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Zusammenfassung

Während der letzten Jahrzehnte sind Halbleiter wegen ihrer interessanten elektrischen
Eigenschaften zu einem wichtigen Grundmaterial für eine Vielzahl technologischer An-
wendungen geworden. Halbleiter zeigen beispielsweise im Gegensatz zu Metallen eine
mit der Temperatur ansteigende Leitfähigkeit und es ist möglich, die Leitfähigkeit eines
Halbleiters gezielt zu verändern indem man ihn bewusst verunreinigt. Dieses soge-
nannte Dotieren erlaubt es Bauteile mit genau definierten Leitfähigkeitseigenschaften
herzustellen. Beispiele für solche Bauteile sind Dioden und Transistoren. Letztere haben
schließlich die Entwicklung moderner Computer ermöglicht.

Unglücklicherweise führen dieselben physikalischen Prozesse, die eine gezielte Gestal-
tung der elektronischen Charakteristika von Halbleiterbauelementen erlauben, dazu,
dass Halbleitereigenschaften sehr sensitiv auf ungewollte Verunreinigungen reagieren.
Deswegen bezeichnete Wolfgang Paul Anfang der 1920er Jahre die Halbleiterphysik als
”Dreckphysik”. Mit modernen Epitaxiemethoden ist es jedoch heute möglich, Halblei-
termaterialen auf einzelne Atomlagen genau zu wachsen und dabei eine sehr hohe Ma-
terialreinheit zu erreichen [1].

Die interessanten elektrischen Eigenschaften von Halbleitern sind auf ihre spezielle
Bandstruktur zurückzuführen. Im Gegensatz zu Leitern und ähnlich zu Isolatoren haben
Halbleiter im Grundzustand ein gänzlich gefülltes Valenzband und ein leeres Leitungs-
band. Die beiden Bänder sind energetisch durch die sogenannte Bandlücke getrennt.
Im Vergleich zu Isolatoren ist die Bandlücke energetisch klein und liegt im Bereich von
etwa 1 eV, so dass eine Anregung der Elektronen vom Valenzband in das Leitungs-
band möglich ist. Durch die Anregung bleiben im Valenzband Lücken in der Elektro-
nenbesetzung zurück. Diese Lücken werden auch Löcher genannt und können quanten-
mechanisch wie Quasi-Teilchen behandelt werden. Die Löcher haben genau gegenteilige
Ladung, Spin und freie Teilchenmasse wie die angeregten Elektronen. Abhängig von der
genauen Struktur des Halbleiterbauteils und der Umgebungsbedingungen können sich
die angeregten Elektronen ähnlich den freien Elektronen eines Metalls verhalten und zur
Leitfähigkeit beitragen [2].

Neben den interessanten elektrischen Eigenschaften besitzen Halbleiterheterostruk-
turen auch bemerkenswerte optische Eigenschaften [3], da ihre Bandlückenenergie oft-
mals Wellenlängen im optischen Bereich entspricht. Aus diesem Grund kann auch sicht-
bares Licht dazu verwendet werden, die Elektronen im Halbleitermaterial anzuregen.
Umgekehrt kann die Rekombination eines Elektron-Loch-Paares zu strahlender Emis-
sion im optischen Bereich führen. Diese Prozesse werden technologisch in wirtschaftlich
sehr bedeutenden Anwendungen wie Leuchtdioden (LEDs), Laserdioden und Festkörper-
lasern genutzt [4–6]. So wurden beispielsweise alleine im Jahr 2006 mehr als 800 Mil-
lionen Laserdioden verkauft [7]. Optische Halbleiterbauteile finden heute eine Vielzahl
von Anwendungen in so unterschiedlichen Bereichen wie zum Beispiel in DVD-Playern,
Laserpointern, Lichtleitern, Laser Druckern, Barcode Lesegeräten, in der Medizintechnik
oder der Laserchirurgie und der Messtechnik.
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Zur Zeit werden immer mehr Glühbirnen und sogar Halogenlampen durch LEDs
ersetzt, die eine wesentlich bessere Energieeffizienz aufweisen. Zusätzlich sind LEDs
relativ kostengünstig in der Herstellung und haben eine lange Lebensdauer. Da die
Emissionscharakteristika der LEDs stark von deren Aufbau und dem jeweils verwende-
ten Material abhängen, wird großer Aufwand betrieben neue Bauformen zu entwickeln,
die optimierte Emissionseigenschaften zeigen. Oftmals werden für den Bau von LEDs
niedrigdimensionale Halbleiterstrukturen wie beispielsweise Quantenfilme oder Quan-
tendrähte verwendet, die in eine komplizierte dielektrische Umgebung eingebettet sind.
Die niedrige Dimensionalität dieser Halbleiterstrukturen führt zur Einschränkung der
Elektronenbeweglichkeit auf 2 Dimensionen in Quantenfilmen und auf eine Dimension
in Quantendrähten. Deshalb unterscheiden sich die Zustandsdichten in diesen niedrigdi-
mensionalen Strukturen von denen in dreidimensionalen Halbleiterkristallen, so dass das
Verhalten von Elektronen und die Lichtemission im Allgemeinen von der Dimenisonalität
der untersuchten Struktur abhängt.

Silizium ist der vielleicht bestverstandene Halbleiter und die meisten Halbleiterbauteile
werden auf Silziumbasis gefertigt. Aufgrund der langjährigen technischen Erfahrung mit
Silizium ist es mittlerweile das Material, das am reinsten hergestellt werden kann. Es
äußerst erstrebenswert, einen Laser auf Siliziumbasis zu bauen, da ein solcher Laser
neue Möglichkeiten eröffnen würde, das Design der optischen und der elektronischen
Eigenschaften miteinander zu verbinden. Unglücklicherweise ist Silizium ein indirek-
ter Halbleiter. Eine Verwendung als optisch aktives Material in Lasern kommt deshalb
nicht in Frage. Es hat sich sogar gezeigt, dass gar der Bau eines Lasers, der auf Sili-
zium aufgewachsen wird, ausgesprochen schwierig ist. Ein Grund für diese Schwierigkeit
ist, dass Materialien, die eine ähnliche Gitterkonstante wie Silizium besitzen und sich
gitterstörungsfrei auf Silizium aufwachsen lassen, in den allermeisten Fällen selber indi-
rekte Halbleiter sind. Materialien mit unterschiedlicher Gitterkonstante führen jedoch
zu Verspannungen und anderen Störungen, die den Laserbetrieb stark behindern gar
unmöglich machen. Der Bau eines Lasers auf Siliziumbasis ist folglich extrem schwierig.
Aufgrund dieser Schwierigkeiten ist es eine interessante Aufgabe, die mikroskopischen
Prozesse zu untersuchen, die eine Verwendung von Silizium in Laserstrukturen verhin-
dern. Eine wichtige Fragestellung in diesem Zusammenhang ist, ob es überhaupt ein
Regime geben kann, in dem indirekte Halbleiter als optisch aktives Material in Halb-
leitern verwendet werden können. Diese Frage wird innerhalb der vorliegenden Arbeit
diskutiert werden.

Zusätzlich zu den interessanten elektronischen und optischen Eigenschaften die Halb-
leiter besitzen, sind sie auch hervorragende Materialen, um die Quantennatur von Viel-
teilchenwechselwirkungen zu untersuchen. Im Zusammenhang mit diesen Vielteilchen-
wechselwirkung wurde viel Forschungsarbeit an Quasi-Teilchen geleistet. Beispiele für
solche Quasi-Teilchen, die in Halbleitern vorkommen sind Phononen, die quantisierte
Gitterschwingungen beschreiben, Exzitonen, die ein aufgrund Coulomb-Wechselwirkung
gebundenes Elektron-Loch-Paar darstellen, und Polaritonen, die ein Quasi-Teilchen be-
schreiben, das sich aus einem Photon und einem Exziton zusammensetzt und in Quanten-
resonatoren entstehen kann. Vielfach wurde versucht, Bose-Einstein Kondensate dieser
Quasi-Teilchen herzustellen (für Exzitonenkondensate siehe [8–13] und für Polarito-
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nenkondensate [14–17]). In der Literatur herrscht momentan jedoch immer noch eine
Kontroverse darüber, ob dies bereits gelungen ist oder ob überhaupt die Möglichkeit
besteht, Exzitonen- und Polaritonenkondensate herzustellen. Grund für diese Kontro-
verse ist die fermionische Substruktur von Exzitonen, die sie zu nicht-idealen Bosonen
macht. Im Rahmen der vorliegenden Arbeit wird gezeigt werden, dass die Erzeugung
eines Exzitonenkondensats mit Hilfe inkohärenter Emission möglich ist.

Eine weitere Eigenschaft von Exzitonen, die die Bildung von Exzitonenkondensaten
und gar die Beobachtung von Exzitonen allgemein erschwert, ist, dass Exzitonen in
Quantenfilmen mit verschwindendem Schwerpunktsimpuls auf Zeitskalen von 10 Piko-
sekunden zerfallen. Wegen dieser schnellen Zerfallszeit würde auch ein Exzitonenkon-
densat, das sich aus ebensolchen Exzitonen mit verschwindendem Schwerpunktsimpuls
zusammensetzt, auf derselben Zeitskala zerfallen. Aus diesem Grunde ist es sicherlich er-
strebenswert eine Umgebung zu finden, in der Exzitonen eine längere Lebenszeit haben.
Um dieses Ziel zu erreichen, wird in dieser Arbeit der Effekt von Mehrfachquantenfilm-
strukturen auf die Lebenszeit von Exzitonen in Quantenfilmen untersucht.

Der Zerfall von Exzitonen geht einher mit phaseninkohärenter Lichtemission, so-
genannter Photolumineszenz (PL). Lange Zeit wurde angenommen, dass exzitonische
Resonanzen in PL-Spektren ein sicheres Zeichen für die Existenz von Exzitonen im
untersuchten System sind. Diese Annahme wurde in Frage gestellt,als Berechnungen
zeigten, dass auch ungebundenes Elektron-Loch-Plasma Lumineszenz derselben Fre-
quenz aussendet [18, 19]. Es konnte jedoch gezeigt werden, dass Terahertzresonanzen,
die Übergängen zwischen unterschiedlichen Exzitonenzuständen entsprechen, eindeutige
Hinweise auf die Existenz von Exzitonen sind [20–25]. Ein großer Nachteil der Tera-
hertzmessungen ist, dass sie insensitiv gegenüber der Schwerpunktsimpulsverteilung von
Exzitonen sind. Das führt dazu, dass eventuelle Exzitonenkondensate mit Hilfe von
Terahertzspektroskopie nicht von nicht-kondensierten Exzitonen unterschieden werden
können. Außerdem konnte mittlerweile eine Strategie erarbeitet werden, die es erlaubt
anhand der PL-Spektren zu entscheiden, ob Exzitonen im System sind oder nicht [18].

Neben den Vielteilchenwechselwirkungen im Halbleitermaterial ist der Anregunspro-
zess des Halbleiters selber ein interessantes Forschungsgebiet. In diesem Zusammenhang
unterscheidet man die Anregung mit Hilfe verschiedener Lichquellen, deren Emission un-
terschiedliche Quantenstatistiken aufweisen [26]. Es zeigt sich, dass jede Quantenstatis-
tik einen charakteristischen Quantenzustand im Halbleiter anregt. Viele dieser speziellen
Zustände zeigen hochinteressante Eigenschaften. Anwendungen finden sich zum Beispiel
im Bereich des Quantencomputers, bei dessen Bau beispielsweise die genau definierte
Emission einzelner Photonen [27, 28] und Verschränkungseffekte [29, 30] benötigt wer-
den.

Ein Beispiel für zwei Lichtquellen, die unterschiedliche Quantenstatistiken aufzeigen,
sind die Emission eines Lasers und die Emission eines thermischen Strahlers. Die Laser-
emission ist phasenkohärent, d.h. alle emittierten Photonen tragen dieselbe Phase. Der
Ursprung dieser Kohärenz ist der Prozess der stimulierten Emission, der unter anderem
die Verstärkung im optisch aktiven Material eines Lasers bewirkt. Im Zuge dieses
Prozesses induziert ein Photon die Rekombination eines Elektron-Loch-Paares unter
Emission eines zweiten Photons. Das zweite Photon trägt dann die gleiche Phasenin-
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formation wie das erste Photon. Aufgrund der Phasenkohärenz hat das emittierte Licht
ein messbares klassisches elektrisches Feld. Dieses klassische elektrische Feld induziert
eine Polarisation, sobald es auf Halbleitermaterial trifft.

Im Gegensatz zum Laserlicht ist die Emission einer thermischen Lichtquelle durch
spontane Emission verursacht und daher vollständig inkohärent. Jedes Photon hat
also eine vollständig zufällige Phaseninformation. Das führt dazu, dass sich die elek-
trischen Felder, die zu den einzelnen Photonen gehören, herausmitteln und folglich kein
klassisches elektrisches Feld messbar ist. Stattdessen wird das elektrische Feld aus-
schließlich von Quantenfluktuation bestimmt. Folglich induziert ein thermischer Strahler
auch keine maktroskopische Polarisation. Stattdessen dominieren quantenmechanische
Korrekturen, sogenannte Korrelationen, den Quantenzustand. Somit ist der Quanten-
zustand, der von thermischer Emission angeregt wird, ein anderer als der Zustand, der
von Laserlicht angeregt wird.

Eine theoretische Beschreibung der Licht-Materie-Wechselwirkung im kohärenten Re-
gime wird durch die Halbleiter-Blochgleichungen (SBE) ermöglicht. Die entsprechen-
den Gleichungen im inkohärenten Regime sind die Halbleiter-Lumineszenz-Gleichungen
(SLE). Beide Gleichungssysteme können die Coulombwechselwirkung der Ladungsträger
und, falls gewünscht, auch die Wechselwirkung mit Phononen auf mikroskopischer Ebene
beschreiben. Diese Vielseitigkeit erlaubt es mit Hilfe der beiden Sätze von Gleichungen
ein breites Spektrum an Effekten konsistent zu beschreiben [31, 32]. Prinzipiell ist es
gar möglich, SBE und SLE zu koppeln. Die aus dieser Kopplung entstehende Theorie
beschreibt erfolgreich die Wechselwirkungen von kohärenten und inkohärenten Prozessen
und erklärt beispielsweise Sekundäremissionen [33].

Im Rahmen dieser Arbeit wird sowohl der kohärente als auch inkohärente Phänomene
untersucht. Zu diesem Zweck wird in Kapitel 2 das untersuchte Quantenfilmsystem und
der Hamilton Operator, der dieses System beschreibt, vorgestellt. In Kapitel 3 wer-
den dann die notwendigen Gleichungen angegeben, die die kohärente optische Antwort
des Systems beschreiben. Insbesondere wird das Modell für die Ladungsträgerstreuung
erweitert, um auch indirekte Halbleiter beschreiben zu können. Dieses erweiterte Streu-
modell wird dann dazu verwendet, Absorptionsspektren eines indirekten Germanium-
Quantenfilms kurze Zeit nach seiner Anregung zu analysieren. In diesem Zusammenhang
kann gezeigt werden, dass sich bei Anregung in der Nähe des Γ-Punktes der optische
Gewinn auf eine kurze Zeitspanne von etwa 200 Femtosekunden nach der Anregung
beschränkt. Danach führt die Ladungsträgerstreuung dazu, dass die Elektronen vom Γ-
Punkt zum L-Punkt relaxieren. Entsprechende gemessene und numerisch berechnete Ab-
sorptionsspektren zeigen hervorragende Übereinstimmung. Mit Hilfe eines Vergleiches
von numerisch berechneter Absorption für unterschiedliche Aufteilungen der Elektronen
auf L-Punkt und Γ-Punkt und experimentell bestimmten Absorptionsspektren für ver-
schiedene Zeitpunkte nach der Anregung, kann eine Streuzeit vom Γ-Punkt zum L-Punkt
von etwa 140 Femtosekunden bestimmt werden.

In Kapitel 4 wird ein Modell vorgestellt, dass es erlaubt, den Einfluss der dielektrischen
Umgebung auf die Quantenfilmabsorption, -reflektion und -transmission zu untersuchen.
Dazu wird eine Transfermatrix-Methode genutzt, die es ermöglicht, die partiellen Re-
flektionen eines Hintergrundbrechungsindexprofils zu beschreiben. Die mikroskopisch
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berechnete Antwort des Quantenfilms wird in diese Transfermatrix-Methode eingebaut
und die so gewonnenen Spektren werden mit experimentellen Spektren verglichen. Die
numerisch berechneten Daten erklären die gemessen Spektren sehr gut.

Der Einfluss der dielektrischen Umgebung auf die PL wird in Kapitel 6 untersucht.
Aufgrund der Quantennatur der PL ist es im Allgemeinen nicht möglich, die dielektrische
Umgebung und die Quantenfilmemission getrennt voneinander zu betrachten. In dieser
Arbeit wird eine Näherung vorgestellt, die diese Trennung erlaubt, falls der Einfluss
der Kopplung nicht zu groß ist. Dazu wird zuerst die PL eines Quantenfilms ohne
das dielektrische Medium berechnet. Das geschieht mittels der Halbleiter-Lumineszenz-
Gleichungen, die in Kapitel 5 vorgestellt werden. Die dielektrische Umgebung wird
dann mit Hilfe einer strukturabhängigen Filterfunktion beschrieben. Das Spektrum der
vollen Quantenfilmstruktur wird dann bestimmt, indem man die reine Quantenfilm-PL
mit der Filterfunktion multipliziert. Im Regime schwacher Licht-Materie-Kopplung kann
der Einfluss des stimulierten Terms durch das Einführen einer radiativen Verbreiterung
simuliert werden. Dies ist bei starker Licht-Materie-Kopplung nicht mehr möglich. In
diesem Fall führt der stimulierte Term zur Normal-Moden-Aufspaltung, die durch die
Filterfunktionsnäherung nicht beschrieben werden kann.

In Kapitel 7 wird schließlich der Einfluss einer Mehrfachquantenfilmstruktur auf die
inkohärente Emission besprochen. Im Falle niedriger Ladungsträgerdichten zeigt sich
eine Unterdrückung der Emission, die durch korrelierte Prozesse hervorgerufen wird, bei
denen die Kombination eines Elektron-Loch-Paares in einem Quantenfilm mit der Erzeu-
gung eines analogen Elektron-Loch-Paares in einem anderen Quantenfilm einhergeht.
Der stimulierte Term führt in Mehrfachquantenfilmstrukturen zu einer Verbreiterung
des Emissionspeaks. Die Unterdrückung der Quantenemission geht einher mit einer
Verlängerung der exzitonischen Lebenszeit. Ein lineares Wachstum der Lebenszeit mit
steigender Quantenfilmzahl wird festgestellt. Ferner werden die größten Effekt auf die
Lebenszeit von Exzitonen in Quantenfilmstrukturen mit λ/2 Abstand und bei niedrige
Ladunsträgertemperaturen und -dichten gefunden. Abschließend wird gezeigt, dass sich
in radiativ gekoppelten Mehrfachquantenfilmsystem durch inkohärent Emission Exzito-
nenkondensate aufbauen, auch wenn zu Beginn nur unkorreliertes Elektron-Loch-Plasma
vorliegt.

Auch wenn mit der hier präsentierten Theorie sich bereits eine Vielzahl von Prob-
lemen konsistent beschreiben lassen, so gibt es doch einige natürliche Erweiterungen
der Theorie. So werden in der hier präsentierten Theorie nur Einteilchengrößen in
die Ladungsträgerstreuung einbezogen. Eine vollständinge Einbindung der Streuterme
würde es erlauben, den Einfluss von unterschiedlichen Populationen und Korrelation auf
die optische Antwort von Quantenfilmen zu untersuchen. Zum Beispiel wäre es möglich,
den Blaushift der Exzitonenresonanz bei Anwesenheit echter Exzitonenpopulationen zu
analysieren. Ausserdem könnte der Einfluss durch Anregungen unterschiedlicher Licht-
statistik untersucht werden. Die Verwendung der mikroskopischen Streuung bei der
Berechnung von PL aus Quantenresonatoren ermöglicht die Untersuchung von Polarito-
nenkondensaten.

Eine weitere Aufgabe für die Zukunft wäre die Kopplung von SBE und SLE. Diese
Kopplung würde eine Untersuchung des vollständigen Licht-Materie-Wechselwirkungs-
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prozess beginnend mit der Anregung durch Licht mit einer gegebenen Quantenstatistik,
über den Dephasierungsprozess bis hin zur inkohärenten Emission zu untersuchen. Eine
solche Theorie würde tiefgehende Einsichten in die Natur der Lichtstatistik und der
Quatenkorrelationen liefern.
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1. Introduction

During the last decades, semiconductors have become increasingly important for many
technological applications due to their intriguing electronic properties. As an example,
the conductivity of a semiconductors rises with increasing temperature which is opposite
to the observations in metals. It is possible to modify the conductivity by the selective
introduction of impurities. This so called doping allows for designing devices with well
defined conduction properties like for example diodes or transistors. The invention of
latter ones has been an important step in the development of modern computers. Unfor-
tunately, the same physical processes that allow to design the electronic characteristics
make semiconductor properties very sensitive to undesired impurities such that Wolfgang
Pauli called semiconductor physics ”dirt physics” in the 1920s. Today, modern epitaxy
techniques allow to grow high-quality semiconductor devices with growth accuracies of
one single atomic monolayer and a minimum of impurities [1].

The origin of the interesting electronic properties of semiconductors is their special
band structure. In contrast to conductors and similar to insulators, semiconductors
have a filled valence band and an empty conduction band in the ground state. These
bands are energetically separated by the band-gap energy. Compared to insulators, the
band-gap energy is small (on the order of 1 eV) such that electrons can be excited from
the valence band to the conduction band. The missing electrons in the valence band
are often called holes and treated like quasi-particles that have opposite charge, spin
and free-particle mass compared to the excited electrons. Depending on the structure
of the semiconductor device and the environmental conditions, the electrons in the con-
duction band may act like the free electrons of a conductor and thus contribute to the
conductivity [2].

Besides the intriguing electronic properties, semiconductor heterostructure have re-
markable optical properties due to their band-gap energy that often corresponds to
photon energies in the visible regime [3]. Thus, visible light may be used to excite elec-
trons in semiconductors and the opposite process may lead to the emission of visible
light. These processes are widely used in applications of particular economical impor-
tance like light-emitting diodes (LEDs) [4], laser diodes or solid state lasers [5, 6]. In
the year 2006, more than 800 million laser diodes have been sold worldwide [7], making
semiconductor optics a multi-billion Dollar market. Today, we find optical semiconduc-
tor devices in a multitude of applications including DVD-players, laser pointers, optical
fibers, laser printers, bar-code readers, in medical apparatuses or in the laser surgery
and the measurement technology.

At present, more and more electric light-bulbs and even neon lamps are replaced
by LEDs that have a higher energy efficiency. On top of that, LEDs are relatively
cheap in production and show a long durability. Since the emission properties of LEDs
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1. Introduction

strongly depend on the exact structure and material of the LED, a huge effort is made
to find new LED structures with improved light-emission characteristics. Often, LEDs
contain low dimensional heterostructures like quantum-wells (QWs) or quantum wires
that are embedded inside a complicated dielectric environment. Due to their reduced
dimensionality, QWs and quantum wires exhibit a strong electron confinement in one
or two dimensions, respectively. Thus in these systems, the density of states is different
from that of a three-dimensional semiconductor crystal such that electrons in QWs
generally behave different from those in a three-dimensional crystal.

Silicon is perhaps the best known semiconductor material since it is the basis of most
electronic semiconductor devices. Due to the long technological experience with that
material, silicon is also the material that can be created with the highest purity. It
is highly desirable to grow laser structures on a silicon basis because a laser based on
silicon would establish new possibilities in combining optical and electronic properties
in semiconductor devices. Unfortunately, silicon is an indirect band-gap semiconductor
such that it cannot be used as the optically active region in laser structures. Moreover,
even the growth of a laser on a silicon basis is very difficult because materials that
could act as optically active regions introduce strain and other disturbances due their
different lattice constants. Thus, the development of a laser based on silicon is extremely
difficult. As a consequence, it is interesting to investigate the microscopic processes in
indirect semiconductors preventing them from being applicable for laser structures. An
important question in this context is whether there is a regime in which lasing from
indirect semiconductors is possible. Thus, we will discuss this question in this thesis.

Apart from the intriguing electronic and light-emission properties, semiconductors het-
erostructure are also an excellent material in which the quantum nature of many-particle
interactions may be investigated. In this context, a lot of research has been done on
quasi-particles. Examples for such quasi-particles are phonons, excitons and polaritons
where phonons describe the quantized lattice vibrations. Excitons are Coulomb-bound
electron-hole pairs and polaritons describe a coupled photon-exciton system which ap-
pears in semiconductor cavities. Many attempts have been made to create Bose-Einstein
condensates of these quasi-particles (excitons: [8–13]; polaritons: [14–17]). In the litera-
ture there is still a controversy about whether these condensates have been created and
if it is possible at all to create such condensates. The reason of this disagreement is the
underlying fermionic sub-structure of the excitons that makes them non-ideal bosonic
particles. In this work, it will be shown that under incoherent emission conditions it is
possible to create an exciton condensate in multiple-quantum-well (MQW) systems.

Another exciton property that complicates the creation of an exciton condensate and
the investigation of excitons in general is that in QWs excitons with vanishing center-of-
mass momentum exhibit a fast recombination on a 10-picosecond (ps) time scale. Thus,
a condensate that consists of these quasi-particles vanishes on the same time scale. For
this reason, it is desirable to find exciton-friendly conditions that allow for an enhanced
exciton lifetime. In this work, the influence of a MQW structure on the exciton lifetime
will be investigated.

The recombination of the excitons causes incoherent emission, i.e. photoluminescence
(PL). For a long time, it was widely believed that exciton resonances in PL spectra
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indicate the presence of excitons. This was questioned when calculations showed that an
unbound electron-hole plasma leads to the same emission peaks [18, 19]. By contrast, it
could be shown that terahertz absorption corresponding to transitions between different
exciton states is a unique signature of excitons in the system [20–25]. However, in
contrast to PL, terahertz absorption cannot distinguish between excitons with different
center of mass momenta and thus terahertz cannot be used to decide whether excitons
are present in the from of an condensate. Additionally, a strategy has been developed
that allows to determine whether the PL originates from excitons or electron-hole plasma
[18] such that the PL remains an important tool to characterize the quantum state of
an excited semiconductor heterostructures.

Another interesting field of research is the excitation of semiconductors with light
sources that have various quantum statistics [26]. Each quantum statistic excites a
characteristic quantum state in the semiconductors. These states often have intriguing
properties. As an example, light sources with a special quantum statistics are used
in the field of quantum computing where a defined emission of photons [27, 28] and
entanglement [29, 30] are needed.

Two examples for light sources that exhibit differing light statistics are the emission
from a laser and the emission from a thermal light source. The laser emission is phase
coherent which means that all photons carry the same phase. The origin of this coherence
is the stimulated-emission process that causes the amplification in the optically active
region of a laser. During this process, a photon induces the recombination of an electron-
hole pair and at the same time the emission of a photon that carries the same phase
as the original photon. Due to the phase coherence, the laser light carries a classical
electric field such that a macroscopic polarization is induced when the laser pulse hits a
QW.

In contrast to the laser light, the emission from a thermal light source is caused by
spontaneous emission and thus is entirely incoherent. That means that each photon car-
ries a random phase such that the macroscopic electric field vanishes. Thus, the electric
field of thermal light is fully determined by its quantum fluctuations. As a consequence,
thermal light does not induce a macroscopic polarization such that the excited quantum
state inside the QW is dominated by the quantum-mechanical corrections, the so called
correlations.

For the description of the light-matter interaction of a QW in the coherent excitation
regime, the semiconductor Bloch equation (SBE) are used. The incoherent regime is
described by the semiconductor luminescence equations (SLE). Both sets of equations
are able to treat the Coulomb interaction and, if desired, the phonon interaction on a
microscopical level beyond the Hartree-Fock approximation. Thus, both theories, SBE
and SLE, are able to describe and explain a great variety of effects [31, 32]. In principle
it is even possible to couple SBE and SLE. The resulting theory is able to describe
interactions between coherent and incoherent processes and explains for example the
secondary emission [33].

In this work, we investigate both, the coherent and the incoherent light-emission
regime. Thus in Chap. 2, we define the investigated system and introduce the many-
body Hamiltonian that describes consistently the light-matter interaction in the classical
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and the quantum limit. In Chap. 3, we introduce the SBE that allow to compute the
light-matter interaction in the coherent scenario. In this context, we review the carrier
scattering in Gallium arsenide (GaAs) and extend the scattering model such that we
can also describe scattering in indirect Germanium (Ge) QWs. The extended scattering
model is used to investigate the absorption of a Ge QW for different time delays after
the excitations. In this context, we analyze whether there is a regime in which optical
gain can be realized.

In Chap. 4, we apply a transfer-matrix method to include into our calculations the
influence of the dielectric environment on the optical response. It is shown how the
microscopic description of the QW via the SBE can be incorporated into the transfer-
matrix calculations. This coupled theory, enables us to describe reflection, transmission
and absorption of a QW that is embedded inside a complicated dielectric structure.

The SLE for a MQW system are introduced in Chap. 5. It is shown how the PL
is described by the SLE and that the information about the dielectric environment
enter the SLE in a non-trivial manner. In Chap. 6, we derive a scheme that allows
for decoupling environmental effects from the pure PL-emission properties of the QW.
We describe the influence of the dielectric environment via a structure-dependent filter
function. The PL of the actual QW system is obtained by multiplying this filter function
and the free-space PL that describes the quantum emission into a medium with spatially
constant background-refractive index. We investigate the validity of this approximation
for different coupling situations. In Chap. 7, it is studied how the MQW-Bragg structure
influences the PL-emission properties compared to the emission of a single QW device.
The relation between the PL and the exciton lifetime is analyzed and conditions are
determined that lead to a maximum lifetime enhancement. As a last feature, it is shown
that the QW coupling leads to the build-up of an exciton condensate even when the
QWs are initially only excited with an uncorrelated electron-hole plasma.
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2. Investigated System

2.1. General setup

In this thesis, QW systems that are embedded inside a static one-dimensional stack
structure will be investigated. The system may contain one ore more identical QWs
with a given narrow width ∆L. The z-direction is taken along the growth axis and
will also be called the ”perpendicular” direction as opposed to the parallel or in-plane
direction in the (x,y)-plane.

If the investigated system contains more than one QW, we introduce the spacing ∆s
between adjacent QWs. Usually, we will choose uniform spacings but in some cases the
spacings may vary. Since we are only interested in radiative coupling effects, we assume
the QW spacings to be large enough to prevent electronic coupling. This is justified e.g.
for the spacings that are interesting for radiative coupling where ∆s is of the order of
the wavelength of visible light.

The dielectric environment is assumed to be optically inactive and may contain com-
ponents like distributed Bragg mirrors (DBR), anti-reflection coatings (AR-coatings),
cladding layers etc. These components are described via a frequency-dependent back-
ground refractive-index n(r, ω) which is constant within each layer.

In the following discussion, we will briefly introduce the approximations that we need
to describe the interacting carrier-photon system. These will lead us to the SBE and
SLE describing the system in the coherent and the incoherent limit, respectively.

2.2. Hamiltonian

As starting point for the following investigations, we first present a Hamiltonian that
provides the description of the carrier and the photon system as well as the light-matter
coupling on a fully quantum-mechanical level. A detailed derivation of the Hamiltonian
can be found in Refs. [31, 34, 35]. In this thesis, we will restrict ourselves to the
description of the different parts of the Hamiltonian and introduce some basic concepts
and equations that are relevant for the following discussions.

The full Hamiltonian can be divided according to

H = H0 +HF +HC +HD , (2.1)

where H0 and HC describe the pure carrier part. H0 contains the information about
the free electrons in the background potential of the lattice ions while the Coulomb
interaction between the carriers within one QW enters via the Coulomb HamiltonianHC .
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Figure 2.1.: Schematic drawing of the investigated system: The system consists of one
or more identical QWs. The QWs have a width ∆L and a spacing ∆s.
For each QW, one valence band and one conduction band is taken into
account as indicated by the schematic drawing of the band structure below
the QWs. The QWs are radiatively coupled to each other. The MQW
system is embedded inside a planar dielectric structure.

The non-interacting light field is given via HF , and HD describes the dipole interaction
between light and matter. Lattice vibrations have been neglected as they contribute only
minorly in the investigated temperature and density regimes. In the following sections,
we will discuss the different parts in more detail and describe the assumptions that enter
the modeling of the coupled light-matter system.

2.3. The treatment of the carrier system

Due to the quasi-two-dimensional structure of a QW, the carriers experience a strong
confinement perpendicular to the QW plane similar to the particle-in-a-box problem.
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2.3. The treatment of the carrier system

The corresponding eigenfunctions in growth direction are sinusoidal and we assume them
not to leak out of the QW. Therefore, the electrons are captured inside the QWs. The
eigenenergies of the particle-in-the-box problem are proportional to ∆L−2m−1, where
∆L is the width of the box and m is the mass of the confined particle. Thus, the energy
differences between consecutive eigenenergies become larger for narrower QWs such that
for sufficiently narrow QWs only the lowest confinement level for each band needs to be
considered.

In parallel direction, the electrons are described as free particles in the background
field of the lattice ions. We can therefore describe the electron via the single-particle
electron wave-functions in envelope approximation [35]

φm,k,ν(r) =
1√
S
ξν,m(z)eik‖·r‖wν(r) , (2.2)

with the QW index m, the band index ν and the electron wave-vector k‖ that implicitly
contains the spin. The constant S is the normalization area. The carrier confinement
enters via the confinement function ξν,m while wν is the lattice-periodic Bloch-function.

We can now define the field operators ψm(r) and ψ†
m(r) that annihilate or create an

electron at the position r in QW m. The field operators can be expanded in terms of
the single-particle wave-functions. Thus, we find

ψm(r) =
∑

k,ν

am,ν,k‖
φm,k,ν(r), ψ†

m(r) =
∑

k,ν

a†m,ν,k‖
φ⋆

m,k,ν(r) . (2.3)

Since electrons are fermions, the operators am,ν,k‖
and a†m,λ,k‖

obey the fermionic anti-

commutation relations
[
am,λ,k‖

, a†m′,λ′,k′
‖

]

+
= δm,m′δλ,λ′δk‖,k′

‖
, (2.4)

[
am,λ,k‖

, am′,λ′,k′
‖

]

+
=
[
a†m,λ,k‖

, a†m′,λ′,k′
‖

]

+
= 0 . (2.5)

For optical transitions close to the fundamental bandgap, the photon momentum is
usually small compared to the relevant electron momenta. Consequently, for optical
transitions in direct semiconductors, only electron momenta close to the fundamental
band-gap are of relevance such that we can restrict the investigations to the vicinity
of the conduction and valence band minima at the Γ-point. In indirect Ge-type QWs,
the conduction bands show a minimum at the L-point which is energetically below the
Γ-point minimum. In these systems, the electrons experience a fast scattering from the
Γ-point to the L-point. For a consistent treatment of the optical properties of Ge, we
have to take the conduction band minima at both points into account.

We assume parabolic bands in the vicinity of the Γ- and L-point such that the electron
dispersions resemble the dispersion of free electrons with the free electron-mass replaced
by the effective masses. Due to the different effective masses of the light-hole and the
heavy-hole band, the QW confinement lifts the degeneracy of the two bands at the Γ-
point such that only the heavy-hole band needs to be considered. Therefore, we can
restrict our calculations to a two-band situation with one valence band (v) and one
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2. Investigated System

conduction band (c). In the ground state, the valence band is completely filled and the
conduction band is empty.

The corresponding free-particle Hamiltonian for a direct semiconductor in two-band
approximation reads

H0 =
∑

k‖,m

(
ǫck‖
a†m,c,k‖

am,c,k‖
+ ǫvk‖

a†m,v,k‖
am,v,k‖

)
. (2.6)

It contains the single-particle energies

ǫck‖
= Eg +

h̄2k‖
2

2mc
≡ Eg +

h̄2k‖
2

2me
= ǫek‖

, (2.7)

ǫvk‖
=
h̄2k‖

2

2mv

≡ − h̄
2k‖

2

2mh

= −ǫhk‖
, (2.8)

where Eg is the unrenormalized band-gap energy and mc (mv) is the effective electron
mass in the conduction (valence) band. Alternatively, we can use electron and hole
masses me and mh where a hole is a missing electron in the valence band. For indirect
Ge-type semiconductors, in the k‖-sum in Eq. (2.6) one needs to distinguish between
electrons at the L-point and electrons at the Γ-point, where the L-point electron mass
is given by mL.

The Coulomb interaction between the carriers within one and the same QW enters
via the Coulomb Hamiltonian

HC =
1

2

∑

k‖,k′
‖
,k′′

‖
6=0

Vk′′
‖

(
a†m,c,k‖+k′′

‖
a†m,c,k′

‖
−k′′

‖
am,c,k′

‖
am,c,k‖

+a†m,v,k‖+k′′
‖
a†m,v,k′

‖
−k′′

‖
am,v,k′

‖
am,v,k‖

+2a†m,c,k‖+k′′
‖
a†m,v,k′

‖
−k′′

‖
am,v,k′

‖
am,c,k‖

)
. (2.9)

In this thesis, we use a quasi-two-dimensional Coulomb-matrix element that contains
the carrier confinement in z-direction.

Vq‖
=

e2

2ε0|q‖|
∫
g(z)g(z′)e−q‖|z−z′|dzdz′ , (2.10)

where e is the electron charge and ε0 is the electric permeability. The confinement func-
tions of valence-band holes ξv(z) and conduction-band electrons ξc(z) enter the Coulomb-
matrix element via g(z) = ξ⋆

v(z)ξc(z) = ξv(z)ξ
⋆
c (z). For narrow QWs, ξc(z) and ξv(z) are

identical such that the Coulomb-matrix element (2.10) becomes independent of band
indices.

The first and the second term of Eq. (2.9) describe the repulsive intraband interactions
between carriers in the conduction and the valence band, respectively, while the third
term introduces attractive interband interactions between the electrons in the conduction
band and holes in the valence band. Coulomb interaction between carriers in different
QWs can be neglected due to the large spacing between the QWs that is of the order of
wavelength of visible light.
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2.4. Electric field

2.4. Electric field

A semi-classical treatment of the electric field is often sufficient for investigations of the
linear optical response of the QW system [35]. This is no longer the case when the
electric field is exclusively determined by its quantum fluctuations. In particular, the
quantum nature of the light-field needs to be considered when we are interested in the
PL [34]. In this thesis, the aim is to investigate both the PL and the optical response.
For a general description, we consequently have to use a fully quantized electric field
that allows for describing the classical limit as well as the quantum nature of the light
field.

For the quantization procedure, we use an approach that has been introduced e.g. in
Refs. [34–36]. Thus, the electric field is expanded in the mode basis

E(r) =
∑

q

iEqUq(r)Bq + h.c. , (2.11)

where Eq =
√

h̄ωq

2ǫ0
is the vacuum field amplitude that is fixed by the quantization process.

The photon energy h̄ωq belongs to the photon wave-vector q that implicitly includes the
polarization direction. Via minimal substitution, the classical expansion coefficients B†

q

and Bq become the photon creation and annihilation operators for each light mode Uq.
The operators obey the bosonic commutation relations

[
Bq, B

†
q′

]

−
= δq,q′, (2.12)

[
Bq, Bq′

]

−
=
[
B†

q, B
†
q′

]

−
= 0 . (2.13)

The mode functions Uq(r) are the solutions of the Helmholtz equation

[
∇2 +

n2(z, ω)ω2
q

c2

]
Uq(r) = 0 (2.14)

and contain the full information about the dielectric environment. The dielectric en-
vironment enters the Helmholtz equation via the frequency dependent refractive index
n(z, ω) which is taken to be constant over each layer. The mode functions in that
direction may be determined via their continuity conditions at the boundaries of the
refractive-index profile [34, 37–39]. Parallel to the QW planes, we assume the refractive
index to be constant such that the mode functions in the (x,y)-plane can be described
via plane waves.

Due to the geometry of the setup, it is useful to divide the photon wave-vector into an
in-plane component q‖ and a component perpendicular to the QW plane q⊥. The three-
dimensional photon wave-vector q = (q‖, q⊥) therefore includes information about the

angle of incidence as well as the frequency of the light ωq with q =
∣∣∣
√

q‖
2 + q2

⊥

∣∣∣. A more
detailed discussion of the dielectric environment and its influence on the light-matter
coupling will be given in Chaps. 4 and 6 (see also Ref. [36]).
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The corresponding free-light-field Hamiltonian can be expressed in terms of photon
creation and annihilation operators,

HF =
∑

q

h̄ωq

(
B†

qBq +
1

2

)
. (2.15)

The light-matter interaction is included in dipole approximation via the dipole Hamil-
tonian

HD = −
∑

q⊥,q‖,k‖

(
iEquq,mdcv(q‖)a

†
m,c,k‖+q‖

am,v,k‖
Bq

+ iEquq,mdcv(q‖)a
†
m,v,k‖

am,c,k‖−q‖
Bq

)
+ h.c. , (2.16)

where intra-band contributions that are off-resonant for optical excitations have been
neglected. The strength of the light-matter coupling is determined by the vacuum field
amplitude Eq, the dipole matrix element between valence and conduction band dcv(q‖)
and

uq,m =
∫
dzgm(z)Uq(z) , (2.17)

which is the overlap integral between the mode function Uq(z) and the square of the
confinement function of the mth QW gm(z) = |ξm|2. Since the confinement function
is spatially very narrow compared to the mode function, it can be approximated by a
delta distribution such that only the mode function at the QW position applies uq,m ≈
Uq,m(zQW ).

2.5. Heisenberg’s equation of motion and hierarchy

problem

In order to describe the dynamics of the light-matter interaction of a semiconductor
heterostructure, we first have to determine the equations of motion of the single photon
and carrier operators. We can then derive the time evolution of all relevant expectation
values via the dynamics of combinations of these operators.

The time evolution of operators can be determined via Heisenberg’s equation of mo-
tion. Therefore, we have to calculate the commutator between a general operator Ô and
the Hamiltonian introduced in Eq. (2.1),

ih̄
∂

∂t
Ô =

[
Ô,H

]

−
. (2.18)

As shown in Ref. [34], the Coulomb interaction couples expectation values containing
combinations of N carrier operators (N-point quantities) to expectation values contain-
ing N + 2 carrier operators. The light-matter interaction couples combinations of N
carrier operators to combinations of one photon and N carrier operators. Since the cre-
ation or absorption of photons with momentum h̄q‖ results in a momentum change of

10



2.5. Heisenberg’s equation of motion and hierarchy problem

electrons according to a†k‖
ak‖+q‖

, photon operators are formally equivalent to two car-

rier operators. Consequently, both interactions couple expectation values containing N
carrier operators to expectation values of operator combinations corresponding to N +2
carrier operators. The dynamics of these N + 2-point quantities is then in turn coupled
to N + 4-point quantities and so on such that we end up with an infinite hierarchy of
coupled equations of motion.

iħ
∂t
∂

iħ
∂t
∂

=

= +

+

H , H0 F H , HC D

Figure 2.2.: Schematic visualization of the hierarchy problem: The Coulomb interaction
and the light-matter interaction couple single-particle quantities to two-
particle quantities such that the equation of motion for the two-particle
quantities is needed to describe the dynamics of the single-particle quanti-
ties. In turn, the two-particle quantities are coupled to three-particle quan-
tities and so on. We end up with a hierarchy of infinitely many coupled
equations of motion.

Formally, we can write

ih̄
∂

∂t
〈ON〉 = T [〈ON〉] + V [〈ON+1〉] (2.19)

where 〈ON〉 denotes a generic N -particle expectation value corresponding to a 2N -point
quantity. The shortcut T indicates the single-particle part of the Hamiltonian containing
the free carriers and the free field part. All many-particle interactions that couple to
(N + 1)-particle expectation values are described by the abbreviation V .

In order to close the set of equations on a controllable level, a systematic truncation
scheme is needed. One possible approach to deal with the hierarchy problem is the
cluster-expansion formalism [20, 40, 41] where we factorize N-particle quantities into all
consistent combinations of independent single-particle quantities (singlets), correlated
2-particle quantities (doublets), correlated 3-particle quantities (triplets) and so on.

〈O2〉 = 〈O2〉S + ∆〈O2〉 (2.20)

where the subscript S denotes the singlet part (i.e. Hartree-Fock part) and the ∆
indicates the purely correlated part. Analogously, three-particle quantities are factorized
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= + + +

Figure 2.3.: Diagrammatic presentation of the Cluster Expansion:An N -particle expec-
tation value may be decomposed into terms containing at most single-
particle quantities (singlets), terms containing at most two-particle cor-
relations (doublets), terms containing at most three-particle correlations
(triplets) and so on, up to the full N -particle correlation. In this thesis, we
fully include the singlets and doublets. The correlated three-particle quanti-
ties are treated on an approximative level such that we end up with a closed
set of equations that contain at most two-particle quantities.

via
〈O3〉 = 〈O3〉S + 〈O1〉S∆〈O2〉 + ∆〈O3〉 . (2.21)

In the following, we compute the equations of motion in singlet-doublet approximation
which means setting up the equations of motions for all expectation values containing up
to two-particle quantities. The occurring triplets are factorized via the cluster-expansion
mechanism into singlets, doublets, and the purely correlated three-particle quantities.
The correlated three-particle quantities are either neglected or approximated by simple
expression such that we end up with a closed set of equations which at most contains
two-particle quantities.
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3. Coherent excitations and

semiconductor Bloch equations

In the first part of this thesis, we want to investigate a QW system in the coherent
excitation regime. This regime is typically reached when a laser pulse excites the QW
resonantly within the spectral region of interest. Due to the displacement of the elec-
trons, the transverse electric field of the laser leads to the build-up of coherent interband
polarization such that all microscopical transitions carry the same phase.

The polarization in turn interacts with the external electric field and with the internal
electric field that is induced by the polarization itself. This interaction leads to the
creation of uncorrelated electrons and holes. The created carriers undergo scattering
processes which cause dephasing of the coherent polarization and lead to the build up
of correlations and populations.

Once the coherent polarization has decayed, the system enters the incoherent regime
where the expectation values of the electric field and the polarization are zero and the
system is dominated exclusively by quantum fluctuations. The incoherent regime will be
investigated in the second part of this thesis. For now, we want to concentrate on situa-
tions where the coherent polarization is still present and investigate the optical response
of QWs consisting of direct and indirect semiconductors under different conditions.

In order to describe the optical response, in Sec. 3.1 the relevant quantities are in-
troduced and it is defined how the microscopical polarization and the absorption are
related. In Sec. 3.2, the equation of motion for the coherent polarization is presented
and in Sec. 3.3, we will introduce the approximations for the treatment of the carrier
scattering in direct GaAs-type QWs. The scattering theory will then be extended to
also describe indirect Ge-type semiconductors in Sec. 3.4.

As an example for the influence of the scattering in direct semiconductors, we will
review the concept of excitation induced dephasing (EID) [42–45] in Sec. 3.5. The
insights which we gain in Sec. 3.5 will guide us to Sec. 3.6, where modifications of the
scattering effects due to the indirect band-structure are investigated.

3.1. Absorption and susceptibility

A very efficient experiment to investigate the optical response of a QW system uses
two consecutive laser pulses. The first pulse is usually spectrally broad and prepares
the system. The second pulse is usually weak and overlaps with the spectral region of
interest and probes the system after a certain time delay. The ratio of the measured
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3. Coherent excitations and semiconductor Bloch equations

transmission spectra with and without the pump pulse defines the optical response of
the system [35, 46–48].

In order to explain such experiments theoretically, we define the macroscopic polar-
ization P (ω) induced by the probe pulse E(ω). The optical response of the QW is then
given by the linear susceptibility

χ(ω) =
P (ω)

ε0E(ω)
. (3.1)

The imaginary part of the linear susceptibility is directly related to the absorption while
the real part indicates changes of the refractive index [31, 35].

By formally solving the wave equation
[
∂2

∂z2
− n2(z)

c2
∂2

∂t2

]
〈E(z, t)〉 = µ0g(z)

∂2

∂t2
P , (3.2)

one can derive the relation between true absorption and susceptibility as

α(ω) ≡ 1 − |R(ω)|2 − |T (ω)|2 =
2Im [ξ(ω)]

1 + |ξ(ω)|2 + 2Im [ξ(ω)]
, (3.3)

where we have defined
ξ(ω) =

ω

n(ω)c
χ(ω) . (3.4)

The quantities R and T are the reflection and transmission coefficients of the sample
[31].

In order to connect the macroscopically measured quantities and the microscopic de-
scription of the quantum system, we express the macroscopic polarization in terms of
the microscopic polarization pk‖

= 〈a†v,k‖
ac,k‖

〉 according to

P (ω) =
dcv

S

∑

k‖

pk‖
(ω) , (3.5)

where S is the normalization area. The frequency dependence of the polarization can be
derived via Fourier transformation if the time dependence of the polarization is known.
As a consequence, the knowledge of the probe pulse and the dynamics of the microscopic
polarization yields the linear response of the QW system. Thus, in the next section we
introduce the SBE that allow us to calculate the desired dynamics.

3.2. Semiconductor Bloch equations

As we are interested in the optical response, we can treat the probe pulse classically
such that the electric field is given by its expectation value E = 〈E〉. Thus, as a starting
point for our theoretical description, we use the Hamiltonian (2.1) and define the classical
transverse electric field of the probe pulse via

〈Eq‖
〉 ≡ dc,v

S

∫
d3rg(z)E(r)eiq‖r‖ =

∑

q⊥

iEquqdcv(q‖)
(
〈Bq‖,q⊥〉 + 〈B†

−q‖,q⊥〉
)
. (3.6)

14



3.2. Semiconductor Bloch equations

For narrow QWs, the square of the confinement functions may be approximated by
g(z) = δ(z) such that only the electric field at the QW position contributes. We use
Heisenberg’s equation of motion and the cluster-expansion truncation in singlet-doublet
approximation to determine the dynamics of the coherent polarization. The result reads
[31]

ih̄
∂

∂t
pk‖

= ǫ̃k‖
pk‖

−
(
1 − f e

k‖
− fh

k‖

) [
〈E0〉 +

∑

k′
‖

Vk′
‖
−k‖

pk′
‖

]

+
∑

λ,k′
‖
,q‖

Vq

[
c
q‖,k′

‖
,k‖

v,λ,λ,c −
(
c
q‖,k′

‖
,k‖

c,λ,λ,v

)⋆]
(3.7)

where quantum-optical two-particle correlations of the form ∆〈Ea†a〉 have been ne-
glected. The neglect of the two-particle correlations is justified since the quantum-optical
corrections are small compared to the electric field of the probe pulse. The electron and
hole distributions

f e
k‖

= 〈a†c,k‖
ac,k‖

〉 , (3.8)

fh
k‖

= 1 − 〈a†v,k‖
av,k‖

〉 , (3.9)

enter the Coulomb-renormalized single-particle energies

ǫ̃k‖,q‖
= ǫek‖

+ ǫhk‖
−
∑

k′
‖

Vk‖−k′
‖

(
f e
k′
‖
+ fh

k′
‖

)
(3.10)

as well as the phase-space-filling factor
(
1 − f e

k‖
− fh

k‖

)
that describes Pauli-blocking

effects if electrons and/or holes are present. The phase-space filling acts as a prefactor
for the generalized Rabi-frequency

〈E0〉 +
∑

k′
‖

Vk′
‖
−k‖

pk′
‖

(3.11)

that contains the Coulomb renormalization of the electric field leading to excitonic reso-
nances in the absorption spectra. In the low density regime, the phase-space-filling factor
is close to unity. When the carrier densities are increased, it becomes smaller such that
it reaches zero at the transparency point and eventually becomes negative in the gain
regime. Negative values of the phase-space-filling factor effectively change the sign with
which the Coulomb interaction enters the SBE such that the excitonic resonances vanish
for carrier densities beyond the transparency point and bound exciton states cease to
exist.

The scattering of polarization is introduced by coherent carrier correlations c
q‖,k′

‖
,k‖

v,λ,λ,c ,

and c
q‖,k′

‖
,k‖

c,λ,λ,v where λ may either be c or v and

c
q‖,k′

‖
,k‖

ν,λ,λ′,ν′ = ∆〈a†ν,k‖
a†λ,k′

‖
aλ′,k′

‖
+q‖

aν′,k‖−q‖
〉 . (3.12)
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3. Coherent excitations and semiconductor Bloch equations

The equations of motion for the carriers are given by

h̄
∂

∂t
f e
k‖

= 2Im


pk‖

(
〈E0〉 +

∑

k′
‖

Vk′
‖
−k‖

pk′
‖

)
+

∑

λ,k′
‖
,q‖

Vqc
q‖,k′

‖
,k‖

c,λ,λ,c


 , (3.13)

h̄
∂

∂t
fh
k‖

= 2Im


pk‖

(
〈E0〉 +

∑

k′
‖

Vk′
‖
−k‖

pk′
‖

)
−

∑

λ,k′
‖
,q‖

Vqc
q‖,k′

‖
,k‖

v,λ,λ,v


 . (3.14)

Again, we have neglected the quantum-optical two-particle correlations.

The dominant scattering contributions to the carrier dynamics are the carrier-carrier
correlations cλ,λ,λ,λ and correlations of the form cλ,λ̄,λ̄,λ describing true exciton contribu-
tions. The bar indicates the opposite band index, v̄ = c and c̄ = v.

In the absence of incoherent correlations, the carrier distributions are only driven
if coherent polarization is present. Consequently, the coherent laser pulse does not
directly create electron and hole populations but first creates polarization. In a second
step, the polarization interacts with the renormalized laser field and leads to a build up
of populations.

3.3. Treatment of the carrier scattering

In analogy to the procedure for the coherent polarization, we can use Heisenberg’s equa-
tion of motion and the subsequent application of the cluster-expansion truncation to
find the dynamics of the correlation terms

ih̄
∂

∂t
c
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ =
(
εν̄
k‖−q‖

+ ελ
k′
‖
+q‖

− ελ
k′
‖
− εν

k‖

)
c
q‖,k′

‖
,k‖

ν,λ,λ,ν̄

+ S
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ +
[
D

q‖,k′
‖
,k‖

ν,λ,λ,ν̄

]

coh
+
[
D

q‖,k′
‖
,k‖

ν,λ,λ,ν̄

]

inc
+
[
c
q‖,k′

‖
,k‖

ν,λ,λ,ν̄

]

T
, (3.15)

where quantum-optical contributions have been neglected. The renormalized single-
particle energies are

ελ
k‖

= ǫλk‖
−
∑

k′
‖

Vk′
‖
−k‖

〈a†λ,k′
‖
aλ,k′

‖
〉 . (3.16)

The coherent doublet term [D
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ ]coh includes coherent correlations of the form

cν,λ,λ,ν̄, while the incoherent doublet term [D
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ ]inc contains the carrier-carrier corre-
lations cλ,λ,λ,λ as well as couplings to true exciton populations cλ,λ̄,λ,λ̄. Triplet correlations

that enter the equation are abbreviated by the term
[
c
q‖,k′

‖
,k‖

ν,λ,λ,ν̄

]

T
.

The singlet contributions are summarized in S
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ where we have only included
terms that are linear in the polarization due to the weak probe pulse. The explicit
form of all four singlet terms corresponding to the possible band-index combinations is
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3.3. Treatment of the carrier scattering

structurally very similar. As an example

S
q‖,k′

‖
,k‖

v,v,v,c = Vj‖

[
pk‖−q‖

(
fh
k‖
fh
k′
‖
f̄h
k′
‖
+q‖

+ f̄h
k‖
f̄h
k′
‖
fh
k′
‖
+q‖

)

− pk′
‖

(
fh
k‖
f e
k‖−q‖

f̄h
k′
‖
+q‖

+ f̄h
k‖
f̄ e
k‖−q‖

fh
k′
‖
+q‖

)]

+Vq‖

[
pk‖

(
fh
k′
‖
f e
k‖−q‖

f̄h
k′
‖
+q‖

+ f̄h
k′
‖
f̄ e
k‖−q‖

fh
k′
‖
+q‖

)

− pk‖−q‖

(
fh
k‖
fh
k′
‖
f̄h
k′
‖
+q‖

+ f̄h
k‖
f̄h
k′
‖
fh
k′
‖
+q‖

)]
. (3.17)

is listed to indicate the general structure. The other singlets together with the explicit
form of the doublets can be found e.g. in [31]. In Eq. (3.17), we have used the abbrevi-

ations f̄
e/h
k‖

=
(
1 − f

e/h
k‖

)
and j‖ = k′

‖ + q‖ − k‖. The singlet term acts as source to the

correlations and leads to the build-up of correlations as soon as carriers and polarization
are present.

In order to determine the full dynamics of the coherent correlations, one has to set
up the equations of motion for the carrier-carrier correlations as well as for the true
excitons. The numerical evaluation of the resulting set of equations is computationally
very demanding and exceeds current computer powers. As a consequence, simplifications
are needed that are computationally feasible but keep the essence of the carrier-scattering
processes. We therefore review the approximations performed in Ref. [43].

We assume a weak probe pulse and a sufficiently long time delay between pump
and probe such that it is a good approximation to assume that the carriers are close
to thermal equilibrium. In this limit, the pump pulse has already decayed and does
not directly influence the system at the probe time. Therefore, we may describe the
carriers via quasi-stationary Fermi-Dirac distributions for a given carrier temperature
and density such that we can omit the carrier dynamics (3.13) and (3.14). Different
pump pulses enter the description via different carrier densities and temperatures.

Additionally, at elevated carrier temperatures and densities, we can assume that
carrier-carrier correlations as well as the true exciton correlations are minor corrections

and may be neglected as well [18]. As a consequence, the term
[
D

q‖,k′
‖
,k‖

ν,λ,λ,ν̄

]

inc
in Eq. (3.15)

does not contribute. We can omit the coherent correlations
[
D

q‖,k′
‖
,k‖

ν,λ,λ,ν̄

]

coh
assuming that

their dephasing is on a faster time scale than it takes to build up other quasi-particles.

The triplet contributions
[
c
q‖,k′

‖
,k‖

ν,λ,λ,ν̄

]

T
introduce dephasing, screening and energy renor-

malization effects to the correlation (3.15). The energy renormalizations in the corre-
lation equation affect the absorption only minimally and can be neglected. Screening
effects are included in our model by replacing the unscreened Coulomb-matrix elements

in the singlet contribution S
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ by its screened counterparts. To model screening,
we use the static Lindhardt approximation [31, 35]:

Wk‖
=

Vk‖

1 − Vk‖
Lk‖

Lk‖
=

∑

k′
‖
,α=e,h

fα
k′
‖
−k‖

− fα
k′
‖

ǫα
k′
‖
−k‖

− ǫα
k′
‖

. (3.18)
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3. Coherent excitations and semiconductor Bloch equations

The dephasing of the correlation is modeled by applying a density-dependent dephasing

constant
[
c
q‖,k′

‖
,k‖

ν,λ,λ,ν̄

]

T

∣∣∣∣∣
dephasing

≈ −iδcq‖,k′
‖
,k‖

ν,λ,λ,ν̄ . Inserting all approximations for Eq. (3.15),

we are left with

ih̄
∂

∂t
c
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ =
(
εν̄
k‖−q‖

+ ελ
k′
‖
+q‖

− ελ
k′
‖
− εν

k‖
− iδ

)
c
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ + S
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ , (3.19)

where the single-particle-source term S
q‖,k′

‖
,k‖

ν,λ,λ,ν̄ now contains the screened Coulomb-
matrix element in static Lindhardt approximation.

We can now perform a Markov approximation (App. B) and formally solve Eq. (3.19).
In the resulting equation, the energy denominator has the Lorentzian form i/(E + iδ)
and leads to real and imaginary contributions where the imaginary contributions of the
terms correspond to the principle value of the energy denominator. The real part of the
Lorentzian describes the singular δ(E)-contribution that is additionally broadened by
the dephasing constant iδ. In the limit iδ 7→ 0, the principle value vanishes such that
the Lorentzian is determined by the δ(E) part. For finite broadenings iδ, the principle
value is also finite and cannot be neglected. However, the summations over k′

‖ and q‖

in Eq. (3.7) lead to the cancellation of most contributions from the principle value due
to its odd symmetry with respect to the energy singularities. Thus, we will neglect the
principle value in our calculations. We are left with the real part of the Lorentzian such
that the closed expression for the scattering reads

∑

λ,k′
‖
,q‖

Vq‖

[
c
q‖,k′

‖
,k‖

v,λ,λ,c −
(
c
q‖,k′

‖
,k‖

c,λ,λ,v

)⋆] ∣∣∣∣∣
2ndBorn

=

i
∑

q‖6=k‖

k′
‖
6=q‖

Re


 iVk‖−q‖

h̄ωS − (εe
k‖

− εh
j‖

+ εh
k′
‖
+ εh

q‖
) + iδ


×

{
Wk‖−q‖

[
f̄h
k′
‖
fh
j‖
f̄ e
k‖

+ fh
k′
‖
f̄h
j‖
f e
k‖

]
pq‖

−(Wk‖−q‖
−Wk‖−k′

‖
)
[
f̄h
j‖
fh
k′
‖
fh
q‖

+ fh
j‖
f̄h
k′
‖
f̄h
q‖

]
pk‖

−Wk‖−k′
‖

[
f̄h
q‖
fh
j‖
f̄ e
k‖

+ fh
q‖
f̄h
j‖
f e
k‖

]
pk′

‖

}

+ i
∑

q‖6=k‖

k′
‖
6=q‖

Re


 iVk‖−q‖

h̄ωS + (−εh
k‖

+ εe
j‖
− εe

k′
‖
− εe

q‖
) + iδ


×

{
Wk‖−q‖

[
f e
k′
‖
f̄ e
j‖
fh
k‖

+ f̄ e
k′
‖
f e
j‖
f̄h
k‖

]
pk‖

−(Wk‖−q‖
−Wk‖−k′

‖
)
[
f e
j‖
f̄ e
k′
‖
f̄ e
q‖

+ f̄ e
j‖
f e
k′
‖
f e
q‖

]
pk‖

−Wk‖−k′
‖

[
f e
q‖
f̄ e
j‖
fh
k‖

+ f̄ e
q‖
f e
j‖
f̄h
k‖

]
pk′

‖

}
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3.4. Scattering in indirect semiconductors

−
(
q‖ ↔ k‖

)
. (3.20)

Equation (3.20) yields the steady state solution for the correlation contributions in
the polarization equation (3.7). We can express this solution via a complex and k‖-
dependent scattering term

∑
k′
‖
Γk‖,k′

‖
pk′

‖
such the polarization dynamics (3.7) reads

ih̄
∂

∂t
pk‖

= ǫ̃k‖
pk‖

+
∑

k′
‖

Γk‖,k′
‖
pk′

‖

−
(
1 − f e

k‖
− fh

k‖

) [
〈E0〉 +

∑

k′
‖

Vk′
‖
−k‖

pk′
‖

]
. (3.21)

The scattering term introduces additional band-gap renormalizations that compensate
Hartree-Fock shifts at elevated carrier densities as well as density dependent dephasing
that lead to a broadening of the exciton resonance. Similar expressions for the car-
rier scattering without the frequency dependence of the energy denominator have been
derived in Refs. [32, 35, 43, 44].

3.4. Scattering in indirect semiconductors

So far, we have concentrated on the description of the carrier scattering in direct GaAs-
type semiconductors. Now, we want to extend our model such that we can also describe
indirect semiconductors. As an example, we choose Ge as the QW material. The
conduction band of Ge has its absolute energy minimum at the L-point while it shows
a local minimum at the Γ-point. The shape of the valence band is similar to that of
GaAs. A schematic picture of the band structure of Ge and GaAs is shown in Fig. 3.1.

Due to the conduction-band minimum at the L-point, the electrons in Ge that are
optically excited close to the direct band gap experience a fast scattering from the Γ-
point to the L-point. In contrast to the electrons, the holes scatter to the Γ-point. Thus,
we have to take into account L-point and Γ-point carrier-contributions. For simplicity,
we assume the conduction band to be parabolic in the vicinity of the two relevant points
with effective masses me and mL for Γ-point and L-point, respectively.

For optical dipole transitions, momentum conservation of the parallel component of
the wave vectors applies. Therefore, the absorption of a photon with momentum h̄q‖

directly corresponds to a change of the carrier momentum of the excited electron from
h̄k‖ → h̄(k‖ + q‖). Since the photon momenta for optical transitions in Ge and GaAs
are small compared to the relevant electron momenta and we assume excitations close
to the direct band gap, only polarizations that are in the vicinity of the Γ-point have
to be evaluated. As a consequence, the electron wave-vectors in the phase-space-filling
factor as well as those in the single-particle energies in Eq. (3.7) have to be close to
the Γ-point. In the Coulomb sums contributing to the renormalized Rabi-frequency and
the energy renormalizations (3.10), we can neglect such terms where the wave vector
k′
‖ is close to the L-point. In these cases, the argument of the Coulomb-matrix element
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3. Coherent excitations and semiconductor Bloch equations
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Figure 3.1.: Sketch of the band structure of GaAs (left) and Ge (right). GaAs shows
a direct gap at the Γ-point while Ge exhibits the minimum of the first
conduction band in the L-point and is therefore indirect.

becomes very large and consequently the Coulomb-matrix element itself is vanishingly
small. The wave vector q‖ corresponds to photon momenta and thus is small. Hence,
the only place where electron momenta close to the L-point enter the calculation is the
sum over k′

‖ in the scattering contributions.

In order to trace the different electron contributions, we divide
∑

λ,k′
‖
,q‖

in Eq. (3.7)

into
∑

λ,k̃‖,q‖
and

∑
λ,l‖,q‖

, where l‖ includes all electron momenta in the vicinity of the

L-point while ˜vparak contains the other carrier momenta that are close to the Γ-point.

The contribution
∑

λ,k̃‖,q‖
is treated on a 2nd-Born level as discussed in Sec. 3.3. For

consistency reasons, we treat the L-point electrons on the same level of approximation
as the electrons at the Γ-point. Consequently, we set up the equation of motion for
∑

λ,l‖,q‖
c
q‖,l‖,k‖

v,λ,λ,c in singlet-doublet approximation and perform the same steps as for the
Γ-point electrons. Executing these steps, we keep in mind that there are no holes at the
L-point and that Coulomb-matrix elements with arguments that consist of differences
between L-point and Γ-point wave-vectors are vanishingly small. The result of this
procedure reads

∑

l‖,q‖

Vq‖

[
c
q‖,l‖,k‖
v,c,c,c −

(
c
q‖,l‖,k‖
c,c,c,v

)⋆
] ∣∣∣∣∣

2ndBorn

=

i
∑

q‖6=k‖

l′
‖
6=q‖

Re


 iVk‖−q‖

h̄ωS + (−εh
k‖

+ εe
j̃‖
− εe

l‖
− εe

q‖
) + iδ


×
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3.5. Excitation induced dephasing

{
W̃k‖−q‖

[
f e
l‖
f̄ e
j̃‖
fh
k‖

+ f̄ e
l‖
f e
j̃‖
f̄h
k‖

]
pk‖

− W̃k‖−q‖

[
f e
j‖
f̄ e
l‖
f̄ e
q‖

+ f̄ e
j̃‖
f e
l‖
f e
q‖

]
pk‖

}

−
(
q‖ ↔ k‖

)
, (3.22)

where j̃ = l‖ + q‖ − k‖‖
is of the same order of magnitude as l‖ and, thus, corresponds

to wave vectors in the vicinity of the L-point. For the computation of the Fermi dis-
tributions for the L-point electrons, the four-fold degeneracy of the conduction band is
taken into account.

Similar to the expression in the scattering term, we can separate the Lindhardt sum
(3.18) into the sums

∑
l′
‖
and

∑
k′
‖
that contain electron momenta close to the L-point and

the Γ-point, respectively. The Lindhardt screened Coulomb-matrix element in Eq. (3.22)
is given by

W̃k‖
=

Vk‖

1 − Vk‖
L̃k‖

L̃k‖
=

∑

k′
‖
,α=e,h

fα
k′
‖
−k‖

− fα
k′
‖

ǫα
k′
‖
−k‖

− ǫα
k′
‖

+
∑

l′
‖

f e
l′
‖
−k‖

− f e
l′
‖

ǫe
l′
‖
−k‖

− ǫe
l′
‖

. (3.23)

3.5. Excitation induced dephasing

Before we start investigating the scattering effects in Ge QWs, we analyze how differ-
ent carrier densities influence the optical response of a direct semiconductor QW. For
simplicity, we study a GaAs QW embedded inside a structure that has the same refrac-
tive index as the QW itself such that no reflections inside the sample structure occur.
We assume that the pump pulse excites the carriers with an energy slightly above the
fundamental band gap (Fig. 3.2a). Due to the direct band gap of GaAs, the electrons
and holes scatter toward the Γ-point on a fast femtosecond (fs) time scale (Fig. 3.2b).
Therefore, we can assume that only carrier populations at the Γ-point are present at
the time when the probe pulse tests the system such that Eq. (3.22) can be omitted and
the screening is described by Eq. (3.18). For the numerical evaluations, we use a lattice
temperature of T = 77 K. A phenomenological background dephasing of γbg = 0.05EB

is added to the dephasing introduced by the carrier-carrier scattering, simulating the
carrier-phonon scattering that is not explicitly treated in this work.

In Fig. 3.3a, we present the linear absorption spectra for a sequence of carrier densities
corresponding to different pump intensities. We analyze the carrier densities 1×109 cm−2

(red line), 2× 1010 cm−2 (blue line), 5× 1010 cm−2 (green line), 1× 1011 cm−2 (magenta
line), and 2 × 1011 cm−2 (black line). The corresponding sums of electron and hole
distributions are shown in Fig. 3.3b using the same color code as in Fig. 3.3a.

At the lowest carrier density, we find a well pronounced 1s-exciton resonance and a
weak 2s-resonance. The 2s resonance is clearly stronger broadened than the 1s resonance.
From pure radiative decay of the polarization, we would have expected the opposite
effect, as the radiative lifetime of 2s excitons is longer than that of 1s excitons. As a
consequence, the purely radiative broadening of the 2s resonance is smaller than the
radiative broadening of the 1s resonance [31]. The strong broadening of the 2s and
higher resonances observed in Fig. 3.3a, is a typical signature of the carrier scattering.
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Figure 3.2.: Sketch of the excitation and subsequent scattering toward the Γ-point in
GaAs: Frame a: A laser pulse optically excites a GaAs QW such that
electrons (blue dots) are created in the conduction band and holes (red
dots) are created in the valence band. Frame b: Fast scattering processes
on a fs time-scale relax the carriers toward the Γ-point.

The peak width of the 1s resonance at a carrier density of 1 × 109 cm−2 is mainly
determined by the homogeneous broadening that we have introduced due to the electron-
phonon scattering whereas the 2s resonance is broadened by carrier scattering. For
increasing carrier densities, the exciton resonances show stronger broadening indicating
an increase of the carrier-scattering strength. The scattering leads to the bleaching of
the 2s resonance at already 1×1010 cm−2. For even higher carrier densities, phase-space
filling effects and the increasing dephasing due to carrier scattering eventually lead to
the bleaching of the 1s resonance. Thus, at 1 × 1011 cm−2 the 1s resonance shows a
HWHM of 1.4 meV and at 2 × 1011 cm−2 no pronounced 1s resonance is visible any
more.

Calculations that treat the carrier scattering on a lower theory level, e.g. Hartree-
Fock calculations, exhibit the same peak broadening for all resonances. On top, these
calculations lead to pronounced shifts of the 1s resonance for increasing carrier densities
[32]. These shifts cannot be observed in experiments. They originate from the band-gap
renormalizations (3.10) and phase-space filling effects that cannot be compensated in
Hartree-Fock calculations.

In our 2nd-Born treatment of the carrier scattering, the scattering shows density-
dependent dephasing and additional band-gap renormalizations that compensate the
Hartree-Fock shifts. Consequently in GaAs QWs, the 1s resonance remains stable when
the carrier density is increased. This behavior is in excellent agreement with experiments
[43].

In frames Fig. 3.3c and 3.3d, we show what happens if the carrier density is increased
further. The curves for 2×1011 cm−2 (black lines) are replotted to these two frames and
graphs for the carrier densities 3× 1011 cm−2 (red lines), 4× 1011 cm−2 (blue lines), and
5 × 1011 cm−2 (green lines) are added.

The sum of electron and hole distributions is close to unity for 3× 1011 cm−2. Conse-
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3.5. Excitation induced dephasing
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Figure 3.3.: Excitation induced dephasing (frames a and b) and gain (frames c and
d): In frame a and c, the absorption spectra for different carrier densities
are shown. We depict in frame a the densities 1 × 109 cm−2 (red line), 2 ×
1010 cm−2 (blue line), 5×1010 cm−2 (green line) and 1×1011 cm−2 (magenta
line). The black lines in frames a and c correspond to 2 × 1011 cm−2. The
other densities shown in frame c are 3× 1011 cm−2 (red line), 4× 1011 cm−2

(blue line), and 5 × 1011 cm−2 (green line). The sum of electron and hole
distributions corresponding to the respective densities is depicted in frames
b and d. As guide for the eye zero in frame c and unity in frame d is marked
by a dashed line. All calculations have been performed at T = 77 K and a
phenomenological background dephasing constant of γbg = 0.05 EB due to
electron-phonon interaction has been used.

quently, the corresponding phase-space-filling factor is close to zero such that the exciton
resonances become fully bleached and bound exciton states cease to exist. This behav-
ior is also known as the Mott transition [49, 50]. Increasing the carrier densities to
even higher values, we recover negative phase-space fillings and consequently negative
absorption indicating optical gain [6, 51].
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3. Coherent excitations and semiconductor Bloch equations

3.6. Absorption in indirect semiconductors

In the previous section, we have investigated the absorption in a direct GaAs-type QW.
We have found that direct semiconductors exhibit optical gain for sufficiently large carrier
densities due to a population inversion at the Γ-point. For low carrier densities the 1s-
peak position is independent of the carrier density.

In contrast to GaAs, Ge is an indirect semiconductor with the absolute minimum of
the conduction band located at the L-point. Therefore, the electrons in Ge undergo a
relaxation toward the L-point even when the excitation process takes place energetically
in the vicinity of the direct band gap at the Γ-point. For sufficiently long times after
the pump, the majority of the electrons will be located at the L-point while the holes
have relaxed to the Γ-point (see Figs. 3.4a and 3.4c). Thus, electrons and holes are
separated in k-space such that population inversion and gain cannot be obtained. This
feature makes it practically impossible to use Ge as an optically active material in laser
structures or amplifiers.

However, shortly after the excitation when the relaxation process toward the L-point
is not yet completed, a certain amount of electrons is still located at the Γ-point such
that for strong excitation conditions population inversion could be reached for some fs
(Fig. 3.4b). Thus, in this section, we will investigate how the absorption develops shortly
after the excitation has taken place. In this context, we show that for strong excitation
conditions Ge QWs may exhibit transient gain for time scales on the order of 200 fs.

As a starting point for this investigation, we briefly discuss an experiment where the
time-resolved optical response of a Si-Ge sample is measured. The sample consists of 50
Ge QWs that are embedded into a Si substrate. The sample is excited by a very strong
(about 1 × 1018 photons cm−2) 80 fs-pulse that is energetically centered at the heavy-
hole continuum at 0.905 eV, about 30 meV above the fundamental band edge. The
excitation intensity corresponds to more than 100 times the intensity needed to create
gain in GaAs. As a consequence of the strong excitation, one obtains Pauli blocking
effects such that only a relative small fraction of the photons is converted into electron
populations.

The measured absorption spectra in the vicinity of the direct band-gap for different
time delays after the exciting pump pulse are shown in Fig. 3.5b. The black line corre-
sponds to the linear absorption in the zero-density limit and shows a pronounced exciton
resonance at 878 meV.

During and shortly after the excitation, the resonance is bleached and the sample
shows gain for about 200 fs. The spectrum for the maximum gain is shown as a red line.
After the maximum gain is reached, the exciton resonance starts to recover as is visible
from the light blue and green curves that show the absorption at 0.05 and 0.15 ps after
the gain peaking. Several hundred fs after the excitation, the carrier distributions reach
a steady state and thus the absorption remains unchanged for many ns. The dark blue
curve shows the corresponding steady-state spectrum.
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3.6. Absorption in indirect semiconductors
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Figure 3.4.: Sketch of the excitation and subsequent scattering in Ge: Frame a: A laser
pulse optically excites a Ge QW such that electrons (blue dots) are created
in the conduction band and holes (red dots) are created in the valence
band. Frame b: Shortly after the pump has excited the system, electron
populations may be found at the Γ-point and L-point. Frame c: In the long
time limit, all electrons have relaxed to the L-point and holes to the Γ-point
such that electrons and holes are separated in k-space.
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3. Coherent excitations and semiconductor Bloch equations

Figure 3.5.: Absorption in Ge; experiment vs. theory: Frame a shows the numerically
simulated absorption in Ge for different electron fractions at the L-point.
The different curves correspond to 0% (red),40% (light blue),70% (green)
and 100% L-point fraction (dark blue). The calculations have been per-
formed for T = 300K and a total carrier density of 8 × 1011cm−2. Frame
b shows the absorption spectra measured from a Ge QW for different time
delays after the pump pulse. The curves correspond to time delays of 0.0 ps
(red), 0.05 ps (light blue), 0.15 ps (green) and 1.6 ps (dark blue) time delay
after the maximum gain. In both frames the black line shows the linear ab-
sorption in the zero density limit. In frame c (d), the corresponding electron
distributions at the Γ-point (L-point) are plotted. Note that the L-point is
four-fold degenerate such that the electron distributions at the L-point have
to be multiplied by a factor of four.
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3.6. Absorption in indirect semiconductors

In order to explain these observations, we concentrate on the pure QW-emission pro-
cess and neglect reflections inside the sample. We treat the carrier scattering in 2nd-Born
approximation according to Eqs. (3.20) and (3.22).

To illustrate that the theory describes the basic features of the scattering in Fig. 3.5a,
we show the numerical results in comparison to the experimental measurements in frame
b. For our numerical simulations, we use T = 300 K and a total electron density of
8× 1012 cm−2 that is divided into an L-point fraction and a Γ-point fraction. The black
line depicts the linear absorption of the Ge QW in the zero-density limit.

75

25

Figure 3.6.: Γ-to-L scattering: Corresponding Γ-point fractions and delay times derived
by a peak shape comparison between experiment and theory. The solid line
shows an exponential fit where the resulting decay time is τ = 140 fs.

Since the laser pulse excites carriers in the vicinity of the Γ-point only, we assume
that in the beginning all electrons are concentrated there. The red curve shows the
corresponding numerically evaluated optical response. As time proceeds, the electrons
are scattered from the Γ-point to the L-point. Thus, the electron population at the Γ-
point decreases. As a consequence, the phase-space-filling factor grows as time goes on.
The gain vanishes as soon as the value of the phase-space filling at k‖ = 0 exceeds zero.
For even larger L-point electron fraction, the exciton resonance recovers. The curves
corresponding to fractions of 40% and 70% of the electrons at the L-point are shown as
light blue and green lines, respectively.

In the long-time limit, all electrons have reached the L-point leaving an empty con-

27



3. Coherent excitations and semiconductor Bloch equations

duction band at the Γ-point. The dark blue line shows the corresponding absorption
spectrum. If we compare the final spectrum to the linear absorption, we note that the
exciton resonance has not fully recovered. This feature can be explained by two effects:
a) The holes have remained at the Γ-point and thus contribute to the phase-space filling
at all times leading to a partial resonance bleaching. b) Even at long times after the
excitation, electrons at the L-point and holes still contribute to the carrier-scattering
and lead to a dephasing of the exciton resonance.

The electron distributions corresponding to the different amount of electrons at the
Γ-point and the L-point are shown in Figs. 3.5c and 3.5d, respectively. Note, that the
L-point is four-fold degenerate such that the L-point distributions have to be multiplied
by four to obtain the total amount of electrons in that point.

A peak-shape comparison between experimental and numerical absorption spectra
allows us to relate the delay times between pump and probe pulses to the fractions
of electrons at the Γ-point. The corresponding results can be found in Fig. 3.6 where
we show the Γ-point fraction of the electrons (black stars) as a function of time delay.
Additionally, we plot an exponential fit indicated as a black line. From the fit function
we can determine a Γ-to-L-scattering time of τ = 140 fs.

The Γ-to-L scattering-time is expected to be strongly dependent on the number of
excited carriers. Generally, a larger amount of carriers should lead to a stronger carrier
scattering such that the Γ-to-L scattering time becomes faster and the time for which
gain can be observed becomes shorter. This effect speaks clearly against the application
of Ge QWs as an amplifier material.

L G

valence
band

conduction
band

Figure 3.7.: Absorption due to L-point electrons: L-point electrons can contribute to
the absorption and thus may inhibit optical gain.

In order to increase the timespan for which gain is observed, one could think of us-
ing continious-wave pumping such that electron populations at the Γ-point are always
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3.6. Absorption in indirect semiconductors

present. Unfortunately, this concept does not work [52]. For long pump pulses, a signif-
icant amount of electrons scatters to the L-point while the excitation is still in progress.
These L-point electrons can absorb photons from the pump pulse such that they are
excited into continuum states of the substrate (Fig. 3.7). Thus, L-point electrons lead
to a spectrally broad absorption signature in the optical response spectra. With increas-
ing L-point electron population, this absorption becomes stronger such that the gain
eventually vanishes, even when the excitation process is still in progress and electrons
are present at the Γ-point. As a consequence, the duration for which gain is observed
is limited to roughly the Γ-to-L scattering-time even for long pump pulses. If a Ge QW
is positioned inside a cavity or a MQW system of Ge QWs is present, the electrons at
the L-point may also act as absorbers for the photons that are emitted from the QWs
due to the recombination processes. Thus, in such systems gain cannot be observed as
soon as a sufficient electron distribution at the L-point is present. As a consequence, Ge
QWs cannot be used as optically active region in laser structures.
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3. Coherent excitations and semiconductor Bloch equations

30



4. Influence of the dielectric

environment

So far, we have investigated the influence of carrier-carrier scattering on the absorption
spectra of either direct or indirect semiconductors. In this analysis, we have neglected
effects of the dielectric environment, which is often a good approximation when the di-
electric environment is optically inactive and the investigated structure does not contain
a cavity.

However, many realistic QW-samples are embedded inside a complicated dielectric
environment. It may include e.g. cap layers to protect oxidation-sensitive regions of the
sample from the air or AR-coatings that allow for minimal reflection at the air-sample
surface. Other components may be used to reduce the strain between two neighboring
layers of different materials resulting from their different lattice constants. Such com-
ponents are, for example, superlattices and gradient-concentration layers that mediate
between two materials via a concentration gradient of the neighboring materials. If an
enhanced coupling between the light-field and the QW is desired, the structure may
contain one DBR to form a VECSEL or even two DBRs in the case of a VCSEL.

All these different components lead to steps in the refractive-index profile and therefore
to partial reflections inside the structure. As a consequence, the measured reflection and
transmission from the complete heterostructure depend on the dielectric configuration.
The spectra can for example show Fabry-Perot oscillations [53] or modifications of the
exciton peak due to a changed radiative lifetime of excitations resulting from the modified
coupling strength between the carriers and the light field [54–57].

In the regime of enhanced light-matter coupling that can be realized when the QW
is placed inside a VCSEL, we may even obtain normal-mode splitting [32, 43]. Conse-
quently, the dielectric environment can crucially change the reflection and transmission.
Thus, if we are interested in these quantities and want to compare the numerical sim-
ulations of QW devices against the experimental results, we have to take into account
the exact dielectric environment.

In the following section, we will briefly introduce a systematic transfer-matrix method
that allows for computing the mode functions as well as the reflection and transmission
through the sample as discussed in Ref. [37]. In Sec. 4.2, we show how to include the
microscopic description of a QW in the coherent limit (see Chap. 3) into the transfer-
matrix method. Finally, in Sec. 4.3, we compare the numerical results observed from
the transfer-matrix method with experimental absorption spectra measured by a pump-
probe experiment.
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4. Influence of the dielectric environment

4.1. Treatment of the dielectric environment

Device components like superlattices, AR-coatings or cap-layers may be modeled via a
stack of regions with spatially constant refractive index. As a suitable basis for com-
puting the reflection and transmission at the boundaries, we choose the mode basis and
defines the (counter-) propagating mode U+q (U−q) which corresponds to a light pulse
that originally propagates from the left (right) to the right (left) and which is partially
reflected and transmitted at the boundaries of the dielectric structure. Within the re-
gions of spatially constant refractive-index, Eq. (2.14) shows that the mode functions
are plane waves describing light that propagates freely to either the left or the right.

To visualize this situation, we present in Fig. 4.1 a step-function refractive-index
profile, indicated as the shaded area. The dashed (solid) line shows the (counter-) prop-
agating mode. At the boundary, the light is split according to reflection R

− (R+) and
transmission T

− (T+) coefficients corresponding to the light that arrives at the boundary
from the left (right). In front of the boundary, the mode functions are consequently su-
perpositions of the incoming and the reflected mode such that the (counter)-propagating
mode shows oscillations (right) left of the boundary.

Figure 4.1.: The background-refractive-index profile is shown as a gray shaded area.
The dashed and the solid lines depict the propagating and the counter-
propagating modes which are resonant to the exciton-1s energy, respec-
tively. The dashed (solid) arrows indicate that the (counter-)propagating
mode consists of the incident plane wave with amplitude 1. Reflection and
transmission coefficients are R

− (R+) and T
−(T+), respectively.
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4.1. Treatment of the dielectric environment

The most general ansatz for the mode functions in a region j is

U j
q (z) = Aje

iqj(z−zj) +Bje
−iqj(z−zj) , (4.1)

where Aj and Bj are the coefficients in the respective regions and qj =
√
n2

j (ω)q2 − q‖

is the corresponding photon wave-vector in z-direction with refractive index nj(ω).
From the given refractive indices, we can compute the reflection and transmission

coefficients at the boundary between regions j and j + 1 via the continuity condition of
the mode functions and their space derivatives. We find

T
+
j =

2qj+1

qj + qj+1
, T

−
j =

2qj
qj + qj+1

, (4.2)

R
+
j =

qj+1 − qj
qj + qj+1

, R
−
j =

qj − qj+1

qj + qj+1

. (4.3)

These coefficients can be used to relate the mode functions in neighboring regions via
(
Aj+1

Bj+1

)
= Mj ·

(
Aj

Bj

)
, (4.4)

where Mj is the transfer matrix defined by

Mj =
1

T
+
j

( (
T

+
j T

−
j − R

+
j R

−
j

)
eikj(zj+1−zj) R

+
j e

−ikj(zj+1−zj)

−R
−
j e

ikj(zj+1−zj) e−ikj(zj+1−zj)

)
. (4.5)

In structures with multiple layers, we apply Eq. (4.4) iteratively. Consequently, we can
express the coefficients of the mode function in region j by those in the first region via
the matrix equation

(
Aj+1

Bj+1

)
= MjMj−1...M1

(
A1

B1

)
≡ Mj

(
A1

B1

)
. (4.6)

The product matrix Mj describes the collective reflection and transmission through the
entire stack consisting of the first j layers of the device also including multiple reflections
within the sample structure. In analogy to Eq. (4.5), we can therefore define collective
reflection and transmission coefficients R+,R−,T +, and T − for the first j layers as

R−
j+1 = R−

j +
R
−
j+1T −

j T +
j e2ikj(zj+1−zj)

1 − R
−
j+1R+

j e
2ikj(zj+1−zj)

, (4.7)

R+
j+1 = R+

j+1 +
R+

j T +
j+1T −

j+1e
2ikj(zj+1−zj)

1 − R
−
j+1R+

j e
2ikj(zj+1−zj)

, (4.8)

T −
j+1 =

T −
j T

−
j+1e

ikj(zj+1−zj)

1 − R
−
j+1R+

j e
2ikj(zj+1−zj)

, (4.9)

T +
j+1 =

T
+
j+1T +

j eikj(zj+1−zj)

1 − R
−
j+1R+

j e
2ikj(zj+1−zj)

. (4.10)

The collective transfer matrix may then be determined via

Mj =
1

T−
j+1

(
T +

j+1T −
j+1 −R+

j+1R−
j+1 R+

j+1

−R−
j+1 1

)
. (4.11)
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4. Influence of the dielectric environment

4.2. Coupling between the quantum well and the

dielectric structure

So far, our transfer matrix includes only the reflections and transmissions inside the
sample structure due to a certain background-refractive-index profile. As a next step,
we will show how the coupling of a QW to its dielectric environment can be modeled.

In principle, the dielectric environment can be coupled to the QW by expanding the
electric field in terms of mode functions. The electric field is then dynamically described
via an equation of motion for the photon creation and annihilation operators. This mode
expansion has to be used for incoherent light fields because in that limit the electric field
is determined exclusively by its quantum fluctuations such that a consistent quantum-
mechanical treatment of the light field is essential.

In the coherent limit, we can describe the light field classically such that an alternative
method to the mode expansion can be used. We describe the optical response of the
QW microscopically via the SBE as already discussed in Chap. 3. The optical response
of the QW can then be expressed in terms of reflection, transmission and absorption
coefficients according to [31]

R(ω) =
iξ(ω)

1 − iξ(ω)
, (4.12)

T (ω) =
1

1 − iξ(ω)
, (4.13)

where ξ(ω) is defined by Eq. (3.4) and the absorption is given in Eq. (3.3). Thus,
we may treat the QW like a separate layer of the refractive-index profile with its own
transfer matrix MQW . We neglect variations in the refractive index between QW and its
adjacent layers. This assumption is no restriction to the structure because the refractive-
index change may be included in the usual transfer-matrix calculation sketched above
in Sec. 4.1.

Inserting Eqs. (4.12) and (4.13) into Eq. (4.5), we can define the QW transfer matrix
as

MQW =

(
1 + iξ iξ
−iξ 1 − iξ

)
. (4.14)

This definition contains the self-consistent light-matter coupling due to the coupling of
the macroscopic polarization P to the wave equation (3.2) via Eq. (3.4) (see also [31]).
As a consequence, radiative broadening effects are fully included.

Transmission and reflection through a dielectric structure that includes a QW between
regions k − 1 and k + 1 can be described by the matrix product

Mj = MjMj−1...Mk+1MQWMk−1...M1 (4.15)

Analogously, MQW samples can be simulated by simply putting multiple QW transfer
matrices at the respective positions of the matrix product. The inclusion of the QWs into
the system leads to a finite linear absorption according to Eq. (3.3) while in the absence
of any QWs, the transfer-matrix method ensures that reflection plus transmission yields
unity as long as the dielectric environment is optically inactive.
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4.3. Comparison between experiment and theory

4.3. Comparison between experiment and theory

Using the developed model for the coupling between the QWs and the dielectric en-
vironment, we can compare the numerical simulations against experiments. Thus, we
present in this section measured and computed absorption, transmission and reflection
of the structure that is shown in the Fig. 4.2a.

The investigated structure is relatively complicated and contains several buffer layers
and two superlattices as well as an AR-coating. The active region consists of ten 10 nm
wide GaAs QWs that are separated by 10 nm layers of Al0.3Ga0.7As. A tick layer of
GaAs provides bulk absorption which is included in our model via a complex refractive
index in the respective region. The solid (dashed) line shows the (counter-)propagating
mode resonant to the 1s-exciton energy.

Frame 4.2b shows a comparison between measured and computed absorption. The
black line in indicates the experimental absorption. The red (blue) line shows the result
if the frequency dependence of the background refractive-index is neglected (included).
The corresponding figures for reflection and transmission are depicted in the bottom
frames 4.2c and 4.2d, respectively. The color code of the curves in these two frames is
the same as for the absorption.

We find an absorption peak at 1.5 eV that corresponds to the bulk absorption while the
peak at 1.55 eV shows the heavy-hole 1s-resonance. The experimental data indicate also
a third absorption peak at slightly higher energies. This peak corresponds to the light
hole which is not included in our investigations due to the restrictions of our theory
to two-band situations. Apart from the absorption peak, the light hole introduces a
continuum absorption which is simulated via a phenomenological frequency dependent
absorption function.

The reflection spectrum is dominated by Fabry-Perot fringes. The energy period of
these fringes can be related to the propagation time of the light through the complete
sample. Therefore, the energy period of the Fabry-Perot fringes directly depends on the
background refractive-indices that are used to model the sample structure. A comparison
between the experimental and the numerical data in Fig. 4.2c shows that too large
Fabry-Perot periods are observed when the frequency dependence of the background
refractive-index is neglected. The inclusion of the frequency dependence is needed to
predict the energy period of the Fabry-Perot fringes for a wide energy range.
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4. Influence of the dielectric environment

Figure 4.2.: Reflection, transmission and absorption of a QW-heterostructure in the
coherent limit: The investigated structure is indicated in frame a as shaded
area. The solid (dashed) line shows the (counter-)propagating mode that
is resonant with the exciton 1s energy. Frames b,c, and d show absorption,
reflection, and transmission as a function of energy. In these three frames,
the black line depicts the experimental data while the red and the blue
line indicate the respective numerically simulated quantities. The blue line
corresponds to the calculation that includes the frequency dependence of the
refractive index. The red curve is obtained if the frequency dependence is
neglected.The experiments have been performed in the group of Steve Cundiff
at Jila, Boulder.
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5. Photoluminescence and

semiconductor luminescence

equations

5.1. Entirely incoherent conditions

So far, we have investigated the linear response of a QW in the coherent light-matter-
interaction regime. In this context, we have extended the treatment of the carrier-
scattering to describe the absorption of indirect Ge-type QWs. We have applied the ex-
tended scattering theory to compare the density-dependent absorption between a GaAs
and a Ge QW. Additionally, we have investigated how the dielectric environment influ-
ences the optical response.

In this chapter, we will concentrate on incoherent situations where all coherent quan-
tities like the coherent polarization 〈pk‖

〉 and the classical electric field 〈E〉 ∝ 〈B〉 have
decayed. Beyond the classical limit, we even demand the absence of any phase coher-
ences implying that quantities of the form ∆〈[B†

q ]
mBn

q 〉 are zero when m 6= n. Note that
this condition excludes squeezing at t = 0 because squeezing is related to quantities of
the form ∆〈BqBq〉.

The incoherent limit can, for example, be reached if the excitation happens high
above the band edge and the carriers have to scatter down to the Γ-point for emission at
the exciton resonances [57–60]. The carrier scattering as discussed in Chap. 3 and the
phonon scattering [35, 61–64] in conjunction with the finite radiative lifetime of carrier
excitations [32, 65] leads to the loss of phase coherences on a ps time-scale. At the same
time, the scattering processes build up incoherent correlations and carrier populations.
The incoherent dynamics takes place on a ns time scale, i.e. is much slower than the
coherent dynamics. After the coherences have vanished, the light field is exclusively
described by its quantum fluctuations. A typical example for light that exhibits this
statistic is thermal light.

Other methods that allows for reaching the incoherent regime are injection pumping
via an electric current or, more exotically, the direct excitation via an incoherent light
source, e.g., by the emission from an exciton condensate [31, 66]. Both procedures lead
to a build up of incoherent correlations without the intermediate step of first creating a
coherent polarization.
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5. Photoluminescence and semiconductor luminescence equations

5.2. Semiconductor luminescence equations

Perhaps the simplest example of purely non-classical light is the PL which is proportional
to the rate of the correlated photon number

IPL
q‖,q⊥

=
∂

∂t
∆〈B†

q‖,q⊥
Bq‖,q⊥〉 . (5.1)

Again, we determine the dynamics by applying Heisenberg’s equation of motion and
the cluster-expansion-truncation scheme. Applying this scheme, we demand that all
coherent quantities are zero. We keep track of the QW index m since we are also
interested in the radiative coupling between the QWs in the incoherent regime. With
these assumptions, the equation of motion for the correlated photon number reads [31,
34]

ih̄
∂

∂t
∆〈B†

q‖,q⊥
Bq‖

′,q′
⊥
〉 = (h̄ωq′ − h̄ωq)∆〈B†

q‖,q⊥
Bq‖

′,q′
⊥
〉

+i
∑

m,k‖

F⋆
m,q‖

′,q′
⊥
Π

k‖,m
q‖,q⊥

+i
∑

m,k‖

Fm,q‖,q⊥

(
Π

k‖,m

q‖
′,q′

⊥

)⋆
(5.2)

where the first line describes the propagation of the light field. The second and third
lines introduce the light-matter coupling via the photon-assisted polarizations

Π
k‖,m
q‖,q⊥ ≡ ∆〈B†

q‖,q⊥
a†m,v,k‖

am,c,k‖+q‖
〉 , (5.3)

which describe correlated processes where an electron-hole pair with center-of-mass mo-
mentum h̄q‖ in QWm is annihilated while a photon with the same momentum is created.
The coupling strength is abbreviated by the expression Fm,q‖,q⊥ ≡ dcvEqUq,m(QW ).

The dynamics of the photon-assisted polarizations is given by

ih̄
∂

∂t
Π

k‖,m
q‖,q⊥ =

(
ǫ̃m
k‖,q‖

− h̄ωq‖

)
Π

k‖,m
q‖,q⊥

− (1 − f e,m
k‖+q‖

− fh,m
k‖

)
∑

k‖
′

Vk‖−k‖
′Π

k′
‖
,m

q‖,q⊥

+ iΩRC
m (k‖,q‖, q⊥) − (1 − f e,m

k‖+q‖
− fh,m

k‖
)∆〈B†

q‖,q⊥
Bq‖Σm

〉

+ Fm,q‖,q⊥ΩSE
m (k‖,q‖) + ih̄

∂

∂t
Π

k‖,m
q‖,q⊥|scatt, (5.4)

with the Coulomb renormalized single-particle energies

ǫ̃m
k‖,q‖

= ǫem,k‖+q‖
+ ǫhm,k‖

−
∑

k′
‖

Vk‖−k′
‖

(
f e,m
k′
‖
+q‖

+ fh,m
k′
‖

)
. (5.5)
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5.2. Semiconductor luminescence equations

The equation is structurally similar to the polarization equation (3.7). As discussed

there, the Coulomb interaction appears in the Coulomb sum
∑

k‖
′ Vk‖−k‖

′Π
k′
‖
,m

q‖,q⊥ and

provides excitonic resonances [35] (see also Appendix A).
The electron and hole distributions of QW m

f e,m
k‖

= 〈a†m,c,k‖
am,c,k‖

〉 , (5.6)

fh,m
k‖

= 1 − 〈a†m,v,k‖
am,v,k‖

〉 , (5.7)

enter the photon-assisted polarization via the phase-space-filling factor (1−f e,m
k‖

−fh,m
k‖

)

and the spontaneous-emission source

ΩSE
m (k‖,q‖) = f e,m

k‖+q‖
fh,m
k‖

+
∑

l‖

c
q‖,k‖,l‖
X m,m . (5.8)

The electron-hole plasma f efh acts as a source to the photon-assisted polarization when-
ever carriers are present. Additionally, the spontaneous-emission source contains the
truly correlated electron-hole pairs

c
q‖,k‖

′,k‖

X m′,m = ∆〈a†m,c,k‖
a†m′,v,k′

‖
am′,c,k′

‖
+q‖

am,v,k‖−q‖
〉 (5.9)

with equal QW indices m = m′. The correlated electron-hole pairs can describe corre-
lated plasma as well as exciton populations in QW m [31]. Due to the structure of the
spontaneous emission, both contributions, the exciton population as well as the single-
particle electron-hole plasma, can fundamentally be the origin of excitonic luminescence
[18, 19, 34, 67, 68]. It can be shown that the PL is dominated by the uncorrelated
electron-hole plasma especially at high carrier temperatures and densities while for low
carrier temperatures and low to medium carrier densities the PL is dominated by the
recombination of true excitons [18, 19]. As a consequence, luminescence from the exciton
resonances is not a unique signature for exciton populations in the system.

Electron-hole correlations between different QWs m 6= m′ enter via the recombination
correlation which is given by

ΩRC
m (k‖,q‖, q⊥) =

∑

m′ 6=m

Fm′,q‖,q⊥

∑

l‖

c
q‖,k‖,l‖
X m,m′ . (5.10)

The MQW coupling is further modified by the stimulated contribution

∆〈B†
q‖,q⊥

Bq‖Σm
〉 , (5.11)

where the collective photon operator Bq‖,Σm
=
∑

q′
⊥
iFm,q‖,q′

⊥
Bq‖,q′

⊥
includes all photons

with in-plane momentum q‖ coupling to QW m. The stimulated term provides the cou-
pling between different light modes and defines how the photon correlations couple to the
photon-assisted polarization. In the weak light-matter-coupling regime, the stimulated
term leads to a radiative decay of excitations and spectrally broadens the excitonic peak
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5. Photoluminescence and semiconductor luminescence equations

[55, 69] while in the strong-coupling regime, it is responsible for normal mode-splitting
effects [32, 43, 70, 71]. For incoherent excitation, the stimulated term acts as a driving
source for the photon-assisted polarization. The scattering contributions due to higher

order correlations and phonon interaction are abbreviated in the term Π
k‖,m
q‖,q⊥|scatt.

We set up the equation of motion for the two-particle correlation cX and neglect
Coulomb-induced contributions that are proportional to f e−fh. This is justified for low
carrier densities when these contributions are much smaller than the dominant Coulomb
contributions that are proportional to phase-space filling (1 − f e − fh). This approxi-
mation is often referred to as main-sum approximation [64, 72]. Applying the main-sum
approximation, the equation of motion for the two-particle correlation cX is given by

ih̄
∂

∂t
c
q‖,k‖

′,k‖

X m′,m = ǫ
q‖,k‖

′,k‖

m′,m c
q‖,k‖

′,k‖

X m′,m + S
q‖,k‖

′,k‖

X m′,m

− (1 − f e,m′

k‖
′+q‖

− fh,m′

k‖
′ )

∑

l‖ 6=k‖
′

Vl‖−k‖
′c

q‖,l‖,k‖

X m′,m

+ (1 − f e,m
k‖

− fh,m
k‖−q‖

)
∑

l‖ 6=k‖

Vl‖−k‖
c
q‖,k‖

′,l‖
X m′,m

− (1 − f e,m′

k‖
′+q‖

− fh,m′

k‖
′ )

∑

q′
⊥

iFm′,q‖
′,q′

⊥

(
Π

k‖,m

q‖,q′
⊥

)⋆

− (1 − f e,m
k‖

− fh,m
k‖−q‖

)
∑

q′
⊥

iF⋆
m,q‖

′,q′
⊥
Π

k‖
′,m′

q‖,q′
⊥

+ ih̄
∂

∂t
c
q‖,k‖

′,k‖

X m′,m |scatt (5.12)

with the renormalized electron-hole pair energy

ǫ
q‖,k‖

′,k‖

m′,m = ǫ̃m
k‖−q‖,q‖

− ǫ̃m′

k‖
′,q‖
, (5.13)

and the single-particle-scattering source

S
q‖,k‖

′,k‖

X m′,m = δm,m′Vk‖
′+q‖−k‖

×
[
f e,m
k‖

′+q‖
fh,m
k‖

′ (1 − f e,m
k‖

)(1 − fh,m
k‖−q‖

)

−f e,m
k‖

fh,m
k‖−q‖

(1 − f e,m
k‖

′+q‖
)(1 − fh,m

k‖
′ )
]
. (5.14)

This source term exists only for equal QW indices and resembles Coulomb scattering
within one and the same QW between different k‖-states. A transformation of Eq. (5.12)
into the exciton basis shows that the SX term does not create a diagonal exciton popu-
lation but introduces correlations between different exciton states [31, 67].

Excitonic pair-state resonances are introduced by the Coulomb sums in the second
and third line of Eq. (5.12). Additionally, the spontaneous recombination of correlated
electron-hole pairs is described by the terms containing Π when m = m′. For m 6=
m′, these terms correlate electron-hole pairs in different QWs due to photon-mediated
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5.3. Exciton number

recombination and excitation of electron-hole pairs. The scattering due to higher order

correlations is given by c
q‖,k‖

′,k‖

X m′,m |scatt.
In order to close the set of equations, we have to set up the equations of motion for

the electron and hole distributions,

ih̄
d

dt
f e,m
k‖+q‖

=
∑

q‖,q⊥

i
(
Fm,q‖,q⊥

(
Π

k‖,m
q‖,q⊥

)⋆
+ F⋆

m,q‖,q⊥
Π

k‖,m
q‖,q⊥

)

+ ih̄
d

dt
f e,m
k‖+q‖

|scatt (5.15)

ih̄
d

dt
fh,m
k‖

=
∑

q‖,q⊥

i
(
Fm,q‖,q⊥

(
Π

k‖,m
q‖,q⊥

)⋆
+ F⋆

m,q‖,q⊥
Π

k‖,m
q‖,q⊥

)

+ ih̄
d

dt
fh,m
k‖

|scatt . (5.16)

The electron and hole distributions are mainly driven by the collective sum over the
photon-assisted polarization processes. The scattering due to higher order correlations
is contained in f

h/e,m
k‖

|scatt. These terms are responsible for a relaxation of the carrier

distribution toward thermal equilibrium.

5.3. Exciton number

The SLE allow us to study the number of excitons with vanishing center-of-mass mo-
mentum q‖ = 0. Therefore, we introduce the transformation

∆Nm,m′

ν,λ =
∑

k‖,k‖
′

φL
ν (k‖)

[
φL

λ(k‖
′)
]⋆
c
0,k‖

′,k‖

X m′,m (5.17)

c
0,k‖

′,k‖

X m′,m =
∑

ν,λ

∆Nm,m′

ν,λ

[
φR

ν (k‖)
]⋆
φR

λ (k‖
′) (5.18)

where ∆Nm,m
λ,λ indicates the number of excitons at state λ in QW m. The same quan-

tity with unequal indices m 6= m′ or/and λ 6= ν describes plasma correlations between
electron-hole pairs in different QWs or/and different states. The transformation is medi-
ated via the left- and right-handed exciton eigenfunctions φL

ν (k‖) and φR
ν (k‖) [35, 66](see

also Appendix A).

5.4. Treatment of the scattering

The scattering contributions in Eqs. (5.4), (5.12), (5.15), and (5.16) lead to energy
renormalizations as well as dephasing and screening effects. Unfortunately, the general
structure of these terms is relatively complicated [31] and the inclusion of their full
dynamics would be numerically very time consuming. Therefore, it is desirable to find
an ansatz that allows us to include the scattering on an approximative level while the
essential features of the scattering are included.
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5. Photoluminescence and semiconductor luminescence equations

The electron-electron as well as the electron-phonon scattering relax the carrier dis-
tributions toward thermal equilibrium on a fs time scale. Besides the fast scattering
dynamics, the spontaneous emission leads to a slow nanosecond (ns) decay of the car-
riers. In the investigated time regime of some ps, both effects contribute only weakly
such that we can neglect the carrier dynamics (5.15) and (5.16) and assume a quasi
equilibrium with fixed carrier densities. The fast equilibration is taken into account by
using quasi-stationary Fermi distributions for a given carrier density and temperature.

The structure of Eqs. (5.2), (5.4), (5.12), (5.15), and (5.16) shows that the car-
rier dynamics is the only place where different in-plane momenta q‖ are coupled. In
the limit of thermal equilibrium, the scattering terms can be considered not to pro-
duce a q‖-dependent coupling. In this situation, the coupling between different q‖ in
Eqs. (5.2), (5.4) and (5.12) can be ignored. Consequently, the principal coupling effects
among the QWs and between the QWs and the dielectric environment can be under-
stood by concentrating on the emission perpendicular to the QW planes, i.e. q‖ = 0.
Under these conditions, Πq‖,q⊥ depends on q‖ mainly via the angle between the QW and
the light field. Thus, we can assume that the emission angle enters the SLE only via an
appropriate geometrical factor.

In our numerical evaluations, the steady-state luminescence is consequently propor-
tional to the flux of the photon number into the normal direction,

IPL(ω = c|q⊥|) =
∂

∂t
∆〈B†

0,q⊥B0,q⊥〉 . (5.19)

In the limit of quasi-stationary carrier distributions, we can simplify the scattering
contributions in Eqs. (5.4) and (5.12). The easiest possible approximation is to introduce
a constant dephasing γ. This works nicely in the case of the photon-assisted polarization
for low to moderate carrier densities such that we can approximate the scattering term
in Eq. (5.4) by

ih̄
∂

∂t
Π

k‖,m
q‖,q⊥|scatt = −iγΠk‖,m

q‖,q⊥ . (5.20)

For high carrier densities, the homogeneous dephasing would lead to Hartree-Fock shifts
of the exciton resonances which are not seen experimentally. Thus, the scattering has to
be treated on a higher level. One could for example treat the scattering on a 2nd-Born
level as we have already discussed for the coherent polarization in Sec. 3.5. However, we
restrict our investigations in the incoherent regime to sufficiently low carrier densities
such that we may use the approximation (5.20).

The scattering term in the cX-correlation cannot be treated via dephasing-rate ap-
proximations since a simple dephasing constant would lead to a decay of the exciton
populations. More specifically, in an exciton basis, we have to distinguish between com-
plex transition amplitudes ∆Nm,m′

ν,λ for ν 6= λ or m 6= m′ and real-valued populations
∆Nm,m

ν,ν . Since the latter do not carry a phase, they are insensitive to dephasing. They
can only decay non-radiatively (not considered here) or via spontaneous emission of a
photon which is included in Eq. (5.12). Therefore, we introduce a scattering term

ih̄
∂

∂t
c
0,k‖

′,k‖

X m′,m |scatt = −2iγc
0,k‖

′,k‖

X m′,m
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5.4. Treatment of the scattering

+ 2iγδm,m′

∑

λ

∆Nm,m′

λ,λ φR
ν (k‖)

[
φR

λ (k‖
′)
]⋆
, (5.21)

which assures that only the off-diagonal correlations are dephased and the diagonal
exciton populations remain unaffected.

In addition to the dephasing effects, carrier-carrier scattering also leads to an effective
plasma screening. For that purpose, we use Lindhardt screening in single-plasmon-pole
approximation [35] such that the bare Coulomb matrix elements in Eqs. (5.4) and (5.12)
become screened by the additional factor

1

ε(k‖)
= 1 +

ω2
pl

(ω + iδ)2 − ω2
q

, (5.22)

where ωpl is the plasma-frequency and ωq is the effective plasmon frequency. For consis-
tency reasons, we have to add the Coulomb-hole selfenergy term

∆ǫG =
∑

k‖

(Wk‖
− Vk‖

) (5.23)

to the Coulomb renomalization of the single-particle energies (5.5).
In the following chapters, we investigate the PL of a MQW system inside a complicated

dielectric structure, i.e. we want to determine the changes to the detected PL induced
by the dielectric environment and how the PL in a MQW device differs from that of
a single-QW device. Since we want to investigate these effects separately, we have to
divide the environmental influence from the MQW coupling.

This distinction is not trivial because the quantum description of the light field de-
mands a quantum treatment of the detector. Additionally, the structure of the SLE is
such that the dielectric environment enters the SLE in multiple places. Consequently
in Chap. 6, we will introduce transformations for the single-QW SLE that allow us to
treat the dielectric environment and the QW PL separately.

After the influence of the dielectric environment on the PL is understood, we investi-
gate in Chap. 7 the radiative QW coupling in MQW Bragg-structures. We concentrate on
clarifying how the quantum emission is changed by the MQW structure, which processes
are responsible for these changes, and what the implications for the exciton lifetimes are.
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6. Effects of the dielectric environment

on the quantum-well luminescence

In Chap. 4, we have discussed that the dielectric environment may lead to strong mod-
ifications of the transmission and reflection spectra of a QW in the coherent limit. The
same applies for the incoherent limit when the classical electric field is zero. The dielec-
tric structure may induce Fabry-Perot oscillations [53] and modify the coupling strength
between light mode and QW [32].

From atomic systems, we know that the radiative environment may lead to a reduction
or an enhancement of the spontaneous emission [73–79]. Analogously, the modification
of the coupling strength between light mode and QW leads to enhanced or reduced
radiative lifetimes of excitations in the QW device [80, 81].

The differing radiative lifetimes directly imply a change in the emission behavior of
the QW such that the PL spectra will show modifications in their radiative broadening
[54–57]. In the strong coupling regime, we even expect crucial changes of the spectral
shape due to normal-mode splitting [32, 43, 71, 82, 83]. All these effects depend on the
precise dielectric structure and typically vary with the emission direction.

The information about the dielectric environment is already contained in the SLE via
the mode functions that enter the SLE in several places due to the explicit quantum
treatment of the light field. As a result, the photonic environment influences the SLE
and thus the QW emission in a non-trivial manner. In particular, even a small change
in the dielectric background formally implies that the full SLE must be solved again to
resolve the emission properties of the new configuration.

Unfortunately, the numerical solution of SLE is computationally very tedious, espe-
cially if the dynamics of the scattering contributions is included. This makes device
simulations for sample design purposes very inefficient and time consuming. Conse-
quently, it is clearly desirable to separate the pure QW emission, corresponding to the
emission into free space, from the influence of the dielectric environment.

To this aim, the basic idea is to multiply the free-space PL with a filter function
that depends on the dielectric environment to obtain the actual PL. This filter-function
approach allows us to solve the numerically demanding SLE only once for free-space
emission. Different device structures may then be simulated via different filter functions
that are numerically easy to compute.

The concept of decoupling the environment and the emission problem has already been
shown to work for atomic dipoles and approaches using Fermi’s golden rule [78, 79].
However, it is not a priori clear how to apply this filter function approximation to
compute PL which is obtained as the result of a fully microscopical theory.
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6. Effects of the dielectric environment on the quantum-well luminescence

In order to concentrate on the pure effects of the photonic environment, we neglect
QW-QW coupling and study single-QW PL. We assume elevated carrier densities and
temperatures resulting in hardly any excitons existing in our system. Under these condi-
tions, we can neglect the coupling to the cX correlations and investigate pure plasma PL.
Additionally, we do not need to take into account the exact expression of the microscopic
Coulomb scattering since the structure of the coupling between QW and dielectric envi-
ronment is not influenced by the scattering. Thus, we can simulate different scattering
strengths via different homogeneous broadenings.

6.1. Transformed semiconductor luminescence equations

Most of the results in the following sections 6.1-6.5 are published in Ref. [84] such that
we will keep the argumentation close to that paper.

With the approximations mentioned above, all information about the dielectric-back-
ground geometry is contained in the mode functions which appear in the SLE struc-
ture via Fq‖,q⊥ in the spontaneous emission source ΩSE , the stimulated contribution to
Eq. (5.4), and the coupling of the single-photon correlations to the photon-assisted po-
larizations in Eq. (5.2). As a result, the photonic environment influences the SLE and,
thus, the QW emission in a non-trivial manner. In particular, even small changes in
the dielectric background imply that the full SLE have to be solved again to resolve the
emission properties of the new configuration. In order to decouple the material aspects
from the light-matter coupling, we condense the Fq‖,q⊥ contributions into one term by
introducing the transformation

B†
q‖,q⊥

= Fq‖,q⊥b
†
q‖,q⊥

. (6.1)

The correlated photon number and the photon-assisted polarization then become

∆〈B†
q‖,q⊥

Bq‖
′,q′

⊥
〉 = Fq‖,q⊥

(
Fq‖

′,q′
⊥

)⋆
∆〈b†q‖,q⊥

bq‖
′,q′

⊥
〉 , (6.2)

Π
k‖
q‖,q⊥ = Fq‖,q⊥π

k‖
q‖,q⊥ ≡ Fq‖,q⊥∆〈b†q‖,q⊥

a†v,k‖
ac,k‖+q‖

〉 . (6.3)

We transfer Eqs. (5.2) and (5.4) into the new variables and end up with the transformed
SLE given by

ih̄
∂

∂t
∆〈b†q‖,q⊥

bq‖
′,q′

⊥
〉 = (h̄ωq′ − h̄ωq)∆〈b†q‖,q⊥

bq‖
′,q′

⊥
〉

+i
∑

k‖

π
k‖
q‖,q⊥ + i

∑

k‖

(
π

k‖

q‖
′,q′

⊥

)⋆
(6.4)

ih̄
∂

∂t
π

k‖
q‖,q⊥ =

(
ǫ̃k‖,q‖

− h̄ωq‖

)
π

k‖
q‖,q⊥

− (1 − f e
k‖+q‖

− fh
k‖

)
∑

k‖
′

Vk‖−k‖
′π

k‖
′

q‖,q⊥ + iΩSE(k‖,q‖)
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− (1 − f e
k‖+q‖

− fh
k‖

)
∑

q′
⊥

i
∣∣∣Fq‖,q′

⊥

∣∣∣
2
∆〈b†q‖,q⊥

bq‖,q′
⊥
〉

+ ih̄
∂

∂t
π

k‖
q‖,q⊥|scatt . (6.5)

The transformation isolates the Fq‖,q⊥ contribution which thus appears only in the stim-
ulated term. Apart from this term, Eqs. (6.4) and (6.5) have the structure of the SLE for
a single QW in free space. If the stimulated term can be neglected, Eq. (6.2) introduces
a simple relation between the PL into free-space and the PL into an arbitrary dielectric
environment.

6.2. Detection operator and filter function

approximation for a single quantum-well system

As we have already seen in the discussion of the coherent polarization, a QW inside a
dielectric structure couples to both, the propagating and the counter-propagating modes.
The coupling strength is directly related to the absolute square of the mode function at
the QW position. Therefore, the exact position of the QW has a strong influence on
the detected PL. In order to determine the coupling strength, we may use the transfer-
matrix method discussed in Chap. 4. This method yields the full information about the
mode functions as well as about the reflection and the transmission coefficients.

The coupling of the detector to the light field is introduced by detector modes which
are plane waves for a detector located outside the sample. A comparison of the detec-
tor modes and the light mode basis shows that a detector left of the sample measures
the reflected part of the propagating mode plus the transmitted part of the counter-
propagating mode. Analogously, the detector right of the structure detects the trans-
mitted part of the propagating mode plus the reflected part of the counter-propagating
mode. The proper detector operators are consequently given by [34]

dL
q = R−

qB+q +

√
qzL

qzR

T +
q B−q

= R−
q (F+q)

⋆ b+q +

√
qzL

qzR

T +
q (F−q)

⋆ b−q , (6.6)

with qzj
=
√
n2

jq
2 − q‖

2 where qzj
is the photon momentum on the left (j = L) or right

(j = R) of the sample. The information concerning the QW position is contained in Fq.
The respective detection operator for a detection right of the sample is given by

dR
q =

√
qzR

qzL

T −
q B+q + R+

qB−q

=

√
qzR

qzL

T −
q (F+q)

⋆ b+q + R+
q (F−q)

⋆ b−q . (6.7)
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The detected intensities therefore read

〈d†qdq〉L = |R−
q |2 |F+q|2 ∆〈b†+qb+q〉 +

qzL

qzR

|T +
q |2 |F−q|2 ∆〈b†−qb−q〉

+

√
qzL

qzR

[
(R−

q )⋆T +
q F+q (F−q)

⋆ ∆〈b†+qb−q〉

+ R−
q (T +

q )⋆F−q (F+q)
⋆ ∆〈b†−qb+q〉

]
(6.8)

〈d†qdq〉R =
qzR

qzL

|T −
q |2 |F+q|2 ∆〈b†+qb+q〉 + |R+

q |2 |F−q|2 ∆〈b†−qb−q〉

+

√
qzR

qzL

[
(T −

q )⋆R+
qF+q (F−q)

⋆ ∆〈b†+qb−q〉

+ T −
q (R+

q )⋆F−q (F+q)
⋆ ∆〈b†−qb+q〉

]
. (6.9)

If the stimulated contribution has a negligible effect on the PL, Eqs. (6.4) and (6.5)
imply that ∆〈b†±qb±q〉 ≡ ∆〈b†qbq〉 does not depend on the propagation direction such
that the detected PL can be calculated via

〈d†qdq〉L ≡ FL
q ∆〈b†qbq〉 〈d†qdq〉R ≡ FR

q ∆〈b†qbq〉 , (6.10)

as the product of the free-space PL ∆〈b†qbq〉 and the filter function

FL
q = |R−

q |2 |F+q|2 +
qzL

qzR

|T +
q |2 |F−q|2

+

√
qzL

qzR

[
(R−

q )⋆T +
q F+q (F−q)

⋆ + R−
q (T +

q )⋆F−q (F+q)
⋆
]

(6.11)

FR
q =

qzR

qzL

|T −
q |2 |F+q|2 + |R+

q |2 |F−q|2

+

√
qzR

qzL

[
(T −

q )⋆R+
qF+q (F−q)

⋆ + T −
q (R+

q )⋆F−q (F+q)
⋆
]
. (6.12)

6.3. Applicability of the filter function

When the stimulated contribution
∑

q′
⊥
i|Fq‖,q⊥|2∆〈b†q‖,q⊥

bq‖,q′
⊥
〉 is relatively weak, its

dominant effect is a radiative broadening of the excitonic resonance. The corresponding
decay constant Γrad can be obtained by inserting the formal solution of Eq. (5.2) into
Eq. (5.4). In a medium with homogeneous refractive index, the exciton 1s-resonance
constitutes the strongest contribution to the spectrum. In the absence of phonon and
carrier scattering, the broadening of the 1s resonance is dominated by the radiative decay
of the 1s-state. Thus, we can simplify the expression of the radiative decay constant
Γrad to its 1s contribution, [31, 55, 85]

Γrad =
d2

cv |φ1s(0)|2 |Uq1s
|2

2ε0

q1s , (6.13)
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6.3. Applicability of the filter function

where q1s is the absolute value of the photon wave vector corresponding to the 1s-exciton
energy and φ1s(0) is the exciton-wave function at r = 0. For a homogeneous material,
|Uq1s

|2 = 1
n
.

In the following numerical analysis, we investigate how the stimulated contribution
influences the PL spectra and identify the conditions under which the filter-function
approximation, Eq. (6.10), may be used. We assume that an 8 nm wide QW is positioned
inside the same dielectric environment as was introduced in Fig. 4.1. We vary the
QW position to change the coupling strength between the mode function and the QW.
Additionally, different homogeneous broadenings γ are used corresponding to different
excitation conditions and different scattering strengths [43]. We investigate the steady-
state PL for carrier densities between 1×1010 cm−2 and 1×1012 cm−2 for a temperature of
77 K. In this parameter range, most of the PL originates from the uncorrelated electron-
hole plasma whereas significant exciton populations are not expected [18].

Figure 6.1 presents two situations where the QW is either placed into the mini-
mum (Fig. 6.1a) or the maximum (Fig. 6.1b) of the counter-propagating modes. The
(counter)-propagating mode is given as a dashed (solid) line, the black vertical line in-
dicates the QW position and the shaded area shows the refractive-index profile. Frames
c–f show the PL spectra obtained via the filter function, Eq. (6.10), together with the
free-space PL that is used as an input (dashed line) and the spectra computed with
the full SLE (shaded area). Figures 6.1c–6.1d display a situation where the dephasing
constant γ = 0.21 meV is of a similar size as the radiative decay constant in GaAs,
Γrad = 0.05 meV. The corresponding PL spectra for γ = 2.1 meV ≫ Γrad are presented
in frames Fig. 6.1e and Fig. 6.1f.

As long as γ is much larger than Γrad, the homogeneous broadening dominates the peak
width such that it is a very good approximation to neglect the stimulated contribution.
In that limit, the filter-function approximation excellently agrees with the full SLE
computation as a comparison between the dashed lines and shaded areas in frames 6.1e
and 6.1f shows.

When γ and Γrad are of similar size or when Γrad is larger than γ, the radiative broad-
ening significantly contributes to the peak width such that the stimulated contribution
cannot be neglected and the filter-function approximation leads to an underestimation
of the peak width (6.1c-d). In this limit, the filter function approximation needs to be
extended.

The basic idea is to find a quantitative estimate for the radiative broadening based
solely on the photonic eigenmodes. Once such an estimate is known, we can simply
add it to the homogeneous broadening of the free-space calculation. In this way, we
find a modified free-space spectrum which, together with the filter function, yields an
improved PL spectrum. According to Eq. (6.13), the radiative broadening depends
on the dielectric environment of the QW via the factor |Uq1s

|2. Thus, we can use the
mode functions at the exciton frequency to relate the radiative broadening of the actual
structure Γactual

rad to the known radiative broadening in free space Γfree
rad (n = 1) via

Γactual
rad = Γfree

rad (n = 1)
|U+q|2 + |U−q|2

2
. (6.14)
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6. Effects of the dielectric environment on the quantum-well luminescence

Figure 6.1.: PL spectra of a QW positioned either in the mode minimum (left column) or
mode maximum (right column). Frames a and b show the refractive index
profile as a shaded area while the (counter-)propagating mode is shown
as dashed (solid) line. The QW position is indicated by the vertical line.
Frames c and d show the PL spectra corresponding to the QW positions
depicted in a and b for a homogeneous broadening of γ = 0.21 meV and
a radiative broadening of Γrad = 0.084 meV. The shaded area shows the
result of the full SLE-calculation. The dashed line is the product of the
filter function and the free-space PL. The solid black line is obtained by
multiplying the filter function with the free-space PL where an adjusted
homogeneous dephasing constant is used. Frames e and f show the same
comparison when the homogeneous broadening is γ = 2.1 meV and therefore
much larger than the radiative broadening.
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6.4. Angular dependence

The plus and the minus sign in Eq. (6.14) indicate the propagating and counter-propa-
gating modes. In order to include Γactual

rad into the free-space PL, it is not necessary to
redo the full SLE calculation. Instead, we can use the convolution

ĨPL
free(ω) =

1

π

∫
IPL
free(ω

′)

(
Γactual

rad

)2

(h̄ω′ − E1s)
2 +

(
Γactual

rad

)2dω
′ , (6.15)

where ĨPL
free(ω) is the adjusted free-space PL and E1s is the energy at the exciton 1s-

resonance. We find improved PL spectra if we multiply the adjusted free-space PL and
the filter function. The improved PL spectra via that extended filter-function approach
are presented as solid lines in frames 6.1c and 6.1d. They excellently agree with the full
SLE calculation even for small γ.

6.4. Angular dependence

So far, we have analyzed the quantum emission perpendicular to the QW plane. Now,
we want to extend our numerical investigations to finite angles. In Figs. 6.2 and 6.3, we
discuss results for the structure shown in Fig. 6.3a. The system basically consists of a
GaAs-barrier with an embedded QW. To the right of the barrier we add an AR-coating
layer and assume vacuum outside the sample.

We present the corresponding PL perpendicular to the QW plane and at an emission
angle of 80◦ in Figs. 6.2a and 6.2b, respectively. The shaded area shows the PL spectrum
computed using the full SLE. The dashed lines indicate the free-space PL perpendicular
to the QW plane divided by the refractive index of GaAs (n = 3.63). This result
corresponds to the spectrum expected for a QW in a homogeneous GaAs structure. The
free-space spectrum is computed without radiative broadening. The solid lines show the
result computed via the filter functions, i.e., the vacuum free-space PL perpendicular
to the QW plane times the angle-dependent filter-function. In the right frame, for
better visibility of the spectral shape, we have multiplied by a factor of four the curves
showing the full SLE spectrum as well as curve which is obtained from the filter-function
approximation. The computed filter functions are presented in the insets of the two
frames.

In Fig. 6.2b, we find strong modifications of the peak shape with respect to the
free-space case for large angles, i.e., the PL spectrum even shows multiple peaks while
the free-space result suggests only one peak. In contrast, the perpendicular emission
spectrum does not show a multi-peak structure. The differences originate from the
anti-reflection coating in the dielectric structure that is designed to inhibit reflections
at the right boundary for perpendicular emission. In our case, the AR-coating layer
must have a refractive index of

√
nGaAs, were nGaAs is the background refractive-index

of GaAs. The width of the layer has to be λ/4 to show perfect reflection inhibition. For
perpendicular incidence, the light path through the AR-coating layer is exactly λ/4. In
that case, the dielectric structure becomes similar to the step-function refractive index
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6. Effects of the dielectric environment on the quantum-well luminescence

Figure 6.2.: PL spectra for the structure depicted in Fig. 6.3a. Frame a shows the
PL perpendicular to the QW plane while frame b shows the spectra at an
angle of 80◦. The shaded areas indicate the full SLE PL while the dashed
lines indicate the free-space PL perpendicular to the QW plane without the
radiative broadening. The solid lines can be obtained by multiplying the
filter functions with the free-space PL. In the bottom subfigure, the shaded
area and the solid line are multiplied by a factor of four for better visibility
of the spectral shape. The three peak maxima are labeled via the letters
A,B and C for the subsequent discussion. The insets in both frames indicate
the computed filter functions.

profile discussed in Fig. 6.1 and the filter function is nearly frequency independent due
to the absence of any special periodicities in the vicinity of the exciton resonance.

At an incident angle φ, the light path through the AR-coating layer increases by a
factor of cos−1φ due to the geometry. Thus, for large angles, the AR-coating does not
provide the special periodicity needed to inhibit the reflection and the AR-coating acts
as a normal step in the refractive-index profile.

In order to explain the spectral shape in Fig. 6.2b, we first analyze the mode functions
corresponding to the energy of the local PL-maxima A and C as well as to the overall
PL-maximum B. Therefore in Fig. 6.3a and 6.3b, we compare propagating and counter-
propagating modes. We indicate the mode functions corresponding to the frequency B
as solid lines while the mode functions for the frequency A are shown as a dashed lines.
The mode functions corresponding to the energy C are similar to case A. In general,
one finds that the mode functions at frequency A show much stronger oscillations inside
the structure than the modes corresponding to B. The origin of that effect is the anti-
reflection coating at the right-hand side of the structure that works better for frequency
B than for frequency A. As a consequence, the value of the mode functions at the QW
position and therefore the coupling between the QW and the light modes is larger for
frequency A than for frequency B.

Additionally, Figure 6.3c shows the reflection (solid line) and transmission (dashed
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6.4. Angular dependence

Figure 6.3.: Frames a and b show the propagating and counter-propagating modes for
the frequencies corresponding to the peak maximum A(B) in Fig. 6.2b as a
dashed (solid) line. The mode function corresponding to peak C is qualita-
tively similar to case A. The QW position is indicated via a black arrow. The
shaded area shows the refractive index profile. The frequency dependent re-
flection and transmission coefficients are indicated as solid and dashed lines
in frame c. The filter function for a detector positioned to the right of the
sample was already shown as an inset in Fig. 6.2b and for better comparison
is redrawn here as frame d.

line) coefficients of the background structure as a function of the energy. We obtain a
maximum of the transmission at the frequency corresponding to A while the reflection
is maximized at frequency B. Applying Eq. (6.10), we obtain the filter-function shown
in Fig. 6.3d. The filter function shows pronounced maxima at energies A and C while
it is minimal in B.

Since the total PL is obtained as the product of the filter function and the vacuum
spectrum, it is large if either one is large. Therefore, the spectral peak at frequency B
originates from the large value of the free-space PL at that energy while the local maxima
in A and C come from the large value of the filter function which is multiplied with the
tail of the free-space spectrum. Consequently, the peaked structure can be explained as
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6. Effects of the dielectric environment on the quantum-well luminescence

x
4

Figure 6.4.: A cavity with 15 Bragg-periods of n=2.97 and n=3.63 to each side. The

size of the cavity is 3λ0

2n
, where λ0 is the light-wave length in vacuum cor-

responding to the 1s-energy and n is its refractive index. The shaded area
shows the refractive index profile while the black solid line line depicts the
resonant mode. The QW position at the mode maximum is indicated by a
black arrow.

an interplay between the free-space PL and the filter function containing the structure of
the mode functions. Despite the strong modifications of the PL-spectra for large angles,
we obtain a very good agreement between the full-SLE results and the filter-function
approximation. Consequently, the filter-function approximation includes the full angle
dependence of the PL and thus constitutes a very reliable method to predict PL spectra
in the weak-coupling regime for a large variation of realistic dielectric structures.

6.5. Limits of the extended filter-function approach

The role of the stimulated contribution can become so decisive that a simple approx-
imative inclusion of the radiative broadening is not sufficient. In order to determine
the limits of the extended filter-function approximation (EFFA), we calculate the QW
PL when the QW is placed between two DBR. This cavity should strongly enhance the
stimulated effects. A typical DBR structure as investigated in this section is shown
in Fig. 6.4. Since the reflectivity of the Bragg mirrors can be controlled by changing
the number of Bragg layers, we investigate cavities with different mirrors. For each of
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6.5. Limits of the extended filter-function approach

the cavities, we adjust the cavity resonance such that it coincides with the 1s-exciton
resonance.

In Fig. 6.5a, we show the PL spectra that are computed via the full SLE for cavities
whose Bragg mirrors contain between 1 (bottom curve) and 12 (top curve) Bragg layers.
The black vertical lines mark the position of the PL peaks. Frame b presents the mode
strengths at the QW position |UQW |2 that belong to the respective cavities as a function
of the energy. The curves corresponding to 5 and 10 Bragg-layers in both frames are
shown by the black solid lines as a guide to the eye. We find single-peaked PL spectra
for QWs inside cavities with 1-4 Bragg layers. Between 5 and 7 layers, the PL becomes
strongly non-Lorentzian. The PL eventually bifurcates into two peaks corresponding to
the typical normal-mode splitting [82] for more than 8 Bragg-layers. At the same time,
the mode function develops a pronounced cavity resonance (Fig. 6.5b).
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Figure 6.5.: Normal mode splitting: Frame a shows the PL spectra for cavities with
different number of Bragg layers. The spectra related to DBRs with 5 and
10 Bragg-mirrors are indicated in black. The peak positions are marked by
the black vertical lines to emphasize the normal-mode splitting. Frame b
shows the absolute value of the mode function for the same cavities as in
frame a.

In order to test the applicability of the EFFA, we analyze in Fig. 6.6a the energetic
half width γcav of the cavity resonance (black triangles) as a function of the number
of Bragg layers and compare it to the radiative decay constant (gray squares) obtained
from Eq. (6.14). We observe that Γrad increases with the number of layers in the DBR,
i.e. with the increase of the mirror reflectivity. This enhancement of radiative decay is
obviously related to the Purcell effect. We now notice that Γrad and γcav become roughly
equal when six layers are used.

The central peak position of the PL spectra shown in Fig. 6.5a is plotted in Fig. 6.6b
for the cavities with up to 7 Bragg layers and compared against the EFFA. The results
of the full computation are presented by the black triangles and the results from the
EFFA are depicted as gray squares. We notice now that in the full computation the
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6. Effects of the dielectric environment on the quantum-well luminescence

Figure 6.6.: Comparison of QW-microcavity PL: full computation vs. extended filter-
function approach. a) The radiative decay constant (gray squares) evaluated
from Eq. (6.14) and the half-width of the cavity mode (black triangles) are
presented as a function of the number of Bragg layers in the DBR mirrors.
b) Position of the PL peak evaluated using the extended filter-function ap-
proach (gray squares) compared to the full PL (black triangles). c) Compari-
son of the maximum PL computed by the full SLE (black triangles) and the
maximum PL using the extended filter-function approach (gray squares).
The triangles and the squares are connected via lines as a guide to the eye.

onset of the normal-mode splitting leads to a shift of the maximum PL for 5 to 7 Bragg
layers due to the strongly non-Lorentzian peak shape. At the same time, we see that the
EFFA describes the PL peak positions correctly for structures with up to four layers. To
demonstrate more clearly the accuracy of the EFFA, we also compare the maximum PL
intensity obtained using the extended filter-function result and the full PL. As shown in
Fig. 6.6c, the maximum PL of the full computation and the EFFA agree rather well for
structure with up to about four layers while clear deviations appear for layer numbers
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greater than five. Obviously, the breakdown of the EFFA coincides with the regime
where Γrad starts to exceed γcav. Thus, we conclude that the EFFA approach works as
long as the radiative broadening of the exciton resonance remains lower than the half
width of the mode-function resonance.

6.6. Comparison between experiment and theory

In the previous sections, we have derived the EFFA and investigated under which con-
ditions the approximation is valid. We found that the EFFA is appropriate as long as
the system is in the weak coupling regime.

In this section, we compare the numerical results of the EFFA with experimental PL
spectra for a MQW system that is embedded inside a complicated dielectric environment.
As we will see later in Chap. 7, the MQW structure adds some new features to the light-
matter coupling that cannot be obtained in single-QW systems. These features strongly
depend on the number of the QWs and their precise spacing with respect to the resonance
wave length. They modify the observed PL spectra, such that in general the filter
function derived for single-QW systems does not hold for MQW systems. Additionally,
the SLE (5.4) show that the same terms that are responsible for the coupling between
QW and dielectric environment introduce also coupling among the QWs. Thus, the
strength of the QW coupling in principle depends on the exact dielectric structure and
the position of the QWs therein.

However, for large homogeneous broadenings as they are typically obtained in laser
structures at moderate to high carrier densities and at room temperature, the MQW
coupling can often be neglected. In this limit, we can assume the QWs to be uncoupled
such that a filter function can be determined for each QW separately according to
Eqs. (6.11) and (6.12). The total filter function can then simply be derived from the
averaging over the single-QW filter-functions

F
L/R
tot =

1

N

N∑

m=1

FL/R
m , (6.16)

where N is the number of QWs and FL/R
m is the filter function belonging to QW m.

In order to test this approximation, we compare the numerical results for the MQW
filter function (6.16) against an experiment. The investigated structure is a 14-QW
sample depicted in Fig. 6.7a. The shaded area shows the refractive-index profile while
the black vertical lines indicate the QW positions. The red (blue) line depicts the
(counter-)propagating mode resonant with the 1s exciton.

Frame b shows the free-space spectrum as a black line. The colored lines are the
measured edge-PL that is emitted almost parallel to the QW planes. In this direction
there are no steps in the refractive-index profile such that the measurement directly
corresponds to the free-space emission. The colors blue, red and green correspond to
the different spot radii 3 mm, 8 mm and 13 mm, respectively. The respective lattice
temperature is 275 K.
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Figure 6.7.: Test of the filter function: experiment vs. theory Frame a shows the refrac-
tive index profile as a shaded area. The positions of the QWs are indicated
by vertical black lines while the red and blue lines show the propagating
and the counter-propagating mode that are resonant with the 1s-exciton
energy. Frame b shows the experimental edge PL that is emitted almost
parallelly to the QW planes as lines of different colors corresponding to dif-
ferent spot radii. The black line indicates the calculated edge PL. The two
bottom frames show the surface PL that is emitted perpendicularly to the
QW planes at temperature 275 K (left) and 300 K (right). The black curves
indicate the experimental results while the red lines show the numerical
evaluation using the filter function ind multiplying it on the edge PL. The
blue lines show the numerically evaluated edge PLs. The measurement was
performed in the group of H.M Gibbs and G. Khitrova, Tucson; the edge PL
was computed by the group of J.V. Moloney, Tucson

The two frames c and d show the surface-PL that is emitted perpendicular to the
QW planes and thus modified by the dielectric environment. Frame c shows the 275 K
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result while the same results for 300 K are depicted in frame d. In both frames, the
black line shows the experimentally measured surface PL, while the red line shows the
PL that is observed by multiplying the total filter function (6.16) with the edge PL. The
respective edge PL spectra are shown as blue curves. The difference between the results
for the two temperatures is mainly caused by the band-gap shift that leads to a shift of
the free-space PL such that the maximum of the free-space PL coincides with different
parts of the filter function. For both temperatures, we find good agreement between
experiment and theory.
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7. Multiple quantum-well

luminescence and exciton lifetimes

In the previous chapter, we have concentrated on the PL of a single QW and have
investigated how the PL spectra are changed due to the dielectric environment of the
QW. We found that we can describe the environment of a single QW system in the weak
coupling regime via a filter function that is multiplied by the free-space emission of the
QW.

In this section, we concentrate on the radiative coupling of a MQW system which
often shows a multitude of intriguing effects that cannot be obtained in single-QW
structures. For example, a periodic and parallel alignment of two or more QWs can lead
to superradiance [86–89], solitons [90–92], the splitting of emission peaks [93, 94], and
modified Rabi intersubband oscillations [95, 96].

The origin of these effects is the optical coupling between the QWs which is caused
by the virtual emission and re-absorption of photons within the MQW system. The
strength of the coupling depends on the spacing between the QWs and in general is
strongest for Bragg structures, i.e. for QW spacings equaling one half of the wavelength
of the 1s-exciton resonance [97]. Consequently, we investigate the quantum emission of
MQW Bragg-structures and compare their emission to the PL of a single QW in Sec. 7.1.
We will also investigate the size and nature of the PL modifications as a function of the
QW number.

In Sec. 7.2, we analyze the influence of the modified emission properties on the lifetime
of excitons. The exciton lifetime is of considerable interest because single-QW systems
show a fast recombination of carriers that leads to a rapid decay of low-momentum
excitons on a 10-ps time scale [55, 57, 98]. This property is clearly undesirable in
many situations, e.g., when Bose-Einstein condensation is pursued [13]. Therefore, it is
interesting to search for situations where the lifetime of the low-momentum excitons is
enhanced and their recombination is suppressed. Thus, it will be one of our goals to
determine which conditions optimize the radiative recombination process with respect
to the exciton lifetime. Finally, we show in Sec. 7.3 how an exciton population can be
created due to the PL emission of radiatively coupled QWs.

7.1. Subradiance

Most of the results that we will discuss in Secs. 7.1–7.3 have been published in Ref. [85].
The argumentation is therefore kept close to that paper. In order to get a first clue of
the MQW-coupling effects, we analyze how the luminescence per QW is influenced by
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7. Multiple quantum-well luminescence and exciton lifetimes

the number of QWs in the system. More specifically, we compare the single and 16
QW PL by solving the corresponding steady-state luminescence IPL from (5.2), (5.4),
and (5.12) when only an uncorrelated electron-hole plasma is present, i.e. when the
exciton populations are vanishingly small. For this situation, we may neglect the carrier-
recombination dynamics because it happens on a ns time scale, which is slow compared to
the ps time scale we are investigating here. We assume a carrier density of n = 8·108 cm−2

in thermal equilibrium and a carrier temperature of T = 77 K in a GaAs QW-structure.
Thus, we are in the low density regime and use a homogeneous broadening with γ =
0.05EB.

In order to compare the single and 16 QW photoluminescence, we define a normalized
luminescence per QW

Inorm(ω) ≡ IPL(ω)/N . (7.1)

Figure 7.1 shows Inorm(ω) for a single QW (shaded area) and for MQW systems consisting
of 16 QWs with a QW separation ∆s = λ/4 (dashed line) and ∆s = λ/2 (solid line),
respectively. The PL per QW is plotted as a function of the energy of the quantum
emission. The energy is given relatively to the unrenormalized band gap energy, which
is denoted by EG. We observe that the emission per QW is strongly reduced in MQW
systems. This effect is referred to as subradiance.

Figure 7.1.: Steady-state spectra of the luminescence per QW for a single QW (shaded
area) and systems of 16 QWs with spacings λ/2 (solid line) and λ/4 (dashed
line). For these computations, we use T = 77 K carrier temperature and a
Fermi-distributed carrier density of 8 · 108 cm−2.
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7.1. Subradiance

As a general trend, subradiance is strongest for the Bragg structures. Any detuning
of the spacing away from the Bragg-condition leads to a weakening of this effect. The
subradiance has a minimum for the QW separation λ/4 (anti-Bragg spacing) if the
number of QWs in the system is even. For odd QW numbers, the minimum is also in the
vicinity of the λ/4 separation but the exact value depends non-trivially on the number
of QWs. To have maximally suppressed radiation, we mostly concentrate on Bragg-
structures in the following. If the carrier density is large, the QWs display gain and the
coupling effects produce superradiance as shown in Ref. [34]. The overall behavior of
the emission is clearly different from the decay of the coherent polarization for which the
radiative coupling effects produce a superradiant behavior in Bragg-structures regardless
of the carrier density [88]. This difference is a consequence of the fact that the broadening
of the coherent spectrum corresponds to a faster (i.e. superradiant) decay of populations
whereas the broadening of the spectrum in Fig. 7.1 is related to the dephasing of Π. The
area under the curve determines the total PL.
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Figure 7.2.: Origin of subradiance: Steady-state spectra for the luminescence per QW
showing the result of a full computation for a single QW (shaded area) and
a system of 16 QWs with spacing λ/2 (dashed line) as well as the results of
a system of 16 QWs where only the stimulated contribution is included and
the recombination-correlation is neglected (solid line in subfigure a) and an
analogous system where the recombination correlation is included and the
stimulated contribution is neglected (solid line in subfigure b). The carrier
temperature is T = 77 K and we use a Fermi-distributed carrier density of
8 · 108 cm−2.

In order to pinpoint the origin of the subradiance, we have to identify the terms
which are responsible for the QW coupling. In Eq. (5.4), the only terms which couple
different QWs are the recombination correlation ΩRC

m and the stimulated contribution
ΩST ≡ ∆〈B†

q‖,q⊥
Bq‖Σm

〉. We perform a switch-off analysis to investigate the relevance

of these two terms for the subradiance of a 16-QW system. In Fig. 7.2 we compare
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the results of a full calculation for a single QW with that of a system of 16 QWs with
spacing λ/2. Additionally, we show in Fig. 7.2a the result of e calculation for 16 QWs
where only ΩST is included. In Fig. 7.2b, we present the result of a computation where
we kept only the ΩRC

m term. The comparisons in Fig. 7.2 indicate that the stimulated
emission term leads to a smaller but broadened resonance peak compared to the single
QW result. This effect is clearly analogous to the broadening of a coherent spectrum
under superradiant conditions. However, the area under the peak, which determines the
total number of emitted photons, remains unchanged. If we only include ΩRC we do
not observe a broadening of the resonance but a depletion of the luminescence per QW,
i.e. the area under the peak is strongly diminished compared to the single QW emission.
Therefore, we conclude that the recombination correlations are dominantly responsible
for the subradiance effects.

Since subradiance is a QW coupling phenomenon it is interesting to see how the
strength of the subradiance depends on the number of QWs in the Bragg structure
and how ΩRC effects the subradiance. Consequently, we compare the luminescence per
QW Inorm(ω) in the three cases including: i) the full SLE, ii) the stimulated contribution
only, and iii) the recombination correlation only. We perform this comparison for Bragg-
structures with 1 to 10 QWs and use the same parameters as in the computations before.
The results of this analysis are shown in Fig. 7.3 where the full calculation (solid line)
is compared with computations with only ΩST (dashed line) and ΩRC (dotted line). We
observe that the area under the PL peak decreases with increasing QW number, i.e. the
radiance is increasingly suppressed.

7.2. Exciton lifetime in multiple quantum-well systems

As we have seen, MQW systems may lead to the suppression of incoherent emission. As a
consequence, an excitations of the system should exhibit an enhancement of its lifetime.
In the following, we consequently investigate the influence of the MQW structure on
the lifetime of bright excitons. In single-QW systems, the radiative lifetime of coherent
excitons, i.e. the square of the polarizations in the classical limit, and the radiative
lifetime of bright excitons in the incoherent limit are the same due to the identical
structure of the SBE and the SLE. Hence, one finds the radiative lifetime of bright
excitons in a single QW to be τ1 = h̄/(2Γrad). The origin of the radiative decay is
the recombination of optically active exciton populations, which happens rapidly on a
10-ps time scale. This fast recombination efficiently removes excitons at low momentum
states. As a result, the exciton distributions show strong nonequilibrium characteristics
[20, 66, 68] around q‖ = 0.

As another general feature, one finds [34] a strict conservation law

IPL =
∂

∂t

∑

q⊥

∆〈b†0,q⊥b0,q⊥〉 =
∂

∂t

∑

k‖

f e,h
k‖

, (7.2)

which implies that the number of recombined electron-hole pairs equals the number of
emitted photons. When the MQW system reduces the total IPL due to subradiance, one

64



7.2. Exciton lifetime in multiple quantum-well systems

Figure 7.3.: Strength of subradiance vs. number of QWs: Comparison of the integrated
luminescence per QW using the full SLE (solid line) to the cases with in-
cluding only ∆〈B†

q‖,q⊥
Bq‖Σm

〉 (dashed line) or ΩRC (dotted line) for different

numbers of QWs. Carrier temperature and density were kept the same as
in Fig. 7.2.

simultaneously obtains an enhanced optical lifetime of excitations in the system. Thus,
it is interesting to study whether one can apply the subradiance to tailor the radiative
lifetime of quasi particles in semiconductors. The aim here is to determine how one can
maximally enhance the exciton lifetime in a MQW system.

We know from the investigations in the previous section that the subradiance becomes
stronger for a larger number of QWs. For that reason, we analyze the influence of the
number of QWs on the radiative lifetime of excitons in a Bragg structure by solving
Eqs. (5.2), (5.4), (5.12), (5.15), and (5.16). We initially insert a certain number of
excitons into each QW. The carrier density is set to 8 · 108 cm−2 and the exciton density
is 7.36 · 108 cm−2 (exciton fraction is 92% ) such that nearly all carriers occur as a
part of an exciton. The carrier temperature and the homogeneous broadening remain
unchanged compared to the previous analysis. The results of this investigation are
presented in Fig. 7.4 where the exciton lifetime is plotted against the number of QWs
for MQW systems with 1 to 10 QWs. The solid line shows the results obtained from the
full numerical analysis while the shaded area corresponds to the lifetimes computed with
the help of a simplified analytical model discussed in appendix C. For the analytical
investigation, we use the known exciton lifetime τ1 in a single QW and the result for
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7. Multiple quantum-well luminescence and exciton lifetimes

Figure 7.4.: Excitonic lifetime computed in different Bragg-structured MQW-systems.
The solid line shows the full numerical result. The shaded area is obtained
from a linear extrapolation of the exciton lifetime for 1 and 2 QWs.

the exciton lifetime of a 2-QW system calculated by the simplified model. We compute
the difference between the lifetimes in these two systems and assume a linear lifetime
increase with increasing QW number,

τN = τ1 + (N − 1)∆τ12 , (7.3)

where

∆τ12 = τ1

√
γ2 + 4Γ2 − γ

γ + 2Γ −
√
γ2 + 4Γ2

. (7.4)

Figure 7.4 shows that the lifetime of the full numerical computation rises linearly with in-
creasing QW number. We find that the increase of the exciton lifetime is roughly 0.834 ps
per additional QW for the homogeneous γ used in the computations. Furthermore, the
simplified model reproduces the lifetimes of the full numerical model very well, although
the corresponding analytic calculation only includes exciton contributions. The linear
increase of the exciton lifetime with increasing number of QWs corresponds directly to
the increase of the subradiance effect. From these observations, we conclude that the
suppression of the photon emission results in an enhancement of the radiative lifetime
of excitations in the system. For cases other than λ/2 spacing, one cannot determine a
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7.2. Exciton lifetime in multiple quantum-well systems

single decay constant or an exciton lifetime since the decay dynamics consists of several
modes with different decay constants.

Besides the number and the spacing of the QWs, the simple formula (7.4) predicts
that the chosen homogeneous broadening of the photoluminescence affects the exciton
lifetime. In realistic experiments one can alter γ via the lattice temperature and/or the
background carrier-density since γ depends on phonon and Coulomb scattering. Note
that the dependence of the exciton lifetime on the homogeneous broadening is introduced
by the dephasing constant in the equation of motion for the correlated electron-hole
pairs in Eq. (5.21). Even though the decay constant is used for off-diagonal exciton
correlations only, it influences the radiative decay of diagonal exciton populations via
ΩRC . In the following, we analyze this influence for systems of 10 QWs with Bragg
spacing by varying γ for the same carrier and exciton densities as already used in Fig 7.4.
The carrier temperature is T = 77 K and the radiative broadening is Γ = 0.025 meV.
In Fig. 7.5, we show the exciton lifetimes in units of the radiative exciton lifetime in

Figure 7.5.: Exciton lifetime computed for different dephasing constants in Bragg struc-
tures with 10 QWs. The solid line shows the full numerical result. The
shaded area is the result gained from the analytical approximation presented
in the Appendix C.

a single QW. Thus, we compare the results of the full numerical analysis (solid line)
against the radiative lifetimes gained by using Eqs. (7.3) and (7.4) (shaded area). We
find that the lifetime increase becomes stronger for small γ, e.g. we obtain a lifetime of
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7. Multiple quantum-well luminescence and exciton lifetimes

about 76.6 ps for a Bragg structure with 10 QWs and γ = 2Γ. For large γ, the QWs
become uncoupled such that one recovers the single-QW exciton lifetime of about 13 ps.
The simplified model predicts the full numerical results very well. For small γ, Eq. (7.4)
slightly overestimates the radiative lifetime increase. This deviation can be explained
by additional super- and subradiant modes which occur in a 10 QW system and alter
the result slightly for small γ. In a two-QW system these modes are absent and thus
are not taken into account in the simplified analytical model.
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Figure 7.6.: Exciton lifetime for different QW spacings in a system of 10 QWs. The half
width of the resonance around the Bragg-condition is denoted by ∆z.

In Fig. 7.1, we have already shown that the influence of the subradiance is strongest
for the Bragg condition. We next investigate the robustness of this subradiance by
tuning away from the Bragg spacing. For this purpose, we use the same parameters as
in Fig. 7.4 and plot in Fig. 7.6 the exciton lifetime for a 10 QW system as a function of
the spacing. As suggested from the subradiance results, the exciton lifetime is largest
for systems where the QW spacing is around λ/2. Interestingly, we find the maximum
lifetime increase at a QW spacing that slightly differs from the exact value of λ/2. This
deviation is a consequence of the emission from exciton populations in states other than
the 1s state since photons from different exciton states have different energies. Thus,
the Bragg conditions for these photons is satisfied at different spacings for emission from
different exciton states.

In order to compare the sensitivity of the lifetime enhancement to the detuning in
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7.2. Exciton lifetime in multiple quantum-well systems

Figure 7.7.: Half width of the lifetime peak around the Bragg-condition for QW ar-
rangements with 2 to 20 QWs. The solid line shows the result gained from
Eq. (7.5) while the filled circles show the full numerical analysis.

different MQW structures, we define ∆z to be the half width of the lifetime Bragg-
resonance, as indicated in Fig. 7.6. Additionally, we use a simplified model for the SLE
introduced in the Appendix of Ref. [34] and extend it, such that exciton populations
are taken into account. This analysis allows us to deduce the half width of the Bragg-
resonance analytically from

sin(Nq1s∆z)

sin(q1s∆z)
=

N√
2
, (7.5)

where q1s is the photon momentum corresponding to the energy of the exciton-resonance
energy. The number of QWs is denoted by N . The first root of Eq. (7.5) defines ∆z.
The result obtained from this formula (solid line) is compared with the full numerical
computation (filled circles) for QW arrangements with 2 to 20 QWs in Fig. 7.7. We
observe that the computed half widths excellently agree with those calculated by the
numerical analysis of the SLE. Additionally, we find that the shape of the lifetime peak
is broad for a small number of QWs and quickly gets sharper for higher numbers of
QWs.
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7. Multiple quantum-well luminescence and exciton lifetimes

7.3. Exciton pumping

So far, we have demonstrated that the exciton lifetime is strongly influenced by the
radiative coupling between different QWs. Since spontaneous emission has its maxi-
mum at the exciton resonance, even without the presence of exciton populations [18],
one might ask if this emission lead to exciton generation in MQW systems. Hence, it
is interesting to investigate whether even plasma excitation conditions and plasma lu-
minescence may lead to the formation of excitons indirectly via radiative coupling. To
analyze this basic phenomenon, we study a Bragg structure of two radiatively coupled
QWs. We assume that the first QW has an initial carrier density of 3 · 1010 cm−2, while
the other QW is unexcited. Additionally, we assume that no exciton populations are
present in the beginning. The temperature is chosen to be T = 20 K and the carrier

Figure 7.8.: Excitation of excitons in two radiatively coupled QWs. The first QW is as-
sumed to be populated by a Fermi-distributed carrier density of 3·1010 cm−2,
while the second QW is initially empty. In the beginning there are no ex-
citons in neither of the two QWs. The exciton occupation at q‖ = 0 in
the second QW is depicted as a function of time for the four different QW
spacings with 1.4fs ≃ λ/2 (shaded area), 0.315 ps (solid line), 1 ps (dashed
line) and 10 ps (dotted line) propagation time between the QWs.

density in the first QW follows a Fermi distribution. Due to the relatively high density
in the first QW, the homogeneous broadening is chosen to be 2.1 meV, according to
computation of excitation induced dephasing [20]. Since the 2nd QW is empty, we use
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7.3. Exciton pumping

a lower homogeneous broadening of 0.42 meV there. In Fig. 7.8, the exciton occupation
at q‖ = 0 for different spacings between the two QWs is presented. The shaded area
shows the case where the two QWs are separated by only ∆s = λ/2 which corresponds
to a 1.4 fs time delay in the light propagation between the QWs. We have also tested
other QW distances consisting of integer multiples of λ/2. The cases where the spac-
ing corresponds to roughly 0.315 ps (solid line), 1 ps (dashed line), and 10 ps (dotted
line) are also shown in Fig. 7.8. The exciton distribution at q‖ = 0 in the second QW
reaches values of about 1.86 · 10−4 which corresponds to an exciton density of about
7.5 · 104 cm−2. This is not a very high population, but it demonstrates the fundamental
possibility that pure plasma excitations are able to pump excitons in radiatively coupled
QWs. The obtained maximum level of pumped excitons can be enhanced considerably
by increasing the carrier density in the first QW.

Figure 7.9.: Exciton occupation at q‖ = 0 of an initially unexcited QW in Bragg-
structures with 2 (shaded area), 3 (solid line), 5 (dotted line) and 10 (dashed
line) QWs. The other QWs are initially populated by a Fermi-distributed
carrier density of 3 · 1010 cm−2.

Additionally, we obtain a slight increase in the amount of created excitons for larger
QW spacing. This increase stops for QW separations leading to a larger than roughly
0.32 ps delay time, which at the same time matches the dephasing time τγ = h̄/γ =
h̄/(2.1meV) of the pumping QW. The radiative coupling between QWs is limited by
τγ , since the QWs become radiatively uncoupled once the QW separation exceeds the
spacings corresponding to τγ . The homogeneous dephasing in the initially empty QW is
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7. Multiple quantum-well luminescence and exciton lifetimes

much smaller than γ in the pumping QW and therefore its contribution to this effect is
only weak.

An interesting feature of the excitons in the second QW is that all excitons exclusively
populate the state of q‖ = 0. Detailed investigations [66] show that the excitons in this
state show long-range order and reduced phonon and Coulomb scattering. Hence, the
excitons are generated in a quantum-degenerate state, i.e. an exciton condensate.

In order to find out whether more plasma-excited QWs may influence the amount of
created excitons in a radiatively coupled and initially empty QW, we compare the cases
of 2, 3, 5 and 10 QWs with spacings λ/2. The last QW in all structures is initially empty
while the other QWs are initially populated by a Fermi-distributed carrier density of
3 · 1010 cm−2 each. The result of this comparison is shown in Fig. 7.9. The exciton
occupation at q‖ = 0 in the second QW of the system of two QWs is depicted by the
shaded area. The solid line shows the corresponding occupation in the third QW of the
3-QW system. The cases of 5 and 10 QWs where the last QW is initially empty are
presented by the dotted and the dashed line, respectively. From Fig. 7.9, we observe
that the number of created excitons in the initially empty QW can be strongly increased
by using more plasma excited QWs as a source. The amount of created excitons scales
nearly linearly with the QW number.
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8. Conclusion and outlook

In the framework of this thesis, we have applied and extended a microscopic theory that
allows for a systematical treatment of the light-matter interaction effects in semiconduc-
tor heterostructures in the coherent and the incoherent light-emission regime.

In the first part of this thesis, we have concentrated on the coherent regime where we
have investigated the optical response of a Gallium arsenide or a Germanium quantum
well for different carrier densities. For the treatment of the carrier scattering in Ger-
manium, we have derived a theory that allows us to describe scattering contributions
due to electrons at the L-point. In Gallium arsenide, we have recovered the well known
”excitation-induced dephasing”. In particular, we found that the exciton resonances
are broadened and bleached if the carrier density is increased. Additionally, the energy
of the exciton resonance stays almost constant if carrier scattering beyond the Hartree-
Fock approximation is used. Investigating the carrier scattering in Germanium quantum
wells, we found that electrons at the L-point do not contribute to Pauli blocking and
band-gap renormalizations. Thus, the L-point electrons enter only the description of the
carrier-carrier scattering.

We have compared the numerical results for different amount of electrons at the L-
point against measured absorption spectra for different time delays after the excitation.
For the investigated carrier density, we found via peak-shape comparison that electrons
which are excited close to the Γ-point scatter to the L-point on a 140-femptosecond
time scale. Thus, transient gain could be obtained only for short times after the ex-
citation. When more electrons scatter to the L-point the exciton resonance starts to
recover. However, the holes stay at the Γ-point and thus contribute to Pauli blocking.
Additionally, all carriers still contribute to the carrier scattering and therefore lead to
polarization dephasing. As a consequence, the exciton resonance does not fully recover
and the exciton remains partially bleached, even when all electrons have scattered to
the L-point.

If the Germanium quantum wells are embedded inside a Silicon substrate, the L-point
electrons may be excited into the continuum states of the substrate and act as absorbers
for a wide spectrum of photon energies. Thus, a population of L-point electrons leads to
the absorption of photons from the pump pulse as well as from radiatively coupled QWs.
The strength of the absorption increases with the amount of electrons at the L-point
such that a sufficiently large electron populatation at that point inhibits the observation
of optical gain in Germanium-quantum-well structures. As a consequence, Germanium
quantum wells cannot be used as optically active region in laser structures.

In order to include the dielectric environment into our theoretical description, we
have reviewed a transfer-matrix method that describes the partial reflection and trans-
mission due to boundaries corresponding to steps in the background refractive index.
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The quantum-well response was expressed in terms of reflection, transmission and ab-
sorption such that the microscopic description of the quantum well could be included
into the transfer-matrix calculations. The results of this combined theory have been
compared to experiments and showed excellent agreement over a wide energy range
when the frequency dependence of the refractive-index profile was taken into account.

In the second part of this thesis, we have concentrated on the incoherent light-emission
regime, i.e. on photoluminescence. We have investigated mainly the coupling of a single
quantum well to its dielectric environment and the coupling among the quantum wells
in multiple-quantum-well structures.

Due to the quantum-mechanical treatment of the light field and the detection process,
the dielectric structure enters the relevant photoluminescence equations non-trivially in
multiple places. Thus, even small changes of the dielectric environment imply that the
full, numerically tedious, incoherent dynamics has to be solved again. We have intro-
duced an approximation that allows for treating dielectric environment and incoherent
quantum-well emission separately. The free-space luminescence needs to be computed
only once while the dielectric environment is described via a environment-dependent
filter function. The luminescence of the actual structure is then gained by multiplying
the filter function and the free-space luminescence.

We have shown that this approximation excellently reproduces the full semiconductor
luminescence equation results if the radiative broadening caused by the stimulated con-
tribution to the photon-assisted polarization can be neglected. When the contribution
of radiative broadening to the total peak broadening becomes significant, the radiative
contribution has to be taken into account in the free-space calculation. Thus, we have
presented a method that allows to determine the radiative broadening of a single QW
only via the known mode functions of the dielectric structure. The modification of the
free-space luminescence can be performed via a convolution such that it is not neces-
sary to re-compute the free-space semiconductor luminescence equations. This extended
filter-function approximation excellently agrees with the full calculations for structures
in the weak coupling regime and allows for efficient sample design. As an additional
feature, the filter -unction approximation enables us to predict the emission under finite
angles if the perpendicular luminescence is known.

The filter-function approximation fails in the strong coupling regime when normal-
mode coupling effects occur. For these cases, the full semiconductor luminescence equa-
tions need to be solved. Finally, we have used the filter-function approximation to explain
the measured luminescence spectra of a multiple-quantum-well system that is embedded
into a complicated dielectric environment. We have found very good agreement between
experiment and theory.

In the last part of this thesis, we have investigated the radiative coupling in multiple-
quantum-well systems. We found that these systems show a suppressed luminescence
per quantum-well compared to a single-quantum-well system. The origin of this sup-
pression is the recombination correlation that describes correlated processes where an
electron-hole pair combines while at the same time another electron-hole pair is cre-
ated in another quantum-well. The second term that is responsible for the radiative
quantum-well coupling is the stimulated contribution. It leads to an additional peak
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broadening but does not deplete the luminescence.
Together with the suppressed emission, the excitations in multiple quantum well sys-

tems exhibit an enhanced lifetime. The strength of the enhancement generally depends
on the number of QWs and their spacing as well as on the homogeneous broadening.
We have found longest lifetimes for Bragg-structures with small homogeneous broaden-
ing corresponding to low carrier densities at low temperatures. Additionally, we have
derived an analytical expression for the exciton lifetime in a Bragg spaced two-quantum-
well structure. This formula can be used to extrapolate the lifetime in Bragg spaced
N -quantum-well structures, as in these structures, the exciton lifetime increases linearly
with the number of quantum wells.

We could show that exciton populations can be created by the quantum emission of
radiatively coupled quantum wells. This is even the case when the luminescence orig-
inates from the recombination of uncorrelated electron-hole plasma and initial exciton
populations are not present.

Even though the presented theory is able to describe a large variety of coherent and
incoherent light-matter coupling effects, there are some natural extensions that could
yield insights into new and intriguing effects.

One could for example improve the treatment of the carrier scattering. The inclusion
of the principle value of the 2nd-Born scattering matrix would allow us to investigate
the optical response at low carrier temperatures. Additionally, one could include the
full coherent and incoherent correlations in Eq. (3.15). This would enable us to in-
vestigate the effects on the optical response if different correlations or populations are
present. Observations like the blue shift of the exciton resonance in the presence of
exciton populations could probably be explained. On top of that, the full inclusion of
the correlations should also allow for investigating how different light statistics of the
pump pulse effect the absorption. The application of the microscopical scattering in the
incoherent regime allows for analyzing the polariton condensation in microcavities or
soliton effects in multiple quantum well systems.

Another interesting task would be the investigation of the coupling of the Semicon-
ductor Bloch Equations and the Semiconductor Luminescence Equations. The coupled
equations could then be used to investigate the interplay between coherent quantities
and incoherent correlations in regimes when both contributions are important. Together
with an appropriate treatment of the phonon interaction, this coupled theory could de-
scribe the full sequence of the light-matter-interaction process on a microscopical level,
starting with the coherent excitation, the scattering and relaxation processes, and finally
the creation of correlations and the quantum-emission. The results gained from such
a theory would provide deep insights into the nature of light statistics and quantum
correlations.
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A. Wannier equation and excitonic

eigenfunctions

The Wannier equation is the Schrödinger equation for the relative-motion problem of an
electron-hole pair. This problem is formally identical to the hydrogen problem and there-
fore leads to bound hydrogen-like states plus a continuum of ionized states. The bound
electron-hole pairs are also called excitons. The corresponding Schrödinger equation in
real space is given by

− h̄
2∇2

2µ
φν(r) − V (r)φν(r) = ενφν(r) . (A.1)

A Fourier transformation into k-space yields

− h̄
2k2

2µ
φν(k) −

∑

k′

Vk−k′φν(k
′) = ενφν(k) . (A.2)

Equation (A.2) is structurally identical to the homogeneous part of the polarization
equation (3.7) in the zero density limit. For finite carrier densities, the phase-space-filling
factor (1−f e

k‖
−fh

k‖
) modifies the eigenvalue problem such that it becomes non-hermitian

ε̃k‖
φR

λ (k‖) −
(
1 − f e

k‖
− fh

k‖

)∑

k′
‖

Vk‖−k‖
′φR

λ (k′
‖) = Eλφ

R
λ (k‖) (A.3)

and we obtain left- and right eigenfunctions φL
λ(k‖) and φR

λ (k‖) that are related via

φL
λ(k‖) =

φR
λ (k‖)

1 − f e
k‖

− fh
k‖

. (A.4)

A Fourier transformation yields the corresponding exciton wave functions in real space

φ
R/L
λ (r‖) =

1√
S

∑

k‖

φ
R/L
λ (k‖)e

ik‖·r‖ . (A.5)

The exciton eigenfunctions are orthogonal and obey
∑

k‖

φL
λ(k‖)φ

R
ν (k‖) = δλ,ν , (A.6)

and fulfill the completeness relation
∑

λ

φL
λ(k‖

′)φR
λ (k‖) = δk‖

′,k‖
. (A.7)
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B. Markov approximation

In this appendix, we will review the Markov approximation. Therefore, we consider a
differential equation of the form

ih̄
∂

∂t
P = (εk − iδ)P + S , (B.1)

where S is a driving term that is oscillation mainly with the frequency ES/h̄. The formal
solution of Eq. (B.1) is given by

P (t) = − i

h̄

∫ t

−∞
S(t′)e−

i
h̄
(ε−iδ)(t−t′)dt′ . (B.2)

In order to separate the fast oscillations contained in S from the slowly varying part, we
use the ansatz

S(t) = S0(t)e
− i

h̄
ESt , (B.3)

where S0(t) corresponds to the slowly varying part. We insert Eq. (B.3) into Eq. (B.4).
The result reads

P (t) = − i

h̄

∫ t

−∞
S0(t

′)e
i
h̄
(ES−ε+iδ)(t−t′)dt′ . (B.4)

Since S0(t
′) varies much slower than the exponential function, we can assume S(t) ≈

S(t′). Thus, Eq. (B.4) becomes

P (t) ≈ − i

h̄
S0(t)

∫ t

−∞
e

i
h̄
(ES−ε+iδ)(t−t′)dt′ . (B.5)

Formally solving the integral eventually yields

P (t) ≈ S(t)

ES − ε+ iγ
. (B.6)

If several driving terms are present, Eq. (B.6) becomes

P (t) ≈ S(t)

ES − ε+ iγ
+

T (t)

ET − ε+ iγ
+

U(t)

EU − ε+ iγ
+ ... . (B.7)

In this thesis, we use the Markov approximation to derive a closed expression for the
carrier scattering in the second Born approximation. In particular, we apply the Markov
approximation to solve the equation of motion for the coherent correlation (3.19). Thus,
the driving term S(t) is given by the singlet contribution (3.17) that contains carrier
distributions as well as polarization contributions. Since we assume quasi-stationary and
Fermi distributed carriers, the main rotating frequency of the singlet term is determined
by the polarization that shows rotating frequency which correspond to energies close to
the fundamental band gap.
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C. Analytical model for exciton

lifetimes in two-quantum-well

systems

In the following analysis, we investigate the photoluminescence of two QWs via an ana-
lytical model. We therefore concentrate on a situation where the photoluminescence is
dominated by excitons, i.e. when the uncorrelated plasma source f efh in Eq. (5.8) can be

neglected such that the spontaneous emission reads ΩSE
m (k‖,q‖) =

∑
l‖
Fm,q‖,q⊥c

q‖,k‖,l‖
X m,m .

As a first step we can transform Eq. (5.4) into the exciton picture using the transforma-
tion (5.17) and additionally the relation

Π
k‖,m
q‖,q⊥ =

∑

ν

Π̃m,ν
q‖,q⊥

φν(k‖) . (C.1)

We concentrate on 1s-exciton contributions only and drop the superscript ν = 1s for
notational simplicity. We obtain

ih̄
∂

∂t
Π̃m

q‖,q⊥
(t) =

(
ǫ̃1 − h̄ωq‖

− iγ
)

Π̃m
q‖,q⊥

(t) (C.2)

−
∑

q′
⊥

F1s
m,q‖,q′

⊥
∆〈B†

q‖,q⊥
Bq‖,q′

⊥
〉(t) +

∑

n

iF1s
n,q‖,q⊥

N
q‖
m,n(t) ,

where ǫ̃1 is the 1s eigenenergy and F1s
m,q‖,q⊥

≡ dcvEqUm,q‖,q⊥Φ⋆
1s(r = 0) with Φ1s(r = 0)

being the 1s-exciton wave function in real space at r = 0. We switch on the optical
coupling at time t = 0 and assume the excitonic correlations, Eq. (5.12), to be constant
for negative times. For positive times, the correlations are determined by the radia-
tive coupling between the QWs. In order to eliminate the dependence of Eq. (C.2) on
∆〈B†B〉, we formally solve Eq. (5.2) assuming the absence of any external source and
insert the result in Eq. (C.2). After an additional Fourier transform, we obtain

(
h̄Ω − ǫ1 + h̄ωq‖

+ i[γ + Γ]
)

Π̃m
q‖,q⊥

(Ω) =

−iΓ
∑

n 6=m

Π̃m
q‖,q⊥

(Ω)ei(ωq+Ω)τn,m

+
∑

n

iF1s
n,q‖,q⊥

N
q‖
m,n(t = 0)δ(Ω)

+
∑

n

iF1s
n,q‖,q⊥

N
q‖
m,n(Ω) , (C.3)
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C. Analytical model for exciton lifetimes in two-quantum-well systems

with the radiative lifetime Γ defined by Eq. (6.13). The retardation time is defined by
τn,m = |zn − zm|/c where zn and zm are the positions of the 2 QWs in real space and c
is the speed of light. Analogously, we transform Eq. (5.12) into

(h̄Ω + i2γ(1 − δm,n))N
q‖
m,n(Ω) =

−
∑

q‖

iF1s
m,q‖,q⊥

[
Π̃n

q‖,q⊥

]⋆
(Ω) −

∑

q‖

i
[
F1s

n,q‖,q⊥

]⋆
Π̃m

q‖,q⊥
(Ω) . (C.4)

We solve Eq. (C.3) and insert the result into Eq. (C.4). For that purpose, we assume
that initially the exciton populations in the first QW N1,1 and the second QW N2,2 are
identical and that there are no initial electron-hole correlations N1,2 and N2,1 between
the two QWs, such that

N
q‖

1,1(t = 0) = N
q‖

2,2(t = 0) = Nq‖
,

N
q‖

1,2(t = 0) = N
q‖

2,1(t = 0) = 0 .

If we choose the QW spacing to be ∆s = λ/2, the populations in both QWs as well as
both correlations remain identical for all times such that we end up with a set of two
equations. Taking into account that only exciton populations or electron-hole correla-
tions with vanishing center of mass momentum contribute to the coupling of the QWs,
we find the relation

(
h̄ΩE −2iΓ
−2iΓ h̄ΩO

)
·
(
N11(Ω)
N12(Ω)

)
=
(−2Γδ(Ω)Nq‖=0

−4Γδ(Ω)Nq‖=0

)
, (C.5)

with h̄ΩE = h̄Ω + 2iΓ and h̄ΩO = h̄Ω + 2iΓ + 2γ. Diagonalizing the matrix and re-
transforming the results for the exciton populations into time domain yields one super-
and one subradiant solution. The time evolution of the excitons in both QWs is then
proportional to

N(t) ∝ Θ(t)
[
A · e−(λ+t)/h̄ +B · e−(λ−t)/h̄

]
(C.6)

where A and B are γ− and Γ−dependent prefactors. The decay constants are defined
by

λ± = γ + 2Γ ±
√
γ2 + 4Γ2 . (C.7)

Thus, the plus sign denotes the superradiant mode while the minus sign denotes the
subradiant mode. The radiative lifetimes corresponding to these two modes are given
by

τ2(±) = h̄/λ± . (C.8)

Comparing this result to the exciton lifetime obtained in a single QW, we find the
lifetime difference

∆τ12(±) = τ2(±) − τ1 = τ1
∓
√
γ2 + 4Γ2 − γ

γ + 2Γ ±
√
γ2 + 4Γ2

. (C.9)

The full analysis with the help of Eqs. (5.2), (5.4), (5.12), (5.15), and (5.16) shows that
for early times the superradiant mode dominates the decay of the exciton population
but after some picoseconds the subradiant mode overtakes and determines the decay.
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D. List of parameters

D.1. General

Symbol Value Description

c 299792000 m/s vacuum speed of light
e 1.609 × 10−19 C free-electron charge
ε0 8.85 × 10−12 As/Vm dielectric constant
h 6.636 × 10−34 Js Planck’s constant
h̄ h/(2π) = 1.054 × 10−34 Js Planck’s constant divided by 2π
m0 9.11 × 10−31 kg free-electron mass

D.2. GaAs

Symbol Value Description

me 0.0665 m0 effective electron mass
mh 0.457 m0 effective hole mass
mr 0.058 m0 reduced hole mass
a0 12.4 nm 3D-exciton Bohr radius
εr 13.74 static dielectric constant
EB 4.2 eV 3D-exciton binding energy
EG 1.573 eV direct band-gap energy

D.3. Ge

Symbol Value Description

me(Γ) 0.041 m0 effective electron mass
me(L) 0.401 m0 effective electron mass
mh 0.25 m0 effective hole mass
mr 0.035 m0 reduced hole mass
a0 24 nm 3D-exciton Bohr radius
εr 15.8 static dielectric constant
EB 1.9 eV 3D-exciton binding energy
EG 0.881 eV direct band-gap energy
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E. List of abbreviations

Abbreviations Meaning

AR-coating anti-reflection coating
DBR distributed Bragg reflectors
EFFA extended filter function approximation
EID Excitation induced dephasing
FFA filter function approximation
hline GaAs Gallium arsenide
Ge Germanium
LED(s) Light-emitting diode(s)
MQW multi-quantum well
PL Photoluminescence
QW(s) quantum well(s)
SBE Semiconductor Bloch Equations
Si Silicon
SLE Semiconductor Luminescence Equations
VCSEL Vertical-Cavity Surface-Emitting Laser
VECSEL Vertical External Cavity Surface-Emitting Laser
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