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Introduction

The geometric realization of irreducible unitary representations of Lie groups
via symmetric and homogeneous spaces is one of the fundamental problems in har-
monic analysis. For nilpotent Lie groups, Kirillov’s orbit method provides geometric
realizations of the irreducible unitary representations on coadjoint orbits [21], and
for compact Lie groups, Borel-Weil-Bott theory establishes a one-to-one correspon-
dence between the unitary dual and certain line bundles on a corresponding flag
variety [11]. The object of this thesis is to investigate orbit structures that are in-
duced by semisimple non-compact Lie groups. It is well-known that in this general
setting, the orbit method needs to be substantially extended, and the theory is still
far from complete. A general construction of orbits and corresponding representa-
tions is due to J. Wolf (on partial holomorphic cohomology spaces [45]). However,
the Lie theoretic nature of this approach still results in a rather abstract than ex-
plicit realization of the involved orbits and vector bundles. Just a few examples
have been worked out explicitly in this manner.

In the hermitian case, i.e. if G = Aut(D) is the automorphism group of a
bounded symmetric domain D = G/K, the Borel imbedding of D into its compact
dual X = G°/K gives rise to the study of G-orbits on the compact dual. Using Lie
theory, J. Wolf classified the G-orbits on X and determined some of their geometric
structure [44], but again, the result is a rather abstract than explicit description
of the orbits. In this situation, the Lie theoretic treatment is complemented by
the Jordan theoretic approach, which was introduced by M. Koecher and O. Loos
[24, 28|. A fundamental difference between Lie and Jordan theory appears in the
way of connecting local with global structures [5]: in Lie theory, charts on X = G¢/K
are given by the exponential map. Instead, the Jordan theoretic model of X (due to
0. Loos) is algebraic geometric, since the transition maps just involve fundamental
birational maps (such as determinants and quasi-inverses). By these means, Jordan
theory provides a basic realization of the compact dual as an algebraic variety in
the sense of Mumford [35], and in particular, the involved Jordan structure itself
is regarded as an open and dense subset of the compact dual. Therefore, one may
expect that Jordan theory yields considerably more explicit descriptions of the G-
orbits on X. Indeed, for the boundary orbits of D, this has been achieved by
0. Loos [28], and the initial question of this thesis is how to extend this description
to all G-orbits on the compact dual X. Given such explicit realizations of the
G-orbits, the next step is to define additional structures (e.g. line bundles and G-
invariant measures) on which the G-representations are built upon. In the case
of the bounded symmetric domain D and the boundary orbits, this is done e.g.
by J. Faraut and A. Koranyi (for tube case, [8]) and by H. Upmeier et al. (for
non-tube case, [1, 42]).

More generally and extending the symmetric case, the goal of the program
“Jordan theory and geometric realizations” is (i) to give a Jordan theoretic descrip-
tion of generalized flag varieties GC/P with P c G* parabolic, (ii) to determine
explicitly the G-orbit structure, and (iii) to describe the corresponding representa-
tion theory. Even in the case of the compact dual X mentioned above, this task is

iii



iv INTRODUCTION

highly non-trivial, since it also includes exceptional geometries. Therefore, based
on the Jordan theoretic description of the compact dual given by O. Loos, a first
main result of this thesis is the complete and explicit Jordan theoretic description
of the G-orbits (and their Matsuki duals) on X, cf. Theorem 7.2.

Turning to generalized flag varieties, we note that the existence of a Jordan the-
oretic description of these is far from obvious: The Jordan structures corresponding
to bounded symmetric domains D = G/K inherit the characteristics of the real Lie
group G, but these characteristics are not present in the generalized flag variety
G°® /P. In fact, this indicates that it is too much to expect a Jordan theoretic model
for all flag varieties. Instead, the second main result of this thesis is the Jordan
theoretic description of flag varieties GC/P, where P = Q* is the complexification
of some real parabolic subgroup @ of G, cf. Theorem 8.11 and Theorem 8.20. Con-
cerning the representation theory of GG, we note that the restriction to real parabolic
subgroups is sufficient, e.g. the principal series is realized on G®/QC for minimal
parabolic @ c G, cf. [22, 4].

Regarding the proposed program on Jordan theory and geometric realizations,
this thesis provides a large part of the geometric background for the representation
theoretic questions of this program. We also give a Jordan theoretic description
of some fundamental line bundles on the generalized flag varieties, and as a first
application (and a third main result), we generalize the determinant functions in-
troduced by L. Barchini, S.G. Gindikin and H.W. Wong on ordinary flag manifolds.
For further reading on the particular importance of these functions to both geo-
metric and representation theoretic questions we refer to [3, 4].

Parallel to the G-orbit structure we determine the K-orbits on the compact
dual. In the 80s of the 20th century, T. Matsuki worked out a one-to-one corre-
spondence between these two orbit structures, now called Matsuki duality. Using
Jordan theoretic arguments, we are able to verify this duality by explicit compu-
tations. There are close connections of the Matsuki duality to the theory of cycle
spaces of flag domains, which in turn provides substantial contributions to the
geometric realization of representations of semisimple Lie groups, see [9].

Methods and results. We now review the main methods used in this thesis
and the results thus obtained. In addition, we will give first brief descriptions of
important concepts.

In Chapters 1 and 2 we introduce the basic algebraic structures, Jordan algebras
and Jordan triple systems. The review on Jordan algebras is purely classical and
can be found in any standard text on Jordan algebras [6, 8]. We recall these
results for convenience and to fix some notation. The same holds for Sections 2.1
through 2.4, where we introduce the basic notions of positive hermitian Jordan
triple systems (phJTS), from now on denoted by Z. The (dis-)advantages of using
phJTS instead of Jordan pairs with positive hermitian involution are discussed in
Remark 2.1. Starting in Section 2.5, we deviate from the classical treatment of
phJTS by introducing pseudo-inverses and a generalized Peirce decomposition. We
adopt both concepts from the work of W. Kaup in [18]. The systematic application
of the concept of pseudo-inverses and generalized Peirce decompositions is new. In
particular, we emphasize the non-trivial interaction of the structure group with
Peirce decompositions and pseudo-inverse elements.

On pseudo-inverses. The pseudo-inverse a' € Z of an element
a € Z is uniquely defined by the relations

QaaT =a, Qafa/ = a/T 5 QaQaT = QGTQG )

where @, denotes the quadratic operator of the Jordan triple sys-
tem Z. This generalizes the Moore-Penrose inverse of rectangular
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matrices [37]. The eigenspaces of the box-operator a 0a' define
the generalized Peirce decomposition

Z=ZeZl,0Z .

For tripotent elements e € Z, this coincides with the usual Peirce
decomposition since e = e. Besides the Peirce decomposition, we
systematically generalize further concepts which usually are de-
fined just for tripotents to concepts for arbitrary elements of the
triple system, e.g. particular Jordan algebra structures on Peirce
1-spaces (Proposition 2.14), Peirce equivalence (Section 2.6), Fro-
benius transformations (Lemma 3.14) and partial Cayley map-
pings (Section 4.3). Moreover, in Lemma 2.26 we obtain for ele-
ments a, z € Z the relation

f_ - .
a® * =z =Qu2" with 2 =QuQuiz,

which relates certain quasi-inverses, pseudo-inverses and inverses
of the unital Jordan algebra Zf. This relation is also included
in the following formula, relating a denominator § of the quasi-
inverse on Z with a denominator of the inverse on Zf,

6(a’ -z a) =6%z) forall z e Z2.

We apply these formulas, e.g. to prove that certain maps involv-
ing pseudo-inverses are complex analytic (Theorem 3.18), and to
define line bundles on various manifolds (Section 6.3).

The crucial advantage of the use of pseudo-inverses becomes
apparent when we study the action of the structure group Str(Z2)
on various objects involving these generalized concepts. Since
the set of tripotents is not invariant under the action of the
structure group, there are no analogues of these group actions
in the usual treatment. For example, we show that for a € Z and
h € Str(Z), the Peirce decomposition with respect to a and ha
satisfies (Lemma 2.32)

Zre=hzd, Zhr=nzs.

We note that the relation between structure automorphisms and
pseudo-inverses is highly non-trivial: For a counterexample to the
formula (ha)' = h™*a' given in [18], see Section 2.8. Instead one
just obtains the formula (Lemma 2.32)

a' = QuQ,ih* (ha)' .

Therefore, the stated results on the action of the structure group
on various objects such as sets of Peirce spaces (see above), Peirce
varieties (Theorem 6.5) and the compact dual (Section 7.1) in-
volve some non-trivial algebraic calculations.

Besides the algebraic benefit of the use of pseudo-inverses,
we also gain analytic advantages: The set of tripotents is a real
analytic manifold, whereas the set of rank-;j elements is a com-
plex analytic manifold. The generalization of concepts involving
tripotents to concepts involving arbitrary elements now implies
that certain real analytic maps from the set of tripotents be-
come complex analytic sets from the set of rank-j elements, e.g.
the canonical projection map onto Peirce Grassmannians (Theo-
rem 6.1).
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In Section 2.6, we use the generalized Peirce decomposition to extend E. Neher’s
equivalence relation on the set of tripotents' to an equivalence relation on all of
Z, which we call Peirce equivalence relation. Sections 2.7 through 2.10 pick up the
threads of the usual presentation. However, we have to rephrase and prove again
some of the results to fit them into the concepts of generalized Peirce decompositions
and pseudo-inverses. In particular, the identities mentioned above are proved in
these sections.

In Chapter 3, we prepare the study of analytic aspects in Jordan theory. Sec-
tion 3.1 is a brief collection of well-known results on imbedded and immersed sub-
manifolds. In this thesis, the term ’submanifold’ without further qualification means
an imbedded submanifold. Section 3.2 deals with equivalence relations and their
connection to analytic structures. Given a manifold M and an equivalence relation
R c M x M, we recall a well-known criterion for the quotient space M /R also to
be a manifold (Godement’s Theorem). The main result of this section is a global
description of vector bundles on such quotient manifolds based on cocycles on the
equivalence relation R (Theorem 3.8). We call this the Godement approach to an-
alytic structures on the quotient M/R. Since most of the manifolds we describe
in this thesis are based on Jordan theoretically defined equivalence relations, the
Godement approach is of particular importance to us. Besides the global viewpoint
via equivalence relations, we indicate how to obtain local descriptions of quotient
manifolds and their vector bundles.

On the Godement approach. In text books such as [38, 40|,
Godement’s Theorem is used to prove the classical result that
the quotient of a Lie group by a closed subgroup is a manifold
(cf. homogeneous spaces). We apply Godement’s Theorem in
the context of equivalence relations which are mot induced by
group actions. There are basically two fundamental equivalence
relations on Jordan triple systems, on which all the manifolds
discussed in this thesis are built upon. The first one is the Peirce
equivalence relation, defined on rank-j elements Z; by

u~7 ifand only if Z¥=Z",

and the second one is O. Loos’ equivalence relation on Z x Z,
given by

(z,a - a) is quasi-invertible

and 2 =277,

(2,a) ~(2,a) — {

Both equivalence relations are regular ones, i.e. the corresponding
quotient admits a manifold structure. On the one hand we obtain
the Peirce Grassmannian P; = Z;/ » of type j (cf. Chapter 6) and
on the other hand the Grassmannian G(Z) = (Z x Z)/ ~ of the
phJTS Z (cf. Chapter 4).

Weakening the Peirce equivalence relation to inclusions, we
define a partial order on Z by

uct ifand only if Z{c Z}'.

Using this, we generalize the manifold Z; of rank-j elements to
the manifold of pre-Peirce flags Z; defined by

Zyi={(u1y...,uk)|us c... cup, tku; =5;} ,

ITwo tripotents are equivalent if their Peirce decompositions coincide, see [36].
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where J = (j1,...,Jk) is called the type of the pre-Peirce flag
manifold. In Section 3.3, we prove that this indeed defines a
complex analytic submanifold of Z¥. By extending the Peirce
equivalence relation to the tuples in Z; in an obvious way, we
then obtain the Peirce flag varieties Py = Zj/ =, to which the
Godement approach applies (Theorem 6.15).

Finally, we note that a highly non-trivial interconnection of
the Peirce equivalence relation and O. Loos’ equivalence relation
yields the basis for the definition of Jordan flag varieties, see
below. In this case, the Godement approach applies also in full.
On each of these manifolds, line bundles are defined globally via
cocycles, which are given by concise formulas using a denominator
of the quasi-inverse (see Sections 4.1, 6.3 and 8.6).

In Section 3.3 we apply the methods introduced so far (1) to show that the sub-
set of rank-j elements Z; is a complex analytic submanifold (Theorem 3.15), and
(2) to generalize this manifold to the so-called pre-Peirce flag manifolds Z; (Theo-
rem 3.19), which form the basis of the definition of Peirce flag varieties discussed in
Chapter 6. We note that (1) also follows by abstract arguments, since the structure
group Str(Z) is a complex algebraic group and acts transitively on each connected
component of Z;. Instead, our proof is by explicit calculations, which also provide
deeper insight into the structure of Z;, cf. Corollary 3.16. This explicit approach
seems to be new. For (2), the abstract argument fails, since the structure group
does not act transitively on the components of Z;. Section 3.4 starts with a review
of the functional calculus defined on the phJTS Z, cf. [28]. By a modification of a
well-known result on real analytic functions around 0 to the corresponding result
for real analytic functions on R\ {0}, see Proposition 3.25, we are able to prove that
the pseudo-inverse map z ~ z' is real analytic on each submanifold Z; of rank-j
elements, and to determine its derivative. We note that even in the case Z = C™,
where the pseudo-inverse corresponds to the Moore-Penrose inverse, this is a sub-
stantial result (Theorem 3.27). In the same way, we show that the projection of Z;
onto the set of rank-j tripotents is real analytic, and we determine its derivative. In
the last section of Chapter 3, we briefly recall the connection between phJTS and
bounded symmetric domains. This material is standard. Throughout this thesis,
we set

D={zeZ||z|<1}, D=G/K with G=Aut(D)’, K=Aut(2)",

where the index 0 labels the identity component of the corresponding group. Fur-
thermore, G and K€ denote the complexifications of G and K, respectively, and
we use G¢ for a compact real form of G® containing K. This completes the first part.

The aim of Part 2 is the description of the G- and the K®-orbit structure on
the compact dual of a bounded symmetric symmetric domain D = G/K. Chapter 4
introduces the Jordan theoretic model of the compact dual, which is due to O. Loos
[28]. Initiated by the matrix case Z = C™°, one defines

(z,a - a) is quasi-invertible

a

G(2)=(ZxZ)|~ with (z,0)~(%a) < {and2=za :

We call G(Z) the Grassmannian variety of Z, and note that the identification of
the Grassmannian with the compact dual X is verified not until the group action
of GC is defined, and the stabilizer of a fixed point of G(Z) is determined (cf.
Theorem 4.7). All this material is standard and worked out in detail in [28]. In
Section 4.1, we recall Loos’ construction and reconsider it from the point of view
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of the Godement approach, see above. We describe the standard vector and line
bundles of the Grassmannian via cocycles on the equivalence relation. Section 4.2
is a review of the standard facts on the automorphism group of the Grassmannian
and its identity component, which coincides with the complexification of G, i.e.
Aut(G(Z))° = GC. Here we fix the notation for (quasi-)translations. In Section 4.3,
we generalize the notion of partial Cayley mappings and partial inverse mappings
to concepts which admit arbitrary elements of Z instead of only tripotents (cf.
the account on pseudo-inverses above). For further reading on the importance of
partial inverse mappings within this thesis, we refer to the outline on Peirce varieties
below. The main result of this chapter is the description of two distinct systems of
representatives for the elements of the Grassmannian (Theorem 4.12). In addition,
the result is demonstrated in the matrix case Z = C™*. In Chapter 7, we show that
these systems of representatives are well-suited for the description of the G- and
the KC-orbit structure on the Grassmannian.

On representatives of elements on the Grassmannian. Since the
Grassmannian G(Z) is defined by an equivalence relation on ZxZ
(see above) elements of G(Z) refer to equivalence classes, denoted
by [z :a]. Since this equivalence relation is regular, Godement’s
Theorem implies that the canonical projection of ZxZ onto G(Z)
is a submersion. We note that for fixed a € Z, the restriction of
this projection to Z x{a} exactly describes the (Jordan theoretic)
charts of the Grassmannian. In this way, the factor Z may be
considered as some parameter space of the chart maps on G(Z2).
Regarded differently, we might say that for fixed a € Z, the subset
Z x{a} forms a partial system of representatives for the elements
of the Grassmannian.

Obviously it is possible to choose quite different systems of
representatives, so we are led to the question, whether one might
take further advantage of the Godement approach by choosing
systems of representatives which are well-suited to solve given
problems. Theorem 4.12 affirms this question for the problem of
the G- and KC-orbit structure. Together with Remark 4.13, it
states that any element x € G(Z) is representable as?

(i) x=[e+dc:c+d.] with e,ce S, c<e, d. € D§, d. € DS,

(i) x=[u+z:u'] with u,z€ Z, u 1 2.
These representatives are unique up to Peirce equivalence in ¢
and in u. In the outline of Chapter 7 we describe the application

of this system of representatives to the orbit structure on the
Grassmannian.

Chapters 5 and 6 are intermediate chapters on the way of determining the G-
and KC-orbit structures on the Grassmannian G(Z). In this context, Chapter 5
provides a G-invariant on G(Z), which classifies the G-orbits (Corollary 5.10), and
Chapter 6 gives a description of particularly important closed K®-orbits, which can
be identified with Peirce Grassmannians (Theorem 6.5).

The derivation of the G-invariant on the Grassmannian G(Z) in Chapter 5
happens in an indirect way. We imbed the Grassmannian diagonally as a real sub-
manifold into the product manifold G(Z)xG(Z), where G(Z) denotes the conjugate
Grassmannian (cf. Section 4.1) and investigate a GC-action on this product which

2Here, S is the set of tripotents, ¢ < e denotes the usual order of tripotents, Dj, represents
the bounded symmetric domain within the phJTS Z¢, i.e. Df = Dn ZS, and u I z denotes strong
orthogonality, i.e. u Oz = 0.
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coincides in the restriction to G ¢ G on the diagonal with the usual G-action on
G(Z). The advantage of this procedure is that GC-actions are considerably easier
to handle (via generators and relations) than G-actions. This idea is adopted from
the theory of cycle spaces, where the diagonal imbedding of a bounded symmetric
domain D = G/K into the complex manifold GE/KC is studied, cf. [9]. We prove
that G¢/K® is an open and dense subset of the product manifold G(Z) x G(Z),
see Theorem 5.12. In Section 5.1, we motivate the results of this chapter by exam-
ining the matrix case using usual geometric arguments. In Section 5.2, we define
the GC-action on the product manifold G(Z) x G(Z) and describe certain vec-
tor bundles on it. The central section of this chapter is the third one. Here, we
introduce G-equivariant sections on G(Z) x G(Z) and corresponding invariants
(Propositions 5.4 and 5.9). In the case of the restriction to G and the diagonal
G(Z) = G(Z) x G(Z), we prove a further refinement of these invariants (Corol-
laries 5.6 and 5.10). We emphasize that the use of Jordan theory in this context
provides highly explicit formulas for the sections and their invariants. In the final
section of this chapter, Section 5.4, we determine the GC-orbit structure of the
product manifold G(Z) x G(Z) and we prove that the GC-invariants defined in the
last section indeed characterize the GC-orbits (Theorem 5.12).

Chapter 6 is devoted to the investigation of manifolds which are defined on the
basis of a fundamental equivalence relation on phJTS, namely the Peirce equivalence
relation. Moreover, it turns out that these manifolds are in fact smooth algebraic
varieties in the sense of D. Mumford [35]. The most basic Peirce variety is the Peirce
Grassmannian defined as the quotient of Z by the Peirce equivalence relation,

P=Z%/~ with uw~a ifand onlyif Z¥=2".

In Section 6.1, we apply Godement’s theorem and show that this equivalence rela-
tion is regular, and hence induces a manifold structure on P. Moreover, an appro-
priate K C-action on the Peirce Grassmannian turns P into a hermitian symmetric
space of compact type (Theorem 6.1). This result is well-known (cf. [28, §5.6b]),
however our proof is consistently complex analytic, as it uses the extension of the
Peirce equivalence relation to all elements of Z (instead of the set of tripotents),
and we thus obtain a complex analytic fibration of the set of rank-j tripotents over
the corresponding connected component P; of the Peirce Grassmannian. Further-
more, our approach provides new explicit descriptions of chart maps on P; and
their transition functions (Proposition 6.3). In Section 6.2, we show that different
realizations of the Peirce equivalence relation [28, 18, 16, 2] yield to isomorphic
manifold structures on various objects (Theorem 6.5). We note that the realization
of the Peirce Grassmannian P as a KC-invariant submanifold of the Grassmannian
G(Z), namely
P G(2), [u] » [u:uw )

motivated the placement of this chapter into the context of orbit structures on the
Grassmannian. Furthermore, W. Kaup proves in [18] the existence of an abstract
isomorphism between the connected component of P containing some element [u]
and the Grassmannian corresponding to the phJTS 21“/2. In connection with the
explicit description of charts on the Peirce Grassmannian PP, we make this isomor-
phism explicit by showing that it is given by the restriction of the partial inverse
map j,i to the closure of the Peirce !/2-space 2y}, in G(Z), cf. Theorem 6.10. In
Section 6.3, we use the Godement approach to define line bundles on the Peirce
Grassmannian. The corresponding cocycles are given on the basis of a denomina-
tor of the quasi-inverse on Z. It is proved explicitly that these line bundles are very
ample, and hence P is a projective variety (Theorem 6.14). This proof is a variation
of the corresponding proof for ample line bundles on the Grassmannian G(Z) given
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by O. Loos [28, §7.10]. The last section of this chapter provides a discussion of the
obvious generalization of the Peirce Grassmannian to Peirce flag varieties. A brief
account on this using the usual Peirce decomposition by tripotents can be found in
[2]. We base the definition of the Peirce flag variety P; on the pre-Peirce flag Z;
discussed in Section 3.3 and the extended Peirce equivalence relation,

Py=Zs/~ with (uy,...,up)~ (i,...,0,) = Z = Z& for all i.

In Section 6.4, we determine in detail the analytic structure of the Peirce flag
variety using Godement’s Theorem, and describe an atlas on P, cf. Theorem 6.15
and Proposition 6.17. By the use of the generalized Peirce decomposition, we also
obtain a natural action of the structure group on P;, which turns the canonical
projection of Z; onto P; into a Str(Z)-equivariant map. Using pullbacks, we
transfer the KC-equivariant line bundles on the Peirce Grassmannian to the Peirce
flag variety. We finally show that an appropriate product of these line bundles
is very ample, and hence P; is indeed a projective variety (Theorem 6.20). We
emphasize that the advantage of this Jordan theoretic discussion in contrast to an
abstract Lie theoretic investigation is the gain of explicit formulas e.g. for the chart
maps and line bundles.

In Chapter 7, we return to the study of the G- and KC-orbit structures on

the Grassmannian G(Z). Here we assume Z to be simple. The results of the last
chapters are gathered to prove the main result of this chapter, which describes
the G- and KC-orbits on G(Z) explicitly in Jordan theoretic terms (Theorem 7.2).
As noted above, the G-orbit structure has already been investigated by J. Wolf
[44], and T. Matsuki proved a one-to-one correspondence between the G- and the
KC-orbits [34]. Tt turns out that the number of orbits is (7”2'2), where r denotes
the rank of the triple system, which equals the rank of the real semisimple Lie
group G. Furthermore, the G- and the KC-orbits are fibrations over some special
K-orbits. J. Wolf shows that the fiber of the G-orbits is the product of two her-
mitian symmetric spaces of non-compact type [44, §9]. In this respect, the results
of Section 7.1 are well-known, but we note that our proof is independent of the Lie
theoretic considerations and that the strength of the Jordan theoretic approach is
that we get explicit formulas.
Our description of the G- and the K C-orbits is based on the two systems of repre-
sentatives for the elements of G(Z) as described above. Therefore, we are able to
identify® the orbits of the Grassmannian with certain subsets of Z x Z. We obtain
that the related G-, K©-, and K-orbits are given by

y={le+dec:c+d.]|eeSutp, c€Sa,e2c,d. €DG, de € DS},

Kg:{[u+z:uT”ueZa,zeZb,uﬂz} )

Ky ={[e:c]|leeSusp,c€Sa,e>ct={[c+é:c]lceS,, é€ Sy, cLé},
with 0 < a < a+0b < r, where S; and Z; denote the set of rank-j tripotents and
rank-j elements. The corresponding fibrations over the K-orbit are

Dy D~ G > Kif . Q(ZY) ~Kf ~ K |

where 2(Z%) denotes the symmetric cone of the euclidean Jordan algebra Z¥, cf.
Theorem 3.27. The result on the fibration of the K C-orbits is well-known for *finite’
KC-orbits, i.e. orbits contained in Z < G(Z), but the extension of this result to
orbits at infinity seems to be new. We also note that there is a different (substan-

tially more abstract) Jordan theoretic account on these orbit structures introduced
by W. Kaup using a generalized functional calculus [19], which is closely related

3This identification holds up to a simple equivalence relation on the considered subsets of
Z x Z, since the involved systems of representatives are not completely unique, cf. Theorem 4.12.
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to the Lie theoretic investigation via momentum maps due to R. Bremingan and
J. Lorch in [7]. Section 7.1 closes with a description of the tangent structures of the
various orbits and provides explicit formulas of the G-invariant (pseudo-)hermitian
metrics on the open G-orbits. In Section 7.2, we prove standard topological proper-
ties of the orbits and determine the topological closures of the orbits (Theorem 7.3).
Besides the ’global’ description of the orbits, Section 7.3 provides explicit simple
formulas for the KC-orbits regarded as subvarieties of some chart domain on the
Grassmannian G(Z). Finally, in Section 7.4, we prove the Matsuki duality between
the G- and the KC-orbits by purely Jordan theoretic arguments (Theorem 7.6).

Part 3 is devoted to the discussion of a Jordan theoretic description of general-
ized flag varieties. We approach the central question of this part by considering the
matrix case Z = C™°. Here, the Grassmannian G(C™*®) just equals the (ordinary)
Grassmannian variety Grgs(C"*®), which initiated our terminology. Lie theoreti-
cally, the Grassmannian is represented by the quotient Gr,(C™*) = G¢/P, where
G® =SL(r+s), and P is the parabolic subgroup of upper triangular block matrices
of type (s) and determinant 1. This Grassmannian variety admits the extensive
generalization to flag varieties: For any strictly increasing sequence of integers
0<i1<...<@py, <T+s8,

Gr(iy, i) (C°)={0cVic...cV, cC™ | dimV; = if}

is called the flag variety of type (i1,...,%,). It turns out that this is a projective
variety [15], and the Lie theoretic description is given by

Gr(ihm,im)((cr+s) = GC/P/ ’

where G© = SL(r + s), and P’ is the parabolic subgroup of all invertible upper
triangular block matrices of type (i1,...,%4m), cf. [13, 10]. The question arises
whether these flag varieties also admit a Jordan theoretic description by the triple
system Z = C™*. Since the flag variety Gr(;, . ; y(C"™*) does not distinguish
between the characteristic numbers of the tripe system, namely r and s, we expect
that not all such flag varieties admit a Jordan theoretic realization. However, taking
into account that the real form G = SU(r,s) of G* preserves the characteristics of
Z, it is plausible to expect a Jordan theoretic description of those flag varieties
which are represented by quotients G¢/P, where P = Q€ is the complexification of
some (real) parabolic subgroup @ of G. This formulation immediately transfers to
the general case:

Question: Given a phJTS Z with unit ball D and a parabolic subgroup
Q of the identity component G of the automorphism group
Aut(D), is there a Jordan-theoretic realization of the gener-
alized flag variety G€]Q% 2

Chapter 8 is devoted to the affirmation of this question. In Section 8.1, we
briefly recall the Jordan theoretic description of the real parabolic subgroups of
G, which is due to O. Loos [28, §9], and determine their complexifications (The-
orem 8.4). In particular, we show for the matrix case Z = C"™* and G = SU(r, s)
that the complexification of a parabolic subgroup @ c G is conjugate to a standard
parabolic subgroup of G = SL(r + s) of type Z = (j1,..., 5k, 1 = jks-- ., — j1) With
n=r+s and jp <7, i.e. the corresponding flag variety G/Q is given by

Grz(C")={0cEjc...cE,cFyc...c F; cC"|dimE; = jp, dim Fy =n—j,} .

In Section 8.2, we use this matrix case as a toy model for the construction of the
Jordan theoretic description of flag manifolds. The question is (1) how to represent
a pair of subspaces E c F c C" with dimF = j and dimF = n — j by elements
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of Z = C™°, such that (2) realizations of the same pair by different elements lead
to an equivalence relation on these elements that is compatible with the Jordan
triple structure on Z. This is a substantial extension of questions that led to the
Jordan theoretic model of the Grassmannian due to O. Loos. The key result in
this section is Lemma 8.7, which solves® the problem given by (1) and (2). It turns
out that the Jordan theoretic model for Gr;,,—;(C") is built on triples (u, z,a) of
elements in C™° with rk(u) = j. On the basis of this lemma, it is straightforward
to give a generalization to all the flag manifolds mentioned above by using tuples
(w1, .., ug, z,a) with rk(ug) = j¢, cf. Lemma 8.10.

In Section 8.3, we turn to the general case and define Jordan flag varieties on
arbitrary phJTS via an equivalence relation on Z; x Z x Z, namely

Fr=(Z;xZxZ)]~
with
U; » Bg_g, su; fori=1,... k; and
there exist u' € Z** and 4" € Z3*,

such that B,_z, 4y is invertible

((ui),z,a) ~ ((121-),2,&) —

and %+ 4" = (z +u)*%,
This definition connects the two fundamental equivalence relations, i.e. the Peirce
equivalence relation and O. Loos’ equivalence relation for the definition of the Grass-
mannian, in a highly non-trivial way. We note that it is far from obvious that this
indeed defines an equivalence relation. The main theorem verifies this and shows
in addition using Godement’s Theorem that the Jordan flag variety F; is a com-
pact complex manifold (Theorem 8.11). In Section 8.4, we investigate the analytic
and algebraic structures of the Jordan flag variety, and show that F; is indeed a
smooth algebraic variety (Proposition 8.14). Furthermore, we define a transitive
GC-action on the Jordan flag variety and prove that some stabilizer coincides with
the given parabolic subgroup Q5, so F; = G®/QY, which finishes our project (The-
orem 8.20). Finally, in the last section we use the Godement approach to define
line bundles on the Jordan flag varieties. In addition we show that these bundles
are GC-homogeneous, cf. Proposition 8.23.

In the last chapter of this thesis we give a first application of the Jordan the-
oretic description of generalized flag varieties. The purpose of this chapter is to
generalize the determinant functions introduced by L. Barchini, S.G. Gindikin and
H.W. Wong from the matrix case involving ordinary Grassmannian flag varieties
to generalized flag varieties [3, 4]. In this way, we also demonstrate the ability of
Jordan theory to provide simple and explicit formulas. In Section 9.1, we give a
brief review on the definition of the Barchini-Gindikin-Wong determinant functions
and recall a first application in geometry. Section 9.2 provides a Jordan theoretic
account on this topic by using the Godement approach on line bundles to define
G®-invariant sections on the product manifold G x G xF, the Jordan determinant
functions. Finally, in Section 9.3, we identify the manifold involved in the defini-
tion of the Barchini-Gindikin-Wong determinant functions with an open and dense
submanifold of G x G x F;, and we prove that the vanishing sets of the restricted
versions of these determinant functions coincide.

Prospective work. We recall the aims of the program “Jordan theory and
geometric realizations” introduced above, namely (i) to give a Jordan theoretic

4We admit that there is still an open question concerning a technical lemma, which we have
not proved so far, see Lemma 8.8. However, we note that this lemma is not involved in the general
construction of Jordan flag varieties discussed in Section 8.3.
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description of generalized flag varieties, (ii) to determine explicitly the G-orbit
structure, and (iii) to describe the corresponding representation theory. In this
thesis, we completely solved problem (i) for a generalized flag variety G/Q® with
real parabolic subgroup @ c G, and we argued that this is the most general form
of a generalized flag variety we could expect to describe in Jordan theoretic terms.
In addition, we solved problem (ii) in the hermitian symmetric case G(Z). The
first step towards (ii) and (iii) in the general case is made in the last chapter by
the discussion of determinant functions. We briefly outline some of the prospective
work:

Orbit structure on Jordan flag varieties. We expect to find a description of
the G- and KC-orbit structures on a Jordan flag variety F; similar to the
description of the orbit structures on the Grassmannian G(Z) discussed in
Chapter 7, i.e. the defining equivalence relation on Z ; x Z x Z might admit
two systems of representatives which correspond to the G- and K®-orbit
structures.

Conical and spherical functions. The works of H. Upmeier [41] and of J. Fa-
raut and A. Koranyi [8] show that Jordan theory is particularly useful
for describing conical and spherical functions on symmetric cones and
bounded symmetric domains. Having derived a Jordan theoretic descrip-
tion of more general G- and K C-orbits (Chapter 7), we hope to find similar
results for the harmonic analysis on these orbits.

Determinant functions. In Chapter 9, we define Jordan determinant functions
which are closely related to the determinant functions on ordinary flag va-
rieties introduced by Barchini-Gindikin-Wong in [3, 4]. So far we have
investigated some of their connections (Section 9.3) and besides the exten-
sion of this investigation, it remains to study their applications in both ge-
ometry and representation theory. In particular, Barchini-Gindikin-Wong
show how to use determinant functions in the context of Szegé mappings,
which are intertwining operators from principal series representations to
discrete series representations. We expect that Jordan determinant func-
tions can be used to generalize these results to all simple Lie groups of
hermitian type.

Cohomology of the Grassmannian G(Z). We suppose that the decomposition
of the Grassmannian variety G(Z) into KC-orbits induces a CW-decom-
position, which might yield a new approach to the cohomology of the
Grassmannian G(Z). In the following, we summarize the basic ideas be-
hind this statement, the details still need to be worked out. Let Z be
a simple phJTS of rank 7, and let K¢ denote the K -orbits of G(Z) for
0<a<a+b<r (cf. Chapter 7). Then,

G(z)= |J Kj= [JK* with K*= | Kj.
O<a<a+b<r O<a<r 0<b<r-a
For a = 0, we obtain the open and dense subset K = Z c G(Z), the main
‘cell” of this decomposition. For a > 0, K¢ is given by

K“:{[u+z:uT]|ueZa, zeZy}

and can be regarded as a vector bundle on the Peirce Grassmannian P,
via the projection map

K > P, [u+z:uT]»—>[u:uT] .

Since the Peirce Grassmannian P, can be identified (explicitly) with the
Grassmannian G(Z}jz) of the Peirce 1/2-space of some u € Z,, each K
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decomposes according to the orbit decomposition of G(Z}%). Again we
obtain 7y, as the main ’cell’” of (G(Z}%) and we obtain additional sub-
sets which can be identified with vector bundles on certain Peirce Grass-
mannians, which again are identified with Grassmannians of appropriate
Peirce subspaces, and so forth, until we arrive at a space consisting of
a single point. In the special case Z = C'*" this yields the well-known
CW-decomposition of the complex projective space,

CP"=C"uCP" ' =C"uC" 'uCP"?=...=C"uC" ' u...uCu{pt}.
We note that in general, the Peirce space Z};2 and hence the Grassmannian
G( 1'72) need not be simple. In this case, the subsequent decompositions

split into several parts according to the decomposition of G(Z1“/2) into

simple Grassmannians. For the matrix case Z = C™°, this procedure is
illustrated in the following diagram:

Uz

1

" ] 1
U1 "

Z1/2 - / .

nr
Uz

By construction, the allocation of a cell is given by a tree of elements,
where one elements sits in the Peirce !/2-space of all its predecessors, i.e.

/ us <
/ \ Uz
—_— U1l
ug
7 / nr
U2 Uz
\ m
U3

This provides a one-to-one correspondence beween the cells and Young
diagrams sitting inside an (r x s)-grid, which are also used in the classical
treatment of this subject to identify cells in the CW-decomposition of the
Grassmannian variety Gry(C™*®) = G(C™*) [13, 10]. We note that the
converse direction of this correspondence decomposes a Young diagram
into a tree of Durfee squares:

us us

Uy

!
Ug

"
u]

In the classical treatment, the multiplicative structure of the cohomology
of the Grassmannian Gr,.(C™**) is determined by Pieri’s formula and the
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Littlewood-Richardson rule [13]. Using the Jordan triple structure on Z,
the CW-decomposition described above and the correspondence between
its cells and ’trees of elements’ might yield a new approach to these issues,
which might also yield new results on the cohomology of the Grassmanni-
ans G(Z) besides the matrix case. Here, also E. Nehers work on the grid
approach to Jordan triple systems seems to be relevant [36].

Basic notions and notations. Throughout this thesis, Jordan triple systems
are denoted by the letter Z, if necessary with additional labels. We denote the
Jordan triple product by {z, y, 2z} for z,y,z € Z. To avoid cumbersome terms in
lengthy calculations, we omit to indicate the antilinearity of the second entry with
an additional label. Concerning the diverse operators defined on the basis of the
triple product, we follow the convention also used by W. Kaup, H. Upmeier et al.
by setting

{l‘, Y, Z} = (l‘ o y)z = Qa:,zy = %(Qaﬁzy - QY- sz) > Bw,y =ld-2z0y- QmQy .
With these definitions, the admissible eigenvalues of the box operator e O e with
respect to a tripotent e € Z, are given by 1, 1/2, 0, and the corresponding Peirce
decomposition is denoted by Z = Z7 & Z7, ® Z5.

We primarily discuss real or complex analytic manifolds in this thesis. There-
fore, the term 'manifold’ without further qualification refers to an analytic manifold,
the context determines field over which the manifold is defined. For a complex man-
ifold M, we denote by M the same manifold endowed with the conjugate complex
structure, and we refer to M as the (compler) conjugate of M. In the special case
of a complex vector space Z (e.g. a Jordan triple system), the identity map induces
an antilinear map from Z to Z. The restriction of this map to open subsets provides
the method for constructing chart maps on M from given chart maps on M.

Notions of algebraic geometry are used in the sense of D. Mumford’s "Red book
of Varieties and Schemes’ [35]. In particular, the term ’algebraic variety’ (or just
'variety’) refers to the definitions of the first chapter in [35]. To show that a given
manifold is a smooth algebraic variety, we note the following sufficient condition: If
M is covered by finitely many smooth maps ¢; : C* — M such that (1) all transition
maps cpz» =pjo ¢7! are birational maps on C™ and (2) for any two points =,y of M
there exist an i, such that z and y are contained in the image of ¢;, then M is a
smooth algebraic variety.
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CHAPTER 1

Jordan algebras

This chapter is a review of the basic notions of Jordan algebras. Primarily we
follow the exposition of [8]. For a detailed account on Jordan algebras and even
more general structures associated with them we refer to [6]. In this thesis, Jordan
algebras appear as substructures of Jordan triple systems, which we describe in
the next chapter. In particular, unital Jordan algebras occur in a natural way as
Peirce 1-spaces of Jordan triple systems, which gives us the additional structure of
invertible elements. Furthermore, the symmetric cone of a euclidean Jordan algebra
will reappear in later chapters as the fiber of some real analytic fiber bundle, cf.
Theorem 3.27.

1.1. Basic structure

We consider real or complex Jordan algebras of finite dimension. Let k be the
field of real or complex numbers. Then a Jordan k-algebra is a finite dimensional
k-vector space A together with a commutative multiplication (x,y) ~ zy such that

o (zy) = 2(2"y)

holds for all =,y € A, where we used z? = zz for abbreviation. This is called the
Jordan identity for Jordan algebras, it weakens the associativity usually considered
in algebras.

The Jordan identity implies a series of relations which can be stated most
efficiently by using the following operators. For = € A let

Ly:A—> A ymay and Po:Aw Ay (2L - L2)(y) = 22(2y) - 22y

be left multiplication and the quadratic map with respect to . Then the Jordan
identity is equivalent to [Ly, L,2] =0, where [f,g] = fog—go f is the commutator
of endomorphisms on A. We define inductively 2" = zz"~* for n € N. One can show
[8, II.1.2] that the Jordan identity implies

(1.1) [Lyr,Lya]=0 and zPz? =P

for all p,q € N, xz € A. The second property turns A into a power-associative algebra,
i.e. each subalgebra generated by an element x € A is associative. By the method
of polarization [8, II.1] one proves the relation

(1.2) 2 [LuyLuv] = [Lu2yLv]
for all u,v € A.

ExXAMPLE 1.1. The standard example of a Jordan algebra is the space of
(n x n)-matrices A = K**™ with Jordan product

(1.3) zoy=3(zy+yzx).

Here, we have to distinguish between the associative product of matrices (as it
is used on the right hand side) and the Jordan product. More generally, on any
associative k-algebra A, the product (1.3) defines a Jordan algebra structure on A.

3
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1.2. Idempotents and Peirce decomposition
An idempotent is an element c € A satisfying ¢? = c. In this case, the Jordan
identity implies
(1.4) 2L -3L2+L.=0

for left multiplication by c. Therefore, the minimal polynomial of L, divides 2X2 -
3X2+X, so the solely feasible eigenvalues of L, are 1, 1/2 and 0. The linear operators

(15) m=2L>-L.=P. , mp=-4L>+4L. , my=2L-3L.+1d.
map A onto the respective eigenspace of L., and satisfy the relations m,m, = ., 7,
and 71 + 7y, + 7o = Id. Therefore,

(1.6) A=A1(c)® Ayy(c) ® Ap(c) with A, (c) =m,(A) .

This is called the Peirce decomposition of A with respect to the idempotent c € A.
The Peirce spaces A, = A, (c) satisfy the following Peirce rules:

(17) A1/2A1/2 c A1 + AO y AVA,, Cc Al, s AVAI—V =0 s A,,A1/2 c A1/2

for v =0,1 . In particular, A; and Ay form subalgebras of A, which annihilate each
other.

Two idempotents e,c € A are said to be (strongly) orthogonal, if ec = 0. In
this case, we denote e I ¢. Due to (1.2), the multiplication operators L. and
L. of orthogonal idempotents commute, and therefore, the corresponding Peirce
decompositions are compatible: A decomposes into the joint eigenspaces of L. and
L.. More generally, for a system of pairwise orthogonal idempotents eq,...,e, € A,
we obtain the joint Peirce decomposition of A, given by

A= @ A;; with Aij:{xeA|ek:v:%(5ki+5kj)xf0rk:1,...,n}.

0<i<j<n

The Peirce rules imply the following relations: For i,5 € {1,...,n},
Aii = Av(er) Aij = Al/z(ei) n Al/z(ej) )
AOi = Al/z(ei) N m Ao(ej) s AOO = Ao(el) Nn...N Ao(en) .

i
The set of idempotent elements is partially ordered by
e<c < c=ec+e¢ for some idempotent ¢’ # 0 with ¢’ 1 e.

The non-trivial minimal elements with respect to this partial order are called prim-
itive idempotents. Since a system of orthogonal idempotents in A is linear inde-
pendent, and since A is assumed to be finite dimensional, each idempotent admits
a decomposition ¢ = ¢1 +...+¢, into a sum of pairwise orthogonal primitive idempo-
tents. Each such decomposition has the same number of summands, which defines
the rank of the idempotent c. The rank of the Jordan algebra A is defined by

(1.8) rk(A) := max {rk(c) | ¢ idempotent} < dim A .

A frame is a maximal system of pairwise orthogonal primitive idempotents.

1.3. Jordan algebras with unit element

Let A be a Jordan algebra with unit element e € A, i.e. ex = x for all x € A.
Then, for fixed x € A, the subalgebra of A generated by x and e is given by

(1.9) Kz]:={p(z)|pe K[ X]} .
It is a commutative and associative subalgebra, and we have

k] 2 K[ X]/I.,
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where I, is a principle ideal in X[ X] generated by some non-vanishing uniquely
determined monic polynomial p,, called the minimal polynomial of x. If m(x)
denotes the rank of the minimal polynomial, then the rank of the Jordan algebra
satisfies

rk(A) = max {m(z)|z € A} .

An element x € A is said to be regular if m(z) =rk(A).
PROPOSITION 1.2. (8, 11.2.1] Let A be a unital Jordan algebra of rank r. The

set of regular elements is open and dense in A. There exist polynomials aq,...,a,
on A such that the minimal polynomial of every regular element x is given by

Fuz) =X —ai ()N +ax ()N 2+ o+ (1) e, ()
The polynomials a1, ...,a, are unique and a; is homogeneous of degree j.

The coefficient a,.(x) is called the (Jordan algebra) determinant, we denote
(1.10) A(z) = ar(x) .

This notation fits into the notation used for Jordan triple systems and their deter-
minant functions, cf. Section 2.9.

An element z is said to be invertible if there exists an element y € k[x] such
that xy = e. Since k[z] is associative, y is unique. It is called the inverse of x and is
denoted by y = 71. We have the following characterization of invertible elements.
Recall from Section 1.1 that P, € End(A) denotes the quadratic map corresponding
to x.

PROPOSITION 1.3. Let x be an element of a unital Jordan algebra A. Then
the following are equivalent:

(i) = is invertible, (ii) A(x) #0, (iii) P, is invertible.
If one of these holds, then

sl l_p . plo v(z)
(1.11) P, . (Pr) Py, Az)’

where v is an A-valued polynomial on A of degree r — 1.

More generally, a polynomial function ¢ : A — C, normalized such that §(e) =1,
is called a denominator of the inverse, if (i) d(x) # 0 if and only if = is invertible,
and (i) v(z) := §(z)-2~! is a A-valued polynomial map, called the numerator of 27*
(with respect to ¢). By Proposition 1.3, the map d(x) = Det P, is a denominator of
the inverse, and v(x) = P#x, where ( )# denotes the adjoint matrix, is the respective
numerator. The Jordan algebra determinant is the unique minimal denominator
obtained by canceling all common factors of § and v.

The deviation for an element = € A of being invertible is measures by the rank
defined by

rk(z) :== max {j|a;(z) # 0} .

We immediately obtain the following characterization of invertibility:

COROLLARY 1.4. Let A be a unital Jordan algebra of finite rank r. An element
x € A is invertible if and only if tk(z) =r.

1.4. Euclidean Jordan algebras

A euclidean Jordan algebra A is a real Jordan algebra, such that there exists
a positive definite bilinear form on A satisfying the symmetry condition (L u|v) =
(u|Lyv) for all z,u,v € A. In addition we assume A to be unital with unit element
e € A. A system of orthogonal idempotents ey, ..., e, is complete, if e; +...+ e, = €.
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THEOREM 1.5 (Spectral theorem). For x € A there exist unique real numbers
A1,y A all distinct, and a unique complete system of orthogonal idempotents
€1,...,e. such that

T=Aer+...+ e .
For each j = 1,...,r, we have e; € R[z]. The numbers \; are said to be the
eigenvalues and ) Aje; the spectral decomposition of x. Furthermore,

A(I)=>\1~...')\T,

and more generally,
aj(:zz): Z )‘il""')‘ij>

1<ig<...<i;<r

where aj, 1 < j<r, is the polynomial defined in Proposition 1.2.

COROLLARY 1.6. The rank tk(z) of an element x € A equals the number of
non-zero eigenvalues of x (with multiplicities counted).

We recall that each euclidean Jordan algebra contains a symmetric cone: Let
Q be the set of all squares, Q = {z?|x € A}, then

(1.12) 2(A) := interior of Q

is a symmetric cone [8, II1.2.1]. This is the starting point for the theory which
relates (real) symmetric cones with Jordan algebras in a one-to-one correspondence.
Finally, we recall different Jordan theoretic characterizations of {2 given in [8]:

PROPOSITION 1.7. Let A be a euclidean Jordan algebra with unit element
ee A, and let 2 be defined as in (1.12). The following are equivalent
(i) w € 2(A),
(ii) x € A invertible and x = y* for some y € A,
(iii) x = exp(y) for some y € A,
(v) =Y \e; (spectral decomposition) with A; >0 for all i,
(v) © € A with L, positive definite.
Furthermore, £2(A) equals the connected component of the set of invertible elements.

The various characterizations of the symmetric cone are used in Sections 2.5,
3.4, and 7.1.
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Jordan triple systems

This chapter is a review of basic notions in the theory of Jordan triple systems.
In Sections 2.1 through 2.4 we follow the usual treatment, as it can be found in
more detail e.g. in [8, 28]. Starting with Section 2.5, we deviate from the usual
presentation by introducing a generalized Peirce decomposition we adopt from [18].
Usually the Peirce decomposition is defined solely for tripotent elements. This
concept can be extended to arbitrary elements of the Jordan triple system if one
introduces the pseudo-inverse of elements. In the finite dimensional setting, every
element of the Jordan triple admits a pseudo-inverse. The benefit of this concept
comes in when we study the action of the structure group on various objects, e.g.
sets of certain Peirce spaces (Lemma 2.32) or the compactification of Z (Chapter
7). Since the set of tripotents is not invariant under the structure group, the usual
Peirce decomposition is not the appropriate one for these group actions.

Using the generalized Peirce decomposition in Section 2.6, we extend E. Neher’s
equivalence relation on the set of tripotents® to an equivalence relation on all of Z.
Sections 2.7 through 2.10 pick up the threads of the usual presentation. However,
we have to reformulate and prove again some of the results to fit them into the
concepts of generalized Peirce decompositions and pseudo-inverses. In addition,
these sections contain some technical results which are needed in later chapters but
can be proved by elementary methods.

2.1. Basic structure

Let Z be a complex vector space. Then we denote by Z the complex conjugate
vector space, i.e. Z = Z as real vector spaces and scalar multiplication on Z by
complex scalars A € C is defined by \-z = Az, where Az denotes scalar multiplication
in Z. Therefore an antilinear map from Z into some complex vector space W can
be considered as a linear map from Z to W. Since Z and Z coincide as sets, we
often do not distinguish between z € Z being an element of Z or Z. The distinction
is of importance only in cases when we consider the properties of maps such as
complex (anti-)linearity or, in later chapters, (anti-)holomorphy. Then saying that
a map is antilinear (resp. antiholomorphic) in z € Z is equivalent to saying that the
map is linear (resp. holomorphic) in z € Z.

A hermitian Jordan triple system is a pair (Z,{, , }) of a complex vector space
7 and a complex trilinear map

{,,}:1Z%xZxZ— Z, (u,v,w) = {u, v, w} ,
such that for all z,y, z,u,v € Z the following holds:
(i)  Symmetry:
{z,y, 2} ={z,y, 2},
(ii)  Jordan identity:

{u7 v, {Ia Y, Z}} - {JC, Y, {ua v, Z}} = {{u’ v, I}, Y, Z} - {I7 {U7 u, y}7 Z} .

ITwo tripotents are equivalent if their Peirce decompositions coincide, see [36].

7
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Fixing some entries in the Jordan triple product {, , } yields the following defini-
tions: For u,v € Z let

wiv: Z -7, zunv(z)={u,v, 2}, Qu: Z—2Z, 2+ Quz={u, 2, u}

be the box operator and the quadratic operator. We also use the following polariza-
tion of the quadratic operator:

Qu,v = %(Quﬂ} - Qu - Qv) .
The Jordan identity is equivalent to
(2.1) [wov,z0y] = {u, v, 2} Oy -2 0 {v, u, y}

for all x,y,u,v € Z, where [T,S] =T oS -S50T denotes the ordinary commutator of
endomorphisms T, S € End(Z). The quadratic operator satisfies the fundamental
formula

for all z,y € Z. Besides these relations there is a whole list of (unnamed) relations
satisfied by combinations of the Jordan triple product, the box and the quadratic
operator. Appendix A is an adaption of O. Loos’ list of identities given in [28]. In
the sequel we refer to the single identities by JT1 to JT35.

Inductively we define the odd powers of an elements z € Z by

(2.3) AW =z and @D g CnD)

A hermitian Jordan triple system Z is positive, if {z, z, z} = Az with A € C
and z # 0 implies A > 0. This is equivalent [28, §3.16] to the requirement that the
sesquilinear map

(2.4) (1Y:ZxZ->C, (u,v) »Tr(uow)

is positive definite and therefore defines a scalar product on Z. Here Tr(u Owv)
denotes the trace of the box operator u O v. Due to the Jordan identity, this scalar
product is associative, i.e.

(2.5) {({u, v, wilz) = (ul{v, w, z})

for all u, v, w, z € Z. By the symmetry of the Jordan triple product, this is equivalent
to the statement, that the adjoint of a box operator uOv is given by (uDOv)* = vOu.
The associativity also implies that the quadratic operators satisfy the following
relation:

(2.6) (Quzly) = (Quylz) .

In this thesis we are engaged exclusively with finite dimensional positive
hermitian Jordan triple systems (phJTS).

REMARK 2.1. As O. Loos indicates in the introduction to [28], a phJTS can
be regarded as a composed object, namely as a Jordan pair with positive hermitian
involution. More explicitly, if Z denotes the phJTS, then (Z, Z) is the associated
pair with involution being the identity on Z (which is antilinear when regarded as
a map from Z to Z). Some concepts used in phJTS become more transparent when
considered from the point of view of Jordan pairs (such as the structure group,
quasi-invertibility, duality and even the construction of the compactification of 7).
Other concepts rely heavily on the identification of Z with Z via the involution, so
there is no distinction between elements of Z and elements of Z (e.g. the definition
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of tripotents, pseudo-inverses and the Peirce decomposition?). Since one of the main
concepts used in this thesis involve pseudo-inverses and Peirce decompositions, we
prefer the point of view of phJTS, so the main focus lies on the single object Z, and
the complex conjugate Z of Z is merely used to describe antilinearity of certain
maps. Nevertheless, this usage indicates that there is an underlying concept for
general Jordan pairs. By duality of Jordan pairs, we can interchange Z and Z and
thus obtain the Jordan triple system Z, which is identical to Z except that the
complex structure is conjugate.

We notice that each phJTS is semisimple in the following sense [28, §4.10]: An
ideal in Z is a subset I ¢ Z, such that {I, Z, Z} +{Z, I, Z} c I. A Jordan triple
system Z is simple, if all quadratic operators are non-trivial, and if it contains no
proper ideals. A Jordan triple system is semisimple, if it is decomposable into a
direct sum of simple Jordan triple systems.

EXAMPLE 2.2. The main example of a phJTS is given by the vector space of
complex matrices, Z = C™® with r < s, equipped with the triple product

(2.7) {w,y, 2} = 5 (2y"z + 2y"2)

where y* =%" denotes the transposed and complex conjugated matrix. In this case,
the scalar product is given by
r+s

(28) (aly) =

In the sequel we refer to this example with the term ’matriz case’. Often it is
usefull to identify the elements z € C™*® with linear maps (n - zn) from n € C* to
C". Then, y* is interpreted as the adjoint map of y with respect to the standard
scalar products given on C® and C". Unless otherwise stated, we regard vectors in
C? and C" as columns.

Tr(zy™) .

2.2. Conjugate Jordan triple systems

Let Z be a phJTS and let Z denote the complex conjugate vector space as
described in Section 2.1. Since swapping Z and Z in the definition of the triple
product does not change its properties (trilinearity, symmetry, Jordan identity and
positivity), Z can be regarded as a phJTS in its own right. Since Z and Z coincide
as sets, the corresponding triple systems are essentially the same, except from
their opposite complex analytic structures. We call Z the conjugate phJTS of Z.
As already mentioned in Remark 2.1, the concept of duality/conjugation becomes
more transparent when discussed within the theory of Jordan pairs.

2.3. Connection to Jordan algebras

Given a phJTS Z and an arbitrary element a € Z, the product zo,y = {z, a, y}
induces on Z the structure of a complex Jordan algebra. To distinguish the algebra
structure from the triple structure, we often denote this Jordan algebra by Z(®). If
there is no danger of ambiguity, we write x oy for the Jordan algebra product. Left
multiplication and the quadratic map are given by

(2.9) LW=zo0a and P =Q.Q,.

2The Peirce decomposition plays a special role in this context. It can be defined on arbitrary
Jordan pairs (Z;,Z_) and leads to decompositions of Z, and Z_ separately. In the theory of
Jordan pairs with positive hermitian involution (or equivalently in the theory of phJTS) one
compares these decompositions via the involution and demands them to coincide. This is valid
for Peirce decompositions with respect to tripotents and can be generalized to arbitrary elements
by introducing the concept of pseudo-inverses. See Section 2.5
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There is an analogous construction using a € Z and the dual phJTS Z, resulting
in the complex conjugate Jordan algebra Z(*). In general these Jordan algebras
are neither euclidean nor unital. Different elements a,b € Z induce different Jordan
algebra structures on Z = Z(®) = Z(®  In some cases there are naturally given
homomorphisms between these structures.

LEMMA 2.3. Let (a,b) € Z x Z be related by some x € Z via a = Qzb. Then
(2.10) Qu: 2 520 2 Quz

is a complex linear homomorphism of Jordan algebras. If Z'®) is unital with unit
element e, then Z(® is also unital with unit element Qge, and Q, is a complex
linear isomorphism of unital Jordan algebras.

PROOF. Due to the fundamental formula we have
Qz(u %q u) = QwQua = Qanqub = QQlub = (Qwu) Op (Qwu) .

By polarization this implies Q(u o, v) = (Qzu) oy (Qv) for all u,v € Z(*). Now
let e be the unit element of Z(*). Then e is invertible in Z(*), and by (1.11) and
(2.9) this implies the invertibility of Q. and @,. Again using the fundamental
formula @, = Q,Q»Q, it follows that @, is also invertible and hence an antilinear
isomorphism of unital Jordan algebras. O

2.4. Tripotents and the spectral theorem

A tripotent e € Z is an element satisfying {e, e, e} = e. Two tripotents e,c € Z
are (strongly) orthogonal, e 1 ¢, if one of the following equivalent conditions is
satisfied [28, §3.9]

(i) coe=0 (i) emec=0 (iii) {c,c,e} =0 (iv) {e,e,c}=0.

Strongly orthogonal tripotents are orthogonal in the sense of the scalar product
on Z. In the following the term ’orthogonal tripotents’ always means ’strongly
orthogonal tripotents’. The set S ¢ Z of tripotents is partially ordered by

e<c <= c=e+¢e for some tripotent e # 0 with e’ L e .

The non-trivial minimal tripotents are called primitive. Since a family of orthog-
onal tripotents in Z is linearly independent and since Z is assumed to be finite
dimensional, every tripotent c € S can be decomposed into a sum e =ej +...+e, of
orthogonal primitive idempotents. Each such decomposition has the same number
of summands, this defines the rank of ¢, denoted by rk(e) = 7. The rank of the
Jordan triple system Z is defined by

(2.11) rk(Z) := max {rk(e) | e tripotent} < dim¢ Z .

Let S denote the set of rank-k-tripotents, then
(2.12) S=U Sk with Sk ={eeS|rk(e) =k} , r=rk(2)
k=1

is a disjoint decomposition of the set of tripotents. If Z is simple, one can show
([28, §5.12]) that the Sy are exactly the connected components of S. In Chapter 3
we discuss the analytic properties of these subsets. A frame is a maximal system
of orthogonal primitive tripotents. Each frame has r = rk(Z) elements.
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EXAMPLE 2.4. In the matrix case Z = C™°, an element e € Z is tripotent if
and only if e = ee*e. This is the condition characterizing parital isometries. The
standard example of a tripotent element is

(2.13) e= ( L; 053 ) eC™*,

OT*js.j 01«,]"5,‘]‘
where 1; denotes the (j x j)-identity matrix and 0, 4 the (p x ¢)-vanishing matrix.
Moreover, two tripotents e, ¢ are orthogonal if and only if ec* =0 and c¢*e = 0. For e
as in 2.13 this is equivalent to the condition that ¢ has is of the form (8 2 ), where
the entries denote block matrices of the same size as in (2.13).

The following spectral theorem generalizes the singular value decomposition
of matrices: Recall that for each matrix z € C™° with r < s there exist unitary
matrices Uy € U(r) and Us € U(s) such that z = U; AU, with a unique ’diagonal’
matrix

>‘11j1

Op,s—p X8 :
A Al eC with Ay >...> )\, >0,

\ Or—p,p ‘ Or—ms—p/

where p = j1 +...+ ji is the rank of A. Let E; be the (r x s)-matrix obtained from
A by setting A; to 1 and all others to 0. Then we obtain

Z:>\161+...+)\r67~ with €i=U1EiU2 .

It is a simple calculation to verify that the e; form an orthogonal system of tripotents
in the Jordan triple system Z = C™° as defined in Example 2.2.

THEOREM 2.5 (Spectral theorem). Let Z be a phJTS. Then every element
z € Z admits a unique decomposition

(2.14) z=A1e1 +...+ \pep,

where the e; are pairwise orthogonal non-zero tripotents which are real linear com-
binations of powers of z, and the \; satisfy

(2.15) A1>...> A, >0.

We call (2.14) the spectral decomposition and the \; the spectral values of z.
Moreover, setting |z| := A1 defines the spectral norm on Z.

For a proof we refer to [28, §3.12 and §3.17]. Using the spectral theorem we
define

(2.16) €:7Z -8, Z:ZAieiHe(z) ::Zei.

This is a projection onto the set of tripotents. The element €(z) € S is called the
base-tripotent of z. We also define the rank of an arbitrary element z € Z by

(2.17) rk(z) :=tk(e(z)) andset Zp:={z¢Z|rk(z)=k} .

In this way we obtain a partition of Z into the subsets Zj, of constant rank elements.
Again, if Z is simple, one can show that these subsets are connected. The restriction
of € to Zj is a projection onto Sk, the set of rank-k tripotents. The analytic
properties of Z; and € are discussed in Section 3.4. In the matrix case Z = C™¢
the Jordan triple rank coincides with the ordinary rank of matrices.
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2.5. Pseudo-inverse elements and generalized Peirce decompositions

Let Z be a phJTS. An idempotent of Z is a pair (a,b) € Z x Z that satisfies
a=Qub and b= Qpa. In this case, a is an idempotent of the Jordan algebra Z(*)
and b is an idempotent of the Jordan algebra Z(®) 3 The corresponding Peirce
decompositions of Z = Z( and Z = Z(*) are given by

(2.18) Z=2"eZiy @ Zy" and Z=2)"e 7 ® Z",

where Zl‘}’b and ij’a denote the eigenspaces of L((Lb) =a0Ob and Ll()a) =b0Oa to the
eigenvalue v. We notice, that an e € Z is a tripotent if and only if the the pair (e, e)

is idempotent, and then the decompositions 2.18 coincide. For a general idempotent
(a,b) we have

Z00 = 7% for v =1,12,0 < aDb=b0oa.

Since (a0b)* = bOa, this is equivalent to the selfadjointness of adb. In this case, the
corresponding Peirce spaces form an orthogonal decomposition and the orthogonal
projections are given by
m=a0bo(2a0b-1d) = Q.Q» ,
(2.19) Ty, =4a0bo (Id-adb),
mo=(2a0b-1d)o(a0b-1d)=1d-2a0b+ Q.Qs -

We notice that Zf’b forms a unital Jordan algebra with product z op y = {x, b, y}

and unit element a, and similarly Zf '* forms a unital Jordan algebra with product
x o,y ={z, a, y} and unit element b.

THEOREM 2.6 (pseudo-inverses). Let Z be a phJTS. Then for every element
a € Z there exists a unique element a’ € Z, such that (a,a’) is an idempotent
and the corresponding Peirce decompositions coincide. This element is called the
pseudo-inverse of a. It is uniquely determined by the relations

(2.20) al=Qra, a=Q.d’, add =d'oOa,
and satisfies

(2.21) al = Qqa™? and (a)' =a,

.
where a~! is the inverse of a in the unital Jordan algebra Z} *“. If a = ¥ \;e; is the
spectral decomposition of a, then a' is given by al =Y /\i €.

PRrROOF. First we note that the identities (2.20) are equivalent to the statement
that (a,aT) is an idempotent such that the corresponding Peirce decompositions
coincide. For the moment, we call any element satisfying (2.20) a pseudo-inverse of
a. Using the properties of orthogonal tripotents, it is a simple calculation to show

that af = % Ai e; indeed is a pseudo-inverse of a. For uniqueness, it suffices to prove

the first equation in (2.21). By assumption we have Zf’aT = ZfT’a =: Z1, and due to
(2.19) this yields Q,Q.t = Qa1 Qa = Idz, in the restriction to Z;. Therefore @, and
Q.+ are invertible on Z; with Q' = Q,+, and we obtain

ot =P 0= Q' Q0 a = Qy' Quia=Q5lal

where we used (1.11) and the defining relations (2.20). Finally, the relation (a')" = a
follows from the symmetry of a and a' in the defining relations. O

8Identifying Z with the Jordan pair (Z,Z) one could be more precise and say that a is an
idempotent of the Jordan algebra Z(?), cf. Remark 2.1.
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Now let a € Z be an arbitrary element. Then we define the (generalized) Peirce
decomposition with respect to a to be the Peirce decomposition with respect to
(a,a’), and obtain

(2.22) Z=7{ 74,07 with Zi=70" =72

Since this decomposition can be considered as a Peirce decomposition of the Jordan
pair (Z,Z), we can adapt several results from [27]. In particular we obtain

THEOREM 2.7 (Peirce rules). Let Z be a phJTZ and let Z = Z7 & 77, ® Z§
be the Peirce decomposition with respect to a € Z. Then

{22, 25,22} c Z2 {z}, 28, 2} = {0}, {Z§, 2y, Z} ={0}

a-B+y
for all o, B, € {0,1/2,1} and Z% := {0} for v ¢ {0,Y/2,1}. FEach Peirce space Z¢
forms a subtriple of Z and therefore is a phJTS on its own.

REMARK 2.8. The generalized Peirce decomposition introduced in this section
is also discussed by W. Kaup in [18] — even in the infinite dimensional setting.
Doing this, one has to restrict to the set of (von Neumann) regular elements, since
just those elements admit a pseudo-inverse [18, Lem.3.2]. In the finite dimensional
setting, all elements are (von Neumann) regular. However, one has to be more
careful about the relation of this Peirce decomposition to the action of the structure
group. This action is not as simple as described in [18, p.573], we take on this point
in Section 2.8 (Example 2.31 and Lemma 2.32).

It should be noted that there is yet another Peirce decomposition defined by
W. Kaup and D. Zaitsev in [20], but this one differs from ours, though it looks very
similar. For example, their Peirce 1-space is the 1-eigenspace of Qi whereas ours
is the 1-eigenspace of Q,Q,t-

iaT,

EXAMPLE 2.9. In the matrix case Z = C™°, r < s, the pseudo-inverse is
exactly the conjugate transpose of the Moore-Penrose pseudo-inverse defined in
[37]. We note that any (r x s)-matrix a of rank j can be decomposed into z = zy
with z € C™ and y € C7* of full rank.* Then, it is a straightforward computation
to show that the pseudo-inverse is given by

(2.23) a = a(a"x) " (yy) 'y -

If @ is of maximal rank r, this reduces to a' = (aa*) ta. If in addition, s = 7, then
a is invertible and we obtain a' = a™*. If a € C™* is of the block form

(2.24) a=% 0 e C™*  with invertible a € C7*7, then af = a0 )
0 0 0 0
and the Peirce decomposition with respect to a is given by
a _[(AOQ jxj
Zy —{(00)|AE(C }, 7 Zf72
7, ={(&8)|BeCt=D, cectr4i} -
o i Zg
Zy = {(8 9 |D B C(T—J)X(S—])} ’

The right hand is used as a schematic diagram of the Peirce decomposition.

The next step is to generalize this Peirce decomposition to systems of orthogonal
elements.

4E.g., if a = U3 AU2 denotes the spectral decomposition of a as discussed in the last section,
then let & be the matrix consisting of the first j columns of U; A, and let y be the matrix constisting
of the first j rows of Us.
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Joint Peirce decomposition. First we have to define the notion of (strong)
orthogonality for arbitrary elements a,b € Z. The following lemma and its proof is
an adaptation of [28, §3.9].

LEMMA 2.10. Let a,b be elements of Z. Then the following are equivalent:
(i) aob=0 (i) boa=0 (i) {a,a’,b}=0  (iv) {b, b7, a}=0.

If one of these holds, then amal and bob! commute, and a and b are said to be
(strongly ) orthogonal to each other, denoted by a 1L b.

PROOF. First we notice that by the properties of the pseudo-inverse we have
ava’ =a'0a and bOb' = b 0b. Therefore (i) implies (iv) and (ii) implies (iii).
Assume that (iv) holds. Then by JT1,

{b, a, b} = {b, a, Qpb'} = (bDa)Qub" = Qp(aTb)b' = Qy {a, b', b} =0,
and using the Jordan identity we obtain on the one hand
(bob,boal={b b, b}oa-bo{b b, a}=boa
and on the other hand
(bob',boa]l=-[boa,bob']=-{ba, b} Obl +bo{a,b,b'}=0.
Therefore (iv) implies (ii). Interchanging a and b in these calculations also shows
that (iii) implies (i), hence proving the equivalence of all four conditions. Finally,
[aDaT,b\:\bT] = {a7 al, b}l:IbT —al:l{b, al, bT} =0,
thus a0 a’ and bo b’ commute. (]

REMARK 2.11. Since the defining properties of the pseudo-inverse allow to
interchange a and a' in condition (iii) of Lemma 2.10, we can exchange a by a' in
conditions (i), (i) and (iv). Similarly, it is possible to exchange b by b in (i) to
(iii). This proves that orthogonality is equivalent among the pairs (a,b), (a',b),
(a,b") and (af,d").

REMARK 2.12. The concept of (strong) orthogonality provides some relations
between the Peirce spaces of some Peirce decomposition. Let U be some subspace
of Z and denote by U* the (ordinary) orthogonal complement of U with respect to
the scalar product of Z. In addition, we set

(2.25) Uti={zeZ|znuforallueU} .

Then is is easy to see that U* c U+ and U c (U*)*. In general, equality does not
hold. Now let Z = Z}' ® Z}), ® Z§ be the Peirce decomposition with respect to some
element u € Z. Due to the Peirce rules we obtain

(2.26) Zy=(Z0)", Zy,=(ZYe(Z1)), (Z5)"~>21.

The first two equations imply that the Peirce decomposition is uniquely determined
by Z{, which is important for the study of Peirce varieties, see Chapter 6. Con-
cerning the inclusion, it should be noted that in general this is not an equality. For
instance, consider the matrix case Z = C™® with r strictly less than s. Then the
Peirce decomposition with respect to a = (1, 0) is given by

z |z,

Therefore, Z§ = {0}, which implies (Z§)" = Z, but the Peirce 1-space Z{ is a proper
subset of Z.
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Now let ai,...,a, be an orthogonal system of elements a; € Z, ie. a; 1L a;
for i« # j. Then by Lemma 2.10, the box operators a; O a;r can be diagonalized

simultaneously, therefore we obtain the joint Peirce decomposition

{ak, az, z} = %(5;“ + 5kj)z}

(227) Z = €B Zij with Z,’j: z€4
fork=1,...,n

0<i<j<n

Usually, one sets Z;; = Z;;. As in the (ordinary) joint Peirce decomposition with
respect to an orthogonal system of tripotents, one obtains the joint Peirce rules

{Zij, Zjk, Zre} © Zi

and all other types of products are zero. If T c {1,...,n} is a subset, and a; =
Yier @4, then the Peirce spaces of ay are given by
(2.28) Z3 =" Zi;, Zf/; = > Ziy, Zy'=). Zij.

i,jel iel ¢l i,jel

To obtain a direct sum decomposition one has to be more careful about the pairs
(4,4) occurring in the sum. These results follow immediately from [28, §3.14] by
application of Corollary 2.21.

EXAMPLE 2.13. In the matrix case Z = C™°, a standard example of an
orthogonal system of elements and their corresponding joint Peirce decomposition
is obtained from the following arrangement of invertible block matrices a1, aa, as:

o 21 | Zia | Zi3 Zo1
a2 Z12 | Zag | Za3 Zo2

~r
Qs 213 | Zos | Zs33 Z03

Zo1 | Zoz2 | Zo3 Zoo

If a; denotes the matrix obtained from the left hand side by setting all blocks but
the a;-block to zero, then the elements a1, as, a3 € C™° are an orthogonal system of
tripotents, whose joint Peirce decomposition is illustrated on the right hand side.

Peirce 1-space revisited. Let Zf be the Peirce 1-space of some element
a € Z. There are three canonical ways to define on Z{ the structure of a unital
Jordan algebra. On the one hand we have Z{ = Zf’aT = ZfT’a, so the products
zoy={x,a,y} and zory = {x, al, y} turn Z7 into a unital Jordan algebra with
unit element af and a, respectively. On the other hand, the base-tripotent e :=
€(a) = e(al) satisfies the relations ef = ¢ and ede = a0 al, so we have Z§ = Z¢
and the product z ey = {x, e, y} also establishes on Z{ the structure of a unital
Jordan algebra, with unit element e. In the following we always equip Zf with
the product zoy = {z, a, y} and address the other structures by using the identity
Zy = fo = 77 and referring to fo or Zi.

Due to Lemma 2.3, these structures are related via naturally given isomor-
phisms: Let a = ¥ \;e; be the spectral decomposition of a and set \/a := ¥ v/\; e;.
Then a' = %, Ale; and \/_T =y )\Zl/zei, and we have the relations

e:Qee:QﬁaT:QﬁTa,
(2.29) a=Qeca=Qua = Qg€
al = QeaT =Qqta= Q\/Efe.
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Therefore, we obtain the following diagram of Jordan algebra isomorphisms

Using the fundamental formula one can show that this diagram is commutative.

Identifying the complex conjugate Z(*) with Z(%) as real Jordan algebras, the
map @, becomes a non-trivial automorphism of order 2. We set

(2.30) OF 28 > 78, 20 2% = Q.2
and consider the decomposition of Z§,
(2.31) Z¢ =zt @z with Z{={zeZy|* =xz},

into the eigenspaces of the involution ()#. This decomposition is orthogonal with
respect to the real scalar product on Z defined by (z|y)g = Re(z]y). Indeed, for
xeZ® and y € Z* using equation (2.6) we have (x|y) = (Qez|y) = (Qeylz) = - (y|z),
and so (z|y)g = ({(z|y)+(y|z))/2 = 0. The fundamental formula shows that Z¢ forms
a real Jordan triple system: For z,y € Z¢ we have

Qer.’E = QerQex = QQeym = le‘ ,

i.e. Qyx is also an element of Z¢. Therefore by polarization, Z¢ is invariant under
triple products. Due to (2.29), a and a' are elements of Z¢, and since ( )# is homo-
morphic, the eigenspace Z{ is a real Jordan algebra with unit element at. In fact,
the next proposition shows that Z{ is even a euclidean Jordan algebra.

PROPOSITION 2.14. Let Z be a phJTS with scalar product (|). Let Z{ be the
Peirce 1-space of some element a € Z, and let Zy = Z$ & Z* be its decomposition
into eigenspaces of the involution z v 2% = Qez with e = ¢(a). Then

(2.32) (zly), = (2|Qay)  for z,yeZ:

defines a scalar product on Z, which turns Z¢ into a euclidean Jordan algebra.

PRrROOF. It is immediate that (2.32) defines a (complex) bilinear form on Z.
Symmetry follows immediately from equation (2.6). We have to show that (x|y),
is real for all z,y € Z¢. For this we use equation (2.6), the fundamental formula
and the relation a = Q.a:

<1'|Qay> = <Qe$|QaQey) = (QeQaQey|z> = (QQeayps) = <Qay|x) .

By a similar argument we prove positive definiteness on Z¢, using in addition the
identities a = Q e and \/a = Q. /a (similar to (2.29)):

(2|Qqx) = ($|(QﬁQeQ\/a)(QeI)> = ($|Q\/5(Q\/a$)> = (Q\/a$|Q\/a$> .
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Finally, by JT1 and associativity of the scalar product on Z we obtain
(zoyl2), = ({2, a, y}Quz) = (zl{a, y, Quz}) = (2|Qu {y, a, 2}) = (zly o 2), .

Therefore (x|y), is an associative scalar product on Z{. O

For calculations with elements of Z¢ and Z¢ the following lemma is important.

LEMMA 2.15. Let Z =271 & Zf/z ® Z§ be the Peirce decomposition with respect
to a € Z, let e = €(a) be the base-tripotent of a, and let ()# : Z& — Z& be as in

(2.30). Then

z0e=e0z?

for all ze Z{. In particular, zOe=+eDz for z e Z3.

For the proof see [28, §9.13]. For later use we finally note a lemma, which
relates invertible elements of Peirce 1-spaces with their pseudo-inverses.

LEMMA 2.16. Let Z be a phJTS and Z{ be the Perice 1-space of some element
a€Z. Then be Z} is invertible (with respect to the Jordan algebra product z oy =
{x, a, y}) if and only if the restriction of Qp to Z{ is invertible. In this case,

bl=Qu b7 and b =Qub7!,
where b™! denotes the Z¢-inverse of b and b’ is the pseudo-inverse of b.

PROOF. An element of a Jordan algebra is invertible if and only if the corre-
sponding quadratic map is invertible. Therefore b is invertible in Z7 if and only if
P = Q,Q, is invertible on Z¢. Since @), is invertible on Z{ with inverse Q,+,
this is equivalent to the invertibility of @, on Zf. Due to (1.11) and the relation
b= Qubt, the inverse of b is given by b~! = Q;nglb = Q,+b". The second identity
follows from this by applying @), on both sides. O

Finally, we compare the spectral decomposition of the phJTS Z with the spec-
tral decomposition given in a euclidean Jordan algebra. First, we note that if A
is a euclidean Jordan algebra with unit element e, the Jordan algebraic spectral
decomposition z = Y pjc; of some element z € A might contain a vanishing term
0-cs with pus = 0. This is required by the condition that ¢; +...+ ¢y = e. This makes
the formulation of the following result slightly more complicated than one might
expect at first.

PROPOSITION 2.17. Let e be a tripotent element, and let z be an element of
the euclidean Jordan algebra Z3. Let

k [
z= Z e, and z= Z 15C;
i=1 j=1

be the spectral decompositions of z with respect to the phJTS Z and with respect to
the euclidean Jordan algebra Z5. Then

k if w; #0 for all j,
kE+1 if uj =0 for some j,

and there exists a permutation o € Sy, such that

i = oy and e; =sign(po()) coiy fori=1,... k.

Moreover, the spectral decompositions coincide if and only if z is an element of the
symmetric cone 2(Z¢) c Z$.
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PROOF. We first consider the spectral decomposition with respect to the eu-
clidean Jordan algebra Z7. By assumption, the ¢; satisfy Y c; =, {¢j, e, ¢;} =¢;
and {c;, e, ¢;} =0 for all ¢ # j. We claim that the ¢; form a system of orthogonal
tripotents in Z: Using JT12 we obtain for i  j

0=Aci e, ¢j} ={Qcie €, ¢j} =2{ci, e, {cj, €, ¢j}} = Qe {e, ¢, €} = =Qe.c5 .
Here we also used Lemma 2.15 for the identity {e, ¢;, e} = {e, €, ¢;} = ¢;. Therefore,
{¢j, ¢;, ¢;} vanishes for i # j, and thus {¢;, ¢;, ¢;} = {¢j, e, ¢;} = ¢; shows that ¢; is
a tripotent. Similarly, using JT9 it follows

0={cjs cir ¢} = {ej, Qe ¢} =2(c;0e)*(ei) = (¢ B Qecy) (i) = = {cj, ¢y e} -
Therefore, the c; are pairwise orthogonal. Now assume that all ;1; are non-zero. We

show that the c; are elements of the real linear span of the odd powers of z. This
is a consequence of the decomposition z = 3 u;c; with all p; distinct, and follows

by a Vandermonde argument: We claim that (z, . .,z(%‘l)) = (c1,...,¢q), where
(---) denotes the real linear span. The inclusion ’c’ is trivial, so it suffices to show
that z,...,2* D are linearly independent, since the ¢;j are linearly independent.

By orthogonality, we have 221 = ¥ ;271

5 ¢j, and therefore

Q1Z+ ...+ akz(%_l) =0 if and only if Zai,u?i_l =0 for all j.
i

This linear system on the «; is just trivially solvable, since

- o
: 221 SHLc e e H (i —p3) 0.
e g - 1<i<j<l

In the case that one of the p; is zero, say p, = 0, this argument still works for the
other ¢; for j # s, we just omit the (0-c,)-term in the sum z = ) pjc;. Therefore,
in any case we proved that the Jordan algebraic decomposition z = )’ p;c; is also
a decomposition into a sum of pairwise orthogonal tripotents, which are linear
combinations of (triple-)powers of z. By uniqueness of the spectral decomposition
on triple systems, we conclude that the decomposition

2= 3 luil ()
Hj#0 '

coincides with the decomposition z = Zle Aie; up to the order of the terms. This
proves the main part of Proposition 2.17. Finally, we note that by Proposition 1.7
an element z € Z$ belongs to the symmetric cone if and only if its eigenvalues f;
are positive. This implies the last assertion. O

COROLLARY 2.18. The rank of an element u € Z coincides with the rank of
the unital Jordan algebra Z1'.

PRrROOF. Proposition 2.17 shows that the spectral decompositions of w in Z
coincides with the spectral decomposition of w in euclidean Jordan algebra Z{ with
= €(u). By Corollary 1.6, this implies that the rank of u in Z equals the rank of
win Z¢. Since u is invertible in Z¢, it is also invertible in the complexification Z7

and in Z}'. Therefore, Corollary 1.4 yields rk(u) =rk(Z7"). O

2.6. Peirce equivalence

We introduce an equivalence relation on Z, which generalizes the idea of asso-
ciated tripotents introduced by E. Neher in [36]. Two elements u, v € Z are said to
be Peirce equivalent if they induce the same Peirce decomposition, i.e.

(2.33) urv <= Z) =2, forv=11720.
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Clearly, this defines an equivalence relation on Z. We denote the set of equivalence
classes by P. In Section 3.1, we introduce a complex analytic structure on P, which
we investigate in more detail in Chapter 6. There are several equivalent descriptions
of the Peirce equivalence relation.

PROPOSITION 2.19 (Peirce equivalence). Let Z be an hermitian Jordan triple
system and u,v € Z. The following are equivalent:

(i) u and v are Peirce equivalent,
(i) vou’ =voof,
(i) 7§ = 23,
(iv) we Zy andve Z},
(v) we Z7y invertible or v e Z} invertible.

Here, invertibility is to be understood in the sense of the respective Jordan algebras.

PROOF. The equivalence of (i) and (ii) is evident, since self-adjoint operators
coincide if and only if their eigenvalues and the respective eigenspaces coincide.
Also, (i) immediately implies (iii). The converse is stated and proved in Remark
2.12. (iii) implies (iv). For the converse, we first note that a Peirce 1-space always
satisfies the relation Z7 = Q,,Z, since @),,Q,+ is the orthogonal projection onto Z7.
Therefore, u € Z{ can be written as u = Q,x for some x € Z. Using the quadratic
formula, we obtain Z} = QuZ = Q.22 = QuvQ:QvZ ¢ QuZ = Z7. Applying to
v € Z1" the same argument yields the converse inclusion, and hence the two Peirce
1-spaces coincide. It remains to prove the equivalence of (v) to the others. Assume
(i)-(iv). By (iv), v is an element of Z}*. Due to Lemma 2.16, the invertibility of v
in Z7 is equivalent to the invertibility of @, on Zi. By (ii), the Peirce spaces Z7'
and Z7 coincide, so the inverse Q,+ of @, on Z7 is also the inverse of @), on Z}'.
Finally, assume (v), i.e. without restriction, we assume v to be invertible in Zj".
Then, again by Lemma 2.16, @), is invertible on Z}*. In particular, @, is a surjection
onto Zi'. Therefore, u can be written as u = @,z for some z € Z{'. Since Z7 = @, Z,
this implies that u is also an element of Z7, and hence (iv) is satisfied. ]

REMARK 2.20. Due to the fifth characterization of the Peirce decomposition,
the Peirce equivalence class [u] of an element u € Z is given by [u] = (Z}")*, the
invertible elements of the unital Jordan algebra Z7'. By Corollary 1.4, this implies
that the equivalence class [u] is contained within the set of constant rank elements
Z; with j =rk(u). Thus, the partition of Z into subsets of constant rank, Z = (J Z;,
is compatible with the Peirce equivalence relation. Therefore, the set of Peirce
equivalence classes P decomposes into

(2.34) P= U Pj with Pj = ZJ/ ~
7=0

where r denotes the rank of Z.

COROLLARY 2.21. Every element z € Z is Peirce equivalent to some tripotent.
More precisely, if z = Y, Ager is the spectral decomposition of z, then z is Peirce
equivalent to its base-tripotent €(z) = Y. ej.

Finally, we generalize the Peirce equivalence to a partial order on Z, defined by
(2.35) uci <= Z\'cZj.
We call a tuple (ug,...,u) of elements in Z Peirce ordered, if uy c ... c uy holds,
ie. if Z}" c...c Z{"*. This partial order plays a particular role in this thesis, since

it forms the base for the definition of pre-Peirce manifolds (Section 3.3), Peirce flag
varieties (Section 6.4) and Jordan flag varieties (Section 8.3).
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2.7. Bergman operators and the quasi-inverse

One of the most important operators in Jordan theory is the Bergman operator,
defined by

(2.36) B, w:=1d-2z0w+Q,Q, € End(Z)

for any pair (z,w) € ZxZ. The Bergman operator is closely related to the geometry,
which is given by the phJTS Z, see Section 3.5. The pair (z,w) is said to be quasi-
invertible if B, ., is invertible. In this case, the element

(2.37) 2V =B (2 - Q.w)

is the quasi-inverse of (z,w). The pair (z,w) is quasi-invertible if and only if z is
quasi-invertible in the unital extension C-1® Z(*) of the Jordan algebra Z(*) i..
1 -z is invertible, and (1 -2)~! = 1+ 2%. This justifies the term ’'quasi-inverse’, see
also [27, §3]. A pair (z,w) is said to be nilpotent, if z is a nilpotent element of the
Jordan algebra Z(®). Let 2(™®) denote the n-th power of z in Z(*).

LEMMA 2.22. [If (z,w) is nilpotent, then (z,w) is quasi-invertible, and in this
case
(2.38) 2= Y )
n=1
In particular, let u € Z be some element of Z, and let z € Z}72 ® Z§ and w e Z7.
Then, the pair (z,w) is nilpotent, and z* = z + Qw.
For the proof of the first part, we refer to [27, §3.8], the second part follows

immediately from the Peirce rules. For calculations with quasi-inverses the following
well-known formulas are essential:

Symmetry formula. Let (z,w) € Z x Z. Then (z,w) is quasi-invertible if and
only if (w, z) is quasi-invertible, and in this case,
2% =2+ Q. (w¥) .
Shifting formulas. Let (u,v), (z,w) € Z x Z.
(a) (z,Qqu) is quasi-invertible if and only if (Q,z,u) is quasi-invertible,
and in this case,
Qu(=%") = (Qu2)"
(b) (z, By, 4w) is quasi-invertible if and only if (B, , 2, w) is quasi-invertible,
and in this case,
B (5+) = (Bu?)".
Addition formulas. Let (z,w) € Zx Z be quasi-invertible and let (u,v) € ZxZ.
(a) (z,w+v) is quasi-invertible if and only if (2*,v) quasi-invertible, and
in this case,
ZuH—v — (Z’LU)'U .
(b) (2 +wu,w) is quasi-invertible if and only if (u,w?) is quasi-invertible,
and in this case,

(z+u)¥=2"+ Bz_}w(u(“’z)) )

We note that the addition formulas rely on the following relations for the
Bergman operator:

-1
Bz,sz“’,v = Bz,w+v ) Bz,w“Bu,w = Bz+u,w ) B = Bzw,—w = B—z,wz .

zZ,w

We refer to these formulas by JT33 to JT35, cf. the list of identities in Appendix A.
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Next we recall the notions of denominators and corresponding numerators of
the quasi-inverse, cf.[28, §7.4]. Clearly the map (z,w) - 2" is a rational map from
Z x Z to Z. A polynomial function

§:ZxZ—-C
is called a denominator of the quasi-inverse, if it is normalized such that §(0,0) =1,
and if it satisfies

(i) d(z,w) # 0 if and only if (z,w) is quasi-invertible, and

(ii) v(z,w) :=6(z,w)-2" is a Z-valued polynomial map, called the numerator

of z¥ (with respect to 4).
For example, we can take 6(z,w) = det B, ,, and v(z,w) = (B, ,)*(z - Q.,w),
where ()2 denotes the adjoint matrix. The unique minimal denominator obtained
by canceling all common factors of § and v is called the generic norm or (as we

will do) the Jordan triple determinant of Z, we denote A (z,w). Any pair of
denominator and corresponding numerator satisfies some fundamental relations:

LEMMA 2.23. [28, §7.5] Let § be a denominator of the quasi-inverse and v
the corresponding numerator. Then

6(tx,y) = 6(x,ty)
6(z,y)0(a",2) = 0w,y +2),
v(tz,y) =tv(z,ty),
o(z,y)v(a?,2) =v(z,y+2),
forallzeZ,y,zeZ, teC.

In the same way as the relations of Lemma 2.23 one proves the identities
(2.39) 6 (2, By,uy) =6 (Bu,vx,y) ,  0(Qzy,v) =6 (Quv,y)
for all (z,y), (u,v) € Z x Z.

EXAMPLE 2.24. In the matrix case Z = C™°, the Bergman operator B, ,
satisfies
(2.40) B, wx=(1-zw")z(l-w"z).
Therefore, by a standard result of linear algebra, the Bergman operator is invertible
if and only if the matrix 1 - zw* (or equivalently the matrix 1 - w*z) is invertible.
In this case, the quasi-inverse of (z,w) is given by
(2.41) 2 =(1-zw* ) z=2(1-w*2)™".
From this it follows that A(z,w) = det(1 - zw*) is the Jordan triple determinant.

The following lemma relates the quasi-inverse with Peirce decompositions even
in the case, where (z,w) is not nilpotent.

LEMMA 2.25. Let 2 =21 + 21, + 20 and w = w1 +wy, + wo be the components

of z,w € Z in the Peirce decomposition with respect to we Z. Then for v=0 and 1:

(a) (zy,w) is quasi-invertible if and only if (z,,w,) is quasi-invertible, and
then

ZV’U} — ZVU),,

In particular, z,* € Z}} for all we Z.
(b) (21 + 20,w,) is quasi-invertible if and only if (z,,w,) is quasi-invertible,
and then

(21 +20)" =2, + 21, .
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PROOF. Recall from Section 2.5 that the orthogonal projections of Z onto the
Peirce spaces Z}' and Z are given by @,,Q,+ and Id -2 wou'-Q,Q,+. We note that
the second one coincides with the Bergman operator B,, ,,+. Therefore, z1 = Q. Q12
and z9 = B, ,tz. In addition, the defining properties of the pseudo-inverse yield
the relations B, ,+ = Byt ,, and QuQ,+ = Q,+Q. Hence, part (a) follows from the
shifting formulas. For (b), we consider the case v = 1. Due to the symmetry formula
and part (a), we obtain

(214 20)"" =21+ 20 + Quyrz (W) = 29 + 20 + Qzy 420 (W) .

Since wi! is an element of Z}', the Peirce rules imply that @, .., can be replaced
by @Q.,. Applying the symmetry formula once again, it follows

(z1+20)" =21+20+ Qs (W) =21+ 20+2)" —21 =21 + 20 .
The corresponding statement with v = 0 is proved analogously. (]

The next (quite technical) lemma gives a criterion for the quasi-invertibility of
pairs of the form (u,u’ - 2), it is used in several subsequent sections. In some ways,
it relates quasi-invertibility in Z with invertibility in the unital Jordan algebra Z7}.
This lemma is an essential tool in the proof of Theorem 4.12.

LEMMA 2.26. Let z = 21 + 215, + 20 be the components of z € Z in the Peirce
spaces corresponding to u € Z. Then:

(a) By, yt-. is invertible if and only if z is invertible as an element of the
Jordan algebra Z3 (with product x oy = {x, u, y}). In this case,
B .=B

"
u'-z -1
w,ulf—z ) and u = zlf = Quzl .

1,1
u,ul=(z7t —z oz

(b) If z € Zt, then the Peirce spaces Z) are invariant under B, ,i_,, more
precisely

Bu,uf—z = Qqu|ZiL ® 2UDZ|Z1‘/ ®Id|Zé‘ s
2

and B, ,+_, is invertible if and only if Q. is invertible on Z3'; in this case,
2unz b is the inverse of 2u0 z on 2}72.

ProoF. First we note that by Lemma 2.25, the Bergman operator B,, ,+_, is
invertible if and only if B, ,+_, is invertible. For this operator we obtain by using
the Peirce rules and the Jordan identity the relation

By utez 0 =00 = 2u021(vy,) + QuQzyv1 for v =v; +vy, +vp.

This proves the first part of (b). Let B, ,i_, be invertible. Since @, is invertible
on Z7', it follows that also @, is invertible on Z}', and hence Lemma 2.16 implies
that z; is invertible in Z7'. Conversely, assume the invertibility of z; in Z}, then it
remains to show that 2u D02 is invertible on Z};z. Using JT13, the Peirce rules and
Lemma 2.16, we obtain for v € Z};z

2unzitounz(v) = (Quzit) Oz (v) = {ZI, 21, v} .
By Proposition 2.19, we have zI Oz =uoul, thus 4un 2zt oun 2 (v) = v for
all v e Zf;z. Since Z};z is finite dimensional, we conclude that 2w« 0O z; is invertible

on 21772 with inverse given by 2u 0 z7!.

-1
w,ut—z

It remains to determine the formulas for

and u*'~*. Due to Lemma 2.16, we obtain

uquz _ uuT—zl _ B—l (u _ Qu(uT _ Zl)) _ B—l Quzl

w, uf—21 w, uf—21

= (QuQ:) ' Quzr = Q121 = 2] = Quart
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To determine the Bergman operator B, ,i_. = B_, (ui-z)», We use the symmetry
formula and calculate (uf-2)* modulo Z¥, since due to the Peirce rules, terms in ZQ
do not contribute to the Bergman operator. Using also the relation zif Oz =uoul

once again, we get,

o
(uf =2) =ul — 24 Qui o (u" ™)

—ul -2+ QuT_ZZI

=ul -2+ QutZI - 2{uT7 zI, z}+ szi

t

=u' -z -z, + zl_l - 2{uT, ZI, 21} — Q{uT, ZI, 2y, b+ 2{ 2y, zI, 21}

+{z, ZI, 21}
A 2t - 2{uT, Quzit, 215}
=—ul + 2t {2 u, 215}

For the last step, we used the Jordan identity. Finally, we note that the Bergman
operator admits the shifting of the sign from the first to the second entry. This
completes the proof of Lemma 2.26. ]

2.8. Morphisms and the structure group

In this section, we briefly recall the basic notions and result on homomorphisms
of positive hermitian Jordan triple systems. Let Z and Z’ be phJTS. Then a
homomorphism of Z to Z' is C-linear map [ : Z — Z' satisfying

(2.42) flz,y, 21) = {f(2), f(y), f(z)} forall z.y.zeZ,

where {, , } and {, , }’ denote the triple products on Z and Z’. If f is invertible,
then f is called an isomorphism, and f~! is an isomorphism of Z’ onto Z. More
generally, a structure homomorphism is a pair (f,g) of C-linear maps f,g: Z — Z'
satisfying

(2.43) flz y. 23) = {f(@), 9(y), f(2)} forall z,yzeZ,

If f is invertible, then g is invertible, and g = f~*, where f~* = (f*)7!, and f*
denotes the adjoint map of f with respect to the scalar products on Z and Z’
defined in (2.4). In this case, f is called a structure isomorphism of Z and Z'.

Specializing to the case Z = Z', we denote by Aut(Z) the group of automor-
phisms of Z, called the automorphism group, and by Str(Z) the group of structure
automorphisms on Z, called the structure group. A structure automorphism f is
an automorphism if and only if /7" = f, i.e. if f is a unitary map with respect to
the scalar product on Z. Therefore, Aut(Z) is a closed subgroup of the unitary
group on Z. Moreover, Aut(Z) is a compact real form of Str(Z). Let K denote
the identity component of Aut(Z), then the identity component of Str(Z) is just
the complexification of K [28, §3.2],

(2.44) K =Aut(2)? and K€=Str(2)°.

Elements of K are usually denoted by k and elements of K€ by h. A derivation on
Z is an endomorphism § € End(Z), such that

(2.45) 6({z, v, 2}) ={0(x), y, 2} +{z, 6(y), 2} + {z, y, 6(2)}

for all x,y,z € Z. Let Der(Z) denote the set of all derivations on Z. It is a
real vector subspace of the endomorphisms on Z, which is invariant under the
commutator [f,g] = fog—go f on End(Z), thus Der(Z) is a Lie algebra. The Lie
algebra ¢ of K is identified with Der(Z). Accordingly, the Lie algebra ¢ of KC is
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identified with the complexified derivation algebra Der(Z)® [28, §3.2]. Therefore,
the elements of €€ are characterized by the relation

(2.46) 6({z,y, 2}) ={0(x), y, 2} = {x, 6" (v), 2} +{z, y, 0(2)}
for all x,y,z € Z. In addition, we have
t={6e€C|0=-5"}.
In particular, it follows that
r0yet® and iz0z, zO0y-yOzect

for all z,y € Z. The elements x0Oy are called inner derivations, and it turns out [28,
§8.9], that €C is generated by the inner derivations. Analogously, JT26 implies that
if (z,y) € Z x Z is quasi-invertible, then the Bergman operator B, , is a structure
automorphism of Z, called an inner automorphism, and it turns out that the set
of all inner automorphisms generate the identity component KC of the structure
group Str(Z) [28, §8.9].

EXAMPLE 2.27. In the matrix case Z = C™*, the identity component K€ of
the structure group Str(Z) is isomorphic to the projective group P(GL, x GL;),
which acts on Z via

(2.47) P(GL, xGL,) x Z » Z,([A,D],z) » A2D™" .

One often considers instead of the projective group the finite cover S(GL, x GLj).
The kernel of the canonical projection onto P(GL, x GLy) is the set of all (A Id, X Id)
with \™*¢ =1, thus

(2.48) KC = P(GLr x GLS) = S(GLT X GLS)/(C) )

where ¢ is a primitive (r + s)-th root of unity. Since (xly) = =5* Tr(xy”), the
adjoint of a structure automorphism h = (A, D) is given by h™ = (A7, D7),
where A™* denotes the inverse of the complex conjugate of A. Therefore, the

identity component K of the automorphism group Aut(Z) is given by
K=2P(U, xUs) 2S(U, xUs)/[{C) .

Next we recall some results on structure homomorphisms, which are used in
several parts of this thesis.

PROPOSITION 2.28 ([28, §7.3|). Let Z and Z' be phJTS. If (f,g) is a struc-
ture homomorphism, and if (z,w) € Z x Z is quasi-invertible, then (f(2),g(w)) is
also quasi-invertible, and

F(2*) = (f(2))?.
In particular, if Z = Z' this holds for structure automorphisms (f,g) = (h,h™).

Applying Proposition 2.28 to the canonical imbedding of a subtriple W c Z
into Z yields the following result:

COROLLARY 2.29. Let W be a subtriple of Z and z,w € W. Then (z,w) is
quasi-invertible in W if and only if (z,w) is quasi-invertible in Z.

A further consequence of Proposition 2.28 is the Str(Z)-invariance of a denom-
inator of the quasi-inverse.

COROLLARY 2.30. Let § be a denominator of the quasi-inverse, and let h €
Str(Z) be a structure automorphism. Then,

d(hz,h*w) = (2, w)
for all (z,w) e Zx Z.
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Next we investigate the compatibility of the generalized Peirce decomposition
with respect to an element v € Z with the action of the automorphism group and
the structure group. For an automorphism k € Aut(Z) it is straightforward to show
that

(2.49) (ku)" = ku'

i.e. the pseudo-inverse map u + u' is Aut(Z)-equivariant. It immediately follows
that (ku) 0 (ku)' = ko (ugu') o k71, Therefore, we obtain for the Peirce spaces
with respect to ku the relations

(2.50) Z{=kZy, Z48=kZY,, Z§"=kZj .

In the case of a structure automorphism h € Str(Z), the situation is considerably
more complicated. A first candidate for the pseudo-inverse of hu seems to be h™*uf
(cf. [18]), since the pair (hu,h *u') is an idempotent, i.e. satisfies the relations
hu = Qpy(h™u) and h™*u = Qp-+y (hu). However, the third defining relation of the
pseudo-inverse, (hu) 0 (hu)™ = (hu)™ 0 (hu), is not satisfied in general. We obtain
the following condition:

(2.51) (hu) =hu! — [R*h,uou']=0,
i.e. the Peirce spaces Z need to be h*h-invariant.

EXAMPLE 2.31. The following is a typical example, in which (hu)! differs
from h~*u': Take h = exp(2vOu’) with v e Z3),- Then, h™ = exp(2uf 0wv), and by
the Peirce rules this yields

(2.52) hu=u+uv+ {m, ul, v} and h7*ul =ul.
Since hu # u for v # 0, this implies h™*u’ # (hu)T.

Even though the pseudo-inverse of hu admits no simple formula involving h and
ul, the following lemma states a crucial relation between these terms. In addition,
using this relation we prove a simple relation between the Peirce spaces of u and
hu..

LEMMA 2.32. Let ue Z and h € Str(Z). Then
u' = (W (hu)?)y, ZM=hzZ" and ZM=h"rZY.

Here (h*(hu)), denotes the Zi-component of h*(hu)’. In particular, two elements
w,U € Z are Peirce equivalent if and only if hu and ht are Peirce equivalent.

PRrROOF. According to one of the defining relations for the pseudo-inverse we
have {hu, (hu)', hu} = hu, and since h is an element of the structure group, this
implies {u, h*(hu), u} = u. Applying Q. to this equation yields

Qut Qu(h* (hu)) = u',
this is the first assertion. For v € Z}* we calculate
(hu | (hu)T) hv = {hu7 (hu)T7 hv} = h{u, h*(hu)T, v} = h{u, ul, v} =hv,

where we replaced h*(hu) due to the first assertion and the Peirce rules by uf.
Therefore hZ} is a subset of Z"“. The reverse inclusion follows from this by the sub-
stitution h - h™!, u — hu. The last equation follows from the relation Zi* = (Z*)*
and the general assertion, that for any subspace U ¢ Z we have (hU)* = h™*U*,
which can easily be verified. The additional statement about Peirce equivalence is
a simple application of the identity Z* = hZ* and Proposition 2.19. (|
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REMARK 2.33. We note that there is not such a simple relation between the
Peirce 1/2-spaces of u and hu as it is given for the Peirce 1- and the Peirce 0-spaces.
However, by orthogonality we have

2l = (2" 0 2 = (W2 e 2"

see also (2.26). In addition, it should be noted that in general the Peirce projec-
tions QpuQ(hu)yt and By, (hy)t onto Z and Z{" do not coincide with the terms
hQuQ,+h™t and h™* B, ,+h*. Even though the latter terms define projections onto
the Peirce spaces Z" and Zé‘“, in general they are not self-adjoint, and hence,

these projections differ from the orthogonal ones.

As a first application of Lemma 2.32, we prove that the subsets of constant rank
elements are invariant under the action of the structure group. Further application
can be found e.g. in Sections 2.9, 3.3, 6.2 and 8.3.

PROPOSITION 2.34. Let Z be a hermitian Jordan triple system. The subsets
Z; ¢ Z of rank-j elements are invariant under the action of the structure group

Str(Z).

PrRoOOF. We note that the rank of an element u € Z equals to the rank of the
Jordan algebra Z7}*, and since v and its pseudo-inverse u' have the same rank, this
also equals to the rank of the Jordan algebra Z{‘T. We claim that for h € Str(Z2),
the map

+
heZd - 720 g b
is an isomorphism of Jordan algebras. Indeed, due to Lemma 2.32 and using the
Peirce rules, we have hQ u' = hQ h* (hu)' = Qe (hu)' for all x € fo. Polarization
now implies that h(xo,ty) = (hx)o(h,)t (hy) for all z,y € Zluf. Therefore, we obtain

rku =rkul =1k Zi‘T =1k th“)T =rk(hu) = rkhu .

This completes the proof. O

2.9. Induced Jordan algebra denominators

Recall from Section 2.5 that the Peirce 1-space Z{' is a unital Jordan algebra
with product zoy = {z, u, y} and unit element u', the pseudo-inverse of u. Choosing
a different element % € Z which is Peirce equivalent to u, yields a different Jordan
algebra structure on Z% = Zi. The next proposition shows that any denominator of
the quasi-inverse on Z induces denominators of the Jordan algebras Z7 and relates
denominators of Jordan algebras defined by Peirce equivalent elements.

PROPOSITION 2.35. Let Z be a phJTS, and let § be a denominator of the
quasi-inverse with corresponding nominator v. For any u e Z, define

6“1 Z>C, 20 0(ul -2, u).

Then, the restriction of §* to the unital Jordan algebra Z} is a denominator of the
inverse, and the restriction of §* to Z}jz ® Z§ is the vanishing map. We call §" the
induced Jordan algebra denominator corresponding to § and uw. Moreover, if u and
u are Peirce equivalent element, then

(2.53) 5(2) = 6%(u') - 5%(2)
forall ze Z.
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PRrROOF. For any x € Z}, it follows by the properties of § that §*(z) is non-
vanishing if and only if the pair (u' —2,u) is quasi-invertible. Due to Lemma 2.26,
this is equivalent to the invertibility of x in Zj'. Furthermore, Lemma 2.26 yields
that

vi(z) =6"(x) -2t = 6%(x) QUTUUT_Z = Quid(u, u' - 2) w7 = Quiv(u, ul - )
is a well-defined (complex) polynomial in x € Z;*. Finally, 6" is also normalized,
since (5“(uT) = 0(0,u) = 1. Therefore, §* is a denominator of the inverse in Z7}.
For z € Z}), ® Zg we obtain §%(z) =0, since (u - z,u') is not quasi-invertible. Now
let u and @ be Peirce equivalent. Again using Lemma 2.26, this implies that the

u'

NPT . . . . .. _ate .
pair (@, af - uT) is quasi-invertible with quasi-inverse 4" = u. Therefore, using

Lemma 2.23 we obtain

68 (z) =d(al -z, @) = 6(al —ul + (uf - 2), @)
T) = 5ﬁ(uT) O(ul -z, u) = 5ﬁ(uT) -0%(2)
for all z € Z. This completes the proof. O

=5(a" —uf, u)-o(ul -2, Tl

u

COROLLARY 2.36. Let A denote the Jordan triple determinant of Z, and for

u € Z let A" denote the Jordan algebra determinant of the unital Jordan algebra
Zi. Then

A¥(x) = A(uf - z,u)
for all x € Z}".

Next, we investigate the properties of the induced Jordan algebra denominators
concerning the action of the structure group.

PROPOSITION 2.37. Let Z be a phJTS, 6 be a denominator of the quasi-
inverse. Then, for w € Z and a structure automorphism h € Str(Z), the induced
Jordan algebra determinant satisfies

(2.54) §“(hz) = 6" “(2)
for all ze Z. Moreover, if h*u e Z3, then

§*(hz) = 8*(hu') - 5"(2)
forall ze Z.

PROOF. To prove the first relation, recall from Corollary 2.30 that § is invariant
under the action of h~'. Therefore,

0“(hz) = A (uJr - hz,u) =A (h_luT -z, h*u) .
By Proposition 2.35, this term just depends on the Z{‘*“—component of hluf - 2.

Therefore, Lemma 2.32 implies that 2~ u' can be replaced by (h*u)?, since h='uf =
h7Y(h™*(h*u))t. This yields

54 (hz) = A (W ul = 2, h*u) = A((h*u)t - 2, h*u) = 6" (2) .

Now, assume that h*u is an element of Zj'. Since h* preserves the rank of el-
ements, h*u is invertible in Z7', and hence h*u is Peirce equivalent to u. From
Proposition 2.35 it follows

5 (hz) = 0" (z) = 6" ((h*u)t) - 6%(z) = 8" U (ul) - 67 (2) |

where we used the relation ¢ (fﬁ)_l = 5ﬂ(uT) obtained from (2.53) by setting z = a.
Finally, applying (2.54) to the first factor yields the assertion. O
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REMARK 2.38. The second formula of Proposition 2.37 is a well-known formula
in the theory of Jordan algebras [8, VIII §5]. It induces a character of the structure
group Str(Z}") of the unital Jordan algebra, given by h — A"(hu*). This character
has applications to the harmonic analysis on symmetric cones [1].

2.10. Simple Jordan triple systems and their classification

In this section we briefly recall the classification of simple phJTS. Recall that
any semisimple phJTS is the direct sum of simple phJTS. One of the main properties
of simple phJTS is the transitivity of the K-action on the set of frames on Z [28,
§5.9]. This makes it possible to define to following characteristic multiplicities: If

(é1,...,er) is a frame of Z (rk Z = r), then the Peirce spaces of the corresponding
joint Peirce decomposition satisfy

Zoo = {0}

Zii = Ce 1<i<r
(2.55) dimeZy; = a l<i<j<r for fixed a, b e N.

dim([jZQj b 1<j<r

By the transitivity of the K-action on the frames, the multiplicities a, b € N are
independent of the choice of the frame, and thus indeed are characteristic for Z. If
b vanishes, Z is said to be of tube type. The genus of Z is defined by

(2.56) p=2+a(r-1)+b.
If d denotes the dimension of Z, we have

d a 1
;_1+§(r—1)+b_§(p+b),

and Z is of tube type if and only if § = %. Again by counting, it follows that the

dimensions of the Peirce spaces of some element u € Z are related to the rank of u
via

dimZ0 =k +a P E=D)

dimZy), =ak(r-k)+bk for k =rk(u).
SR (r—k-1

dim 2 = (r— k) +a k)(; =D L b(r-k)

A simple calculation shows that each of these identities can be solved for the rank
of u, hence we obtain the following result.

COROLLARY 2.39. If Z is simple, then the rank of an element u € Z is
uniquely determined by the dimension of one of its Peirce spaces.

Another fundamental fact on simple phJTS is the following relation between
the Jordan triple determinant and the Bergman operator.

THEOREM 2.40 (|27, §17.3]). Let Z be a phJTS. Then, the Jordan triple
determinant A is irreducible, and satisfies

(2.57) Det By, = A(z,y)”

where p denotes the genus of Z.
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We refer to [27] for the proof that the following list of simple phJTS is complete:

type ‘ Z ‘ triple product {z, y, 2} ‘ dim¢ Z ‘ rk(Z) ‘ a’ ‘ b ‘
I,s,7<s | C™* %(xy*zwtzy*x) r-s r 2 s-r
I, neven | CiL F(xy*z+2y* ) sn(n-1) in 4 0
II,, nodd | C | 3(zy*z +2y"x) in(n-1)| 3(n-1)| 4 2
111, Cim (xy*z+ 2y* ) in(n+1) n 1 0
v, cr (zly) z + (zly) . — (xZ) ¥ n 2 n-21 0
\% o2 | Quy=2(y*z) 16 2 6 4
VI H3(0) | Quy=3(zo(zoy)-a?oy) 27 3 8 0

In type IV,,, the term Zz denotes complex conjugation in each variable, and in
type VI, the product z oy is Jordan algebra product given by x oy = %(my +yx).
The only isomorphisms among the types listed above are the following [28, §4.18]:

117121112111121‘/1, IV2'51V1><IV1, 11,3'5][3,
IIIQ%IV3, IQ,QEIVZL, I, =21Vy.
The main ideas of this thesis are demonstrated on phJTS of type I, ;. We call

this type the 'matrix-case’, even though phJTS of type I1, and I, also consist
of matrices (with additional conditions).

5For type I1, I1] and IV, these entries are valid just with the following restrictions: in type
11, for n >4, in type II1l, for n > 2, and in type IV}, for n > 3. For lower indices consider the
isomorphisms quoted below the table.






CHAPTER 3

Analytic structures

So far we have described the algebraic structure of Jordan algebras and positive
hermitian Jordan triple systems. Now we prepare the study of analytic aspects in
Jordan theory. In the first section, we recall some basic definitions and results
concerning submanifolds.

The second section deals with equivalence relations and their analytic struc-
tures. This is of particular importance since there are naturally defined equivalence
relations on Jordan triple systems. This section provides a method for proving that
the corresponding sets of equivalence classes carry appropriate analytic structures
(Godement’s Theorem). The resulting manifolds are called quotient manifolds. We
indicate how a local description is obtained from the global definition via equiva-
lence classes and extend the "Godement approach" to a treatment of suitable vector
bundles on quotient manifolds.

In the third section we investigate the analytic structures of naturally defined
subsets of a positive hermitian Jordan triple system, namely the set of tripotent
elements S and the sets of constant-rank elements Z;. One of the main results of
this chapter is the extension of Z; and its analytic properties to certain flags of
constant rank elements. This seems to be a new concept in Jordan theory, and it is
based on the generalized Peirce decomposition. We obtain the so called pre-Peirce
flag manifolds, which form the basis of the definition of Peirce flag varieties in
Chapter 6.

Finally, in the last section we recall the basic notions of the functional calculus
defined on a hermitian Jordan triple system and extend a well-known result on func-
tions on open discs in Z to functions on constant rank elements. As an application
we conclude that the projection map of constant rank elements onto corresponding
tripotent elements and the pseudo-inverse map are indeed real analytic maps on
the sets of constant-rank. We determine their derivatives.

3.1. Manifolds and substructures

In this thesis we are concerned with manifolds over the real or complex numbers
that are smooth or even analytic manifolds. We recall some basic results on these
manifolds. For a detailed treatment and for the proofs, we refer to [38, 26].

Let k be the real or complex numbers, and let M be smooth (or analytic)
manifold over k or dimension n = dim M, called an n-manifold. An imbedded k-
submanifold S of M is a subset S ¢ M, such that for each p € S there exists a
neighborhood U ¢ M of p and a chart map

(3.1) @:U—>VcK' suchthat UnS=¢ ' (Vn (@ x{0}"").
Such a submanifold is a manifold on its own right, and the topology of S coincides
with the topology induced by M. Therefore, the canonical inclusion ¢ : S < M is

a smooth imbedding, i.e. ¢ is an immersion and a topological homeomorphism onto
its image. S need not be closed in M.

THEOREM 3.1. Imbedded submanifolds are precisely the images of smooth
(analytic) imbeddings.

31
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More generally, a subset S c M is said to be an immersed k-submanifold, if it is
the image of an injective immersion. By definition, an imbedded submanifold is also
an immersed submanifold, but in general, the topology of an immersed submanifold
may differ from the topology induced by M. The following proposition provides a
criterion for an immersed submanifold to be actually an imbedded submanifold.

PROPOSITION 3.2. Let M, N be smooth (analytic) manifolds, and let F :
M — N be an injective immersion. Suppose, one of the following conditions holds,

(a) M is compact, (b) F is a proper map,
then, F is a smooth (analytic) imbedding with closed image.

A typical example of an immersed submanifold is the orbit of a Lie group action
on a manifold. For a compact Lie group, Proposition 3.2 yields the following result.

PROPOSITION 3.3. Let M be a smooth (analytic) manifold, and let K be a
compact Lie group acting on M smoothly (analytically). Then the orbits of K are
smooth (analytic) imbedded submanifolds of M.

For the general case, the following proposition characterizes imbedded sub-
manifolds as subsets which locally look like level sets of appropriate submersions.
In Section 3.3, we use this criterion to prove that certain substructures of phJTS
(rank-j elements and more general pre-Peirce flags) are imbedded submanifolds.

PROPOSITION 3.4. Let S be a subset of an n-manifold M. Then S is an
imbedded k-submanifold of M if and only if every point p € S has a neighborhood
U in M such that Un S is a level set of a submersion & : U - K%, Moreover,
the tangent space of S in p is then given by T,S = ker D,®, where D,® denotes the
derivative of ® in p.

In the next section, we discuss equivalence relations on manifolds and describe
a criterion for the possibility to impose the set of equivalence classes with a man-
ifold structure. In this context, the more restrictive imbedded submanifolds are of
particular importance.

Unless otherwise stated, in the following the term ’submanifold’ always refers
to an ’imbedded submanifold’. By abuse of language we also call the disjoint
union of (sub-)manifolds (of possibly different dimensions) a (sub-)manifold. So,
each connected component of a (sub-)manifold must be a k-(sub-)manifold for an
appropriate k.

Vector fields on Z. Considering a Jordan triple system (or more generally a
k-vector space) Z as a manifold, we identify the tangent space T,Z in z € Z with
7 itself, so we identify the tangent bundle TZ with Z x Z. Therefore a vector field
on Z is given by a map

(3.2) C:Z—>7ZxZ, 2z (2,0(2)) .
Most of the time we identify the map ¢ : Z — Z with the corresponding vector field

—

¢. The commutator of two vector fields ¢ and 7 is given by

(3.3) [¢,n](2) = D2n(¢(2)) - D:¢(n(2)) -

Given a submanifold S ¢ Z, we identify the tangent bundle T'S with the corre-
sponding vector bundle

(3.4) TS={(z,v)|zeS,veT.ScZ}cSxZ,
and vector fields on S are represented by maps

(3.5) C:8—>8x2Z 20 (2,((z)) with ((z)eT.S forall zeS.

Again we use ¢ and ¢ synonymously.
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3.2. Quotient manifolds

Let M be a real or complex n-manifold, k = R or C, correspondingly, and let
R c¢ M x M be an equivalence relation on M. We also denote the equivalence
relation by

(3.6) x~py < (v,y) e R,

and an equivalence class by [x] = {# € M |z ~g Z}. The question arises under what
conditions the quotient space M /R (equipped with the quotient topology) carries
a manifold structure. We refer to [38] for proofs of the following two results.

THEOREM 3.5. If there exists a manifold structure on M|R such that the
canonical projection w: M — M /R is a submersion then this manifold structure is
UNLQUE.

A criterion for the existence of such a manifold structure is due to Godement:

THEOREM 3.6 (Godement). The following are equivalent:

(1) X = M/R is a manifold and m: M - MR is a submersion,
(2) the equivalence relation R is regular, i.e.

(i) R is a submanifold of M x M,

(ii) the projection pry : R — M is a submersion.

The manifold X = MR is often called a quotient manifold.

REMARK 3.7. The charts of X can be described as follows: For x € M consider
[z] € X as a subset of M. Since the projection 7 : M — X is a submersion, [z]
is a submanifold of M. Let ¢ : U - V be a chart of M, which flattens [x], as
described in (3.1). Then W = ¢ }(V n ({0}* x&k"*)) is a submanifold of M, which
is minimally transversal to [z] in x € M, i.e. T,M = T,[x]®T,W. Then the inverse
function theorem states that the restriction of m to W is a local diffeomorphism, so
we obtain a chart around [z] € X. A submanifold N of M is said to be minimally
transversal, if for all x € N, the submanifold [x] is minimally transversal to N in .
In this case, the same argument as above shows that the restriction of 7 to NV is a
local diffeomorphism. We call a family { N} of minimally transversal submanifolds
a transversal covering of X = M /R, if the family {7(Ny)} covers X.

Vector fields. Let M be a manifold, R a regular equivalence relation, and
M /R the corresponding quotient manifold. Often it is more convenient to describe
vector fields on M than on M /R, and sometimes it is possible to lift vector field on
MR to vector fields on M. Let 7(x) = [z] denote the canonical projection of M
onto M/R. A vector field ¢ on M is said to be the lift of a vector field ¢ on M /R,
if
(3.7 (Dem)e(x) = ¢(n(x)) for all e M.
A vector field f on M is said to be projectable, if
(3.8) (D,m),(z) = (Dz7)C(&)  for all (x,%) € R.

In this case, ¢([z]) := ((x) defines a vector field on M/R, and ¢ is the lift of ¢. If
¢ is smooth (analytic) then ¢ is smooth (analytic).

Vector bundles. Using Godement’s Theorem we can give a description of
suitable vector bundles (especially line bundles) on the quotient manifold X = M/R.
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THEOREM 3.8. Let M be a manifold, R a regular equivalence relation on M,
and X = M/R. Let E be a vector space over k and ¢ : R -~ GL(E) a smooth cocycle,
i.e. a smooth map such that

(3.9) 05 =0500F with %= ¢(x,7)
for all pairwise equivalent x,x,& € M. Then
(3.10) (z,v) ~g, (£,0) = x~p & and ¥ = ¢3v

defines a regular equivalence relation Ry on M x E, and € = (M x E)[Ry is a vector
bundle on X = M /R with fiber E.

PRrOOF. Using the cocycle condition (3.9) it is easily verified that (3.10) indeed
defines an equivalence relation on M x E. To show that Ry is regular, consider the
map

©:RxE - (MxE)? (z,%,v) = (z,v, % ¢%v) .
Since R is regular, this is a smooth imbedding and hence (R x E) = Ry is a
submanifold of (M x E)?. Furthermore, since pr; : R - M is a submersion, so is
pry : Ry - M x E with pry((x,v),(£,9)) = (z,v). Therefore R, is regular and
€ = (M x E)/R; has a well-defined manifold structure. To prove that & is a vector
bundle over X with fiber F, it remains to show that
(i) 7: & - X, [x,v] ~ [z] is a smooth projection,

(ii) &y :=7""([x]) is a vector space,

(iii) for all [x] € X there exists a neighborhood U c X of [z] and a diffeomorphism
¢: 7 Y(U) » U x E such that for all [#] € U the restriction to £;] is a linear
isomorphism onto {[Z]} x E = E.

The projection pr; : M x E - M? is the lift of 7 with respect to the canonical
projections mg : M x E - £ and nx : M — X, i.e. momg = mx opr;. Since pry is
smooth and 7g, mx are submersions, 7 is also a smooth projection. This proves (i).
For (ii), we have &, = {[z,v]|v € E} and

[z,01] + [z, v2] = [z,v1 +v2] , A-[z,01] =[x, v1]

for v1,v2 € £ and A € k is a well-defined vector space structure on &[,}. To verify
(iii), fix xg € [z] and let W be a submanifold of M such that o € W and the
restriction of mx to W is a diffeomorphism (cf. Remark 3.7). Set U := mx (W) and
let v : U - W denote the inverse of 7TX|W. We claim that W x E ¢ M x E is
minimally transversal to the submanifold [z, v] for all (z,v) € W x E. Indeed, let
(z¢,v) be a smooth curve in (W x E) n[z,v] with (zg,v9) = (z,v), then z; = x for
all ¢, since W is minimally transversal to [z], and so v; = ¢Ztv = ¢%v = v for all ¢.
Therefore T, ,)(W x E) nT(, 4y [v,2] = {0}, and comparing dimensions we obtain

T(v,x)(M x E) = T(v,x)(W x E) @ T(v,x) [vv x] .

Thus the restriction of m¢ to W x E is a diffeomorphism onto & = 7~ 1(U), and
using its inverse and the diffeomorphism ¢ : U - W we obtain

p: &y > UxE, [z,v]~ ([m],qﬁi([m])v)

as a well-defined local trivialization of £. The linearity condition is obvious. O

REMARK 3.9. The transition maps between local trivializations are given as
follows: Let W7 and W5 be two submanifolds of M, which are minimally transversal
to the equivalence classes in M, and let ¥ : Uy - W7 and 95 : Us — W5 denote the
corresponding charts of X. Then the transition map from &y, to &y, is given by

(U1 nUz) x B > (U 0 Us) x E, ([2],v) = ([], 652 Do) -
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Using the manifolds Wy = ¢(U; nUs) and W3 = ¢(Uy nUs) instead of Uy and Us,
we obtain

(3.11) W x B~ Wix B, (2,0) > (20917 (2), 67,05 -100)0) -
This gives an explicit description of the transition maps on &.

REMARK 3.10. If & and & are two vector bundles on X = M/R defined by
cocycles ¢ and ¢, then the usual constructions such as the Whitney sum & & &
and the tensor product & ® & have obvious analogues on the cocycle side.

In the case that there is a Lie group G acting transitively on a manifold X,
there is a well-known correspondence between homogeneous® vector bundles on X
and finite dimensional representations of the stabilizer subgroup H = Stabg (z) of
some x € X, given as follows (see e.g. [23]):

If £ is a homogeneous vector bundle on X, then the restriction of the G-action
on £ to H leaves the vector space &, invariant, and so induces a representation
pe : H - GL(&,). Conversely, let p be some representation on a finite dimensional

vector space F, then
. . §=ghand v = p(h) v
Gx,E:=(GxE)[~, with (g,v)~,(g,0) < {for come he I

defines a vector bundle on X = G/H with projection m([g,v]) = gH. In the sit-
uation of a quotient manifold X = M/R as discussed above we can give a third
characterization.

PropPosSITION 3.11. Let M, R, X, E, ¢, Ry and € be as in Theorem 3.8.
Assume in addition that there is a Lie group G acting smoothly on M, such that

(i) R is G-invariant, i.e. if (x,&) € R then (gx,g%) € R for all g€ G,
(i1) the induced G-action on X = MR is transitive,
(iii) ¢ is G-invariant, i.e. ¢(x,%) = ¢(gx,gx) for all (x,Z) € R and g€ G.
Then for fized x € M the map
(3.12) pe: H— GL(E), hw ¢
defines a representation of H := Stabg ([z]) on E, and
(313) q):GXI)mE_)S7 [Q,U] g [gl’,’U]

is an isomorphism of homogeneous line bundles. For a different choice of T € [z],
we have py(h) = ¢Z o pz(h)odi for all h e H, i.e. the representations are equivalent
and the corresponding line bundles are isomorphic to each other.

PrOOF. Using the G-invariance of ¢ and the cocycle condition we obtain for
h1,ho € H the relation

pa(hiho) = ¢31"2" = 621 = G, 0 907" = 6" 0 637" = pa(hn)pa(ho)

This shows that p, is a representation. The same argument yields the relation
between p, and pz for & € [z]:
pa(h) = 9" = 67005" = $700)15 = $7 06313005 = $7065" 065 = $r0pa(h) g3 -
Next we prove that @ is well-defined. Let [g,v] = [gh, p=(h) 'v]. Since h preserves
[z] and R is G-invariant, we have [ghx] = [gx] and therefore
- x z\ L x )1
[gha, pa(h)™'0] = [gz, ¢5a"(647) vl =gz, &7 (65") 0] =[gz, v] .

Li.e. there is a G action on the vector bundle, such that the canonical projection onto X is

G-equivariant.
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Thus &([g,v]) = ¢([gh, p=(h)'v]), i.e. & is well-defined. Now let [gz,v] = [, 7]
Then [gz] = [gz] and @ = $Z7v. By the G-invariance of R and ¢, this implies

(G g2x] =[] and ©= ¢g’1ng .

Therefore §~'g is an element of H, so § = gh and ¥ = q[);‘_lIv = po(h) *v. Hence
[g,v] = [g,0]. This shows that @ is injective. Surjectivity follows from the transi-
tivity of the G-action on X. Finally, by the same sort of argument, it is easy to
show, that

Gw&—E, (9,[z,0]) - [gz,v]

defines a G-action on &£ and that @ is G-equivariant. Since all group actions are
smooth, @ also respects the analytic structures and hence is an isomorphism of
vector bundles. O

The next proposition describes sections on a quotient manifold M /R, which
are induced by maps on M.

PROPOSITION 3.12. Let M, R, X, E, ¢, Ry and &€ be as in Theorem 3.8.
Let 6 be a map & : M — E satisfying

6(%) = ¢%(6(x)) forall (x,%)e€Ry.

Then, o([z]) := (x,0(x)) defines a section in E. Moreover, if {Nyx} is a transversal
covering® of X = MR, and if the restriction of & to each Ny is smooth (analytic),
then o is smooth (analytic).

PRrROOF. Due to the relation (3.10), o obviously defines a section in £, and since
transversal coverings correspond to an atlas on X (cf. Remark 3.7, also the second
statement is obvious. O

We note that the map & need not be smooth or analytic along the equivalence
classes [z] in order to induce a smooth or analytic section on X. In Section 6.3
we discuss the case of complex manifolds M, X = M/R and a real analytic map &,
which nevertheless induces a holomorphic section o on X.

3.3. Analytic structures on Jordan triple systems

Let Z be a hermitian Jordan triple system and let r denote its rank.

Tripotent elements. For 0 < j <r let S; be the set of tripotents of rank j.
Recall from Section 2.5, that the Peirce 1-space Z;* of some element u € Z has a real
decomposition Z} = Z} @ Z" into the eigenspaces of the involution z — = Q.2
on Z}', where e = €(u) is the base-tripotent of uw. For a tripotent e € S; we have
€(e) = e. The following is a classical result. For a proof, we refer to [28, §5.6].

THEOREM 3.13. Let Z be a phJTS of rank r and fir 0< j<r. Then S;c Z,
the set of rank-j tripotents, is a compact real analytic submanifold of Z. The tangent
space of S; in e€ S; is given by

(3.14) T.8;=20Z5, .

Moreover, S; is invariant under the action of the automorphism group Aut(Z), and
the identity component K of Aut(Z) acts transitively on each connected component
of Sj. In the case of Z being simple, S; is connected and hence K-homogeneous.

250 Remark 3.7.
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We briefly discuss an atlas on S;. For fixed e € S consider the map
(3.15) Ye: ZE® Zy), > Sj, v exp(vOe-edv)e.
Its derivative along v = v_ + vy, is given by
(3.16) Dop(v) =voe(e) —eDv(e) =2v_ + 3 vy, .

Therefore, Doy is an isomorphism of Z¢ @ Zf/2 onto 1.S;, hence ¢ is a diffeomor-
phism of a neighborhood of 0 onto an open subset of S;, and its inverse defines a
chart of S; around e.

Constant rank elements. For 0 < j < 7 let Z; be the set of all elements
z € Z of rank j. We prove that this subset forms a complex submanifold of Z,
and it is invariant under structure automorphisms of Z. Before we can do that,
we recall some basic properties concerning Peirce decompositions and structure
automorphisms. Let Z = Z}' ® 21“/2 ® Z§ be the Peirce decomposition of Z with
respect to some element u € Z. Then Z} is a unital Jordan algebra with product
xoy = {z, u, y} and unit element u’, the pseudo-inverse of u. For an invertible
element z € Z¥, its inverse 27! is related to its pseudo-inverse 2z by

(3.17) =Quz",

see Lemma 2.26. In the following we need some special elements of the structure
group, the so called Frobenius transformations (cf. [8], VI.3).

LEMMA 3.14. Forue Z and z€ Z{, y € Z};Q, the structure automorphism
(3.18) T.y=exp(2yD2’) e K€
is called a Frobenius transformation (with respect to u). It satisfies
Tew =By 2+ and Touz=z+y+ Qyzf = Qyﬂzf.
Any two Frobenius transformations with respect to u commute.
PrROOF. The equality of 7, , and B, _.: follows using the Peirce rules and JT13:
7.y =exp(2y0z’) =Id+2yozf +2(yozt) o (yo2l) = Id+2y02'+Q,Q.+ = By, _.t.

A simple calculation verifies the second equality. Now let 73 5 be another Frobenius
transformation with respect to u, i.e. Z€ Z}" and y € 21772- Then the Jordan identity
and the Peirce rules imply

[yoef,goz]={y " g}ot-go{f y 27} =0.
Therefore 7, , 073 5 = exp(2(y O ZFegozh)) = T2 0 oy O
According to Theorem 3.13 we obtain:

THEOREM 3.15. Let Z be a phJTS of rank r, and fir 0<j <r. Then Z; c Z,
the set of all rank-j-elements of Z, is a complex submanifold of Z. The tangent
space of Z; in ue Zj is given by

(3.19) T.Z;j=Z{ & 2, .

Moreover, Z; is invariant under the action of the structure group Str(Z), and the
identity component K€ of Str(Z) acts transitively on each connected component of
Z;. In case of Z being simple, Z; is connected and hence KC-homogeneous.
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Proor. The invariance of Z; under the action of the structure group is already
proved in Section 2.8, Proposition 2.34. To show that Z; is a submanifold of Z we
prove that it is locally the level set of a submersion. This proof extends the one
given for the matrix case in [26], Ex. 8.14. Fix u € Z; and let z = 21 + 2y, + 20
denote the Peirce decomposition of elements z € Z with respect to u. Let U be the
set of all z € Z such that z; is invertible in the unital Jordan algebra Z}'. Since z;
is invertible in Zj* if and only if the Jordan algebra determinant A%(z) does not
vanish, U is an open set of Z. Then for z € U, due to Lemma 3.14 and the relations
of the pseudo-inverse, we obtain

- - T_ -1
(3.20) T2,z % = BzI/Q,zIZ =z1+29 - Qz1,221 =21 +20— Qzl/zQuT21 .

Since the Frobenius transformation is an element of the structure group, it preserves
the rank of z, and since rkz; =rku = j and zg — 6221/221r € Zy, it follows that z e U

has rank j if and only if 29 - @, " 2T vanishes. Therefore,
ZinU=0"10) with @:U~Zg, 2 2~ Q,,Quiz -

For ¢ € R let z; be the curve z; = z+tv in U with vy € Z§, then %@(zt)hzo = 1vg, and
thus @ is a submersion. We conclude with Proposition 3.4 that Z; is a submanifold
of Z of dimension dim(Z}' ® Z),). Moreover, for z = u we obtain D,®(%) = 29, and
therefore

T,Z;=kerD,®=7® Z}jz )

Now consider for ¢t € R and v € Z{ ® Zy,u the curve hy = exp(tv O u') in K. Due
to the KC-invariance of Zj, the curve u; = hyu stays in Z;, and its derivative in
t =0 is given by 1o = voul(u) = v, + %vl/g. Therefore, the KC-orbits are open
and closed in Z;, and hence K € acts transitively on the connected components of
Z;. Finally, suppose that Z is simple. It is well-known that in this case K acts
transitively on tripotent elements, and therefore it suffices to show that for any
2 € Z there exists an element of h € K© such that hz is tripotent. Let z = X \je;
be the spectral decomposition of z and set z = ¥ (1 -1/v/A;)e; and y = Y e;. Then
(z,y) is quasi-invertible, h = B, , is an element of K€ and satisfies By yz=y. O

This proof contains some important identities for certain rank-j elements, which
we denote separately:

COROLLARY 3.16. For ue Z; let z = 21 ® 21, ® 2o denote the Peirce decom-
position of elements of Z with respect to u, and let U c Z be the set of elements
z € Z, such that z1 is invertible in Zi'. Then

zeUNnZ; <= z=21+2y, +QZ1/2217L = Tap,z1, 21
In particular, z is uniquely determined by its Z1'- and Z};Q-components.

REMARK 3.17. As noted in Section 2.1, each positive hermitian Jordan triple
system is semisimple, so Z is decomposable into a direct sum of simple phJTS:

(3.21) Z7=7We. . 07 .

Let Z ](_12) denote the submanifold of rank-j elements of Z(©), then the Spectral Theo-
rem 2.5 immediately implies that the manifold of rank-j elements of Z decomposes
into
(3.22) Zi= 1 zPe..0z".

Ji+..+js=j

These are the connected components of Z;.
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In addition to the imbedded structure of Z; ¢ Z we describe Z; intrinsically via
charts. This is an application of the Frobenius transformations on Z;. For u € Z;
consider

(3.23) Gu (Z1) % Zijy = Zj, (2,Y) = Tay2 -

Here (Z7')* denotes the (open) subset of invertible elements in Z;. As in (3.20) we
obtain

(3.24) du(2z,y) =T, yz =exp(2y O zT)z =z+y+ QyQufz’l ,

and since the Frobenius transformation is an element of the structure group, the
image of ¢, is a subset of Z;. It is injective, since z and y are uniquely determined
by the Peirce decomposition of ¢, (z,y) with respect to u. Moreover, ¢, is holo-
morphic, since z + 27! is holomorphic, it is even a rational map. Its derivative in
(z,y) is given by

(3.25) Deopdu(2,9) =2 +9+2{y, Quiz™", y} - QyQui .

Injectivity of Dy )¢y is evident, so by comparing dimensions it follows that ¢, is a
(global) diffeomorphism of (Z3)* x Zyj, onto its image. The prove of Proposition 3.15
shows that the image of ¢, consists exactly of those elements in Z;, whose Peirce
1-component is invertible in Z7'. Therefore it is an open and dense subset of Z;.
Composing ¢,, with the exponential map exp,, of the Jordan algebra Zj', we finally
obtain the map

(3.26) Put Zy ® 21, > Zj, (2,y) = du(exp,(2),y),
that defines a chart for the open and dense subset of all z € Z;, such that z; is

invertible in Z{. Notice, that ¢,(0) = u', since u' is the unit element in Z¥, and
therefore exp,, (0) = u'.

Flags of constant rank. Now we generalize the set of rank-j elements to
flags of constant rank. The resulting manifolds are called pre-Peirce flag manifolds
(pre-Peirce flags), since they serve as the background for the definition of Peirce
flags in Section 6.4.

Recall from Section 2.6 that a tuple (uy,...,ug) is Peirce ordered, if the cor-
responding Peirce 1-spaces form a (not necessarily strictly) increasing sequence of
subspaces of Z, i.e. if Z]" c ... c Z}"* holds. We denote this by uq c ... c uy. The
tuple (rkuq,...,rkuyg) is called the type of the Peirce ordered tuple (u;). The main
result of this section is the following.

THEOREM 3.18. Let Z be a phJTS of rank v, and fir J = (j1,...,jx) € Z*
with 0< j1 <...<jr <r. Then, the set Zj of Peirce ordered tuples of type J,

Zy={(u1,...,ux)|uy c...cug, tku; =3;} ,

is a complexr submanifold of Z;, x ... x Z;,, called the pre-Peirce flag manifold of

type J. The dimension of the connected component of Z; containing (u;) € Zy is
k-1
Z; dim (21" ® (Zy,n Z;)) + dim(Z* @ Z3t) .
i

Moreover, Zj is invariant under the action of the structure group Str(Z). If Z is

simple, then Zj is connected.

REMARK 3.19. At first sight, it seems to be more natural to define Z; by using
the strict partial order on Z given by

(*) u<i@ < @=u+u for some v with u 1L u'.

This is the natural extension of the partial order relation on tripotents (cf. Section
2.4). The benefit of our approach comes from the action of the structure group on
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Z 7. The more restrictive order relation (*) does not admit such an action, indeed
for w and v’ with u 1L u’ we have u+u’ <wu, but for h =7, , with y € Z}?z we obtain

hu=u+y+Quu’ and h(u+u') = hu+u’, so h(u+u') < hu if and only if hu 1 v/, i.e.
W' o(u+y+Quu)=u oy+u o(Quul) 20.

In particular, {u/, ¥, u} = Quiwy £0. But for generic y € Zy), N Z{”“/ this term does
not vanish unless v is trivial. It should be noted that the action of the structure
group on Z; is not transitive. For later applications of Theorem 3.18 it is also
noteworthy that there is no necessity for the tuple J = (ji,...,7x) to be strictly
increasing. If some of the j; are equal, then the corresponding elements of (u;) € Z;
induce the same Peirce decomposition.

The proof of Theorem 3.18 requires some preparation. First we define some
open and dense subsets of Z and Z;, which already appeared in the proof of The-
orem 3.15 and will be used later to prove that Z; is locally the level set of some
submersion (cf. Proposition 3.4).

LEMMA 3.20. Forue Zj let z = 21 ® 21, ® 20 denote the Peirce decomposition
of z € Z with respect to u. Then the sets

I":={z e Z|z invertible in Z{'} and I} :=T1"nZ;

are open and dense in Z and in the connected component of Z; containing u, re-
spectively. Moreover, u is an element of I} if and only if u is an element of I}

PrROOF. The set Z" is open and dense in Z, since its complement is the van-
ishing set of the Jordan algebra determinant A", which is a non-trivial complex
polynomial on Z. The subset of rank-j elements Z; is open and dense in its closure
cl(Z;), which in turn equals the affine variety of Z given by

c(Z;) :V( {A%|ve Z, tkv >]}) .

Therefore, Z; and Z" ncl(Z;) are Zariski open in cl(Z;), and since u is an element
of both, 7" and Z;, the intersection 7" n Z; is non-empty, and thus dense in the
irreducible component of cl(Z;) containing u. Since the closure of the connected
component of Z; containing u coincides with the irreducible component of cl(Z;)
containing u (cf. Remark 3.17), this proves the first part of the assertion. Now let
@ be an element of Z'. We have to show that A¥(u) # 0. Let @ =@ & @y, ® U
be the Perice decomposition of @ with respect to u. Using Corollary 3.16 we have
o= Ta17ﬁ1/2111. Due to Proposition 2.37 and the Peirce rules this implies

~ Tﬂ @ 'EL ~ * ~ ~
Au(u) = AT ' (U) =A™ (Tﬁl,ﬁl/gu) =4" (B—ﬁl,ﬂqmu) = A" (U) #0 3
since by assumption, @, is invertible in Z}'. Therefore, u is an element of If‘. The
converse follows by symmetry of v and . O

Next we describe a joint Peirce decomposition with respect to a Peirce ordered
tuple and introduce some notation. Let (u;) = (u1,...,ux) be a Peirce ordered
tuple, then for all ¢ > j the Jordan identity implies

[uiDuI,ujDu;]:{ui,u;f’uj}l:!u;r.—uj[]{u;r,ui,uj}:uj I:]uj-—ujljuj =0,

and hence all these box operators commute. Therefore the tuple (u;) induces a joint
Peirce decomposition similar to the usual one defined by an orthogonal system (cf.
Section 2.5):

k
(3.27) 7= sy Zuue with  ZWe = () Z4

Vi Vg Vi Vg
(Vl,...,Vk)€{1,1/2,O}k i=1
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The corresponding orthogonal projections of Z onto the subspaces are denoted by

(3.28) [ Z e Z3 0k, 2o 2,000
These definitions also make sense for subtuples (u;,,...,u;,) with0<iy <...<ipy <k

of a given Peirce ordered tuple (u;). For ¢ = 1, we obtain the ordinary Peirce
decomposition with respect to u;.

LEMMA 3.21. Let (u, 1) € Z? be a Peirce ordered tuple of type (j,k), i.e. uc i
and tku =j, tku=k. Then for a €T} and be I} it follows

i @ a\’ @
(3.20) aezt — oy =2 [{10}, (10) . 117}
Setting z, = [[z}]g and 2y, = [[z}]zg for z € Z, the left-hand side of (3.29) becomes

=2 {[)1/27 bL al}%% .

Proor. During this proof we use the abbreviated notation z, and z,, for the
components of the corresponding Peirce decompositions, i.e. z, € Z and z,, €
Z,nZy. We set h:= 1 Then Corollary 3.16 yields hb = by, and

therefore

un

Nl=
NJ=

(3.30) a

11
22

1 —
b1y T—bl,bl/zz'

aeZd < haehZd=2M"=2" =270,
From Lemma 3.14 and the Peirce rules we obtain
_ _ i
ha = Bbyz,b}a =a-2 {bl/g, by, a} + le/szIa
=a; ® (a1/2 -2 {b1/2, bj{, CL1} ) ® (ao -2 {b1/2, bJ{, a1/2} + le/szlal) .

By assumption, a; is invertible in Zj. Therefore, ha is an element of 7}, and it

remains to show that an element z of 7} is also an element of Z% if and only if
z11 =0. Due to Corollary 3.16, z € Z}' can be written as

z=[2ly + [21 + Qrany, L2117

and using the joint Peirce decomposition with respect to the tuple (u, %), we obtain

D=

1
2

z= (211 +211+ {zél, 211, 2%1}) ® (z%% +2{z%%, cii, c%l}) ® {z%%, ci1, z%%} .
Here we arranged the terms according to the decomposition 2z = 21 ® 21/, ® 29. Now,
if z is an element of Z¥, then 217, (and zg) must vanish, in particular this implies
z11 = 0. Conversely, if Z11 vanishes, then 21, and zp also vanish, and therefore
z =z is an element of Z{. O

Now we are prepared for the proof of the main theorem of this paragraph.

ProOOF OF THEOREM 3.18. First we note that Z; is invariant under the action
of the structure group, since by Theorem 3.18, the submanifolds Z;, are invariant,
and by Lemma 2.32, the Peirce order of the tuples is also respected by this action.
According to Proposition 3.4, we have to show that Z; is locally given as the level
set of some appropriate submersion. Fix (u;) € Z; and set U := T x...xZ;*. Due
to Lemma 3.20, U is open and dense in Z;, x...x Z;,. We use the notation of the
joint Peirce decomposition with respect to (u;) defined above. Consider the map
G:U - ZV"2 x ... x Z¥% 1" defined by

22 22

i Wit i+ i+ T i+ titivl
G (0gy =2 [{feady ™ (@ li) ) [)

i=1,...,k—
This is a holomorphic map, since Peirce projections are holomorphic and we have
of = Q. v~! for invertible v € Z1""' where v — v~! is also holomorphic. Lemma 3.21

i+1



42 3. ANALYTIC STRUCTURES

shows, that U n Z; = ®#71(0), i.e. Z; is locally (even densely) given as the level set
of @. It remains to show that ¢ is a submersion. Fix (z;) € Z;, x...x Z;, and
consider the curve

(z:(t)) = (Toy 005 2i) € Zjy x ... x Zj, with (vr,...,05) € ZVV" x ..o x Z78H0F
22

22

Then by Lemma 3.14, it is z;(t) = z; + tv; + tQQvizj, and we obtain

Duy®((v)) = 5((2i(1)))] o = ( ~2[{oe . =y ) -

23 -
Now setting vo = ... = v, = 0 shows that Z““‘2 is in the image of D(,,)®, and
inductively it follows that all Z¥“*! lie in the image of D(,,)®. Therefore, @ is a

2 2
submersion. Finally, comparing dimensions yields the stated formula. O

REMARK 3.22. Due to Proposition 3.4, the tangent space of Z; at (u;) is given
by the kernel of the derivative of @ at (u;). This is a subspace of the tangent space
of Z;, x...x Zj, at (u;), which is given by

T (Zinx - x 23) = (2" @ Zip) <. x (21" @ 1)

see Theorem 3.15. Tt is straightforward to compute the derivative of @ at (u;):
. Ui Uit . Uit Ui Uit1
330 Dooo(() - (10 -2 [{loly law]} )
i=1 1

11
22

,,,,,

It immediately follows that Z}"* x...x Z{"* is in the kernel and hence a subspace of
the tangent space of Z; at (u;). Unfortunately, (3.31) imposes non-trivial relations
on the Peirce 1/2-spaces except for le;’z‘ Therefore, there is no simple direct sum
decomposition of the tangent spaces of Z;, as compared to the case of Z;.

We extend the description of the pre-Peirce flag manifold Z; by constructing
an atlas of charts for Z;. Fix (u;) € Z; and consider the map

b (% 24y e () 2 (200 5 250) 2
defined by
(332) ((Ziyyi))izl,__.7k = (Tzlmyk 0...0 Tzrnyizi)i:l,...,k :

This map is well-defined, since the Frobenius transformations preserve the rank and
the Peirce order of the elements, so we have

(Tzk;yk ©...0 TZi7ini) c (Tzk,yk O O 241 yin Zi+1) S Tziyi%i © Zidl

and since y; is in particular an element of Z}"**, 7., .. z; remains in Z;"**'. The map
®(u;) is the natural extension of (3.23), and with the same arguments as above one
can show that ¢(,,) is a biholomorphic map onto the subset

(3.33) ¢ = (T8 . x T ) n 2y

which is open and dense in the connected component of Z; containing (u;). Again
using the exponential maps of the Jordan algebras Z}", we obtain the map

Pl (20 @ 23 x5 (20 & Z35%) x (23 0 28) = 2,

given by cp(ui)((xi,yi)) = ¢(ui)((expui (xi),yi)), that defines a chart. Considering
that the unit element of Z}" is uz, we have ¢(,,)(0) = (u{, . ,uz)
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3.4. Functional calculus

Let Z be a phJTS of rank r. The Spectral Theorem on Z (Thm. 2.5) admits
the definition of a functional calculus on Z. Recall that any element z € Z has a
unique decomposition

z=Ae1+...+Apen with Ay >...>X, >0,

and the e; are pairwise orthogonal non-zero tripotents which are real linear com-
binations of powers of z. Now let f : R - C be an odd function, f(-t) = —f(¢t),
then

(3.34) £: 227, 2= Niei—»£(2) =) f(N)e;

is a well-defined Aut(Z)-equivariant map on Z, i.e. f(kz) = kf(z) for all z € Z and
ke Aut(Z).2 If g,h: R - C are also odd functions, then obviously we have

(f+g)(z) =£(2) +g(2), (fgh)(2) = {f(2), g(2), h(2)} .
In addition, if g(R) c R, then the composition f o g also yields

(fog)(z) =1f(g(2)).
If f e R[t] is an odd polynomial, f(t) = ¥ a;t**', then f(z) = ¥ a;z2*"*D is con-
tinuous on Z. Here z(*1 denotes the odd powers of z defined in Section 2.1.
Applying the Weierstrass approximation theorem, we obtain that for any contin-
uous odd function f : R — C, the corresponding map f is continuous on Z. For
example, the most simple non-trivial odd polynomial ¢(t) = ¢3 with corresponding
map

(3.35) c:Z 7 ¢c(z)={z 2 2} =2

induces a homeomorphism on Z with continuous inverse defined by ¢ (t) = t'/3.
The map c is called the cubic map on Z. Its iterations c¢™ for n € Z are used in the
study of certain orbit structure on the compactification G(Z) of Z, see Chapter 7.

Obviously it is possible to restrict the defining function f(¢) to symmetric
intervals (—a,a) about 0. Then the corresponding function f is defined on D(a) =
{2z € Z||z| < a}. In this case, continuity of f on (—a,a) implies continuity of f on
D(a) by the same argument as above. The following proposition shows that if f is
real analytic around 0 then f is also real analytic around 0, cf. [28, §3.19].

PROPOSITION 3.23. If f(t) is real analytic for [t| < p, then the function £(2)
is real analytic on the domain D(p) ={z € Z||z| < p}.

EXAMPLE 3.24. As an example, we consider f(t) = tanh(t). This function
yields a real analytic diffeomorphism of Z onto D = D(1),

(3.36) tanh:Z — D, tanh(z) = Ztanh Aie; for z= Z Ai€; .

Another example is given by f(t) = tan(¢). This defines a real analytic diffeomor-
phism of D(F) onto Z, given by

(3.37) tan:D(%) =5 7, tan(z) = YtanXie; for z=) Ne; .

In these cases we prefer to denote the corresponding diffeomorphisms in normal
style letters instead of boldface letters, i.e. we write tanh(z) and tan(z). These
functions can be used to describe some geometric data on Z, in particular certain
geodesics, cf. Theorem 3.29.

3Tn this definition, f could be restricted to [0, 00), since the spectral values of z € Z are
non-negative. It is straightforward to check that in any case, f is an odd function. Therefore it
is natural to define f as an odd function on R. The transfer of analytic properties from f to f
requires this extended domain of f.
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So far, we discussed functions f(¢) which have nice analytic properties around
0. There are important examples, in which this is not the case. Consider the
function f: R — C defined by f(¢) = 1/t for t # 0 and f(0) = 0. Due to Theorem
2.6, the corresponding function f(z) maps z onto its pseudo-inverse zf. We denote
this by

1/t t+0
(3.38) () = It yields  ¢(z) =2z,

0 ,t=0
For another example, take f(¢) = sign(¢) with sign(0) = 0. This corresponds to the
projection map of Z onto the set of tripotents we defined in Section 2.4, i.e.

(3.39) e(t) = sign(t) yields e(z)=)e; for z=) Ne;.

We claim that the restrictions of these maps to the sets of constant rank elements
Z; c Z have nice analytic properties.

PROPOSITION 3.25. If f : R = C is odd and real analytic on R~ {0}, then
for all 0 < j <1 the restriction of the function £(z) to Z; is real analytic.

Before proving this proposition, we examine the connection between spectral
values and the subsets Z;. For this we note that the spectral decomposition z =
> Aie; of some element z € Z can be refined by decomposing the tripotents e; into
the sum of pairwise orthogonal primitive tripotents. The set of tripotents we thus
obtain can be completed to a frame of Z. Therefore we obtain

z=01C1+...00¢, With o1>2092>...20,20

This decomposition is no longer unique, since a non-primitive tripotent can be writ-
ten in infinitely many different way as the sum of primitive tripotents. Nevertheless,
the r-tuple (o1,...,0,) is uniquely determined by the spectral values A; of z and
their multiplicities p; = rk(e;). We set

(340) O’(Z) = (0'1,...70}):()\1,...,)\17...,)\]€7...,)\]€7(),...,())E]RT7

where each \; occurs p;-times. This defines the spectral map o : Z — R". Strictly
speaking, o maps Z onto the set of non-negative, non-decreasing r-tuples, o(Z) =
{(0;)eR"|o1 >... >0, 20}. For 0<j<r, we obtain

Zj =0 (R x {0}77).

Here R, denotes the set of positive real numbers. It is well-known that the spectral
map o is continuous.

PROOF OF PROPOSITION 3.25. This proof is based on the ideas of the proof
of Proposition 3.23 given by O. Loos in [28, §3.19]. Fix j and 2, € Z; with spectral
values 01 > ... > g; > 0. Since f is real analytic on R \ {0}, it can be extended
holomorphically to some open neighborhood of the real interval [o;,01] in C. Let
R, c C be a rectangle within this neighborhood, parallel to the real axis and con-
taining the closed interval [¢;,01]. By symmetry, f also extends holomorphically
to some neighborhood of R = R, u R_ with R_ = -R,. The following diagram
illustrates the situation:

R R,

-0 —0; 0 T o1 R
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Let I = R°NR be the real points of the interior R” of R. Then by Cauchy’s integral
formula and the involved symmetry, we obtain for all ¢ € I

1 JAC9)

f(t) = i Jor C—t d¢
_ 41( 1@ g [ 1CO dC)
mi \Jor (-1 oRrR —( —t

it f<<>(¢ : ﬁ)%
Qjmf f(C)

Set U; = (17 x{0}"~7). This is an open subset of Z; (with respect to the induced
topology on Z; c Z), since U = 0™ (I x R"7) is open in Z and U; = U n Z;. Thus
for z e U; with z = 3, e, we have

M) = 5 [ SO X agpendc.

Now consider Z as real vector space, denoted by ZR, and let Z be its complexifica-
tion. Then the real polynomial map z ~ B, . from Z® to End(Z®) has a complex
extension B : Z - End(Z). Furthermore, let z — z[3] denote the complex exten-
sion of the real polynomial map z ~ z®). The key observation in this proof is the
following relation, which is easily verified using the orthogonality of the involved
tripotents ey:

(3.41) ZZ: %ez =B, (Cle- ()BT
4

Firstly we notice that this identity holds for all z € Z® and ¢ € C*, such that ¢ # £\,
for all spectral values A, of z. In particular, equation (3.41) is valid for z € U; and
¢ € OR. Secondly, the right hand side of (3.41) is defined on the open subset of
Z x C* consisting of all z € Z and ¢ € C*, such that quz is invertible. In addition,
the right hand side is holomorphic in z. Therefore, the function z — f(z) has a
holomorphic extension to a neighborhood of U; given by

~ d¢

1 2, _,[81y &

f) = 5 [ FOBL (- 2) .

Since Z; (and thus also U;) is a holomorphic submanifold of Z, and hence a real
analytic submanifold of Z®, this completes the proof. O

Before applying Proposition 3.25 to the base-tripotent map € and the pseudo-
inverse map 1, we prove a lemma that uses the K-equivariance of f to determine
parts of its derivative.

LEMMA 3.26. Let U be a K-invariant subset of Z, and let £ : U - Z be a
K -equivariant map, i.e. £(ku) = kf(u). Then for u € U, the directional derivative
D.f(v) alongv=v_@vy, e Z" ® 2y, exists and is given by

D, f(v) = (f(u)oe)(uoe) oo +4(f(u)oe)(u’ O e)vy
Here, we set e = e(u).

PROOF. For w = w_@wy, € Z"®Z}), consider the curve k; = expt(wOe-eOw) €
K with t €e R. By the K-invariance of U, this curve stays in U. The Peirce rules
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and Lemma 2.15 imply

%‘ho(ktu) =(wDe-eOw)u
={w_, e, u} - {e, w_, u} + {wyp, €, u}

=2{u, e, w_} + {u, e, wl/z} .
The box operator v O e is invertible on Z}72 with inverse 4u' O e, since JT9 yields

4(uoe)(u'oe)(z) = 2Qy 1 Qez+2uD (Q.uN)(2) =2unul(z) =2

for all z € Z}),. Using the joint Peirce decomposition with respect to e; with u =
Y. A;e; one easily verifies that the box operator uOe is also invertible on Z7. It can
be regarded as the left multiplication by w within the Jordan algebra Z7. By JT12
and Lemma 2.15 we obtain on Zj" the relation

Qe(ube)=—(ude)Qe+2Qcy=—(e0u)Qc+2(ude)Q. = (vde)Q. .
Therefore, the decomposition Z7' = Z} @ Z* is invariant under the action of uOe.
Now set w_ = %(u oe) (v.) and Wy, =4 {u*, e, vl/z} for the given v = v_ + vy, €

2" ® Zyj,. Then we obtain %|t=0(ktu) = v. In particular this shows that Z* and

Z};Q are subspaces of T,,U. By a similar computation as above, we obtain

Duf(v) = &|,_ £(kiu) = &|_ Fi(f(u))
=(wOe-eOw)f(u)
=2 {f(u), e, w_} + {f(u), e, w1/2}
= {f(u), e, (u\]e)flv_} +4 {f(u), e, {uT, e, vl/z}} .
Replacing the Jordan triple product by the corresponding box operators yields the
sought-after formula. O

THEOREM 3.27. Let Z be a phJTS of rank r. Fix 0<j<r.

(a) The base-tripotent map € defined by z = Y. \ie; = Y. e; (using the spectral
theorem) is a real analytic K -equivariant fibration of Z; onto S;. The fiber
of e€ S; is given by

e '(e)=2(25)
the symmetric cone of the euclidean Jordan algebra Z§. Identifying T,,Z;
with Z1* & Z};z and Z.S; with Z° & Zf‘/Q, the derivative of € in u € Z; is
given by

Dye(v) = (uoe) (v.) +2e Duf(vl/Z) .

Here e = €(u), and v = v, @ v_ @ vy, is the decomposition of v with respect
to Zy'® Zy), = Z © 2" & Zy),.
(b) The pseudo-inverse map ¥ (z) = z' is a real analytic K -equivariant diffeo-
morphism on Z;. Identifying T,Z; and Ty Z; with Z' & Z% = 2% @ 2]

1/2 1/2;
the derivative of ¥ in u e Z; is given by
Dp(v) = -Qyrvy +2 {uf, ul, U1/2} )
Here v = vy ® vy, is the decomposition of v with respect to Z7' & Z}?Q.
PROOF. Proposition 3.25 shows that € and 1) are real analytic, since the defin-
ing functions €(¢) = 1 and 9(¢) = 1/t (for t # 0, €(0) = ¢»(0) = 0) are real analytic

functions on R\ {0}. As e(t) and ¢(t) do not vanishing for ¢ # 0, € and v are rank-
preserving maps. Next we determine the fibers of €. Fix e € S;, and let z = 3. \je;
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be the spectral decomposition of z € €71(e), i.e. Y e; = e. By orthogonality of the
tripotents, we obtain the identities

Qez=2, Qeei=e;, {ei,e,e}=¢e, {e,ee}=0 forallizj.

The first two identities show that z and the tripotents e; are elements of the eu-
clidean Jordan algebra Z¢. From this point of view, the last two equations imply
that the e; form an orthogonal system of idempotents in Z¢, and in combination
with Y e; = e, this system is complete. Therefore, z = 3 A\;e; is also the spectral
decomposition within the euclidean Jordan algebra Z¢ as defined in Theorem 1.5.
Since all \; are positive, Proposition 1.7 implies that z is an element of the sym-
metric cone £2(Z¢). This proves € !(e) c £2(Z¢). The converse immediately follows
from Proposition 2.17: For z € 2(Z¢), the spectral decomposition z = ¥ A\;e; coin-
cides with the spectral decomposition of z within the euclidean Jordan algebra Z¢,
and hence Ye; = ¢, i.e. ze e (e).

Next we determine the derivative of € in u € Z;. Since the fiber through u, i.e.
2(Z¢) with e = €(u), is an open subset of Z$ = Z¥, the derivative of € vanishes in
the direction of Z}*. In addition, since Z; is K-invariant and € is K-equivariant,
Lemma 3.26 yields the asserted formula on Z" @ Z}?z.

Finally, we determine the derivative of the pseudo-inverse map v (u) = uf. By defi-
nition of the pseudo-inverse, we have u = Q% (u) and vy (u) = ¥ (u) Ou. Taking
derivatives yields

v=2{u, uT,U}+Quw' and vou +uoy =y ou+u’ov.

Here for brevity we set ¢’ = D,ap(v) with v e Z{ @ 23, Let =)@ 1/){/2 be the
decomposition according to Z}' & Z};z. Applying @+ to the first equation and using
the Peirce rules implies ¥} = -Q,+v1. The second identity applied to u! yields

{v, ul, uT} + {u, ', uT} = {1//, u, uT} + {uT, v, uT} .

Therefore, again using the Peirce rules, the Z}?Q—component of " is given by

(1//)1/2 =2 {uT, ul, 111/2} )

In summation this proves the assertion. O

REMARK 3.28. For u = €(u) = e € S}, the derivative of € in e just becomes
D.e(v) =v_+ vy, ,

i.e. Dge is the (real) orthogonal projection of Z7 @ Zf/2 onto Z° & Zf/Z. This stays

in accordance with the fact that € is a projection of Z; onto S; leaving S; fixed.
The decomposition of the differential of 1 with respect to the Peirce spaces of

u shows that 1) is holomorphic in the Z%—direction and anti-holomorphic in the

Z-direction. For a tripotent e = u = u' we obtain

Do p(v) = =Qevy + vy, = —vfé + vy, -

Therefore, D 1 (v) acts identically on Z¢ @ Zf/z. This was to be expected, since
zZ¢ elaZf‘/2 represents the tangent space of the set of tripotents S at e, which coincides
with the fixed point set of ).

3.5. Bounded symmetric domains

We review the basic results on bounded symmetric domains associated with
positive hermitian Jordan triple systems. For a detailed account, we refer to [28].
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THEOREM 3.29. Let Z be a phJTS, and let D be the open unit ball with respect
to the spectral norm on Z,

(3.42) D={zeZ||z| <1} .
Then, D is a bounded symmetric domain. Moreover,
(i) the hermitian metric on D is given by
h(u,v) = (B;lzu|v)
for all zeD, u,veT,D=Z, and the curvature at 0 is
Ro(u,v)w =-{u, v, w} +{v, u, w}
for all u,v,weTyD = Z,
(ii) the symmetry around 0 is given by s(z) = -z,

(iii) the stabilizer of 0 € D in the automorphism group Aut(D) of D coincides with
the automorphism group Aut(Z) of Z,

(iv) the Lie algebra g of Aut(D) decomposes according to the Cartan involution
Ad; into

g=tep with t=Der(2), p={(z)=v-Q.v|lveZ} 2 7,

where the elements of p are represented as vector fields on D,
(v) the exponential map Expy: Z — D of the metric at 0 coincides with the real
analytic diffeomorphism given by Expgy(v) = tanh(v).

We usually denote by G the identity component of Aut(D), then Theorem 3.29
implies that

(3.43) D=G/K with G=Aut(D)’, K = Aut(2)°,
and K is a maximal compact subgroup of G.

ExXAMPLE 3.30. In the matrix case Z = C™*, the unit ball D is given by
(3.44) D={zeC"™|2zz" <« 1},

since the eigenvalues of the matrix zz* are just the squares of the singular values
of z. The identity component of the automorphism group of D is

(3.45) G=P(U(r,s)) = {g e C ) g* (v 9 Yg= (5 9.)}/C,
action on D as Mobius transformations
(3.46) g(2) = (az+b)(cz+d)™" with ¢= (‘; Z) .

As in the case of the automorphism group Aut(Z) of Z, we often prefer to consider
the finite cover SU(r, s) of G, and by abuse of notation we write G = SU(r,s). We
note, that a simple calculation shows that the stabilizer of 0 in G indeed coincides
with K = S(U(r) xU(s)), regarded as the subgroup of block diagonal matrices in
G. The Lie algebra of G is represented by vector fields of the form

(3.47) ((2)=Az-zD+B-zB"z with A*=-A D*=-D, BeZ.
This follows from the derivative of g(z) in (3.46) with respect to g.

REMARK 3.31. We note that the converse of Theorem 3.29 is also true: Any
bounded symmetric domain is isomorphic to the open unit ball of some positive
hermitian Jordan triple system [28, §2]. The Jordan triple product can either be
extracted from the curvature tensor or by the Bergman kernel function associated
to bounded domains. This connection between bounded symmetric domains and
positive hermitian Jordan triple systems extends to a correspondence of irreducible
components of the symmetric domain on the one hand, and simple ideals of the
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phJTS on the other hand. We therefore obtain a classification of bounded sym-
metric domains by simple phJTS [28, §4]. More generally, since any hermitian
symmetric space of non-compact type admits a Harish-Chandra realization as a
bounded symmetric domain [14, VIII, §7], this also yields a classification of her-
mitian symmetric spaces of non-compact type. Finally, there is a duality between
hermitian symmetric spaces of non-compact type to those of compact type, so we
obtain the following chain of bijections (up to isomorphisms), which also refines to
a bijection of simple phJTS and corresponding irreducible objects:

(TS) o { P s o { P S S e { P e

On the Lie theoretic level [44], the compact dual of a hermitian symmetric
space D = G/K of non-compact type is given by X = G¢/K, where G¢ is a compact
real from of the complexified Lie group G® such that K c G¢. For the Lie algebras
g and g¢ for G and G°, considered as real subalgebras of the complex Lie algebra
g© = Lie(G®), this amounts to

(3.48) g=tep and g°=t@ip.

EXAMPLE 3.32. For the matrix case Z = C™*, the complexification of G =
SU(r,s) is given by G = SL(r + s), and thus we obtain the compact real form
G¢ =SU(r + s). Therefore, the compact dual X of the bounded symmetric domain
D is
(3.49) X =SU(r+s)/S(U(r) xU(s)) 2 G5 (C™*) .

Indeed, the special unitary group acts on the Grassmannian manifold G4(C"**)
transitively, since it even acts transitively on the set of orthonormal bases. More-
over, the stabilizer of the subspace {0}" x C® of C"™* is S(U(r) x U(s)).

In the second part of this thesis we give a Jordan theoretic description of the
compact dual G¢/K of the bounded symmetric domain D = G/K.
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CHAPTER 4

Grassmannian variety

The object of this chapter is the compact dual of a bounded symmetric domain
D, which is defined via the spectral norm of a positive hermitian Jordan triple
system Z. Initiated by the matrix case Z = C™°, we call the compact dual the
Grassmannian variety of Z and denote it by G(Z). The work of O. Loos [28, 29]
provides an inventive Jordan theoretic description of the Grassmannian, which we
recall in Section 4.1. The fundamental construction is an equivalence relation on
Z x Z, for which the set of equivalence classes - the Grassmannian - yields a com-
pactification of the triple system Z. The identification of the Grassmannian with
the compact dual stems from an appropriate group action on the Grassmannian
(Section 4.2). We use the Godement approach to describe certain vector and line
bundles on the Grassmannian. The Jordan theoretic treatment of the compact dual
is distinctive algebraic geometric.

In Section 4.3, we extend the notion of partial Cayley mappings, which are
usually defined with respect to tripotent elements, to partial Cayley mappings which
admit arbitrary elements as reference point. We use these maps in Chapter 6 to
describe chart maps for submanifolds of the Grassmannian "at infinity".

In Section 4.4, we take advantage of the definition of the Grassmannian via
equivalence classes to provide two new descriptions of G(Z) by introducing two
different sets of representatives. It turns out that these descriptions are closely
related to the two orbit structures of the Grassmannian which are studied in Chap-
ter 7.

4.1. Loos’ construction

Basic definition. Let Z be a phJTS and D its unit ball with respect to the
spectral norm, D = {z € Z| |z] < 1}, as discussed in Section 3.5. In this section we
review the Jordan theoretic description of the compact dual of D given by O. Loos
in [28].

We first examine the matrix case Z = C™°, r < s. According to Examples 3.30
and 3.32, we have

D={zeC™|1-22">»0}=G/K with G=SU(r,s), K=S(U(r)xU(s)),
and via Lie theory, the compact dual of D is given by
G=Gr,(C™*) =G°/K with G°=SU(r+s).

Therefore, we need a Jordan theoretic description of s-planes in C"**. The key
observation for this is the following result. Let n =r + s, and for (z,a) € Z x Z set

(4.1) Cia= ( z ) eC"™* and E,,:=column space of C, .

l,—a*z

53
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LEMMA 4.1. For (z,a) € Zx Z let C,, and E, o by as in (4.1). Then,

(a) E,, is an s-dimensional subspace of C".

(b) Each subspace E c C™ with dim E = s has a representation E = E, , with
(z,a) e Zx Z.

(¢) Two subspaces E. , and E;; coincide if and only if (z,a - a) is quasi-
invertible and % = 2%, d.e. 1, - (a —a)*z € C** is invertible and % =
2(1s - (a-a)*z)™L.

PRrROOF. For (a) we have to prove that C, , has rank s. Therefore we show that

the linear map (z — C, 4x) with z € C*® is one-to-one: if C, ,x =0 then zx = 0 and
(1-a*2)x =0, that is 22 =0 and x = a*z2z = 0.
Now let E be an arbitrary s-dimensional subspace in C™. We choose a basis
bi,...,bs € C™" of E and set B := (by,...,bs) € C™*. Since the column space of two
matrices A, B € C™**® are equal if and only if B = Ag for an element g € GL(C?),
we have to show the existence of elements (z,a) € Z x Z and g € GL(C®) with
B =C, 49. We decompose B = () into block matrices 2 € C"™** and y € C***. Then
B =C, 49 is equivalent to x = zg and y = g —a*z. Now it suffices to find an element
a € C™* such that g = y + a*x is invertible, since then we can set z = xg~* to get
the assertion. Let 2*,...,2" and y',...,y® be the rows of = and y, respectively. We
choose an index set J c {1,..., s} such that {y’};cs is a basis of the row space of y,
we set ¢ := |J|. Since rk B = s there are s—q indices I c {1,...,r} such that the span
(2,47 |i e 1,5 e J) equals C°. Without loss of generality we assume J = {1,...,q}
and I ={1,...,5—q} (otherwise we have to insert an appropriate permutation ma-
trix into the following). Now take a* = (L?_q 8), then using shear invariance of the
determinant, we obtain

1 1

q q
y+a*x: yq+:1g+$1 and det(y+a*x)=det g_l #0,

Y+ x5

This proves (b). Finally we have to show the equivalence in (c): E, , = Fs 5 if and
only if C, 4 = C3 a9 for some g € GL(C?), and this is equivalent to

z=29 and 1l-a*z=(1-a"2)g.

Plugging the first equation into the second we obtain ¢ = 1 - (a — @)*z and in
conjunction with the first one this gives the assertion. U

REMARK 4.2. In the matrix case Z = C™? it is possible to use either row or
column spaces in the Jordan theoretic construction of the compact dual. O. Loos
uses the row space of A, , = (1, - za”,2z) € C"™" for a model of r-dimensional
subspaces in C™ and thus gets Gr,(C") instead of Grs(C"™) as the compact dual of
D. We prefer the construction via column spaces of C, , as in Lemma 4.1, since
here the group actions of G, K, G¢ and K© on the compact dual is simply given
by left multiplication by ¢ (instead of right multiplication by ¢*) and matches the
ordinary Mdbius transformation on the affine realization given by

C™*® < Gr,.(C™), z + column space of (’i) .

For further information on these group actions see Example 4.9 in the next section.
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We now turn to the general case. Let Z be an arbitrary phJTS. Using the
properties of the quasi-inverse one can easily check that

(z,a—a) is quasi-invertible

and 2 =277,

(4.2) (z,a) ~ (2,a) < {

defines an equivalence relation on Z x Z. Inspired by the matrix-case we call
(4.3) G(2):=(Zx2Z)]~

the Grassmannian of Z. If there is no danger of ambiguity, we will write G instead
of G(Z). Let [z:a] denote the elements of G, i.e. the equivalence class of (z,a).
The next proposition states that G is a smooth algebraic variety containing Z as
an open and dense subset, and hence G is a compactification of Z.

PROPOSITION 4.3 (|28, §7.7]). For everyacZ let G = {[2:a] |z€ Z} cG.
Then the map pq : G - Z, [2:a] ~ z, is bijective, and the G form a covering
of G. There exists a unique structure of a smooth algebraic variety on G such that
each G'Y) is an open affine subvariety, isomorphic to Z under Y- In particular,

Z =GO s open and dense in G. Every finite subset of G is contained in one of
the G(@),

Tangential structure. The transition function ¢% of the chart maps ¢, and
@z of G is defined on the open and dense subset ¢, (G NG®) = {2 ¢ Z|(z,a -
a) is quasi-invertible} and satisfies

(4.4) va(z) = P and dps(z) = B!

As Proposition 4.3 states, the transition functions of G are birational mappings on
Z. Let x = [2:a] = [Z:a] be an element of G, and for a tangent vector X € T, G(Z)
set X () := dp,(X) and X @ := dp;(X). Then, identifying 7, Z and T:Z with Z,
we obtain

X@ =B, ,X@
More generally, a vector field ( : G - T'G on G is described locally by

(2~ 2, 20 dou([z:al)(([=:a]) -
Here the transformation rule
(45) ¢9(2) = Beaea ¢V ("7
holds on the open and dense subset {z € Z|(z,a - a) is quasi-invertible} c Z.

Godement approach. Since G is defined via the equivalence relation (4.2),
we could also use Godement’s Theorem to establish a manifold structure on G by
showing that (4.2) is a regular equivalence relation. Provided that the canonical
projection 7 : Zx Z - G is a submersion, Theorem 3.5 implies that such a manifold
structure coincides with the one given by Proposition 4.3. Therefore, we are content
with showing that 7 is indeed a submersion: For fixed (z,a) € Z x Z we have
(¢qaom)(%,a) = 227, Using the identities %(a:y) = B;}y and d%(xy) = QIB;)lm (see
e.g. [28, §7.7]), we obtain

(4.6) Dioay(aom): ZxZ - Z, (3,0) » 5+ Q.a .

This shows that 7 is a submersion. Now we can use Godement’s Theorem con-
versely, and we conclude that (4.2) is indeed a regular equivalence relation. As a
submanifold of (Z x Z) x (Z x Z), it is given by

(4.7) Rg= {((z7 a),(%,a)) | (2,a - a) quasi-invertible, Z = z“_a} c(ZxZ)?.
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In accordance with Remark 3.7 and Proposition 4.3 we note that the submanifolds
Z x{a} ¢ Z x Z are minimally transversal to the equivalence classes in Z x Z, since
from 4.6 we obtain

(4.8) T(oay [2:a] = {(-Q.v, U)€Z><Z|’U€Z}

and therefore T\, o) [2:a] ® T(. o) (Z x {a}) = Z x Z. Considering G as a quotient
manifold is particularly useful when we discuss line bundles on G.

Vector bundles. We use the Godement approach to describe vector bundles
on G via Theorem 3.8. Let Rg be as in (4.7). Then the tangent bundle on G is
given by the cocycle
(4.9) 6: Re > GL(Z), ((2,0),(%,0)) = 622 = B\, s -

Indeed, this is well-defined, since for pairwise equivalent (z,a), (y,b), (z,¢) € ZxZ
we have due to JT33

b T,a - - T,a
¢EZZI,P; ¢Ey b)) Y, b fBiE a=b ~ (va“‘bea_b7b—C) t= 75 a-c d)gz c)) ’

According to Remark 3.9, we obtain on the Z x {a}, Z x {a} ¢ Z x Z the transition
function (z,v) = (2°7% B}, _zv), which indeed coincides with the transition func-
tion of the tangent bundle in the corresponding coordinate patches. By the same
argument it follows that

(4.10) ¢* : R - GL(Z), ((2,a),(%,d)) = Ba-a, -

describes the cotangent bundle 7#G, and the canonical line bundle IC on G is given
by the cocycle

(4.11) ¢ : R~ GL(C), ((2,a),(%,a)) = Det B, ; .

In addition, by Lemma 2.23 also the Jordan triple determinant A satisfies the
cocycle condition, and therefore defines a line bundle

2 — Za—a’

(412) L=(ZxZxC)/~ with (z,a,)\)~(2,d,5\):»{;\:A(Zd_&)/\

More generally, due to Lemma 2.23 any denominator § of the quasi-inverse gives
rise to a line bundle L£5. Any such line bundle can be used to show that G is a
projective variety, i.e. admits an appropriate imbedding into some projective space.

THEOREM 4.4. The line bundles Ls are very ample. The imbedding defined
by Ls is closed and hence G is a projective variety.

For a proof we refer to [28, §7.10], where this statement is proved for more
general Jordan pairs. If Z is simple, Theorem 2.40 implies that the line bundle
L = LA is related to the canonical line bundle by £P = ™!, where p denotes the
genus of Z. One can show [29] that £ even generates the Picard group of G. We
denote by L' the inverse of Ls, i.e. the line bundle defined by the inverse cocycle,
Cgl =Ls1.

Finally, we note that all these vector bundles are trivialized on open and dense
subsets of G, namely on G(*) = 1,(Z) for 14(2) = [z : a]. For a vector bundle £
with defining cocycle ¢ : Rg - GL(F) and canonical projection 7 : & - G, set
@ = 771(G(). Then £ is open and dense in £, and the transition functions
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are described by

ZxFE
QDa/ * gﬁa(Zﬂj) = [Z,(L,U] s
£(@) ng® po with § ¢e(2,0) =[2,0,0],
o eh(z0) = ("7, 6D w) .
ZxE

Loos’ construction revisited. The construction of the Grassmannian G via
equivalence classes admits the following interpretation: Regard the product ZxZ as
the product of some base Z and a parameter space Z parametrizing the chart maps
©q given in Proposition 4.3. Then, the equivalence relation on Z x Z corresponds
exactly to the gluing procedure of two different bases Z x {a}, Z x {a} c Z x Z via
the transition map 2. The advantage of using equivalence classes comes in when
we choose different sets of representatives for the elements of the Grassmannian G.
In this case, not only the structure of the base (e.g. its topology) is available, but
also the structure of the parameter space. The canonical projection

m:Zx7Z -G, (z,a)~[2:a]

is a morphism of smooth algebraic varieties.

Conjugate Grassmannian. Let Z be the conjugate phJTS of Z as defined in
Section 2.2. The Grassmannian G(Z) of Z is called the conjugate Grassmannian.
For shorthand we set G = G(Z). As in the case of the conjugation of Z, the
conjugate Grassmannian G coincides with the Grassmannian G as sets, but inherits
the opposite complex structure. Various structures on G can be transferred to G
by complex conjugation. For example, the Jordan triple determinant A of G is the
complex conjugate of the Jordan triple determinant of G, i.e. A(z,a) = A(z,a).
If £ is a holomorphic vector bundle on G, then we denote by & the corresponding
holomorphic vector bundle on G obtained for £ by taking the conjugate complex
structure on the fibers of £. In particular, we denote by £ the line bundle on G
corresponding to the Jordan triple product A.

EXAMPLE 4.5. In the matrix case Z = C"*, r > s, we identify the conjugate
Grassmannian G with the Grassmannian manifold Gr,(C") with n =7+ s, so we
set Grg(C") = Gr,.(C™). This is justified by the antiholomorphic map

(4.13) I':Gry(C") - Gr,.(C"), E~ E*.
Indeed, it is straightforward to see that elements of Gr,.(C™) can be represented by
elements (z,a) € Z x Z via

(4.14) C.ai= (1 :;Z ) eC™" and E,, :=column space of C,, .

As in the case of Grg(C"), this induces the same equivalence relation on the set
Z x Z as in (4.2), so Gr,(C") = (Z x Z)/ ~. For fixed a € Z, we obtain the chart
map @,([2:a]) = z. Moreover, with C, , and E. , as in (4.1), we have E , = E. 4,
since

(Cea)*Cra= (2" 1-2%) (1 :Za*z ) =z"-z2%az" - 2" +2%az" =0.

Therefore, for fixed a, the map I" in (4.13) is locally given by
EQOFOQp;1:Z—>77 ZPZ.
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In particular, I" is anti-holomorphic, since Z carries the complex conjugate structure

of Z. In addition, we note that there is a second important identification of the
— —

conjugate Grassmannian G with Gr,.(C") defined by (z,a) = E, , with

(4.15) C. .= (1 _Zibz ) eC™" and Elzﬂ := column space of C , .

Z,a

The only (but crucial) difference to (4.14) is the change of sign in the lower part
of 612,(1. The isomorphism between these two different realizations of G is given
by the symmetry s around [0:0] € G (cf. Example 4.9), and the corresponding
antiholomorphic map I" identifying Gry(C") with Gr,(C") is given by E — E*,
where L’ denotes the orthogonal complement of E with respect to the pseudo-
hermitian inner product on C™ given by

{aly) =2* (5 3,y
for z,y € C™.

Sub-Grassmannians. Let W c Z be a subtriple of a phJTS. By Corol-
lary 2.29, quasi-invertibility transfers from W x W to Z x Z, and therefore the
canonical injection W x W < Z x Z quotients to an injection of the Grassmannian
G(W) of W into the Grassmannian G(Z) of Z. Since W is open and dense in
G(W), we can identify G(W') with the closure of W in G(Z).

4.2. Automorphism group

Let Aut(G) denote the automorphism group of G(Z) consisting of all biholo-
morphic maps from G = G(Z) to itself. We summarize the basic facts about Aut(G)
and its inner structure. See [28, §8,89] for a detailed account.

Since G is a smooth projective variety, it follows by Chow’s Lemma, that the
automorphisms on G are even algebraic. Therefore, the action of Aut(G) on the
Zariski-open subset Z c G is realized by birational maps. Furthermore, Aut(G)
has the structure of a semi-simple complex Lie group. As before, let G denote the
identity component of the automorphism group of the bounded symmetric domain
D={z¢Z||z| <1}. It turns out that the identity component of Aut(G) is just the
complexification G of G. Tts Lie algebra is 3-graded, denoted by

(4.16) d“=u ottou.
In the following we describe the corresponding subgroups and their action on G.
Recall from Section 2.8 that K = Aut(Z)° is the identity component of the auto-

morphism group of Z, and that its complexification K€ coincides with the identity
component of the structure group, K€ = Str(2)°.

Structure automorphisms. For h € K€ we define
hlz:a]l:=[hz:h"a] .

This is well-defined, since h(z") = (hz)" *, see Proposition 2.28. The Lie
algebra of K€ is represented by the vector fields ¢(?)(z) = 6(z) on Z c G,
where § € Der(Z) is a derivation. On Z 2 G(®), this vector field is given by

¢@(2)=62-Q.6"a.

For a proof of this relation, consider the curve h; = exp(td) in K€. Then
he[z:a] = [hez:hi*a] = [(hez)™ *%:a], i.e. we obtain

C(a)(z) _ %|0((ht2)h{*a—a) —62-Q.6%a,

Here we used the well-known identities %(xy) = B;!, and d%(xy) =Q.B,,.
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Quasi-translations. For v € Z set
ty[z:a]=[zra+v] .

A simple substitution shows that this is well-defined: The elements [z : a] and
[Z:b] coincide if and only if B, 4-p is invertible and Z = 297 or equivalently
if B. (a+v)-(b+v) is invertible and 2z = Zlatv)=(b+v) o [z:a+v] =[2:b+0].
This defines an injective group homomorphism from (Z,+) to G, the image
is denoted by U~. The elements of the Lie algebra u~™ of U~ correspond to the
following vector fields © on Z:

’E(Z) = Qz(v) = {Z’ v, Z} :

On Z = G, this vector field is also given by
JT28

C(a)(z) =B, Qv = Q.v.

The elements t, of U~ are called quasi-translations.
Translations. For u € Z set

ty[2:0]:=[z+u:0].

This action of Z on the open and dense subset Z ¢ G(Z) can be extended
smoothly to all of G(Z). The proof ([28, §8.4]) essentially uses the fact,
that the corresponding vector field {(z) = u has a smooth extension to G(Z),
namely,

¢ (2) = Bua b (2%%) = By yBoacs yut 2 B gt

Therefore, the map Z - G, u + t,,, defines an injective group homomorphism
onto U*. The elements t, of U* are called translations.

The following proposition describes G€ by generators and relations:

THEOREM 4.6. Let Z be a phJTS, and let G be the identity component of
the automorphism group of the Grassmannian G = G(Z).

(a) G© is generated by U* and U~. Any element g € G can be written as
g =totyhty, = tahiszty
i.e. GE=UU*K"U™ =U*K U U" as sets. B
(b) For he K€, t, e U™, t, € U* with quasi-invertible pair (u,v) € Z x Z we
have

htuh™ =ty , hEohTh =ty foty =ty Byt

(c) Let I be a group, let fo: K€ — T, f.:U* - I" be homomorphisms. Then
fo, fv, f- eatend to a (unique) homomorphism f: G — T' if and only if
they are compatible with the relations in (b), i.e.

Fe(tna) = fo(h) fo(tu) fo(R) ™,
f-(Bn-sv) = fo(h) f-(E) fo(B) ™,
F-(E)fe(ta) = fi(tur) fo(Byl) f- (o)
for allhe K€, t, e U™, t, e Ut with quasi-invertible (u,v) € Z x Z.

Using this theorem, one can show that there exists a unique complex conjugation
o on G such that
(4.17) o(h)=h"", o(ty)=t_, o(ty)=t,.

The fixed point set of ¢ turns out to be isomorphic to the identity component G of
the automorphism group of the bounded symmetric domain D c Z, cf. Section 3.5.
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This justifies the statement (and our notation) that G is the complexification of
G. From this is follows that the automorphisms of the unit ball D extend uniquely
to automorphisms of the Grassmannian G.

There is a second complex conjugation on G©, defined by 6 = ¢ o Int(s), where
Int(s) denotes conjugation on G® by the symmetry transformation s, which acts on
Z as s(z) = —z. By Theorem 4.6, this complex conjugation is uniquely determined
by

(4.18) O(h) =h™", O(ts)=tu, 0(F,)=t,.

The fixed point set of # is denoted by G¢, it is the compact real form of G® and
therefore the compact dual of G.

The actions of G and G¢ on G are transitive. The stabilizer subgroup of
0=[0:0]€Gin G® is K°U~, isomorphic to the semi-direct product K€ x U~. The
corresponding stabilizer subgroup of 0 in G¢ is K. We summarize:

THEOREM 4.7. Let Z be a phJTS and G = G(Z) the Grassmannian of Z.
Then

(4.19) G=2GY/ KU = G°/K .

Therefore, G is a realization of the compact dual of the hermitian symmetric domain
D c Z of non-compact type.

REMARK 4.8. As in the case of the bounded symmetric domain D c Z, the
G‘-invariant hermitian metric h on G also admits a Jordan theoretic description.
On the affine part Z c G, this metric is given by

(4.20) hpz0)(u,v) = <Bz_,1_zu|v) for wu,veT.qGz2Z,

where (|) denotes the intrinsic scalar product of the phJTS Z. Using the transfor-
mation rule (4.4), we obtain for an arbitrary element [z : a] of G the formula

h[z:a](u, v) = (B;}y _sa Bz__rlau|B;’1av)
= (B, Bz, .o B lqulv)
= ((B:,aBzs, 20 Ba,2) " ulv)
for all u,v € T{,.,)G 2 Z. Indeed, in Section 5.3 we show that B, (B.a .« B, . is
well-defined and positive definite for all (z,a) € Z x Z, see Remark 5.11

ExXAMPLE 4.9. For the matrix case Z = C™*® we have G = Grg(C"™*) and
elements of G are represented as column spaces of (n x s)-matrices of rank s with
n=r+s, cf. Lemma 4.1. The corresponding groups are!

G =SL(r+s), G°=SU,.,, G=SU(rs), K=S(U(r)xU(s)).

The GC-action on G extends the natural G®-action on C" given by g ~ g1, where
1 € C" is regarded as a column space, i.e. we have g (A4) = (gA), where (A) denotes
the column space of the (n x s)-matrix A. In particular, on the affine part Z - G
given by z — [z :a], we obtain

SR (0 (6l 0 S |

Lef. Example 3.30.
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for g = (g Z), i.e. GT acts on Z by the usual Mdbius transformations, see also

Example 3.30. Actions of the structure group, translations, quasi-translations and
the symmetry s around [0:0] € G are given by the following matrices:

(4.22) hz(g 2), tuz((l) ‘f) 7, (_i (1)) s ((1) _01).

Furthermore, and the complex conjugations o and 6 on G® read

a b d* ¢ a b d* -c
I vib N VA R R Gy

Finally, we consider the two realizations of the conjugate Grassmannian G on the
Grassmannian manifold Gr,(C") defined in Example 4.5, and compare the G©
action on G with the natural G action on Gr,(C") given by g(A) = (gA). Recall
that G is realized as Gr,(C) by either of the maps ¢, ¢’ : G - Gr,.(C") with

(424) ¢[zza]:Ez,a:((1 :;*Z*)> ) ¢>'[z:a]:Elz,a:<(l _Zilz*)) .

Now, it is a straightforward calculation to verify on the generators of G€, that
(4.25) pog=0(g)op and ¢ og=o0(g)oed’ for all g e GC.

Therefore, we call ¢ the f-realization and ¢’ the o-realization of the conjugate
Grassmannian G. These relations are of particular importance in Section 5.1, when
we investigate the GC-orbit structure on the product manifold G x G.

Vector bundles revisited. In the last section, we defined various vector and
line bundles on G. Having described G as a homogeneous space, the question arises
whether these bundles are homogeneous, i.e. whether there is a G®-action on them
such that the corresponding canonical projection onto G is GC-equivariant.

For the tangent bundle and the canonical bundle this certainly is true. Re-
garded as quotient manifolds via Godement, we have

z=2%9,

5 = B;,la—ac ’

and it is straightforward to show that the corresponding GC-action is defined on
generators by

h(z,a,(]=[hz, h *a, h(], t,[2,a,(]=[z,a+v,(], t.[2,0,¢]=[z+u,0,(].
On the open and dense subset Z x Z = TG given by (z,() ~ [2z,0,(], this implies
(4.26) 9[2,0,¢]=[g(2), 0, D.g(¢)] for all g e G with g(z) € Zc G.
Similarly, for the canonical bundle K, which is defined by

TG=(ZxZxZ)|~rg with (z,a,() ~7r¢ (2,&,5) <=>{

a—a
=Z 5

R

K=(ZxZxC)]~c with (z,a,A)Nic(é,&,S\)@{5:(Det3—1 A,

we obtain the corresponding GC-action from the one on TG by taking determinants:
hlz,a,\] =[hz, h*a, (Deth)A],

(4.27) ty[z,a,\] = [z, a+v, \],
tu[2,0,A] =[2+u, 0, A].

On the open and dense subset Z x C < I, we have the closed formula

(4.28)  g[2,0,A]=[g(2), 0, (Det D.g) \] for all g e G with g(z) e Zc G.
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By these definitions, it is immediate that the projections of TG and K onto G are
GC-equivariant. Analogously, one defines a G®-equivariant structure on all vector
bundles, that are derived from the tangent bundle. These bundles stay in corre-
spondence with the representations of the stabilizer subgroup P~ := KU~ of G,
as noted in 3.2. For example, the tangent bundle and the canonical bundle corre-
spond to the representations p —» Dyp and p = Det Dyp.

Now consider the line bundle £ defined by the Jordan triple product A. If 7 is
simple, we obtain from Proposition 2.40 the relation £P = ™!, where p is the genus
of Z. In view of (4.27), the definition of a suitable GC-action on £ must contain
the p-th root of Det h. Since K is generated by the Bergman operators B, , with
quasi-invertible pairs (z,y), we have

Deth = [[Det By, 4, = [ A (2i,4:)"

so it is tempting to set (Det h)'/P = [1; A (4,3;). Unfortunately, this depends on
the choice of the decomposition of i, and by these means we just obtain a projective
representation of P~. It seems that £ does not admit a G®-action and hence is not
a GC-equivariant line bundle.

4.3. Partial Cayley mappings

One of the most important families of automorphisms of the Grassmannian
G(Z) are the so called partial Cayley mappings, which generalize the ordinary
Cayley map known from complex analysis. They relate the bounded symmetric
domain D with Siegel domains of various types [28, §10.8]. Whereas in the usual
treatment partial Cayley mappings are defined with respect to tripotent element,
we generalize this notion to arbitrary elements by an appropriate use of pseudo-
inverses. In later chapters, we use the square of the partial Cayley mappings - the
so called partial inverse mappings - to relate the Grassmannian of a Peirce 1/2-space
with certain Peirce varieties, see Chapter 6.

LEMMA 4.10. Let u € Z be an arbitrary element and u’ be its pseudo-inverse.
Then there exists a unique homomorphism f, : SLo(C) - G, such that

g 0
(429) fu((%(f):taufv fu(}a(l) =tau , fu(glfl):Buﬁ(l—ﬁ)u

for all € C, e C*. Let 6 be the involution on G© defined in (4.18), and let 6

denote the involution on SLa(C) defined by 6’ (‘cl g) = (—EE ‘;), then

(4.30) fuob =00 f;.
In particular, f,, commutes with the involutions if and only if u is a tripotent.

PRrROOF. We follow the proof in [28, §9.7]. Define a homomorphism on the Lie

algebra level by
O muleu, (9 mTeu, (P9 ~2uouct.

It is straightforward to check that this is indeed a Lie algebra homomorphism. Since
SLy(C) is simply connected, it induces a group homomorphism f,, which clearly
satisfies the first two relations of (4.29), since t,,+ = exp(au’) and tz, = exp(a@).
The third one follows from 2u’ o u(z) = 2v 2 and Buyt, 1-pyu? = p?z for z e ZU.
Equation (4.30) is easily verified on the generators of SLy(C). Finally we note that
if f, commutes with the involutions, then in particular f, 06 (14 9) =600 f, (4 9),
ie. t,+ = tu, and therefore u! = ¢,+(0) = £,(0) = u, hence showing that u is a
tripotent. The converse is immediate. O
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For u € Z we set
(4.31) Yu 1= €XP %(uT +7) and g, =92,

and call v, the partial Cayley mapping, and j, the partial inverse mapping with
respect to u. In case of a tripotent u € Z, these definitions coincide with those given
in [28, §10.1]. We notice, that -, is an element of the compact real form G¢ ¢ G¢
if and only if w is tripotent. More generally,

(4.32) YuoB =00, .
According to Lemma 4.10 we get

This yields the following explicit formula:

(4.33) Yu =tut © B (1-v/3)u © tu =ty o B o ty

ut, —u

where the last equation follows from B, _,+z = 22z for z € Z¥. Similarly, using
(1)%):(—11? ((1)%)(—1(1)):(—1(1))

and () (1))2 =(9 %), (¢ & ‘= (61), we obtain

(434) ]u = tuT ° t~u ° tvfr = Eu o tuT ° t~u ; 3121 = BuT,Qu and .73 =1d .

Furthermore one can easily verify, that

(4.35) Yo=1d vl=vu, EvE Tl =Yhes Yo = Yuso

for all k € K and u,v € Z with w 1L v. The next proposition generalizes [28, §10.3],
and provides explicit formulas for v, (z) and j,(z) using the Peirce decomposition
of z with respect to u.

PROPOSITION 4.11. Let z = 21 ® 21, ® 29 be the components of z € Z in the
Peirce spaces of u€ Z. Then v,(2) is an element of Z c G(Z) if and only if u’ — 2,
is invertible in the Jordan algebra Z3 (with product x oy = {x, u, y}), and then

Yu(2) = (uf +21)0 (uf -z) e 23/221/2 o (uf —z) e (zo + le/2 (u7L - zl)_l) .

Also, j,(z) is an element of Z ¢ G(Z) if and only if z1 is invertible in Z}', and
then

Ju(z) = (—z[l) & (—221/2 oz')® (zo —lepz[l) .

Here P,,_ = Qzl/QQu is the quadratic mapping of the Jordan algebra Z7'.

Z19
PROOF. First we notice that v,(2) = t,10B,; (1-v/3)u ot, is an element of Z if
and only if ¢, lies in Z, since Z is invariant under ¢,+ and Bu*, (1-v3)u" Therefore,
Yu(2) € Z if and only if the pair (z,u) is quasi-invertible. According to the symmetry
formula of the quasi-inverse, this is equivalent to the quasi-invertibility of (u,z),
i.e. the invertibility of B,, .. Using Lemma 2.26, B, . = B, ,i_(uiz) is invertible if
and only if u! - z; is invertible in the Jordan algebra Z1, as asserted. The addition
formula for the quasi-inverse yields
2= (214 2y, +20)" = 21 + B;ll’u (22 +20)"™)

with w = u**. Due to Lemma 2.26, we have w = ' -(ul==) o Qu(uf —2)7 and

Bl = (Bl s = (Qui-+,Qu) | ® 2(ul =) 0 @10
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Since (217, +20,w) is nilpotent (see Lemma 2.22), it is (z1/,+20)" = 21/2+z0+Q21/2+Z0w,
and by means of the symmetry formula for the quasi-inverse, we obtain
A+ Quu=2+P, (W —z) =+ 2o (u - 2) T =z 0 (ul - 2)7h

The last relation is calculated in the commutative associative subalgebra (uf, z;) c
Z71' generated by v’ and z;. In summary, this yields
(4.36) M=zo(ul-z) e 22150 (' -z)"e (20 + P, (uf - z21)7) .
Finally, using Buf) (1- ﬂ)u(wy) = 2Yw, for w, € Z and some additional calculation
in (u', z1) £ Z}, we obtain the assertion for y(z) = t,0B,; (1-v3)yu(2")- The formula
for the partial inverse mapping follows from j, = t,: o, o t,+ and equation (4.36)
by replacing z; by ul + 21

Ju(®) = (= + ) 0 57) @ (22750 27) @ (20~ Puyyy i)

Finally, a short calculation in (u',2;) simplifies the Z{-term to —z;*. ]

4.4. Representatives of elements of the Grassmannian

By definition, elements of the Grassmannian G(Z) are equivalence classes in
Z x Z. In this chapter we describe two systems of representatives for G(Z), which
are used in next chapter to determine the fine structure of G(Z2).

We recall that two elements u, o € Z are Peirce equivalent, if they induce the
same Peirce decomposition (cf. Section 2.6). For u € Z with corresponding Peirce
decomposition Z = Z1' & Z), & Z let

DY=DnZ" ,v=1,12,0

be the intersection of the symmetric domain D = {z € Z| |z| < 1} with each Peirce
space. We denote by cl(A) the topological closure of some subset A c Z.

THEOREM 4.12. Let Z be a phJTS and G(Z) be the Grassmannian of Z.
Then, any element x € G(Z) is representable as

(i) x = [u+z:u7] withu,z€ Z, ul z,
(i) x = [v+d0 : vf+d1] with ve Z, dy € cl(Dy), diy € DY .
These representatives are unique up to Peirce equivalence in u and in v.

REMARK 4.13. In later chapters it is often useful to modify the representative
(v +do, v’ +dy) of x as follows: firstly, due to Corollary 2.21, we may exchange v
by a Peirce equivalent tripotent e € S, i.e. v ~ e and e = ef. Secondly, we use the
spectral theorem to decompose dg into the sum of a tripotent e’ € S with €’ 1L e and
an element df), of DY, ,. Finally we set c:=e+¢€’, d. == dj) and d, = dy, and obtain
the following representative:

x=[e+de:c+d.] with e, ceS, c<e, de.eDj, d. DS .

In later applications, this is the preferred representative since the ranks of the
tripotent parts e and ¢ play a major role. The disadvantage of this presentation is
that the uniqueness statement becomes more obscure, since c is ’contained’ in e.

Before proving Theorem 4.12, we denote a lemma, which provides a criterion
for two element with joint spectral decomposition to be equal.

LEMMA 4.14. Leteq,...,e, be a frame of Z, and let x, y, ' and y’ be elements
of the complex linear span of the ey, with coefficients Ak, e, A, and p., respectively.
Then [z :y] =[x':y'] if and only if

A
1= (pe—pp) A #0 and Ny = —————— forallk=1,...,r.
1= (o = ) A
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One can prove this Lemma using the Peirce rules by direct calculation. In-
stead, we notice that in the background of this calculation, the following injective
homomorphism of Jordan triple systems is of importance:

QS:Ck%Z, /\=(/\1,...,/\k)'—>2)\k€k.

Here, the triple product on C* is given by {\;, pi, 7} = \i - puf -4, i.e. CF is the
k-fold direct sum of the simple triple system C with itself. Due to Corollary 2.29,
this homomorphism has a well-defined continuation to an imbedding of G(C*) into
G(Z), and it is ¢([X: u]) = [¢(N) : ¢(p)] for A\, € C¥. Therefore it remains to
discuss the identity [X:u] = [\ : '] with A, u, X', ' € CE. Since G(CF) = G(C)* =
@k, this identity is solved in each component independently, which yields the stated
relations.

PROOF OF THEOREM 4.12. The proof is split into several parts. First we
prove the existence of the representatives. We show that x contains a represen-
tative of the first kind and deduce from this the representative of the second kind.
In each case we give conditions for x being an element of Z c G(Z).

CLAIM 1. In each equivalence class x € G(Z) there exists an element (u+z, u’)
with w 1L z. Moreover, x is an element of Z c G(Z) if and only if u vanishes.

PROOF. Since Z is a open and dense subset of G(Z), there exists a sequence z,
in Z converging to x. Let (e1,...,e,) be a fixed frame in Z and let W := (eq,...,€,)
be the real span of this frame. Since the identity component K of the automorphism
group acts transitively on the set of frames, there exists a sequence k, € K, such
that k,z, € W for all n. By compactness of K, we assert without restriction that
the sequence k,, converges to some k € K. Therefore, the sequence Zz, := E k2
converges to k™ ky = x, i.e. we can assume without restriction that z, € W for all
n. Thus x is an element of the closure cI(W) in G(Z), and due to z, =Y A;n)ej, we

obtain sequences (A;"))MN for j=1,...,r. By orthogonality of the frame elements,

these sequences converge within R c C, )\;n) — Aj for n - oo. After renaming the

frame elements, we can assume A; > ... > \,. We set s := max{j|\; = oo}, and since
[Ae:0]=[e:(1-%)e], we obtain

_ (n), . 1 n—co .
Zn—[zej+z>\j ej-Z(l—M)ej] — [Zeﬁz)\jej-zej] :
Jj<s j>s j<s J j<s j>s j<s

Here we used the continuity of the canonical projection of Z x Z onto G(Z). With
u=Ysejand z =¥ ;. o Ajej, this leads to the asserted representative (u+z, ul) e x.
Here we used in addition that u is a tripotent, so we have u = .

To the second statement: [u +z: uT] is an element of Z c G(Z) if and only if the
Bergman operator B, , ,+ is invertible. Due to the Peirce rules, B,,,, ,+ = B, 1,
and since this is the operator of orthogonal projection onto Z, the invertibility of
B, yt is equivalent to the identity Zy = Z, i.e. to the vanishing of w. O

CLAIM 2. Each equivalence class x € G(Z) contains an element (v+dy, v’ +dy)
with v e Z, dy € cl(Dy), di € DY. Moreover, x is an element of Z c G(Z) if and
only if dy is invertible in the Jordan algebra Z7. In this case, x = doy — d{.

ProoOF. By Claim 1, y can be represented as x = [u +2z: uT] with u 1L z. Let
z =), Aje; be the spectral decomposition of z, then setting

o . 1 o
do = Z )‘jeja dl = Z }\—jej, vi=u+ Z €;
A<l Aj>1 Aj>1
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and using the relation [Xe: 0] = [e (1- %)e]7 we obtain the prospected representa-
tive. Furthermore, [v +dg ot + dl] is an element of Z if and only if the Bergman
operator By, 4, 14, 18 invertible. Due to the Peirce rules, B, 4, vi+d, = By, vi+d, -
From Lemma 2.26, this operator is invertible if and only if d; is invertible in Z7,
and then

X = (+dg)" = dy + 0" = dy — dl

Here we also used Lemma 2.25. O

Now we turn our attention to the uniqueness of the representatives (up to Peirce
equivalence). We have to show that [u+2z:uf] and [@+2 : a'] (resp. [v+do: vl +d;]
and [0 + do : ot + cfl]) coincide if and only if w is Peirce equivalent to @ and z = 2
(resp. v is Peirce equivalent to © and dg = do, dy = Jl) The ’if-part of this assertion
can be generalized as follows:

CramM 3. Let u and u be Peirce equivalent elements, then
[u+zozuf+zl] = [ﬁ+zo :ﬂf+zl]
forall zo € Zy and z, € Z7'.

PROOF. Since @' is invertible in Z¥, it follows from Lemma 2.26 that the
Bergman operator By ., (ut+z)-(at+21) = Bu,ut-at 18 also invertible. Therefore we
have

(u+ zo)(“tﬁf) O o=@ +20=a+2.

Here we also used Lemma 2.25. O

Finally we have to show the ’only if’-part of the uniqueness statement above.
We first consider the slightly more general situation [u+zo : uf+21] = [4+2 : 4 +2;]
with z, € Z¥, Z, € Z%, and then specialize to the two representatives. Generally,
the equation [x:y] = [#:¢] implies 7 € Z¥ and x € Z. This is an application of
Lemma 2.25 to & = 2¥7Y and x = #Y7Y. Therefore, Proposition 2.19 implies that x
and Z are Peirce equivalent, i.e. we have Z% = Z% for v = 1,1/2,0. Application of

this to the situation above yields
Zy =272y = 72" and  w,u,z0,20,21,%1 € Z1 .

By assumption, the following Bergman operator is invertible:
Bu+207 (ut+z1)—(at+z1) = Bu+20, (uT+z$)—(ﬂT+£1+2£—zl) = Bu+z0, (u+zo)T—(ﬁT+21+zg—zl) '

Here we used the relation uf + zg = (u + %)', which follows from the (strong)
orthogonality of u and zy. Now, Lemma 2.26 implies the invertibility of @f+2; +z$—zl

within the Jordan algebra Z}*# and it is

(@ +z 420 -20) = (u+ zo)(“f”g)_(augl”g_“) = (u+2p) PR gy g

Taking pseudo-inverses of both sides, we obtain af + Z; + zg —z = (a+3) =al+ 28,

i.e.
(*) zg—zlzég—él.

In general, this equation does not imply the equality of z, and Z,, but with the
additional assumptions of the two representatives, we can prove this equality: In
the first case, we have zg = z, Zp = Z and z; = 0 = 21, i.e. (*) implies 29 = Zp and
z1 = Z1. In the second case, we have a restriction to the spectral norm of the
involved elements. Comparison of the terms yields zg = dy, Zg = cio e cl(Dy) and
z1=dy, Z1 = ch € D{. Therefore, the spectral values of z; and Z; are less than 1 and
the spectral values of zg and :ZV(T) are greater or equal to 1. Since by (*), the spectral
decompositions of zg -z and 28 — Z; coincide, it follows that zg = Zp and z1 = Z1.
It remains to show the Peirce equivalence of u and @. Since Zi*% = Z*%0 and
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since @ 1L Zg = zp, it follows that @ is an element of Z'"*° n Z§ = Z}*. Analogously
we conclude that u is an element of Z7'. Therefore u and @ are Peirce equivalent.
This completes the proof of Theorem 4.12. O

EXAMPLE 4.15. In the matrix case Z = C™°, r < s, the Grassmannian coin-
cides with the ordinary Grassmannian variety Gry(C™) with n = r+s. Theorem 4.12
states, that any s-dimensional subspace E of C™ is representable both as

E = column space of (1 B (u?)*fu N z)) = ((1 _u(uTz)*u»

with u,2 € Z, v 1l z, i.e. u*z =0 and zu* = 0, which also implies (u')*z =0, and as

e | ¢ ’l)+d0 _ ’U+d0
= column space o 1 +d) (v do)) = \\ 1= (0l o+ div)

with v € Z, do € cI(Dg)), di € D} . To get more insight, we may assume that u and
v are of block diagonal form, which is always achievable by a suitable K-action.
Since in addition, u and v determined up to Peirce equivalence, we assume that
u=({9) and v=(}) with blocks of appropriate size. Then

1 0

1 0
1 0 0 0
T - -
o) b i)
with no further condition on d, and
1 0 0 0 01 0 0 o
T_ - _[%1 _ 0
o) e K)o (i o) e )

0 1
with §pdy < 1 and 0;67 «< 1. Applying the K-action more intensive, we also may
assume that d, dg and J; are ’diagonal’ matrices according to their spectral decom-

position. Reintroducing the K-action, we conclude that an arbitrary s-dimensional
subspace FE of C™ is representable as

10 1 0

(0 o)l o)l o)l b))

“lo pJ\lo ol/"\o D)\|ls: o
0 1 0 1

for unitary matrices A € U(r) and D € U(s) with Det(A)-Det(D) = 1.

o O O
— O Q.






CHAPTER 5

Complexified Grassmannian and diagonal
imbedding

In this chapter we consider the Grassmannian G of a phJTS Z as a real analytic
submanifold of some complezification of G. More precisely, we consider the diagonal
imbedding of G into the product manifold G x G, where G denotes the conjugate
Grassmannian. In addition, we define a G®-action on G x G, for which the diagonal
imbedding becomes G-equivariant. It turns out that it is quite simple to describe the
GC-orbit structure on G x G via invariants. The crucial observation of this chapter
is that the restriction to the G-action on the diagonal provides a refinement of the
invariants such that we obtain invariants for the G-action on the Grassmannian
G. This explains the appearance of this chapter in the context of the discussion of
G-orbit structures.

5.1. Motivating example

In this section, we demonstrate the main results of this chapter in the special
situation Z = C™*® (matrix case) with r < s. The stated results are established using
geometric arguments instead of Jordan theoretic considerations. In addition derive
Jordan theoretic terms by which these results can be described. This serves as a
motivation for the general case we discuss in the next sections. From Example 4.5,
we recall that the Grassmannian G of Z and its conjugate G can be identified with
ordinary Grassmannian varieties,

Gz Gry(C") and Gz=Gr.(C").

with n =r + s. For the latter, we have two different identifications (the #- and the

o-realization of G), what becomes important below, when we transfer the following

results into Jordan theory. The groups involved in the matrix case Z = C™* are!

GE=SL(r+s), G°=SU(r+s), G=SU(r,s), K=S(U(r)xU(s)).
First we determine the G®-orbit structure on the product manifold Gry(C™) x
Gr,.(C™).

PROPOSITION 5.1. Let G act on M = Gry(C") x Gr,.(C") by g(E,F) =
(gE,gF). Then, M decomposes into r + 1 different GC-orbits. More precisely,

M=J0O; with O;={(E,F)eM|dmEnF =j} .
3=0
The orbit Oq is open and dense in M, and for Eq = {0} x C° and Fy = C" x {0}°,
the stabilizer of (Fy, Fy) € Oq is given by K€ = S(GL(r) x GL(5s)).
PROOF. Since g(E n F) = gE n gF, it follows that the subsets O, are G°-
invariant. Moreover, since G© acts transitively on the set of bases (up to a constant),

it also acts transitively on O;. To prove that Oy is open and dense in M, we first
note that (E,F) € Op if and only if E®@ F = C", and if E = (A), F' = (B) are

Lef. Example 3.30.

69
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represented as column spaces of the matrices A € C™*°, B e C™", then Fe® F =C"
if and only if det(A, B) # 0. Consider the chart map

semeer - () (5)

It is well-known that the image of ¢ is open and dense in M. Furthermore, o(x,y)
is in Oy if and only if det ( L 1; ) # 0. Therefore, Oy is open and dense in the image
of ¢, and hence also open and dense in M. The form of the stabilizer of (Ey, Fp)

follows from
a bY[O0) (b a bY(1l.\ [a
c dj\1;) " \d)’> \c dJ\0) \c)~
Hence, g(Ey) = Ey implies b = 0, and g(Fp) = Fy implies ¢ = 0. O

Next we motivate the Jordan theoretic generalization of Proposition 5.1 by
using the Jordan theoretic description of the Grassmannians Gr,.(C™) and Gr,(C™)
and determining the intersection E n F' explicitly. Recall from Lemma 4.1 and
Example 4.5 that the Grassmannians G and Gr,(C"™) are related via

(1) G > Cry(C), []»E(( : ))

1-a*x

and that ¢,,¢_: G — Gr,.(C") with
(52) 0. [y:b]:F;f((l‘by*))

+y*
define isomorphisms of the conjugate Grassmannian G and Grs(C"). Now, to
determine the intersections F; , ﬁF; p» We note that for 7 € C" and £ € C?, a simple
calculation shows

x 1-by* n=(a"-(a"bF1)y*)¢,
) () = |
l1-a*z +y” (1-za” )1 -by")Fzy*)E=0.

Therefore, the intersection E; ,NF, y* , is completely determined by the kernel of the
map &+~ ((1-xa*)(1-by*) Fay*)&. In particular, we have

(5.3) dim B, o 0 Fyp =7 —1k((1-za”)(1-by") F2y") ,

and hence it follows that the GC-orbits of M are characterized by the rank of the
matrix ((1 - xza*)(1 - by*) ¥ xy*), where the elements of M are represented by
tuples (Ey 4, F, y* »)- The crucial observation with respect to a full Jordan theoretic
description of this is the following identity for the Bergman operator

By aBya w0 By b(2) = ((1 —za*)(1-by*") ¥ my*) z ((1 -y*b)(1-a*x) F y*x) ,

which can easily be verified. This relates the rank of ((1 - za*)(1 - by*) F zy*)
with the rank of the combination of Bergman operators By oBga .y By b, S0 we
obtained a description in purely Jordan theoretic terms.

G-orbits on Gry(C") and diagonal imbedding. Next we investigate the
G-orbit structure on the Grassmannian Grg(C™). Classically, one considers the
G-invariant scalar product on C” given by

(zly)e = 2" ( 5 —(1)5 )Y,
and notes that the restriction of (|). to a subspace E € Gry(C") yields a (possibly
degenerate) hermitian form on E. Let (a,b) denote the signature of this form,
i.e. a (resp. b) is the number of positive (resp. negative) eigenvalues of a matrix

representation of the hermitian form on E. By the G-invariance of the used scalar
product on C", this signature is an invariant for the G-action on Grg(C"), and by
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Witt’s Theorem it follows that this invariant completely characterizes the G-orbits
on Grg(C™). This proves:

PROPOSITION 5.2. The G = SU(r, s)-orbits on Gry(C™) are given by
Oup = {E e Grg(C™) |sign((|)G |ExE) = (a,b)} .

There are ezxactly (7"52) different orbits according to the choices of (a,b) with 0 <

a<r,0<b<s anda+b<s.
Using the Jordan theoretic description of F, the restriction of the G-invariant
scalar product to E is given by
(zly)e =7~ (a:* 1—x*a) 10 r §:n*(x*m—(1—x*a)(1—a*x))f
G 0 -1J\1-a*zx

for z = (5« )nand y = (,_5+,) & with n,€ € C®. Therefore, the signature of the
E-restricted scalar product satisfies

(5.4) sign ((|)¢ |ExE) =sign (z*z - (1-2"a)(1- a*x)) .

We identify this as a refinement of (5.3) by condisering the following imbedding of
Grs(C™) into the product manifold:

Lo : Gr5(C") - Gr,(C") x Gr,.(C"), E~ (E,E*¢),

where E+¢ denotes the orthogonal complement of E with respect to the G-invariant
scalar product defined above. By construction, this is a G-equivariant map, and
using the Jordan theoretic description of E, we obtain

EoB - T ple - pr - 1-ax*
x,a 1_a>(-‘,1: ) x,a x* .

Therefore, (5.3) yield exactly the dimension of the null-subspace in F corresponding
to the restricted scalar product.

5.2. Group action and vector bundles

Let Z be a phJTS, let G = G(Z) be its Grassmannian and let G = G(Z) be
the conjugate Grassmannian, see Section 4.1. In this chapter we investigate the
product manifold G x G and the diagonal imbedding of G into G x G,

G->GxG, x~ (x,x) -

Therefore, G is considered as a real analytic submanifold of complex manifold G xG.
As before, let G© be the identity component of the automorphism group of G, and
let o be the complex conjugation on GC defined in (4.17) and having G = Aut(D)°
as fixed point set. Then

(5.5) g(x.n)=(g9x, o(g)n) for geG®

defines a GC-action on G x @.ﬁ In the restriction to G c¢ G, this action turns the
diagonal imbedding G — G x G into a G-equivariant map.

REMARK 5.3. We note that instead of using o in the definition of the GC-action
on G x G, one could also use the complex conjugation § on G* defined in (4.18) and
having G° as fixed point set,

(5.6) g(x.n)=(g9x. 0(g)n) for geG®

In this case, the diagonal imbedding of G into G xG becomes a G®-equivariant map.
Since we are primarily interested in the G-action on G, we investigate the GC-action
(5.5) in detail, and briefly state the corresponding results for the G®-action on G,
which are obtained by slight changes in the given arguments.
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Let £ be a vector bundle on G, and F be a vector bundle on G. Then we

denote by £ ® F the vector bundle on G x G given by the tensor products of the
fibers of £ and F, i.e.

(5.7) (€ R F)((al,fyb]) = Ezia) ® Flyev] -

Furthermore, we denote by £ the conjugate vector bundle on G, obtained from &
by taking the conjugate complex structure on the fibers. We describe two examples
in more detail:

(1) Let Ls denote the line bundle on G defined by a denominator § of the quasi-
inverse,

Ls=(ZxZxC)/~ with [z,a,A\]=[2""% @, 6(z,a-a)\],
and let Egl denote the corresponding inverse line bundle defined by
[z,a,A\] = [27%, &, 6(z,a—a) " A].

Then Egl Eﬁigl is a holomorphic line bundle on G x G, on which the transition
maps are described by

[(w,a), (2,0),A] = [z, @), ("",B), 8(z,a-a) ™" d(y,b-b)~" A].

We recall from Section 4.2 that for d(z,y) = Det By, ,, the line bundle £j!
coincides with the canonical bundle K, which is a G*-homogeneous line bundle
on G. Therefore, K® K is also a G®-homogeneous line bundle on G x G.

(2) If TG denotes the tangent bundle on G, then TG ® TG is a vector bundle on
G x G, whose fiber T12:a1G ® Ty)G can be identified with Z ® Z, and hence
with linear maps from Z# to Z, where Z# denotes the vector space dual to
Z. The description of TG ® TG via equivalence classes is given by

[(2,0),(2,0),T] = [(z"%,a), (4*".B), By'\ aT B ]

T,a—a b-b,y

with T e Hom(Z#,Z). Since TG is a G®-homogeneous vector bundle on G,
the bundle TG ® TG also carries a G®-action turning it into a homogeneous
vector bundle on G xG. Using the intrinsic scalar product of the phJTS Z, we
often identify Z# with Z. This yields a complex linear isomorphism of Z# to
Z, and elements T e Hom(Z%, Z) can be interpreted as endomorphisms on Z,
but doing this, we have to keep in mind that elements of the domain transform
as (ve B, j ,v), and elements of the image transform as (u B, au).

In the next sections we describe naturally defined sections on Lgl Egl and TGRTG,
which have nice properties concerning G®-actions.

5.3. Equivariant sections

Let 6 be a denominator of the quasi-inverse. The first aim of this section is to
extend §: Z x Z - C to a map on G x G. Recall that Z x Z imbeds into G x G as
an open and dense subset via

ZxZ~GxG, (z,y)~ ([x:0],[y:0]).

Since G xG is compact, and § is holomorphic, it is clear that such an extension must
be an extension into a line bundle on G x G. The suitable line bundle turns out
to be Egl Egl. In particular, this procedure provides an extension of the Jordan
triple determinant 6 = A to a section A on G x G.
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PROPOSITION 5.4. Let § be a denominator of the quasi-inverse.
(a) For (w,a) € ZxZ and (y,b) € Z x Z set

g((sc,a), (@/, b)) = 5('737@) 5(xaﬂyb)6(yvb) :

Then 3 is a complex polynomial function on (Z x Z) x (Z x Z).
(b) The map §: G xG - L5! Tgl given by

§([x:a],[y:b]) = [(z,a), (.b), 8((x,a),(y.b))]

is a section of L3* & L3,

(c) The vanishing set of & is GC-invariant and independent of the choice of
the denominator . If L3* = K is the canonical bundle, then & is a G©-
equivartant section.

PRrROOF. The proof of (a) is due to O. Loos [31]: From Lemma 2.23, we obtain

— -1

(5.8) 6(xa,yb) =(z, a)’lé(x,a + yb) =4§(z* +b,y)(y,b)

The first identity implies that ¢ is polynomial in (z,a) € Z x Z, and the second
identity implies that & is polynomial in (y,b) € Z x Z, hence 9 is polynomial in all of
its variables. For (b), we have to show that if [z :a] = [Z:a] and if [y:b] = [ b],
then 0 transforms as

(5.9) 5\((57,&), (9, 5)) =6(z,a-a)™? ?i((av7 a), (y, b)) 8(y,b-b)"1.

This is a straightforward calculation:

(27", @), (5" b))

27 a) 6((")7, (5 )") oy, D)
z,a-a)"o(w,a) 6(x%,y") 6(y,b-b)"15(y,b)
z,a-a)" 3((x.y), (y.0)) 6(y.b-b)" .

5((2,a), (7,b))

To prove (c), we first claim that for different denominators § and ¢’, the vanishing
sets of & and & coincide. It suffices to prove this for an arbitrary § and 8’ = A, the
Jordan triple determinant of Z. Without restriction we assume that Z is simple.?
Then, § is a power of A, since A is irreducible and by definition, the vanishing sets
of § and A coincide [25, I §1.7]. This again implies that Jisa power of A, so the
corresponding vanishing sets indeed coincide. Now, for a proof of (c), it is sufficient
to show the GC-equivariance of § in the case of §(u,v) = Det By, v, ie. Egl =K. We
check this equivariance on the generators ¢, and t, of G¢ with (u,v) € Zx Z. By
continuity, it suffices to consider the open and dense subset Z x Z in G x G. Recall
from Section 4.2 that ¢, and £, act on K by

(5.10) ty[z,a0,M] = [z, a+v, \] and t,[2,0,A]=[z+u, 0, \]

2Othelrvvise, consider the decomposition Z into simple phJTS Z;, and replace the single
Jordan triple determinant by the product of the Jordan triple determinants on the Z;.
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Due to Section 4.2, it is o(t,) = t_, and o(,) = t_,. We compute the fiber coordi-
nate of § ot, in ([z:0],[y:0]):

(5.11) g((x +u,0), (y, —u)) =d(x+u,0) 6(z+u,y ") 0(y,—u)
=d(x+u-v,9)0(y,—u)"t §(y,—u)
:6(x,y)

:25\((%0)7 (y70)) .

Comparing this with (5.10), yields dot,, = t,,00, i.e. § is t,~equivariant. Analogously,
we obtain for the fiber coordinate of § 0%, in ([z: 0],[y:0]):

(5.12) 3\((x,v),(y—v,0)):6(x,v) 5(z¥,y -v) 6(y - u,0)
=6(z,v) 6(z,v) " 8(x,y —v+0)
=6(z,y)
=5((x,0), (y,0)).
Thus, & is also t,-equivariant, and hence GC-equivariant. O

REMARK 5.5. We notice that for an arbitrary denominator §, Proposition 5.4
does not assert the GC-equivariance of §, since in general there is no G®-action on
L;'. Nevertheless, the proof of Proposition 5.4 shows that whenever there is a G°-
action on L;! satisfying (5.10), then & is indeed GC-equivariant. For the problem
to define such a GC-action on L3', see Section 4.2.

Next we consider the restriction of & to the diagonal G = G x G. In this case,
0 takes on only real values, since

5((2,a), (z,a)) = 8(z,a) 6(a",2*) 6(x,a) = §((x,a), (z,a)) ,

and ¢ transforms by (5.9) as
3\((58, a), (z, d)) =|6(z,a-a)| g((a:,a), (z,a)) .

Therefore, the signum of § is a well defined quantity on the diagonal G < G x G,
which is invariant under the action of G, since G is connected.

COROLLARY 5.6. Let 0 be a denominator of the quasi-inverse, and let § be
as in Proposition 5.4. The map

(5.13) signd : G - {-1,0,1}, [z:a] —»signd([z:a],[z:a])
is well-defined and G-invariant.

REMARK 5.7. Using (5.6) instead of (5.5) as definition of the GC-action on
G x G, Proposition 5.4 and Corollary 5.6 remain true, when ¢ is replaced by

3\9((3770’)7 (yvb)) = 5(56,0,) 5(za7_yb)5(y7b) :3\((56,0,), (_ya_b)) y

and G is replaced by G¢. The difference in sign comes in, since we have 0(t,) = £,
and 0(t,) = t, instead of o(t,) = t_, and o(t,) = t_,. By Theorem 4.7, G¢ acts
transitively on G. Therefore, the sign function signdy has to be constant. Since
sign dg([0: 0]) = 1, we conclude that dy is strictly positive on the restriction to G.
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Rank map. So far we discussed bundles and sections that are induced by a
denominator of the quasi-inverse, and obtained a quite broad GC-invariant on G xG
and an equally broad G-invariant on G. The second aim of this section is to refine
these invariants by considering a bundle and a section that are induced by Bergman
operators (instead of their determinants as in the case of the canonical bundle).

We consider the G®-homogeneous vector bundle TGRTG on GxG. As described
in the last section, the fibers can be identified with endomorphisms of Z, and the
transition maps are defined by

(5.14) [(z,a),(y,b),T] = [(z*% &), (y*0.0), BL. . TB™. ]

T,a-a b-b,y
We define the rank of an element [(z,a),(y,b),T] e TG® TG to be
tk[(z,a), (y,b),T] :==1kT .

Due to (5.14), this is well-defined. The action of G on TG ® TG is generated
by the actions of t, and %, for (u,v) € Z x Z. On the open and dense subset
TZRTZcTGwrTG these actions are given by

tu[(2,0),(y,0),T] = [(2 +u,0), (y,-u), T]
and
Ev[(x70)7(y70),T:| = [(.’17,1}), (y—v,O), T] :

Therefore, GC preserves the rank of the element on 77 ® TZ. By semi-continuity
of the rank map 7"~ rkT', and by the invertibility of the action of each g € G® on
TG r TG, we conclude:

LEMMA 5.8. The action of G© on the vector bundle TGRTG is rank-preserving.

The next proposition defines a Gc—equivarizglt section, which is used in the
next section to determine the GC-orbits on G x G. This is a natural extension of
the section § discussed above.

PROPOSITION 5.9. Let Z be a phJTS.
(a) For (z,a) e ZxZ and (y,b) € Z x Z set
B((Iaa)a (yab)) = Bm,aBma,beb,y .

Then B depends polynomially on ((x,a),(y,b)) € (Z x Z) x (Z x Z).
(b) The map B:GxG - TGrTG given by

/6([:1; : a] ’ [y : b]) = [(SL’,(L), (yvb)> B\((aj?a% (y>b))]

is a GC-equivariant section of TGrTG.
(¢c) The map

tkB:GxG N, ([z:a],[y:b]) = 1k B((z,a), (y,)))
is well-defined and G®-invariant. We call tk B the rank map on G x G.
PROOF. Part (a) follows by application of the identities JT33 and JT34:
(5.15) By, oBya By, y = By ypiq B,y = Be o Brasy,y -

The first identity show that 3 depends polynomially on @,a) € Z x Z, and the
second one implies the polynomial dependence on (y,b) € Z x Z. For (b), we first
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verify the correct transformation rule for sections in TGRTG. So let [z :a] = [ : @]
and if [y:b] = [g: b], then

B((z,a), (5,0)) = B((+"", @), (4", b))
= Bz"r-&, a B(xa—&)67 (yb-b)b Bg’ yb=b
-1 -1
= B ~B$7GBIa,beb7be_E7y

z,a—a

= B,laoa B((2,9), (4:0) B -

Since the Bergman operator satisfies the same relations as a denominator § of the
quasi-inverse, this calculation is essentially the same as in the proof of Proposi-
tion 5.4. We only have to be aware of the non-commutativity of the Bergman
operators. Our calculation shows that the terms have the appropriate order. Sim-
ilarly, exchanging ¢ in (5.11) and (5.12) by the corresponding Bergman operator
yields the identities Bot, =t, o3 and Bot, =t, 03 for all (u,v) € Zx Z. Therefore,
B is a GC-equivariant section. Finally, we note that the G®-equivariance of 8 and
Lemma 5.8 imply the GC-invariance of 3. O

(5.16)

Restriction to G. As in the case of the line bundle induced by a denominator
of the quasi-inverse, we consider the restriction of 3 to the diagonal G - G xG. In
this restriction, the fiber 77,.,)G ® T{,.q)G can be identified with sesquilinear forms

on T[’z :a]G. Therefore, by means of the scalar product on Z, the canonical fiber of

TG ® TG in the restriction to G can also be identified with sesquilinear forms on
Z. Since

B((x, a), (z, a)) =By ¢Bya 4aBy, s = B((x, a), (z, a))* ,
the section 3 takes on its values in the subspace of hermitian forms, which is
invariant under coordinate change due to (5.16). Therefore, according to Sylvester’s
law for hermitian forms, the signature

U(B([m tal,[x: a])) := signature of B((a:, a), (z, a)) = (04,0-) eN?
is a well-defined quantity. Here o, and o_ denote the dimensions of the maximally
positive and maximally negative subspaces of Z with respect to 5((x,a), (x,a)).
COROLLARY 5.10. Let 3 be as in Proposition 5.9. The map
(5.17) o(B):G—>N? [z:a]»o(B([x:a].[2:a]))
is well-defined and G-invariant. We call o(3) the signature map on G.

PROOF. It remains to prove the G-invariance. Consider the open and dense
subset Z < G. Due to (4.26), G© acts on TG by

9[2,0,¢]=[g9(2), 0, D.g(¢)] for all g e G€ with g(z) € ZcG.
Therefore, we obtain for the G-action on TG ® TG the relation

9[(2,0),(2,0),T] = [(9(2),0), (9(2),0), (D-9) T (D-g)")]
for all g € G with g(2) € Z ¢ G. Therefore, on Z c G = G x G the signature of 3
is invariant under the action of all g € G with g(z) € Z. Since Z is open and dense
in G, and since the set of all g € G with g(z) € Z is also open and dense in G,
we conclude by semi-continuity of the components of the signature map [12], that
o(B) is invariant under the action of g for all g € G and on all of G. O

Corollary 5.10 shows that the signature o(8) is a G-invariant on G. In Sec-
tion 7.1 we use this invariant to determine the G-orbit structure on G. In fact, we
will show that for a simple phJTS Z of rank r, the Grassmannian G decomposes

into exactly (7;2) disjoint G-orbits, which can be characterized by their signature.
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r+2

In particular, this shows that o(3) takes on only ( 2 ) different values. Further-
more, we will see that on r + 1 of these orbits the signature is non-degenerate, and
therefore, the section B induces G-invariant pseudo-Riemannian metrics on these
orbits, cf. Section 7.1.

REMARK 5.11. As in Remark 5.7, we briefly discuss the results obtained by
using (5.6) instead of (5.5) as definition of the GC-action on G x G. It is straight-
forward to check that Proposition 5.9 and Corollary 5.10 remain true, when g is
replaced by

B\H((xa a)a (ya b)) = Bat,aBza,—beb,y = B\((IE, a)7 (_ya _b)) .

and G is replaced by G°. The restriction of By to the diagonal G c G x G yields
a G°-equivariant section on G, whose signature map rk 3y is constant, since G°
acts transitively on G. Moreover, since Bg((0,0), (0,0)) = Id, we conclude that
B, 4By, _ga B, 4 is positive definite for all (z,a) € Z x Z. Now consider the map

h([z:a],[z:a]) = [(x,a), (z,a), (B$7QB$a’maBa7m)71] .

It is easily checked that h defines a G°-invariant hermitian metric on G. Since
the evaluation of h on the affine part Z ¢ G reduces to the well-known formula
he(u,v) = (B_l u|v>, we conclude that h indeed coincides with the G°-invariant

T, —x

hermitian metric described in Remark 4.8.

5.4. Orbit structure

We determine the GC-orbit structure of G x @ Let A be the section on G x G
extending the Jordan triple determinant A on Zx Z as described in Proposition 5.4.
Furthermore, let 8 be the rank map on G x G defined in Proposition 5.9.

THEOREM 5.12. Let Z be a simple phJTS of rank r.

(a) GxG decomposes into exactly r+1 different GC-orbits, which are character-
ized by the rank map rk 3. More precisely, for any flag0=ey<e; <...<e,
of tripotents in Z, the orbits are given by

0; 1= G%([e;:0], [e;:0]) = (xk B)*(dim Z)
foro<j<r.

(b) The only open and dense orbit Oy = GE(0,0) is also characterized by

0o ={(x,n) € GxG|A(x,n) # 0} .
The stabilizer subgroup of (0,0) in G€ is K©, therefore Oy = G¢/KC.
PROOF. First we show that the GC-orbit of any element ([x:a],[y:b]) of
G x G contains an element ([e:0],[e:0]) for a suitable tripotent e € Z. Since G©
acts transitively on G, there exists an element g € GC, such that g([2:a],[y:0]) =
([Z:a],[0,0:)]. Due to Theorem 4.12 and Corollary 2.21, [Z:a] can be repre-

sented as [Z:a] = [e+ z: e] for some tripotent e and an element z € Z with z 1 e.
Therefore,

tdgzal,[y:b]) = tfc([e+2: €], [0:0])
—t_([e+2:0],[e:0])
= ([e:0],[e:2])
= ([e:0],[e:0]).

In the last step we used Lemma 2.25. By simplicity of Z, there exists an element
k € K such that ke = e; for j = rk(e). Since o(k) = k, we finally obtain

kt—zf—eg(['r tal,[y:0]) = ([e;: 0],[e;: 0]).
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This proves that the subsets O; for 0 < j < r indeed form the GC-orbit decomposition
of G x G. By Proposition 5.9, the rank map is constant on each O;. It is

(5.18) tkB([e:0],[e:0]) =1k B, . = dim Z§ ,

since B, . can be regarded as the orthogonal projection onto Z5. This completes
the proof of (a). For (b), we recall from Proposition 5.4 that the vanishing set of
A is GC-invariant, so it is a union of G%-orbits. Since a Bergman operator B,y
is invertible if and only if A (z,y) # 0, it follows by (5.18) that the vanishing set
is precisely the union of the orbits O; with j = 1,...,r. Therefore, Oy coincides
with the non-vanishing set of A, and hence is the only open and dense GC-orbit
of G x G. It remains to determine the GC-stabilizer of (0,0). Due to Theorem
4.6, every g € GC can be written as ¢ = tyty,ht, with u € Z, v,w € Z and h «
KC. By (4.17), the conjugate of this transformation is o(g) = t_ot_,h *t_,,. We
determine the conditions on u,v,w and h for stabilizing [0:0]. Applying the first
transformation to [0: 0] yields ¢[0:0] = [u:v], so u must vanish. Therefore, the
second transformation is given by o(g)[0:0] = [-h™*w — v : 0], which implies that
w and v also vanish. Thus we derived the necessary condition g = h € K. This is
also sufficient, since KC stabilizes (0,0) in G x G. O



CHAPTER 6

Peirce varieties

There are naturally defined smooth varieties associated with a Jordan triple
systems Z. One of these is the variety P of all Peirce 1-spaces in Z, which we call
the Peirce Grassmannian. In the infinite dimensional setting an appropriate variant
of this variety has been studied in some detail by W. Kaup [18] and by J. Isidro
and L.L. Stacho [16]. The finite dimensional setting is discussed by J. Arazy and
H. Upmeier [2] and briefly by O. Loos [28]. Due to the use of generalized Peirce
decompositions, our approach to the Peirce Grassmannian is essentially complex
analytic (Section 6.1). Besides the global viewpoint, we give a local description of
the Peirce Grassmannian via charts and explicit formulas for the transition maps,
thus showing that the Peirce Grassmannian is a smooth algebraic variety.

In Section 6.2, we compare different realizations of the Peirce Grassmannian.
One of the main results of this chapter is the identification of the connected com-
ponents of P with closed K®-orbits in the Grassmannian, which in turn can be
identified explicitly with the Grassmannian of some Peirce !/2-space. This con-
nection of the Peirce Grassmannian P to the orbit structure on the Grassmannian
G(Z) is the justification for the discussion of the Peirce varieties within this part
of the thesis. Furthermore, in the next chapter it turns out that each G-orbit of
the Grassmannian G(Z) is fibered over some extension of a corresponding Peirce
Grassmannian.

In Section 6.3, we use the Godement approach to define line bundles on the
Peirce Grassmannian. The corresponding cocycles are given on the basis of a de-
nominator of the quasi-inverse on Z. It is proved explicitly that these line bundles
are very ample, and hence PP is a projective variety.

The last section provides a discussion of the obvious generalization of the Peirce
Grassmannian to Peirce flag varieties. A brief account of this can be found in
[2]. Again, our approach has the advantage of being complex analytic, so it is
straightforward to extend the proofs of the analytic and algebraic structures of
Peirce Grassmannian to the case of the Peirce flag varieties.! Peirce flag varieties
will form the essential ingredient in the definition of Jordan flag varieties in the
third part of this thesis.

6.1. Peirce Grassmannians

Let Z be a phJTS of rank r. In Section 2.6 we introduced the notion of Peirce
equivalence on Z,

u=v < u and v induce the same Peirce decomposition of Z.

In this section we investigate the set of equivalence classes P := Z/=. We prove
that this gives a compact manifold, called the Peirce Grassmannian of Z, whose
connected components are compact hermitian symmetric spaces. Therefore, by

11t should be noted that the approach via flags of tripotents [2] misses an appropriate KC.
action, so the fiber projection just becomes a real analytic instead of a complex analytic map, cf.
also Remark 3.19.

79
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duality of symmetric spaces and the classification of non-compact hermitian sym-
metric spaces, each component of P is related to some phJTS. In Section 6.2, this
relation is made explicit. The following theorem is an analogue of [28, §5.6b].

Global structure. Recall from Proposition 2.19 that for the Peirce equiv-
alence of elements it suffices to demand the equality of the corresponding Peirce
1-spaces. Moreover, a necessary condition for u and u to be Peirce equivalent is that
their ranks coincide, so we can restrict the equivalence relation to the submanifolds
Z; of rank-j elements in Z.

THEOREM 6.1. Let Z be a phJTS, Z; the manifold of rank-j elements of Z
and let Rp; be the Peirce equivalence relation on Z;

(u,@) € Rp;, if and only if Z; = Z¥ for v =1,12,0.
Then

(a) Rp, is a regular equivalence relation. The quotient manifold P; = Z;/Rp,
is called Peirce Grassmannian of type j. Its tangent space at [u] € P; can
be identified with

T[M]Pj = Z1172 .
The canonical projection m: Z; — IP; is a complex analytic submersion.

(b) The naturally given K®-action on P; turns the canonical projection 7 into
a KC-equivariant fibration. The fiber through u € Zj is (Z1)*, the set of
invertible elements in Z7'.

(c) The KC-action on P; and even its restriction to K c K© is transitive on
each connected component of P; and imposes on P; the structure of a (not
connected) hermitian symmetric space of compact type. The symmetry
around w(u) is induced by the Peirce reflection

8y = By, oyt = exp(2miu D ul) ( =(-1)*1d on Zﬁ) .
If Z is simple, then IP; is connected.

ProOOF. For (a) we use Godement’s Theorem and therefore show that Rp, is
a submanifold of Z; x Z;, and the projection pr; of Rp, onto the first component
is a submersion. The first statement follows from Theorem 3.18, since Rp, equals
the pre-Peirce flag Z(; ;). Hence, Rp, is a K Cinvariant submanifold of Z; x Z;
of dimension dim Rp; = 2 dim Z7" + dim Z};z for u € Z;. For the second statement,

fix (u,%) € Rp, and consider h; = exp(tvOu') ¢ K© with v e Z{ ® zy,. By KC-
invariance, the tuple (hsu,h;@) defines a curve in Rp,. Its derivative at (u,a) is
given by

%prl(htu, htﬂ)‘tzo = % exp(tvO uT)u‘tzo = {v, ul, up=v & %vl/Q .

Therefore, pry is a submersion of Rp, onto Z;, and the connected component of
P; = Zj/Rp, containing [u] has dimension dimP; = 2dim Z; - dim Rp, = dim Zj,.
To prove (b), it suffices to notice that by the KC-invariance of the equivalence
relation, h * [u] := [hu] is a well-defined K®-action on P;, which commutes with
the canonical projection 7. The fiber through u € Z; equals the equivalence class
of u, and due to Proposition 2.19, this is the set of invertible elements in Z}'.

For (c), we recall that any element u € Z; is Peirce equivalent to some tripotent
e € S; (Corollary 2.21), and that K acts transitively each connected component of
S; (Theorem 3.13). Since K is compact, this also implies the compactness of P;.
From (a) and (b) it follows that the canonical projection 7 : Z; — IP; induces a vector
space isomorphism between Z}?Q and the tangent space Ty(,)P;. By transferring
the scalar product on Z7, (i.e. the restriction of the scalar product on Z to Z}jz)
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to the tangent space, we obtain a K-invariant hermitian metric on each connected
component of P;. Since the Peirce projection s, is an element of K €. it defines a
diffeomorphism on P;. The formula s,(z,) = (-1)?” for z, € Z% shows that s, is
metric preserving and has 7(u) as isolated fixed point. Therefore P; is a hermitian
symmetric space of compact type. If Z is simple, then K acts transitively on S;
and hence transitively on P;. So the connectedness of K transfers to IP;. O

REMARK 6.2. The manifold structure on the Peirce Grassmannian P could
also be derived from the transitive KC-action on the connected components of
P. Instead, taking the Godement approach, enables us due to Theorem 3.8 and
Proposition 3.11 to define line bundles on P via cocycles on Z;, see Section 6.3.

Local structure. Next we determine an atlas on IP;. We claim that certain
restrictions of the chart maps of Z; are appropriate for this. Recall from Lemma
3.20 that for w € Z with rk(u) = j, the set

T} = {2z € Z;| QuQ: z invertible in Z}'}

is an open and dense subset of the connected component of Z; containing u. Fur-
thermore, for y € Z}?2 let 7, = exp(2y O u') be a Frobenius transformation with
respect to u.

PROPOSITION 6.3. For 0 < j<r let P; be the Peirce manifold of type j and
m: Z; - P; the canonical projection. Then for u € Z; the map

Pu: Zij, > Py, y o [yu]

is a diffeomorphism of Z};Q onto the open and dense subset IP’;") = ﬂ(I]“) of the
connected component of P; containing [u]. Moreover, for u,u € Z; in the same
connected component, the transition map @2 = @71 o g is a birational map from
Zf;2 onto Z1“/2, and IP; is a smooth algebraic variety.

PROOF. As described in Remark 3.7, it suffices to show that the image of
Pu + Zyj, > Zj, defined by &u(y) = Tyu, is a submanifold, which is minimally
transversal to the equivalence classes corresponding to the elements of ;. We note
that ¢, is just a restriction of the chart map ¢, of Z; defined in (3.23) to the
submanifold {u} x Z3),- Therefore the image of ¢, is a submanifold of Z;. For fixed
Y€ 21“/27 set z = Tyu, then we have to show that

T.Z; = Dypu(28,) ® T[] .

Since [z] is a (dim Z}')-dimensional submanifold, it suffices to show that Dy¢u(Z3),)
and 7T,[z] intersect trivially. Due to (3.25) we have

Dypu() =9+2 {4, u', v} ,
and by Theorem 6.1, it is
T.[2]=Zf =7, Z¢ = {u+2{ul, y, 0} + Q,Qurtt| 1 e Z}'} .
Now let z be in the intersection Dygéu(Zl“/z) nT.[z], ie.

z=yg+2{g,ul, y}=a+2{ul, y, 0} + QQurtt
for some ¢ € 2}72 and 4 € Z{'. Comparing the Z}'-components yields @ = 0 and hence
z = 0. Since ¢ is one-to-one, this shows that ¢, = 7o @, is a diffeomorphism onto
its image. To prove that this image equals 71'(1-;), we have to show that for all
4 € 1} there exists an element y € Z}?Q, such that u is Peirce equivalent to 7,u, or
equivalently, (1, 7,u) € Rp,. Using the identification of Rp, and the pre-Peirce flag

Zj4), this is satisfied due to Lemma 3.21 by choosing y = 2 {111/2, 121, u}, where
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U = Uy + Uy, + Ug denotes the Peirce decomposition of @ with respect to u. The
same argument finally provides a proof for the assertion on the transition function
¢ for arbitrary u,@ € Z;. Since the images of ¢, and ¢; are open and dense in
the same connected component of P;, the transition function is defined on the open
and dense subset ¢! (Ijﬁ nZ;) of Z}%. Due to Lemma 3.21 we have ¢z (7) = ©u(y)
if and only if

(61)  y=2{(Za®),,, (2s(@), u} with Pa(g)=a+j+Qgil.

Here (z)1, and (2)1 denote the Zi- and Z3j,-components of some element z € Z.

Since (cﬁﬁ(gj))l is assumed to be invertible in Z}*, we have

(6:2) (2:(),' = Qui (2:(),

where the inverse is calculated in the Jordan algebra Z3. Since ¢4 (g) is polynomial
in y, this term is a rational map in g (due to the quadratic operator @, it is anti-
holomorphic in y). Since (6.2) only occurs inside the antiholomorphic component of
the Jordan triple product in (6.1), we conclude that the transition map ¢%(§) =y
is birational. The domain of ¢ is precisely the set of 7 € Z& such that (@ﬂ(gj))l is
invertible in Z}'. Using Jordan algebra determinants, this is

dom gy = {f € Z1j, | A"(a+ 7 + Qgi') 0} .
This completes the proof of Proposition 6.3. O

REMARK 6.4. One could extend the investigation of the charts on P given in
the proof of Proposition 6.3 and show that (1) finitely many charts suffice to cover
P, and (2) for any finite number of points in P there exist a chart containing them.
By definition this would prove that P has the structure of an algebraic variety. We
omit this reasoning, since in the next section we show in a quite explicit way that
the connected component of P containing an element [u] € P can be identified with
the Grassmannian of the phJTS Z}?z. Due to Theorem 4.4 this implies that P is
even a projective variety.

6.2. Realizations of the Peirce Grassmannian

In this section we give different realizations of the Peirce Grassmannian PP orig-
inating from various descriptions of the Peirce equivalence. Proposition 2.19 and
Theorem 4.12 provide the following:

Two elements u,v € Z are Peirce equivalent, u = v, if one of the
following equivalent conditions is satisfied:

(i) wvou'=voov', (i) Zv=2¢, (i) [u:uf]:[vzvf].
This motivates the following definitions:
D:={iunu'|ueZ} cDer(2),
U:={U c Z|U Peirce 1-space} c Gr(Z) ,
K:= {[u:uT”ueZ}cG(Z).

Here Gr(Z) denotes the ordinary Grassmannian manifold consisting of all subspaces
of Z; this motivates our terminology for P. Each of these spaces carries its own
topological structure induced by the ambient spaces. They obviously decompose
into the following components:

D; = {ivou'|tku=35}, U;j={UcPlikU=3}, K;={[u:u']|rku=j;}
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for j =0,...,r. The characterization of Peirce equivalence given above yields the
following component preserving bijections:

D iuoul
(6.3) / P\ with / [u]\
/ \ u/ N
U\/K Zi \_/[u:uT]

In the following we investigate the analytic and algebraic structure of these
realizations and their relationship. On an abstract level it is easy to see that D, U
and K are equivalent to P as real analytic manifolds: Consider the natural K-actions
on Der(Z), Gr(Z) and G(Z) given by

kx6=kok™, kxU=kU, kx*[z:y]=[kz:ky].

Then D, U and K are K-invariant subsets, and the bijections (6.3) are all K-
equivariant. Since K acts transitively on each of the connected components, we
have D 2 U 2 K 2 P as real analytic manifolds, and the bijections are real analytic
maps. By Proposition 3.3, the topology of these manifold structures coincide with
the induced topologies of the ambient spaces.

For D this is the most we can expect, since D is a compact submanifold of
Der(Z) (it is ||z'uDuTH =1 for all u # 0), and so there is no induced complex
analytic structure on . Thus in the following we concentrate on the relationship
between U, K and P. We can extend the argument above to obtain complex analytic
equivalence of U, K and P:

THEOREM 6.5. Let h « U = hU and h[z : y] = [hx : h™*y] be the natural
KC-actions on Gr(Z) and G(Z), respectively. Then U and K are KC-invariant
subsets, and the bijections

(6.4) UePoK givenby Zi < [u] < [u: uf]

are K©-equivariant. Therefore U, K and P are biholomorphically equivalent to each
other, and the bijections are biholomorphic maps.

PROOF. Due to Lemma 2.32 we have hZ{ = Z and (h*(hu)'); = uf, where
(h*(hu)); denotes the Zi-component of h*(hu). The first equation shows the
KC-invariance of U, as well as the K®-equivariance of the bijection between U and
P. We use the second equation to prove the invariance of K. For this we assert
[hu : h*u'] = [hu : (hu)t]. This is equivalent to [u: u'] = [u: h*(hu)T], ie. we
have to show, that (u,u’ — h*(hu)') is quasi-invertible and

wh—n*(hu)t

u =U.

According to Lemma 2.25 the pair (u,u’ —h*(hu)") is quasi-invertible if and only if
(u,ul = (h*(hu)")1) = (u,u’ —ul) = (u,0) is quasi-invertible, and TR DLy
u. This proves our assertion, and in addition it shows that the bijection between
K and P is KC-equivariant. Since the natural action of K€ on Gr(Z) and G(Z)
is holomorphic and transitive on each connected component, it follows that the
bijections are biholomorphic isomorphisms of U, K and P. O

REMARK 6.6. We note that the correspondence between P and K was already
known to O. Loos, see [30, §2.8], but discussed merely on the level of a bijection
rather than on the level of analytic manifolds.
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Local structure. So far we used the KC-action on G(Z) to show, on an
abstract level, that U and K are analytically equivalent to P. Now we investigate
this equivalence on a local level using charts. Recall from Proposition 6.3 that a
chart of P is given by

Pu * 21172 Py [Tyu] :
Here 7, denotes the Frobenius transformation 7, = exp(2y 0u'). The image of ¢,
is an open and dense subset of the connected component of P containing [u]. Now,
since the Frobenius transformation is an element of K, and since the bijections
between U, K and P are KC-equivariant biholomorphic maps, this also shows that
the following maps are charts on U and K with open and dense images in the
corresponding connected components:

@Y : Zy, - U,y VAT Zy, > K,y [Tyu: (Tyu)T] .

Conversely, one could start with these atlases and then prove that the bijections
above are biholomorphic. Indeed, in [18] the charts ¢U are used to prove that U
is a complex analytic submanifold of Gr(Z). Next we give a different description
of the charts on K by relating the Frobenius transformation to the partial inverse
map introduced in Section 4.3.

LEMMA 6.7. Forue Z and y € Z};2 let 7, be the Frobenius transformation

T, =exp(2y 0 uf), and let j,; be the partial inverse map with respect to u'. Then

(a) 7y =By _y+ and Tyu=u+y+ Qyuf = Qymuf,
(b) Jur(y) = [ryu: (7yu) ] = 7 [us wl] = [y ).

ProOF. Part (a) follows immediately from Lemma 3.14. To prove the first
equation of (b), let A # 0 be a complex number, then by Proposition 4.11, it is
Jut ()\’LL + y) = _% u—2 % {y7 uTv u} - % QyQuTu = _% Qerour = _% TyU -
For an arbitrary element w € Z, Lemma 4.14 implies the relation [fw : 0] = [w :
(1 - X*)w'], and using continuity of the canonical projection Z x Z — G(Z), we
1

have limyo[gw : 0] = [w : w']. Setting w = 7,u, this implies the first equation

of (b). The second one follows from Theorem 6.5. For the last equation, we use

Jut = tyt oty o tyt, and obtain for [4,(y) : 0] = [w: u'] the relation
_ Wt . . t
w= (]uT(y)) “ =T_yt 0yt 0ty otuT(y) = u+yu = u+y+QyuT = Qy+uUT s
where we used the nilpotence of the pair (y,u') according to Lemma 2.22. O

In combination with Proposition 6.3 and Theorem 6.5 this lemma yields the
following result.

PROPOSITION 6.8. Let K; c G(Z) be the subset K; = {[u ul] |u € Zj}. Then
the partial inverse map j,+ with respect to an element u € Z; maps Z};g biholo-
morphically onto an open subset of K;. The image of j, is dense in the connected
component of K; containing [u : uf]. If Z is simple, then K; is connected, 50 j,+
defines a chart of an open and dense subset of K.

REMARK 6.9. Lemma 6.7 also provides a description of K ¢ G in affine coor-
dinates of G: Identifying Z with G = {[z:u']|2 € Z} via the coordinate chart
2+ [2:ul], we obtain

(6.5) Gur(Z35,) = {Queu’ € Z|y € 2.} .

In particular, if Z is simple, then

(6.6) K& = Ky n GO = {[Qpuuu s ul]|y e 22,
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Indeed: the inclusion '’ follows from (6.5). For the converse inclusion, choose any
t

[z:u!] in K;u ). Since by Proposition 6.8, the set {[Qyruul :ul]|y € Zyj,} 1s open

and dense in K;, there exists a sequence ¥, such that [Qynqu : qu] converges to

[2: uT], hence QynmuJr converges to z. Therefore, the sequence vy, itself converges,

Yn =y, and we obtain [z :u] = [Qys,ul : ul]. This completes the prove of (6.6).

uh)

Regarded as an affine variety in Z = G“T, K; given by

:
Kg." ) - V(z —ul, 20+ Q21 ,1)
where z = z1 + 21, + 2o denotes the coordinates of Z = Z1' ® Z7), ® Z5.

Global structure. The partial inverse mappings used to describe the coor-
dinate charts of K are extendable to the compactification of Z1“/2 in G(Z). This
provides an explicit isomorphism of K with the Grassmannian of the phJTS Z};27
whereby the structure of P; as a compact hermitian symmetric space is recovered
within G(Z). More precisely, we obtain the following result:

THEOREM 6.10. Let Z be a phJTS with Grassmannian G(Z), and for uwe Z

let G(Zy),) denote the Grassmannian of the phJTS Z,.

(a) The topological closure of 2y, in G(Z) is canonically isomorphic to (G(Z};Q).

(b) The partial inverse mapping j,+ induces an isomorphism of G(Zl';z) and

the connected component of K containing [u : u'] as smooth algebraic
varieties. In case of a tripotent w, this is also an isomorphism of compact
hermitian symmetric spaces.

If Z is simple, the components K; for 0 < j <r are the connected components.

PRrROOF. For brevity we set W := 21“/2 and let K’ denote the connected compo-

nent of K containing [u : u']. We can identify G(W) with the topological closure of
W in G(W), since Corollary 2.29 ensures that, the imbedding of W into Z extends
to an imbedding of G(W) into G(Z). This proves (a). For (b), we note on the
one hand that K’ is a closed submanifold of G(Z), since K acts transitivity on K'.
On the other hand, due to Proposition 6.8, j,+ maps W onto an open and dense
subset of K’. Therefore, since j,: is a biholomophic mapping on G(Z), the closure
of W maps onto the closure of j,:(W), i.e. onto K'. Since j, is an (algebraic)
automorphism of G(Z), the algebraic and complex analytic structures of G(W)
and K; coincide. This proves the first part of (b). Finally, if u is a tripotent, the
partial inverse mapping j, is an element of G¢, so even the Riemannian structure
is preserved. O

In all subsequent chapters we identify P with K via Theorem 6.5. By this means,
Theorem 6.10 relates the Peirce Grassmannian P; of Z to the Grassmannian G(Z}k)

of some triple system Z}, ¢ Z with rk(u) = j.

COROLLARY 6.11. If Z is a simple phJTS, then for any element u € Z; the
Peirce Grassmannian P; of type j is isomorphic (as smooth algebraic variety) to
the Grassmannian G(Z};Q). In particular, P; is a projective variety.

6.3. Line bundles

In this section, fix 0 < j <1k Z, and let P; be the Peirce Grassmannian of type j.
We regard P; as the quotient manifold P; = Z; /R]pj with

Rp, :{(u,ﬂ)er><Zj|Zl’f:Z:,2 foru:1,1/2,0} ,
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and use Theorem 3.8 and Proposition 3.11 to define (homogeneous) line bundles on
IP; via cocycles.

We recall from Section 2.9 some formula for induced Jordan algebra denomi-
nators. Let ¢ be a denominator of the quasi-inverse in Z. Then, for any u € Z, the
Peirce 1-space Z}* is a unital Jordan algebra with product z o, y = {z, u, y} and
unit element u!. Furthermore,

(6.7) §"(2) =6(ul —z,u) for zeZ

is a denominator of the inverse in Z{*, normalized by §%(u') = 1. If @ € Z is Peirce
equivalent to w, and if h is a structure automorphism of Z, then

(6.8) () = 6"(uT) " 6%(2) and 6"(hz) = """ (2)
for all z € Z. If in addition h satisfies h,u € Z}*, then
(6.9) 8" (hz) = 8*(hu') 5 (2)

for all z € Z. Using these formulas, we are able to define a cocycle on Rp,, and thus
obtain a line bundle on P;.

PROPOSITION 6.12. Let § be a denominator of the quasi-inverse of Z. Then,
(6.10) ¢: Rp, > C*, (u,u) = ¢z = 0%(ul) .

is o KC-invariant holomorphic cocycle. Let L5 denote the corresponding K©-ho-
mogeneous line bundle on P;. For fized [u] € P; and U = Z{, let K& denote the
stabilizer of U with respect to the K©-action on Z. Then

(6.11) x: K5 - C*, he6u((hu)f) = 6u(h*uf) '

is a character of K, and the induced homogeneous line bundle K x, C on P; =
K€K is isomorphic to Ls.

PRrROOF. The cocycle condition follows by applying the first equation of (6.8)
twice and using the normalization 57:‘(11T) =1:

0%+ 0% = 67(aN)3" (uT) = 5% (a) 6% (uf) = 67(uf) = 65
For the K®-invariance of ¢, we have to show that 6hﬁ((hu)7) = 0%(u') holds for all
Peirce equivalent u, % € Z; and h € K©. Due to equation (6.9), we have 5ha((hu)T) =

5%(h*(hu)T), and since 6" only depends on the Peirce 1-component of h*(hu)! with
respect to 4 or u (by Peirce equivalence), Lemma 2.32 yields
5ha((hu)T) = 5ﬁ(h*(hu)T) = §ﬂ(uT) .

Next we prove that ¢ is a holomorphic map. By Proposition 2.35, we have (5“(11T) =
§(uf —af, u). Since the pseudo-inverse map is real analytic on Z;, we conclude
that ¢ is a real analytic map, and it suffices to show that its derivative along Rp,
is complex linear. By KC-invariance, we just have to consider derivatives along
the fibers [u] x [@] ¢ Rp,, and even more restrictively, it suffices to consider the
derivatives along one of the components. Therefore, consider the holomorphic chart
map y ~ exp(y Ou')u of [u] with y € Z*. Then, using the relation 2 = Q z™! in
the unital Jordan algebra Z7', we conclude that

y~ (exp(yO qu)u)Jr = Qu(exp(y D uT)u)f1
is an anti-holomorphic map, and hence, ¢ is holomorphic along each fiber [u] x
{@}. The remaining statements of Proposition 6.12 are immediate consequences of

Theorem 6.1 and Proposition 3.11. The identity 6*((hu)') = 5“(h*uT)_1 is verified
in the proof of Proposition 2.37. U
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REMARK 6.13. As noted in Remark 3.10, we obtain the k-th power of L5 by
taking the k-th power of the cocycle of Ly, i.e.

$p(u,@) = (b2, (u,@)*  forall (u,@) € Re, .

If E is a complex vector space, then the cocycle of the vector bundle? L5 ® E is
given by ¢£5®E(u,’l~l,) = ¢£5 (u,ﬂ) IdE

Once again we prove that IP; is a projective variety:

THEOREM 6.14. The line bundle L5 defined in Proposition 6.12 is very ample,
and hence P; is a projective variety.

PROOF. This proof is based on an idea of [28, §7.10]. Let §* denote the induced
Jordan algebra denominator of Z}', and let v* be the corresponding numerator of
the inverse map on Z7, see Section 2.9 for more details. We note that the inverse
z~! depends on the choice of u, since for different u, the unit element ! differs.
However, by Lemma 2.16 we obtain for the pseudo-inverse the relation

WV ( mnu
(6.12) 2t =Quat = Q (7()) @)

() 6" (x)
Now the numerator 91 is a 7T—Valued polynomial of the same degree as v*. The
pair (6%, 9M*) can be regarded as a C x Z valued polynomial on Z. For Peirce

equivalent u,% € Z; the corresponding polynomials are related due to (6.8) and
(6.12) by

(6.13) 0% (x) = 6ﬁ(uT)71 §%(z) and N*(x) = u(ul) " N(z) .

Let Ns be the maximum of the degrees of §* with varying v € Z;, which is bounded
by the degree of 4, and let NV, be correspondingly the maximum of the degrees of
v*. Now let E be the finite dimensional vector space of all polynomial functions
(¢, f) on Z with values in C x Z such that ¢ : Z - C is of degree at most N5 and
f:Z — Z is of degree at most NV, i.e.

E-= {(<p,f) : 7 > Cx Z’(gp,f) polynomial, degp < Ny, deg f < N,,} .
Consider the map
0125~ B, ur 0u(x) = (5°(2), () -
Due to Proposition 3.12, this map defines a section s in £ ® E, since by (6.13) it is
oa(x) = (6%(x), M(w)) = 6%(u) ™" - (3% (), M (w)) = 0 (aT) - o () -

We claim that s is a holomorphic section. By Proposition 3.12, it suffices to show
that o is holomorphic along a transversal covering of P;, i.e. by Proposition 6.3
along the images of the maps y = 7, u for y € Z}?z, where 7, is the Frobenius

transformation given by 7, , = exp(2y O ul) = B, _,i- Applying this to the first
component of ¢ and using (6.9), we obtain the map

Yy (;Tu'yu(x) = 5u(B—u*,yI) )

which is obviously holomorphic in y. Furthermore, since M*(z) = §%(x) - 2f, this
shows that also the second component of ¢ is holomorphic along a transversal
covering of PP;, and hence s is a holomorphic section on P;.

Since o, (u) = (1,u) for all u € Z;, the section s is non-vanishing and therefore
defines a morphism X : P; - P(E), where P(E) is the projective space on E. We

2More precisely, if £ denotes the trivial bundle P; x E, we consider L5 ® £.
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claim that ¥ is one-to-one: Let [6%,01%] = [§%, %] for some u, i € Z;, i.e. there
exists a A € C*, such that

§%(z) =A-0%(x) , M“(x)=X-N%z) forall zeZ.
Setting x = uf, the first relation yields \ = §% (uT)_l, and we obtain by (6.12)
e N (uh) ~ M (uh) ~
gu(ut)  %(ul)
where the index ( )1 denotes the Z f‘—componer{t and the inverse is taken in the unital
J0~rdan algebra Z7'. Since Q)3 maps Z onto Z{', we conclude that u is an element of
7z, and since rk(u) = rk(@), this implies that « and @ are indeed Peirce equivalent.

Therefore, X is a holomorphic injection. Finally we note, that by compactness of
P;, X is also a proper map, and hence defines an imbedding of P; into P(EF). O

Qﬁ((ut)l)_l )

6.4. Peirce flag varieties

In this section we extend the notion of Peirce manifolds to Peirce flags. This
is done by the passage from Z; to the pre-Peirce flag manifolds Z; introduced in
Section 3.3, Theorem 3.18. Let J = (j1,..., ) be a strictly increasing® sequence
of integers, 0 < j; < ... < ji <r. Then the Peirce equivalence relation on Z; has
a natural generalization to Z;: Two Peirce ordered tuples (u;), (u;) of type J are
Peirce equivalent, if for all 4, u; is Peirce equivalent to ;. It is evident that this
indeed defines an equivalence relation on Z;. By abuse of language we also call it
Peirce equivalence relation.

THEOREM 6.15. Let Z be a phJTS of rank r, J = (j1,...,jk) an increasing
sequence of integers, 0 < j1 < ... < jx <7, and Zj the pre-Peirce flag manifold of
type J. Let Rp, be the Peirce equivalence relation

((ul), (ﬁl)) eRp, ifandonlyif Z) = Z% for allv=1,12,0 and i=1,... k.
Then

(a) Rp, is a reqular equivalence relation. The quotient manifold Py = Z 5/ Rp,
1s called Peirce flag manifold of type J. The connected component con-
taining [u;] € Py is a complex manifold of dimension

k-1

dimP, = ) dim(Z 0 21" + dim Z}j% .
i=1

The canonical projection w: Zj; — Py is a complex analytic submersion.

(b) The naturally given K®-action on P; turns the canonical projection 7 into
a KC-equivariant fibration. The fiber through (u;) € Z; is

r([)]) = (230 % x (20"

(¢c) The KC-action on Py and even its restriction to K ¢ KC is transitive,
hence Py is a compact homogeneous manifold.

PROOF. We essentially follow the proof of Theorem 6.1. For (a), we first iden-
tify Rp, with the pre-Peirce flag Z; of type J = (j1,J1s---+JxsJx) by a simple
permutation of the components. Therefore, Rp, is a K Cinvariant submanifold of
(Zj, x...x ij)2 with dim Rp, = dim Z;. Since Rp, is contained in Z; x Z;, The-
orem 3.1 implies that Rp, is even a submanifold of Z; x Z;. Next we show that

3In the context of Peirce flags it is no longer meaningful to allow some j; to coincide.



6.4. PEIRCE FLAG VARIETIES 89

the projection pr; of Rp, onto the first component Z; is a submersion. For fixed
((ul), (111)) € Rp, and
(v1,...,00) € (21" ® (Zyyn ZP)) xox (27 e (Zj5n Z1)) < (Z1* @ Z%)
consider h;(t) := exp(tvg DuL)O. . .oexp(tviDu;r) and the curve ((hi(t)ui), (hi(t)a;)).
By KC-invariance this is a curve in Rp,. The derivative of the first component is
given by
%(hi(t)ui)h:o = ({vk, uz, ui} ot {vi7 uz, ui})izl,m’k .

Now it is straightforward to show by induction that the map
(V1,0 08) — ({vk, u;rc, ul} o+ {vi, uj, ui})izl,...,k €T 2y

is a linear injection. Comparing dimensions then implies that this actually is an
isomorphism, so we conclude that pr; is a submersion. Therefore, Rp, is a regular
equivalence relation on Z;, and the quotient manifold Py = Z;/Rp, is of dimension

k=1
dimP;=2dimZ; -dimRp, = ; dim(Zl’;; NZ'") +dim Z};’; .
This proves (a). For (b), it again suffices to note that by the KC-invariance of the
equivalence relation, h * [(u;)] := [(hu;)] is a well-defined KC-action on P, for
which the canonical projection is K®-equivariant. The fiber through (u;), i.e. the
equivalence class [(u;)] c Z;, is given by

[(ui)im1,e] = ([wil)i=1,n = (Z77) L ox (Z97%)7
as stated. To prove (c), we show that any Peirce ordered tuple (u;) is Peirce
equivalent to a tuple (e;), where e; < ... < e are (strictly) ordered tripotents.
Indeed, just take e; as a maximal tripotent in Z}" and complete it inductively to
tripotents e; of Z]". By maximality, u; is Peirce equivalent to e;. Since K acts
transitively on the set of frames on Z, is also acts transitively on the set of (strictly)
ordered tripotents (eq,...,e;) with rke; = j;. This completes the proof. O

REMARK 6.16. It is often convenient to identify the elements of the Peirce flag
manifold via Theorem 6.5 with increasing sequences of Peirce 1-spaces, i.e.

Py ={(Un,...,U;)|U; c Z Peirce 1-space of rank j;, Uy c...c U} .

As in the case of IP;, it is possible to describe an atlas on P; by appropriate
restrictions of the charts of Z;. Recall from Section 3.3 that for (u;) € Z; with
rk(u) = 7, the set

¢ = (T % x T n Zy
is open and dense in the connected component of Z; containing (u;). This is the
image of a corresponding chart map of Z; described at the end of Section 3.3.

PROPOSITION 6.17. Let P; be the Peirce flag variety of type J = (j1,...,jk),
and let w: Zj - Py be the canonical projection. Then for (u;) € Z; the map

Olus) (Z};; NZy?)x...x (ZI;’ZH nZ*) x Zlu/’; - Py

defined by

is a diffeomorphism onto the open and dense subset IPS“i) = w(Iﬁui)) of the con-
nected component of Py containing [u;]. Moreover, for (u;), (@;) € Zj, the tran-
sition map of Py, and @(g,) s a birational map, and Py is a smooth algebraic
variety.
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ProOF. We first note that ¢(,,) = mop(,,), where @(,,) is just the restriction of
the chart map of the pre-Peirce flag Z; to U := (le;; NZ{?)x...x (le;’;‘l nZ*) lelj’;,
see Section 3.3, (3.32). Therefore, W := ((,,)(U) is a submanifold of Z;, and
according to Remark 3.7, we have to show that this submanifold is transversal
to the equivalence classes. For brevity we set ¢ = $(,,). Now fix (y;) € U. By

Theorem 6.15, we have

k
V= [@((yz))] = éTukvyk o... OTUi,yi(Zi”)x )

Since dim V + dim W = dim Z, it suffices to show that the corresponding tangent
spaces intersect trivially. So let (;) be an element of T{,,yU = U such that D3((5;))
is an element of Tjz((,,))V. We prove by induction on k that y; = 0 for all 4. In
the case of k =1, this is done in the proof of Proposition 6.3. For k > 1, the k-th
component of ¢ is given by 7, 4, Ui, and the k-th component of the tangent space
of Vin ¢((y;)) is just 7y, . Z;*. This is the same situation as for k = 1, so this
implies ¥ = 0. Therefore, we obtain for the derivative of the lower components

(DQZ)K((%)) = TukvykD(Tuk—lyyk—l 6...0 Tuz,yéuf)((yi)) for £<k.

Since the Frobenius transformation can also be extracted from each component of
Ty U, it follows by induction that g; = 0 for all i. Therefore, ¢(,,) defines a chart

on ;. In the same way one shows that the image of ¢(,,,) equals W(I§"i)) and that
the transition maps are birational maps: For the k-th component this is proved in
Proposition 6.3, and for the lower components this follows by induction. We note
that by compactness of P, finitely charts suffice to cover P;. This shows that P;
is a prevariety in the sense of [35]. Finally, to show that P; is a smooth algebraic
variety, it suffices to show that that any two points of a connected component of
P; are contained in a domain of some chart [35, §6, Prop.6]. More generally, let
(ul),..., (u$) of Z' be finitely many points of a connected component 2’ of Z,,
and let P, = m(Z;) be the corresponding connected component of ;. Then the set

1 s
T =7(") ... nZTD 7,

. . . ey . .
is open and dense in Z', since each Z(%) is open and dense in Z'". Now, for any

(u;) € T/, Lemma 3.20 implies that all (uf) are contained in Igui)7 and hence the
points [uf] are contained in the image of ©(u;)- This completes the proof. O

Line bundles. In the situation of the Peirce flag variety P; we do not have
to bother with the construction of line bundles from scratch, but we can transfer
line bundles from Peirce Grassmannians via pullbacks. Let P; be the Peirce flag
variety of type J = (j1,...,4k). For 1 <£ <k let pr, and pr, be the projections

pry:Zy—>Zj,, (u;) »ue and pr,:Py;—Pj,, [u;]~ [ue] .

If 7; and 7;, denote the canonical projections of Z; onto Py and of Z;, onto P;,,
respectively, then we immediately obtain
(6.14) Tj, 0PIy = prypomy ,
i.e. (pry,pry) is a bundle morphism from (Z;,P;) onto (Z;,,P;,). Therefore, if £
is a line bundle on P;, defined by a cocycle ¢;, on R;, c Zi], then the pullback of
L to P is given by the cocycle ¢ = ¢, o (pry, pry). Thus, we obtain:

PROPOSITION 6.18. Let 6 be a denominator of the quasi-inverse in Z, and

let L£;,(0) be the pullback of the line bundle on Pj, defined in Proposition 6.12 to
Py, and set

(6.15) £J(6) = £J1(6)®®Ejk(6) .
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Then, L;(6) is a KC-homogeneous line bundle on Py, which is induced by the
cocycle

ko
(6.16) 655 Rp, > C, ((w), (@) = 6(u) = T] 6% (u]) .
=1

If KECUi) denotes the stabilizer of (U;) e Py in K€, then

kK — -1
(6.17) X: K,y > C he q(w(h*uj)

is a character of KECU’_), and the corresponding line bundle K© x5 C is isomorphic
to [,J.

REMARK 6.19. Proposition 6.18 obviously generalizes to any other family of
tensor products of the line bundles £;,(9), i.e. to tensor products of the form

L=L;,(0)" ®...®L; (5)" with peZ.

The next theorem uses £;(d) to show that P; is a projective variety. The proof is
an adaption of the proof of Theorem 6.14.

THEOREM 6.20. The line bundle L;(5) defined in Proposition 6.18 is very
ample, and hence Py is a projective variety.

PROOF. Recall from the proof of Theorem 6.14 the following constructions: For
u € Z; let 0" be the induced Jordan algebra denominator of Zj', and let 9%(z) =
du(z) -z be the corresponding numerator of the pseudo-inverse. Let Ej be the
finite dimensional vector space of polynomial functions (¢, f) from Z to C x Z,
such that degp < Ns and deg f < N, for appropriate Ns, N,. Then, the map

0! :Z; > Ej, ur ol (z) = (0*(z), Nu(z))
defines via Proposition 3.12 a non-vanishing, holomorphic section s; onP; in £;(9)®
E;, which provides an imbedding of P; into P(E;), the projective space of E;. This
construction immediately extends to the Peirce flag variety: Let E; be the tensor
product F'=FE; ®...® F;, . We identify £ with

E= {((p,f) : 7% C x 2% polynomial|degi @ < Ns;, deg; f < N, ; for all z} ,

where deg; denotes the degree of ¢ and f considered as polynomials of the i-th
variable of Z*. In addition, let ¢ be the map o : Z; — E defined by

Ty (@1, z) = (0% (z1) .- 89 (), M (21) ® ... @ Nk ()

The same reasoning as in the proof of Theorem 6.14 shows that this defines a
holomorphic section s on Py in £;® E, which corresponds to the tensor product of
the pullback sections s;, for ¢ =1,... k. Since a(ui)(ui, . 7uL) =(Lu1 ®...®uk),
the section s is non-vanishing and therefore defines a holomorphic map X of P;
the projective space P(E) of E. Since P is compact, it remains to show that X
is one-to-one. Let X' ([u;]) = X([@;]) for some (u;), (4;) € Zj, i.e. there exists a
A € C*, such that

k koo k ok
[15" () = A TT57 () and @™ (a) = X- @™ (z2)
i=1 i=1 i=1 i=1

_ -1
for all (x1,...,21) € Z*. Setting z; = uI, the first relation yields \ = I’If=1 5“i(uT) ,

and we obtain by (6.12) from the second relation
b () _ b M (u])

®...8 =
“ e i=1 5“(uj) i=1 511(“1*) i=1
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-1
Therefore, u; = u; - Qa, ((uj)l) for some p; with pq-...-pug =1, which implies that
u; 1s an element of Zf"', and since u; and u; have the same rank, we conclude that
u; and @; are Perice equivalent for all ¢, and hence [u;] = [@;]. O



CHAPTER 7

Orbit structure of the Grassmannian

In this chapter, we finally gather the results of the previous chapters to describe
the G- and the KC-orbit structure of the Grassmannian G(Z). We note that the G-
orbit structure has already been studied by J. Wolf using Lie theoretic methods [43,
44], cf. also [9]. Our Jordan theoretic approach provides a more explicit description
of these orbits. In particular, the fibration of each G-orbit over a corresponding
K-orbit with fiber isomorphic to a product of hermitian symmetric spaces becomes
quite obvious in this representation (Section 7.1). Similarly, we show that each
K orbit forms a fiber bundle on the corresponding K -orbit with fiber isomorphic
to the real symmetric cone of some appropriate euclidean Jordan algebra.

In Section 7.2, we describe basic topological properties of the orbits, and Sec-
tion 7.3 provides an affine realization of the KC-orbits. By abstract arguments it
follows that the KC-orbits form subvarieties of the Grassmannian, and hence affine
varieties in the affine parts of the Grassmannian. We determine explicitly the corre-
sponding polynomials which describe the KC-orbits as affine varieties on the affine
parts of G(Z).

The last part of this chapter is devoted to the connection between the G- and
the K®-orbit structure. In a quite more general setting, T. Matsuki worked out
that there is a one-to-one correspondence between these orbits, now called Matsuki
duality [32, 33|. In Section 7.4, we briefly recall this result in the general setting.
Specializing to the particular situation of the Grassmannian, we finally work out
this duality by explicit calculations.

7.1. Orbit structure

Let Z be a simple phJTS of rank r, and let G be its Grassmannian. Using
Theorem 4.12 and Remark 4.13, we define for 0 < a < a +b < r the following subsets
of the Grassmannian

K‘g::{[u+z:u*]|ueZa,zeZb,u1Lz},

(7.1)
Gy ={[e+dc:c+d.]|e€ Surp, c€Sa, e>c¢,de. €Dg, de € DI},

where Z, denotes the set of rank a elements, and S, is the subset of tripotent
elements of rank a. Due to Theorem 4.12, these subsets define a partition of the
Grassmannian G. The aim of this section is to show that these partitions correspond
to the K©- and G-orbits on G. Before proving this, we mention a basic fact on the
inner structure of Ky and Gj. For this, we define in addition

(72) Ky:={[c+é:c]|lceSs, ¢eSp,cucy={[e:c]|leeSasp, cESa,e2c} .

It is obvious that Kj' is invariant under the action of K, and since Z is assumed
to be simple, K acts transitively on the frames of Z, so it also acts transitively on
each Kj'. Therefore, all K are K-homogeneous manifolds, and by compactness of
K, they are compact submanifolds of G(Z). We already encountered the special
cases

K{=Ki=P,, K’ =G°=85,.

93
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Generally, we have
K; cKynGy .
Now consider the following maps:
m: Ky - Kp, [u +2z: uT] - [e(u) +€(2): e(uT)] ,

7.3
(7.3) II:Gy > K, [e+de:c+d.]—[e:c],

where € denotes the base-tripotent map defined in Section 2.4. Since e(u) = €(@) for
Peirce equivalent elements u, % € Z, Theorem 4.12 ensures that these maps are well-
defined. It is 7% = m and IT% = IT, and we note that (1) 7 and IT are K-equivariant,
and (2) the fibers of x = [c+¢:¢] =[e:c] € K are given by

(7.4) 7 (x) =[e+ 2(Z8) ] and IT'(x)=[e+Df:c+Df] .

Here, £2(Z¢) denotes the symmetric cone defined in the euclidean Jordan algebra
Z¢, see Section 1.4. Indeed, the K-equivariance is straightforward to check, the
identity on the w-fiber follows from Theorem 3.27, and the identity on the I7-fiber is
an application of Theorem 4.12 to the definition of G}. Once we have proved that Ky
and G} are the K € and G-orbits of G(Z), it follows by Lie theoretic arguments that
m and IT are in fact real analytic fibrations. Since the fibers are simply connected,
the K-orbits K are strong deformation retracts of the corresponding K®- and
G-orbits.

REMARK 7.1. We note that W. Kaup interprets the projections 7 and II as
the backward and forward limit of the dynamical system on the Grassmannian G
given by the cubic map c(z) = 2&® on Z, cf. [19]. For this, Kaup extends the
functional calculus on Z to a generalized functional calculus on G, so ¢ becomes
a real analytic diffeomorphism on G. It turns out that the K-orbits are exactly
the connected components of the fixed point set of ¢, and that 7 = lim,_,_. c”
and IT = lim,, o c”. It is an owing task to prove the real analyticity of ¢ on G by
explicit calculations using charts of G, and similarly to show that the restriction of
the +oo-limit maps of ¢ to Kj and G} stays real analytic. This approach seems to
be in close analogy with the Lie theoretic discussion of momentum maps on G given
by R. Bremingan and J. Lorch in [7]. We do not pursue these questions within this
thesis, but we refer to Section 7.4 for a discussion of the Matsuki duality, which is
also closely related to these issues.

THEOREM 7.2. Let Z be a simple phJTS of rank r and let G be its Grass-
mannian. Then the K©- and the G-orbits on G are given by the partitions

(7.5) G(Z)= | K¢ and G(2)= |J Go.

0<a<a+bsr 0<a<a+bsr

In particular, both orbit structures consist of (’;2) orbits.

PROOF OF THEOREM 7.2. Fix ce S, and ¢ € S, with c Il ¢ and set e:=c+ €
Sa+b.- Then € := [e:c] is an element of K. We prove the identities Ky = KCc
and G} = G in two steps. The inclusions 'c’” are proved by explicit calculation of
certain group actions, and the inclusions ’>’ follow by determining invariants for
the K©- and the G-action.

To prove the inclusions ’c’; consider the K-equivariant fibrations (7.3). Since
Z is simple, K acts transitively on the base K. Therefore it suffices to show that
the fibers

7 (c) = [c+ 2(2%) :c] and IT7'(c)=[e+D§:c+ D)

are contained in the corresponding orbits.
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CLAIM. Forwe Z% and v=v1@vg € Z{ ® Z5 let h e K€ and g € G be defined
by h=exp(wOé) and g =exp(,. Then
(7.6) h(c) =[c+exp(w):c] and g(c)=[e+tanh(vg):c+tanh(-v1)] .
Here, exp(w) is calculated within the unital Jordan algebra Z¢, and tanh(vy) and

tanh(-vg) are calculated in the Jordan triple systems Z§ and Z5.

PROOF. For h we have h(c) = [hc+ hé: h™*¢]. The Peirce rules imply he = ¢,

hé:exp(wDE)é:Z%(wDE)"ézz Lw™ = ¢+ exp(w)

n!
and h™*c¢ = exp(-¢ D w)c = ¢. To prove the identity on the G-action, we first
transform the vector field ¢,(z) = v — @Q,v to the affine coordinates given by ¢, :
Z -G, p,(2) =[2:¢]: According to (4.5) and using the Peirce rules we obtain

Cq()C)(Z) = Bz,c(v - chv) = Bz,cv - sz =01 — 2 {Z; C, Ul} + V9 — QzUO .
We claim that the integral curve of QSC) with initial condition zg = e is given by
24 i= %(exp(—2tvl) -¢)+e+tanh(tvg) for teR.
Here, exp denotes the exponential map of the Jordan algebra Z{ and tanh is cal-
culated via the functional calculus on Z. Indeed, the initial condition is satisfied
by z¢, since exp(0) = ¢ and tanh(0) = 0. Before determining the derivative of z;, we

calculate the derivative of tanh(tvg). Let vg = 3 A;e; be the spectral decomposition
of vy, then

% tanh(tvg) = % > tanh(th;)e; = > Ai(1 - tanh?(t);)) e; = v — Qtanh(tvo) V0 -
Therefore, it is
Z=- eXP(—Qtvl) oV +vg — Qtanh(tvg)vo )
where wow = {u, ¢, w} denotes the product of the Jordan algebra Z{. Then again,
using the Peirce rules and the identity {e, ¢, v1} = {c, ¢, v1} = v1, we have
gz()C)(Zt) =v1 -2 {%( exp(—?tvl) - C) +é€, ¢ vl} + v — Qtanh(tvo)vo

=01 — eXp(—Qt"Ul) ov +v; -2 {6, &) Ul} +vo — Qtanh(tvg)vo

= —exp(—2tv1) o v1 + Vo ~ Qtanh(tvy) V0

=2 .

This proves that z; is the integral curve of C,SC) with initial value zy = e. Thus

g(c) = [e+tanh(vo) + 3 (exp(-2v1) —¢) : ] .
It remains to show that this expression coincides with the stated one. Abbreviating
20 = ¢+ tanh(vg) € Z§, we have g(c) = [29 + 3 (exp(—2v1) +¢) : ¢], and for z € Z{ it
is:

g(c)=[c+z0:c+a] ifandonlyif zo+1(exp(-2v1)+c)=(c+2)" (*).

Due to Lemma 2.25 and Lemma 2.26, the right hand side is given by (¢ + z9)* =
c®+29 =c® = Q.(c—x)71 + 29, where the inverse is calculated in the Jordan algebra
Z{. Solving these equations for x € Z7, we obtain

~ 2 ~ exp(—vfﬁ) - exp(vf&)
_o# N _o* #
exp(—207) +¢  exp(—vi") + exp(v])
with vf& = Q.v1, cf. Section 2.5. This yields

= tanh(—vf )

g(c) = [e +tanh(vg) : ¢ + tanh(-v¥ ] .

Finally we have to show that tanh(—vfﬁ), which is calculated in the Jordan algebra
75, can be exchanged by tanh(—v; ), which is determined by the functional calculus
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on the whole Jordan triple Z. Let v; = Y, A;e; be the spectral decomposition of v; in
Z. Since the element c is just determined up to Peirce equivalence, we can exchange
e (for a short time) by a tripotent ¢’ with ¥ e; < ¢’. Hence we have vf& = Qqv1 =01,
and the powers of v; in the Jordan algebra are given by v = 3. A'e;. Therefore the
vi-evaluation of the hyperbolic tangent on Zf, and the one on Z coincide. O

Now, the claim above implies that the fibers 77(c) and I17!(c) are contained
in the corresponding orbits, since due to Proposition 1.7 and Example 3.24, it is
2(Z°) = {exp(w) |we Z°} and DY = {tanh(z)|z e Z"}
for uw e Z, v = 1,12,0. This finishes the proof of the inclusions K{ c KCc and
G} c Gec. Now we turn to the proof of the opposite inclusions.
First we consider the KC-action. Let h be in K©, and let he = [u +2z: uT] be

the representation of hc corresponding to Theorem 4.12, i.e. z,u € Z with u 1L z.
We have to show that

rk(u+z) =rk(e)=a+b and rk(u)=rk(c)=a.

By assumption, it is hc = hle:c] = [he: h™*¢] L [u+z:ul]. As in the last part
of the proof of Theorem 4.12, this immediately implies rk(he) = rk(u + z). Since
the rank is invariant under the action of h € K€, it follows that rk(e) = rk(u + 2).
Furthermore, by assumption it is

(u+ z)“th_*c = he .
Using the properties of Bergman operators (in particular JT34), we obtain
hW*Z5=h"B. ¢Z =h""Bec cZ = Bps+c heZ
=B voeZ = Byt y4.Z =Byt w2 =Zy .

h~*c, (u+z)"ﬁ*h_
By Corollary 2.39, this implies rk(u) = rk(c¢). This completes the proof of the
inclusion KCcc Kj.

Finally, we show that the inclusion Ge c Gy follows from Corollary 5.10, which
describes a G-invariant on G, the so called signature map o(3) given by!

(7.7) o(B)([z:a]) = signature of (u,v) = (By, o Bye, ya Ba, zulv).

The inclusion Gff ¢ Gc implies that o(3) is constant on Gf!. We calculate o(3) on
Gj. Set x=e=c+¢ and a = c+ Ac for any real A € (0,1). By definition we have
[z :a] € G, and using Lemma 4.14 and the Peirce rules, we obtain

Bg;,aBa:a,:p“Ba,m = Bc, (1+>\)CBE—§C, E—%CB(H'A)QC :

Let Z = @ Z;; be the joint Peirce decomposition with respect to (c,é). Then it is
straightforward to show that

(7.8) By, oBga,zaBa, 5 = prog +(1 - /\)2 pry; —(1- )\2) JOST

where pr;; denotes the orthogonal projection onto Z;;. Since Zoo = 2§, Z11 = 27
and Zqg = th n Zf/z, we obtain

a(B)([e: (1+A))e]) = (dim(Z5 @ Z7), dim(Zf), n Z5),)) -
As a passing comment, we note that equation (7.8) also holds for A — 0, i.e. for

z:a] = [e:c] = c. Therefore, 3(c) = (c,c, prog+pri; —pryg)- Finally we conclude
00 11 10
that Gy is uniquely characterized by its o(/3)-value, since from Corollary 2.39 it

Here we made the abstract isomorphism between Z and its dual space Z# more explicit
than in Section 5.3. We note that v and v transform according to (x = Bq_g, ), since they

are interpreted as elements of the cotangent space T[qja]@ ~ Z# = Z, and not as elements of the

tangent space T{4:q]G-
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follows that a = rk(c) and a + b = rk(e) are uniquely determined by dim(Z§ & Z7)
and dim(Z 70 Zf/2). This completes the proof of the inclusion Ge c G, and hence
the proof of Theorem 7.2. ]

Tangent structures. We first encounter the K-orbits K. Fix (a,b) and an
element c=[e:c] =[c+¢:c] of K. Since the map
(7.9) Ky - P, [e:c]w[c:c]

is a K-equivariant fibration with fiber Z§n S, the tangent space of K} at ¢ can be
identified with

(7.10) TK§ = Z5, @ Z° @ (250 Z1,) .
Due to the fibrations 7 and IT of the KC-orbit and the G-orbit onto the corre-
sponding K-orbit Kj', the tangent space of Ki and Gf in ¢ decomposes into the

direct sum of 7K' and the tangent space of the respective fiber which is described
n (7.4). Since T:(ZS) = Z& and T(g,0)(D§ x DY) = Z§ & Z, we therefore obtain

TKy = 75, @ Z7 @ (Z5n Z5),) = Z/(Zf ® %),
TGy 2 75,0 Z° @ (250 23,) @ Zs @ Z§ = Z| Z5 .

Hence, dimK{ = dim Z - dim Z{ - dim Z§ and dimG{ = dim Z — dim Z¢. For the
matrix case Z = C™*, the following figures illustrate the corresponding tangent
spaces:

(7.11)

T.K{

T.KS T.G¢

Invariant metric on open G-orbits. In Section 5.3, we discussed the fol-
lowing G-equivariant section? of the vector bundle TG ® TG on G:

(7'12) IB([:I: : a]) = [(l‘aa)a Bac,aBac“,x“Ba,x] .

As in the proof of Theorem 7.2, we interpret 3([z:a]) as a dual hermitian form
on G, i.e.

B([z:a]): T G x T{ 1G, (u,0) = (B, aBya, v Ba,ztfv)

2More precisely, this is the restriction of a corresponding section on the complexification of
the Grassmannian G.
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where we identified T[ﬁ:a]G ~ Z# with Z via the scalar product (|) on Z. For
[2 : a] = ¢ as above, the proof of Theorem 7.2 yields
(7.13) B(<)(u,v) = <U|U)Z; + <U|U>Zg~ - (U|U>Zf nz¢

72 1

with (ulv);, = (pry u|pry v), where pry denotes the orthogonal projection to the
subspace U c Z. Comparing this with (7.11), we conclude that 3 is non-degenerate
along Gy if and only if ¢ = 0, i.e. if and only if b = 0. In this case, let h be the
non-degenerate hermitian form on G{ defined by

h([2:a]) : T12:0)G6 % T2:a) GG (u,0) = ((Bz,aBz”,m“Ba,z)71u|v) :

This time, u and v are elements of Z = T},.,)Gj without any further identifications.
The G-invariance of h immediately follows from the G-invariance of 3, and hence
h defines a (pseudo-)hermitian metric on G§ of signature (dim(Z7 @ Z5), dim Z7, ).
We note, that (7.11) also shows that G§ is an open orbit of G.

7.2. Topology of the orbits

In this section we describe some basic topological properties of the G- and the
KC-orbits on G. As before, let Z; denote the set of all rank-j elements in Z, let
S; be its subset of rank-j tripotents in Z, and let IP; be the Peirce Grassmannian
of Z of type j, considered as a submanifold of G via the identification given in
Theorem 6.5.

THEOREM 7.3. Let Z be a phJTS of rank r, let G be its Grassmannian, and
let

G= |J K= |J Gy

0<a<a+b<r O<a<a+b<r

be the decomposition of G into K- and G-orbits.
(a) In both cases, there are exactly v + 1 orbits contained in the affine part

Z c G, namely
K)=2, and Gy=|J)e+D5 (b=0,...,7).

eeSy
In particular, G3 =D, the unit ball of Z, and Uj_o G2 = cl(D).
(b) There are exactly r + 1 closed K©-orbits. These coincide with the Peirce
Grassmannians:

0=P, (a=0,...,7).

The Shilov boundary S, = G is the only closed G-orbit.
(¢) The only open KC-orbit is K® = Z,.. There are exvactly r +1 open G-orbits,
namely
Go= U [u+D6‘:u7L+D}‘] (a=0,...,7).
[U]EPQ
In particular, GJ = D.
(d) The topological closure of an orbit is given by
cl(Ky) = ) K3 and cl(Gy)= ) Gj .
aza,a+B<a+b aga,a+B>a+b
Therefore, cl(Ky) is the disjoint union of 3 b(b+ 1) orbits, and cl(Gy) is
the disjoint union of (a+1)-(r+1-(a+b)) orbits. The Shilov boundary
S, = GY is contained in the closure of each G-orbits.
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PROOF. Part (a) follows from Claim 1 and 2 in the proof of Theorem 4.12. Now
it suffices to proof (d) in detail, since (b) and (c¢) are immediate consequences of (d).
First we consider the KC-orbits. Let x be an element of cl(K}), i.e. there exists a
sequence X, in Ky converging to x. By Theorem 4.12, each Y, is representable as
Xn = [Un + 2t ul ] with u, € Zg, 2, € Z, and u, 1L z,. Moreover, we can assume,
that all u,, are tripotent, since any u,, € Z, is Peirce equivalent to some tripotent
€(un) € Sq, see Corollary 2.21. Let (ey) be a frame of Z. Due to the spectral
theorem of Z, and since K acts transitively on the set of frames, there exists a
sequence k, in K such that

a+b
kpup=e1+...+eq=1¢, knpzp= Y, )\,(C")ek with  A(™ 2)\;") > ... zAiﬁ)sz.
k=a+1
By compactness of K, we assume that k,, converges to k € K. In addition, we assume

that each sequence )\,(cn) converges for n - oo to A\ € [0,00]. Set s := #{\; = o0}
and ¢ := #{)\; = 0}. Due to Lemma 4.14, we obtain

a+b a+s a+b a+s
k:nxn=|:e+ Z /\,(C")e;g:e:|=|:e+ Z ey + Z )\]gn)ek16+ Z (1—%)%
k

k=a+1 k=a+1 k=a+s+1 k=a+1
oo a+s a+b a+s
—>[e+ Yooer+ Y Mepie+ Y oen|=x €Ki,
k=a+1 k=a+s+1 k=a+1

and therefore

X = 7}1_1;20 Xn = ko T}l_glo(kn)(n) = k_IX, eKpXo, .

This proves the inclusion cl(Kj) ¢ Uasa, a+p<atb Kg. Now we turn to the converse
inclusion: Let x be an element of K§ with @ > a and e+ < a+b. It is x = [u+z:ul]
with uw € Z,, z € Zg and u L z. Since a > a, there is a decomposition of v into
u = Uy + ug with uy € Z,, ugs € Zo_o and u; I us. In addition, he inequality
a+b>a+ 3 implies that the intersection of Z(4.4p)-(a+p) With Zy** is non-empty.
Let Z be an element of Z(4,4)-(a+p) N 2y *. For A € R*, using Lemma 4.14 we thus
obtain

Kga[u1+§uQ+z+/\2:uHﬂ[u1+u2+z:ui+u£]:[u+z:uT] .

Analogously we prove the assertion on the G-orbits: Let x be an element of cl(GY),
and let x, be a sequence in G} converging to x. Each x, is representable as
Xn = [ +de, : Cp +dc, ] with [e, : ¢,] € K and d., € D§", d., € D{". Without
restriction, we assume that [e, : ¢,] converges in K}, and the sequences d., and
d., converge in cl(D),

lenicn] = [e:c]e Ky, de, »deec(D), d., —»d.ecl(D).

Since the orthogonal projections m,(u) onto Peirce spaces Z depend continuously
on the element u € Z, we obtain d. € cl(Df) and d. € cl(Df). Using the spectral
theorem, we decompose d. and d. according to their spectral values:

d,=é¢+d, with éeS,, d,eD;® and d,=c+d, with ¢eS;, d.eD§e.

Since c is exchangeable by any element, which is Peirce equivalent to ¢, we choose
c=c -c¢with ¢’ € S,_, and ¢ 1L ¢, and obtain

x = lim Xn:[€+de:c+dc]:[€+5+JE:CI+J6]EGg;§+t'
n—oo

This proves the inclusion cl(G}) ¢ Uaca,a+pza+b Gg. For the opposite inclusion
consider x = [e +d, : ¢ +d.] € G with a<a and o+ 3 > a+b. By assumption, e is
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decomposable into e = ¢+ €1 + ¢2 + ¢3 with pairwise orthogonal tripotents ¢; € S,—q,
52 € Sb, 63 € S(a+b)f(a+ﬁ)~ Therefore,

Gia[c+& +62+)\53+de:c+62—)\62+dc]i[e+de:c+dc]:x.

The number of orbits contained in the closure of some given orbit is easily deter-
mined using the diagrammatic representation of the index set {(a,b)|0<a<a+b<
r}. This also shows the assertion on the Shilov boundary. O

b Zy vesp. Sy
r @—/
. ] // CI(GZ)

(7.14)

0 T

7.3. Affine realization of the KC-orbits

Recall from Proposition 4.3, that each v € Z defines an open affine subvariety
G = {[z:v] |z € Z} of the Grassmannian G, which is isomorphic to Z via the
isomorphism

0 : G 5 Z [z:0] - 2.
The main result of this section states that for a given KC-orbit K} we can choose
v € Z such that the intersection Ky n G is open and dense in K3 . Furthermore,
the affine realization ¢,(K¢ nG)) of the KC-orbit has a simple Jordan theoretic
description.

PROPOSITION 7.4. Let Z be a phJTS of rank r, let Ky be a K orbit on G.

Then, for any u e Z,, the intersection K} NG s q open and dense subset of K,
and

;
(7.15) @ur(Kg NG )) = {Qymru +2z | yeZi,, z€Zyn fo} .
Moreover, the restriction of the partial inverse map j,; to Z};Q ®(ZynZY) is a
diffeomorphism onto Kj n G,

The key observation for the proof of this proposition is the following general-
ization of Lemma 6.7.

LEMMA 7.5. Forue Z and y € Z};Q let T, be the Frobenius transformation
Ty = exp(2y O uf), and let j,+ be the partial inverse mapping with respect to u’.
Then for z € Z§ it is
(7.16) Jur(y+2) =[ryu+z: uf] = [ryu+ Be o, (ryuyt? : (Tyu) 7L]

Moreover, the Peirce projection B wyt maps Zg isomorphically (as vector

wu, (7y
spaces) onto Zy'" and preserves the rank of elements.
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PrROOF. We first recall from Lemma 6.7 the identities
Ty =By _+ and Tu=u+y+ QyuT = QymuJr .

To determine j,(y + 2), we use the relation j,+ = £,+ ot, ot,s and the nilpotence of
the pair (y + z,u') (cf. Lemma 2.22), and obtain

. _at ~ . t
Jut (U +2)™" =t ofu(y+z)=u+ (y+2)" =u+y+2z+Qye.u’ = Qyeyul +2.

This proves the first equality of (7.16). To show the second one, we set for brevity
V= Ty,. With this notation we have to show that

[v+z:uT] = [U+BU7U1‘ZZUT] .
From Lemma 6.7 we have [v : uf] = [v : v']. Therefore the Bergman operator

B, -yt is invertible, and v = v* 7"

implies

. The addition formula for the quasi-inverse

(v+ z)“tvT =ty B;}m_m(z“’) =v+ B, iy (z¥) with w:= (uf —of) .

Applying the symmetry formula to w := (uf —v")?, we obtain
w=(ul =N =ul =0T+ Qui_yrv=ul + QL’U -2 {uT, v, ’UT} .

Therefore, by the Peirce rules, w is an element of ZfeaZ};Q, and Lemma 2.25 implies
2% =z, since z is an element of Z§. In summary we have

(v+ z)“t”T =0+ By, ytoyt? .

Again applying the Peirce rules shows that the restriction of the Bergman operator
B, yt_yt € Str(Z) to Z§ coincides with the Peirce projection B, ,+ onto Zj, and
therefore B, ,+ is a rank-preserving vector space isomorphism from Zg onto Z5. [

PROOF OF PROPOSITION 7.4. Since the partial inverse map j,+ is an auto-
morphism of the Grassmannian, the restriction of j,: to Zlu/2 ® (Zpn Z§) remains a
holomorphic map. Lemma 7.5 implies that the image of this restriction lies in K¢
and coincides with the right hand side of (7.15). Recall from Proposition 6.8 that
Jut maps Z}72 onto an open and dense subset of Kj c Ki. Due to Lemma 7.5, this
implies that j,+ maps Z}72 ® (Zyn Z{') onto an open and dense subset of K, since
an element of [u+ 2 :ul] € K¢ is an element of Jut (Z3), ® (Zo 0 Zy')) if and only if
[u:uf] € K is an element of juT(Zl772). This also proves that the left hand side of

(7.15) is contained in the right hand side, since by Remark 6.9 this is true for the
case b =0. This completes the proof. (]

7.4. Matsuki duality

For the moment, let G® be an arbitrary connected complex semisimple Lie
group, let G be a connected real form of G, and let K be the complexification of
a maximal compact subgroup K of G. Furthermore, choose any complex parabolic
subgroup P of G and let X = G¢/P be the corresponding complex flag manifold.
In [32, 33, 34|, T. Matsuki proved that there are only finitely many G- and K©-
orbits on X, and there is a natural one-to-one correspondence between these orbits

given by
- 1 K(C_ .
(7.17) G-orbit < KCorbit < (G-orbit) n (K“-orbit)
is non-empty and compact.

In fact, the intersection of dual orbits is a single K-orbit. We call this duality of
G- and K®-orbits Matsuki duality.
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Now we verify this duality in the case of the Grassmannian G of a phJTS Z
by explicit Jordan theoretic arguments. As in the last sections, let G' = Aut(D)°
be the identity component of the automorphism group of the unit ball D c Z, let
K = Aut(Z) be the identity component of the automorphism group of Z, which is
a maximal compact subgroup of G, and let G¢ and K© be their complexifications.
Furthermore, let G} and Kj denote the G- and K C_orbits of G as described in
Section 7.1, and let K}’ be the corresponding K-bases of the orbits.

THEOREM 7.6. Let Z be a phJTS, G its Grassmannian, and let Gy, K¢, K}
be the G-, K€- and K-Orbits on G as described in (7.1) and (7.2). Then

%) sifa>aora+b<a+f,
Ky nG3 =K} ,ifa=a andb=7,

non-compact union of co-many K-orbits , otherwise.

PrOOF. Fix (a,b), (o, 5) and let x be an element of the intersection of Kf and
G§. By definition, x is representable as

X = [u+z:uT] =le+de:c+d.],
where u € Z,, z € Z with u Il z and e € Sy, c € S, with e > c and d. € D, d. € DS.
The relation of these representations is elaborated in the proof of Theorem 4.12
and in Remark 4.13. We recall that (without restriction) ¢ is decomposible into a
sum of orthogonal tripotents ¢ = ¢ + ¢o, where ¢o = €(d,) is the base-tripotent of d.,
and e decomposes into e = ¢; + ¢co + ¢’ with e’ < e. It follows that [e+de:c+d.] =
[cl +(ca+e +d,—dl): cl] with ¢; Il (c3 + ¢’ +d, —d}). Now Theorem 4.12 implies

u~cy and z:cQ+e’+de+di.
For the intersection Kj n G3 to be non-empty, the first relation yields the nec-
essary condition rk(u) < rk(c), i.e. a < «, and adding ¢; to the second relation,
orthogonality implies
a+b=rk(u+z)=rk(cy +2) =rk(cy + e + € +d. +dl)

=1k(cp) + k(e +dl) +1k(e’) +rk(d,)

=1k(ep) +1k(e2) + 1k(e’) + rk(d,)

=rk(c1 +co +e') +rk(de) = tk(e) +rk(d.)

>rk(e)=a+p

It remains to show that Ki n G consists of a single K-orbit if and only if a = «
and b= 3. Assume that a < «. Then ¢y # 0, and hence d. # 0. Therefore,

(7.18) Xxri=[e+deic+N-de] = [01 +(co+e +d.—di/N) :cl]

is an element of the intersection Ki n G for all A € (0,1/]d.|), and each x belongs
to a separate K-orbit, since the K-action respects the spectral values of A-d.. Now
assume that a = o and b > 5. In this case, co =0 and d. = 0, so z = e + d. with
de #0. Again,

(7.19) xr=[e+tAde:c]=[c+(e"+X-d.):]

is an element of the intersection Kj nG§ for all A € (0,1/[d.|), and each x belongs
to a separate K-orbit, since the K-action respects the spectral values of A-d,. In
both cases, (7.18) and (7.19), the limit A - 1/|d.| yields an element not contained
in G5, so the intersection Kj NG is non-compact. Finally, assume a = o and b = 5.
Then y is reduced to x =[e:c] = [c+¢€ :c], and any two such elements are joined
by an appropriate K-action, hence the intersection consists of a single K-orbit,
namely K. O
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REMARK 7.7. The following two diagrams illustrate the relation between the
KC- and the G-orbits on the level of the index set of the orbits.

B b
T e T e
o e /Gg Wlth KgﬂG(é=® e o
e o o o Kg’ﬂGg:Kg‘ o o o o KgﬂGg:Kg
. . . . L] L) L] . L] . Kg With
L) . . . . . . . . . . L] Kg n Gg = @
L) L] L] L] L] . L] L] L] L] a . L] L] L] L] L] L] L] L] L] a
0 0
fixed (a,b) " fixed («, B) "

Comparing these diagrams with figure (7.14), we note that the each complement of
the shaded area coincides with the sets of indices (a,b) and («, 8), which describe
the closures of Kj and G5, respectively. Therefore, the intersection of Ky and Gg
is non-trivial if and only if K3 is part of the closure of Kj, or equivalently if and
only if G} is part of the closure of Gj.

REMARK 7.8. There is a different Jordan theoretic approach to the proof of
the Matsuki duality on the Grassmannian G of Z using the generalized functional
calculus on G, which is describe by W. Kaup in [19], as we already mentioned
in Section 7.1, Remark 7.1. One can show that the extended cubic map c on G
satisfies

c([u+ z: uT]) = [u+ AR :uT] and c([e+de:c+d.]) = [e+ d® . c+d£3)] ,
where [u +2z: uT] and [e + d. : ¢+ d.] are given as in Theorem 4.12 and Remark 4.13.

Now, the +oo-limits of ¢"(x) with x = [u +2z: uT] =[e+de:c+d.] can be used to
prove the Matsuki duality similar to the prove given above.
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CHAPTER 8

Jordan flag varieties

So far, we started with a hermitian Jordan triple system Z and its bounded
symmetric domain D = {z € Z| |2| < 1}, and used the Jordan theoretic description
of the compact dual G of D to derive a description of the orbit structure of G under
the action of G = Aut(D)". As before, let K denote the identity component of the
automorphism group Aut(Z) of Z, and let G¢ and K€ be the complexifications of
G and K. From the Lie theoretic prospective, we have

D=G/K and G=G/P,

where P = K€ x Z* is the semidirect product defined by the action h x w := h™*w
of h e K€ on we Z*. Since the Grassmannian G is a projective variety, it is also a
complete variety, and hence P is a parabolic subgroup of G®.

In the matrix case, the Grassmannian G(C"™**) just equals the (ordinary) Grass-
mannian variety Grg(C"**), which initiated our terminology, and the parabolic sub-
group P is conjugate to the subgroup of invertible upper triangular block matrices
of type (s). This Grassmannian variety admits the extensive generalization to flag
varieties: for any strictly increasing sequence of integers 0 <y <...<ip <r+s,

Grey, in(C™)={0cVic...cV cC™ | dimV, =i} .

is called the flag variety of type (i1,...,%x). It turns out that this is a projective
variety [15], and the Lie theoretic description is given by

Greg,y,. i) (C77%) = G/P',

where G€ = SL(r + s), and P’ is the parabolic subgroup of all invertible upper
triangular block matrices of type (i1,...,4x) [13, 10]. The question arises whether
these flag varieties also admit a Jordan theoretic description by the triple system
Z = C™*. Since the flag variety Gr(,;, . ;.)(C™®) does not distinguish between
the characteristic numbers of the tripe system, namely r and s, we expect that
not all such flag varieties admit a Jordan theoretic realization. However, taking
into account that the real form G of G preserves the characteristics of Z, it is
plausible to expect a Jordan theoretic description of those flag varieties, which are
represented by quotients G¢/P, where P = Q° is the complexification of some (real)
parabolic subgroup @ of G. This formulation immediately transfers to the general
case:

Question: Given a phJTS Z with unit ball D and a parabolic subgroup Q
of the automorphism group G = Aut(D). Is there a Jordan-
theoretic realization of the projective variety GJQC ?

This chapter is devoted to an affirmative answer. In Section 8.1, we briefly
recall the Jordan theoretic description of the real parabolic subgroups of G, which
is due to O. Loos [28], and determine their complexifications. After investigating
the matrix case Z = C"™* as a toy model (Section 8.2), we describe in Section 8.3 the
general Jordan theoretic model of the quotient G¢/QC, the Jordan flag variety I ;.
By definition, F; is just a set of equivalence classes. Using Godement’s Theorem,
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we show that the corresponding equivalence relation is regular, so the Jordan flag
variety [F ; is a manifold. In addition, it is proved that F ; is compact. In Section 8.4,
we investigate the analytic and algebraic structure of the Jordan flag variety, and
show that F; is indeed a smooth algebraic variety. Finally, we define a transitive
GC-action on the Jordan flag variety and prove that some stabilizer coincides with
the given parabolic subgroup QF, so F; = G¢/QC, which finishes our project.

In the last section provides a description of certain homogeneous line bundles
on the Jordan flag variety, which are used in the next chapter.

8.1. Parabolic subgroups

Let Z be a simple phJTS of rank r, let G be the identity component of the
automorphism group of the unit ball D, and let G€ be its complexification, or equiv-
alently the identity component of the automorphism group of the Grassmannian
G(Z). In this section we give a Jordan theoretic description of the parabolic sub-
groups P c G and their complexifications P® ¢ GC. For this it suffices to describe
the corresponding Lie algebras, since parabolic subgroups are uniquely determined
by their Lie algebras. We first investigate the maximal parabolic subgroups, since
all others are obtained by appropriate intersections of these.

According to [28, §9.21], there exists a bijection between the set of proper
maximal parabolic subgroups of G and the set of non-zero tripotents. More explic-
itly, recall from Theorem 7.3 that the boundary of D decomposes into r disjoint
G-orbits, namely

oD =JGY with G)}=Je+D§, D5=DnZ.
j=1

eeS;

Now, for each non-zero tripotent e € S let Q. be the stabilizer of the boundary
component J. = e + Df with respect to the G-action. This indeed is a proper
maximal parabolic subgroup of G, and the mentioned bijection between non-zero
tripotents and proper maximal parabolic subgroups of G is given by (e~ Q).
This generalizes to a bijection between the set of all parabolic subgroups of
G and the set of flags of tripotents in Z, where a flag of tripotents is a k-tuple

(e1,...,er) of tripotents such that 0 < e; < ... < eg. This should not be confused
with the notion of (pre-)Peirce flags, cf. Section 3.3. The bijection is given by
(81) (61, ey ek) = Q(el)“wek) = Qel n...N Qek .

Geometrically, the parabolic subgroup Qe ,....c,) represents the stabilizer of the
successive boundary components (Je,,...,Je, ) with J,,,, c cl(J,). We call the
tuple (rkcy,...,rkeg) the type of the parabolic subgroup Q(c,,....c,)- Since K acts
transitively on the set of frames, two parabolic subgroups Q(c, ...,y and Q(c,,....¢,)
are conjugate if and only if k = ¢ and rk(e;) = rk(c¢;) for all 5. Therefore, the type
characterizes the conjugacy classes of the parabolic subgroups of G.

In the following we fix a tripotent e € .S, and examine the corresponding max-
imal parabolic subgroup Q. in more detail. Recall from Section 3.5 that the Lie
algebra g = Lie(G) of G decomposes into

g=tep with t=Lie(K), p={Cecg|G(z)=v-Q.v,veZ} .

Here and in the following, we identify the elements of all Lie algebras with vector
fields on Z. Due to [28, §9.14], the weight space decomposition of g with respect
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to ((.) c g is given by

@ =t lveziozs),

gt ={(, ¥2(voe-env)|ve Zy,}

02 = {¢, F2voelve Z°),
where €€ ={§ e t|d(e) =0}, and the Lie algebra of Q. decomposes into

qe = Lie(Qe) =g, @ 0. ® 07 -
Moreover, the parabolic subgroup Q. turns out to be
Qe = (K°-exp(ge np))  (exp(ge) -exp(g?)) -

This also coincides with a Levi decomposition of Q)., the first term is a Levi factor,

and the second term is the unipotent radical of Q..

Conjugation. Before discussing the complexification of )., we investigate an
appropriate conjugate of Q.. Let v be any element of G, and set P, := Ad,(Qe),
the y-conjugate of Q.. A simple calculation shows

Ad’y(Qe) = Ad’Y(StabG (Je)) = StabAd«,(G) (7(1]6)) 5

i.e. P, is the stabilizer of v(J.) with respect to the action of the conjugate subgroup
Ad,(G). This shows the purpose of conjugation: For an appropriate choice of ,
the elements stabilizing vy(J.) become more simple than the elements stabilizing
Je. The Lie algebras of Q. and P. are related by

Lie(Ad,(Qe)) = Ad, Lie(P.) .
Set pe := Lie(P.). Conjugation respects the graduation of q., therefore we have
pe=pe@pe@ps, [pCpl]cpe™ with pg=Ad,g®.

Representing elements of the Lie algebras as vector fields, conjugation reads

(Ady O)(2) = (Dyr1(57) C(77H(2) = (D7) C(7H(2)) -

Now we specialize to the case v = 7.1 = 7_., where ~, denotes the partial Cayley
map with respect to u, defined in Section 4.3. Due to Proposition 4.11, J, = e + DY
is just translated by 7. to DY, with now is centered at 0. The conjugation of vector
fields becomes

(Ad"/—e C)(Z) = (Dz’)/e)_l C(’Ye(z)) )
and using the relation D,~, = B? B! this yields

e,—ePz e

(8.2) (Ad, . O)(2) = B...B. " ¢(7.(2)) .

We note that B, _. is a positive definite operator. We conjugate weight spaces p.
are determined by using the following formulas [28, §10.5]*

Ad, (6)=0 for 6 € €°,
Ady  (G) =G for v € Z,
Ad, () =-2vOe forve Z:,
Ad, (¢ -2(vOe-eOv)) =-V2(3+2v0¢) for v e Z5,,
Ad,  ((v-2voe)=-20 for v e Z°.

e note that [28] uses e for conjugation instead of y—.. By this, Je is translated to the
infinite part of G(Z), i.e. ve(Je) € G(Z) \ Z. The formulas for the v_.-conjugation are obtained
form the corresponding ~e-conjugate formulas by using the GC-involution o, which stabilizes
G c GC: Since 7 (7ve) = y-e and (e ) = e, it follows p& = Ad,_, g% = Adg(y,)0(ge) = 0(Ady, 82).
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This yields
pl=Ad, (go) =to{(|veZite{voe|lve Z},
pe=Ad, (g')={v+2v0e|ve Zi,}
p2=Ad,  (¢°)={0lveZ}.
Complexification. Considering g as a real Lie subalgebra of the complex Lie
algebra of vector fields on Z, we obtain the relation g nig = {0}. Hence, the
complexification of a subspace hj c g is given by h® = h @ ih. This also hold for the

conjugate subspaces (Ad, h)t = Ad, hei Ad, h. We determine the complexification
of £¢ and of {(,|v e Z§} explicitly:

(€)C = {0, + 05| 6; € £}
= {8, +i65|6; € &, 8;(e) = 0}
= {01 +1i02]0; €€, d;(e) =97 (e) =0}
= {5 tC|d(e) =" (e) = 0} .

(8.3)

{Colv e Z§}C = {Co +iCu v, w e 25}
={(v+iw) - (0+iw)|v,we Z{}
={(v+iw) - (v—iw)|v,we Z5}
:{a+5|a,beZ§}
={alaeZy @ {b|be Z5} .

The complexification of the other subspaces are obtained by similar arguments. In
total, the complexification of the weight spaces p¢ is given by

(1) = () @ {alaec Z} @ {blbe Zy} @ {cOe|ce 2},
(8.4) (b})" = {alacZi,} @ {boe|be Z5,)
(v2)" = falacZ).
These subspaces fit together nicely: Let £€(e) denote the subspace of £© given by
€(e) = {0 e €°|0(25) c Z§, 07 (25) < Z5} .
In fact, this is a complex Lie subalgebra of £©.

PROPOSITION 8.1. For a tripotent e € S let Q. c G be the stabilizer subgroup
of Je=e+Dg, and let P. = Ad_, Q.. Then
(8.5) pC=f{alacZ} @t (c) @ {blbe 25}
. ~Zot(e)o 75,

according to the complex grading g© = u~ @ €€ @ u*. For two tripotents e,c € S
the complexified Lie algebras pg and pg coincide if and only if e and ¢ are Peirce
equivalent.

PROOF. We just have to show the relation £¢(e) = (¢) @ {ane|a € Z§ ®Zy,},
since all other terms obviously coincide. We first prove the inclusion ’>’: For
5 (¢)C and v e Z§, w e Z¢, relation (8.3) implies

0=0{e, e, v} ={d(e), e, v} —{e, 5" (e), v} +{e, e, 6(v)} = (eme)(6(v)) ,
5w =6"({e, e, w}) = {5"(e), e, w} —{e, (e), w} +{e, e, 5" (w)} = (eme) (6" (w)) ,

i.e. Z§ is d-invariant, and Z¢ is 6*-invariant, and hence § € £€“(e). For a € Z, the
Peirce rules imply ade(Z§) = {0} and ena(Zf) c Z7, so aOe is also an element of
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£ (e). Now we turn to the proof of the opposite inclusion ’c’. Let § be an element
of €%(e), and let §(e) = 81 +8/, + o be the Peirce decomposition of §(e) with respect
to e. Since J is a derivation, we obtain

d(e)=d{e, e, e} =2{d(e), e, e} —{e,07(e), e} =201 + 0y, — Q6" (e) € Z] ® Zf}2 .
Therefore, §; vanishes. Now set a = 25(e) — Q?6(e). A simple calculation shows

a = 6y +26,. We claim that §' = § —aOe is an element of (¢)°. For this,
d'(e) = 0" (e) = 0 must be verified. We obtain

d(e)=d(e)-ade(e) =d(e) =61 - =d(e)-6(e) =0,
5 (e) = 6*(e) - ema(e) = 6*(e) - Qe(81) = 6 (€) — Qed(e) 20 .

For the prove of the last equation, we note that by assumption 6*(e) is an element
of Z7, and using the derivation property of 6*, we obtain

6% (e)=06"{e,e, e} =2 {6"(e), e, e} —{e, d(e), e} =25"(e) - Q.0(e),
i.e. 6°(e) = Q.0(e), and the proof is complete. O

The following lemma shows that the defining relations of £€¢(e) are redundant.

LEMMA 8.2. Let e be a tripotent, and let § be an element of €C. If Z¢ is
0" -invariant, then Z§ is §-invariant. In particular,
€(e) = ((¢9)71)" = {0 €| 6" (25) c Z} .

PROOF. Let v be an element of Z§. We have to show that d(v) is also an
element of Z§. Since Z§ = (Z{)", it is equivalent to show that §(v) O w =0 for all
ue Zi'. Since 6 is a derivation, we have

0=do(wowu)=0(v)ou-vaod (u)+(vou)od=0(v)Ou,

since vOu =v0d*(u) = 0 by (strong) orthogonality and by the assumption that Z7}*
is §*-invariant. O

REMARK 8.3. We note that in general, the converse of Lemma 8.2 is not true:
The invariance of Z§ under J does not imply in general the invariance of Z{ under
d*. The proof relies on the fact that Z§ = (Z7)*. Conversely, just the inclusion
(Z§)* o Z7 is valid, cf. Remark 2.12.

Now we return to the general case of a flag of tripotents (eq,...,ex). Before we
state the main result of this section, we note that due to Proposition 8.1, the com-
plexification pC of p, merely depends on the Peirce equivalence class of e. Therefore,
we extend the notation to arbitrary elements: For u € Z, set

pS={alaeZ}otS(u) @ {b|be Zy} with "(u)={5et"

5*(Zt) e 2} .

Obviously, p(u: = pg if and only if u is Peirce equivalent to @. More generally, if
(u1,...,u) is a pre-Peirce flag of type J, set

(8.6) Plurs oy ={dae Z} @t (u, ..., ux) & {b|be Zi*}
with € (ur,...,up) = {0 € €C[6*(Z}") c Z}" for all i}. It easily checked that

(8.7) Plur ) = Py N 0P,

It follows by a simple inductive argument that p((cu1 _ = p‘fal i) if and only if

..ﬂl.k)
(u1y...,ug) and (@1,..., ) are Peirce equivalent. We note that even though the
single subalgebras pgi are parabolic, it is not obvious that the subalgebra p((cul k)
is also parabolic. So far, we just know that the intersections (8.1) lead to parabolic

subalgebras (., e,) = de; N ... Nde,, but since the pgi are conjugates of the qgi
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with respect to different elements ~,, it is not clear that intersections of the pgi
are parabolic. The next Theorem ensures this fact.

THEOREM 8.4. Let Z be a simple phJTS, let (e1,...,er) be a flag of tripotents,
and let Q(e, ...,y be the corresponding parabolic subgroup of G with Lie algebra
U(er,...er)- Then, for any pre-Peirce flag (u1,...,ur) such that (u;) and (e;) are
Peirce equivalent,

C _ C
Plur,uy) = Ad'yfek et rer) *

is a complex parabolic subalgebra of g©. Let PC

, C
In particular, PCur ) (u1,e.up)

denote the corresponding parabolic subgroup, then
C _ C
P(lem’uk) - Ad%% Q(€1,~~76k) :

Proor. We first prove that for orthogonal tripotents e I ¢, we have Ad,, ps =
pC. Since Ad,, is invertible, it suffices to prove the inclusion ’c’. Due to Proposi-
tion 8.1, pC decomposes into p¢ = Z @ £C(e) ® Z5. We discuss each term separately.

(1) For a € Z, we have to evaluate Ad,, (). Recall that 7. = tcBi{z_ctc. Therefore,
N o 088 e = feBe-
Ad, (a)(z) = %L—:O')/ctr a’Ycl = %L:Otch{ithtTGt—ch’{zct_c
£ -1
- % T=0tct7' B:;{iat—c = Qz—c(B_c{Qca) .

Setting a’ = B:Zia, this decomposes into
Ad, (a)(z) =Q.a -2cod (2) +Qca .

The first term is the vector field of a quasi-translation, and by the Peirce rules it
follows that the second term is an element of £ (e), and the third term belongs to
Z¢. Hence, Ad,, (@) is an element of pC.

(2) For § € €C(e) let Ad, (6) = @+ 06" +b be the decomposition with respect to
a2 Z et e Z. Since 7.1(0) = —¢, we have due to (8.2) on the one hand

Ad,,(8)(0) = BZ2(8(~¢))

and on the other hand (a + ¢’ +b)(0) = b. Since § and B:;{zc preserve the Peirce
O-space Z§, we conclude that b is an element of Z§. It remains to show that ¢’
belongs to £ (e), i.e. that 6" (Z§) c Z§. Applying the complex conjugation 6 of G¢
to Ad,, (d), we obtain from (4.18) and (4.32) the relation

Ad, (6")=a+d8" +b.
Since Z7 is a subspace of Zj, and since 7. acts identically on Z§, it follows
§*(2) =Ad,.(0)(2) =a+ 8" (2) +Q:b=8"(z) forall zeZj,

since choosing z = 0 yields a = 0, and by the Peirce rules @,b = 0 for all z € Z7.
Therefore, 6" coincides in the restriction to Zf{ with 6*, and hence Z7 is also
invariant under §"*.

(3) For b e Z§, we apply (8.2) and obtain Ad,, b(z) = Bz,_ch_be. Extending the
Y

first Bergman operator and setting b" = B, L b yields

Ad, b(2) =V +2b 0c(z) +Q.Q.b .
Since b and ¢ are elements of Z§, it follows that b" also belongs to Z§. Therefore,
('0e)*(Z5) = cab'(Z§) = {0}, and hence 2b'0c is an element of £€(e). We conclude
that Ad,,_ b belongs to pS. This finally completes the proof of Ad,, pC = p<.

Now we apply this relation to the flag of tripotents (eq, ..., ex). Since Yere = Ve © Ve
for orthogonal tripotents, we obtain

C
p(((i:i = Ad’Yei—ek pg = Ad'Yei—ek (Ad’Y—ei qez) =Ad Ad’Y—ei q((i:, = Ad'\/fek q(((i:L .

Ye;—ep
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Here, we used that conjugation and complexification commute. Finally, this implies

C c c c c
Pler, eny = Ay (ge, n...nqg) = Ad,_,, (qe;n...nqe,) = Ady ., Ay o) -

Therefore, p((cel er) is parabolic. The corresponding relation on the group level
follows from the fact that a parabolic subgroup equals the normalizer of its Lie
algebra. O

REMARK 8.5. Let ’Bg be the set of parabolic subalgebras of g€ which are conju-
gate to the complexification of some parabolic subalgebra of g. Then, Theorem 8.4
shows that the map

(88) UEDJ - mgv [uh s 7uk] = p%:ul ..... wg)
J

is well-defined and injective. The question of surjectivity remains open.

EXAMPLE 8.6. We determine the parabolic subgroups described by Theo-
rem 8.4 for the matrix case Z = C™*%. Set n = r x s. We have?

G®=SL(n), G=SU(r,s), K®=S(CL(r)xGL(s)), K =S(U(r)xU(s)).

Therefore, the Lie algebra of GC is given by the space of n x n-matrices with van-
ishing trance, and Example 4.9 shows that these matrices correspond to the vector
fields

A B

e Clr+ox(r+9) o (¢(3)=Az-2D+B-2Cz,

C D
where the matrix is devided into blocks of sizes corresponding to r and s. Hence,
the decomposition g€ = u~ @ € @ u* is given by

u_:{(88)|CECer}7 u+={(85)|BE(CTXS},

EC={(49)eC”™|[AeC™, DeC™ TrA+Tr D=0} .

Now, it is straightforward to show that for block diagonal u € Z, the parabolic
subalgebra pC = {a|a € Z} @ £C(u) @ {b|b € Z}} is represented by the following
matrices, which vanish on the blank area, admit arbitrary entries on the shaded
area and have zero trace

J s ’r‘+j T+ S
T T
1 |
I |
————— -~ ~aanaana
1 I T
T T T 1 | 0
I I ; |
C ~ J
P = | | for w=| ° L
————— I e kR 0. 0
I I
1 I
1 I
1 I
1 |
T+ S

Interchanging the last two rows with each other and equally the last two columns
(which corresponds to the conjugation by an appropriate permutation matrix T')

2¢f. Example 3.30.
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yields
J n-—y n
-----
(8.9) Adr (S = | |
-----
5 B

Therefore, the parabolic Lie algebra p< is conjugate to the set of lower block di-
agonal matrices (with vanishing trance) of type (j,n — j), and the corresponding
parabolic Lie group PC is conjugate to the set of invertible lower block diagonal
matrices (with determinant 1) of type (j,n —j). We conclude that

(8.10) G®/PE = Gr(jn-j(C")={Ec FcC"|dmFE=j, dimF =n-j} .

In the general case of a pre-Peirce flag (uq,...,ux) of type (j1,...,jx) we obtain
intersections of (8.9) for different j. Therefore, the parabolic Lie group P((; ) is
conjugate to the set of determinant-1 lower block diagonal matrices of type I =
(41, -+ Jksn=Jk,-..,n—J1), and hence G(C/P(Si) is isomorphic to the Grassmannian
variety of type I,

Gr(C")={Fyc...cEycFyc...c F; cC"|dim Ey = j;,, dim F, =n - j,} .

In the next section we give a Jordan theoretic description of this variety, which
motivates the general definition of Jordan flag varieties in Section 8.3.

8.2. Motivating example

In this section, we concentrate on the matrix case Z = C™° and develope
a Jordan theoretic model for the classical Grassmannian flag varieties Gry(C™) of
type I = (j1,--,Jksn=Jk,---,n—j1) forn=r+sand 0 < j; <...<jg <r. According
to Example 8.6, these are exactly the flag varieties obtained from quotiens G¢/Q°
with G¢ = SL(r + s) and a parabolic subgroup @ c G = SU(r, s). In this section,
the the elements of Gry(C™) are called (subspace) flags of type I.

We fix some notation: Let J denote the tuple (j1,...,/,), and let J¢ be

J¢ = (n_jk7"'an_jl) :

Then, we write I = JuJ® = (j1,.--,jk, "= Jj1,---,0—jr). We first examine the case
J=(4),1e I=(j,n—-7) with 0<j <r. The design of the Jordan theoretic model
for the Grassmannian flag variety Gry(C™) is a based on O. Loos’ construction for
the Grassmannian variety Grs(C"™). For convenience, we recall

LEMMA 4.1. Let n=r+s, and for (z,a) € Z x Z set
z nxs o
Cra= (1 B a*z) eC and E, o= column space of C, q .
Then:
(a) E,, is an s-dimensional subspace of C".
(b) Each subspace E c C"* with dim E = s has a representation E = E, , with
(z,0) e Zx Z.
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(¢) Two subspaces E, , and E;; coincide if and only if (z,a — a) is quasi-
invertible and Z = 2°7%, i.e. 15— (a—a)*z € C**° is invertible and Z =
2(1-(a-a) )™ .

Before stating the generalization of this lemma, recall some facts about Peirce
decompositions in the matrix case: Let u be an element of Z = C"™*. Then

(8.11) Zt={z€Z|z=Tu=uS for some T e C™" S eC"™} |
In addition, z € Z7* is invertible in Z7" if and only if 7" and S can be chosen invertible.
(8.12) Z§ ={z€Z|uz* =0 and z*u =0} .

From this it follows, that two elements z, w € C™* are equal modulo Z§ if and only
if uz* = uw* and z*u = w*u. Furthermore recall, that a pair (z,a) with z,a € C™**
is quasi-invertible if and only if (1 - za™) is invertible (or equivalently, if (1 - a*z)
is invertible), and the quasi-inverse of (z,a) is given by

(8.13) 2%=(1-za*)tz=2(1-a%2)"".
Now we are prepared to state and prove the key observation of this section.

LEMMA 8.7 (First generalization). Let Z be the phJTS Z = C™*, and for
u,z,a € set
z * nxs 1-az* nxs
Cu,z,a = (1 _ a*z)u eC and Dyza= ( ot )u eC
with n = r+s. Furthermore let E,, . o be the column space of Cy, ..o and F, . o be the

orthogonal complement of the column space of D,, , o, with respect to the ordinary
inner product on C", i.e.

Buza=(Cuza) and Fuoa=(Duza)
Then:
(a) The pair (Ey 2.4, Fu,za) i a flag of type (tku, n —rku).
(b) For each flag (E,F) of type (j,n —j) there exist some u,z,a € Z with
rku = j, such that (E,F) = (Ey .0, Fuza)-
(¢) Two flags (Ey 2.0y Fu,za) and (Eqza, Faza) coincide if and only if
(i) Bq-a,-u and @ are Peirce equivalent,

(ii) there exist elements u* € ZY and i* € ZY such that (z +u*,a - a) is
quasi-invertible and (z +u")* % =z + a*.

PrOOF. For (a), recall the rank formula rk(XY™*) =rk Y™ for matrices X,Y e
C™* with rkX = s. Thus by Lemma 4.1 we have rkC, ,, = rku* = rku, so
dim E,, . o = tku. The same argument shows that D, ., has the same rank as u,
so that F,, . , has dimension n —rku. The inclusion E,, , , ¢ F}, , , follows from

* * % * z *
(ComaitlDieat) = (Dut) o) =5 (1207, 4y, ) =0

for any x € C", y € C*.

To prove (b), we first choose an arbitrary s-dimensional subspace E’ with E c
E' c F. Using the notation of Lemma 4.1 we can find z,a € C™ such that E' = E, ,.
Set

sz( :, )e(C”XS and Dm:(l‘“f )ecm.
’ 1-a*z ’ -z

Let {b1,...,b;} be a basis of E, then there exist ¢; € C* with b; = C. 4t;. Complete
(t1,...,t;) to a basis of C* and set T := (t1,...,t5). Analogously let {b},...,0}}
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be a basis of F*, take s; € C" with b} = D, ,s; and complete this to a basis S :=
(81,---,8.) of C". Now we can choose

— gl O)p=
u:=9S ( 0 O) T,
since (O, qu*) = (b1,...,b;) = B and (D, qu)" = (b],....0,)" = (FY)* = F.
For (¢), the equality of the two flags is equivalent to the existence of matrices
g € GL(C") and h e GL(C?) such that
Cu,z,a = Cﬂ,é,&g and Du,z,a = Dﬂ,i,&h .
This again is equivalent to the following system of equations
(1) wz*=g%uz", (2) w(l-z"a)=g"u(l-2%a),
3) Z'u=Zz%uh, 4) (1-az")u=(1-az")uh.
We first show the ’only if’-part of the assertion. Plugging (1) into (2) and (3) into
(4), respectively, we get
2" gu=u(l-z"(a-a)), 4" ah=(0-(a-a)z")u.
For brevity we set L=1-(a—-a)z* and R=1-2*(a—a), so
(2" g*a=uR, (4) ah=Lu.
Multiplying (2) from the left by L and (4') from the right by R, we see that
By-a,,u=LuR is an element of Z}" (using (8.11)). To verify (i), we have to show in
addition, that B,z .u has the same rank as . This follows from Frobenius’ rank
inequality® and the observation, that (2’) and (4') imply
rk(Lu) =rk(a) = rk(uR) .
For (ii), we defer the first part to the next Lemma, it assures the existence of
an element u" € Z{, such that, respectively, L' := 1 - (a - a)(z + v*)* and R’ :=
1-(z+wu")*(a-a) are invertible. Due to (8.12) we can replace z by 2z’ := z + u*
in all equations above. Plugging (2') into (1) and (4') into (3) , respectively, we
obtain
(1) w™ =uR'z*, 3 2*u=z"L'u
Multiplying (1’) from the left by L’ and inserting R'R'’~* between v and z'*, and
perform analog operations on (3'), it follows
(1") (Ba—&, Z’U)Rl_lzl)f = 2*(Ba—&,z’u) ) (3") Z,*L,_l(Ba—&,z’u) = 2*(Ba—&,z’u) .
Now since
Baa wu=DBa g .u and ((2)"4)* =R1* =1,
equations (1) and (3") imply, that (2')¢"® and Z are equal modulo Zf“‘&’z'u =Z%
Thus there exists an element @* in Z{, such that
LL)affz

(z+u =z+a".

Finally we have to prove the ’if’-part of the assertion. By assumption B,_; v and @
are Peirce equivalent, so there are invertible matrices T € GL(C") and S € GL(C?),
such that

Bg-g,,u=Tu and B, .u=uS.
Now we can choose g := T(L')~! and h = S(R')~! with the notation above, and it
is a simple computation to verify C., . o = Cy 259 and D,, . o = Dg 3 zh. O

In the last proof we needed the following technical result.

3For any matrices A, B, C such that ABC exists, then rk AB +rk BC' <tk ABC +rk B.
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LEMMA 8.8. Let x,y,u € C™° be matrices with
(8.14) rk(1 -2y )u(l -y z) =rku.
Then there exists an element u" € Z§ such that (1 - z(y +u")*) is invertible.

Unfortunately, up to the day of publication, we have not estab-
lished a complete proof of this assertion. However, we note that
the results outside of this chapter do not rely on this assertion.
The above lemma is used just in this chapter, which serves as a
motivation for the definition of Jordan flag varieties given in the
next section.

PARTIAL PROOF. We first assume that u is of maximal rank. In this case we
have Z} = {0}, and Lemma 8.8 asserts that (1 — xy*) itself is invertible. This is
evident from the assumption, which always implies rk(1 - xy*) > rku, and so if u is
of maximal rank, then (1-xy*) is also of maximal rank, and hence invertible. Also
the case rku = 0 is trivial, since w = 0 implies Z}' = Z, and we may choose u* = —y.
Now let u be of rank 0 < j < r. We may assume that u,  and y are given by

(8.15) u:(loj 8), x:(‘é Z) y:(:‘ ?)

Indeed, it is straightforward to check that the statement of Lemma 8.8 is invariant
under the exchange of u, z and y by @ = AuD™!, & = AzD™! and § = A*uD* for
arbitrary matrices A € GL(r), D € GL(s). Due to the singular value decomposition
of u, the matrices A and D can be chosen to achieve @ = (101 g). Next, we claim
that the assumption rk(1-zy*)u(1l-y*z) = rku is equivalent to the statement that

(8.16) k(1 -zy")u=rku, rku(l-y*z)=rku.

By the rank inequality rk AB < max(rk A,k B), we obtain the inequalities rk(1 —
2y )u < tku and rku(l — y*z) < rku without any further assumption. Assuming
(8.14), the rank inequality also implies the converse inequalities, so we obtain (8.16).
Now assume (8.16), then Frobenius’ rank inequality® implies that

k(1 -zy")u(l-y*z) >rk(1 - zy*)u+rku(l —y*z) —rtku =rku .
The converse inequality is obvious since tku = j. Therefore, (8.14) is indeed equiv-
alent to (8.16). Using (8.15), we therefore obtain the assumption
1, —aa* - bG* . " " " * .
(8.17) rk( ]—ca*—dﬁ* ) =7, rk(lj -a*a-vc, -a*b-~ d) =3,
i.e. these two matrices are of maximal rank. Now the statement to prove is that
there exists a § such that the matrix

s [Yj-aat =03 —ayt - bo*
1=y _( —ca* —dB*  1-cy*-dé*

is invertible. Let f(J) := det(1—zy*) be the determinant of this matrix considered
as a function on §. Then, f is a polynomial, and it remains to show that f is not
trivial, i.e. different from the zero polynomial. For the special case r = s = 2 (and
j =1) this can be proved by explicit (but still non-trivial) calculations. So far, the
general case remains unsolved. VAN

REMARK 8.9. We note that the statement of Lemma 8.8 immediately general-
izes to the following statement on positive hermitian Jordan triple systems:
Let Z be a Jordan triple system, and let (z,y) € Zx Z and u € Z.
If rk B, yu = rku, then there exists an element u" € Zg', such that
B, y+ur is invertible.
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It might be easier to give an abstract proof of this statement.

Up to now we derived a Jordan theoretic model for the flag varieties Gr(; ,,—;)(C").

Next we investigate the general case. Recall that a tuple (u,...,ux) of ele-
ments in a Jordan triple system is called a Peirce flag of type J = (ji,---,jk),
if Z{' c Z{? c...c Z}"* and rku; = j; for all i = 1,..., k. For brevity, we write (u;)

for the tuple (ug,...,ug).

LEMMA 8.10 (Second generalization). Let Z be the phJTS Z = C™*°, and for
u,z,a€Z let Cy za; Dyzay Euza and Fy . q be as in Lemma 8.7. Then:

(a) For any Peirce flag (u;) of type J and z,a € Z, the tuple
Flusyza = (Buyzas s Buy 20 Fug z,a0 -+ Fuy 2,0)
s a flag of ype J u JC.
(b) For each flag F = (E1,...,Ex, Fy,... F1) of type JUJC, there exist a Peirce
flag (u;) of type J and z,a € Z such that F = F(y,) 2 a-
(c) Two flags F(u,),z,a and F(a,)z.a coincide if and only if
(i) Ba-a,-u; and U; are Peirce equivalent fori=1,....k,
(ii) the exist elements u* € Z¢* and @* € ZJ* such that (z +u*,a—a) is

quasi-invertible and (z + u")*™* =z + a*.

Proor. For (a), it is sufficient to show that for fixed z,a € Z and uj,ug € Z
with uy € Z{"?, we have

Eul,z,a c Eug,z,a c Fug,z,a c Ful,z,a .

By (8.11), there exist T' € C™" and S € C***] such that u; = Tug = u2S, so the
first inclusion follows from C, . = Cu,,z,0T". The second inclusion is proved in
Lemma 8.7, and the third is equivalent to F;, . , c Fy;, . ,, what again follows from
Dul,z,a = Duz,z,aS-

The proof of (b) is just a refinement of the respective proof of Lemma 8.7. We
only have to choose the vectors b;,b; € C* more carefully: Let (b1,...,b;,) be a basis
of E1, extend this to a basis of Ey, then to a basis of E3 and so forth, up to a basis of
Ej. Similarly start with a basis (b1, ...,b ) of Fj and extend this successively to a
basis of F}-. Now we choose an r-dimensional subspace E' ¢ C" with Ej, c E' c Fy,
and some representation E' = E, , with z,a € Z as in Lemma 4.1. Again set

z s 1-az* s
Cz,a = (1 _a*z) e C™s  and Dz,a - ( o ) € Qs 7
and define ¢; and s; by the equations b; = C, t; and b} = D, ,s;, respectively.
Completing (t1,...,t; ) and (s1,...,8;,) to respective bases we obtain invertible
matrices T = (t1,...,ts) € C** and S = (s1,...,8,) € C™". Finally we set

ol 0) .
ui.—S(O O)T fori=1,... k.

This indeed defines a Peirce flag (u;), and since (C; qu}) = (b1,...,b;,) = E; and
(D ui)" = (b, 05) = (Ff)* = Fy, we have F = Fy . o

For (c), we can restrict the given flags F(y,) .o and Fg,) 4 to the flags
(Eui,z,ayFui,z,a) and (Eﬂi’g’[i,Fﬂi’g’a) of type (ji,n —ji) for 7 = 1,...,k. Using
Lemma 8.7 this implies (i) and (ii). To prove the converse, we note that Z{ c Z{
implies Zg c Z{, so (ii) remains true if we replace the index k by any i =1,...,k.
So we can apply Lemma 8.7 for each i = 1,... k separately, and thus obtain the
equality of the flags (Ey, 2.4, Fu;.2,0) a0nd (Eg, 2.4, Fa, 2.a)- O
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8.3. Basic definition of Jordan flag varieties

In this section, we provide a general definition of Jordan flag varieties. Let
Z be a phJTS of rank r, and let 0 < j; < ... < ji < r be an increasing family of
integers; set J = (j1,...,Jk). As in Section 3.3, let Z; denote the pre-Peirce flag
variety given by

Zy={(u1,...,ug)|uy c...cug, tku; =j; fori=1,...,k},

where u; c u; is equivalent to Z}" c Z,”. Using the conjugate phJTS Z instead of
Z, we obtain the conjugate pre-Peirce flag variety Z ;, which coincides with Z; as
set but carries the opposite complex structure. The elements of Z ; are denoted by
(u;). Section 8.2 motivates the following construction.

THEOREM 8.11. For elements ((u;), 2,a) and ((%;),2,a) in Zyx Z x Z let
U; ~ Bo_g, 2u; fori=1,...,k; and
(8.18) ((ui),z,a) N ((ﬂi)72,d) - there exist u* € Zy* cmd at e‘Zg“C,
such that Bo_g, z+ur 15 tnvertible
and Z + 0" = (z +ut)*C,

This defines a reqular equivalence relation on Z y x Z x Z. The quotient
(8.19) F;=(Z;xZx2Z)]~

is a compact complex manifold, called the Jordan flag variety of type J. The ele-
ments of F; are denoted by [(u;) : z: a].

PROOF. The proof of this theorem takes several steps. First we give an alter-
native formulation of the relation (8.18). It is easy to see that for fixed a € Z two
elements ((u;),z,a) and ((4;),Z,a) are related via (8.18) if and only if u; and @;
are Peirce equivalent for all ¢, and z equals Z modulo Z;* = Zg"'. This observation
indicates the following construction: Let P; = Z;/ ~ be the (conjugate) Peirce flag
manifold of type J as discussed in Section 6.4. We identify the elements of P; ac-
cording to Remark 6.16 with increasing sequences of Peirce 1-spaces of appropriate
rank, i.e.

P;={(Uy,...,Uy)|U; c Z Peirce 1-space of rank j;, Uy c...c Uz} .

We recall from Remark 2.12 that a Peirce decomposition is uniquely determined
by its Peirce 1-space, and in particular, if U denotes the Peirce 1-space, then the
corresponding Peirce O-space is given by UL. Let £; be the vector bundle on P,
defined by

(8.20) Er={(W), [z])|(Un,....Ux) Py, [z] e Z|U}}

where Z /U is the usual quotient of vector spaces, and [z] = z + U; denotes the
corresponding equivalence class of z € Z. Furthermore, for any subset M c Z and
a € Z let M® be the set M = {2%|z € M, (z,a) quasi-invertible}, and denote by
cl(M) c Z the Zariski closure of M in Z. Since quasi-invertibility is an algebraic
condition, the set V' is dense in cl(V*) for any (affine) subvariety V c Z.
CLAIM 1. For elements ((U;),[z],a) and ((U;),[Z],a) in €5 x Z let
B20)  ((U[eha) - (O, [2]a) o | Dot 2Um Ui for all
. ), [2],a) ~ ), [2],a) = _
' and [Z] = l([z]*77) .

Then, two elements ((u;),z,a) and ((@;),2,a) in Z ;x ZxZ are related with respect
to (8.18) if and only if the corresponding elements ((Z1*),[z],a) and ((Z7"),[Z],a)

in €7 x Z are related with respect to (8.21).
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PrOOF. First we notice, that the term B,_z ,U; in (8.21) is independent of the
choice of z +u" € [z], since by the Peirce rules we have B,_g, ;+u1U; = Bq-g, .U; for
any u" € U} c U}. Therefore, (8.21) is a well-defined relation on €; x Z. Now let
((us),2,a) and ((%;),%,a) be related elements of Z; x Z x Z. For brevity we set
U; = Z{", and so U}* = Z*. Consider the set of all u* € U}, such that B, g, .4
is invertible. By assumption this set is non-empty, and since invertibility is an
algebraic condition, this set is also Zariski open, and therefore dense in U}'. For
such an element u", the Bergman operator B,—z, »+y IS a structure automorphism
of Z. By the Peirce rules and Lemma 2.32, we obtain

LU

. B, i 2t Ba_a ~u; Tis ~
U yz+ N u
Ba—d,zUi:Ba—&,z-#u”lezzlaaz ‘ zzlaaz L:Z11:Ui~

Secondly we have to show the equality [Z] of cl([2]*"®). By assumption there is
an element uy € U with (2 +ui)?® € [Z]. Then for the generic element uy in U},
using the addition formula for the quasi-inverse we obtain

(z+u) ™ = (z+uf + (ug — )™ = (24 uf) ™ + B Ly o ((uy —ui)”),

where v = (a - a)***. By assumption, the first term is an element of Uk. Since
uy —uy is an element of U, Lemma 2.25 ensures that (uz —uy)” stays in U}, so
again by Lemma 2.32; the second term is also an element of U, +. This proves the
inclusion cl([2]%"®) c [Z]. Since the map (z + %7%) is birational on Z, the reverse
inclusion follows by dimension. The converse of the assertion is obvious. O

By Claim 1, it is still not obvious that (8.18) defines an equivalence relation
on Zjx Z x Z, even though now it suffices to prove that (8.21) is an equivalence
relation on £y x Z. For this we give yet another description of (8.21) by leaving the
"affine picture’, which uses Zariski closure in Z, and passing to the compactification,
whereby using closures in G(Z). Recall from Section 4.1 that the Grassmannian
G(U) of a subtriple U c Z can be identified with the closure of U in the Grass-
mannian G(Z) of Z. By this means (quasi-)translations of G(Z) can be applied to
G(U).

CLAIM 2. Two elements ((U;),[z],a) and ((U;),[2],a) in €5 x Z are related
via (8.21) if and only if

(8.22) Ba s, .Ui=U; foralli, and t,t.G(U}) =t:t:G(UL) .

This is an equivalence relation on E7xZ, and hence (8.18) is an equivalence relation
onZyxZxZ.

PROOF. As in the case of (8.21), we first remark that the translation is inde-
pendent of the choice of z + u" € [z], since G(U}) is invariant under translation
with u" € U}. Therefore, (8.22) is well-defined. It is obvious that if two elements
of Z;x Z are related with respect to (8.21), then they are also related with respect
to (8.22). For the converse we have to show that if ,t,G(UL) = #5t:G(UL), we can
find elements u" € UL and @* € U} (i.e. in the finite parts of G(UL) and G(U}!),
respectively), such that f,t,u" = #zt;a". Since U} is open and dense in G(U}) and
t,t. is a morphism of G(Z), the image tNQL‘zU,il is also open and dense in tNatgG(Ukﬂ)
and therefore open and dense in #5t;Uj.

Finally we show that (8.22) describes an equivalence relation on €5 x Z, and hence
(8.21) and (8.18) also do. Reflexivity is obvious, since in this case it is By, , = Id.
For the symmetry we just have to show that U; = B;_,, U, for all i. By assumption
there are elements u" € U, and u* € ﬁfj, such that t,t,u" = tzt:4", or equivalently
n)a—&

Byt q-a is invertible and (z +u =z+a".
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Therefore, the Bergman operator B}
by using JT35, we obtain

U= B;}&,Huﬂﬁ = B&—a, (z+uﬂ)a‘&U = B&,a’ £+ﬂﬂU = B&—a,EU .

c+ut a-a = Ba-a,z+ur 1 invertible as well, and

To prove transitivity, let ((U;),[2],a) be related to ((U;),[2],@) and ((U;),[£],a)
be related to ((U;), [2],a); we have to show the relation between ((U3), [=], a) and
(U, 2], a). By assumptlon there are elements u* € U, @* ¢ U* and a* € U*,
such that .t u' = t3t:a" = t4t:0*. Using the Peirce rules, JT34 and JT35, we
therefore obtain

U= Ba a, ZU Ba a, z+uﬂU Ba a, z+uﬂBa a, z+uﬂU Ba a, z+uﬂBa a, (z+ut)a-a
- Ba —-a, z+uﬂ37 a, z+uilU Ba a, (Z+ut)a- U= Ba a, z+uﬂU Ba a, zU .

U

This completes the proof of Claim 2. (]

Now we turn to the proof of the regularity of the equivalence relation (8.18).
We have to show (i) that

R]F] = {((ui)vzva)a ((ﬂi)’évd) | ((ui)’zva) ~ ((ﬂi)vé’d)} c (?7 xZ X7)2

is a submanifold of (Z; x Z x Z)? and (ii) that the projection pr; of Ry, onto
the first component is a submersion. In order to keep the notation clear, we first
discuss the case k =1, i.e. J = (). For (i), we use Proposition 3.4 and show that
Ry, is locally given as the level set of a submersion. Recall from Section 3.3 that
for u e 7]-, the set

fj = {’U €Z; ‘vl invertible in Z?}

is open and dense in Z;, and any element v € 7, satisfies

. —u —=u —u

(8.23) V= Toy 01,01 with v=vi®v,@v9€Z; &2y, ®Z ,

where Tur vy = Bvl/ _,t is a Frobenius transformation. Due to Lemma 2.32, we
27 1

therefore obtain

(8.24) Z7 =Ty, w1, 21" = Toyon,, 21, and hence Zg=7,", Zy=DB ; zy .

V2 V12 Tos, V1o V1,V

We note that since ”1 Q.vit, the Bergman operator vi 1

depends holomorphi-
cally (even rationally) on v € Ij. Now fix some element ((u,z,a), (ﬂ,é,&)) € Ry,
and fix u* € Z¥ and @* € Z% with Z + @* = (2 + u*)* . Consider the set U of all

((v,w,b), (f;ﬂb,i))) in (Z; x Z x Z)* with

—u . =u ~ .. . . =u
veZ;, veZ;, (w+B ol v u", b-b) quasi-invertible, By, 4V €L,

Since ((u,z,a),(ﬂ,é,&)) e U, this set is non-empty, and since the condition of
quasi-invertibility is a rational condition, U is open and dense in (Z; x Z x Z)?. Let
U =01 ® Uy, ® Vg be the decomposition of © due to the Peirce decomposition with
respect to u.

Craim 3. The intersection U n Ry, is described by

U ~ u ~ 7L
Vijy = 2 {pr1/2 Bl;—b,u")v’ (pr1 Bg—b,i)v) , vl} ,
(@ - (w+B,; uﬂ)b‘i’)ezg.

V1, V12

((v,w,b),(9,%,b)) e Un Ry, <=
-], D1y

Here, prit denotes the orthogonal projection onto the Peirce space Z}' for v =1,1/2,0.
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PROOF. By definition, two elements (v, w,b) and (¥,w,b) are equivalent if and
only if (1) ¥ is Peirce equivalent to B, j ,v and (2) w + " equals (w + v“)b’g for
some ' € Z§ and v' € ZJ. By symmetry, (1) is equivalent to the Peirce equivalence
of v and Bkb’ &0 Due to Lemma 3.21, this again is equivalent to the first condition
of the assertion. Now assume (2). Claim 1 implies that w- (w+vﬂ)b’5 is an element
of Z{ for all v* € Z¢ such that (w +v*,b - l~7) is quasi-invertible. By definition of
U and due to (8.24), this holds in particular for v* = B_; u'. Again applying

_ ~ Yy
(8.24) to u and 9, yields Zy = B;Tl 5 20 =B g o Z§, which implies the second
1 1/2 1 2
condition of the assertion. Now the converse is obvious. O

By Claim 3, we proved so far that R, is locally (and even densely) given as
the level set of the holomorphic map ¢:U — 7?/2 x Z|Z{ given by

Vijy — 2 {pr}‘/2 Bg_b,wﬁ, (prqf Bg_b@f})T, vl}

~ b-b
oty (@ (e By, wt)' )

(8.25)  ®((v,w,b),(v,w,b)) =

It remains to show that this is a submersion. First consider the derivative of @ with
respect to w:
D&(w) = (0, -B

19

-] 171/2Bw+B i uﬂ,b—l;(u'})) .
vl v

By the definition of U, the two Bergman operators are invertible, so the image of
D® contains the whole tangent space of the second component. Secondly consider
the derivative of the the first component of @ with respect to v:

D1 () = ings =2 {prt, By, o0, (o1} By 50) 01}

Evaluation on 7?/2 implies that the image of D@ also contains the whole tangent
space of the first component. Therefore, ¢ is a submersion, and we proved that Ry,

is indeed a submanifold of (Z; x Z x Z)2.

Now we prove (ii), i.e. that the projection pr; of Ry, onto its first component is a

submersion. For this fix ((u, a,z),(a,z, &)) in Ry, with corresponding u* € Z§ and

@t € Z¥ such that Z+a* = (2 + ut)@, Then it is straightforward to checked that

for 2 € Z, a € Z and small t € R, the curves v;(t) = ((u,z,a +ta), (@, Z,a+ta)) and
’72(t) = ((’LL7 Z+ téu (l), (Ba—&,z+t2+uﬂB;Ea,z+uﬂ’a7 (Z +1Z+ uﬂ)a—&’ a'))

stay in R, and satisfy v;(0) = 72(0) = ((u,a,z), (@,%,a)) and

(826) %Lzo(prl O’Yl) = (07 0) a) ) %|t:0(pr2 071) = (07 237 O) .

Therefore, the image of the derivative of pr; at ((u,z,a)7 (ﬁ,é,&)) contains {0} x

Z x Z. To handle the first component, we note that Rp, is a Str(Z)-invariant
submanifold.

CLAIM 4. The structure group Str(Z) acts on Z; x Z x Z via
(8.27) h(u,z a) = (R *u,hz,h *a) for heKC (u,za)e ZixZxZ.
With respect to this action, the equivalence relation Ry, is Str(Z)-invariant.

PROOF. It is obvious, that (8.27) defines a Str(Z)-action on Z; x Z x Z. Now
assume that (u,z,a) and (@, 2, a) are equivalent with respect to Ry,. Then
h™ @~ h™*Ba_g, %= Bh-+q-n-—+a,nh""u,

and ) ) N
Rz +hi* = h(Z+0%) = h(z+u*)?% = (hz + hu*)h oh7a
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From Lemma 2.32 we obtain hZ¥ = Z %, and therefore hu' € Z!"* and hi" e
ZM®. This shows that (h™*u,hz,h~*a) and (h™*@, hz, h™*a@) are also equivalent
with respect to Rp;, and hence Ry, is a Str(Z)-invariant equivalence relation. [

Now consider the curve h(t) = exp(teOul) in Str(Z) for some @ = @y + 1, €
VAN Z1’72. By Claim 4, the application of h; to ((u,z,a), (a,z,a)) yields a curve
7(t) in Rr,, and we obtain

4], ooy 7) = (@0l (), ) = (i + Sy )

Due to (8.26), it is not necessary to determine the second and the third component
of this determinant. In combination with (8.26), the first component shows that pry
is indeed a submersion, and hence Ry, is a regular equivalence relation on 7j xZxZ.

We note that it is straightforward to extend the argument above to the general
case J = (J1,--.,jk)- The single elements v, ¥ become tuples (v;), (7;), in Claim
3, the first condition on the right hand side is extended to k different equations on
v; and ?;, and in the second condition, v and ¥ refer to v, and ¥y, respectively.
The statement that the corresponding map @ and the projection of Rp, onto its
first component are submersions can be proved by induction as in the proof of
Theorem 3.18. Finally, we have to prove compactness.

CrLAM 5. F; is compact.

PROOF. Let ((u;)e,2e,a¢)een be an arbitrary sequence in Z; x Z x Z. We
show that the corresponding sequence x, = ([(Ui)[ T ad)éeN in F; contains
a convergent subsequence. Consider the sequence [z/:a¢] in the Grassmannian
G(Z). Since G(Z) is a projective variety, it is compact, and so after restriction to
a subsequence, we may assume that [z, : ag] converges in G(Z) to some element
[2:a]. Thus, after further restriction, we may assume that the pair (z¢,ap — a) is
quasi-invertible for all £. Therefore, we obtain

[(wi)e:zgrae] =[(U)e:Ze:a] with ()¢ = Bay-a,z (ui)e, Ze=2z7",
or equivalently, we may assume that ay; = a for all ¢, and z; - z for ¢ - oo.
Finally, we note that each (u;), can be replaced by a Peirce equivalent flag (e;),
consisting of tripotents, and since the set of tripotents is compact, this sequence
contains a convergent subsequence. This proves Claim 5, and finishes the proof of
Theorem 8.11. O

The proof of Theorem 8.11 yields the following alternative description of the
Jordan flag variety F:

_COROLLARY 8.12. Let £ be as in (8.20), and let ~' be the equivalence relation
on €5 x Z defined in Claim 1 above. Then

(8.28) T ZyxZxZ—>EyxZ, ((w),za)~ ((Z}),[2],a)

is a submersion, which respects the equivalence classes and induces an isomorphism
of the Jordan flag variety Fy = (Z;xZxZ)[ ~ and (E5xZ)[ ~" as complex analytic
manifolds.

PROOF. Let m; and 7 denote the canonical projections of ZixZxZand E;xZ
onto their sets of equivalence classes. By Claim 1, we can identify these sets with
F ;. Due to Theorem 3.5 and Godement’s Theorem, the complex analytic structure
on F; is uniquely determined by the condition that 7 is a submersion. Since
the canonical projection of Z; onto Py = Z;/ ~ is a submersion, 7 is obviously
also a submersion onto £; x Z. Now, since m; = 7 o m, we conclude that 7y is
also a submersion, and hence the manifold structures on F; induced by 7, and 7o
coincide. O
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REMARK 8.13. If the type J = (j1,...,Jx) ends with ji = r, the rank of Z, then
the defining equivalence relation of the Jordan flag variety F; reduces to

U ~ Bo_g, ,u; fori=1,...,k;
(8.29) ((ui),2,a) ~ ((@),%,a) < {and (z,a —a) is quasi-invertible
with Z = 2979,

since Zy* = {0} for all u;, € Z,. Comparing this with the definition of the Grass-
mannian G of Z, we conclude that in this case F; is a (non-trivial) fiber bundle
on G with canonical fiber P;, the (conjugate) Peirce flag of type J, and canonical
projection

7:F;>G, [(u;):z:a]~[z:a] .
We note that in the case J = (r), the fiber P, of this bundle is trivial, if and only

if the underlying phJTS Z is of tube type. Then, P, contains only one element,
namely P, = {Z}.

8.4. Analytic and algebraic structure

Local structure. We give a local description of the Jordan flag variety F; in
two steps. First we describe a covering of F; by smooth algebraic varieties IFL(;Z)
similar to the covering of the Grassmannian G of Z by affine varieties G(*). In the
second step we investigate a covering of each F(Ja) by affine varieties IF(J(W)’“).

First Step: Due to Corollary 8.12 we have two equivalent models of ' ;, namely

FJ:(?szxj)/N and FJ:(EJXZ)/N,7

where £ is the vector bundle on the Peirce flag P; with fiber (€;)(v,) = Z/U}.
Therefore, the elements of F; are denoted alternatively by

[(wi):z:a]=[(U;):[2]:a] with U;=2Z}", [2]=z+Zj*.
For any a € Z set
(8.30) €5 =B (U:),[2]) = [(U:) : [2]:a]  and F( =0, (E).

This is the restriction of the canonical projection of €7 x Z to £ x {a}, and hence
a holomorphic mapping. Furthermore, ¢, is an injection, since By, , = Id and 20 =
z. Therefore, by a standard result on holomorphic maps [17, §46], 1, maps €
biholomorphically onto ]F(Ja), since dimF; = dim & ;. For two elements a,a € Z, we
obtain the following diagram:

&s ((U3), [2])

(8.31) F@ @

“ EJ ((Ba—&,zUi)7C1(|:Z:|a7&))

We remark that even though F; looks locally like the vector bundle &, diagram
(8.31) shows that its global structure does not preserve the vector space structure
on the fibers, since [z] = [2]%"? is not a linear map.

The next step is to use chart maps of the vector bundle £ to obtain charts on
the Jordan flag variety ;. We recall from Proposition 6.17 that for fixed (u;) € Z;
and Zl(/’;i) = (20N Z1) % ox (Zyst 0 ZY) x Zyjk, the map

Plu;) Zl(/u;) - PJ’ (yl) = [Tuk;yk ©...0 Tui;yiui]i:L_“’k
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is a diffeomorphism onto the open and dense subset ]Pgui) of the connected compo-
nent of P; containing [u;]. We extend this map to a chart of & .

PROPOSITION 8.14. Let ¢y, be a chart of P; as defined in Proposition 6.17,
and let w denote the canonical projection of the vector bundle £ ; onto P;. Then

~ —(ui) U u °
(8'32) P(ui) * Zl/2 X (Zlk @ Zl/:) - gJ, ((y1)>z) = (@(Ui)(yi)v [Z])
is a trivialization of the open and dense subset 77_1([?’(]“”’)) of the connected compo-
nent of the vector bundle €y containing [(Z}"),0]. For different (u;), (%;) € Z,
the transition map is a birational map, and € ; is a smooth algebraic variety.

Proor. We first check that ¢,,) is still one-to-one, i.e. that [2] is a non-

vanishing element of Z/Z;"*"*"* for all z € Z* @ Zf;’; and (y;) € Zl(;:"). Equiva-
lently, we show that the intersection of Z;* @ ZI}’; and Zg“""’”k “* is trivial. Due to
Lemma 2.32 and Lemma 3.14, we have

Tup,yp Uk _ _—% Uk _ U
ZO = T,y ZO - BuLyk ZO ’

and by the Peirce rules, it is B, | 20 = 20® (-)1,® (-)1 for all zg € Zy* according
kIR

to the Peirce decomposition with respect to uy. Therefore, Z;'* EBZI’;‘; and Zg”’“’y"' “
intersect trivially, and hence ¢, is one-to-one. The analytic properties of ¢,
proved in Proposition 6.17 transfer immediately to the map ¢(,,). We just note
that the second component of the transition map equals the orthogonal projection
of Z'* EBZlu/’; onto Z;* eBZf;’z“. In particular, this is a linear map, and so the maps @,
form indeed local trivializations of the vector bundle € ;. It remains to show that (i)
finitely many trivializations cover £, and (ii) any two points of £ are contained
in one single trivialization. Both statements follow from Proposition 6.17, since the

base P of the vector bundle & satisfies (i) and (ii). O

~ REMARK 8.15. We notice that £ can also be regarded as quotient manifold
E;=(Z5x2Z)]~ with

(8.33) ((us),2) ~ ((;),2) if and only if (u;) ~ (1), 2 -2 € Zy* .

This is just the restriction of the equivalence relation on [F; to elements with van-
ishing third component. Furthermore, the canonical projection 7 : Z; x Z - &
turns £, into a fiber bundle? with fiber through ((u;),z) given by

[(ui), 2] = (Z)")" x...x(Z{*) x Zg*
where (Z;*)* denote the invertible elements of the unital Jordan algebra Z".
Now we are prepared to describe charts on the Jordan flag variety F ;.

PROPOSITION 8.16. For (u;) € Zy and a€ Z let Ba,(u;) be defined as

(834) ¢a,(ui) =g © P(ui) : Z1/2 X (Zlk ® Zl/];) - F.]

and set Ff]a’(u")) =Im (gbm(ui)). Then Ffla’(“i)) s an open and dense subset of the
connected component of B containing [(u;) : 0: a], and ¢4 (y,) is a diffeomorphism
onto its image. For different (u;), (@;) € Z; and a,a € Z, the transition map is a
birational map, and the Jordan flag variety F ; is indeed a smooth algebraic variety.

4More correctly, each connected component ch Z 7 x Z is a fiber bundle on the corresponding
connected component of £;5. If Z is simple, then Z j x Z is connected.
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PROOF. We consider the case J = (j), i.e. k=1, and investigate the transition
map of ¢q,, and ¢z 5 with v, € Z; and a,a € Z. We have
Ga,u(y,2) = [Tuyu:z:a] and  ¢aa(y,2) = [1ay0:2:a]

for (y,2) € Zuy, x (2 ® 233,) and (§,2) € Zy, x (2} & Z,)). Now, ¢au(y,2) =

¢a,a(y, %) if and only if
Tagl ~ Ba_g, .Tuyu and (z+ ut) =z 4t

for some u' € Z§ and @' € Z{. If By-a, »Tuyu is an element of Ij‘-_‘ and if (z,a—a) is
quasi-invertible, Lemma 3.21 and Claim 1 in the proof of Theorem 8.11 imply that
this is equivalent to

y=2 {(Ba—&,szy“)l/g (Ba_a,ZT%yu)I, 12} and 3=2%9_ (za_&)o ,

where the index (), corresponds to the v-th component of the Peirce decomposi-
tion with respect to @. Therefore we established that the transition map between

ba,u(y,2) and ¢z,a(7,2) is given by
a,u To. a-a a—a
¢a7ﬂ(y7 Z) = (2 {(Baﬂ"z‘,zTu,yu)l/zu (Ba—&,zTu,yu)lv ’LL} y R - (Z )0)
for all (y,z) e U with
U= {(y,z) e Zyy, x (21 @ Z3,)

Zﬂ(Ba—&,zTu,yU) + 0, A (27 a— Z],) ES O} .

We recall that B, g, Tuy = Ba-a,-B,, 4t is anti-holomorphic in (y,z), since y is
taken to be an element of the conjugate of Peirce space 7?/2. Therefore, U the the
non-vanishing set of two complex polynomials, and hence a Zariski-open subset of
7?/2 x(Z} @ 21, Since u and @ are assumed to be elements of the same connected
component of ?j, the intersection Z;' ﬁI;-1 is non-empty, and for generic y € ZI“/2 the
element 7, ,u belongs to this intersection. For such y, we obtain (y,0) € U, so U
is non-empty, and hence U is open and dense subset of 7?/2 x(Z} @ Z}?Z). We also
recall from Lemma 2.16 that
(Ba—(uzTu,yu)I = QﬁT((Ba—&,zTu7yu)l)71 5
where () denotes the inverse of elements in the Jordan algebra ZE. Therefore,

5 indeed defines a birational map from ??/2 x(Zy®Zy),) to ??/2 x (2% @Zl’}g). This

also shows that F;a’u) is an open and dense subset of the connected component of F;
containing [u : 0 : a]. The extension of this proof to the general case J = (j1,...,jr)
is straightforward. One just replaces u, %, y and § by the corresponding tuples
(ui), (@), (y;) and g, the single Frobenius transformation 7, , becomes the chain
Turyr © -+ - © Tus,y;» and in the relations of z, Z, a and a, the involved elements u, 1,
y and gy are decorated with the highest index k. We omit the detailed exposition.
Finally, we prove that F; is a smooth algebraic variety. By Proposition 8.14,
the open and dense subsets IF(Ja) > £ are smooth algebraic varieties. Therefore,
it suffices to show (i) that finitely many of these do cover F;, and (ii) that any
two points of F; are contained in one of these. We claim that (i) and (ii) follow
immediately from the corresponding properties of the Grassmannian G of Z, see
Section 4.1: G admits a cover of the form G = U, G(*) with finitely many ay € Z
and G() = {[z:ay]|z€ Z}. We claim that the same a, suffice to cover F;. Let
[(u;): z:a] be an arbitrary element of F;. Due to the finite covering of G, there
exists an index ¢, such that (z,a — ay) is quasi-invertible. Therefore,

[(ws): 2 a) = [(Bacay,2t:) - 297 s ap) € TS .
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This proves (i). For (i), recall that any finite subset of G is contained in G(®)
for some a € Z. So let {[(uf) : 2z : ag]|¢ = 1,...,N} be any finite subset of F;.
Consider the finite subset® {[z;:a;]|¢ = 1,...,N} in G. Then there exists an
element a € Z such that [z, :a,] € G for all ¢, i.e. (z¢,a¢ — a) is quasi-invertible
for all £. Therefore,

[(uf) S0 aé] = [(Ba[ —a,z, U z) Za[ i ] € FL(IH)
for all ¢. This completes the proof of Proposition 8.16. (|
REMARK 8.17. We note that if Z is simple, then Z], P;, £; and hence F; are
connected, and so all charts defined above are open and dense in the corresponding

varieties. As in the case of the Grassmannian G, some charts are distinguished,
namely those with index a =0. It is

]F(O) {[(uz) z: 0 |(Uz GZJ,ZGZ} EJ
and for fixed (u;) € Z;

IFSO’(M)) _ {[(az) :2:0] —(us)

(i) 19", ze 2} < 74,

(zZ 0 Z).

By density, it often suffices to consider the restriction of maps on [F ; to one of these
subsets.

Vector fields. According to the covering of IF; by the smooth subvarieties ]F( )
a globally defined vector field ¢ on F; can be described by a family of vector ﬁelds
{¢(® laeZ} on E; = IF( ), whereby two vector fields ¢(* and ¢(® are connected
by the differential of the transition map given in (8.31):

C(a) = (LZ)*Q(EL) , and more explicitly, ((a)(X) = (DLZ(X)L ) (“)( (X))
2(us))

The same holds for the covering by the smooth subvarieties IF(a and a corre-

sponding family of vector fields on ?EZ x(Z* e Z “k) Since the transition maps
between these subvarieties are quite complicated, 1t is often more convenient (if
possible) to lift the vector fields to smooth varieties, for which the lifted transition
maps are more simple.

In the following, we regard £ as quotient manifold £€; = (Z; x Z)/ ~ as de-
scribed in Remark 8.15. Let 7 be the canonical projection of Z; x Z onto €. As
also noted in Remark 8.15, this defines a fiber bundle. Since Z; x Z is a subman-
ifold of Z* x Z, the scalar product on Z induces a metric on Z; x Z, and hence
defines a connection on the fiber bundle (Z; x Z,€;,), i.e. a "horizontal distri-
bution’ on Z; x Z: For ((u;),z) € Z; x Z, the fiber through ((u;),z) is given by
[(ui), 2] = (Z7) x...x (Z{"*)* x Z*, so the vertical distribution on Z ; x Z is given
by

T[(ui), 2] = Z)" x ... x Z1* x Z)*
and the horizontal distribution can be taken to be the orthogonal complement of
T[(us), 2] in T(Z; % Z).

Therefore, any section ¢ on £ ; admits a canonical lift to a section f onZyxZ.
Recall from Section 3.2 that an arbitrary lift of a vector field ¢ on &£ is a vector
field C on Z j x Z satisfying the relation Dﬂ'OC Com. Any two lifts Cl, <2 of ¢ just
differ by a wvertical section, i.e. a section (U on Zj x Z satisfying D o Q} =0. In
this case we call Cl and Cg equivalent and write

61“52.

5We stress that this subset depends on the choice of the representatives uf, zp, ap for the
elements [(uf) :zp : ag], but this does not harm the following argument.
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A vector field f on Zjx Z is said to be projectable, if the projection D 0(\,c is
constant along the fibers. In this case,

¢([(ua), 21) = (D), ym)S (), 2))

defines a section on £, and (f is a lift of (. We investigate the conditions on a
family of projectable vector fields® on Z; x Z to define a vector field on the Jordan
flag variety F.

LEMMA 8.18. Let 7 be the canonical projection of ZyxZ onto €, and for
a,a € Z let 1§ be the birational map on Z j x Z described in (8.31). Then, the map

i2:Z53x7Z > ZyxZ, ((u;),2) = ((Ba_aﬁzui),z“_&)

is a birational map, which satisfies wo il =13 om. On its domain, the derivative of
12 in ((u;),z) is given by

Dig((w:),2) = ((Ba-a, - - 2 {a—a, 2, i} +2Qa-q {2, wi, £}), B'1_4%)
where ((1;), %) denotes a tangent vector of Z; x Z in ((u;),z).

PROOF. The map ¢ is obviously birational on Z; x Z, we just have to be
careful about the respective complex structure on Z; and Z. Its domain is given
by the condition that (z,a—-a) is quasi-invertible. The calculation of the derivative
is straightforward, so it remains to prove the relation 7o i = 15 om. On the one
hand we have, due to Lemma 2.32

moid(u,z) = ((ZF“""’Z'”), 2470 Zf“*&’z“k) = ((Ba-a, = Z}1), 2* %+ B}, . Z%) .

z,a—a

On the other hand, we obtain
1 om(u,2) = (Ba-a,=21"), A([2]%)) = ((Ba-g, - 21"), cl((z + Z5*)*™")) .

The first components already coincide, and applying the addition formula to the
second component of 1 o, we get

cl((z+ Zy*)*™%) = 2% + B, 4 (cl((Z5+) 7)) = 2" + BZY, L Z¢*

z,a—a

since by Lemma 2.25, the Peirce space Z;* is invariant under the birational map
2+~ z¥. This finishes the proof of the relation 7o i = 1% o . O

LEMMA 8.19. Let ¢ be a vector field on the Jordan flag variety F;, and let
{¢D|aeZ} be the corresponding family of vector fields on €. For each a € Z let
¢ be a lift of ¢Y) to Z;x Z. Then, the () are related by

(8.35) (W w (12),¢@ e ()~ (Dsa i) ¢ (22(0))
Jor x = ((ug),2) € dom(i%). More explicitly, let () = ((@Ea))y ééa)) denote the
components of (2, and let n=10i2(x) = ((Ba-a,-u;), 2°7%), then

G ((wi),2) = Bila G0 (n)
-2 {d - a, é—éd) (77)7 Ba—d7zui}
+ QQ&—G [{Z7 Us, éﬁa) (77)} - {Qzui; a = &7 {é&) (77)}] mod Zih )

ééa)((ui)vz) = Bz,a—&é.éa) (7]) mod ng .

Conversely, if {f(“) |a e Z} is a family of projectable vector fields on Z ; x Z satis-
Jying (8.35), then the projected vector fields ¢ form a family of vector fields on
&y corresponding to a well-defined vector field { on the Jordan flag variety I ;.

6¢f. Section.
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PROOF. By assumption, each é(a) is related to ¢(*) by Dro é(“) =(@onq,
where 7 denotes the canonical projection of Z; x Z onto €7, and ¢(* is related
to ¢(@ by ¢(@) = (DLZ)C(EL). Due to Lemma 8.18, and using the chain rule, we
therefore obtain

Dro@ = ¢@ o= (D) (C(a) o) = (D) (Dr) {@
= (D(150m)) ¢ = (D(x0if)) ¢ = (Dr) (Dig) (D

Therefore, (A (@) and (DZZ) f (@) differ by a vertical vector field, and hence are equiv-
alent. The explicit formulas are straightforward to derive from Lemma 8.18 and
using the relations

JT35 _ _ _a JT29 -
B(i—a,zaf‘_1 = Baid,z ’ {le a7 B(l—&,zu’ia 1’} == {Zv Us s 1'} - {Qzu’ia a-—a, 1'} .

The converse statement holds, since the same calculation as above yields for the

projected vector fields the relation ¢((®) = (Dbg)d"i), so these vector fields can be
glued together to form a vector field on the Jordan flag variety F ;. O

In the next section we will use Lemma 8.19 to show that certain group actions
(translations), which are originally defined just on the open and dense subset FSO)
of IF 7, can be extended to all of F;.

8.5. Group action

As before, let Z be a phJTS of rank r, let J = (j1, ..., ji) be an increasing family
of integers with 0 < j; < r, and let F; be the corresponding Jordan flag variety of
type J. Furthermore, let G® be the identity component of the automorphism group
of the Grassmannian G(Z). We use the characterization of G via generators and
relations to define a GC-action on the Jordan flag variety F 7, see Section 4.2 for this
characterization of G¢. For each of the following subgroups of G®, we determine
their action on F; and the corresponding representation of their Lie algebras as
vector fields on F;. For the latter, we use the description of vector fields given in
Section 8.4. Let [(u;): z:a] be a fixed element of F .

Structure automorphisms. For h € K€ we define
hi(u;):z:a]l:=[(h"u;):hz:h™"a] .

To show that this is well-defined, we refer to Claim 4 in the proof of Theo-
rem 8.11.7 By abuse of notation, we denote the vector field on F; correspond-
ing to an element & € £€ also by 8. Let 6(*) be the family of vector fields on

Erz IFS(L) defined by §. Since IF‘SO) is KC-invariant, an since this action lifts
to the naturally defined KC-action on Z; x Z, the vector field 6(9 lifts to the

vector field K
6(0)((1@),2) = ((=6"(u;)),6(2)) -

Using the relation [(h;*w;):hiz:h ™ a] = [(Bh;*a,a}htzui) t (hyz)l e a]
for hy = exp(td) with small ¢ € R, and taking the derivative with respect to ¢
yields the general formula:

0 ((us), 2) = ((=6%u; +2{da, 2, u;}), 62— Qud*a) .
Quasi-translations. For w € Z set
to[(ug)rz:a]=[(u) 2 a+w] .
Since in the equivalence relation on Z; x Z x Z the third components just

occur in the difference a — a, the quasi-translations are obviously well-defined.

"Claim 4 covers the case k = 1. For general k, just replace u by (u;).
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For fixed a € Z, we have ,,[(u;) : 2 : a] = [( By, »u;) : 2% : a], and therefore the
one-parameter subgroup fy, induces the (lifted) vector field

w(a)((ui)’ Z) = ((_2 {w7 2, ul})a sz) .
We note that these vector fields are in fact independent of a.

Translations. As in the case of the Grassmannian G(Z), translations are

firstly defined on the open and dense subset IB'F]O) = {[(u;):2:0] € Fs}, and
secondly it is proved that this action extends to all of F;. For v € Z set

ty[(us):2:0]:=[(w;):z+v:0] .

This clearly defines an action of Z on ]F(JO). The one-parameter subgroup ti,
induces on the (lifted) vector field on Z; x Z given by

U(O)((ui),z) =((0),v) .

For the extension of the group action, it suffices to show that the vector field
v(9 extends to a smooth vector field on all of Fy, since F; is compact. Using
Lemma 8.19, we obtain

v(a)((ui),z) = ((2 {a, v, By, u;} +2Qq [{7, wi, v} —{Qru4, a, v}]), Bz,av)

Since all of these vector fields are defined on all of Z ; x Z, Lemma 8.19 implies
that they define a globally defined vector field on F;, which by construction
coincides on ]F(JO) with v(?). Therefore, the action of Z on F(JO) by translations
extends to the whole Jordan flag variety F.

THEOREM 8.20. The actions of structure automorphisms h € K€, quasi-
translations t, and translations t, on F; defined above induce a GC-action on
the Jordan flag variety ¥ ;. Moreover, if Z is simple, then:

(a) The GC-action on T is transitive: For a fized (u;) € Zy and any [(@;) : 2 : a],
we have

[(@;):z:a] =tath[(u;):0:0]
for some h e K€ with h[u;] = [@;] in the Peirce flag variety P.

(b) The stabilizer subgroup of [(u;) : 0: 0] coincides with the parabolic subgroup
P((Cu1 ) defined in Theorem 8.4, which is conjugate to the complexifica-
tion of a real parabolic subgroup Q c G of type J. In particular, the Jordan
flag variety

~ C/pC ~ C 1 C
FreGr /PG,y 2GQ

18 a projective variety.
(¢) On the open and dense subset IF‘SO), we have
9[(us) 0] = [((Dog) i) s g(2) £ 0]
for all g e G€ with g(2) € Z.

PROOF. In view of Theorem 4.6 we have to show first that the actions of h,
and t, satisfy the following relations:

(i) htoh ™ =thy, (i) htuhT =tpee,  (i00) Tty =tew By e .

In the last relation, the pair (v,w) € Z x Z is assumed to be quasi-invertible. It
suffices to prove these relations on the open and dense subset IFSO). The first two
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relations are straightforward to check:
(8.36) htoh ™ [(w;) : z:0] = hty [(R*w;) s h™'2: 0] = h[(h*u;) s h M2+ v: 0]
=[(u;) 12+ hv:0] =tp, [(u;):2:0],
and
(8.37) htwh ™ [(u;):2:0] = Aty [(Rw;) : B 7' 2: 0] = A [ (A u;) : h 7'z w]
=[(wi): 2z h™*w] = th-sy [(u;) 1 2:0] .
The third relation follows by using the addition formula for the quasi-inverse:
(8.38) twty [(u;) :2:0] = [(us) : 2 +v:w]
= [(Bu, z+0ui) s (v+2)": 0]
= [(Buw, vBuw», 2u;) : 0" + B;lw(z(“’u)) :0]
= tva;’lw [(Bwv’ZUi) : (W) ()]
e B, () 25 0]
= tva;)lwfwu [(u;):2z:0].

Therefore, the translations, quasi-translations and the action of K€ on F fit to-
gether to form a GC-action on the Jordan flag variety F;. For (a), we just have to
note that since Z is simple, K© acts transitively on the Peirce flag variety P, and
hence there exists an h € K€ sending [u;] to [@;], and [(u;) : 0:0] to [(@—4):0:0].

To prove (b), let P; denote the stabilizer subgroup of [(u;) : 0:0]. Since F; is
a compact complex algebraic variety, it follows that F; is a complete variety (35,
§10, Thm.2|, and hence Pj is a parabolic subgroup. In addition, this implies that
F; = G/ Py is even a projective variety [39, §28.1.4]. So it remains to determine the
Lie algebra p; of the stabilizer P;, and compare this to the results of Theorem 8.4.
Elements of the Lie algebra g© are uniquely determined by their representation as
vector fields on IF(JO). Such a vector field ((?) is an element of p; if and only if it
vanishes at [(u;) : 0:0]. In the following, we omit the index ()(*), and simply write
¢ =¢®. Due to the decomposition g€ = u” @€ @u*, ¢ decomposes into ¢ = a+0 +b.
As described above, each term lifts to a vector field on Z; x Z, and we obtain

C((@:),2) = (=6 () -2 {a, 2, W:}), Qza+d(z) +b).
Now, ¢ is an element of p; if and only if for all ((a;),2) in [(u;),0], the vector
¢((@),2) is tangent to the fiber [(u;),0], i.e. if and only if

k k
CA((sz),z) € ()( Z;‘) x Zgk forall ((i;),z) € (X(Zf)x) x Zg* .

i=1 i=1
Setting z = 0 immediately implies the necessary conditions b € Zg* and 6*(1u;) € Z}"
for all @; € (Z7")*. By density, the second condition is equivalent to §*(Z}") c Z}".
These two conditions are also sufficient, since for all z € Zj*, the Peirce rules imply
that {a, z, @;} = 0, and for all a, the term Q,a is an element of Z;*. Moreover,
from 6*(Z}"*) c Z{"* it follows by Lemma 8.2 that 6(Z)*) c Zy*. Therefore, we
conclude that

pr=Z @ (u,. .. ,up) ® 22"

with € (ug,...,ug) = {6 c € 6*(Z}") c Z3" for all 2} By Theorem 8.4, this is the
Lie algebra of P(gl and since parabolic subgroups are uniquely determined

----- ug)?

by their Lie algebras, we conclude that Py = P¢

(u1,..
of tripotents (ey,...,ex), which is Peirce equivalent to (uq,...,ux), Theorem 8.4

)’ Furthermore, for any flag
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implies that @ := Ad%k Pj is the complexification of the real parabolic subgroup
Q(er,....exn) € G of type J described in Section 8.1.

Finally, for (c) it suffices to prove the stated relation for the generators of G,
namely t, and £, with (v,w) € Z x Z. For translations t,, we have D.t, = Id, so
there is nothing to prove. The derivative of the quasi-translation £, is given by
D.t, = B-! | and hence we obtain

twl(ui) :2:0] = [(uwi) : 22 w] = [(Bu,zui) : 2" : 0] = [((Datw) us) : fu(2) : 0] .

For an arbitrary element g € G, this relation follows by using the chain rule in the
first component. This completes the proof of Theorem 8.20. O

8.6. Line bundles

As in the case of the Grassmannian G(Z) and the Peirce flag varieties Py,
we define line bundles on the Jordan flag variety F; by the Godement approach
via appropriate cocycles on the equivalence relation. Since the Jordan flag variety
locally looks like a vector bundle on the Peirce flag variety P, it is not astonishing
that these cocycles have similar structure as those used for line bundles on Pj.
However, we note that since cocycles are defined globally, it is not sufficient just to
use the local description.

As before let Z be a phJTS, and let F; be the Jordan flag variety of type
J =1, ). Let Rp, c (Z;x Z x Z)? denote the defining equivalence relation
of F;. Recall from Section 2.9 that any denominator § of the quasi-inverse on Z
defines for each v a denominator of the inverse on the unital Jordan algebra Z7
given by 6%(2) = 6(u' - 2, u) for z € Z. By Proposition 6.12, this induced Jordan
algebra denominator satisfies

(8.39) 5 (ul) = om(a) ™ and 6" ((hu)t) = 6% (ul)
for all Peirce equivalent w, % and h € K.

PROPOSITION 8.21. Let § be a denominator of the quasi-inverse on Z, and
fir Le{1,... k}. Then, the map
(8.40) ¢: Ry, > C* with ¢§§g;§:;g§ =% ((Bg-g, ue)?) .
is a KC-invariant holomorphic cocycle. Let L;,(6) denote the corresponding line
bundle on Fj.

PrOOF. First we note that ¢ does not depend on w;, ; for i # £. Therefore, it
is equivalent to prove that ¢EZ§Z; is a K®-invariant holomorphic cocycle on Foy-
First we note that ¢ does not attain 0, since by assumption, @ is Peirce equivalent to
Bg-a, 2u, so the corresponding Jordan algebra denominator does not vanish. Now
let (u,z,a), (@, Z2,a), (1, 2,a) be pairwise equivalent elements of Z,x 2 xZ. Without
restriction, we assume that (z,a - a) and (Z,a — a) are quasi-invertible, otherwise
replace in the following z and Z by appropriate z + «* and Z + @' according to
the equivalence relation. Therefore, B;_z 4 is an element of K (C, and by (8.39) we
obtain

¢(ﬂ,2,d) . ¢(u,z,a) _ 6“1((Bd_~7

(a,2,a) 7(a,2,a)

z0)") - 0%((Ba-a,-w)")
= §Ba-a28(Gl) " 650550 (By s s Bysa 2u)T)
By equivalence, we have 2 = z“’&, and therefore B;_z 3Bq-a,» = Ba-a,», and using
(2.53), the right hand side becomes ¢EZZZ; This proves the cocycle condition. The

KC-invariance follows immediately from the second equation of (8.39). Finally we
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prove that ¢ is holomorphic. Since % and B,_; .u are Peirce equivalent, Lemma 2.16
yields

(Ba—&,zu)T = Qﬂ(Ba—&,zu)_l .
Therefore, ¢ is holomorphic in a,@ € Z and z € Z. The argument for the holomorphic
dependence is exactly the same as in the proof of Proposition 6.12. We just note
that since 7(5) is taken with the conjugate complex structure, here is no need for
complex conjugation of the cocycle. O

REMARK 8.22. Proposition 8.21 obviously generalizes to any other family of

tensor products of the line bundles £;,(d), i.e. to tensor products of the form
E:E.jl(é)“l ®...®[,jk((5)uk with p; €Z.

The defining cocycles are given by the corresponding products of the cocycles for
the single line bundles £;,(4). In particular, we define
(841) L:]((s) = 5]1(5)®®£jk(5) .
In the next chapter we describe sections in £;(¢) of particular importance in har-
monic analysis.

Homogeneity. Recall from Theorem 3.8 that the line bundle £,,(d) is given
as the quotient manifold of Z; x Z x Z x C by the equivalence relation

[(ui) :z:a]=[(@):2:a],

N = 8 (Bus u)') .

The elements of £;,(6) are denoted by [(u;),z,a,A]. Let m denote the canonical
projection of £;,(4) onto the Jordan flag variety F;. Since the defining cocycle is
KC-invariant,

(8.42) h[(u;), 2,0, A] = [(h*w;), hz,h™*a,\] for heK®

defines a K-action on £;,(§) such that 7 is KC-equivariant. We claim that this

extends to a GC-action on £;,(§) which turns £;,(6) into a GE-homogeneous line
bundle on F;. For (v,w) € Z x Z set

((ui)7z7a7)‘) ~ ((ai)>évd’5‘) - {

(843) tv[(ui)azvoa )‘] = [(ul)az + ’l),O,)\] )
and
(8.44) twl(u), z,a,A] = [(us), z,a +w, \] .

As in the definition of the G®-action on F, the translations t, are defined just on
an open and dense subset of £;,(5), namely 7! (IFSO)) = IFSO) x C, and by the same
method as above one shows that the translations extend to all of £,;,(6): The vector
field on ]FSO) x C which is induced by the 1-parameter subgroup (t4)-er lifts to a
vector field ¢(°) on Z ;x Zx Z xC. Using extensions of Lemma 8.18 and Lemma 8.19
with®
i8:ZyxZxC->ZyxZxC, ((u;),2,\) = ((Baa,2ui), 2" % \)

the vector field ¢(©) defines a family of smooth vector fields {C(“) ’a € ?} on Zj x
Z xC. Since i2 acts identically on the fiber coordinate, these vector fields essentially
coincide with the ones in the discussion of translations on IF ;. Therefore, they define
a complete vector field on £, (9), which extends the action of the translation to all
of £;,(8). It remains to show that the KC-action, the translations and the quasi-
translations fit together to build a GC-action on £;,(6), i.e. h, t, and %, satisfy

(i) htoh ™ =thy, (i) htehT =thew,  (id0) Tty =tew B e .

8Since §Ba-a,zt%e ((Ba—a, Z’U,Z)T) =1, the transition map 7 does not change the fiber.
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It suffices to prove these relations on the open and dense subset IE‘SO) xCcL;,(9).
The first two relations are proved in exactly the same way as (8.36) and (8.37)
above. The crucial relation is the third one, since here the equivalence relation is
used. However, from (8.39) it follows

[(ui)vzvau )\] = [(Ba—&,zui)vza_avdaé‘Baia'zue((Ba—&,zul)T) : )\]
= [(Ba—&,zui)azaiavda)‘] .

Therefore, also the third relation is proved by the same calculation as in (8.38).
This finally proves the G®-homogeneity of the line bundle £;,(§). We summarize:

PROPOSITION 8.23. The KC-action (8.42), the translation (8.43) and the
quasi-translation (8.44) define a GC-action on the line bundle L£;,(5) which turns
L;,(8) into a GE-homogeneous line bundle on F;. On the open and dense subset

W_I(IFSO)) c L;,(8), the GE-action is given by

gl(ui),2,0,A] = [((D29)*us), g(2), 0, A]
for all g € G© with g(2) € Z.

REMARK 8.24. We note that the defining cocycle of the line bundle £;, ()
is not GC-invariant, since there is no GC-action on the set Z; x Z x Z. Again,
Proposition 8.23 immediately generalizes to tensor products of the line bundles
L;,(5). In particular, £;(5) is a G®-homogeneous line bundle.

Projective imbedding. In the case of the Grassmannian G(Z) and the Peirce
flag varieties Py, suitable line bundles are used to define imbeddings of G(Z) and
P; into some projective space, cf. Theorem 4.4 and Theorem 6.20. It turns out
that the line bundle £;(d) defined in (8.41) is not ample enough to define such
an imbedding for the Jordan flag variety F;. In the same way as for the Peirce
flag variety, the line bundle £;(4) defines a morphism of F; into some projective
space. However, this morphism fails to be injective: loosely speaking, the single line
bundle £,(0) just take care for the injectivity corresponding to the u,-coordinate,
but different (z,a)-coordinates are not separated. Therefore, we still need to tensor
L;(6) with an additional line bundle £'(§), which should be closely related to
the line bundle L5 defined on the Grassmannian G(Z). So far, we failed in the
construction of a corresponding cocycle — except from the case rk(Z) € J, where
the map [(u;), z,a] = [z : a] is a well-defined fibration of F; over G(Z), and hence
L'(4) is defined as the pull-back of Ls. For the general situation, this remains an
open problem.

OPEN PROBLEM. Define a line bundle L' (§) on F; corresponding to the line
bundle Ls on G(Z) defined in Section 4.1, such that L;(0) ® L'(0) is very ample.



CHAPTER 9

Determinant functions

In 1996/97, L. Barchini, S.G. Gindikin and H.W. Wong published two papers
on certain ’determinant functions’ on the full flag manifold, which have both geo-
metric and representation theoretic importance [3, 4]. In Section 9.1, we briefly
recall the basic definition of these determinant functions together with a first geo-
metric application. Section 9.2 provides a Jordan theoretic account on determinant
functions. We introduce so called Jordan determinant functions which are defined
using the Godement approach in line bundles. In Section 9.3, we give a first com-
parison of the determinant functions of Barchini-Gindikin-Wong with the Jordan
determinant functions.

9.1. Determinant functions of Barchini-Gindikin-Wong

This section is a review of the construction and the geometric interpretation of
the determinant functions introduced by L. Barchini, S.G. Gindikin and H.-W. Wong
[3, 4]. We modify the notation such that it fits into the notation used so far. For
fixed r,s e N and n =7+ s let X be the manifold of complete flags in C",

(9.1) X={U1c...cUy1cU,=C"|dimU; =i for all i} ,
and let Y be the manifold of disjoint subspaces V, W in C" of dimension r and s,
(9.2) Y={(V,W)cC"xC"|dimV =r, dmW =s, Ve W =C"} .

Elements of X are abbreviated by (U;) = (Uy,...,U,). We consider the following
semisimple Lie groups: G = SU(r, s) with maximal compact subgroup K = S(U(r) x
U(s)), and let

(9.3) GE=SL(r+s), K®=S(GL(r)xGL(s))

be their complexifications. Furthermore, let B denote the Borel subgroup of G
consisting of all upper triangular matrices in C™*" of determinant 1, then we have

(9.4) X=G%B and Y =G%/K°.

Indeed, the natural GC-action on C™ given by (g,z) + gz extends to a transitive
action on X and Y, and if eq,...,e, denotes the canonical basis of C" the flag
(Uy,...,Uy) with U; = (eq,...,e;) is stabilized by B, and the disjoint subspaces

(9.5) Vo, Wo) = ({e1y--ser), (Erstse--srrs))

are stabilized by KC.

The determinant functions D; are defined on the product manifold X x Y. It
is noted in [4, Remark 2.2| that these functions’ are in fact sections of suitable line
bundles on X x Y. For the definition, we need two operators on subspaces of C".

135
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For any two subspaces U, V in C" let

Unv e UnV | if U and V intersect transversely, i.e. U +V =C",
"~ {0} , otherwise.

TUV = UeV ,if U and V intersect trivially, i.e. UnV ={0},
" {0} , otherwise.

We note that in [3, 4], subspaces of C" are represented due to the Pliicker imbedding
by elements in the projective space of the exterior algebra A®*C™. Then, N and U
are defined using the star operator, the wedge product and the interior product of
alternating forms. More precisely, if U and V correspond to the forms w and 6,
then wn@ = ¢(*w)f and wu @ = w A6, where ¢() denotes the interior product on
the exterior algebra. Furthermore, we can identify a form w of top degree with a
scalar [w], by comparing it to the standard top form on C" given by e; A ... A e,.
For forms of lower degree, we have [w] = 0. Above, we reviewed the geometric
interpretations of M and u, and having the correspondence between a subspace U
and an appropriate alternating form w in mind, we also set [U] = [w]. Therefore,
[U] =0 if and only if dimU < n.

The Barchini-Gindikin-Wong determinant functions Dj;, j = 0,...,r, are de-
fined on the product X x Y as follows:
[UsuV] ,if 7=0,
(9.6) D;((U:), (VW) = [(Upy nW)LU; V] L ifl<j<r—1,
(U, uW] L if j =

In addition, let (Vp,Wy) € Y be as in (9.5), and define the restricted determinant
functions D;») on X by
(9.7) D?((Ui)):: D;((Uy), (Vo, W) -

REMARK 9.1. We note that the determinant function D; just depends on the
subspaces U;, U,—j, V and W. Therefore, D; can also be considered as a function
on Grg;,—j) xY. In the same way, the restricted determinant function ’D? can be
regarded as a function on Gr; ;).

For the geometric interpretation of the restricted determinant functions, we
define the following subsets of X: for 0 < j <7,

X7 = {(U) [ DL ((U2)) # 0if £ j, DI ((U)) = 0}
and for j =0 and j =r,
Xy = {(U:) | Dy ((Uy)) # 0 if £> 0, Dy ((U;)) =0, [Usy Vo] %0},

X2 = {(U) | D{((Us)) #0if £ <7, DY((U;)) =0, [Up—y uWo] #0, [Upsr nWo] #0} .
With these definitions, Barchini-Gindikin-Wong have proved the following re-
sult on KC-orbits on X of codimension at most one [3, §1-4].
PROPOSITION 9.2. Let X and D? be as defined above, then:

(a) The vanishing sets of the determinant functions are KC-invariant.
(b) The set
X ={(U;) e X|DJ((U;)) # 0 for all j}
is the unique open KC-orbit in X,
(c) There are exactly r + 1 codimensional one K€-orbits in X. They are X]Q.

(d) The Zariski closure X; of XJQ is the set {(UZ) € X’D?((Ui)) = 0},
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9.2. Jordan theoretic determinant functions

Let Z be a phJTS of rank r, and let F; be the Jordan flag variety of type
J = (j1,.--,7k). Recall from Section 8.6 that each denominator § of the quasi-
inverse on Z defines a series of G®-homogeneous line bundles £;,(8), 1 < £ <k, on
F; which are given as the quotient manifold of Z; x Z x Z x C by the equivalence
relation?

()26 0) ~ (@),2.6. %) ~[(uz)~ zicl=[(@):2:¢],
A=6"((Beg,ue)") - A

Now, we introduce naturally defined sections of these line bundles, which turn out
to generalize the Barchini-Gindikin-Wong determinant functions D]O- defined in the
last section.

PROPOSITION 9.3. Let § be a denominator of the pseudo-inverse on Z, let
J=(j1,---,Jk) and fized £ € {1,...,k}. The map

D?/{ Fr— Ejz(é)a [(ul) PR C] g [(ui)7 Z; Gy 61”(2_ ch)]

is a holomorphic K©-equivariant section on Fj, called the restricted j,-th Jordan
determinant function on IF;. The vanishing set of D?ﬂ is independent of the choice
of the denominator §.

ProoOF. Without restriction we assume J = (j;) and set j = jy, u = ug. Due
to Proposition 3.12, we first have to show that the map d(u,z,¢) = §*(z - Q.c)
satisfies for all [u:z:¢] = [@: Z: ¢] the relation
5(i1,%,6) = o7 6 (u,z,¢) with  ¢{eZ) = 67((Beoz 2u)') .

We note that the Peirce rules imply that 6%(z - Q.c) does not depend on the Zj-
component of z. Therefore, we assume without restriction that (z,c - ¢) is quasi-
invertible and Z = 2°7¢, otherwise replace in the following z and Z by appropriate
z+ut and Z + @' according to the equivalence relation on F(;y. Due to Lemma 2.35
and using JT28, we obtain

5“(2—@20) 5Bcczu( ) 5Bcczu(z_QZ )
= 6"((Beg,zu)") - 0" (Bs, c-2(2 - Qz¢))
= 6%((Bez, su)") - 0“(B:, =22 "¢ = B, c-eQe-c¢)
= 0"((Be-z,»w)") - 6" (2 - Q2 (c- &) - Q.7)
= Jﬂ((Bc,g,Zu) )-5“(Z—ch) .

Therefore, D?Z is a well-defined section in £;,(6). The K C_equivariance follows
from

6(h™*u,hz,h™"¢c) = 6h7*“(hz - Qu.h"c) = 5"(h_1(hz - hQZc)) =6(u,z,c¢)
and the definition of the K®-action on £;,(§) given in (8.42). To prove that DY, is
holomorphic, we first note that D?Z is real analytic, since
(98) o (uy2,¢) = 6(u’ - (2 - Qzc), ),

and the pseudo-inverse map is real analytic. Therefore, it suffices to show that D?l
is holomorphic in each of the variables (u, z,c) separately. Equation (9.8) implies
holomorphy for z € Z and ¢ € Z. Concerning the u-coordinate, we recall from

n preparation for Theorem 9.5, we change the symbol used so far for the elements of Z and
write [(u;) : 2z : ¢] instead of [(u;) : 2 : a] for an element of the Jordan flag variety F ;.
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Proposition 3.12 that it is sufficient to show holomorphy of (9.8) along a transversal
covering of F(;y. Therefore, we just have to show that the map 7(¢.(¥), 2, c) with

Pu :7?/2 g ?ja Yy Tu,y(u) = By,—uTu .
is holomorphic in y € 7?/2. By Lemma 2.35, we obtain

6(pu(y). 2 ) = 651" (2 = Que) = 6" (BLys o (2 - Qa0)) .

This term is indeed holomorphic in y € 7?/2. Finally, the independence of the

vanishing set of D(J? , follows by the same argument as in the proof of Proposition 5.4.
This completes the proof. O

REMARK 9.4. We note that the restricted Jordan determinant function D?ﬂ it-
self depends on the choice of a denominator 6. However, since we are just interested
in the vanishing set of DJQZ7 which is independent of §, we prefer not to refer to ¢ in
the notation for the restricted Jordan determinant function. In addition, we note
that since the fiber coordinate of D?e just depends on (uy, z, ¢), it is also possible to

consider D?{ just as well as a section on the Jordan flag variety F(;,y of type (je).

We note that D? , is not GC-equivariant. Next we extend the Jordan determi-
nant functions to sections on the product manifold (GxG)xF 7, where GxG denotes
the complexification of the Grassmannian G, which we discussed in Chapter 5.

As in Section 5.2, let L5 be the standard line bundle on G defined by the
denominator 4, and let ﬁgl denote its corresponding inverse bundle defined by

[z,a,\] = [z, &, 6(z,a—a) " \].

Furthermore, we note that the line bundles on G, G and F; can be pulled back to

line bundle on the product (G x G) xF ;. Let L5! Cigl L;,(8) denote the tensor
product of the corresponding pull-back bundles. Recall from Proposition 5.4 that

(99) 3((,a), (y,0)) = 6(,b) 8(a", ") 6(y, )
with (z,a) € ZxZ and (y,b) € Zx Z is a complex polynomial function on (Z x 7)) x
(Z x Z), which defines a section & of £5' ® £5! on G x G.

THEOREM 9.5. Let 6 be a denominator of the quasi-inverse on Z, let & be as
n (9.9), and fiz £ € {1,...,k}. Then,

(a) For (z,a)e ZxZ, (y,b) e ZxZ and ((u;),z,¢c) e Zyx Z x Z set

Dy (), (40, (1), %.¢)) =
=5((2,a), (y,b)) - 5= (_(xa ~ ZC)((yb)(ZC>)) |

Then, sz depends (complex) polynomially on x,b,z € Z, a,c,y € Z.
(b) The map D, :GxGxF; - L5! 75’1& L;,(8) given by

Djz([€]7 [77]7 [X]) = [57777)(3 ﬁjz (fﬂLX)]

1s a holomorphic section, called the jy-th Jordan determinant function on
F;. Moreover, D;, coincides in the restriction to [0:0] x[0:0] xF; with
the restricted Jordan determinant function D?@.

(c) On the open and dense subset G(® x G(®) x IFSO) » 7 x Z x €z, the section
D;, is given by the map

(2.9 [(w),2]) = 8(a.y) - " (~(@ = )*7) .
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(d) The wanishing set of D, is GC-invariant and independent of choice of
the denominator. Moreover, if §(x,y) = Det B, ,, then Dj, is a G®-
equivariant section.

ProoF. Without restriction we assume J = (j;) and set j = j¢, u = up. For (a),
we first note that D is rational in the variables z,2,b € Z and a,c,y € Z. In the
following, we transform D into different expressions, each of which shows that D
is actually polynomially in (z,a), in (y,b), and in (z,c), respectively. This is the
same procedure as in the proof of Proposition 5.4. The addition formula for the
quasi-inverse yields the relation

(9.10) (u=0)"") = By, p(u® —v®)
for all u,v € Z and w € Z with quasi-invertible (u,w) and (v,w). Therefore,

D; =5((x,a), (9,0)) - 8% (Boe o ()" - (29) 1))

— b
= 3((.a). (1:6)) -7 (= Quet = Bue o ((#)1))
Since §8¢=%(v) = §%(B,,v), we obtain by using JT28 and JT33
6520 = Quey’ = Bue yp ((2")W)) =% (2 - Qe = Qut = Bey ey (#)W)) -
Therefore, Dj depends polynomially on (z,¢) € Z x Z. We also note that this
expression (and hence DJ)) does not depend on the Z{-component of z. Next, we
apply the relation 6%(v) = ¢ (uT -, u), the addition formula for the denominator &,
and the identity ¢ (z, By, 4y) = 6 (By, v, y), cf. Lemma 2.23. Using the abbreviation
w=u" -2+ Q.c+Q.y, this yields
D- = 3((x a),(y,b)) -6 (uJr -2+Q.c+ szb + Bz7c+yb((aca)(yb)),u)

_6(("1j a (y7b)) 6(Bz ct+yb a)(yb)),uw)'é(w’u)

=3((w,a), (1,0)) -6 (@)Y, Beyyp ou™) -6 (w, u)

=0 (y,b) - 5(95 a+yb+BC+y LU w)~6(w,u) .
This expression is polynomial in (x,a) € Z x Z. Finally, we apply to the original
definition of D; the symmetry formula for the quasi-inverse, the relation §%(v) =

) (uT -, u), and the identity & (Q,u,w) = § (Quw,u). Setting w = (B, ,u) +x%-2°,
we obtain

i =0((z,a), (1,b) - 85" (~(2 = 2°) = Qua—se ("))
5((z,a), (4,0)) - 8 (B, 2u)t + 2% = 2 + Qua_se (")), By, .u)
(2,a), (4,0)) - 0 (Quo—ze (¥*)), (B, 2u)") - 8 (w, Be, »u)

(Jj, Cl), (ya b)) : 5 (QQ}D‘—ZC (Bc,zu)w7 (yb)(ra)) : 5 (w, BC, Zu)
(z,a0) -0 (b+ 2" + Qgaze(Be, ,u)",y) - 6 (w, Be, ,u) .

&
o
=)

Therefore, Dj also depends polynomially on (y,b) € Z x Z. To prove (b), we have
to show that D; transforms according to

Dy (@), (3:1): (8:5:0) = 8 (v =) -3 (b= Byy) 8" (Bes. o))
ﬁj((.ﬁ,a), (yvb)a (U,Z,C))

forall [z:a]=[F:a], [y:b] =[§:b], [u:z: ] =[u:Zz:¢]. The first two factors
emerge from the transformation properties of 8, and since the argument of §%¢ = (.)
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is independent of the choice of representatives, it suffices to note that
5Bc,zu(v) — 5B5,Zcfchfa,ZU(v)
= 536‘5*2“(3%75,5@)
= 6%((Boez,u)') " 6%(Bs, av)
= 6% ((Begcu)T) 07450 (0)

Here, we assumed that (z,c—¢) is quasi-invertible and Z = 2°7¢, otherwise replace? z
and Z by appropriate z +u* and zZ+a" according to the equivalence relation on Fy-
We conclude that D, is a well-defined section in £5! Tgl L;(6). Furthermore,
due to (a), ﬁj is holomorphic in the variables x,b,z € Z, a,c,y € Z, and since the
pseudo-inverse map is real analytic, Bj is also real analytic in the u-variable. By
the same argument as in the proof of Proposition 9.3, it follows that ﬁj is in fact
holomorphic along the restriction of the u-variable to a transversal covering of F ;.
Then by Proposition 3.12, it follows that D; is a holomorphic section. In addition,
since

D;((0,0),(0,0), (u, z,¢)) = §7=4(2°) = 6"(B;,e2°) = 6"(2 - Qz¢)

the restriction of D; to [0: 0]x [0:0]xF coincides with D}. This proves (b). Part
(c) is proved just by setting a, b and ¢ equal to zero. To prove (d), we first note
that the same argument as in the proof of Proposition 5.4 shows that for different
denominators d, ¢’, the vanishing sets of D; and Dg- coincide. Therefore, it suffices
to show the GC-equivariance of D; in the case of 6(x,y) = Det B, ,,. Moreover, it
suffices to consider the action of the generators t, and ,, of GC for (v,w) e ZxZ
on the open and dense subset Z x Z x E(j) c G xG xF;. We have

ty([z:0],[y:0],[u:2:0])=([z+v:0],[y:-v],[u:z+v:0]),
b ([2:0],[y: 0], [u:2:0]) = ([z:w], [y-v:0], [u: z:w])

and therefore obtain for the fiber coordinate of D; o t, the term
oPo st (~((w +v) - (24 v))w’”’)‘“”)) =5 (<@ - 2) V) 2 5 (- )W)
Using relation (9.10) twice, the fiber coordinate of D; o, determines to

e (= = ) ) 2 5 (B By - (1))
=0%(=B:,y (3" - 2))
= 6“(—(95 - z)(yz)) .

Recall from (4.27), (8.43), (8.44) that the translation ¢, and the quasi-translation
t,, act identically on the fiber coordinate. Thus we conclude that Djot, =t, 0D
and D; o tw =ty © D;, hence D; is G‘C—equivariant. O

REMARK 9.6. As in Remark 9.4, we note that the Jordan determinant function
depends on the choice of a denominator §, but since we are just interested in the
vanishing set of Dj,, we omit a corresponding additional label. Furthermore, since
the fiber coordinate of D;, does not depend on u; for i # ¢, so it is possible to

consider D, just as well as a section on the product G x G x F(j,.

2As noted above, ﬁj is independent of the Z'-component of z, so this replacement is indeed
well-behaved.
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9.3. Comparison of the determinant functions

In this section, we consider the matrix case Z = C"™* and compare the Jordan
determinant functions D; with the determinant functions D; of Barchini-Gindikin-
Wong, which are defined in Section 9.1. First, we have to identify the domains of
these functions. Due to Remark 9.6, D; is a section on G x G x F( ), and in the
matrix case this can be identified with Grg(C™) x Gr,(C") xGr; ,,—;(C™) for n = r+s
via the isomorphism (cf. Example 4.9 and Section 8.2)

([z:a],[y:b],[u:2:¢c]) = (Ex,aa Eyby (Uu,zes Ul;,z,(}))

_ T 1-by”
ree (o)) ra ()
1-c2*) \*
Uuzc:<( Z* )U*>a Uvizc:<( _Cx-Z )u>
= 1-c*z % -z

The Barchini-Gindikin-Wong determinant functions D; can be considered as func-
tions on Gr; ,—;(C") x Y, where

Y ={(V,IW)cC"xC"|dimV =r, dimW =s, Ve W =C"} = G°/K®
with G = SL(7 + s) and K€ = S(GL(r) x GL(s)). By Theorem 5.12, Y can be
identified with the open and dense GC-orbit Oy c G x G. We use the imbedding
Y = Gry,(C") x Gr,.(C™), (V,W) = (VH, W)
to identify Y with Oy. In this way, we obtain for Vj = C" x {0} and Wy =
{0}"% x C® the identification
Vs (o 0) > ((£), (%)) = (Boo. Foo) = (10:01,[0:0]) € GG

With these identifications, the main problem in the comparison of the Jordan de-
terminant functions with the Barchini-Gindikin-Wong determinant functions is to
show that

D;([z:a],[y:b],[u:z:c]) =0 < Dj((Uuzc, Uy o), (Bro  Fip)) =0

for all (([z:a],[y:0]),[u:z:a])eOyxF(; andall j=0,...,7. We note that this
comparison is independent of the choice of the denominator § used for the definition
of the Jordan determinant functions since by Theorem 9.5, the vanishing set of D
is independent of the choice of 4. We finish this thesis with the proof of a restricted
version of this comparison.

with

and

PROPOSITION 9.7. For 0 < j < r, the restricted Jordan determinant func-
tion D? vanishes in [u: z: 0] if and only if the restricted Barchini-Gindikin- Wong
determinant function D? vanishes in (Uy,z0,U,, . 0)-

PRrROOF. As denominator of the quasi-inverse we choose the Jordan triple de-
terminant, which is given in the matrix case by A (z,y) = det(1 - zy*). Therefore,
D?([u : 2:0]) vanishes if and only if A*(z) = A (uT - z,u) = det(1 - ulu* + zu*)
vanishes. Due to the KC-invariance, we may assume that v and z are given by

_ ]-j 0 _ « 5
)09
In this case, we have u' = u, and thus obtain

(07

(9.11) A%(2) :det(o 10_.) ~ det(a) .
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This is the term describing the restricted Jordan determinant function and must
be compared to [(U,, , o1 Wo) U U, - 0u Vo] as in (9.6) with

u

a{(5)) {8 een{() ) ()

We first determine U, .o U Vy. We have U, ,0nVp = {0}, since for v e U, ,0nVp
there exist £,n € C" with
_[zu"E) _(n
() 6)

which implies ©*¢ =0, 7 =0 and hence v = 0. Therefore,

1, 0
1, zu* 1, 0 -
(9.12) Uu,z,ouVO:Uu7Z70€B%:<(O o )>:<(0 u)):( 0 1, ) :

Before we determine Uy, , , 1 Wy, we claim that

(9.13) Up.zo = ((_1;*) u>l = <(125 L _OUTU*)> .

Indeed, the relation Q,u' = u for the pseudo-inverse implies v*u'u* = u*, and hence

_ayTa*
(’U,* _u*z)(fs 1r OU’LL ):(0 0)7

which shows the inclusion ">" of (9.13). The converse inclusion follows from the

comparison of the dimensions: Since 1, — ufu* = (8 17(,)7j ), the dimension of the
vector space on the left hand side of (9.13) is s+7—j = n—j and therefore coincides

with the dimension of U}, , ;. We conclude that

«Q 0 a
,  ly 6 o [\ Jlo o 1.
(914) u’z’0_< 1j 0 O O - 1j O 0 ’
1,., 0 0 0 1, 0

We now turn to the calculation of Uj, , o m Wy. It follows immediately form (9.13)
that U}, , o+ Wo = C™ if and only if the matrix (o ) € C7** is of maximal rank. In
this case,

0
U{L,Z,O m WO = U;,Z70 N WO = {(5)

¢ € C® such that (« B)¢ = O} = (ker((())z ,6’)) .

Since (a ) is of maximal rank, this is an (s — j)-dimensional subspace. Let
&1,...,&—; be a basis of ker(a §), and set

(:;) = (51’ el fs_j) eC06) with gy e C¥6) | gy e Cl)X(0)

Then, if (« 3) is of maximal rank,

0
U’L’L,Z,O I_IWO = < K1 ) .
R2
Connecting this with (9.12), we conclude that (U, , (nWo)uU, . ouVp is a subspace
of at most dimension n, and
1, 0 0
D) (Uu20,Up20) = [(Us o mMWo) U Uy ou Vol =det| 0 15 ky | =det(k2) ,
0 0 Ko
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where = denotes equality up to multiplication by a non-zero scalar. Therefore, in
the comparison with (9.11), it remains to show that

(a B) is of maximal rank,

and det(rz2) #0.

Assume first that det(«) # 0, i.e. « is invertible. Then (a 8) is of maximal rank,

and the columns of (:::) with k] = —a™'8 and k) = 1,_; form a basis of ker(a f3).
Since ky = rhg for some invertible g € C=9)*(=7) " this implies that det(ks) is
non-vanishing. Conversely, assume that (o ) is of maximal rank and det(x2) # 0.
If an = 0 for some 7 € C7, then () is an element of the kernel of (o 3). Since
the columns of (/) form a basis of this kernel, there exists an element ¢ € C*™
such that n = k1 and 0 = k2. The invertibility of ko now implies that ( =0, and
hence 1 = 0. Therefore, the map n ~ an is injective, and by finite dimensionality
we conclude that « is invertible. (]

det(a) # 0 if and only if {

REMARK 9.8. We note that a comparison of the non-restricted Barchini-Gindikin-
Wong determinant functions D; with the non-restricted Jordan determinant func-
tions D; might be obtained in the following way:

(1) Extend the result of Proposition 9.7 to a comparison of DY and DY on all of
F; 2 Gr; ,—;(C™). This might be done either by similar arguments as above
for elements [u: z:¢] with non-vanishing ¢, or by determining an explicit
formula for D? using the original definition of D? by alternating forms, and
comparing this formula with A"(z - Q.2).

(2) Show that the vanishing set of D; is GC-invariant. In this case, the corre-
spondence of the vanishing sets of D; and D; follow from (1), since G© acts
transitively on Y.

An alternative approach to (1) is to investigate the K C-orbit structure of the Jordan
flag variety, and to prove a result on the connection of codimension one orbits and
the vanishing sets of D(; similar to the result of Proposition 9.2. This is prospective
work.
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APPENDIX A

List of identities for Jordan triple systems

Let Z be a Jordan triple system with triple product
{7 ) }:ZX?XZ_)Z7 (x7y7Z) = {x7 y? Z} .

We set!
r0y:Z~>7Z, 2z {2y, 2} (box operator),
Qu:Z—Z, yw{z,y, z} (quadratic map),
Qe Z~Zyy={z,y, 2},
By y=1d2z0y+Q,Qy (Bergman operator),
z¥ = B;,ly(fc - Qzy) (quasi-inverse).

Then the following identities hold:?

JT1 (z0y)Qz =Q.(y0x),

JT2 (Qzy) Dy =z0(Qyz) ,

T3 QQ.y = Q2QyQx ,

T4 (209Y)Qu = Qu.Q.y »

JT5 2Q:(y02) + Qo(y02) =2Qu (a,y,2) + @2.Quy = 2(20Y)Qaz + (209)Qx
JT6  220{y,z, 2} +Q.Qy-.=2(z02)(z0y) +QuyOz=2(z0y)(zDz)+Qz0Yy,
JT7  2{z,y, 2} 0y=20(Qyz) +20(Qyz2) ,

JT8  2z0{y,z, 2} =(Q.y)0z+ (Q.2) 0y,

JT9  2(z0y)(20Y) = Qu,2Qy + 20 (Qy2) ,

JT1I0 2Q,.(y0Ox)=Qq,y-+(20¥)Qx ,

JTI1 2(20Y)Qu,z = QQ.y.» + Qu(yD02) ,

JT12 (209)Q.+Q.(y0) =2Q; (4,4, -

JT13 2(zoy)(202) = (Quy) Dz + QeQy z »

IT14 Az, y, {u, v, 2}} —{u, v, {z, y, 2}} = {{=z, y, v}, v, 2} —{u, {y, z, v}, 2},
JT15 [zoy,uov]={z,y,u}0v-ud{y, z, v},

JT16 {{z,y,u}, v, 2} —{u, {y, =, v}, 2} = {z, {v, u, v}, 2} - {{u, v, 2}, y, 2},

'We note that there are (at least) two different conventions concerning these operators. We
follow the convention based on the polarization formula Qg = %(Q;Hy - Qz — Qy). Omitting the
factor % in this formula yields the other convention perfered e.g. by O. Loos |27, 28]|.

2This is an adaption of the list of identities given in [28]. According to the different polar-
ization formula, we replace the operator D(z,y) by 2-x Oy, the operator Q(z,y) by 2- Q4,4 and
finally {zyz} by 2-{z, y, z}. All other operators remain unchanged.
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JT17 ((Quy) 02)Qu = Qu(y 0 (Qr2)) ,
JT18 2((Qzy) 02)(z0y) = QeQy(r02) + 20 (QyQa2) ,
IJT19 Qq.y,2(x,y,2) = QaQyQu,: + Qu,:QyQaz
IJT20 Qa(z,y,2) +2QQ.y.Q.y = Q2QyQ: + Q:QyQz +4 Q2 2QyQu -
IT21 Qo qa,y, 2y +2QQ.Q,z: = QuQyQ: + Q:QyQ: +4(z0y)Q:(y D) ,
IT22 QQ,qQ,= 2(x,4,2) = Qu@yQ:(y0z) + (2 0Y)Q.QyQx ,
JT23 By Qo = QuBy,2 = Quo-q.y -
JT24 Bq,y.y = Bz,Qye = Bz,yBe,—y ,
JT25 Bﬁyy = Bow-Quy,y = Bz, 2y-Q,x
JT26 @B, ,» =B yQ:By s
JT27 @B, ,z,0-Q.y = Be.y(Qaz = (209)Qa) = (Qu,z ~ Qu(y02))By.a
JT28 Bu yQuv = QuvBy o = Qu s
JT29 By yQuv,»+ Qu(y02) = Quv,2By o + (20Y)Qz = Qa2
JT30 B, ,(2Y02)=202-Q:Qy.- ,
JT31 (209")By,z=202-Qy.Qs,
JT32 2Yo(y-Qyr) =(z-Q.y)0y" =z0y,
JT33 B. yBuv,» = By, y+z »
JT34 B, 2vBy o+ =Byiz,z
JT35 B;}y =Byv,_y=B_g y= .
Furthermore, the quasi-inverse satisfies
Symmetry formula
2% =2+ Q,(w¥),
Shifting formule
Qu(29) = (Qu2)"
By, (280 ) = (By,0z)"
Addition formule
LU 2 (w)

(z+u)¥=2"+ B;}w(u(wz)) .



APPENDIX B

Deutsche Zusammenfassung

Die geometrische Realisierung von irreduziblen unitéaren Darstellungen von Lie-
gruppen durch symmetrische bzw. homogene Réume ist eine der grundlegenden
Aufgaben der harmonischen Analysis. Im Fall von nilpotenten Liegruppen liefert
Kirillovs Orbitmethode eine geometrische Realisierung der irreduziblen unitédren
Darstellungen auf koadjungierten Orbits [21], und fiir kompakte Liegruppen erhélt
man geméfs der Borel-Weil-Bott Theorie eine eineindeutige Beziehung zwischen dem
unitéren Dual und gewissen Geradenbiindeln auf entsprechenden Fahnenmannigfal-
tigkeiten [11]. Gegenstand diese Arbeit ist die Untersuchung von Orbitstrukturen,
die durch halbeinfache, nicht kompakte Liegruppen hervorgerufen werden. Es ist
wohlbekannt, dass in diesem allgemeinen Rahmen die Orbitmethode wesentlich er-
weitert werden muss, und dass hierbei noch einiges ungeklart ist. Eine allgemei-
ne Konstruktion von Orbits und den zugehorigen Darstellungen stammt z.B. von
J. Wolf (partiell holomorphe Kohomologie), allerdings rein im Rahmen der Lie-
theorie, die eher eine abstrakt-geometrische Realisierung liefert als eine konkre-
te Beschreibung der zugrundeliegenden Geometrie. Nur wenige Fille sind explizit
ausgearbeitet.

Im hermiteschen Fall, d.h. fiir die Automorphismengruppe G = Aut(D) eines
beschrinkten symmetrischen Gebietes D ¢ CV, gibt die Borel-Einbettung von D
in seinen kompakten Dual X = G°/K Anlass zum Studium von G-Orbits auf dem
kompakten Dual. Im Rahmen der Lietheorie wurden diese Orbits von J. Wolf klas-
sifiziert und einige ihrer geometrischen Eigenschaften bestimmt [44]. Allerdings
ist diese Beschreibung wiederum eher abstrakter Natur als konkret gegeben. Im
hermiteschen Fall wird die Lietheoretische Beschreibung durch einen Jordantheore-
tischen Zugang ergénzt, der von M. Koecher und O. Loos gefunden wurde [24, 28|.
Ein grundlegender Unterschied zwischen Lie- und Jordantheorie zeigt sich in der
Art, wie lokale Strukturen mit globalen Strukturen verbunden werden [5]: sind in
der Lietheorie die Karten des kompakten Duals X = G°/K durch die Exponen-
tialabbildung beschrieben, so erhdlt man im Jordantheoretischen Modell von X
(wie es O. Loos beschreibt) einen algebraisch geometrischen Zugang, da die Uber-
gangsfunktionen durch elementare birationale Abbildungen gegeben sind (wie z.B.
Determinanten und Quasi-Inverse). Somit liefert die Jordantheorie eine elemen-
tare Beschreibung des kompakten Duals als algebraische Varietdt im Sinne von
Mumford [35], und insbesondere wird die beteiligte Jordanstruktur selbst mit ei-
ner offenen und dichten Teilmenge des kompakten Duals identifiziert. Deshalb ist
es naheliegend zu erwarten, dass die Jordantheorie wesentlich explizitere Beschrei-
bungen der G-Orbits liefert als der entsprechende Lietheoretische Zugang. Im Fall
der Randkomponenten von D wurde dies von O. Loos nachgewiesen [28], und der
Ausgangspunkt der vorliegenden Arbeit liegt in der Frage, wie die von O. Loos
gegebene explizite Realisierung auch auf die iibrigen G-Orbits ausgedehnt werden
kann. Im néchsten Schritt werden dann zusétzliche Strukturen wie z.B. Geraden-
biindel und G-invariante Mafse untersucht, mit deren Hilfe schlieflich Darstellungen
von G konstruiert werden. Im Fall des beschrankten symmetrischen Gebiets D und
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seiner Randorbits wurde dies z.B. von J. Faraut and A. Koranyi (im Tubenfall, [8])
und von H. Upmeier et al. (im nicht-Tubenfall, [1, 42]) durchgefiihrt.

In Erweiterung dieser Fragestellung geht es bei dem Programm ,Jordantheo-
rie und geometrische Realisierungen“ im weitesten Sinne darum, (i) eine Jordan
theoretische Beschreibung verallgemeinerter Fahnenvarietiten G¢/P, P ¢ G pa-
rabolisch, zu geben, (ii) die G-Orbitstruktur explizit zu bestimmen, und (iii) die
zugehorigen Darstellungen zu beschreiben. Selbst im Fall des kompakten Duals X
ist diese Aufgabe von grofser Komplexitét, da z.B. auch die Ausnahme-Geometrien
mit erfasst werden. Dementsprechend ist ein erstes Hauptresultat dieser Arbeit die
vollstdndige konkrete Realisierung aller G-Orbits des kompakten Duals, sowie ihrer
Matsuki-dualen Orbits (Theorem 7.2). Grundlage hierfiir ist die Jordan theoreti-
schen Beschreibung des kompakten Duals, wie sie von O. Loos gegeben wurde.

Fiir die Untersuchung allgemeiner Fahnenvarietdten ist zunichst zu bemer-
ken, dass die Existenz einer Jordantheoretischen Beschreibung nicht auf der Hand
liegt: Die Jordanstruktur, die zur Beschreibung des beschrankten symmetrischen
Gebietes D = G/K dient, tragt die charakteristischen Grofen der reellen Liegrup-
pe G in sich, allerdings verlieren diese charakteristischen Gréfen beim Ubergang
zur Fahnenvarietiit G¢/P ihre Bedeutung. Tatsichlich weist dieser Umstand dar-
auf hin, dass nicht alle Fahnenvarietdten mit Hilfe der Jordantheorie beschrieben
werden konnen. Stattdessen geben wir als eine zweites Hauptresultat dieser Arbeit
eine Jordantheoretische Beschreibung der Fahnenvarietéten GC/P an, fiir welche
P = Q° die Komplexifizierung einer reell parabolischen Untergruppe @ c G ist
(Theorem 8.11 und Theorem 8.20). Es sei angemerkt, dass diese Einschriankung
fiir die Belange der Darstellungstheorie immer noch ausreichend ist, da z.B. die
Hauptreihe von G auf dem Quotienten G¢/Q mit minimal parabolischem Q c G
realisiert ist [22, 4].

Beziiglich des vorgestellten Programms zur Jordantheorie und geometrischen
Realisierungen stellt diese Arbeit einen groften Teil des geometrischen Hintergrunds
zur Verfliigung, auf dem die darstellungstheoretischen Fragen dieses Programms dis-
kutiert werden kénnen. Auflerdem beschreiben wir mittels Jordantheoretischer Me-
thoden fundamentale Geradenbiindel auf den verallgemeinerten Fahnenvarietéten,
und geben als erste Anwendung (und als ein drittes Hauptresultat dieser Arbeit)
eine Verallgemeinerung wir die Determinantenfunktionen an, welche von L. Bar-
chini, S.G. Gindikin and H.W. Wong auf gew6hnlichen Fahnenvarietdten definiert
wurden. Fiir eine Beschreibung der besonderen Bedeutung dieser Funktionen so-
wohl im Bereich geometrischer als auch darstellungstheoretischer Fragestellungen
verweisen wir auf [3, 4].

Parallel zur G-Orbitstruktur des kompakten Duals bestimmen wir seine K ©-
Orbitstruktur. In den 80er Jahren des 20. Jahrhunderts hat T. Matsuki eine eins-
zu-eins Korrespondenz zwischen diesen Orbitstrukturen entdeckt, die nun Matsuki-
Dualitit genannt wird. Unter der Verwendung von Jordantheoretischen Argumen-
ten weisen wir diese Dualitdt durch explizite Berechnungen nach. Die Bedeutung
der Matsuki-Dualitét fiir die Darstellungstheorie ist durch seine enge Verkniipfung
mit der Theorie der ,Cycle Spaces” gegeben, welche wiederum wesentliche Beitrage
zur geometrischen Realisierung von Darstellungen halbeinfacher Liegruppen gelie-
fert hat [9].

Methoden und Resultate. Im Folgenden geben wir eine Ubersicht der we-
sentlichen Methoden, die in dieser Arbeit Anwendung finden, und der aus ihnen
gewonnenen Resultate. Aufferdem geben wir eine kurze Beschreibung wichtiger
Konzepte an.

In den Kapiteln 1 und 2 fiihren wir die gundlegenden algebraischen Strukturen
ein, Jordanalgebren und Jordantripelsysteme. Der Uberblick iiber Jordanalgebren
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ist rein klassisch und kann in jedem Standardwerk iiber Jordanalgebren nachgele-
sen werden [6, 8], in ihm werden einige Notationen festgelegt. Dasselbe gilt fiir die
Abschnitte 2.1 bis 2.4, in denen wir an die Grundlagen zu positiv hermitesche Jor-
dantripelsysteme (phJTS) erinnern. Im folgenden wird ein phJTS mit Z bezeichnet.
Die Vor- und Nachteile der Verwendung von phJTS im Gegensatz zu Jordanpaaren
mit positiv hermitescher Involution diskutieren wir in Bemerkung 2.1. Beginnend
mit Abschnitt 2.5 weichen wir von der iiblichen Darstellung von phJTS ab, indem
wir Pseudionverse und eine verallgemeinerte Peircezerlegung einfiihren. Wir iiber-
nehmen beide Konzepte aus der Arbeit von W. Kaup in [18]. Die systematische An-
wendung dieser Konzepte ist allerdings neu. Insbesondere sei auf das nicht-triviale
Zusammenwirken der Strukturgruppe mit Pseudoinversen und Peircezerlegungen
hingewiesen.

Zu Pseudoinversen. Das Pseudoinverse a! eines Elements a € Z
ist eindeutig bestimmt durch die Relationen

Q(LaT =a, Qafa = aT ) Q(I'QU«Jr = QGTQa ’

wobei @, den quadratischen Operator des Jordantripelsystems Z
bezeichnet. Dies verallgemeinert die Moore-Penrose Inverse von
Matrizen [37]. Die Eigenriiume des Boxoperators a0a' definieren
die verallgemeinerte Peircezerlequng

Z=7Ze 2,07 .

Fiir ein Tripotent e € Z stimmt diese Zerlegung mit der ge-
wohnlichen Peircezerlegung iiberein, da in diesem Fall ef = e
gilt. Neben der Peircezerlegung verallgemeinern wir auch ande-
re Konzepte durch die systematische Verwendung von Pseudoin-
versen, z.B. bestimmte Jordanalgebra-Strukturen auf Peirce-1-
Riumen (Proposition 2.14), Peirce-Aquivalenz (Abschnitt 2.6),
Frobenius-Transformationen (Lemma 3.14) und partielle Cayley-
Abbildungen (Abschnitt 4.3). Dariiber hinaus erhalten wir in
Lemma 2.26 die Relation

t_ _ .
a® =" = Qu2yt mit 2 = QuQuiz,

wodurch Quasiinverse, Pseudoinverse und Inverse der unitalen
Jordanalgebra Z§{ miteinander in Verbindung gebracht werden.
Diese Relation ist ebenfalls in der folgenden Gleichung enthal-
ten, die einen Nenner des Quasiinversen mit einem Nenner des
Inversen in Z{ zueinander in Relation setzt,

8(a’ =z a) =6%z) fiir alle z € Z.

Wir wenden diese Relationen an, um z.B. zu beweisen, dass ge-
wisse Abbildungen, die das Pseudoinverse verwenden, komplex-
analytisch sind (Theorem 3.18), oder auch um Geradenbiindel
iiber verschiedenen Mannigfaltigkeiten zu definieren (siche Ab-
schnitt 6.3).

Der entscheidende Vorteil bei der Verwendung von Pseudoin-
versen wird deutlich, wenn wir die Operation der Strukturgruppe
Str(Z) auf verschiedenen Objekten studieren, die mit Hilfe von
Pseudoinversen definiert werden konnen. Da die Menge der Tri-
potenten unter der Operation der Strukturgruppe nicht invariant
ist, existiert in der iiblichen Behandlung dieser Themen fiir die-
se Gruppenoperation keine Entsprechung. Beispielsweise zeigen
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wir, dass fiir Elemente a € Z und h € Str(Z) folgende Relation
der Peircerdume gilt (Lemma 2.32)

Zre=hzd, Zhr=nzs.

Es sei bemerkt, dass das Zusammenspiel von Strukturautomor-
phismen und Pseudoinversen von hoher Komplexitét ist: Fiir ein
Gegenbeispiel der Relation (ha)T = h™*af, wie sie in [18] angege-
ben ist, sei auf Abschnitt 2.8 verwiesen. Stattdessen erhidlt man
lediglich die Gleichung (Lemma 2.32)

a' = QuQqrh* (ha)' .

Von daher enthalten die Resultate iiber die Operation der Struk-
turgruppe auf verschiedenen Objekten, wie z.B. auf Mengen von
Peircerdumen (siehe oben), auf Peirce-Varietiten (Theorem 6.5)
und auf dem kompakten Dual (Abschnitt 7.1), stets nicht-triviale
algebraische Berechnungen.

Neben dem algebraischen Nutzen der Verwendung von Pseu-
doinversen ergeben sich auch Vorteile im analytischen Bereich:
Im Gegensatz zur Menge der Tripotenten, die eine reell analy-
tische Mannigfaltigkeit bildet, erhalten wir auf der Menge der
Elemente vom Rang j eine komplex-analytische Struktur. Durch
die Verallgemeinerung von Konzepten, die urspriinglich mit Hil-
fe von Tripotenten beschrieben werden, zu Konzepten, bei denen
beliebige Elemente zugelassen sind, lassen sich nun reell analyti-
sche Abbildungen von der Menge der Tripotenten durch komplex-
analytische Abbildungen auf der Menge der Elemente von Rank
j ersetzen, wie z.B. die kanonische Projektion auf Peirce-Grass-
mannsche (Theorem 6.1).

In Abschnitt 2.6 verwenden wir die verallgemeinerte Peircezerlegung, um E. Ne-
hers Aquivalenzrelation auf der Menge der Tripotenten! zu einer Aquivalenzrela-
tion auf ganz Z zu erweitern, welche wir Peirce-Aquivalenzrelation nennen. Die
Abschnitte 2.7 bis 2.10 folgen der iiblichen Darstellung dieser Themen, die vorge-
stellten Resultate werden allerdings an das Konzept von Pseudoinversen und der
verallgemeinerten Peircezerlegung angepasst und entsprechend neu bewiesen. Ins-
besondere werden in diesen Abschnitten die oben beschriebenen Relationen gezeigt.

In Kapitel 3 bereiten wir das Studium analytischer Aspekte der Jordantheorie
vor. Abschnitt 3.1 enthélt eine kurze Zusammenfassung bekannter Aussagen iiber
eingebettete und immergierte Untermannigfaltigkeiten. In dieser Arbeit bezieht sich
der Ausdruck ,,Untermannigfaltigkeit ohne weiteren Zusatz stets auf eine eingebet-
tete Untermannigfaltigkeit. In Abschnitt 3.2 beschéftigen wir uns mit Aquivalenzre-
lationen und ihrem Bezug zu analytischen Strukturen. Wir beschreiben ein bekann-
tes Kriterium dafiir, wann der Quotient M /R einer Mannigfaltigkeit M {iber einer
Aquivalenzrelation R ¢ M x M auf M selbst die Struktur einer Mannigfaltigkeit
trigt (Godements Theorem). Das Hauptresultat dieses Abschnitts ist die globale
Beschreibung von Vektorbiindeln iiber solchen Quotientenmannigfaltigkeiten mit
Hilfe von Kozykeln auf der Aquivalenzrelation R (Theorem 3.8). Wir nennen dies
den Godement-Zugang (Godement approach) zu analytischen Strukturen auf dem
Quotient M/R. Da die meisten Mannigfaltigkeiten, die in dieser Arbeit untersucht
werden, iiber Jordantheoretisch beschriebene Aquivalenzrelationen definiert sind,
hat der Godement-Zugang in dieser Arbeit eine besondere Bedeutung. Desweiteren

LZwei Tripotente sind dquivalent, wenn die von ihnen induzierten Peircezerlegungen iiberein-
stimmen, siehe [36].
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zeigen wir, wie sich aus dieser globalen Sichtweise von Quotientenmannigfaltigkei-
ten und ihren Vektorbiindeln auch lokale Beschreibungen dieser Strukturen ableiten

lassen.

Zum Godement-Zugang. In Lehrbiichern wie in [38, 40] wird Go-
dements Theorem verwendet, um das klassische Resultat zu be-
weisen, dass der Quotient einer Liegruppe iiber einer abgeschlos-
senen Untergruppe eine Mannigfaltigkeit bildet (vgl. homogene
Réume). Wir wenden Godements Theorem auf Aquivalenzrelatio-
nen an, die nicht durch Gruppenoperationen beschrieben werden.
Auf Jordantripelsystemen gibt es zwei grundlegende Aquivalenz-
relationen, auf denen alle Mannigfaltigkeiten, die in dieser Arbeit
diskutiert werden, aufgebaut werden. Zum einen erhalten wir die
Peirce-Aquivalenzrelation, die auf der Menge Z ; der Element vom
Rang j durch

u~ 4 genau dann, wenn 27 = Z7

definiert ist. Zum anderen gibt es die von O. Loos beschriebene
Aquivalenzrelation auf Z x Z,

(z,a - a) ist quasi-invertierbar

und Z = 2%7%.

(z,a) ~ (2,a) — {
Beide Aquivalenzrelationen sind regulir, d.h. die entsprechenden
Quotienten tragen eine Mannigfaltigkeitsstruktur. Einerseits er-
halten wir somit die Peirce-Grassmannsche P; = Z;/ ~ vom Typ
J (vgl. Kaptiel 6) und andererseits die Grassmannsche G(Z) =
(Z xZ)| ~ des phJTS Z (vgl. Kapitel 4).

Durch die Abschwiichung der Peirce-Aquivalenzrelation zu
Inklusionen erhalten wir eine partielle Ordnung auf 7,

ucd genau dann, wenn 27 c Z'.

Damit verallgemeinern wir die Mannigfaltigkeit Z; der Rang-j
Elemente zur prd-Peirce-Fahnenmannigfaltigkeit Z j,

Zy={(ug,...,ux)|uy c...cug, tku; =j;} ,

wobei J = (j1,...,jx) der Typ der pri-Peirce-Fahnenmanigfaltig-
keit genannt wird. In Abschnitt 3.3 zeigen wir, dass dies tatséch-
lich eine komplex-analytische Untermannigfaltigkeit von Z* ist.
Durch die offensichtliche Erweiterung der Peirce-Aquivalenzrela-
tion auf Elemente in Z; erhalten wir hiermit die Peirce-Fahnen-
mannigfaltigkeiten Py = Zj/ =~, auf die der Godement-Zugang
Anwendung findet (Theorem 6.15).

Schlielich weisen wir darauf hin, dass ein hochgradig nicht-
triviales Zusammenspiel der Peirce-Aquivalenzrelation und der
Loos’schen Aquivalenzrelation die Grundlage fiir die Definition
von Jordan-Fahnenvarietéten bildet (siche unten). Auch hier wird
der Godement-Zugang angewendet. Auf all diesen Mannigfaltig-
keiten werden Geradenbiindel mit Hilfe von Kozykeln definiert,
die unter Verwendung eines Nenners des Quasiinversen durch
priagnante Formeln beschrieben werden koénnen (siehe Abschnit-
te 4.1, 6.3 und 8.6).

In Abschnitt 3.3 wenden wir die bislang vorgestellten Methoden an, um (1) zu
zeigen, dass die Menge Z; der Elemente vom Rang j eine komplex-analytische
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Untermannigfaltigkeit von Z bildet (Theorem 3.15), und um (2) diese Mannigfal-
tigkeit auf die pra-Peirce-Fahnenmannigfaltigkeiten Z; zu verallgemeinern (Theo-
rem 3.19), welche die Grundlage zur Definition der Peirce-Fahnenmannigfaltigkeiten
bildet, siche Kapitel 6. Es sei bemerkt, dass (1) auch aus abstrakten Argumenten
heraus folgt, da die Strukturgruppe Str(Z) transitiv eine komplexe algebraische
Gruppe ist, die transitiv auf den Zusammenhangskomponenten von Z; operiert.
Unser Beweis verwendet explizite Berechnungen, die zudem eine tiefere Einsicht
in die Struktur von Z; liefern, vgl. Korollar 3.16. Dieser explizite Zugang scheint
neu zu sein. Fiir den Beweis von (2) kann das abstrakte Argument nicht verall-
gemeinert werden, da die Strukturgruppe in diesem Fall nicht mehr transitiv auf
den Komponenten von Z; operiert. In Abschnitt 3.4 erinnern wir zunéchst an den
Funktionalkalkiil auf dem phJTS Z, wie er z.B. in [28] eingefiihrt wird. Wir modi-
fizieren ein bekanntes Resultat {iber reell-analytische Funktionen um 0 € Z zu einer
entsprechenden Aussage iiber reell-analytische Funktionen auf R \ {0}, sieche Pro-
position 3.25. Dadurch kénnen wir beweisen, dass die Pseudoinversen-Abbildung
z ~ z' auf den Untermannigfaltigkeiten Z; reell analytisch ist, und wir kénnen
ihre Ableitung explizit bestimmen. Es sei bemerkt, dass dies selbst im Matrixfall
Z = C™®, bei dem das Pseudoinverse der Moore-Penrose-Inversen entspricht, eine
bedeutende Aussage ist (Theorem 3.27). Gleichermafen zeigen wir, dass die Projek-
tion von Z; auf die Menge der Tripotenten vom Rang j ebenfalls reell-analytisch ist,
und bestimmen ihre Ableitung. Im letzten Abschnitt von Kapitel 3 gehen wir kurz
auf den allgemein bekannten Zusammenhang von phJTS und beschréankten sym-
metrischen Gebieten ein. Wir verwenden in dieser Arbeit durchgingig die folgende
Notation:

D={zeZ||z|<1}, D=G/K with G=Aut(D)’, K=Aut(2)",

wobei der Index 0 die Einschrankung auf die Zusammenhangskomponente des neu-
tralen Elements der jeweiligen Gruppe bezeichnet. AuRerdem notieren wir mit G
bzw. K© die Komplexifizierungen der Gruppen G bzw. K, und verwenden G fiir
eine kompakte reelle Form von G®, die K enthilt. Dies schlieft den ersten Teil
dieser Arbeit ab.

Das Ziel von Teil 2 ist die Beschreibung der G- und K ©-Orbitstrukturen auf dem
kompakten Dual eines beschrinkten symmetrischen Gebietes D = G/K. Kapitel 4
liefert das Jordantheoretische Modell des kompakten Duals, welches von O. Loos
angegeben wurde [28]. Durch das Studium des Matrixfalls Z = C™*° begriindet
definiert man auch im allgemeinen Fall die Grassmann-Varietit G(Z) durch

(z,a - @) ist quasi-invertierbar

a

G(2)=(ZxZ)/~ mit (z,0)~(%a) = {undg:z“‘ :

Die Identifizierung der Grassmann-Varietit G(Z) mit dem kompakten Dual von
D wird erst mit Hilfe der Definition der Gruppenoperation von G¢ auf G(Z)
und der Bestimmung der Stabilisatorgruppe eines Elements begriindet (vgl. Theo-
rem 4.7). Eine detaillierte Ausarbeitung dieses Vorgehens ist in [28, §§7{f.] zu fin-
den. In Abschnitt 4.1 erinnern wir an die Konstruktion von Loos und untersu-
chen sie erneut aus Sicht des Godement-Zugangs (siehe oben). Wir beschreiben
Vektor- und Geradenbiindel der Grassmannschen mit Hilfe von Kozykeln auf der
Aquivalenzrelation. In Abschnitt 4.2 stellen wir bekannte Aussagen iiber die Au-
tomorphismengruppe der Grassmannschen zusammen, wie z.B. dass ihre Zusam-
menhangskomponente des neutralen Elements mit der Komplexifizierung von G
iibereinstimmt, d.h. Aut(G(Z))° = GC. Hierbei legen wir u.a. die Notation fiir
(Quasi-) Translationen fest. In Abschnitt 4.3 verallgemeinern wir das Konzept der
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partiellen Cayley-Abbildungen und partiellen Inversen-Abbildungen zu Konzepten,
in denen statt nur tipotente, nun beliebige Elemente aus Z zugelassen sind (sie-
he auch den Einschub zu Pseudoinversen). Die partiellen Inversenabbildungen sind
im Zusammenhang der Peirce-Varietéaten von besonderer Bedeutung (siehe unten).
Das Hauptresultat dieses Kapitels ist die Beschreibung von zwei verschiedenen Re-
préasentantensystemen fiir die Elemente der Grassmannschen (Theorem 4.12). Zu-
sitzlich illustrieren wir diese Reprisentantensysteme im Matrixfall Z = C™°. In
Kapitel 7 zeigt sich, dass diese Reprisentantensysteme passgenau die G- und K©-
Orbitstrukturen der Grassmannschen widerspiegeln.

Zu Reprisentanten von Elementen der Grassmannschen. Da die

Grassmannsche G(Z) iiber eine Aquivalenzrelation auf Z x Z de-

finiert ist (siehe oben), sind ihre Elemente durch Aquivalenzklas-

sen beschrieben, die wir mit [z : a] bezeichnen. Da diese Aquiva-

lenzrelation regulér ist, folgt aus Godements Theorem, dass die

kanonische Projektion von Z x Z auf G(Z) ein Submersion ist.

Fiir festes a € Z liefert die Einschriankung dieser Projektion auf

Z x{a} gerade die (Jordantheoretischen) Karten der Grassmann-

schen. Auf diese Weise kann der Faktor Z als Parameterraum fiir

die Karten auf G(Z) betrachtet werden. Anders betrachtet stellt

Z x{a} fiir jedes feste a € Z ein Teil-Repriisentatensystem fiir die

Elemente der Grassmannschen dar.

Offensichtlich lassen sich auch beliebige andere Repréisentan-
tensysteme wahlen, so dass sich die Frage stellt, ob man fiir eine
gegebene Problemstellung zur Grassmannschen ein geeignetes Re-
prisentantensystem wahlen kann, welches diese Problemstellung
moglichst einfach beantwortet. Dieses ist ein weiterer Vorteil des
Godement-Zugangs (siehe oben). Theorem 4.12 beantwortet die
Frage nach der G- und K®-Orbitstrukturen der Grassmannschen
auf genau diese Weise. In Verbindung mit Bemerkung 4.13 besagt
es, dass jedes Element y € G(Z) dargestellt werden kann durch?

(i) x=[e+dec:c+d.] mit e,ce S, c<e, de €D, d. € DY,

(i) x=[u+z:u'] mit u,ze Z, u L 2.
Diese Reprisentanten sind eindeutig bestimmt bis auf Peirce-
Aquivalenz in ¢ bzw. in u. In der Ubersicht zu Kapitel 7 be-
schreiben wir, wie diese Repréisentantensysteme bei der Frage der
Orbitstrukturen auf der Grassmannschen Anwendung finden.

Kaptiel 5 und 6 bilden Zwischenstationen auf dem Weg zur Bestimmung der
G- und KC-Orbitstrukturen auf der Grassmannschen G(Z). In diesem Zusammen-
hang liefert Kapitel 5 eine G-Invariante auf G(Z), welche die G-Orbits klassifiziert
(Korollar 5.10), und Kapitel 6 gibt eine Beschreibung der besonders wichtigen ab-
geschlossenen K C-Orbits, welche mit Peirce-Grassmannschen identifiziert werden
kénnen (Theorem 6.5).

Die Herleitung der G-Invarianten auf G(Z) in Kapitel 5 geschieht auf indirekte
Weise. Wir betten die Grassmannsche diagonal als reelle Untermannigfaltigkeit in
das Produkt G(Z) xG(Z) ein, wobei G(Z) die konjugierte Grassmannsche bezeich-
net (sieche Abschnitt 4.1), und untersuchen eine G®-Gruppenoperation auf diesem
Produkt, die in der Einschrinkung auf G c¢ G entlang der Diagonalen mit der
iiblichen G-Operation auf G(Z) iibereinstimmt. Der Vorteil dieser Vorgehensweise

2Hierbei ist S die Menge der Tripotenten, c < e bezeichnet die iibliche partielle Ordnung von
Tripotenten, D¢ stellt das beschréankte symmetrische Gebiet des phJTS Z¢ dar, d.h. Df =Dn Z¢,
und u L z bedeutet starke Orthogonalitdt der Elemente v und z, d.h. uOz = 0.
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liegt darin, dass eine G®-Operation wesentlich einfacher zu beschreiben ist (iiber
Erzeuger und Relationen) als eine G-Operation. Wir iibernehmen diese Idee aus
der Theorie der ,Cycle Spaces®, in der eine entsprechende Diagonaleinbettung des
beschrankten symmetrischen Gebiets D = G/K in die komplexe Mannigfaltigkeit
GC/KC studiert wird, vgl. [9]. Wir zeigen in Theorem 5.12, dass G*/K® eine offen
und dichte Teilmenge des Produkts G(Z)xG(Z) ist. In Abschnitt 5.1 motivieren wir
die Ergebnisse dieses Abschnitts durch das Studium des Matrixfalls Z = C™° mit
Hilfe von geometrischen Argumenten. In Abschnitt 5.2 betrachten wir das Produkt
G(Z) xG(Z), definieren auf ihm die GE-Operation und beschreiben Vektorbiindel
iiber ihm. Der dritte Abschnitt bildet das Zentrum dieses Kapitels. Hierin definie-
ren wir GC-dquivariante Schnitt auf G(Z) x G(Z) und beschreiben die zugehdrigen
Invarianten (Propositionen 5.4 und 5.9). Im Fall der Einschrankung auf G und auf
die Diagonale G(Z) = G(Z) x G(Z) zeigen wir zudem, dass sich die Invarianten
noch weiter verfeinern lassen (Korollare 5.6 und 5.10). Es sei betont, dass die Jor-
dantheoretische Beschreibung in diesem Zusammenhang &ufierst explizite Formeln
fiir die Schnitte und ihre Invarianten liefert. Im abschlieffenden Abschnitt bestim-
men wir die GC-Orbitstruktur des Produkts G(Z) x G(Z), und wir zeigen, dass die
GC-Invarianten des letzten Abschnittes die GC-Orbits eindeutig charakterisieren.

Kapitel 6 ist der Untersuchung von Mannigfaltigkeiten gewidmet, die auf der
Basis der Peirce-Aquivalenzrelation definiert sind. Es zeigt sich, dass diese Mannig-
faltigkeiten sogar die Struktur von glatten algebraischen Varietdten im Sinne von
D. Mumford [35] tragen. Der einfachste Fall einer Peirce-Varietét ist die Peirce-
Grassmannsche, die als Quotient von Z iiber der Peirce- Aquivalenzrelation definiert
ist,

P=Z/~ mit wuw~@ genau dann, wenn ZV=Z{.

In Abschnitt 6.1 wenden wir Godements Theorem an und zeigen, dass diese Aqui-
valenzrelation regular ist und somit eine Mannigfaltigkeitsstruktur auf P definiert.
Zudem zeigen wir, dass die natiirlich gegebene K®-Operation auf Z auch eine K©-
Operation auf P induziert, wodurch die Peirce-Grassmannsche zu einem hermitesch
symmetrischen Raum nicht-kompakten Typs wird (Theorem 6.1). Dies ist ein be-
kanntes Resultat (vgl. [28, §5.6b]), allerdings sei bemerkt, dass sich unser Beweis
vollstdndig im Rahmen der komplex-analytischen Theorie bewegt, was erst durch
die Erweiterung der Peirce-Aquivalenz von der Menge der Tripotenten auf ganz
Z moglich wird. Dadurch erhalten wir zudem eine komplex-analytische Faserung
der Mannigfaltigkeit Z;, der Elemente vom Rang j, iiber der entsprechenden Zu-
sammenhangskomponente PP; der Peirce-Grassmannschen. Desweiteren liefert unser
Zugang neuer explizite Beschreibungen der Karten auf IP; und ihrer Ubergangsfunk-
tionen (Proposition 6.3). In Abschnitt 6.2 zeigen wir, dass verschiedene Realisie-
rungen der Peirce-Aquivalenzrelation [28, 18, 16, 2| zu isomorphen Mannigfal-
tigkeiten fiihren (Theorem 6.5). Es sei bemerkt, dass die Realisierung der Peirce-
Grassmannschen P als KC-invariante Untermannigfaltigkeit der Grassmannschen
G(2),
P G(Z), [u] ~ [u: uT] ,

die Positionierung dieses Kapitels im Kontext der Diskussion von Orbitstruktu-
ren auf der Grassmannschen rechtfertigt. Nach W. Kaup [18] kann die Peirce-
Grassmannsche zudem mit der Grassmannschen eines geeigneten phJTS identifi-
ziert werden, genauer: Die Zusammenhangskomponente von P, die ein Element [u]
enthélt, ist isomorph zu Grassmannschen des phJTS ZI“/Q. Dieser Isomorphismus
wird in [18] abstrakt begriindet. Im Zusammenhang der expliziten Beschreibung
der Karten von P kénnen wir diesen Isomorphismus explizit bestimmen. Wir zei-
gen, dass er durch die Einschrinkung der partiellen Inversen-Abbildung j,: auf
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den Abschluss der Peirce !/2-Raumes 7}, in G(Z) gegeben ist (Theorem 6.10).
In Abschnitt 6.3 verwenden wir den Godement-Zugang zur Definition von Gera-
denbiindeln auf der Peirce-Grassmannschen. Die entsprechenden Kozykeln basieren
hierbei auf den Relationen eines Nenners der Quasi-Inversen auf Z. Wir beweisen
durch konkrete Rechnungen, dass diese Geradenbiindel sehr ampel sind, und somit
PP eine projektive Varietét darstellt (Theorem 6.14). Dieser Beweis ist eine Variati-
on des entsprechenden Beweises fiir ein sehr amples Geradenbiindel auf der Grass-
mannschen G(Z), wie ihn O. Loos durchfiihrt [28, §7.10]. Im letzten Abschnitt
dieses Kapitels diskutieren wir die offensichtliche Verallgemeinerung der Peirce-
Grassmannschen zu Peirce-Fahnenvarietiten. Diese Varietdten wurden in [2] auf
Grundlage der iiblichen Peircezerlegung durch Tripotente eingefiihrt. Unsere Defi-
nition von Peirce-Fahnenvarietiten basiert auf der Anwendung der verallgemeiner-
ten Peirce-Aquivalenzrelation auf der pré-Peirce-Fahnenmannigfaltigkeit Z, die in
Abschnitt 3.3 diskutiert wird,

]P)JZZJ/% mit (U17...,uk)N(’L~L17...,’L~Lk) <~ Z{h Zth fir alle 1.

In Abschnitt 6.4 bestimmen wir durch die Anwendung von Godements Theorem
die analytische Struktur dieser Peirce-Fahnenvarietdten, und beschreiben einen At-
las von P; (Theorem 6.15 und Proposition 6.17). Durch die Verwendung der ver-
allgemeinerten Peircezerlegung erhalten wir aufserdem eine natiirliche Operation
der Strukturgruppe auf P;, wodurch die kanonische Projektion von Z; auf P;
zu einer Str(Z)-dquivarianten Abbildung wird. Mit Hilfe von geeigneten Projek-
tionen auf Peirce-Grassmannsche kénnen wir KC-aquivariante Geradenbiindel von
den Peirce-Grassmannschen auf die Peirce-Fahnenvarietdt zuriickziehen. Schliefs-
lich beweisen wir, dass ein geeignetes Produkt dieser Geradenbiindel sehr ampel
ist, wodurch gezeigt ist, dass P; eine projektive Varietéit ist (Theorem 6.20). Es sei
betont, dass einer der Vorteile dieser Jordantheoretischen Beschreibung der Peirce-
Grassmannschen (im Gegensatz zu einer Lietheoretischen Beschreibung) darin be-
steht, dass wir explizite Formeln z.B. fiir die Karten und fiir die Geradenbiindel
erhalten.

In Kapitel 7 kehren wir zuriick zur Untersuchung von G- und K ©-Orbitstruktur-
en auf der Grassmannschen G(Z). Wir setzen voraus, dass Z einfach ist. Die Ergeb-
nisse der letzten Kapitel werden fiir den Beweis des Hauptresultats dieses Kapitels
zusammengenommen, welches die G- und K®-Orbitstruktur in Jordantheoretischen
Begriffen explizit bestimmt (Theorem 7.2). Wie oben angemerkt, wurde die G-
Orbitstruktur schon von J. Wolf untersucht [44], und T. Matsuki ist der Beweis
einer eins-zu-eins Korrespondenz zwischen den G- und der KC-Orbits zuzuschrei-
ben [34]. Es zeigt sich, dass die Anzahl der Orbits durch (T;’2) gegeben ist, wobei
r der Rank des Jordantriples Z bzw. der Rang der reellen halbeinfachen Liegruppe
G ist. Desweiteren fasern sowohl die G- als auch die K-Orbits iiber bestimmten
K-Orbits. J. Wolf zeigt, dass die Faser der G-Orbits aus dem Produkt zweier hermi-
tesch symmetrischer Radume nicht-kompakten Typs besteht [44, §9]. Diesbeziiglich
sind die Ergebnisse aus Abschnitt 7.1 allgemein bekannt, allerdings sei darauf ver-
wiesen, dass unser Beweis unabhingig von dem Lietheoretischen Beweis gefiihrt
wird, und dass die Stdrke des Jordantheoretischen Zugangs darin besteht, dass die
resultierenden Beschreibungen der Orbits sehr explizit sind.

Unsere Beschreibung der G- und K ©-Orbits basiert auf den beiden Reprisentanten-
systemen fiir die Elemente in G(Z), die wir oben beschrieben haben (Theorem 4.12).
Somit kénnen wir die Orbits der Grassmannschen mit gewissen Teilmengen von
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Z x Z identifizieren.® Wir erhalten fiir die entsprechenden G-, K©- und K-Orbits
die folgende Beschreibung:

Z:{[e+de:c+dc]|eesa+baCeSaanCadCE’DS’dCGDf}’
Kg:{[u+z:uT]|ueZa,zeZb,uﬂz} ,
Kp ={[e:c]|leeSaup, c€Sa,e2c} ={[c+C:c]|ceSq, ¢Sy, cLi}

mit 0 < a < a+0b<r, wobei S; bzw. Z; die Mengen der Tripotenten von Rang j
bzw. die Menge aller Elemente vom Rang j beschreiben. Die Faserungen iiber den
K-Orbits sind gegeben durch
Dy xDi > Gy — Ky, 2(ZY) > Ky — Ky,

wobei 2(Z¥) der symmetrische Kegel der euklidischen Jordanalgebra Z¥ ist, vgl.
Theorem 3.27. Die Aussage iiber die Faserung der KC-Orbits ist fiir die ,endlichen“
Orbits bekannt, d.h. fiir Orbits, die in Z - G(Z) enthalten sind, die Erweite-
rung dieses Resultats auch auf die Orbits im Unendlichen scheint neu zu sein. Es
sei bemerkt, dass es noch einen zweiten (wesentlich abstrakteren) Jordantheore-
tischen Zugang zur Untersuchung dieser Orbitstrukturen gibt, der von W. Kaup
in [19] beschrieben wird. Er verwendet einen verallgemeinerten Funktionalkalkiil
und ist eng verbunden mit dem Lietheoretischen Zugang iiber Impulsabbildun-
gen, wie er von R. Bremingan und J. Lorch in [7] vorgestellt wird. Abschnitt 7.1
schlieftt mit einer Beschreibung der Tangentialstrukturen der verschiedenen Orbits
und liefert explizite Formeln fiir G-invariante (pseudo-)hermitesche Metriken auf
den offenen G-Orbits. In Abschnitt 7.2 beweisen wir topologische Eigenschaften
der Orbits und bestimmen den jeweiligen topologischen Abschluss (Theorem 7.3).
Neben der ,globalen” Beschreibung der Orbits wie sie oben angegeben ist, erhalten
wir in Abschnitt 7.3 explizite, einfache Formeln zur Beschreibung der K©-Orbits als
Untervarietéten bestimmter Kartengebieten der Grassmannschen G(Z). Schlieflich
beweisen wir in Abschnitt 7.4 die Matsuki-Dualitéit zwischen den G- und den K©-
Orbits mittels rein Jordantheoretischer Argumente (Theorem 7.6).

Teil 3 beschéftigt sich mit der Jordantheoretischen Beschreibung verallgemei-
nerter Fahnenvarietdten. Wir ndhern uns der zentralen Frage dieses Teils, indem wir
ndher auf den Matrixfall Z = C™° eingehen. In diesem Fall kann die Grassmann-
sche G(C™*®) mit der gewohnlichen Grassmannschen Gry(C™**) identifiziert wer-
den. Lietheoretisch ist die Grassmannsche iiber den Quotienten Gr,(C"**) = G¢/P
bestimmt, wobei G© = SL(r+s) gilt und P die parabolische Untergruppe der oberen
Dreiecks-Blockmatrizen vom Typ (s) und Determinante 1 ist. Diese Grassmannsche
lasst sich stark verallgemeinern, indem man Fahnenvarietdten betrachtet: Fiir eine
streng ansteigende Folge natiirlicher Zahlen 0 <1 < ... <4, <r+ s definiert

Gr(iy, i) (C°)={0cVic...cV,, cC™ | dimV; = iy}

die Fahnenvarietit vom Typ (i1, .., m ). Es zeigt sich, dass dies stets eine projektive
Varietdt darstellt [15], und dass die Lietheoretische Beschreibung durch

Gr(iy,in) (CT*) 2 GE/P'

gegeben ist, wobei G© = SL(r + s) gilt und P’ die parabolische Untergruppe der
oberen Dreiecks-Blockmatrizen vom Typ (i1, ...,4my) und Determinante 1 ist, vgl.
[13, 10]. Es stellt sich nun die Frage, ob auch diese Fahnenvarietdten eine Jor-
dantheoretische Beschreibung {iber das Jordantriplesystem Z = C™* zulassen. Da

3Diese Identifikation gilt bis auf eine einfache Aquivalenzrelation auf den betrachteten Teil-
mengen von Z x Z, da die beteiligten Reprasentantensysteme nicht vollsténdig eindeutig sind, vgl.
Theorem 4.12.
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aus der Fahnenvarietdt Gre;, . ; y(C"™*) im allgemeinen nicht auf die charakte-
ristischen Grofen des Triplesystems, ndmlich r und s, zuriickgeschlossen werden
kann, erwarten wir, dass es nicht fiir alle solche Fahnenvarietiten eine Jordantheo-
retische Beschreibung geben wird. Beriicksichtigt man aber, dass die reelle Form
G = SU(r,s) von G durch dieselben charakteristischen GréRen beschrieben ist
wie Z, scheint es plausibel zu erwarten, dass eine Jordantheoretische Beschreibung
derjenigen Fahnenvarietiten G¢/P méglich ist, deren zugehdrige parabolische Un-
tergruppe P die Komplexifizierung einer reell parabolischen Untergruppe @ von
G ist, P = Q°. Diese Formulierung ist unabhéngig vom Spezialfall Z = C™*  und
iibertragt sich direkt auf den allgemeinen Fall:

Frage: Sei Z eine phJTS mit beschranktem symmetrischen Gebiet D,
und sei P eine parabolische Untergruppe der Einheitskompo-
nente G der Automorphismengruppe Aut(D). Gibt es eine Jor-
dantheoretische Beschreibung der Fahnenvarietit G€/Q° ¢
In Kapitel 8 wird diese Frage positiv beantwortet. In Abschnitt 8.1 erinnern
wir an die Jordantheoretische Beschreibung der reell parabolischen Untergruppen
von G, wie sie durch O. Loos angegeben wird [28, §9], und bestimmen ihre Kom-
plexifizierungen (Theorem 8.4). Insbesondere zeigen wir im Matrixfall Z = C™*¢
und G = SU(r,s), dass die Komplexifizierung einer parabolischen Untergruppe
Q c G zu einer Standard-parabolischen Untergruppe von G€ = SL(r + s) vom Typ
Z=J1,sJk, = Jky-..,n—J1) mit n = r +s und jr < r konjugiert ist, d.h. die
entsprechende Fahnenvarietit G¢/QC wird beschrieben durch

Grz(C")={0cFjc...cEycFyc...c F; cC"|dimFEy = jp, dim F; =n - jg} .

In Abschnitt 8.2 verwenden wir den Matrixfall als Modell zur Konstruktion ei-
ner Jordantheoretischen Beschreibung der Fahnenvarietdten. Hierbei stellt sich die
Frage (1) wie man ein Paar von Unterrdumen F c F ¢ C® mit dimE = j und
dim F' = n — j durch Elemente aus Z = C™* realisieren kann, so dass (2) die Rea-
lisierung ein und desselben Paars durch verschiedene Elemente zu einer Aquiva-
lenzrelation auf diesen Elementen fiihrt, die mit der Jordantripelstruktur von Z
vertréglich ist. Dies ist eine wesentliche Erweiterung der Fragen, die zum Jordan-
theoretischen Modell der Grassmannschen fiihrten, wie es O. Loos beschreibt. Das
Hauptergebnis in diesem Abschnitt wird in Lemma 8.7 beschrieben, welches das
durch (1) und (2) gestellte Problem 16st.* Es zeigt sich, dass ein Jordantheoreti-
sches Modell der Fahnenvarietdt Gr(;,;)(C") mit Hilfe von Tripeln (u,z,a) von
Elementen in C™¢ mit rk(u) = j konstruiert werden kann. Mit Hilfe dieses Lemmas
ist im Anschluss die Verallgemeinerung auf alle oben beschriebenen Fahnenvarieté-
ten leicht moglich. Hierbei werden die Tripel (u, z,a) durch Tupel (us, ..., ux, 2, a)
mit rk(u,) = jg ersetzt, siche Lemma 8.10.
In Abschnitt 8.3 wenden wir uns dem allgemeinen Fall zu und definieren Jordan-
Fahnenvarietiten auf beliebigen phJTS iiber eine Aquivalenzrelation auf Z ;x Z x Z,
genauer:

Fy=(ZyxZx2Z)]~
mit

U; % Bg_g, ,u; fiir i =1,...,k; und

es existieren u' € Z\* und o' € Z;*,

((Ui)727a) ~ ((ﬂi),i,d) —

so dass B,_g, z+ur invertierbar ist
und Z +a* = (z +u")*
4Wir weisen darauf hin, dass ein technischer Teil des Beweises noch offen bleibt, siche Lem-

ma 8.8. Diese Lemma hat jedoch keine Relevanz fiir die allgemeine Konstruktion von Jordan-
Fahnenvarietaten, die unabhéngig hiervon in Abschnitt 8.3 definiert und diskutiert werden.
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Diese Definition verbindet die beiden grundlegenden Aquivalenzrelationen eines
phJTS, d.h. die Peirce-Aquivalenzrelation und die Loos’sche Aquivalenzrelation
zur Beschreibung der Grassmannschen, in hochgradig nicht-trivialer Weise. Das
Hauptresultat dieses Kapitels (Theorem 8.11) zeigt, dass diese Relation tatséchlich
eine Aquivalenzrelation ist und gem#f Godements Theorem eine Mannigfaltigkeitss-
truktur auf IF; definiert. In Abschnitt 8.4 untersuchen wir die analytische und die al-
gebraische Struktur der Jordan-Fahnenvarietdt ndher und zeigen, dass F; eine kom-
pakte glatte algebraische Varietét ist (Proposition 8.14). Zudem definieren wir eine
G®-Operation auf F; und beweisen auf diesem Weg, dass die Jordan-Fahnenvarietit
I ; tatsiichlich ein Modell des Quotienten G/QC fiir eine reell parabolische Unter-
gruppe @ c G vom Typ J darstellt (Theorem 8.20). Schliefflich verwenden wir den
Godement-Zugang, um Geradenbiindel auf den Jordan-Fahnenvarietdten zu defi-
nieren. Wir zeigen, dass diese Geradenbiindel G®-homogen sind (Proposition 8.23).
Im letzen Kapitel dieser Arbeit zeigen wir eine erste Anwendung der Jordan-
theoretischen Beschreibung von verallgemeinerten Fahnenvarietdten. Das Ziel die-
ses Kapitels ist die Verallgemeinerung der Determinantenfunktionen, wie sie von
L. Barchini, S.G. Gindikin and H.W. Wong fiir gew6hnliche Fahnenvarietidten de-
finiert wurden [3, 4], auf allgemeine Jordan-Fahnenvarietdten. Hierbei zeigt sich
erneut die Stérke der Jordantheorie, einfache und explizite Formeln zu generieren.
In Abschnitt 9.1 geben wir die Definition der Barchini-Gindikin-Wong Determi-
nantenfunktionen wieder und erinnern an eine erste Anwendung in der Geometrie.
Abschnitt 9.2 liefert den Jordantheoretischen Zugang zu diesem Thema. Durch den
Godement-Zugang zu Geradenbiindeln definieren wir GC-invariante Schnitte auf
G x G x Fy, die Jordan-Determinantenfunktionen. Schlieklich identifizieren wir in
Abschnitt 9.3 die Mannigfaltigkeiten, die bei der Definition der Barchini-Gindikin-
Wong Determinantenfunktionen eine Rolle spielen mit einer offenen und dichten
Teilmenge von G x G x F 7, und wir beweisen dass die Nullstellenmengen der einge-
schréankten Versionen dieser Determinantenfunktionen iibereinstimmen.

Ausstehende Arbeit. Wir erinnern an die Ziele des Programms , Jordantheo-
rie und geometrische Realisierungen®, das oben bereits vorgestellt wurde, (i) eine
Jordan theoretische Beschreibung verallgemeinerter Fahnenvarietéten zu geben, (ii)
die G-Orbitstruktur explizit zu bestimmen, und (iii) die zugehorigen Darstellungen
zu beschreiben. In dieser Arbeit haben wir Problem (i) fiir verallgemeinerte Fah-
nenvarietiten G© / PC mit reell parabolischer Untergruppe P c G vollstandig gelost
und begriindet, dass dies die allgemeinste Form von Fahnenvarietéten ist, die sich
Jordantheoretisch beschreiben ldsst. Desweiteren haben wir Problem (ii) im hermi-
tesch symmetrischen Fall G(Z) gelost. Einen ersten Schritt in Richtung (ii) und
(iii) im allgemeinen Fall haben wir im letzten Kapitel durch die Diskussion von
Determinantenfunktionen getan. Im Folgenden skizzieren wir einige Felder der aus-
stehenden Arbeit:

Orbitstruktur auf Jordan-Fahnenvarietiten. Wir erwarten, eine Beschreibung
der G- und K®-Orbitstruktur einer Jordan-Fahnenmannigfaltigkeit zu fin-
den, die der Beschreibung der Orbitstrukturen auf der Grassmannschen
G(Z) aus Kapitel 7 dhnelt, d.h. wir vermuten, dass es fiir die definierende
Aquivalenzrelation auf Z; x Z x Z zwei Reprisentantensysteme gibt, die
der G- und der KC-Orbitstruktur entsprechen.

Konische und sphdrische Funktionen. Die Arbeiten von H. Upmeier [41], und
von J. Faraut and A. Koréanyi [8] zeigen, dass Jordantheorie insbeson-
dere bei der Beschreibung von konischen und symmetrischen Funktionen
auf symmetrischen Kegeln und beschréankten symmetrischen Gebieten hilf-
reich ist. Durch die Jordantheoretische Beschreibung allgemeinerer G- und
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KC-Orbits (Kapitel 7) hoffen wir, dhnliche Resultate fiir die harmonische
Analysis auf diesen Orbits zu erhalten.

Determinantenfunktionen. In Kapitel 9 haben wir Jordan-Determinantenfunk-
tionen definiert, die in enger Verbindung zu den Determinantenfunktionen
auf gewohnlichen Fahnenvarietéten stehen, wie sie von Barchini-Gindikin-
Wong in [3, 4] eingefiihrt wurden. Die Korrelation der Jordan-Determinan-
tenfunktionen mit den Barchini-Gindikin-Wong Determinantenfunktionen
haben wir in Teilen in Abschnitt 9.3 studiert. Neben der weitergehenden
Untersuchung dieser Korrelation steht das Studium der Jordan-Determi-
nantenfunktionen in den Bereichen Geometrie und Darstellungstheorie
noch aus. Insbesondere zeigen Barchini-Gindikin-Wong, wie ihre Determi-
nantenfunktionen im Zusammenhang mit Szegd-Abbildungen verwendet
werden konnen, welche Hauptreihen-Darstellungen mit Darstellungen der
diskreten Reihe in Verbindung setzen. Es ist zu erwarten, dass Jordan-
Determinantenfunktionen dieses Resultat auf alle einfachen Liegruppen
hermiteschen Typs verallgemeinern kénnen.

Kohomologie der Grassmannschen G(Z). Wir vermuten, dass die Zerlegung
der Grassmannschen G(Z) in K©-Orbits eine CW-Zerlegung induziert, die
moglicherweise einen neuen Zugang zur Kohomologie der Grassmannschen
liefern kann. Im Folgenden fassen wir die grundlegenden Ideen hinter dieser
Aussage zusammen, deren Details noch ausgearbeitet werden miissen. Sei
Z ein einfaches phJTS vom Rang 7, und seien die KC-Orbits mit Ky fiir
0<a<a+b<r bezeichnet (vgl. Kapitel 7). Dann gilt

G(Zz)= |J K= JK* mit K*= |J Kj.
O<a<a+b<r O<a<r 0<b<r-a
Fiir a = 0 erhalten wir als K° die offene und dichte Teilmenge Z c G(Z),
die 'Hauptzelle’ der Zerlegung. Fiir a > 0 is K gegeben durch

/C“:{[u+z:uT]|ueZa7 zeZy}

und kann als Vektorbiindel iiber der Peirce-Grassmannschen P, betrachtet
werden, wobei die zugehorige Projektion durch

K > P, [u+z:uT]'—>[u:uT]

beschrieben ist. Da die Peirce-Grassmannsche selbst (explizit) mit der
Grassmannschen G(Z}k) des Peirce 1/2-Raumes eines Elements u € Z,
identifiziert werden kann, wird jedes K¢ fiir a > 0 erneut geméf der Orbit-
struktur von G(ZI“/2) zerlegt. Wiederum erhélt man 21“/2 als "Hauptzelle’
von G(Z};z), und die anderen Orbits kdnnen als Vektorbiindel {iber gewis-
sen Peirce-Grassmannschen betrachtet werden, welche erneut mit Grass-
mannschen entsprechender Peirce 1/2-Raume identifiziert werden usw., bis
wir einen Raum erreichen, der nun noch aus einem Punkt besteht. Im
Spezialfall Z = C*™ erhalten wir auf diese Weise die allgemein bekannte
CW-Zerlegung des komplexen projektiven Raums,

CP"=C"wCP" ' =C"uC" ' uCP"?=...=C"uC" ' u...uCu{pt}.

Im Allgemeinen jedoch braucht der Peirce-Raum Z};, und somit auch die
Grassmannsche G(Z}}Z) nicht einfach zu sein, wodurch sich die nachfol-
genden Zerlegungen geméf der Zerlegung von (G(Z}%) in einfache Grass-

mannsche in verschiedene Teile aufgegliedern. Fiir den Matrixfall Z = C™*
ist diese Prozedur im folgenden Diagramm beschrieben:
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Nach Konstruktion wird eine Zelle der CW-Zerlegung durch einen Baum
von Elementen beschrieben, wobei jedes Element im Peirce 1/2-Raum seines
Vorgéngers liegt, d.h.
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Dies liefert eine eins-zu-eins Korrespondenz zwischen den Zellen und Young-
Diagrammen, die innerhalb eines (r x s)-Gitters liegen und schon in der
klassischen Theorie der CW-Zerlegung der Grassmannschen Grg(C"**) mit
entsprechenden Zellen identifiziert wurden [13, 10]. Es sei aber bemerkt,
dass die Umkehrung der Korrespondenz zwischen den hier diskutierten
Zellen und Young-Diagrammen ein gegebenes Young-Diagramm in einen
Baum von Durfee-Quadraten zerlegt:

U2 u3

Uy

! "
Uy U3 ‘

In der klassischen Theorie ist die multiplikative Struktur der Kohomo-
logie auf der Grassmannschen Grg(C"™*) durch Pieris Formel und die
Littlewood-Richardson-Regel bestimmt [13]. Durch die Verwendung der
Jordantriplestruktur auf Z kann die oben beschriebene CW-Zerlegung und
die Identifikation von Zellen mit 'Bdumen von Elementen’ moglicherweise
einen neuen Zugang zu diesen Regeln liefern, und zudem entsprechende
Resultate iiber die gewthnliche Grassmannsche Gr,(C"**) hinaus auf all-
gemeinere Grassmannsche G(Z) fiir andere phJTS Z verallgemeinern. In
diesem Zusammenhang scheint auch E. Nehers Arbeit zum Gitter-Zugang
zu Jordantripelsystemen [36] Bedeutung zu haben.
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