt+1(1)) t+1+# tga

' A
My, P4 (T[t+1,t+1rDt+1( C)th+1(1)) t+1="tus)

Mesy 10O = i1,(8¢) o) p. @
M1 (T[t(k),t+1JDt(k) ' Desq ) t+1%# e

A2.4.2.2 Proof

A2.4.2.2.1 Idea of the proof

The proof follows the steps of the case where information frequency is equal to cash flow fre-
quency. The single regime S; must merely be replaced by the path of regimes since the last payment

date of (A;)-periodic assets, St(kt)'t'
A2.4.2.2.2 Details of the proof
A2.4.2.2.2.1 Price of “Expectation Risk”

Step 1: Rewrite the expectation conditional on Tt eyt Dt(kt)(AC), Dt(l) as an expectation over all pos-

sible values of the unobservable current regime path St(kt)'t

A 2-30
il A 1
E (Pt+1 + Dt+1|st(kt),trﬂt(kt),t'Dt(kt)( C);Dt( ))

Elq, t+1”'(AC) . _ Ty, 1 Dy (Ac)’ Dt(l)

) A (ke) (k¢e)

—E (Pt+1ll + Dt+1|”t(kt),t' Dt(kt)( c)’ Dt(l)) ¢ t
= 2 Mot (St(k)'t)
St(k),t
iL,(v) ) @) p @ =

£ ¢ in(Ag) . E (Pt+1 + Dt+1 |St(kt)'t’ T[t(kt-)rt' Dt(kt) C , Dt ) St(kt-)'t St(k),t

tt+1 i, A Ac) p

) (Pt+1” o 4 Dt+1(V)|7Tt(kt),t: Dt(kt)( o), Dt(l)) Tt Degeyy 0 De

with

Pt+1il'(v) + Dt+1(V)

i,(Ac) . (a¢) | = (Ac) (1)) -
E (Pt+1 T Lev1=tgyy) * Dest St(kt),t = St Tt tr Dt(kt) »De v=Ac

E (P”l”'(l) + D”l(l)'S Eaept = Staot Tt Degey e, t(l)) v=1
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Step 2: Re-express the first term on the right-hand side of the previous equation,

z Tt oyt (Sf(k)vf)

St(k),f

Staent = Staort
: i (kt) (k)
E <qt,t+1ll,(AC) E (Pt+1”,(V) + Dt+1(V) St(kt)'t’ T[t(kt),tr Dt(kt) (AC): Dt(l) )

(bo) p (W)
) T[t(kt-)'t' Dt(kt—) C , Dt
with the help of risk-neutralized regime path probabilities:

For brevity, first define

A2-31
il market market
aj exp(—@ep1 *{Dess + Vet )
aWt+1 . mt+1llr(AC)

In this notation, the stochastic discount factor reads

a]il
Gpeaq 0O = L . Wi
' 1+r E a]ll T D Ao D (1)
OWpyq | Tkt Ttk 7t

and risk-neutralized regime path probabilities read

g9 " Staot = Stgot
Tt ot (St ,t) ) EYA a0 p @
@ @ aWt+1 ’ 7-’:t(kt)'t’ Dt(kt) < Dt
J— 1
St(k),t - St(k),t )

(AC), Dt(l)

. A 1 —
0; (St(k),t' Tt gt Dt(k )( C);Dt( )) = )
t t a]ll
).
z:Sf(k)'f' Mot (st(m't ) E OWyiiq

Then the first term on the right-hand side of (A 2-30) can be rewritten as

z Tt oyt (Sf(k)vf)

St

) T[t(kt-)'t' Dt(kt—)

Stient = Stort
: i (kt) (k)
E <qt,t+1ll,(AC) E (Pt+1”,(V) + Dt+1(V) St(kt)'t’ T[t(kt),tr Dt(kt) (AC): Dt(l) )

(AC), Dt(l)

) T[t(kt-)'t' Dt(kt—)

_ 1
T 147

' Z Tt oyt (Sf(k)'f)

Sf(k),t

St(kt),t = St(k),t
A P D @) p W)
OWpyq |tk Tty 27

E (Pt+1LI’(V) + Dt+1(V) |St(kt)lt’ Tl‘-t(kt),tl Dt(kt) (AC), Dt(l))

a¢) p (O
et Degey D

(& \
-E| E( o/t |
\



298

Rearranging terms yields:

z Tt oyt (Sf(k)vf)

St(k),f

Stient = Stgort
: i (kt) (k)
E <qt,t+1ll,(AC) E (Pt+1”,(V) + Dt+1(V) |St(kt)'t’ T[t(kt),tr Dt(kt) (AC): Dt(l) )

(dc) p. M
gt Doy o Dt

_ 1
T 147

. : (ae) p Y. in,(v) ) o) p (W
Z 0 (St(k),t'nt(kt),t:Dt(kt) “, D¢ ) E(Pt+1 + Diiq |St(kt),t:7[t(kt),t!Dt(kt) “, D¢ )

Sf(k),t

Step 3: Evaluate the second term

B 2 Ttgont (st(k)'t)

St(k),t

Sttt = Staort
: i (kt) (k)
E <qt,t+1”’(AC) E (Pt+1ll,(V) + Dt+1(V)|T[t(kt),tl Dt(kt) (AC)r Dt(l) )

(ac) p. M
eyt Degey D

on the right-hand side of (A 2-30)
Since(PtH”’(v) + Dt+1(v)|nt(kt),t, Dt(kt)(Ac),Dt(l)) s non-stochastic conditional on S, .=

@¢) p @ .
Stieytr Tt gyt Dt(kt) ,D:, it can be factored out of the outer expectation:

- 2 Tegont (st(k)'t)

St

E <Qt,t+1i1'(AC) E (Pt+1i1'(v) + Dt+1(v)|”t(kt),t:Dt(kt)(AC):Dt(l) @e) p W)
Dt

— i7,(A
T Z Tt eyt (st(k)'t) ' E<q”+1l (4

St

Stapt = Stgot )

) T[t(kt)'t’ Dt(kt)

Stapt = Stgot
(AC), Dt(l)

) T[t(kt-)'t' Dt(kt—)

i, A
E (Pt+1ll ) + Dt+1(V) |T[t(kt)'t' Dt(kt)( C)' Dt(l))
Moreover, the first term on the right-hand side of this previous equation is the price of a riskless

bond,

St(kt),t = Stagot 1
(AC),Dt(l) = 1+r

i,(A
Z Tt iyt (St(k)'t) ' E<q”+ .

St(k),t

) T[t(kt-)'t' Dt(kt—)

By rewriting E(Pt+1“'(”) + Dt+1(v)|nt(kt)’t, Dt(kt)(AC),Dt(l)) as an expectation over all possible

unobservable regime paths St(kt).t' the second term on the right-hand side of (A 2-30) reads:
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- Z Mot (Sf(k)'f)

St

Sttt = Staort
: i (kt) (k)
E <qt,t+1”’(AC) E (Pt+1ll,(V) + Dt+1(V)|T[t(kt),tl Dt(kt) (AC)r Dt(l) )

(AC), Dt(l)

) T[t(kt-)'t' Dt(kt)

St(kt),t = St(k),t
(Ac)’ Dt(l)

1 .
- 1+r . z Tt et (St(k)'t) = (PHIU’(V) + Dt+1(v)

)T ,D
St(yt Eleeyt” “ L)

Step 4: Final result
Putting Steps 2 and 3 together, the right-hand side of (A 2-30) reads:

E (Qt t+1”'(AC) . Aexp.risk

o) p (W
T[t(kt)'t'Dt(kt) ¢, D; )

1
147

. _ . Ac) p. (D
z {Tl‘-t(k),t (St(k),t) et (St(k),tl ﬂt(kt)lt’ Dt(kt) ) Dt

St(k),t

Sttt = Stoont
; (kt) (k)
B <Pt+1”'(v) + Deyy ‘ )

(AC), Dt(l)

) T[t(kt-)'t' Dt(kt)

which is just (A 2-28).

A2.4.2.2.2.2 Price of “Combined Risk”

Step 1: Rewrite the expectation conditional on Tt eyt Dt(kt)(AC), Dt(l) as an expectation over all pos-

sible values of the unobservable current regime path St(kt)'t

il,(Ac) . Acomb.risk
E(Qt,t+1 @c) . A

(4o) p (D
nt(kt)’t'Dt(kt) c ,Dt )

_ . il,(Ac) . Acomb.risk
= z Tt eyt (St(k),t) E<qt,t+1 (Be)- A

St

Stapt = Stgot )

(a¢) p (M
!Pegt Degey D

Step 2: Re-express the right-hand side of the previous equation with the help of risk-neutralized re-
gime path probabilities
Using
aJi
1 oW,

Qreer" = ' -
’ 14+r aji o) n (1
E (GWHl T[t(kt)'t' Dt(kt) <Dy )
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yields

il,(Ac) . Acomb.risk
E(Qt,t+1 @c) . A

Ao p
nt(kt)'t' Dt(kt) C , Dt )

1
T 147
' Z Mot (St(k)'t)
St
9 il
am; Sttt = Stoont
-E t+1 . A\comb.risk (et (k)
i A 1
E Lll T D (AC) D (€Y ’T[t(kt)vt’Dt(kt)( C); Dt( )
Wiy | ot Pty 7t
1
147
. . (Ac) (1))
Z ¢ (St(k),trnt(kt),t: Dt(kt) , Dy
St
,S ,je ,S S =5
-E| AfR conditional Me+1 Sevnr ferr Eaoyt . Acomb.risk eyt k)t
t - p. @0 p® - D, @ p @
Y t(k),t' t(k) Mt ) t(kt)'t’ t(kt) YUt

with

conditional (Ac) 1)
AfR, (nt+115t+1:fet+115t(k),b Tt ot Degey o De

a]il
= aWif+1
E( aj! Stapt = Staot )
@A) p @
aWt+1 ) T[t(kt)vt’ Dt(kt) C ;Dt

This is just the desired result (A 2-29).
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A3 Appendix to Section 4.1: General Equilibrium Asset Pricing with
CRRA Preferences

Chapter 4 derived equilibrium asset prices by a recursive argument. The purpose of this section of
the appendix is to illustrate the derivation of asset prices by the “guess and verify” approach: the
equilibrium price process is stated (“guessed”) and then verified by solving the optimization problem
of the identical investors. However, this is only possible if a concrete utility function is specified be-
cause the exact form of the value function of the identical investors must be known for the optimiza-
tion. To that end, | assume a utility function that exhibits constant relative risk aversion (CRRA) be-

cause the argumentation can be easily implemented for CRRA utility functions.

A3.1 Appendix to Section 4.1.2.2: Concavity of the Maximand in the Bell-

man Equation

A3.1.1 Formulation of the Problem

The Bellman equation of each of the identical investors leads to a problem of the following kind: a
function of the form
A3-1

1 d
h(C, w; th th) = U(C) + 1+ P * E(](Wt+1(w, C; th th, Zt+1p, Zty1 ), Zt+1p, t+ 1)|th)
with

Wt+1(W' C; W, th'Zt+1p'Zt+1d) = [W, - C]- (1 + RPf(th'Zt+1p'Zt+1di W))

n
RPf(th,Zt+1p,Zt+1d; W) = {Tt(th) + 2 1Wi,t : {Ri,t,t+1(ztp'Zt+1p'Zt+1d) - Tt(th)}}
i=

The function J is twice partially differentiable with respect to wealth W, ; with

J>0
OWtiq

02

<0
0Wt+12]

i.e., J is increasing and concave in wealth given z; 4P and z;P. Similarly, the utility function U(C) is
increasing and concave in C

U' >0

U'"<o
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The problem is to show that h(C,w; W,,z?>), (C,w)eR™*?, is a concave function. This is im-

. . . " oh
portant because any combination of € and w that solves the first-order conditions 3= 0 and

dh __
= 0,, then maximizes (A 3-1).

A3.1.2 Proof

A3.1.2.1 Idea of the Proof

The following characterization of concave functions is used (see Geiger/Kanzow (1999), Proposi-
tion 3.7a, p. 15):
If X € R™ is an open and convex set and f: X — R is continuously differentiable, then f is con-

cave if and only if

A3-2
0> [x—x"1T-{Vf(x) = Vf(x)}Vx,x'eX

where Vf(x) is the gradient of the function f at x,

(L)
ZIOEI I fl |
\o, @)

A3.1.2.2 Details of the Proof

Step 1: Find suitable choices for the function f and the set X in the consumption/portfolio context
. . C C c'
. p — mmn+l
Choose h(.; W;, z:P) as the function f, with arguments (W) from X = R™""". Let (W) and (W,)
be any two combinations of consumption/portfolio holdings (corresponding to arbitrary vectors x

and x' in (A 3-2)).

Step 2: Specify the right hand side of the inequality (A 3-2)

1)~ 1" -{ou () -#+((€)}

oh oh oh oh
= {C—C}-{%(C,w)—%(c W )}+{w—w }T{%(C,w)—%(C W )}
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where

/ © w)\

Vh(C,w) =
(e
For brevity, | write W, ;(w, C; W) instead of Wt+1(W,C; Wt,ztp,ztﬂp,zt“d), RPT (w) instead
of Rpf(ztp,ztﬂp,zt“d; W) and R t4+1 — 1 instead of Rt,Hl(ztp,ZHlp,zHld) — 1:(z:P).

In this notation, we have

A3-4
oh , 1 9 o
%(C,W) =U'(C) - 1 +p'E<6Wt 1](Wt+1(W;C; W), zep Pt +1) (1 +R (W)) th)
+
A3-5
oh 1
%(C: w) = 1+p E <6Wt 1](Wt+1(W: C;We), zep Pt + 1) - [We = C] - {Rt,t+1 - rt} th)
+

Moreover, we have
Wi (W, G W) — W (W', C5 W)
=W, —Cl- (1 +1, +wH{Repy1 —1}) = W = C'1- (L1 + W {Rpppr — 12))
The previous equation can be tautologically re-written by subtracting the term corresponding to
the pair € and w'
W, —Cl- (141 +w {Rppyqr —11))
from both elements of the difference in the previous equation:
Werr (W, G We) = Wea (W, C5 W)
={W,—Cl-(1+r+w{Rppy1 —1}) W, —Cl- (1 + 1 + W’T{Rt’t+1 -1})}
- {[Wt -C'1-(1+r+ W’T{Rt,tﬂ — rt}) —
(1+m+ W’T{Rt,tﬂ — rt})}
= W, = Cl-{w =W {Rprsq — 1} = {IW; = C'] = W, = CT}- R (W")
= Wi = Cl-{w —w'}{Reesq — 1} —{C = C'}-RT (W)
Repeating the same argument with the alternative pair C' and w [W,—C']- (1 +7r+
WT{R; 141 — 1¢}) vields:
Werr (W, G W) = Weya (W', CT3 W)
=W, —Cl-(1+r+w Ry —1}) - W, = C']- (141 + W’T{Rttﬂ —1})
={W,—Cl-(1+r +w{Rp 41 —1}) — W, = C'1- (L + 1 + w{Rp 41 — 72})}
— {[Wt —C'1-(1+r+w {Rt,t+1 - rt}) -
(L+r+w{Rpp1 — 1))}
= —{C~C'} R W) + W, = '] (w = WY {Resr —72)
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In short, it is obtained:
A3-6
Wepr(W, W) = Wi (W, CH W) = W, = C] - {w — W’}T{Rt,t+1 - rt} —{C-C"} RPf(W’)
A3-7
Wi W, G W) — Weyp (W', CH5 W) = —{C - C'}- RPf(W) + W= C']-{w - WI}T{Rt,t+1 - Tt}
Plugging (A 3-4), (A 3-5) into (A 3-3) yields
A 3-8

()= ((6) -7 ()}

(!

1 9
AU'(C) - -E( W, LC; W), Pt+1)-(1+ RS
0@ 15 E (G Wesa 00, W), 20”4 1)+ (14 R ()

th)

1
—~U'(C") +——
() 150

JWeir W', €15 W), Ze4aP ¢ + 1) - (14 RP (W)

)

.E(
OWiiq
1
—_whr)y_—
+{w—-w'} {1+p

p) !
% 1+p

<)

0
E (—](Wt+1(W; C;W), zep Pt + 1) - [We — C] - {Rt,t+1 - rt}
oWy iq

JWeer (W', C W), ze s Pt + 1) - [We = C'] - {Rt,t+1 - rt}

.E(
W41

Step 3: Show the non-positivity of (A 3-8)

Collecting all terms that include the function U yields:
{C-C}-{u'@©-U'(c)}=0
To see why this term is non-positive, first assume that C > C’ (i.e., {C — C'} = 0). Then the fact
that U"" < 0 means that U’ decreases in its argument, hence {U'(C) —U'(C")}<0and {C —C'}-
{U'(C) —U'(CN}. In the second case C < C’, similar reasoning yields {C — C'} - {U'(C) = U'(C")} <
0.
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Collecting all terms that include the function J yields

d
1 ETA JWepr (W, C; W), ze 4Pt + 1) 1
1+p : {{C -C'}- (1 + RPf(W)) —{w - W’}T[Wt -Cl- {Rt,t+1 - Tt}} p
d

W](Wt+1(wli C,; Wt)' Zt+1p' t+ 1)
- E t+1 th

{le—cy- (1+RT WD) = w =Wy - W, = €1+ (Regsr — i}

By (A 3-6) and (A 3-7), this is identical to

d
1 —J (W, ,C; W), Pt+1)—
.5 {aWt+1]( t+1 (W t),Zg41P,t+ 1) Wy

1+ P
P W1 W, C; W) — Wiy (W, C5 W)}

JWeer W', C W), 24Pt + 1)} 7P

To see non-positivity, apply an argument similar to the terms involving the function U to the

terms in the expectation: if W1 (w, C; W) = Wiy, (W', C'; W,), concavity of ] in W;,, means

a
= (Wi (W, G W), 24Pt + 1) — JWepr W', C5 W), 244 Pt +1) < 0

oW iq OWiyq
and if Wy (W, C; W) < Wiy (W', C'; W), then

JWep W', C5 W), 2e44P,t +1) > 0

— (W, ,C; W), Pt+1)—
aWt+1]( rr1(w ) Ze41 ) W, 1y

In conclusion, the both summands that make up the right-hand side of (A 3-8), and therefore the

sum itself, are non-positive, as was to be shown:

)-GO ((5)) - () <0
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A3.2 Value Function of Each of the Identical Investors

A3.2.1 Formulation of the Problem

The problem is to find the value function for the following consumption and portfolio selection

problem of a CRRA investor:

T 1
E( - U(C,) |zo, W, Lnltlal)
2oty Vo

with>1

1-y
1 —_
y#1

u(c) =

by choosing portfolio weights of risky assets w;, 0 <t < T — 1 and consumptionC;, 0 <t <T

Note that in contrast to the partial equilibrium case, portfolio weights w, and portfolio/asset re-
turns are used here instead of portfolio holdings N, and portfolio/asset cash flows. The reason is
merely technical: the form of the value function is comparatively easy to find if the portfolio selec-
tion and consumption problem is formulated in terms of portfolio weights, while this is not the case
with portfolio holdings.

Wealth dynamics read
A3-9
Weer = We = Col - (14 Reeas™ (W)
with portfolio return

n
R‘L’,‘L’+1Pf w) = {r‘r + Z 1Wi,‘L' ' {Ri,‘r.‘r+1 - r‘r}}
i=

with return of asset i

_ {Pi,T+1 + Di,‘r+1}
Ri,'r,‘r+1 = p; -1
i,T

i=1,...,n

where all remaining wealth is consumed at time T

1-y
51 For y - 1, the limit of the utility function U(C) = ley does not exist. Of course, this problem could be

cl=v—1

solved by using the utility function Uy(C) = which approaches the logarithmic utility function for

y — 1. However, Uy(C) and U(C) are equivalent from an economic point of view because utility functions
are unique only up to a positive linear transformation. | do not separately study the case of logarithmic utili-

ty (y = 1): first, because omitting the constant % simplifies the exposition; second, because all price pro-

cesses will be well defined in the limity = 1.
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Prices of risky assets, the price of the riskless bond and cash flows are functions of a Markov pro-

cess z; = (ZTp,ZTd):

P={ 0 =T

t P(z;P) 0<7<T-1

B ={ 0 =T

t B;(z;?) 0<t<T-1
D‘E:D‘L'(Z‘L'd)

and, therefore,

Pi,‘r+1(Z‘L'+1p) + Di,‘r+1(z‘r+1d)}
Pi,T(Z‘rp)

n
RPf(ZTp, Zr+1p; Zr+1d; W) = {TT(ZTP) + Z 1Wi,'r ' {Ri,r,r+1(zrp:ZT+1pJZT+1d) - TT(ZTP)}}
i=

Ri,‘r,‘r+1 (Z‘L'p' Z‘r+1pr Z‘r+1d) = {

Note that it is not yet assumed here that the process {z,} is the general equilibrium price process

described in Chapter 4. Instead, {z;} is any Markov process of the form
Zep1 = f22(Z0 §041)
t=0..,T—-1

where {&.} is a vector-valued i.i.d. process and where z,” must include a sufficient statistic for z,, ;%
which is denoted by z,2*.

However, it is implicitly assumed that the price process is sufficiently “well-behaved” in the sense
that it does not allow arbitrage opportunities and there always exists at least one interior solution to

the problems posed by the Bellman equation.
A3.2.2 Results

The value function takes the form

A 3-10
1 wr
J(W,zP,8) = (1 +,0)t. 1— ~me(z,P)
where m;(z,P) is a function that is recursively defined by
A3-11
1 t=T
Py = 1
me(2.7) = {ce" (zP) Y + m {1-c" @)Y Gw (zP);zP) 0<t<T-1
with
. 1
Ct (th) = 1

1 . Y
1+ {m Ge(we (th):th)}
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and

1-y
Ge(w"(zP); z2.P) = E <(1 +RPS (th'Zt+1p'Zt+1di Wt*(th))) “Meyq1(Ze41P)

th>

The function m,(.) is positive for all possible values of z.P. w;*(z;P) is a vector of portfolio hold-
ings characterized by the following optimality conditions:
Any combination of portfolio holdings w;*(z:P) and consumption C,"(z.P, W,) that solves the fol-

lowing first-order conditions will be optimal due to the concavity of the value function in wealth:

Zt, Wt) - 0

A3-12
E ((1 + RPT (2,7, 2417 241 %; W))_y "My y1(Zes1P)
) [Ri,t,t+1(ztprzt+1p'Zt+1d) - Tt(th)]
i=1,..,n

Ce' (2P, W) = " (2P) - W,

A3.2.3 Proof

A3.2.3.1 Idea of the Proof

The proof is by induction over the remaining time horizon up to the final point of time T, i.e.,
T —t. | prove the form of the value function ((A 3-10) with (A 3-11), including the positivity of

me(z¢P)).
A3.2.3.2 Details of the Proof

Basecase: T —t =0

At time T, the value function must coincide with the direct utility function by the nature of dy-
namic programming:
wptY

](WTrZTp'T) :](WT'T) = (1 +p)T ) 1 -y

By setting
mp(z;P) =1

it is evident that (A 3-10) is correct for time t = T.
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Inductive step

Inductively assume that (A 3-10) is true for time t + 1. Then the Bellman equation for time t reads

)

A3-13

J(Wy, z¢P, t) = supc,y {

1 ctv 1 We Y
E < “Mey1(Ze417)

. + .
1+p)t 1-y 1+pH*t 1-y
with wealth dynamics (A 3-9)

Wipr = [We = C]- (1 + RPT(Ry 41 (2P 20447, 2011 ®) — 1 (2P); W))

In order to determine the precise form of J(W;, z:P,t) in (A 3-13), the optimization problem on

the right-hand side of (A 3-13) must be solved. To that end, first substitute the wealth dynamics into

the Bellman equation, factor out 1
(1+p)t
Wy, z, t) = ———
]( trZt ) (1+,0)t
ctr 1
: —t—— W, - C}*Y
supcw iy — + 155 We=C)

1-y
(1 + RPT(2,P, 2417, 2041 % W))

1-vy

-E

*Met1(Ze41P)|2eP

and then derive first-order conditions for portfolio weights and consumption:

Zt, Wt) =

It is assumed that there is at least one portfolio w;*(z;P) that solves this first-order condition.

-y
E ((1 + RPT (2,7, 2417, 241 %; W)) "My y1(Zes1P)

[Ri,t,t+1(ztp'Zt+1pth+1d) - Tt(th)]

i=1,...,n

1
O = We= )7 Gl (@) 27) = 0

with

1-y
Ge(w;zP) =E ((1 + RPf(th'Zt+1p»Zt+1dFW)) *Mey1(Ze41P)

th)

Observe that G.(w; zP) is strictly positive because, by inductive assumption, m;,1(z;41?) is
strictly positive.
Consumption can be obtained as a function of wealth W, and optimal portfolio weights w;*(z.P):
1
C_Y=_-W_C_V-G W*Zp,Zp
T W= O Gelwe G 2e?)

=1
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{Wt 1}"’ 1
Zt =—
T+p’ Gr(W*(zP); z,P)

=

| =

W; 1 RN 1
v 1+{m'6t(wt (2¢P); z¢ )}

=1

1
C= ]_.Wt

1 . Y
1+ {m Ge(wy (th);ztp)}

For brevity, define
1
ct(z:P;w) = T

1 . Y
1+ {1 Fo ) G (We* (2¢P); th)}

ce*(zP) = Ct(thFWt*(th))
In this notation, consumption reads
Ce (2P, W) = ¢t (2P) - W,
To finalize the problem of determining the precise form of the value function, substitute con-

sumption C."(z,2, W) and portfolio weights w,*(z,P) into the maximand on the right-hand side of (A

3-13):
— 1-y
1 {ct"(2¢P) - Wt}l 14 1 {Wt {1- Ct*(ztp)}}

W’ t) = . . -G * 14 ; p
J(We, 2, t) (1+p)t 1—y T+p 1—y t(We"(2¢P); 2¢P)

Slightly rearranging terms yields

WY »
](thztlt) =(1+p)t' 1_y .mt(zt )

with

1
me(z,:P) = {c." (2P} + T {1—c" @)} Ge(w (2:P); zP)

Evidently, c,*(z,?) takes a value between zero and one, hence {c,*(z,")}*"" and {1 —
c.*(z,P)}}7Y are well-defined (and can only be positive). As has been remarked above,

G:(W:"(2:P); z;P) is strictly positive, hence m;(z;P) must be strictly positive. This concludes the

proof of the form of the value function.
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A3.3 General Equilibrium Asset Prices

A3.3.1 Formulation of the Problem

Consider a cash flow process of the form
— d
D, = Dt(Zt )
7,4 = (th,O’th,+)

4+ is a sufficient statistic for the conditional distribution of future cash flows (and, in partic-

where z;
ular, ;1 %) and z,%? is a component that describes current cash flows.

The dynamics of Z.L-d are given by

Zep® = fz,rd(zrdrfﬂld)
t=0,..,T—-1

where &,,,% are vector-valued i.i.d. random variables. Define zP = (D,merket z,a+)  with
Dkt = ' D, (7,).

The general equilibrium price processes of risky assets and the riskless assets under CRRA utility

are recursively defined starting from time T where the price process is zero:

A3-14
0 t=T
Pt(th)z{ d ., pY. o a\\|.,, p _
E(Qt,t+1(zt+1 »Zt ) {Pt+1(Zt+1 )+Dt+1(zt+1 )}lzt ) 0<t<T-1
with
—T v
_ 1 (N Deya(ze41%)
Qt,t+1(Zt+1d'th) =71 T p. Dtt;arktet

and

A3-15

1 0 t=T
12 -
Be(zP) 1+ 1p(z?) {E(qt,t+1(zt+1d'th)lztp) 0<st=<T-1

A3.3.2 Proof

A3.3.2.1 Idea of the Proof

In order to demonstrate that this price process is indeed a general equilibrium, it must be shown

that the n; identical investors always behave optimally by holding ni-th of the market portfolio of
1

risky assets N and holding a zero position in the riskless bond. Re-formulated in terms of portfolio

weights this means: individual portfolio weights equal market portfolio weights. This in turn is estab-
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lished by deriving the value function of one of the identical investors acting under the price processes
(A 3-14) and (A 3-15); this value function will be referred to as the equilibrium value function.. The

proof is by induction over the remaining time horizon up to the final point of time T, i.e., T — t.

Evidently, if each of the n; identical investors holds ni—th of the market portfolio of risky assets N
1

and does not buy or sell the riskless bond, markets for risky assets and the riskless asset clear.
A3.3.2.2 Details of the Proof

| inductively prove that the equilibrium value function of one of the identical investors acting un-

der the partial equilibrium price process (A 3-14) is given by

A3-16
JWozr,t) = W )
N 2
with
. _ Vtmarket(ztp) 14
mt(ztp) = {1 + Dtmarket(ztp)
with

Vtmarket (z:P) = NTPt (z:P)
If this equilibrium value function characterizes optimal behavior of investors, then choosing indi-
vidual portfolio weights that are equal to the portfolio weights of the market portfolio , including a
zero position in the riskless asset, at all points of time solves the first-order condition of portfolio

weights and, hence, is optimal.

Inductive proof of the form of the equilibrium value function

Basecase:T —t =0

If t =T, itis clear that the equilibrium value function simply reads
Wyt
A+p" 1-y

Observe that all assets have prices of zero at time T. The value of the market portfolio of risky as-

](WT: ZTpJ T) = ](WTJ T) =

sets must then also be zero at time T, thus we have m;(z;?) = 1 and the value function at time T is

indeed given by (A 3-16).

Inductively assume that (A 3-16) is true for time t + 1. Then the necessary conditions of portfolio

weights (A 3-12) read in general equilibrium
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A 3-17
v
E ((1 + RPf(th»Zt+1p'Zt+1di W)) *Myt1(Ze41P)
: [Ri,t,t+1(ztpizt+1pJZt+1d) - Tt(ztp)]

i=1,...,n

Zt’ Wt) =

Since this first-order condition is expressed in terms of portfolio weights but general equilibrium

has been defined in terms of portfolio holdings, both views must be made compatible. The equilibri-

. . . . 1 = e .
um condition reads: the portfolio of risky assets is N;"(z;P) = — N and a zero position in the risk-
1

less bond H,"(z,P) = 0 is held. Re-expressing these portfolio holdings in terms of portfolio weights

yields
l'Ni " Py (2¢P)
n )
Wi (2P, W, — C) = L W, —C
i=1,..,n

Moreover, if H;*(2,P) = 0, then the weights w; . *(z,”, W; — C) must sum to one,

—T

1 N Pz

1=1Tw (W, - C)=— ——————
1w (2P, Wy ) nI W,—C

—T
ie, Wy —C=N -P;:(z/), hence portfolio weights can be written in terms of asset prices and the

portfolio ni - N only (without recourse to W; and C):
1

A3-18
. N; - Pi(2P)
wi"(zP) = —————
N - P(zP)
i=1,..,n

Now substitute portfolio weights (A 3-18) into the left-hand side of the first-order condition of

portfolio weights in general equilibrium (A 3-17) and show that it evaluates to zero. Because the part

- Vega ™R (244P)
of the value function My, (z¢44P) =1 + 5
t

14
ot } is expressed in terms of portfolio hold-
+1 (Ze41P)

ings, it is convenient to rewrite the portfolio return through the wealth of the market portfolio:
n
P d. — d
R f(thth+1vat+1 th*(th)) =1t § ) 1Wi,t*(th) ) {Ri,t,t+1(ztpfzt+1p'zt+1 )_rt(ztp)}
i=

—T
E " . N {Pi11(ze41”) + Deya(2e41%) = Pe(zP)

= - Wit (z¢P) - Ri,t,t+1(zthZt+1p:Zt+1d) = { —T ) }
=1 N - P(z)

Hence the first-order condition of portfolio weights in general equilibrium (A 3-17) simplifies to:

_T v
{N 'Dt+1(zt+1d)}
b=
) [Pi,t+1(z‘r+1p) + Di,t+1(zt+1d) - Pi,t(ztp) —r(z p)] % 0
Pi,t(ztp) n

i=1,..,n
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Solving for the price P; ;(z,.P) yields

A 3-19
T Y

_ 1 ' {N 'Dt+1(Zt+1d)}
1+ 7:(2P) E ({NT . Dt+1(Zt+1d)}_y th)

1 .
——IS
1+Tt(th)

P;¢(z,P) APit+1(Ze41P) + Dip1(2e41?)}| 2P

Finally, the price of the riskless bond

T Y
N Dt(ztd)} 2.P
t

market
D

1 1
1+nr(zP) 1+p

Plugging the bond price into (A 3-19) yields

1 {NT ) Dt+1(Zt+1d)}_y d
P (z,P) = 1+ E {Dtmarket}—y APy e41(Z41P) + Dipr1 (2041} 2P

but this is true because it is precisely the definition of general equilibrium asset prices according to (A
3-14).
To complete the proof, the value function for time t must be computed. We can use the results

from the portfolio selection problem of the individual investor as point of departure:

(A 3-10)
1 wr

](thztplt) = (1 +p)t ' 1-— % ) mt(ztp)

with (A 3-11)

1
me(z,7) = {c;"(zP)}' ¥ + T+, {1-c."@PN7 - Ge(we" (2P); 2.P)
where the fraction of wealth that is consumed is given by

1

ct"(zP) = )
1+ 6w ) )
1+p t t t rat

and with

1-y
G (zP)=E <<1 +RFS (th'Zt+1p»Zt+1dFWt*(th))) ‘Mg (Ze41P) th>

The equilibrium value function must possess the structure (A 3-10). To see this, start with G;(z;P):

plugging in m;,, and the form of 1 + RPT yields

— 14 — —T -Y
NTDt(th)} E NT{Pt+1(Zt+1p) + Dt+1(zt+1d)} ) {N Dt+1(zt+1d)}
—T —T —T L
N P.(z:P) N Pi(z:P) {N Dt(th)}

Ge(zP) = zP
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Since the price process implies that the value of the market portfolio of risky assets is

{NTDt+1(Zt+1d)}_y

—T 1 —T
N P(zP) = 1+ E{N {Pt+1(zt+1p) + Dt+1(Zt+1d)}' T = 2"
g (N Dz}
the expression for G;(z;P) can be simplified to
A 3-20
—T 4
N D.(z%)
Ge(zP)=A+p) \——
N P (z.P)
With G;(z:P) known, it is now possible to compute ¢;*(z;P):
—T
. 1 1 N D.(z%)
= - T TN D) + N Peze?)
y N d Ze%) + Z
1 + L . Gt(Wt*(th), th) Y 1 + N Dt(zt ) t t t t
1+p -
N P(zP)
i.e.,
A3-21
N D(z%)
Ct*(ztp) = —_T _T
N D¢(z:*) + N Py(z?)
and
A3-22

—T
N Pt(th)
1— *( p) =
( Ce (Z¢ ) NTDt(th)-}-NTPt(th)

Based on (A 3-20), (A 3-21) and (A 3-22), m;(z,P) it becomes possible to compute:

1
me(z:P) = {c,* (2P + m {1 =" P - Ge(we* (2¢P); z,P)

NTDt(ztd)}_y
NTPt(th)

_ — Y
N' D(z:%) } { N P,(z?) }
==t —_T - —_T )
N D(z:%*) + N P.(z;P) N D (z:%) + N P.(z;P)

N P.(z?))

Z

1+ _T#} =m(z;")
N Dt(th)

_ N A
) PR
{N Di(z:Y) + N Pt(zt”)}

This completes the proof of the form of the equilibrium value function.
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A3.4 Appendix to Sections 4.2.1.1.2.2 and 4.2.1.2.2.2: Decomposition of the
Covariance of the Multi-Period Stochastic Discount Factor and Cash

Flows

A3.4.1 Information Frequency = Cash Flow Frequency

A3.4.1.1 Formulation of the Problem

The problem is to show that the covariance of the stochastic discount factor with cash flows D; .,
can be decomposed into (i) a part due to fe;,, conditional on S;,;_1,D¢y7—1 Where S;,,_4 and

D;y;_q are averaged out and (ii) a part due to S;4;_1, D¢47—1 alone where fe,, . is averaged out:

Complete Information

4-54

1
/ . v (n—I-Dm’”“T"“(Dm)) \ . .

cov | . ,Di1|Se, Dy | = . ;
1+p)° 1+4p)°
( P) U’ ( 1 Dtmarket(Dt)> ( P) U’ < 1 Dtmarket(Dt)>

/ 1_ market
E\cov|U . Deyr (Dt+1) | Desr St Dy
1
St+r—1:Dt+T—1>:E(Dt+T|St+T—1:Dt+T—1)

1
+ cov <E <U, <Tl— ’ Dﬁ__[market (Dt+'r)>
1

St+‘r—1' Dt+‘r—1>

o)

Incomplete Information

4-66

’ l market \
|/ 1 U <nl Dt+r (Dt+'r)> b b | 1 1
cov ' yDege|mte, Dy | = . .
1 + T 1 + T
( 'D) U’ < 1 Dtmarket(Dt)> ( P) U’ ( 1 Dtmarket(Dt)>

/ 1 . market .
E{cov|U w Dtyr (Dt+7) | * Dear e, Dy
1
St+‘r—1' Dt+‘r—1> , E(Dt+‘r|5t+‘r—1' Dt+‘r—1)

1
+ cov <E <U' <n_ * Dy (Dt+‘r)>

1

St+‘r—1' Dt+‘r—1>

o)
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A3.4.1.2 Solution

Since the derivation is parallel under complete and incomplete information, the symbol z.P is
used to either denote z,'"? = (S;, D;) or z,'"P = (m,, D).
Step 1: Apply the identity cov(X,Y) = E(X-Y) —EX)-E(Y)

1 .
R , the covariance reads:
1
p U,<E'Dtmark8t(Dt)>

th>

1
=E <U' <n_, Dt+rmarket(Dt+r)> "Drir

Omitting the deterministic terms

1
cov <U, <Tl— ) Dt+Tmarket (Dt+r)> yDesr
1

th>

th> * E(D¢4r12,P)

1
—E (U’ (n— Doy (Dm))
1

Step 2: Use the tower property of conditional expectations to modify the right-hand side of Step 1

E <E <U' <ni, : Dt+‘rmarket(Dt+1)> "Deyr th)
—E <E <U' <ni, ) Dt+rmarket(Dt+r)> th:St+T—1:Dt+T—1> th>
E(E(De4lz?, Star-1, Derr-1)12:P)
Step 3: Eliminating redundant variables from the information that conditions the expectations yields
E (E (U' <nl, Dy (Dm)) Dy zt”>
zﬁ’)
E(E(De4elSe+e-1 Deyr-1)12:P)

1
—E <E <UI <7’l_ ' Dt+rmarket(Dt+1)> St+r—1: Dt+r—1>
(since the regime is a Markov chain and factors and residuals are i.i.d., S¢y7—1, Dt17—1 completely de-

thrSt+‘r—1rDt+‘r—1>

St+r—1: Dt+r—1>

1

scribes the distribution of Dy, and Dy, ™%*¢!  rendering z,P redundant)

Strr-1/ Dt+r—1> as

Step 4: Re-express E <U’ <ni1 - Dy maTket (DHT)) *Diir

St+r—1JDt+T—1>

1
cov (U’ (n— : Dtﬂ’”“r""“(DtH)) ‘Diyr
1

St+‘r—1rDt+‘L'—1> ' E(Dt+‘r|5t+‘r—1'Dt+‘r—1)

1
+E (U' (n— - Dtﬂm“r"“(DtH))
1

and plug it into the second term of Step 3
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1
/ cov <U’ <n_ * Dy MR (Dt+‘r)> »Diir
| 1
1
\‘*‘E <U' <n_, ) Dt+rmarket(Dt+r)> St+‘r—1'Dt+‘L'—1> "E(D¢4o|Se47-1,Dear—1)

1
—E <E <U' <n_ Dt+rmarket(Dt+r)> th>
I

" E(E(DeyrlStsr—1,Deyr-1)12cP)

St+‘r—1r Dt+‘r—1>

’
)

St+‘r—1r Dt+‘r—1>

Step 5: Rearranging terms leads to

1
E (cov (U' (— : Dmm“”‘“(Dm)) ,Desr

ny

th>

Strr-1) Dt+r—1> ' E(Dt+T|St+T—1: Dt+r—1)

St+‘r—1r Dt+‘r—1>

1
+E <E <UI <_ ’ Dt+Tmarket (Dt+r)>

ny

1
-E (E (U' (n— : Dmm“”‘“(DHa)
1

. ) 1
(note that the second term is the covariance of <U’ <n_1 . Dt+1market(Dt+1)>

zﬁ’)

St+‘r—1r Dt+‘r—1> ’ E(Dt+1 |St+‘r—1' Dt+‘r—1)

zﬁ’)

th> *E(E(Dt4r|St47-1) Desr—1)12cP)

St+‘r—1' Dt+‘r—1>

St+‘r—1' Dt+‘r—1> and
E(Dt+T|St+T—1l Dt+r—1))

1
=E <CO17 <UI <_ ) Dt+Tmarket (Dt+r)> Do

ny

St+r—1: Dt+r—1>

1
+ cov <E <U’ <_ Dt+rmarket(Dt+r)>

ny

th>

This is the desired result.
A3.4.2 Information Frequency > Cash Flow Frequency

A3.4.2.1 Formulation of the Problem

For completeness, a generalization of the covariance decompositions (4-54) and (4-66) to the case
where information frequency is higher than or equal to cash flow frequency is stated in this section

of the appendix. The covariance of the stochastic discount factor with cash flows of assets
DHT("),ve{l,AC} can be decomposed into (i) a part due to fe;,, conditional on Dt(kr+ 1)(Ac)'
o

(

(€D) (Ac) 1)
D¢ir_17 and St(ktﬂ_l),tﬂ_l where Dt(kt+1:—1) , Dirr_q1” and St(ktﬂ_l),tﬂ_l are averaged out

and (ii) a part due to Dt(km_1 @o), Dt+1_1(1) and St(ktﬂ_l)’tﬂ_l alone where fe,, . is averaged out:

)
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Complete Information

A 3-23
(1 . market
1 v (n_l DHT ) cl,(Ac),p 1 1
cov a+ p)f' 1 —— yDigo|2e50C0F | = (1+p)° B arket
U (- D) U (5 D)
1
{E (COU (U’ (n_l ' Dt+rmarket>,Dt+r(v) Zt+r—1CI'(AC)'p) ZtCI'(AC)'p>
1
+ cov (E (Ur (n_ ) Dpﬂmarket) Zt+T_1cl,(Ac),p> , E(Dt+r(v)|Zt+r—1CI'(AC)'p) ZtCI'(AC)’p)}
1
ve{1,A;}
with
Ze Wbl = (St(kc)'t’ Dt(kt) (AC)' Dt(l))
Zt+T_1CI'(AC)’p - (St(kt+r—1)'t+7_1’ Dt(kt+r—1)(AC)' Dt'H_l(l))
with
D, market _ {Dt+fmarket(Dt+T(AC)’Dt+T(1)) E=Clrpyrr) — 1
+T =
D" (D ™) Ekpp) S <ty o+ — 1
P, market _ DDA, DMWYty << e
t - Dtmarket(Dt(AC)’Dt(l)) t(kt) =t
Incomplete Information
A 3-24
(1 . market
1 v (Tl_z Deve ) i,(A)p 1 1
cov aA+p)" T —— yDige|ze 7P | = 1+ p)r' 1 market)
U (- D) U (- D)

1
{E (COU (U' (n_ . DHTmarket) ) Dt+T(V)
1

cl,(Ac),
Zt+r-1 (dp)

Z il,(Ac),P)

1
+ cov (E (U' (_ . Dﬂ{market)
n;

Z”T—ld'(AC)'p) VE(Dee ™|z 47-, 1 OP) |Zt”'(AC)’p>}
ve{1,Ac}
with
iL,Ac)p = D, @0 p @
Zt T"-t(kt)'t' t(kt) y U

Zt+-r—1CI'(AC)'p = ( (AC); Dt+‘r—1(1))

S D
Elleppr—)EFT=1 Pl yr )
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A3.4.2.2 Solution

Since the derivation is parallel under complete and incomplete information, the symbol z.P is

used to either denote z, (AP gor z, LA,
Step 1: Apply the identity cov(X,Y) = E(X-Y) —EX)-E(Y)

1
a+p)® yr (i_Dtmarket

ny
th)

1
=F (U' (n_I ] Dﬂ{market) . Dt+T(v)

Omitting the deterministic terms ), the covariance reads:

1
cov (U’ (n_ . Dt+1market> ) Dt+T(v)
1

) E(Dt+T(V)|th)

Step 2: Use the tower property of conditional expectations to modify the right-hand side of Step 1
1

E (E (U' (n_ . DHTmarket) ) Dt+r(V) th>
1

1
—-E (E (U' (n_ . Dﬁ_fmarket) th:Zt+r—1CI'(AC)'p)
1

. E(E(Dt'l'T(V) |th: Zt+r—1CI'(AC)'p) |th)

cl,(Ac),
2P, Zyrq (dp)

th)

Step 3: Eliminating redundant variables from the information that conditions the expectations yields

1
E(E (U7 (= Dese™ %) Dy @417 ) [2,7)
1
[ 1 market
(i (o (2 )
ny

' E(E(Dtﬂ(v) |Zt+r—1CI'(AC)'p) |th)

cl,(Ac),
Zt+1-1 (dp)

ztp)

(since  the regime is a Markov chain and factors and residuals are i.i.d.,

cl,(Ac),p —
Zppq TEOP = (5

(Ao (1) . e
t(km—l)'t”‘l’Dt(km—l) yDiirq ) completely describes the distribution of

D; 1" and D,,, %€t rendering z,? redundant).
Step 4: Re-express E (U’ (ni, . Dth“rket) . Dt+T(V)|Zt+T_1C"(AC)'p) as

1
cov (U' (n_ . Dﬁ{market) . Dt+T(v)
1

1
Zt+T_1CI’(AC)’p> +E (U' (n_I . Dﬁ{market)

cl,(Ac),
Zttr-1 (C)p>

) E(Dt+T(V) |Zt+r—1CI'(AC)’p)

and plug it into the second term of Step 3
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1
cov (U’ (n_ . Dt+1market> ) Dt+T(v) Zt+T_1CI’(AC)’p)
E 1 I 2P
+E (U, (_ ' Dt+Tmarket) Zt+T—1CI'(AC)'p) ’ E(Dt+T(V)|Zt+r—1CI'(AC)'p)

ny
’ 1 market p
-E (v (5 o) ")
1

' E(E(Dt+T(V) |Zt+r—1CI'(AC)'p) |th)

cl,(Ac),
Zt+r-1 (dp)

Step 5: Rearranging terms leads to

1
E (COU (U’ (n_ ) Dt_H_market) ) Dt+‘r(V)
1

cl,(Ac),
Ziprag C)p) |th)

1
+ E (E (UI (_ . Dt_H_market)
ny

1
_ E (E (UI (_ . Dt_H_market)
ny

: E(E (Dt+r(v) |Zt+r—1CI'(AC)'p) |th)

Zt+r—1CI'(AC)'p) ) E(Dt+r(v) |Zt+r—1CI'(AC)'p) |th)

cl,(Ap),
Ztyr-1 (C)p)

Xt Dt>

. . 1
(note that the second term is the covariance of (U’ (n—-Dtharket) |Zt+T_1C1'(Ac)'p) and
1

E(Dt+T(V) |Zt+r—1CI'(AC)'p))

1
= F (COV (U’ (n_ . DHTmarket) ) Dt+T(v)
1

161,(Ac),P)

th)

Zt+T_1CI,(Ac),p) JE(Dpse ™ [2e40-1M00P) | th)

Ztyr—

1
+ cov (E (U' (_ . Dﬂ{market)
n;

This is the desired result.
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A3.5 Prices of “Expectation Risk” and “Combined Risk”

A3.5.1 Quasi-static Case

A3.5.1.1 Appendix to Section 4.2.1.2.4: Information Frequency = Cash Flow Fre-

quency

A3.5.1.1.1 Formulation of the Problem

The problem is to show that the prices of “expectation risk” and “combined risk” read as follows:

Price of “Expectation Risk”

4-69
E(Qt,t+1il (ferr1,Se: Dp) - Aexprisk |7Tt' Dt)

_ 1

1+ 1 (m, Dy)

K )

'Zs_l{”s,t - es,t(”tv Dt)} E ((EPt+1lI + EDt+1)(St'fet+1; T, Dt)|7Tt' Dy, S¢ = 5)

with
NPTk = | ((Ept+1u + EDt+1)(5t:fet+1i ¢, Dt)let: Dy, St) - E(Pt+1u + Dt+1|7Tt: Dt)

with

(EPt+1” + EDt+1)(St'fet+1; m., D) = E (Pt+1il (Te41, Deyr) + Dt+1|7Ttv Dy, Dt+1market(Dt+1))

with risk-neutralized regime probabilities

1
Tse " E <U <n_, Dt+1market(D(Dt'St'fet+1))>

St = S,Dt>

Ot (e, Dy) = 1
YK e E <U' <n_, *Deyy "R (D (D, St;fet+1))>

s=1,..,K

St = S,,Dt>
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Price of “Combined Risk”

4-71
E(qt,t+1i1 (fers1,Se: Dy) - Acomb.risk |7Tt: Dt)
_ 1
14 14(m,, Dy
K " )
. z 195,t (Tft: Dt) . E(AthcondltLonal(St; fet+1: Dt) . Acomb.rlsk |7Tt: Dt: St — S)
S=
with
Acombrisk= | (Pt+1il (41, Degr) + Dt+1|”tthr Dt+1market(Dt+1))
—E ((EPt+1i1 + EDpi1)(Se, fepsns e, Dt)l”t: Dy, St)
with

1
U <_ Dt+1market(Dt+1)>

ny
E(U'(l DHJ"”"“(Dm)) s., Dt>

n

Athconditional(Sti ferr1, D) = Ath,t+1CI(fet+1;5t: D)) =

A3.5.1.1.2 Solution
A3.5.1.1.2.1 Price of “Expectation Risk”

Using the definition of AS*PTiSk jn (4-68), the price of “expectation risk” reads

E(Qt,t+1” . Aexp.riskln.t’ Dt)

. (q ” {E ((EPes™ + EDe11)(Se feesns e, Do, Dy St)}
= tt+1 .
_E(Pt+1ll + Dt+1|7Tt: Dt)

¢, Dt>

The computation of the price of “expectation risk” is developed as follows.

unobservable current regime S;

A3-25

Step 1: Rewrite the expectation conditional on 7, D; as an expectation over all possible values of the
E <q i . {E ((Ept+1” + EDt+1)(Stvfet+1; ﬂtth)|ntthrSt)}
tt+1 .
—E(Pes1" + Deya|me, Dy)

¢, Dt>
K
- Z T[S't
s=1

. (q ” {E ((EPes™ + EDe11)(Se feesss e, Do, D St)}
tt+1 .
_E(Pt+1ll + Dt+1|7Tt: Dt)

St =S, T’”t’ Dt)
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Step 2: Re-express the first term on the right-hand side of the previous equation,
K . .
Z 17Ts,t E (qt,t+1” ) {E ((EPt+1lI + EDt+1)(St:fet+1; e, Dt)|T[t: Dy, St)} |St =S, Ty, Dt)
S=
with the help of risk-neutralized regime probabilities

Zilﬂs,t E (qt,t+1” ) {E ((EPt+1iI + EDt+1)(Stvfet+1; ¢, Dt)|T[t' Dy, St)} |St =S, Ty, Dt)

1
1+ 1(m,, Dy)

1
K ”s,t'E<U <n_1'Dt+1market(Dt+1)>

=1 1
’ E <U' <n_, ’ Dt+1market(Dt+1)>

St =S, T’”t’ Dt)

¢, Dt>

1
U <n_ ’ Dt+1market (Dt+1)>
1

E| 1 = I
Ek E <U <n_1_ Dt+1market(Dt+1)> St — S, T[t, Dt) St S,T[t; Dt)

E ((Ept+1” + EDt+1)(Stvfet+1; T[t'Dt)|7Ttr DtrSt)

Note that risk-neutralized regime probabilities read (according to (4-70))
. / 1 . market _
mse E\U n Deyq (Dt41) | |Se = 8,7, Dy

1
E <U' <n_, ) Dt+1market(Dt+1)> ”tth>

Using this definition of risk-neutralized regime probabilities, it is obtained

es,t(”tv D) =

A3-26
‘ -E( i {E((EP" + ED,, 1) (S .1, D)\, Dy, S )V S, = D
zlﬂs,t qte+1 { (( t+1 T t+1)( t fers1; e, t)|T[t' t) t)}| t = STy, t)
_ 1
1+ Ttil (¢, D)
K
) 2 O, ¢ (e, D)
s=1

1
/ U <n, . Dt+1market(Dt+1)> w
| 1 — I
E k E <U <n1 . Dt+1market(Dt+1)> St S, 70y, Dt) St S, ¢, Dt)

E ((Ept+1” + EDt+1)(Stvfet+1; T[t'Dt)|7Ttr DtrSt)
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Step 3: Simplify the conditional expectations on the right hand side of (A 3-26)
The conditional expectation E ((EPHIH + EDHl)(St,feHl;nt, Dt)lnt, Dy, St) is non-stochastic

conditional on S; = s, ¢, D;. Hence, it can be factored out:

[ U (ni- Dmm“”‘“(DHl))
1

1
EI E <U' <n_, ) Dt+1market(Dt+1)>

\' E ((EPt+1” + EDp11)(Se, fepsns e, Dt)let: Dy, St)

l” 1 D mark D
/ <Tl1 . t+1 et( t 1)>
E |

1
\E <U <n_1 Dt+1market(Dt+1)>
E ((EPt+1” + EDy11)(Se, fepsns e, Dt)|7Tt: Dy, St)

=E ((EPt+1iI + EDt+1)(Stvfet+1; g Dt)|7Ttv DtrSt)

———

St = s, 74, Dt) St = 5,7, Dy

S—_

St = S,T[t,Dt |

St =S, M, Dt)

1
v’ (n_I'Dt+1markEt(Dt+1)>

Note that F
E(U'<%I'Dt+1market(l—)t+1)>

) St = s,my, Dy | equals one.

St=S,TL't,Dt

Putting Steps 2 and 3 together, the first term on the right-hand side of (A 3-25) reads:

Zilﬂs,t E (qt,t+1” ) {E ((EPt+1iI + EDt+1)(Stvfet+1; ¢, Dt)|T[t' Dy, St)} |St =S, Ty, Dt)
1
1+ 1! (¢, Dy)

K .
2 ) es,t(”tv Dy)-E ((Ept+1” + EDt+1)(5t»fet+1i T, Dt)|7Tt» Dy, St)

Step 4: Evaluate the second term

K ] )
—z 17Ts,t : E(Qt,t+1” : E(Pt+1” + Dt+1|7Tt: Dt)lst =S, Ty, Dt)
o=

on the right-hand side of (A 3-25)
First, observe that the conditional expectation E(Pt+1“ + Dt+1|nt, Dt) is non-stochastic condi-

tionalon S; = s, m, D;. Hence, it can be factored out:

K ) .
- 2 _17Ts,t 'E(Qt,t+1ll ) E(Pt+1” + Dt+1|T[t' Dt)lst =S, Ty, Dt)

K . .
=- Z 17Ts,t ) E(qt,t+1”|5t =S, My, Dt) ) E(Pt+1” + Dt+1|7Tt: Dt)
5=

Second, use the tower property of conditional expectations to write



326

E(Pt+1i1 + Dt+1|7Tt: Dt) =E (E (Pt+1i1 (41, Degr) + Dt+1|7Tt:Dt: Dt+1market(Dt+1)) |7Tt: Dt)
=E ((EPt+1” + EDp11)(Se, fersns e, Dt)let: Dt)

Third, the expectation of the stochastic discount factor evaluates to , yielding

1414 (14,D¢)

K ] .
_Z _17Ts,t ) E(qt,t+1” 'E(Pt+1ll + Dt+1|7Tt» Dt)lst =S,Ty, Dt)

= —-; “E(Peq” + Dey1|me, Dy)
1+ rH(my, Dy)

Fourth, rewrite the expectation conditional on 7, D; as an expectation over all possible values of

the unobservable current regime S;

K ) )
- 23:1ns't E (Qt,t+1ll E ((Ept+1” + EDt+1)(5t»fet+1F g, Dt)|”t» Dt) |5t =S5, My, Dt)
_ 1
To1+ 1 (¢, Dy)

K .
'Zs_lﬂs,t E ((EPt+1lI + EDt+1)(Stvfet+1; T Dt)|St =S, My, Dt)

Step 5: Final result
Putting Steps 2 and 4 together, the right-hand side of (A 3-25) reads:
E(Qt,t+1i1 _Aexp.riskln.t’ Dt)
1
T + 1! (1, Dy)

K
) 2 {T[s,t — Ot (e, Dt)}
s=1

E ((Ept+1” +ED¢41) (S, fers1; e D)Prir” + D |Se = s, T[t'Dt)

as was to be shown (4-69).
A3.5.1.1.2.2 Price of “Combined Risk”

Step 1: Rewrite the expectation conditional on 7, D; as an expectation over all possible values of the

unobservable current regime S;

E(qt,t+1i1 (fers1,Se: Dy) - Acomb.risk |7Tt: Dt)

K
= Z 17Ts,t ) E(qt,t+1” (fet+1,Se, De) - Acomb'rlSk|5t =Sy, Dt)
5=
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Step 2: Re-express the right-hand side of the previous equation with the help of risk-neutralized re-
gime probabilities
E(qt,t+1”(fet+1r5tr D) Acomb'riSle[t' Dt)

1
1+ 1(m,, Dy)

v (nl - Dmm“”‘“(DHl))
1

K
" 2 Tl’-S,t " E
o=t E <U’ < 1 ., Dt>

. Acomb.risk S, = s,m., Dy
— Dt+1m“”‘“(Dt+1)>
ny

¢, Dt> and expanding by

Factoring out E <U’ <ni . Dt+1market(Dt+1)>
1

1
E <U' <n_, ’ Dt+1market(Dt+1)>

St =S, T[t, Dt)

yields
E(Qt,t+1u (fers1,St, D) - Acomb.risk |7Tt: Dt)
_ 1
1+ r (., Dy)
K
) 2 es,t(”tr Dy)
s=1

U (ni - Dmm“”‘“(Dm))
1

comb.risk —
'E 'A St—S,T[t,Dt

1
E <U <n_, ) Dt+1market(Dt+1)>

St =S, T[t, Dt)

with risk-neutralized regime probabilities

1
Tse " E <U <n_, ) Dt+1market(Dt+1)>

1
E <U' <n_, ’ Dt+1market(Dt+1)>

St =S, T’”t’ Dt)

¢, Dt>

es,t(ntv D) =

Step 3: Integrate the adjustment for risk
Using

1
U <n_1 Dt+1market(Dt+1)>

St, Dt)

K » .
Z 195,t(”t: D) - E(Athcondltwnal (Se; fers1,De) - Acomb-risk S¢ = s, 1y, Dt)
s=

Athconditional(Sti ferr1, D) = Ath,t+1CI(fet+1;St: D)) =

1
E <U <n_1 Dt+1market(Dt+1)>

the price of “combined risk” (4-71) is obtained as follows:

_ 1
T 14
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A3.5.1.2 Appendix to Section 4.2.2.3.4: Information Frequency > Cash Flow Fre-

quency

A3.5.1.2.1 Formulation of the Problem

Definition and price of “expectation risk” and “combined risk” for the case where information fre-
guency is higher than or equal to cash flow frequency have been omitted in the main text because
they are almost entirely analogous to the special case where information frequency equals cash flow
frequency. For the sake of completeness, “expectation risk” and “combined risk” are defined and

priced in this section of the appendix.

A3.5.1.2.1.1 Definition of “expectation risk” and “combined risk” in the case where

information frequency is higher than or equal to cash flow frequency

As in the special case where information frequency is equal to cash flow frequency, cash flows
and asset prices can be decomposed into a part that can be explained by aggregate cash flows and
another part that is uncorrelated with aggregate cash flows. More formally, in generalization of
(4-60), asset prices and cash flows of both (A.)-periodic and (1)-periodic assets are the sum of a
prices part (part (i)) and a non-priced part (part (ii)):

A3-27

Pryy i,(Ac) Ac)

. (
*+ Lev1=tgpy)  Desr

- . ) )
=E (Pt+1”( ¢ + Teri=tgeq Dpyp B0 Tttt Dt(kt)( A p,D p,, " et)

part (i)

+ At+1il'(AC)
part (ii)
with

At+1”'(AC) = Pt+1i1,(A Ac)

0+ Tevi=tges " Dera

i,(A A A k
- E (Pt+111( C) + 1t+1=t(k+1) ' Dt+1( C)|Tl‘-t(kt_),tl Dt(kt)( C)J Dt(l): Dt+1mar €t)

and
A 3-28
Py "W + Dy W = E (Pt+1u'(1) + Dy |7Tt(kt),t: Dy, ), p, W, Dt+1mark€t) + Apyy PO
part (l) part (ll)
with

At+1”'(1)E Pt+1”'(1) + Dt+1(1) —E (Pt+1”'(1) + Dt+1(1)|”t(kt),t' Dt(kt) (AC)'Dt(l)'Dtﬂmarket)
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Definition of “expectation risk” and “combined risk”

Since part (ii) is not priced, only part (i) is further decomposed into “expectation risk” and “com-

bined risk” parts. To this end, the expectations of asset prices and cash flows conditional on the in-
formation Ztil’(AC)’p = (”t(kt).t' Dt(kt) @), Dt(l)) are first subtracted from part (i) in order to separate

an expectation component from a risk component with zero expectation. In generalization of (4-68),

“expectation risk” and “combined risk” can thus be defined as follows:

(Ap)-periodic assets

A3-29
E (Pt+1”'(AC) + 1t+1=t(k+1) ) Dt+1(AC)|T[t(kt),t: Dt(kt) (AC)’Dt(l)’ Dt+1market)
—E (P”l”'(AC) Fleri=tpiy Dt+1(AC)|nt(kt),t' Dt o), Dt(l))

(c) : @) p @
(St(kt),t;fetﬂ' Tt eyt Dt(kt) ¢, D, )

- (A¢)
—E ((EPt+1LI + EDt+1) ‘ (Se. fecs1; e, Dt)lﬂt(kt),t: Dt(kt) (AC);Dt(l):St(kt),t)
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(EPt+1i1 + EDt+1)

i Ac) . Ag) p (D) Qo) p @
+ E ((Elez + EDt+1) (St(kt),t:fet+1' T[t(kt),t: Dt(kt) ¢, Dy ) |7Tt(kt),tJ Dt(kt) ¢, D¢ :St(kt),t)
_E (Pt'l-l”'(AC) + 1t+1=t(k+1) ' Dt+1(AC) |7Tt(kt),tJ Dt(kt-) (AC), Dt(l))
Aexprisk,(Ac)
with

- (¢
(EPt+1LI + EDt+1) ‘ (St(kt),t:fet+1; Tt (gt Dt(kt)(AC).Dt(l))

=E (Pt+1ll( ¢+ Teri=tgeq Dyys C)|7Tt(kt),t. Dt(kt)( A p,M p, " et)

(1)-periodic assets

A3-30
il A k
E (Pesa™® 4 Deys P |meg 0 Dey @, DV, D ™)

—E (Pt+1”’(1) + Dt+1(1) |T[t(kt)vt' Dt(kt) (AC)r Dt(l))
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(EPes™ + EDpus)  (Segp o fer1 eyt Degey @9 D)

i €y
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i @) ) A 1 A 1
E ((EPt+1l + EDyy1) (St(kt),t:fet+1'T[t(kt),tr Dt(kt)( ), D, )) |7Tt(kt),tv Dt(kt)( o, D, )vst(kt),t)
—E (Pt+1i1’(1) + Dt+1(1)|nt(kt),tl Dt(kt) (AC)r Dt(l))

Aexp.risk,(1)

_|_

with
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i (1
(EPt+1lI + EDt+1) (Se, ferr1: e, De)

= £ (Peat ™ 4 Dy Pl 0 Drge, @ DV, Dy ™)

A3.5.1.2.1.2 Price of “expectation risk” and “combined risk”

The problem is to show that the prices of “expectation risk” and “combined risk” read as follows:

Price of “expectation risk”

A 3-31
E (Qt,t+1i1'(AC) (fet+1:5t(k),t: Dt(k) (AC), Dt(l)) - AexPTisk (V)

1
1+ Tt“'(AC) (”t(k),t: Dt(k) (Ac), Dt(l))

. _ . Qo) p @
z {ﬂt(k),t (St(k),t) et (St(k),tl Tl‘-t(kt_),tl Dt(kt-) ) Dt

St(k),f

(A¢) (1)
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B ((Eptﬂ” + EDt+1) (St(kt),t;fetﬂi Tt (gt Dt(kt)(AC):Dt(l)) %) Dt(l)

't eyt Dey
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with risk-neutralized regime-path probabilities

. a¢) p (W
Gt (St(k),t' T[t(kt),t' Dt(kt) ’ Dt
- (S ) Elu (l ) market)
t(k),t t(k),t n, t+1

1
ry. 1= market
Zst(k)_t’ Tty t (St(k),t) E<U (nI Dtyq

St(k),t = St(k),t
, D, 5 (Ac)’ Dt(l)

(k

) St(k),t - St(k),t,
) Dt 5 (AC),Dt(l)

(k

with

Dt+1market _ Dt+1market(Dt+1(Ac),Dt+1(1)) t4+1= t(k+1)
Dt+1market(Dt+1(1)) t+ 1+t

Price of “combined risk”




331

A3-32
E (qt,t+1”'(AC) (fet+1'5t(k),t' Dt(k) (Ac)’ Dt(l)) . AComb.risk,(v) T[t(k),tr Dt(k) (Ac)’ Dt(l))

1
1+ Ttil'(AC) (T[t(k),b Dt(k) (Ac)’ Dt(l))

. . (Ac) (1)
Z O (St(k),t'nt(kt),t:Dt(kt) ¢, Dy )

Sf(k),t

(Ac)’ Dt(l)

n Staet = Staort
R iti i (kg) (k)
-E (Af tco dittonal (fet+1,5t(k).t, Dt(k) (AC),Dt(l)) . Acomb.risk,(v) ¢ )

' et Degeyy
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AfR, (fem,st(k),t, Dy @, Dy

U’ (nll . Dt+1market)

(1 ket _ (o) n (1)
E (U (_ . Dt+1mar e ) |St(kt)vt = St(k).t'Dt(kt) o , Dy )
A3.5.1.3 Solution

A3.5.1.3.1 Idea of the proof

The proof follows the steps of the case where information frequency is equal to cash flow fre-
quency. The single regime S; must merely be replaced by the path of regimes since the last payment
date of (A.)-periodic assets, St(kt),t'

A3.5.1.3.2 Details of the proof

A3.5.1.3.2.1 Price of “Expectation Risk”

Step 1: Rewrite the expectation conditional on Tt eyt Dt(kt)(AC),Dt(l) as an expectation over all pos-

sible values of the unobservable current regime path St(kt)'t
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/ Qt,t+1”'(AC) (fet+1vst(k),tr Dy, o), Dt(l))

1 W) A
E| (E((EPar™ + EDess)™ (St [Tt Decep 2 D, St ) | [Fcerts Dey 2 e |
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Stapt = Stgot
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et Degey D
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i1,(A A
Py P00 4+ Teri=tgen Dy U0 v =Ac

ir,(v) W) _
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where, for brevity, most of the arguments of (EPtH” + EDHI)(V) have been suppressed,

i )
(EPeys" + EDyyy) ' (St(kt),t)

_ i W)
= E ((EPt+1” + EDt+1) (St(kt):t’ fet+1; T[t(kt),t' Dt(kt) (AC)r Dt(l)) |T[t(kt)'t’ Dt(kt) (AC): Dt(l)r St(kt)vt)
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Step 2: Re-express the first term on the right-hand side of the previous equation,

z Tt t (Sf(k)vf)

St(k),f

(Ac)’ D, (€Y

E( Geee1 OO Sf(k yt = Stao, )
i )
B ((Epf“” + ED¢11) (St(kt)'t) |T[t(kt)'t' Doy e, Dt(l)'st(kw't)

with the help of risk-neutralized regime path probabilities
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Note that risk-neutralized regime path probabilities read (according to (A 3-31)) read
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Using this definition of risk-neutralized regime probabilities, it is obtained

A3-34
Z Tty t (Sf(k)'t)
Staort
G p41 8O Staept = Stgont
(- E ((EPHl” + EDt+1)(V) (St(kt)'t) |T[t(kt)vt’ Dt(kt) @), Dt(l), St(kt),t) 2Tt eyt Dt(kt) @), Dt(1)>
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Step 3: Simplify the conditional expectations on the right hand side of (A 3-34)
The conditional expectation E ((EPHl“ + EDt+1)(v) (St(kt).t) |T[t(kt)'t’ Dt(kt)(AC),Dt(l),St(kt)_t) is

non-stochastic conditional on St(kt)'t = Stgot Tt ts Dt(kt) (AC),Dt(l). Hence, it can be factored out:
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Putting Steps 2 and 3 together, the first term on the right-hand side of (A 3-33) reads:
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Step 4: Evaluate the second term
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A3.5.1.3.2.2 Price of “Combined Risk”

Step 1: Rewrite the expectation conditional on Tyt Dt(kt)(AC),Dt(l)as an expectation over all pos-

sible values of the unobservable regime path St(kt)'t
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Step 2: Re-express the right-hand side of the previous equation with the help of risk-neutralized re-
gime probabilities
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with risk-neutralized regime path probabilities

. (aeg) p (D
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Step 3: Integrate the adjustment for risk

Using

Athconditional (fet+1:St(k),tJ Dt(k) (Ac), Dt(l))

U’ (nll . Dt+1market)
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the price of “combined risk” (A 3-32) is obtained as follows
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A3.5.2 Discounted Future Cash Flows Case

A3.5.2.1 Appendix to Section 4.2.1.2.4.2: Information Frequency = Cash Flow Fre-

quency

A3.5.2.1.1 Formulation of the Problem

The problem is to show that the prices of “expectation risk” and “combined risk” read as follows:

Price of “Expectation Risk”

4-76
E(qt,t+ru . Aexp.riskln.t, Dt)

= E(qr e+ |70, D)
{E™(E(D¢4<|me, De) St4v—1, Desr—1)| e, D)
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with the part of cash flows explained by aggregate cash flows abbreviated to
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where E™ denotes the expectation taken with respect to the risk-neutralized probability (or density)
of St1¢—1, D¢ 4-—1 conditional on ry, Dy, i.e.,
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where @Y (St17—1, Desr_1lme, D) denotes the joint probability (or density) of the random variables

O™ (Spsr—1, Desren|Te, Do) = 0 (Spsv—1, Dprr1le, Dy) -

S¢+7—1, De47—1 conditional on information relevant to pricing, z,'? = (1, D).

Price of “Combined Risk”

4-78
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E(Qt,t+ril ,Acomb.riskln.t’ Dt)
= E(Qt,t+ril |7Tt' Dt)
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U (_nl *Diyr ) s
™m combp.ris
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A3.5.2.1.2 Solution

A3.5.2.1.2.1 Price of “Expectation Risk”

Using the definition of A®*PTisk i (4-73), the price of “expectation risk” reads
E(Qt,t+ru ) Aexnrwklﬂt; Dt) = E(Qt,t+ri1 ) {E(Et+rlﬂtJ D¢, St4r-1 Dt+r—1) — E(Dgy-|me, Dt)}'”t: Dt)
with
D¢tz = E(Deye|me, Dy, Dt+rmarket)

The computation of the price of “expectation risk” is developed as follows.

Step 1: Factor out the multi-period riskless discount factor E(qt,t+ri1|nt, Dt) in order to separate
riskless discounting from the pricing of risk
E(Qt,t+ril ' {E(Dt+‘r|nt' D¢, Stir-1, Dt+‘r—1) — E(Dgyolmy, Dt)}lntr Dt)
= E(qt,t+ri1 ) E(Et+rlﬂtJ D¢, St4r-1 Dt+r—1) |7Tt: Dt) - E(qt,t+ru |7Tt: Dt)
* E(Dgy<|me, D)
= E(qt,t+ri1|ﬂb Dt)

qtt+ i =~
) {E< u ) E(Dt+‘r|nt' D¢, Stir-1, Dt+‘r—1) ¢, Dt) — E(Dyyo|my, Dt)}

E(qt,t+ru|7TtJ Dt)

Step 2: Analyze and simplify the first-term in brackets

¢, Dt>

qt,t+‘ril N
E <E(Qt,t+ri1|7'[t, Dt) . E(Dt+‘r|ﬂ't; Dy, St+f—1'Dt+f_1)

il
dtt+t

Note that ———————
E(qee47"|me.Dr)

is a multi-period adjustment for risk:

U’ (1 . Dﬁ{market)

il
qtt+t n;

E(qee4<" |70e, D) B E (U’ (7} Dtﬂmarket) |T[t, Dt)

1

The first term in brackets obtained at the end of Step 1 therefore reads:
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¢, Dt>

) E(Et+rlﬂt: D¢, Stvr-1) Dt+r—1) Ty, Dy

qt,t+‘ru N
E <E(Qt,t+ri1|ﬂ't, Dt) . E(Dt+‘r|ﬂ't; Dy, St+T—1'Dt+r—1)

U’ (nll . DHTmarket)

- F -
E (U' (n_I . Dt+1market) |1Tt’ Dt)

Step 3: Use the tower property of conditional expectations in order to obtain an adjustment for the
risk in S¢y7_1, Dtyr—1 only (thus eliminating factors and residuals fe;,, which do not affect

“expectation risk”)

U’ (nll . Dﬁ_fmarket)

) E(5t+r|nt: D¢, Stvr-1) Dt+r—1) ¢, Dy
1
E (UI (n_l . Dt+‘rmarket) |7Ttr Dt)

U’ (nll . Dﬁ_fmarket)

=E| E| E(U,(l Dt_H_market) |nt, Dt) nt,Dt,St+T_1,Dt+T_1/| nt,Dt)

n_I.
\' E(5t+rlﬂt: D¢, Stir-1, Dt+r—1)

1

E(U' (7 Dese™™) |Sere-t Dese-a)

=F E (U/ (nll . Dﬁ_fmarket) |7Tt: Dt) T¢, Dt
) E(Dt+r|”t» D¢, St4r-1 Dt+‘r—1)

Note that

E (U' (nl, ’ Dt+rmarket) |St+r—1J Dt+r—1)

E (U' (nll ) Dt+1market) |1Tt’ Dt)

is an adjustment for the risk that deals with S;,;_1, D¢y;—1 and does not depend on factors and re-
siduals fe;,; since factors and residual are averaged out in the numerator. Intuitively, this risk is ir-

relevant to the pricing of expectation risk because A®*PTiK js not affected by fe; ;.

Step 4: Introduce the risk-neutralized probability (density) of Sy 17—1, Diyr—1

If the probability (density) of S;1-—1, D¢4r—1 is made explicit, the conditional expectation
(1
E (U (n_I ’ Dt+rmarket) |St+r—1JDt+T—1)
E | E (U! (nll . Dt+1market) |7Tt; Dt) Ty, Dt |

) E(Et+rlﬂt: D¢, Stvr-1, Dt+r—1)

takes the following form:
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E (U' (nl, ’ Dt+rmarket) |St+r—1: Dt+r—1)
E (U' (nll ) Dﬂ{market) |1Tt’ Dt)

) E(Et+rlﬂtJ D¢, Stvr-1) Dt+r—1)

From an economic point of view, the product of the empirical probability (density) and the ad-

f(pi1(5t+r—1JDt+T—1|nt:Dt)'

justment for the risk of S;4;_1, D¢yr—1 is @ risk-neutralized probability (density) of S¢17_1, Dyyz—1 and

is denoted by

(Pm’” (St47-1,Deyr—1lme, De)
1

E (U' (n_I ’ Dt+rmarket) |St+r—1: Dt+r—1)

E (U' (nll ) Dt+1market) |1Tt’ Dt)

= <P” (Stsr—1,Der—1lme, Dp) -

rn,il

Thus, if E™ is the expectation with respect to ¢ , it is obtained

E (U (o Dese™™) Sere-1,Deves)
E E (v’ (nl, Dy ) [, D, ) g, Dy
+ E(E(Dyy<|me, Dy, Deas ™€) |71, Dy, Styv-1, Dego1)
= E™(E(D¢4¢|me, Dy, St4v-1, Devr—1) |t Dt)
By putting the Steps 1 and 4 together, the price of “expectation risk” is identified as
E(qeer!! - APPTISE| 7, D,)

= E(qt,t+‘r”|”tr Dt) ) {Ern(E(ﬁt+T|ﬂtr D¢, Stir-1, Dt+r—1)|”t» Dt) — E(Dyyo|my, Dt)}

Step 5: Transforming E(D;..|m:, D¢)
By the tower property of conditional expectations, the relation between both terms in the differ-

ence in brackets can be made clear:
E(D¢y<|me, D) = E(E(Dgyo|me, Doy Dere ™€) |1y, Dy) = E(Diyo|me, D)
and
E(Dy4:|m, D) = E(E(Dpy|me, Dy, Se4r-1, Devr—1) | e, Dt)

i.e., a difference of expectations of the random variable E(ﬁt+1|nt, Dy, St+1_1,Dt+1_1) with respect
to a risk-neutralized and empirical probability measure is taken:
E(qeees” - APTISK| D)

= E(qee+c" |t Dt) - {E™(E(Deae|me, Des Stav—1, Dewr—1)|7e, De) — E(Deyrle, D) }

= E(qe e+ |70, D)

{E™(E (D¢s<|me, Des Stav—1, Drsr—1)|me, Dr)

— E(E(Dt4|me, De) St r-1, Der—1) e, Dt ) }
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Step 6: Final result
Combining the results of Steps 4 and 5 yields (4-76).

A3.5.2.1.2.2 Price of “Combined Risk”

Using the definition of A€°MPTisk in (4-73), the price of “expectation risk” reads

E(Qt,t+ru : Awmb'mklﬂt: Dt) = E(Qt,t+ru : {5t+r - E(5t+rlﬂt: D¢, Stir-1, Dt+r—1)}|7'ft: Dt)
with

Diyr = E(Dt+r|7'ft: Dy, Dt+rmarket)

Step 1: Use the tower property of conditional expectations to separate the pricing of risk stemming

form S;y;_1, Dty7—1 from the pricing of risk stemming from fe;, ; given Sy 171, D¢17-1

E(Qt,t+ril ) {Dt+‘r - E(Dt+‘r|ﬂt' D¢, Stir-1, Dt+‘r—1)}|ﬂtr Dt)
T, Dt)

_ D
=F|(E o { ) s }
< <Qt,t+r —E(Dt+f|ﬂt' D¢, Seir-1, Dt+‘r—1)
E(E(qt,t+ri1 : E(Dt+r|7Tt. Dy, Dt+rmarket) |7Tt. D¢, St47-1, Dt+r—1) |7Tt’ Dt)

T, Dty Seyr—1, Dt+‘r—1>

The result of this step consists of the two summands

and
_E(E(qt,t+‘ru ) E(5t+r|nt: D¢, Stvr-1) Dt+r—1) |7Tt: D¢, Stvr-1) Dt+r—1) |7Tt: Dt)
= _E(E(Qt,t+‘r” |7th D¢, St4r-1, Dt+‘r—1) ) E(Dt+‘r|ﬂt' D¢, St4r-1 Dt+‘r—1) |7th Dt)

Step 2: Factor out the multi-period riskless discount factor E(qt,t+ri1|nt, Dt) in order to separate
riskless discounting from the pricing of risk
E(E(qt,t+‘r” ) 5t+r|”t» D¢, St4r-1, Dt+‘r—1) |T[t' Dt)
- E(E(Qt,t+‘ril |T[t' D¢, St4r-1 Dt+‘r—1) ) E(Dt+‘r|ntr D¢, St4r-1, Dt+‘r—1) |T[t' Dt)

= E(Qt,t+r”|”t» Dt)
T, Dt)

dt,t+ i
-E<E< aiil - Dy,
{ E(‘It,t+r”|7'ft: Dt) ‘
E(Qt t+'ru|7Tt: Dy, St+r—1JDt+T—1) =~
- E< : " 'E(Dt+ |7TtJDt:St+ -1, Dty —1)
E(Qt,t+‘r”|”t' Dt) ‘ ‘ ‘
Note that the following term is the adjustment risk:

1

U’ (n_I . Dﬁ{market)

T, Dp, Seyr—1, Dt+‘r—1>

o)

i
qtt+t

E(qee4<" |70e, D) B E (U’ (nl, - Dtﬂmarket) |7Tt, Dt)
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The following term, consequently, can be interpreted as adjustment for the risk that deals with

St+7—1, D¢17—1 and does not depend on factors and residuals fe;, ; :

B(@erse [0 Do Sere . Deses)  F (U Gy Pese™ ™) [Seves Desecs)
E(qt,t+TiI|T[t; Dt) E (U’ (nll . Dtﬂmarket) |7Tt» Dt)

Step 3: Factor out the adjustment for risk that deals with Sy, ;_1, Dy47—1 from the first element of

the sum

E(qt,t+‘r” |7th Dt)

-{E <E< Qt,t+r” )
E(qt,t+ru |7Tt: Dt) o
_E <E(Qt,t+r”|”t» D¢, St4r-1, Dt+‘r—1)
E(qt,t+ri1 |7Tt: Dt)
= E(Qt,t+ru |7Tt: Dt)

/ E(U' (3 Deve™ ™) Sere-1,Dere-s)

E (U' (nll . Dt+Tmarket) |7Ttr Dt)

U’ (nll . Dﬁ{market)

- 1
L\ 0 e ) s D)

e, Dt>

) E(ﬁt+‘r|nt' Dy, Styr-1 Dt+‘r—1)

T, Dty Seyr—1, Dt+‘r—1>

o)

_—

e, Dy

“Dyr|Te Dey St4r-1) Degr—1

S—_

, l market
—E E (U (n, D1t+T ) |St+T_1,Dt+T_1) : E(Dt+‘r|ﬂ't; D¢, Styr-1, Dt+‘r—1) e, Dy
B (U' (n_I . DHTmarket) |7Tt: Dt)

~~

Step 4: Introduce the risk-neutralized probability (density) of S¢r—1, Derr—1

Define the risk-neutralized probability (density) of S¢17_1, D¢y r—1 by
‘Pm’” (St+7-1 Deve-1lme, De)
(1
E(U' (5 Desa™™) |Seret, Desea)
’ 1 . market
ORET ey

By the same argument as in the case of expectation risk, the result from the previous Step 3 can

= ‘P” (St47-1,Deyr—1lme, De) -

be expressed through expectations with respect to ¢™™ . This yields
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E(Qt,t+‘r” ,Acomb.riskln.t’ Dt)
= E(Qt,t+‘r” |7th Dt)

1

1 market

U (_m “Deyr ) ~
™ .

E™| E Devrlme, Dey Seive1, Deyreyr ||me, Ds

E (U' (nl, ’ Dt+rmarket) |St+r—1J Dt+r—1)

—E™ (E(Et+rlﬂtJ D¢, St4r-1 Dt+r—1) |7Tt: Dt)

= E(qt,t+ru |7Tt: Dt)

TR \)

E *Diyo|me, De, S D
. ™ 1 t+t|'tt Mo Ct+Tt-0 Mt+T-1 5
o E (U (- Dewe™ ) [Seve-1, Deen) T e |

l \ _E(ﬁt+‘r|ntr D¢, Styr-1, Dt+‘r—1)

Step 5: Re-express the inner expectation from the result of the previous step through Acomb-risk,(v)

1 market
v (G Pes™ )

Since the adjustment for risk
E(U ( St+t-1.Dt4r-1

T has an expectation of one conditional
(L.p market) )
1 t+1

on 1y, Dy, St -1, Deyr—1, the following equations hold and yield the desired result:

U’ (nll . DHTmarket)

. Acomb.risk
A T, Dy Seyr—1, Degr—1

E (U' (nl, ’ Dt+rmarket) |St+r—1: Dt+r—1)

U’ (nll . DHTmarket) \
=E l E U’ _ Dﬂ{market) |St+‘r—1rDt+‘r—1) nt’Dt'St"'T_l'Dt"'T_l l
\ {Dt+r E(Dt+r|”t: D¢, St47-1,Degr- 1)}

U’ (nll . DHTmarket)

B (V' (5 Dere™ ™) [Sere-s, Deve-s)

- E(Dt+r|”t» D¢, St4r-1 Dt+‘r—1)
Hence the result from Step 4 can likewise be written

E(qt,t+‘r” . Acomb.risklnt’ Dt)

= E(Qt,t+r”|”t» Dt)

*Diye|Te, Doy Star—1, Der—1

l l . market
™m v (nl Dere ) b.risk
E E T . Acomb.ris

E (U (- Dewe ™) [Seae-1, Deen)

¢, De, St4v—1, Dtve—1 | [e, Dt

as was to be shown.



346

A3.5.2.2 Appendix to Section 4.2.2.3.4: Information Frequency = Cash Flow Fre-

quency

A3.5.2.2.1 Formulation of the Problem

Definition and price of “expectation risk” and “combined risk” for the case where information fre-
guency is higher than or equal to cash flow frequency have been omitted in the main text because
they are almost entirely analogous to the special case where information frequency equals cash flow
frequency. For the sake of completeness, “expectation risk” and “combined risk” are defined and

priced in this section of the appendix.

A3.5.2.2.1.1 Definition of “expectation risk” and “combined risk” in the case where

information frequency is higher than or equal to cash flow frequency

In order to define “expectation risk” and “combined risk” in generalization of (4-73) for cash flows
at some time t + 7, two cases must be distinguished: time t + 7 is a payment date of (A.)-periodic
cash flows (Case 1) and time t + 7 is not a payment date of (A.)-periodic cash flows (Case 2).

The reason why it is necessary to distinguish between both cases in the discounted cash flow case
(opposed to the quasi-static case) is as follows. Cash flows are only priced insofar as they can be ex-
plained through D, ™**¢t but the composition of D,,,™**¢t differs significantly in Cases 1 and 2.

market
Dt+T

Obviously, must include (A.)-periodic and (1)-periodic cash flows in Case 1 but only

consists of (1)-periodic cash flows in Case 2.

Case 1: t + T is a payment date of (A, )-periodic cash flows, i.e.,
t+1= t(kl) = Lkpyr)
for some natural number k'

For brevity, the symbols Zt”’(AC)’p is used instead of the more detailed Tt eyt Dt(kt) @), Dt(l) and

cL(Ac)P s short for St(k,_1 D @) p M n this notation, “expectation risk”

t(k’—l) ),t(kl)—l’ t(k,—l) 4 t(k!)—].—l

and “combined risk” are defined as
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A 3-35
”:(AC),p
j = m| % .
Aexp.nsk,(v): E <Dt(k’) z CI,(AC),p> —E (Dt(k,)(v) Zt”'(AC)'p)
I CGEEY)
ve{l,As}
A 3-36
”,(AC),p
comb.risk,(V)_ 7 W ~ W Zt
A Dt(k’) E (Dt(k’) , Zt(k'_l) cL,(A)p

with the part of cash flows explained by aggregate cash flows abbreviated to

i market
2, 10p p, )

with
ve{l, Az}
The three random elements S;y;_1, D¢yr—1 and feq,; that summarize all relevant aspects of the

sources of risk are now replaced by the path of regimes St(k'—1 _1 and by the most recent cash

)"
(Ao 1)

flows (from the point of view of t + 7 — 1) of both types of assets, Dt(k’—1) ¢ ,Dt(k,)_l_l

Case 2: t + T is not a payment date of (A, )-periodic cash flows, i.e.,
t(k’) <t+71t< t(k’+1)

In this case, there can by definition only be (1)-periodic cash flows at time t + 7. “expectation
risk” and “combined risk” are then defined exactly as in the special case where information frequen-
cy is equal to cash flow frequency:

A3-37

. @ & ket e, D
Aexp.rzsk.(l)zE E(Dt+r |7Tt:Dt ,Dt+Tmar e)

® ®
S D (1)> - E(Dt+r |7Tt: Dy )
yOt+t-1 Yt+t-1

A 3-38
Acomb.risk,(1)= E(Dt+‘r(1)|”t' Dt(l)’DHrmarket)

—E (E(Dm(”)lnt, D¢, Dy ™)

Ty, Dt(l)
(€Y}

'Sl'+‘L'—1'Dt+‘L'—1

market

(observe that aggregate cash flows Dy, ; are the aggregate of (1)-periodic cash flows only)
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A3.5.2.2.1.2 Price of “expectation risk” and “combined risk”

Case 1: t + T is a payment date of (A;)-periodic cash flows, i.e., t + T = t(kr) = ks

A 3-39

E (qt,t(k,)”’(AC) . Nexp-risk,(v) Zt”'(AC)'p)

—E (Qt,t(k,) iL,(Ac) |Zti1,(Ac).P)

'{E e (E (ﬁt(k’)(V) 210?72,

o CI,(AC),P) |Zt il,(Ac),P)

_E ( E ([jt(k,)(”)| 2,00P 5 cz,cAc),p) | Ztiz,cAc),p)}

(k'-1)
ve{l,As}

with the part of cash flows explained by aggregate cash flows abbreviated to

P m _ )
b by T E (D £k

Zt”’(AC)'p, DHTmarket)
with
i, (Ac) (4o) p (D
qt,t(kI)L ¢ (fet+1,t(kl)’ St(k),t(kl)—l’ Dt(k) ¢ ) Dt )

1 . market (Ac) (¢Y)
1 U <n_1 Dt(kl) (Dt(k) ¢ ’Dt ’fet‘l'l,t(kl)’St(k),t(kl)—l)

- 1+p)> . (1 market
u (Tll Dt )

where E™™(A¢) js the expectation with respect to the risk-neutralized probability (or density)

@A) ( 5 (AP | Ztil.(Ac),p)

“'-1)

CI'(AC)’p|ZtiI'(AC),p) . E (U' (nll . Dt(k,)market) |Zt(k,_1) CI,(AC),p)

0 G )

= il (80 (Z

t(w 1)

Price of “Combined Risk”

A 3-40
E (Qt,t(k:)il'mc) . Acomb.risk,(v) Ztil,(Ac).P)
- K (qt,t(k,)iI,(Ac)|Zti1.(Ac),P)
U’ (l D, market) z cL(A)p
gmaao | ny D)  pcombisi )| - 7,100
, l market cL,(Ao).p i,Ac)p
E (U (m Dt )|Zt(k’—1) ’ ) o

ve{l,Ac}
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Case 2: t + T is not a payment date of (A.)-periodic cash flows, i.e., t(kz) <t+1< t(k,+1)

A3-41
E(qt,t+‘r”'(AC) . Aexp.riskln.t’ Dt(l))
= E(Qt,t+r”'(AC) |7Tt: Dt(l))
) {Ern,(l) (E (Dt+‘r(1) |St+‘r—1' Dt+‘r—1 (1)) |nt’ Dt)
- E(E(Dt+r(1) |St+r—1r Dt+‘r—1(1)) |”t' Dt(l))}
with

1
) ) U <n_I_Dt+Tmarket(Dt+T(1))>

qt,t+TiI'(A - (1 +p)-[ ' 1
U’ <E . Dtmarket(Dt(l))>

where E(1) denotes the expectation taken with respect to the risk-neutralized probability (or den-
sity) of S¢4r-1, Dt”_l(l) conditional on 7, Dt(l), ie.,
(Prn’u'(l) (St+r—1J Diyr-1 = |7Tt: Dt(l))

= <P”'(AC) (St+r—1JDt+T—1(1)|7TtJ Dt)

E <UI <nll . Dt+Tmarket(Dt+T_1(1))>

St+‘r—1' Dt+‘r—1(1)>

E (U' (i- DHJ"“”‘“(DHT_J”)) e, Dt(”)
n;
Price of “Combined Risk”
A 3-42
E(Qt t+ru'(AC) . Acomb.risk,(1)|n.t, Dt(l))
= E(Qt,t+r”|”t» Dt(l))
U’ (nl . Dt+1market) .
E | E I . Acomb.risk St+‘L’—1'Dt+‘L'—1(1) ., Dt(l)

E (U' (nl, ’ Dt+rmarket) |St+r—1J Dt+r—1(1))
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A3.5.2.2.2 Solution

It suffices to consider case 1 (t + 1 = t(k,)) since case 2 corresponds exactly to the special case

with information frequency equal to cash flow frequency.
A3.5.2.2.2.1.1 Price of “Expectation Risk”

Using the definition of AXP7isk.(vV) i (A 3-35), the price of “expectation risk” reads

il,(Ac) . pexp.risk,(v)
E (Qt,t(k:) A

i,(Ac)
/ qt,t(k/)

_ 5. M|, in@ow
- E | E (Dt(kl) |Zt ¢ ’Zt(k,—l)

. _ M|, iL(Ao).p /
\ E(Dt(k') Ze e )

2 iL,(Ac)p )

cL(Ac),p) PRLCOEE

with

S ow_ W), Lo
De _E(Dt(k') e De

market
(k" )

Step 1: Factor out the multi-period riskless discount factor E(qt,t(k i"(Ac)lth"(AC)'p) in order to

"
separate riskless discounting from the pricing of risk

ll,(Ac)
Qt,t(k,)

Ztll.(AC),p B Zt

cl,(Ac)p il,(Ac),
oy N |z it @ow

—E (Dt(k’) (V)|Ztil,(AC),p )

_ iae) . g (. W
E (qt,t(kl) ¢ E (Dt(kl) (k’—l)

_E ( Dt(k,)(V)| PRLCDL. ) E (qt,t(k/)”'(AC)| ZtiI,(AC),p)

Ztll.(AC)'p , Zt

CI,(AC),P) |Zt iL,(Ac)p )

—F (qt,t(k,)”'(AC)|Ztil'(AC)'p)

LI!(AC)
Qt,t(k,)

[

[

' { El E (qt,t(kl) il'(Ac)|Ztil'(Ac)'p) Zt”'(AC)'p |
L\

cL(Ac)p /
(k'-1) ¢ )

~ WM.
‘E (Dt(k') Ztll.(Ac).P , Z,

—E (Dt( o

k")

|

i,(Ac),
PRACDT: ) }
)
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Step 2: Analyze and simplify the first-term in brackets
lI,(Ac)
qt,t(k/)

El E (qt,t(kl) il'(Ac)|Zt”'(AC)'p) Zt”'(AC)vp |

cz.(Ac),p) /
(k'-1)

is a multi-period adjustment for risk:

=~  O]_ i
‘E (Dt(k’) Ztll,(Ac),P ,Z;

qt’t(k') “'(AC)

E(acyr) 20

Note that
Ztil,(Ac)'v)

. 1
il,(A¢) B U (n_l . Dt(k,)market)

E (Qt,t(k,)il'(AC)|ZtiI'(AC)’p) E (U’ (nll . Dt(k,)market) |Zt”’(AC)’p)

qt,t(k/)

The first term in brackets obtained at the end of Step 1 therefore reads:
ll,(Ac)
Qt,t(k,)

E| E (qt_t(k,)”'(Ac)|zt“'(Ac)'p) 2,1@)D |
E (Et(k,)(V) PRACOEN Ze cz,(Ac)_p) /

( U’ (nl, . Dt(k,)market) \‘

= Ek E (U’ (nl, : Dt(k,)market) | Ztil,(AC),p) 2,1180)P )

5 O o (AP
E(Dt(k') |Zt Tz ‘ )

(k'-1)

Step 3: Use the tower property of conditional expectations in order to obtain an adjustment for the

s cl,(A)p — (Ac) (1) P
risk in Zt(k’—l ¢ (St(k'—l)'t(k’)‘l’Dt(k’—1) :Dt(k,)—l—l ) only (and thus eliminate

)
factors and residuals fe;,, which do not affect “expectation risk”)
’ l market
u (n, Dt(k’) )

(U' (nl ‘D f(k')market) |Zf“'(AC)'p) 707 |
1

il,(Ac).p cl,(Ac)p /
zg ¢ 12ty C)

U’ (nll . Dt(k,)market)

|
\

Ztil’(AC)’p

/ 1 ; \\ . \
=FE \E \ E (U’ (n_l . Dt(k,)market) |ZtLI,(AC):p) Z CLA)p Ztll,(AC)rp
I GEEY
E(D. Wz i@p cL(Bc)p
E (Dt(k’) Ze e 'Zt(k’—l) ¢ )
l l market cl,(Ac),p
(0 2™ )

=F \ E (U’ (nll ) Dt(k,)market) |Ztil,(AC),p) 7, 1@p )

5 O i@op cL,(A),p
E(Dt(k,) |Zt Pz, ¢ )

(k'-1)
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Note that the fraction
/ l market
E(U (n, Dt(k') )|Zt(k’—1)

(0 G ™) )

““&ﬂ

is an adjustment for the risk that deals with

umapz(

(a¢) €Y
t(k,—l) St(kl_l),t(kl)—l’Dt(kl_l) ’Dt(kl)—l—l )

and does not depend on factors and residuals fet(k,) since factors and residual are averaged out in

the numerator. Intuitively, this risk is irrelevant to the pricing of expectation risk because A€*P-Tisk.(v)

is not affected by fet(k,).

Step 4: Introduce the risk-neutralized probability (density) of

d@dpz(

(Ac) (€Y
t(k,—l) St(kl_l),t(kl)—l’ Dt(k,—l) ¢ ’ Dt(kl)—l )

If the probability (density) of Zt(k,_1 LD js made explicit, the conditional expectation

)
(1, marke
/ E<U<5?D%M) t>zﬁw—n

CI.(AC),p>
E| E(U’(nil-ut(k,)m”"”) Ztil'(AC)'p) z, /L8P |takes the following form:

\. E (ﬁt(k,)(v) CI,(Ac),p)

il,(Ac),
Zt ( C)p,Zt

(k'-1)

(£ G D™ %)

f (pil,(Ac) (Zt(k’—1) cI.(Ac),P|ZtiI.(Ac).P) . 1 E (U' (nll . Dt(k,)market) |Zti1'(AC)’p) }

| & (ﬁt(k,)(v) 2,BOP ,Zt(k,_l)cl,(Ac),p) )

From an economic point of view, the product of the empirical probability (density) and the ad-

justment for the risk of Zt(k’—l L) s 3 risk-neutralized probability (density) of zt(k,_l)C"(Ac)'p and

)
is denoted by

@A) ( 5 (AP | Ztil.(Ac),p)

“-1)

U’ (l D market) |Z

. cl,(Ac)p
n hw ‘ )

| . ( tor_
_ (p”’(Ac) (Zt(k,_l)cl,(Ac).p|Ztll,(Ac),p) . : (U, (l D, market) |(;ij.)(Ac),P)
n; (k")

rn,il(Ac)

Thus, if ET(A0) s the expectation with respect to ¢ , it is obtained
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E (U' (1 D market) |Z

. clL(Ac)p
n Thw) ‘ )

R Cl)

(U’ (nl . Dt(k,)market) | Ztil,(Ac),p) 7z, 1w
1

ZtlI.(AC)'p , Zt

CI,(AC),P)
(k'-1)

= grn(Ac) (E (Dt(k,) W) 7

cl,(Ac),p il,(Ac),p
L' -1) ¢ )Zt ¢ )

By putting the Steps 1 and 4 together, the price of “expectation risk” is identified as

il,(Ac) . pexp.risk,(v)
E (Qt,t(k,) A

PRACE )
—E (qt’t(k’)il.(Ac)|Zti1,(Ac).P)
. {Ern,(Ac) (E (ﬁt(k,)(V)

2, 1BOP )}

Zt LI:(AC)vp , Zt

o CI,(AC),P) |Zt il,(Ac),P)

—E ( Dt(k )

Step 5: Transforming E (Dt(k,)(”)|zt”'(AC)'p )

By the tower property of conditional expectations, the relation between both terms in the differ-

ence in brackets can be made clearer:

W, iL(A)p | = M., iL,(Ao).p market il,(Ac),p
E(Dt(k’) Ze e ) E(E(Dt(k') |Zt ¢ 'Dt(k') )|Zt ¢ )
=g(D. Wz i@op
_E(Dt(k,) 7100 )
and
n |, iGor) = R PRI ACYY cL(Ac)p i,(Ac)p
E(Dt(k’) Ze )_E(E(Dt(k') Ze e 12ty ¢ )lzf ¢ )
i.e., a difference of expectations of the random variable (ﬁt(k,)(v) Zt”'(AC)'p ,Zt(k,_l)C"(AC)'p) with re-

spect to a risk-neutralized and empirical probability measure is taken:

il,(Ac) . pexp.risk,(v)
E (Qt,t(k,) ¢+ A

PRACL )
—F (qt,t(k,)”'(AC)|Zt”'(AC)'p)

: {Ern,cAc) ( E (ﬁt(k,)(") | 2,00P 5

—E (E (ﬁt »

o cz,cAc),p) | Ztiz,cAc),p)

Q cI,(AC),p) | 2, 18D )}

Zt LI:(AC)vp , Zt

(k'-1)

Step 6: Final result
Combining the results of Steps 4 and 5 yields (A 3-39).
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A3.5.2.2.2.1.2 Price of “Combined Risk”

Using the definition of AC°™mPTisk,(V) jn (A 3-36), the price of “combined risk” reads

il,(Ac) . Acomb.risk,(v)
E (Qt,t(k,) ¢ A

Ztil.(Ac).P)

( = W \
D
. o) ,
= El Qt,t(k,)”'(AC) : (A W) Ztil,(Ac),p Zt”'(AC)’p |
—E{ D, , cL(Be)p
l e 'Zt(k’ 1) ¢
with
D 2 = W) iI,(Ac),p market
Dt(k,) - E (Dt(kl) |Zt ¢ lDt(kl) )

Step 1: Use the tower property of conditional expectations to separate the pricing of risk stemming

form z, cL(Ac)p = (

(AC),Dt(k,)_l_l(l)) from the pricing of risk

(k'-1) a2 b b -1)

; ; cl,(Ao)p — (A¢) (€Y
stemming from fe;, . given Zt(k,_l) ¢ (St(k’—l)’t(k’)_l'Dt(k’—l) :Dt(k,)—l—l )

= W
D
il (A ( E(k" . ] -
E qt,t(k,)”'( c) { . (5 ) Ztll,(AC),p )} Ztll,( P
- (] cl,(Ac),p
k ) 'Zt(k'—1) ¢ J

LI!(AC)
=~ () il,(Ac),p
E|E ( Dey % 2,180)p

I,(A )r
' { = Zt”’(AC)'p } 'Zt(k'—l)c “r
k_E Dt(kl) CI,(AC),p J

The result of this step consists of the two summands
Zt”r(AC)rp>

il,(Ac),p
: ~ W %
E({E| Qe ,ll'(AC)'Dt ' cl,(A ),p)
(( (k") (k") 'Zt(k’—l) ¢
cl,(Ac).p
gy

and

2 iI,(Ad,p)
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Step 2: Factor out the multi-period riskless discount factor E(qt,t ”'(Ac)lzt”'(AC)'p) in order to

(k")

separate riskless discounting from the pricing of risk

LI!(AC)
( 5 O ] iL,(Ac)p
D , Zt .
E|E W) L aon ||z
. _ 9 ZtLI,(AC),p ’ t(k’—1)
k_E Dt(kl) , CI,(AC),p

)

—F (qt,t(k,)il'(AC)|Ztil'(AC)'p)

)

(
[ iL(A) -
Aee, " LA
I

; ; D, cl,(Ao)p
E (Qt,t(kz)”'(AC) |Zt”'(AC)'p) (COR P Zt(k’—1) ¢

2 il,(Ac).p

cL(Ac)p
ey )_E(A @)

—E . . (]
k E (Qt,t(k:)ll'(AC) |Zt”'(AC)'p) (k")

Note that the following term is the adjustment risk:

E iI,(Ac)
/ (qt,t(k:)

V4
L UY)

\

2z iL,(Ac).p

cl,(Ac)p ” (Bc) p) }
|

Qt,t+‘ril _ v (nll . Dt(k’)market)
EE (g, ey M40 |z, 007) g (v (nl : Dt(k,)market) [7,010007)
1

The following term, consequently, can be interpreted as adjustment for the risk that deals with
cL(Ac)p — (A¢) €Y ;
Zt(k,_l) c (St(k’—l)’t(k’)_l'Dt(k’—l) :Dt(k,)—l—l ) and does not depend on factors and re
siduals fet(

k") :
lI (GYAF

E <qt,t+ril z cl,(Ac), p) market z cL(Ap)p
' t(k’ 1 (k-1)

n =
E(qtt+rll|z (e p) <U ( D( )market) Ztil'(AC)’p>




356

Step 3: Factor out the adjustment for risk stemming from

cL,(Ao)p = (A¢) (€Y
t(k’—l) ¢ (St(k’—l)’t(k’)_l’ Dt(k’—l) 4 Dt(kl)—l )

from the first element of the sum

E (qt,t(kl) i1,(8¢) | z til,(Ac),P)

1 ket
U'(=-D, , marke | \
/ / (n, () ) z, B

-4 El E | nl Dt(k,)market) |Zti1,(AC),p el (M) p | Zt” (A |

Ftar
\ \ ‘D t(k’)() a / /
(E (U’ (nll Dt(k,)market) |Zt(k:_1) cI,(AC),p)
| -D

market) | Ztu,cAc),p)

—E t(k’) Ztil’(AC)’p | \

( ) Zt il,(Ac),p
E Dt ’ cl,(A ),p) /
O J

i1,(Ac) | Ztu,(Aa,p)

=F
Qt,t(k:)

( E (U’ (nll . Dt(k,)market) |Zt(k/_1)

’ 1 market il,(Ao),p
E(U (n, Dt(k’) )th ¢ )
7} Dt(k,)market) Ztil’(AC)’p

d 7, L8P

( = market cL(Ap),p t
k nI t(k’) )|Zt(k’—1) ¢ ) ) Zt(k,_l)cl,(Ac).p)

cL(Ac),p)

W)
)
L")

/E (U’ (nll Dt(k,)market) |Zt(kr_1) cI,(AC),p) \

g | E (U, (l ) market) |Zti1,(Ac).P) Ztil'(AC)'p | \

ny )
Ztll,(Ac),P
cl,(Ac).p

= W
" E Dt '
k ( (k ) IZt(kl_l)
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Step 4: Introduce the risk-neutralized probability (density) of

cL(Ac)p = (ac) €Y
t(k,—l) ¢ (St(kl_l),t(kl)—l’ Dt(k,—l) ) Dt(kl)—l—l )

Define the risk-neutralized probability (density) of

cl,(A)p — (S (Ac)

€Y
t(k,—l) t(k’—l)'t(k,)_l,Dt(k,—l) ’Dt(kl)—l—l )

by

@il (8c) ( z, LoD | Ztiz,mc),p)

tk'-1)

= il (8c) (Z c1,<Ac),p| 2 iL(Ac),p)
t(k,—l) t

cl,(Ag)p

n; Tt k! -1) ¢ )

0 G ™ )

E (U' (l -D market) |Z

By the same argument as in the case of expectation risk, the result from the previous Step 3 can

be expressed through expectations with respect to gor"'”. This yields

iL,(Ac) |, iL(AC).D
E(qt,t(k/) ez e )
(1
U (_'Dt ) market)
nl (k ) VA il,(Ac),p
n,(Ac) ’ l market 1,(Ac), t i,(Ac),p
E “|E E(U (m Dt(k’) )|Zt(k’—1)c ( C)p)' t(kr_l)d'(AC)'p e
5 O
-D

l 20!
_ (A 5 O e, |, iL).p

ET (E (Dt(k’) Zt(k'—l) ¢ )|Zt ¢ )
— iL(Ac) |, iL(Ac)p

E(Qt,t(k,) ¢ |Zt ¢ )

( (1

U (n_'Dt ) market)
1 (x") .
I Ztll.(Ac),P
(=, market 1,(Ap),
E E(U (nl Dt(k’) )|Zt(kl_1)c ( C)p) v Z¢, CI!(AC)vp
- Erlc) B W) (k'-1) Zt”’(AC)’p \
b
E (D w| ztEP )
- ot CI:(A )lp
(k") i Zt(k’—l) ¢ J

Step 5: Re-express the inner expectation from the result of the previous step through Acomb-risk,(v)

(1, market
v <nz P )
Since the adjustment for risk T arket

has an expectation of one condi-

C"(Ac)'l’)

k' -1)

tional on z, /(80P 7, cL(Ac)P | the following equations hold and yield the desired result:

(k'-1)
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1
U'(=-p market iL,(Ac),p
E (nl t(k') ) . Acomb.risk,(v) Ze C(I:(A v
1 , (Ac),
E (U' (n_l . Dt(k,)market) |Zt(kr_1) cI.(Ac).p) Zt(k’—1)
/ l market
( u (n, b " )
(L market L (Ap)p 7, L&)
- E| : (U (nl L) )|Zt(k’—1) ‘ ) z t cL(Ag)p |
) ) Ztil'(AC)'p NGED
\ Peur _E<D % ,zt(k,_l)”'(AC)"’» /
U’ (l . Dt . market)
M ) 7, L8P 7, L8P
=FE | E (U' (l -D market) |Z cI,(AC).p) t —FE 5 ™
n; t(kl) t(k’—l) Z CI,(Ac),p t(kl) Ze, cl (AC).p
\ W (k-1) (K'-1)
- D,
(k")

Hence the result from Step 4 can likewise be written as

E (Qt,t(k,)“’(AC) . Acomb.risk,(v) Ztil,(AC),p)

—F (Qt,t(k,) i1,(Ac) | Ztu,(Ac),p) :

U’ (1 . Dt , market) 5 (AP
Ern,(AC) E T ny (k") _Acomb.risk,(v) t LA p Zt”’(AC)’p
(L. market cl,(Ao),p 2t _ ’ '
E (U (37 Degy™ ™) 2ty 407 ('-1)
as was to be shown.
A3.6 Appendix to Section 4.2.3.1.2: Independence of E(1;,1 |1, Dy, Dyyq)

of Signal Quality

A3.6.1 Formulation of the Problem

The proof that risk premia are independent of signal quality boils down to showing that the vector

A 3-43
E(mes11me, Dey Diyr)

with
Tey1 = (e, Dy, Dey1, SiGesr)
is independent of signal quality. In this context independence means that the expected value does

not depend on the form of the signal function Sig(.).
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A3.6.2 Results

The conditional expectation E(nt+1’sr|nt, Dy, Dt+1) is the vector of conditional regime probabili-

ties from the case without any signals (i.e., all information comes from cash flows)

A3-44
E(esq|me, Dey Dgq) = iy sigs (¢, Dey Ditr)

where Il,,, s (. ) is the function that yields the recursion between conditional regime probabilities at
times t and t + 1 in the case without signals ((A 1-2) in combination with (A 1-5)).
Since the right-hand side of (A 3-44) does not depend on the function Sig(.), (A 3-44) shows the

independence of the conditional expectation of the function Sig(.).

A3.6.3 Proof

A3.6.3.1 Idea of the Proof

Intuitively, taking the conditional expectation E (1;, 1|7, D¢, D;41) averages out the effect of sig-
nals Sig;,4 on ¢, 4, leaving only cash flows D, as a new source of information. This suggests that
the conditional expectation E (7,1 |7¢, D¢, Detq1) simply is the vector of regime probabilities condi-
tional on information at time t, m;, D¢, and new information coming from cash flows, D;, 4. This can
be proven by expressing probabilities as conditional expectations of indicator functions and the using

the tower property of conditional expectations.
A3.6.3.2 Details of the Proof

Let the symbol I1s(m;, D¢, Diy1, Sige+1) denote the conditional regime probability of regime s at

time t + 1. In this notation, the problem is to evaluate

A 3-45
E(Ms(¢, D¢, Dit1, Siges1)|me, Dy, Diyr)

s=1,..,K
with
D¢y = DDy, St fers1)
Sige+1 = Sig(Se, Sev1, fers1,Mev1)
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Step 1: Use an indicator function to rewrite 15 (7s, D¢, D41, Sige+1) as a conditional expectation:
Note that the probability of some event A can be expressed as an expectation of an indicator

function:
A 3-46
P(A) =E(1,)
Applied to the problem at hand, it follows

A 3-47
Ig(me, De, D1, Siges1) = P(See1 = S|l Dey1, Siges1) = E(lst+1:s|[t: Dt+1:Sigt+1)

where [, is information available to investors at time t. Conditional regime probabilities at time t, m,

are computed from this information.

Step 2: Plug (A 3-47) into (A 3-45) and then use the tower property of conditional expectations

E(Ms(ws, De, Dey1, Siger1) e Deyr) = E(E(lstﬂzsl[t;Dt+1;5igt+1)|[t: Dt+1) = E(lst+1:s|[t: Dt+1)

Step 3: Make use of the representation of probabilities as expectations of indicator functions for a

second time

E(lStH:s'It: Dt+1) = P(St+1 = slIt, Deyq)
Step 4: Combine the previous steps
E(Ms(me, Dg, Deyq, Siger)Ime, Do, Detr) = P(Ser1 = Sllg, Deyr)
Since s is an arbitrary regime and the probabilities P(St;1 = s|lI;, Dt4+1) can be recursively ob-

P(St = 1|1t)
tained from m; = by the recursion for the case without signals ((A 1-2) in combina-

P(S; = K]|I)
tion with (A 1-5)), (A 3-44) holds.
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A3.7 Appendix to Section 4.3.3.1.2.1: the Price Dividend Ratio for Cash Flow
Models without Lags in Growth Rates under Constant Relative Risk

Aversion

A3.7.1 Formulation of the Problem

The problem is to show:
First, that complete information equilibrium asset prices for cash flow models without lags in

growth rates under constant relative risk aversion exhibit the structure

A3-48
py P;¢(S¢, Dy, ) Do >0
Pi’tCI(St, Di,t' 6t) = Di’t ' (5) (StJ 6t) = Di,t ’ Di,t bt
bt 0 D=0
with
s = N Die _ NDj
]'t -

n n . - market
v=1Nv Dv,t Dz:

j=1,..,n
cl
where the price dividend ratio (%), (St 8¢) is independent of D; , if D; . > 0 and otherwise zero.
it

Second, that the quasi static pricing equation (4-150) is true:
4-150
P, (St Dy, 6¢)

cl

P
=Dy E (qt,t+1d(fet+115t: 8¢) - [1+di(Se fersa)] {(B)t . (St+1,6¢41) + 1}
Lt+

St, 6t>

i=1,...,n
A3.7.2 Proof
A3.7.2.1 Idea of the Proof

The proof is by induction over the remaining time horizon T — t, starting from the final point of

timet=T.
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A3.7.2.2 Details of the Proof

Base Case: T —t =0

The price dividend ratio at time T is trivially independent of D; ; because it is always zero:

P;+(St,Di 1,6 0
P cl B L,T( T» 2i,T T) DiT >0 Di,T >0
5 ‘ = Di,T ’ = Di,T =0
LT 0 Di,T = 0 0 Di,T = O

Inductive step

Inductively assume that the price dividend ratio at time t + 1 is a function of Sy, ;41 only, and

. P cl P cl
therefore independent of D; 1 1: (B)i el (E)i ot (St+1,Di‘t+1)

Step 1: Use the general formula on quasi-static asset prices under complete information

Quasi-static asset prices under complete information for general cash flows read
4-41
Pi,tCI (Str Dy, 5t) = E(qt,t+1d(fet+1r5tr D) {Pt+1d (Ses1, Degr) + Dt+1}|st'Dt)
with

4-43

1
1 U <n_1 ’ Dt+1market (Dt+1)>

1+p 1
U <n_1 . Dtmarket(Dt)>

qt,t+1d (fet+1, S D) =

Step2: Observe that the stochastic discount factor is a function of &, S¢, fe;+1 (but not D;)

The stochastic discount factor for cash flow models without lags in growth rates under constant

relative risk aversion reads:

1 -y
Qt,t+1C1 (fers1,Se: D) = m {dt+1market(5t.St.fet+1)}

with

D market(D ) n
dt+1market(5t; St fery1) = = = Z 5v,t “dy (Se, ferr1)
Ve

Dtmarket (Dt) -1

Step 3: Make use of the inductive assumption and the special cash flow model

If D; > 0 (otherwise the price dividend ratio is defined to be zero and (A 3-48) is correct), we

have by the inductive hypothesis

Pi,t+1CI(St+1JDt+1) + Dit41 _ Dt _ {(
D; ¢ D¢

P cl
B).t . (Sts1,0¢41) + 1}
1,t+
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Moreover, by definition of the cash flow model we have D[")'—ZJ;I =14+d;(S; fers1), e,

A 3-49

P 1'(Sps1, Dery) + D; P ct
it+1 ( t+1 t+1) it+1 — [1 + di(Stvfet+1)] . {<_) (5t+1’5t+1) + 1}
Di it+1

D

Step 4: Plug the result from the previous step (A 3-49) into the formula for quasi-static asset

prices

If D; + > 0, quasi-static asset prices can be tautologically rewritten as

Pi,td(st' D, 5t) _ Pry1(Ses1, Derr) + Dt+1}

1 -y
E <_ {dt+1market(6t;St:fet+1)} . {

St Dt>

Di,t 1 + p Di,t
1 -y
m ) {dt+1market(5t»St'fet+1)}
=F p cl St D¢
[1+di(Se, fersn)] {(5) (St+1,6¢41) + 1}
,t+1

Step 5: Simplify the conditioning information to obtain the final result
The right-hand side of this previous equation will be the same for all realization of D; with the
same relative dividend contributions:

1 -y
/ m {dt+1market(5t:St:fet+1)} \
Se, 8¢ |

P cl
\' [1+di(Se feesr)] {(5)““ (St41,0p41) + 1}

This inductively proves that the price dividend ratio at time is a function of S; and §; (A 3-48) and
also establishes (4-150).
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A3.8 Appendix to Section 4.4.3: Convexity and Conditions of Convergence

of the Price Dividend Ratio Function

A3.8.1 Formulation of the Problem

The problem is to analyze convergence/divergence of price dividend ratios as the remaining time
horizon T — t goes to infinity for model without lags in growth rates, constant relative risk aversion
(CRRA) and complete information:

Digy1 = Dip - [1 4 di(Se, fersa)]
i=1,..,n
with
di(St, feer1) > —1
Dio>0
i=1,..,n

The price dividend ratio of asset i reads (see (4-158)):

cl

P
(_) (Se, 0T — )
it

D
1 n -y
_ ZT_tE A+ ) ' {Zv=1 Sy [1+ a,*® (St,t+r—1:f€t+1,t+r)]} 5,6,
= ) [1 + di+T(St,t+r—1:fet+1,t+'r)]
with
y>0,p0p>0

with dividend growth rates

T
dv+(r) (St+1,t+‘r—1'fet+1,t+1+‘t') = 1_[(—1[1 +d, (St+€—1'fet+1+<')] -1

with relative dividend contributions (4-149)
Nj-Djr —_ Nj-Dj

no N . - market
v=1Nv DV,t Dt

8¢

j=1,..,n
Analyzing the convergence/divergence behavior leads to two problems:
The first problem is to show that the price dividend ratio is convex in relative dividend contribu-
tions for all regimes which implies that price dividend ratios are bounded by a convex combination of

price dividend ratios in limit cases where all dividends are paid by one single asset:

P cl n P cl
(B)it (s,&T—t)Szj:l(Sj-(B)it (s,ej;T—t)

where e; represents the j-th unit vector of dimension n (i.e., all dividends paid by asset j).



365

The second problem is a consequence of the first problem. Convexity in relative dividend contri-
butions means that the analysis of convergence/divergence of price dividend ratios as the time hori-
zon T — t goes to infinity can be narrowed down to the limit cases where all dividends are paid by a
single asset. For that reason, a characterization of the limiting price dividend ratios is needed that al-
lows to examine whether these price dividend ratios diverge or converge as the remaining time hori-

zon T — t goes to infinity:

P cl
(5) (Se=s,e;T—1t)j=1s=1,...K
it
i=1,...,n
j=1,..,n

A3.8.2 Proof of the Convexity of the Price Dividend Ratio in Relative Dividend

Contributions (First Problem)

A3.8.2.1 Idea of the Proof

Convexity of complete information price dividend ratios in relative dividend contributions is a di-

rect consequence of the convexity of the stochastic discount factor.
A3.8.2.2 Details of the Proof

Step 1: convexity of the stochastic discount factor
Consider the function
fO)=x77
x>0
y>0

Note that the stochastic discount factor can be written as

1 n
(1+p)° f (Z . Sye - [1 + dv+(T) (St,t+‘r—1'fet+1,t+‘r)])
V=

Derivatives of f are
f1G) ==y xr
frey=y-r+1-x772
Since y is restricted to be positive, the second derivative of f is likewise positive, and thus f is

convex. As a consequence, the following inequality for the stochastic discount factor holds:
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1 n +(@) 4
(1+p)° ' {§ . Oyt [1 +d, (St.t+‘r—1'fet+1,t+‘r)]}
V=

1 n —y
s (1+p)° ' 2 L O {1 + dv+(T) (St,t+‘r—1'fet+1,t+‘r)}
v=

Step 2: convexity of complete information price dividend ratios
Multiplying  both  sides of the previous inequality by the positive factor

[1 + di”(st’tﬂ_l,fet+1_t+1)] and taking expectations yields

1 n

E|l(1+p) ’ {z L Syt [1 + dv+(T) (St,t+r—1ert+1,t+r)]
v=

) [1 + di+T(St,t+T—1Jfet+1,t+r)]

<

-¥
} St’ 6t

1 —
> Sk iy 148 O fernndl}
v,t

v=1 . [1 + di+T(St,t+1—1r fet+1,t+T)]

Summing over all time indices 7 finally establishes the convexity of complete information price divi-

St, 6t

dend ratios:

cl n cl

), eor-023 (), Ger-9
— S,; — S PR [e— S’e.; —
D/ j=1 7 \D/y; J

A3.8.3 Characterization of the Limiting Price Dividend Ratios (Second Problem)

A3.8.3.1 Results

The limit case price dividend functions can be expressed as

Py T-t 1 1
_ ST —t) = z - M _T—l}._.h, A+
(D>i,t (¢ ) { =1 (1+p) 1t Y 1+p ¥

where M; ; is defined by

A 3-50

A3-51
hi,j+1(1)'P11 hi,j+1(1)'p11(

Ml,] s e “es
hi,j+1(K) "Pk1 - hi,j+1(K) " Pkk
with

h, *1(s) = E ({1 + dj(st'fetﬂ)}_y S — s)
g 1+ d; (S fees DI |
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If it is further assumed that the matrix M; ; admits an Eigenvalue decomposition

A3-52
e . . -1
M;j=V;-Di;V;

A
Di,j = /1
K

where D; j is a K X K diagonal matrix with the Eigenvalues of M; ; on the diagonal and V; ; is an in-
vertible K X K-matrix,

then the price dividend ratio will converge if the absolute values of the product of the Eigenvalues of
. 1 .
M; ; with — are strictly less than one:
’ 1+p

A3-53

1
A —|<1,s=1,..K
S 1+p s

A3.8.3.2 Proof

A3.8.3.2.1 Idea of the Proof

| first show that the vector of degenerate price dividend ratios in regimes s = 1, ..., K can be ex-
pressed as a sum of products of a certain matrix, i.e., possess a simple mathematical structure. In a
second step, an Eigenvalue composition of this matrix is used (provided it exists). This decomposition
has the advantage that price dividend ratios can be expressed through a geometric series. But the

convergence or divergence of a geometric series is easy to decide.

A3.8.3.2.2 Details of the Proof

A3.8.3.2.2.1 Complete Information Price Dividend Ratios Expressed through Pow-

ers of Matrices

In the limit case where all dividends are paid by asset j, the price dividend ratio of asset i reads:

-
() o=y g (4 e o)) T
e =1 (1 + p) ' [1 + di+T(St,t+T—1'fet+1,t+‘r)]

For brevity, define
4
St = S)

A3-54
ht5(s) = E ({1 + dj+(T) (St,t+r—1;fet+1,t+r)}
iv =
1+ di+1(5t,t+‘r—1'fet+1,t+‘r)]
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In this notation, the price dividend ratio of asset i reads

A 3-55

(g)i, (.67 = 1) = 21 1(1+p)T i)

The fact that regimes are a Markov Chain admits a recursion between the terms hi_V”(s),s =

1,..,K:

-y
Step 1: Write the T-period quantities {1 + d]-+(T) (St,tﬂ_l,fetﬂ,tﬂ)} and

1+ di+T(St,t+T—1lfet+1,t+T) as products of a single period term and a (7 — 1)-period term

A 3-56
{1 + dj+(r) (St,t+‘r—1rfet+1,t+‘r)} !

—y ~ _
= (1 + dj(st:fet+1)) : {1 + dj+(T 1)(St+1,t+r—1:fet+2,t+r)} !
A3-57
1+ di+T(St,t+‘r—1'fet+1,t+T) = (1 + di(st'fet+1)) : {1 + di+(1_1)(St+1,t+‘r—1rfet+2,t+‘r)}

Step 2 a: Plug the right-hand sides of (A 3-56) and (A 3-57) into (A 3-54)
hi i 77 (s)
-¥
(1 + dj(St'fet+1)) (1 +di(Se, feern))

=F _
. {{1 + dj+(T_1) (St+1,t+'r—1:fet+2,t+r)} v {1 + di+(T_1)(St+1,t+T—1:fet+2,t+'r)}}

St=S

Step 2 b: Use the tower property of conditional expectations

(1 + dj(St:fet+1))_y : (1 + di(st:fet+1))

=k 3 E({{l+dﬁ“-”(sm,m_l,fem,m)}‘y}
Ps,s’

s'= {1+ ;T (Stsrtrr-1,fereaeec)}

Sty1 =55 = 5)

Step 2 c: Use the fact that regimes are a Markov chain

(1 + dj(St:fet+1))_y : (1 + di(st:fet+1))

B 5 E({{l+dﬁ“-”(sm,m_l,fem,m)}‘y}
Ps,s’

) St =S
~ Sty1 =5
=1 . {1 + di+(T 2 (St+1,t+‘r—1'fet+2.t+‘f)}

S

Step 2 d: Observe that the inner conditional expectations coincide with hU+(T D

(1 + dj(St'fet+1))_ (14 di(Se, fers))
=F K Si=s

Do Prsthi )
S =
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Step 2 e: Finally note that - 35 _, ps_srhi‘jJr(T_l) (s') is certain conditionalon S; = s

K
= hiy ) Pt T
S'=

In short, we have the following recursion:

A 3-58
K
hi’j+‘[(s) — hi,j+1(s) . Z , 1p5,s’ . hi,j+(T_1) (S’)
s'=

Step 3: Rewrite the recursion in matrix form

Defining the vector

hy ;0 1)

+() =

h

i‘j e
hy ;" (K)

the recursion can be written in matrix form:

h +() — Mi,j . hi,j+(1_1)

ij
with
hi,j+1(1) P11 - hi,j+1(1) "Pik
hi,j+1(K) "Pk1 - hi,j+1(K) " Pkk

By iteration, hi’j+(1) can be expressed as a function of hi_j+(1):

A3-59
+(1) _ -1, +1
hiy ™ =M, hi,

where Ml-,jf_l is the T — 1-th power of the matrix M; ; and where Ml-,jo is the K X K-unity matrix.

Step 4: Plug (A 3-59) into the price dividend function (A 3-55)

cl , Cl(l'ej;T_ )
A

\(3), ®eir-0)

Defining

it is obtained (A 3-50)

P cl T—t 1 1
_ ST —t) = z - M _T—l}._.h, A+
(D>i,t (¢ ) { =1 (1+pyt 1+p ¥
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A3.8.3.2.2.2 Characterization of Convergence Through Eigenvalues

If the matrix M; ; admits an Eigenvalue decomposition, convergence and divergence of the price

cl
dividend ratio (g) (ej; T — t) as T —t goes to infinity are readily characterized. Assume such a
it
decomposition is possible (A 3-52):

Mi,j - Vi,j . Di,j . Vi,j_l

A
Di,j = /1
K

where D; j is a K X K diagonal matrix with the Eigenvalues of M; ; on the diagonal and V;; is an in-
vertible K X K-matrix.

This decomposition is useful because of the well-known fact that the (t — 1)-th power of M;

then reads
Al(f—l)
-1 -1 -1 -1
Mi,j(T ) = Vi) 'Di,j(T ). Vi =V Vi)
AK(T_D
This, in turn, allows expressing the price dividend ratio function through the K geometric series
. 1 1 .

with terms EAL ...,EAK, respectively:

P cl
5), @79
-1

b5}
r—e| Ut 14p

-\ ey

Ag $| <1,s =1,..K, (condition (A 3-53)) then the price dividend ratios will certainly con-

=V,

3

1
-1, . +(1)
Vis {1 ¥p }

If

verge in each regime and can be computed as
1

1
cl |1_Al.1+p
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A4 Appendix to Chapter 5

A4.1 Appendix to Section 5.3.1: Choice of the Arguments of the Risk Premi-

um Function

The problem is to characterize the behavior of expected future regime probabilities, E; (s4,) as T
goes to infinity. To that end, these expectations must be computed, and multi-period transition
probabilities P(S;+; = s'|S; = s) and their limiting behavior (as T goes to infinity) are needed as an
intermediate step. Recall that incomplete information risk premia in Chapter 5 are typically evaluat-

ed at limiting probabilities.
A4.1.1 Multi-Period Transition Probabilities

A4.1.1.1 Formulation of the Problem

The probability of a transition from regime s at time t to s’ at time t + 1 is a model input (see
Section 2.3.4) and denoted by p,,/. However, not only transition probabilities for a single period but
also multi-period transition probabilities,

P(St4r =5'ISt = 5)
are needed for the computation of E; (7, ,). These multi-period probabilities are not model inputs

and must be derived.
A4.1.1.2 Results

If the K X K matrix (TP) denotes the one-period transition probabilities with entries p¢r in row s
and column s’, then it is well-known (see, e.g., Norris (2009), p. 4) that the T -period transition prob-
ability P(S;4; = s'|S; = s) is the entry in row s and column s’ of the 7-th matrix power of (TP),

(TP)".
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A4.1.1.3 Proof

For T = 1 the assertion is correct by the definition of (TP). Inductively assume that the assertion

is true for T — 1. The following recursion between t-period and T — 1-period transition probabilities

holds:

K
P(Seyr =5'ISp =5) = Z . 1P(St+‘l.' =5, St4r-1=5"|St = 5)
sl'=

K
- Z P(St4r =5"IStir-1 =5",5t =5)  P(Styr-1 = 8"|St = 5)

s'’'=1

K
= Z , P(St4r = 5"IStsr—1 =5") " P(St4r—1 = 5"|S¢ = 5)

s''=1
K
- 2 Ds''s' * P(Sp4e—1 = 5"ISe = 5)
SII:1
By inductive assumption, P(S;y;—1 =S"|S; =s),s" =1,...,K are the entries in row s of

(TP)*™ L. pgrg,s” =1,...,K are the entries in column s’ of (TP). Hence P(S;4; = s'|S; = s) is the
element in row s and column s’ of the matrix product (TP)*"1(TP) = (TP)? and the assertion is

true for .
A4.1.2 Expectations of Future Conditional Regime Probabilities
A4.1.2.1 Formulation of the Problem

What are expected conditional regime probabilities in some future point of time t + t conditional

on the information available at time t, i.e., how can E (7, .|7;) be computed?
A4.1.2.2 Results

The expectation of future conditional regime probabilities is

K
E(mgreyrlme) = 2 1P(St+‘r =5'|S; =5) mg,
s=

where the T-period transition probabilities are found in the matrix (TP)".
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A4.1.2.3 Proof

The proof follows from the tower property of conditional expectations:

E(ﬂs’t+1|nt) = E(P(5t+r = S,|It+'r)|[t) = E(E(lst+.,:s’|lt+r)|lt) = E(lst+.[:s’|lt)

K
= P(Star =) = ) P(Star =515 =) oy
S=
where 1g _. is the indicator function for the event {S¢+z = s'}and I; and I, denote (incomplete)

information at timest and t + .

A4.1.3 Steady-State (or Limiting) Regime Probabilities52

A4.1.3.1 Formulation of the Problem

The problem is to characterize the behavior of T-period transition probabilities of a finite Markov

chain as T goes to infinity.
A4.1.3.2 Results

Under certain conditions, these probabilities converge to limiting probabilities as T goes to infini-
ty,
Ty = limy P (Seyr = 5'ISe = 5)
s’ se{1, ...,K}
and these limiting probabilities do not depend on the state at time t, S; = s.
In the context of a finite Markov chain (which is relevant here), there exist unique limiting proba-
bilities if the Markov chain is aperiodic and irreducible. In this case, the limiting probabilities are inva-

riant probabilities.

52 yarious terms are in use for these probabilities; Norris (2009), p. 40, uses the term “convergence to equilib-
rium” for the limiting behavior of probabilities of a Markov chain.
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A4.1.3.3 Concepts: Invariance of Regime Probabilities; Aperiodicity and Irreduci-

bility of a Markov Chain

A4.1.3.3.1 Invariant Regime Probabilities

Limit probabilities are closely related to so-called invariant probabilities (also called stationary
probabilities, see, e.g., Norris (2009), p. 33). To motivate the latter, consider regime probabilities m;.
What are the regime probabilities for time t + 1 if the current probabilities are m,? This question is

answered by the following identities:

K K

PGur=s1)=) PGS =s,S=sll)= )  P(Sus =515 =51 P(S; = slI)
S= S=
K

K
= P(Sty1=5"ISe =5) w5 = § 1pss’ ‘Tt
S=

s=1

Since pgyr, s = 1, ..., K describe the entries in column s’ of the transition probability matrix (TP),
YK DS * s ¢ Simply is the product of the row vector m,T with column s’ of (TP). In matrix notati-
on, one therefore has:

(P(Sex1=5"lI) . P(Sty1 =5s"llp) =m, (TP)

Current regime probabilities m; are invariant if the regime probabilities P(S;y; = s'|I;),s' =
1, ..., K coincide with ;. Formally, regime probabilities 7 are called invariant if they satisfy the condi-
tion

#T = #T(TP)

Note that if T-step transition probabilities P(S¢;, = s'|I;) are considered and current probabili-

ties m;are invariant, one has
(P(St+-r = 1lp), ..., P(St4r = Kllt)) = 7TtT -(TP)* = ”tT
If regime probabilities are invariant, the probability that the regime will be s’ in some future point

of time is equal to the probability that the current regime is s'.
A4.1.3.3.2 Aperiodicity of a Markov Chain

To understand the relevance of “aperiodicity”, first consider its opposite, a periodic regime chain,
and observe why limiting probabilities cannot exist for such regime chains: The most common such

example (e.g., Norris (2009), p. 40) is a two-state Markov chain with transition probabilities

_(0 1
(TP) = (1 o)
Thus if the current regime is S; = 1, then the state in the next period will be S; = 2 with certain-

ty, and the regime in two periods will again be S;,, = 1. If the current regime is S; = 1 and the de-
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generate regime probabilities 7,7 = (1,0) are considered (i.e., the regime is known), it is clear that
the limitTyr = lim;P(Sp4r = s'|S; = s) does not exist.

A state s of a Markov chain is called aperiodic if there exists a 7y such that P(S;,; = s|S; = s) >
0 for T > 7, (see Norris (2009), p. 40). This condition means that, except for a finite number 7, of pe-
riods, it is impossible to know with certainty that the current regime will not be the future regime at
some predefined (i.e., non-stochastic) future point of time t 4+ 7. In the two-state example with al-
ternating regimes, neither of the two regimes is aperiodic because the regime will always be regime
2 for odd time leads T and regime 1 for even time leads 7.

The entire Markov chain (as opposed to individual regimes) is called aperiodic if all regimes are

aperiodic.

A4.1.3.3.3 Irreducibility of a Markov Chain

To define the concept of “irreducibility”, an equivalence relation on the set of all regimes must be
defined first. The set of regimes s = 1, ..., K can be divided into equivalence classes by the following
equivalence relation: two regimes s and s’ are equivalent if the probability of reaching regime s’
from regime s is positive, and if the probability of reaching regime s from regime s’ is also positive. If
there is only one equivalence class, i.e., if it is always possible that the regime switches from any cur-
rent state s into any state s’ at some future point of time, the regime chain is called “irreducible”

(see Norris (2009), p. 11). An example of the opposite case, a “reducible” regime chain, would be

0.7 0.3 0 0

0.3 0.7 0 0
0 0 0.8 0.2

0 0 0.2 0.8

where it is not possible to observe regimes 3 or 4 at some future point of time if the current regime is

1 or 2, and vice versa.

A4.1.3.4 Proof

If the Markov chain is finite, aperiodic, and irreducible, then there exist unique invariant probabili-
ties (see Haggstrom (2002), p. 37, Theorem 5.3).

If a Markov chain is aperiodic, irreducible, and if invariant probabilities exist, then the multi-
period transition probabilities P(S;., = s'|S; = s),s’ =1, ..., K, converge to these invariant proba-
bilities (see Norris (2009), p. 41, Theorem 1.8.3). Since only the case of a finite Markov chain is rele-

vant to my model, aperiodicity and irreducibility are sufficient conditions.
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A4.1.4 Application of Conditions for Convergence to Limiting Probabilities to the

Regime Chains in Chapter 5

Aperiodicity

All examples considered in the numerical analysis (Chapter 5) are aperiodic. To see this, consider
separately the three cases pprgw = 0,and 0 < pPprqw < 1, and ppragw = 1:

If ppraw = 0, the regime remains the same in every period, i.e., P(S;.; = s|S; =s) =1forall t
and all regimes s.

If 0 < ppraw <1 and if s is an arbitrary regime at time t, there always is a positive probability
that regime s also is the regime at time t +7: P(Siz: =5ISe =5) > (1 —Ppraw)* > 0: (1 —
Ppraw)’ is the positive probability for the event that no new regime is drawn over the next T periods,
(note that P(S;4; = s|S; = s) is the sum of the probabilities that no new regime is drawn, i.e.,
(1 — ppraw)®, and the probability that a new regime s’ # s is drawn at some point of time between
t and t + 7 but that the regime at time t + 7 again is s).

If ppraw = 1, a regime is drawn in every period. In my specification, conditional transition proba-
bilities are positive for all regimes. If ctpg is the (positive) conditional transition probability for regime
s, then regime s is drawn in every period until time t 4+ 7 with positive (although possibly very small)

probability ctpg®. This implies P(S;y; = s|S; = s) = ctps™ > 0.

Irreducibility

There are two cases:

If ppraw = 0, the regime chain is not irreducible (with the exception of the trivial case with only
one single regime): since there are no regime switches, each regime forms its own equivalence class,
and the regime chain is not irreducible (recall that irreducibility, by definition, means that there is on-
ly one equivalence class).

If Ppraw > 0, the regime is irreducible: if s and s’ are any two regimes, there is a positive proba-
bility of reaching s’ from regime s (and vice versa) because a drawing of regimes occurs with positive

probability and conditional transition probabilities are positive for all regimes.

Conclusion Regarding Convergence to Limiting Probabilities

For the case pprqw > 0, unique limiting probabilities exist for the models considered in Chapter 5.
For the case pprqw = 0 (where the theorems of Appendix A4.1.3.4 are not applicable because the
condition of irreducibility is not met), limiting probabilities also do exist because t-period transition

probabilities obviously are

' 1 s=5s'
PGSur=s1S=s)={; 52%,
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implying that the limiting probabilities are

1 s=s'

lim; P (St4r =5'|Se =5) = {0 s#s'

Note, however, that these probabilities depend on the current regime s and, hence, are not unique.

A4.2 Appendix to Section 5.4: Numerical Aspects

A4.2.1 Appendix to Section 5.4.3.2: Iterative Computation of Equilibrium Price

Dividend Ratios

A4.2.1.1 Computation of Price Dividend Ratios for a Finite Remaining Time Hori-

zon

A4.2.1.1.1 Formulation of the Problem

The problem is to show that complete information price dividend ratios for a remaining time hori-

zon of n periods,
A4-1
m) n I(fe g < s
(s,61) = Z E <Qt,t+r (f E+1L,E+T Ot+1,t4T—15 O 1,t)
7=1

5)
(D i 1+ T (Seerr1s ferrrerr)]

can be recursively computed by the following algorithm:

St =S, 61,t = 81)

Starting from
0

P
(5>L (S, 61) =0
recursively define
py (1) Qt,t+1CI (fet+1'5t' 51,t) [1+di(St fersr)]
(_) (S, 51) = E K P (n) , St =S, 61,t = 61
D i . {2 ) lpStS’ . (5) (S ,6(61't,5t,fet+1)) + 1}
Ss'= l

with

1 _
Qe (fet+1'5t' 51,t) = m ' {51,t : (1 +d, (Stvfet+1)) + (1 - 51,t) ' (1 +d, (St'fet+1))} ’
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A4.2.1.1.2 Proof

A4.2.1.1.2.1 Idea of the Proof
The identity (A 4-1) is shown by induction over n.
A4.2.1.1.2.2 Details of the Proof

Basecase:n =0

P\ (© . _
), (s, 67) is zero by definition.

Forn =0, (E ;

Qt,t+rC1 (fet+1,t+'r: St+1,t+1-1 St 51,t)
: [1 + di+T(St,t+r—1:fet+1,t+'r)]

thus zero, (A 4-1) is true forn = 0.

Since Y2_, E <

St =501 = 61> is an “empty sum” and

Inductive step
Inductively assume that (A 4-1) is true for n. The following steps show that (A 4-1) then also holds

forn + 1:
(n+1)
Step 1: Definition of (g)
L
(n+1) qt,t+1d (fet+1:5t, 51,t) (1 +d;(S;, fersr)]

(D]

5)
(_ (s,8,) =E K P , Se=5,81 =61
v '{Z i (p), (5 80u0Su o) + 1}

= l

S!

A4-2
qt,t+1d(fet+1JSt: 51,t) [1+di(St, fersq)]

=E K Py ™ St =508.,=06
'{Zsrzlpsts’ ) (5)1 (SIJ6(51,tJSt:fet+1))} ‘ e '

+ E(Qt,t+1d(fet+1JSt: 51,t) [1+ di(Stert+1)]|St =S, 51,t = 51)

Consider only the first term in (A 4-2) in the next few steps,

A4-3

Qt,t+1d(fet+1!5t: 51,t) “[1+d;(Se, fers)]
)

E K )2 S¢=561=6
{z ,=1p5ts’ ) (5)1 (SIJ6(51,tJStert+1))} ‘ e '

S
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A1 (fet+1r5t' 51,t) [1+d;i(Se, fersr)]
) St =501t =6,

E K )
. Z ,:1p5t51 . (5)L (51’6(51‘t,5t,fet+1))

S

Qt,t+1d(fet+1'5tr 51,t) “[1+di(Se, fers1)]

=E py ™ St+1, 01,641 S¢e =501t =06,
E <(5)l (St+176(61,tv St'fet+1)) St =581 = 61>

A1 (fet+1:StJ 51,t) “[1+d;(Se, fers1)] S5
=F| E (P n) t+1 Y1,t+1

. 5) (Sf+1’6(51.t’5t'fet+1)) Se=15,01=161
l

St =S, 61,t = 61

Qt,t+1d(fet+1'5tr 51,t) [1+4di(Se, fersr)]
=E (P 0 St = 5,01 =6y

) 5)1 (St+1r6(61,tr5t'fet+1))

i

m
Step 4: Use the inductive hypothesis (i.e., (A 4-1) holds for (g) )

qt,t+1C1 (fet+1:St: 51,t) [1+d;(St, fersq)]
= ] zn E <Qt+1,t+1+rd (fet+2,t+1+'r: St+2,t+1471-15 St+1 51,t+1)
=1

St+1:01 41
= ' [1 + di+T(5t+1,t+1+T—1:fet+2,t+1+r)] ’

) St =5,81: =6,

/ Qe (fet+1r5t' 51,t) [1+di(Se, fersr)] \
St+1:01 641 St=s
,Se =5,01 =63 )01 = 51/

=E | Zn E Qt+1,t+1+rd(fet+2,t+1+'r:St+2,t+1+r—1;St+1:61,t+1)
+
7=1 ' [1 +d; T(St+1,t+1+r—1Jfet+2,t+1+r)] ,dy,d,

\_

the inner expectation, also use Qre41 " Qeera1ecs = Qrerrec and [1+di][1+d,7] =

[1 + di+(r+1)]

St+1,6
_ 5 n £ Qt.t+1+‘td(fet+1,t+1+‘n St41,t+141-15 5t 51,t) S i+1 51'”—1 K} S =s
= ~ 1+ d. Y@ (g S
=1 [1+4; (Ster1er-1 ferrserier)] ydy,dy o

pectation; write expectation of a sum as the sum of expectations

_ Zn E <qt,t+1+'rC1 (fet+1,t+1+'n St+1,t41+7-15 St 51,t)
- +(t+1
=1 ' [1 +d; (T )(St,t+1+r—1:fet+1,t+1+r)]

St =S
r61,t =6;
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_ Znﬂ <Qt,t+rd (fet+1,t+'r: St+1,t+1-1 St 51,t)
: [1 + di+T(St,t+r—1:fet+1,t+'r)]

St =S
r61,t =6;

T=2

P (Tl+1)
G), e

qt,t+1d(fet+1!5t: 51,t) [1+di(St, fersq)]
)

=F K P S, = 5,6 Gt = o)
'{Zslzlpsts’ ) (5)1 (SIJ5(51,tJSt:fet+1))} ‘ e '

+ E(Qt,t+1d(fet+1JSt: 51,t) [1+ di(Stert+1)]|St =S, 51,t = 51)

Z"“E <Qt,t+‘td (fecrrerm Serteae-13S601)| Se=s >
" [1 + di+T(St,t+T—1’ fet+1,t+T)] ! 61't - 61

+ E(qt,t+1d(fet+1:5t: 51,t) 1+ di(St:fet+1)]|St =5,01t = 51)

_ 2”“ <qt,t+‘rd(fet+1,t+‘rr St+1,t41-1 56 51,t) Si=s >
) [1 + di+1(5t,t+‘r—1rfet+1,t+‘r)] )01t =8y

The identity of the first and last term in the previous equations shows that (A 4-1) holds for n + 1.

T=2

=1

A4.2.1.2 Threshold for Approximate Convergence

A4.2.1.2.1 Formulation of the Problem

)
The limit of complete information price dividend ratios (g). (s,8) (i.e., of (A 4-1)) as n goes to
L

infinity can only be determined approximately. Hence, a stop criterion must be defined for the nu-

merical computation.

A4.2.1.2.2 Solution

. . . o ™ .
| iterate the complete information price dividend ratios (E)- (s,67) until a distance between
L

P (Tl+1) P (Tl) . . . . .
(3)- and (3)- falls below a threshold. This distance is defined in two steps because both rela-
L L

tive dividend contributions and regimes must be taken into account:
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Step 1: Given regime s, the distance between iterations n and n + 1 is defined as
5)
DJ/;

(n+1) py (M
s,.)— (5). (s,.) quantifies differences coming from
L

1 (n+1) P (D]

(s,x) — <5)1 (s,x)| dx

dist(n,s) = f

0

i.e., the Li-norm of the function (g)i
relative dividend contributions.
Step 2: The total distance over all regimes is then defined as the maximum of these distances over
all regimes, i.e.,
dist(n) = max{dist(n,s),s =1, ...,K}
L-norm over the L;-norms is taken.

The iterations stops as soon as dist(n) falls below the threshold of 107°.

A4.2.2 Appendix to Section 5.4.3.2: Integration by Gaussian Quadrature

A4.2.2.1 Motivating Example and Formulation of the Problem

To illustrate integration by Gaussian quadrature, consider the evaluation of the following simple
integral (which has an analytical solution) as an example:
E ((1 +d(s, e))l_y)
with
1+d(s, fe) = exp(u(s) + b(s)e)
where e is a univariate standard normal random variable.
For illustration purposes, assume y = 2, u(s) = 0.1, b(s) = 0.02. Expressed as an integral, this

expectation reads

E ((1 +d(s, e))_y . (1 + d(s, e))) = f_::o\/% exp (—%xz) -exp((l —-{0.1+ 0.0Zx})dx
By the assumption of normality and from the well-known identity for normal random variables X
E(exp(X)) = exp(E(X) +0.5- Var(X)) the analytical solution is
exp((1 —y) - u(s) +0.5- (1 —y)?- b(s)?) =~ 0.905018

| use this integral to illustrate integration by Gaussian quadrature.
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More generally, various integrals of the form

A4-4
b
f w(x) - h(x)dx

with
w(x) = exp(—0.5- x?)
a=—ow
b=—o0

where h(x) is some continuous function, have to be evaluated numerically.

In the motivating example, h(x) = \/% . exp((l —y){0.1+ 0.023}), but h will typically be more

complicated (and not admit an analytical solution). A more relevant example is the computation of

the expected return of an asset under incomplete information,
Py oo
Zf’:1”s’,t+1(”t' (s, e)) ' (E) (s")
P n
Zf":ﬂ'[s”,t ' (5) (s )

where e is univariate standard normal, 7, ¢ (rct,d(s, e)) is the probability of regime s’ as a func-

K
Z sy E| [1+d(s,e)]-
s=1

tion of current regime probabilities 7; and dividend growth d(s, e), and (g) (k) is the complete in-

formation price dividend ratio in regime ke{1, ..., K} (assumed to be known at this stage from prior
numerical computations).

In this example, one wishes to evaluate the K expectations

S 17y e (0 d(s,0)) - (5) (57

Z?”:lns”,t ' (g) (S”)

E{[1+d(s,e)]-

with the function hg given by
PN o
25:1 Tetr1,s' (”t»d(s' e)) ' (E) (s")
P
Zf’:l Ty * (5) (s)

hs(x) = ‘[1+d(s,e)]

1
Nz
A4.2.2.2 Solution

A4.2.2.2.1 Gaussian Quadrature (of the Hermite-type with Probabilist Weight

Function)

Problems of the form (A 4-4) can be approximately computed by Gaussian quadrature. The func-
tion w is called the “weight” function and can take various forms (the “probabilist” weight function

w(x) = exp(—0.5 - x?) is relevant in my setting). The points a and b are typically finite, but can be
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infinite. In combination with a = —o0, b = o, w(x) = exp(—0.5 - x?), Gaussian quadrature is re-
ferred to as Gauss-Hermite quadrature with probabilist weight function.
As in simple integration rules (such as the Newton and Cotes formulae), (A 4-4) is approximated

by a sum

ng
Z w; - h(x;)
i=1

where the values x; are called “abscissae” and the values w; are referred to as “weights”, but the ab-
scissae must neither form an equidistant partition of the interval [a, b], nor does the interval [a, b]
have to be finite. Instead, abscissae and weights are chosen “optimally” (see Stoer/Bulirsch (2000), p.

150 for an explanation of the sense of optimality).

A4.2.2.2.2 Abscissae and Weights for Gauss-Hermite Quadrature with the Proba-

bilist Weight Function

32 pairs of abscissae (x;) and weight (w;) were obtained from Burkardt for the case of Gauss-

Hermite quadrature with probabilist weight function and can be found in the following table:53

1 2 3 4 5 6 7 8
X; -7.12581391 | -6.40949815 -5.81222595 -5.27555099 -4.7771645 -4.30554795 -3.85375549 -3.41716749
w; 7.76411E-12 7.69226E-10 2.59347E-08 | 4.65928E-07 5.35646E-06 4.3459E-05 0.00026424 0.00125314
9 10 11 12 13 14 15 16
X; -2.99249083 -2.57724954 | -2.16949918 | -1.76765411 -1.37037641 -0.97650046 | -0.58497877 -0.19484074
w; 0.004767375 | 0.014849809 0.03845272 0.083726022 | 0.154611703 0.24367641 0.32923447 0.38242895
17 18 19 20 21 22 23 24
X; 0.194840742 | 0.584978765 | 0.976500464 | 1.370376411 | 1.767654109 2.16949918 2.57724954 2.99249083
w; 0.382428951 | 0.329234467 | 0.243676406 | 0.154611703 | 0.083726022 0.03845272 0.01484981 0.00476738
25 26 27 28 29 30 31 32
X; 3.417167493 | 3.853755485 | 4.305547953 | 4.777164504 | 5.275550987 5.81222595 6.40949815 7.12581391
w; 0.001253136 0.00026424 4.3459E-05 5.35646E-06 | 4.65928E-07 2.5935E-08 7.6923E-10 7.7641E-12

Table A 4-1: Abscissas and weights for Gauss-Hermite Quadrature with the probabilist weight function from Burkardt

53 The values in the table have been rounded to eight digits and are somewhat less accurate than the full dig-

its.
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A4.2.2.2.3 lllustration for the Motivating Example

Consider again the motivating example,

JM% - exp (—%x2> -exp((1—2){0.1 + 0.02x})dx
—© T

This integral is approximated by

32 1
w; - ——-exp((1 —2){0.1 + 0.02x;
i=1 L m p(( ){ L})

(with w; and x; found in the table, note that the term exp (— %xz) is included in the weights).

This approximation only differs from the analytical solution from the 11" digit on and is sufficient-

ly accurate for the present context.

A4.2.3 Appendix to Section 5.5.1.2.2.1: Approximation of the Standard Deviation
of the Adjustment for Risk by the Product of the Standard Deviation of

Dividend Growth and the Risk Aversion Parameter y

This section demonstrates that the standard deviation of the adjustment for risk can reasonably
be approximated by the product of the standard deviation of dividend growth and the risk aversion
parameter y. The following table contains standard deviations of the adjustment for risk and the ap-
proximation for the discretized Veronesi model (both for o, = 0.01 and g, = 0.1) under incomplete
information as an illustrative example. Various values for the risk aversion parameter and the level of
conditional standard deviation are considered (note that pp,4w and p do not affect the standard de-
viation of the adjustment for risk). The exact standard deviations of the adjustment for risk can be
found in the left part of the table; the approximation can be found in the right part and are based on

the standard deviations of dividend growth which can be obtained by combining regime probabilities

. ) D
., the parameter g, and expectation regimes E ( ;“

S = s),s =1, ..., K by the following identity:

5) )

t

Di4q

Stddev(1 + d|m,) = \/GDZ + Var (E( D

t
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exact standard deviation of the adjustment for

risk (incomplete information)

approximation: product of standard deviation of

dividend growth and the risk aversion parameter y

Ip Omeans | Omeans | Omeans uni- Omeans | Omeans | Omeans uni-
= 0.01 = 0.005| =0.01 | =0.025 | form = 0.005| =0.01 | =0.025| form
Stdev 1.15% 1.44% 2.62% 3.32%
Div.
Growth
y =05 0.55% | 0.69% 1.25% 1.58% |y =0.5| 0.57% 0.72% 1.31% 1.66%
y=1 1.10% | 1.38% 2.50% 3.16% y=1 1.15% 1.44% 2.62% 3.32%
y=2 2.19% | 2.75% 5.00% 6.33% y=2 2.29% 2.88% 5.23% 6.63%
y=3 3.29% | 4.13% 7.51% 9.50% y=3 3.44% 4.32% 7.85% 9.95%
y=5 5.49% | 6.89% | 12.54% | 15.85% | y =5 5.73% 7.20% | 13.08% | 16.58%
Op Omeans | Omeans | Omeans uni- | Omeans | Omeans | Omeans uni- | Omeans
=0.1 = 0.005| =0.01 | =0.025| form | =0.005 =0.01 | =0.025| form = 0.005
Stdev | 10.02% | 10.05% | 10.29% | 10.49%
Div.
Growt
h
y=05| 4.76% | 4.78% 4.90% 5.00% | y 5.01% 5.03% 5.14% 5.24%
= 0.5
y=1 9.54% 9.58% 9.83% | 10.04% | y =1 | 10.02% | 10.05% | 10.29% | 10.49%
y=2 |19.21% | 19.30% | 19.83% | 20.28% | y =2 | 20.03% | 20.11% | 20.58% | 20.98%
y=3 | 29.16% | 29.30% | 30.16% | 30.89% | ¥y =3 | 30.05% | 30.16% | 30.86% | 31.46%
y =5 |5045% | 50.73% | 52.50% | 53.97% | y =5 | 50.08% | 50.27% | 51.44% | 52.44%

Table A 4-2: Standard deviations of the adjustment for risk and the approximation for the discretized Veronesi model (both

forop = 0.01 and o, = 0.1) under incomplete information
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