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Abstract

Almost all mathematical models that describe processes, for instance in industry, en-
gineering or natural sciences, contain uncertainties which arise from different sources.
We have to take these uncertainties into account when solving optimal control problems
for such processes. There are two popular approaches : On the one hand the so-called
closed-loop feedback controls, where the nominal optimal control is updated as soon as
the actual state and parameter estimates of the process are available and on the other
hand robust optimization, for example worst-case optimization, where it is searched for
an optimal solution that is good for all possible realizations of uncertain parameters.

For the optimal control problems of dynamic processes with unknown but bounded uncer-
tainties we are interested in a combination of feedback controls and robust optimization.
The computation of such a closed-loop worst-case feedback optimal control is rather
difficult because of high dimensional complexity and it is often too expensive or too
slow for complex optimal control problems, especially for solving problems in real-time.
Another difficulty is that the process trajectory corresponding to the worst-case optimal
control might be infeasible. That is why we suggest to solve the problems successively
by dividing the time interval and determining intermediate time points, computing the
feedback controls of the smaller intervals and allowing to correct controls at these fixed
intermediate time points. With this approach we can guarantee that for all admissible
uncertainties the terminal state lies in a given prescribed neighborhood of a given state
at a given final moment. We can also guarantee that the value of the cost function does
not exceed a given estimate.

In this thesis we introduce special bilevel programming problems with solutions of which
we may construct the feedback controls. These bilevel problems can be solved explicitly.
We present, based on these bilevel problems, efficient methods and approximations for
different control policies for the combination of feedback control and robust optimization
methods which can be implemented online, compare these approaches and show their
application on linear-quadratic control problems.



Zusammenfassung

Fast alle mathematischen Modelle, die Prozesse beschreiben, wie sie zum Beispiel in
der Industrie, dem Ingenieurwesen oder den Naturwissenschaften vorkommen, enthalten
Unsicherheiten. Diese Unsicherheiten konnen aus verschiedenen Quellen stammen und
miissen bei der Losung von Optimalsteuerungsproblemen berticksichtigt werden. Hierfiir
gibt es zwei beliebte Ansdtze: Der erste Ansatz ist die so genannte Closed-Loop Feed-
backsteuerung, bei der wir die nominale optimale Steuerung immer dann aktualisieren,
wenn aktuelle Schiatzungen des Zustandes und der Parameter des Prozesses vorhanden
sind. Der zweite Ansatz ist die robuste Optimierung, wie zum Beispiel die Worst-Case
Optimierung, bei der wir eine optimale Losung suchen, die fiir alle Realisierungen der
unbekannten Parameter gute Ergebnisse liefert.

Bei Optimalsteuerungsproblemen von dynamischen Systemen mit unbekannten, aber
beschrankten Unsicherheiten interessieren wir uns fiir eine Kombination von Feedback-
steuerung und robuster Optimierung. KEine solche Closed-Loop Worst-Case Feedback
Optimalsteuerung ist recht schwierig zu berechnen, da die Probleme hochdimensional
komplex sind und damit die Berechnung zu teuer oder zu langsam fiir komplexe Opti-
malsteuerungsprobleme ist, gerade wenn wir Probleme in Echtzeit 16sen mochten. Eine
weitere Schwierigkeit ist, dass die Trajektorie der Steuerung unzuléssig ist. Deshalb
schlagen wir vor, die Probleme sukzessiv zu l6sen, indem wir das Zeitintervall un-
terteilen, dazwischen liegende Zeitpunkte bestimmen, die Feedbacksteuerungen dieser
kleineren Zeitintervalle berechnen und erlauben, die Steuerungen an diesen festen Zwis-
chenzeitpunkten zu korrigieren. Mit diesem Ansatz kdnnen wir garantieren, dass fiir alle
zulassigen Storungen der Endzustand im Endzeitpunkt in einer gegebenen vorgeschriebe-
nen Umgebung eines gegebenen Zustands liegt. Auflerdem wird dadurch gewéhrleistet,
dass der Wert der Zielfunktion einen gegebenen Wert nicht tiberschreitet.

In dieser Arbeit fiihren wir spezielle Bilevel-Optimierungsprobleme ein, mit dessen Lo-
sungen wir die Feedbacksteuerungen konstruieren konnen. Diese Bilevelprobleme kénnen
explizit gelost werden. Aufbauend auf diesen Bilevelproblemen stellen wir effiziente
Methoden und Approximationen verschiedener Steuerungsstrategien fiir die Kombina-
tion von Feedbacksteuerung und robuster Optimierung vor, die online implementiert
werden konnen. Diese Ansétze vergleichen wir und zeigen die Anwendung an linear-
quadratischen Problemen.
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1 Introduction

Mathematical models of real processes which arise in natural science, industry or en-
gineering always contain errors such as statistical uncertainties of state and parameter
estimates, model plant mismatch and discretization errors provided by simulation meth-
ods. Optimal solutions can be very sensitive to such errors. Furthermore, the realization
of optimal scenarios including controls, initial values and design parameters in concrete
cases may lead to situations, when the process controlled by nominal optimal control
outruns some critical limits and becomes uncontrollable (e.g. explosions in exothermic
chemical processes). This is why the application of mathematical optimization to real-
life processes demands taking into account uncertainties in the process. To handle the
uncertainties we combine in this thesis two mostly used approaches: robust optimization
and online/feedback controls. In robust optimization, e.g. “worst-case” optimization,
we are looking for an optimal solution which is “good” for all possible realizations of
uncertain parameters in a compact set. Online/feedback control is an approach, where
the nominal optimal control is updated as soon as the actual state and parameter esti-
mate is available. For the feedback control we consider a current point (7,x) where x is
the current state at time 7. We solve an auxiliary predictive optimal control problem in
Model Predictive Control (MPC) scheme (cf. Chapter 4) at some time intervals [7, 74T
and obtain the solution of this problem as

uO(t;7,x), t € [r,7+T).
Then the feedback control at this point is
uw (r,z) = ul(m;7,2), >0, x € R

Using different types of the auxiliary problem at the current time 7, there are various
types of MPC schemes, e.g. open-loop optimal control, open-loop min-max optimal
control and closed-loop min-max optimal feedback control. In this thesis we follow the
Closed-Loop Min-Maz Optimal Feedback Control Approach (cf. Lee & Yu [55]), which
combines the ideas of robust optimization and MPC. This approach leads on the one
hand to high computational costs but on the other hand it avoids infeasibility problems
resulting from the application of robust optimization. The aim of this thesis is to develop
approximative strategies to avoid high computational costs.

In this thesis we consider linear-quadratic optimal control problems with a bounded
additive uncertainty. For constructing a guaranteed control strategy for this kind of
problem, we correct the control strategy at several intermediate time points, depending
on the measurements of the states. As the use of this strategy leads to high compu-
tational costs and is practically impossible, we introduce and analyze approximative
control strategies, which are suboptimal but still yield a guaranteed policy. The com-
putation of these approximative control policies is equivalent to solving certain convex
resp. saddle point optimization problems which can be solved offline. That means we
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can formulate explicite rules to solve these problems and to construct the corresponding
control policy of the original optimal control problem. These rules can be implemented
online.

1.1 Contributions

Bilevel Optimization Problem with a Non-Homogeneous Cost Functional

We introduce a special bilevel optimization problem with a non-homogeneous cost func-
tional and a trust-region-type constraint. This bilevel optimization problem is later used
to describe practical algorithms for the approximative control policies. For this problem
we describe and prove the optimality conditions and show how to solve the problem
explicitly. We also formulate and prove a theorem that shows that the special bilevel
optimization problem is equivalent to another convex optimization problem in one vari-
able. We also show how to construct the optimal solution of a certain feedback linear
quadratic control problem using the solution of the bilevel problem.

Bilevel Optimization Problem with an Additional Quadratic Constraint in
the Upper Level Probem

Similar to the previous special bilevel programming problem we introduce this problem,
show the optimality conditions, describe an explicite solution and an algorithm for solv-
ing and prove the equivalence to a saddle point computed of a convex/concave function.

Approximative Control Policies

Using special bilevel optimization problems, approximative control policies as alterna-
tive for the numerical demanding guaranteed optimal control policy can be constructed.
We analyze different approximative control policies and compare them theoretically and
with a numerical example.

Guaranteed Control for Systems with State Constraints

Using the special bilevel programming problems, we describe generalizations of the con-
trol strategies for a problem with state constraints and derive approximative control
policies.

Bounded Control

For systems with bounded control we also use the special bilevel optimization prob-

lems described before and similarly to the guaranteed control for systems with state
constraints the approximative control policies can be derived.
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1.2 OQOutline of the Thesis

This thesis is divided into eight chapters and organized as follows.

o After the introduction we start in Chapter 2 with preliminaries which we later use
in the thesis. We shortly introduce convex problems and their optimality conditions
in the unconstrained and constrained case. We also give a short overview of solution
methods. In Section 2.2 we consider bilevel programming problems and introduce
linear and stochastic bilevel problems. We also shortly present an overview of
solution methods.

e In Chapter 3 we introduce optimal control problems. We start with continuous
optimal control problems, describe a basic problem and formulate Pontryagin’s
Maximum Principle for the necessary optimality conditions for the control to be
optimal. Afterwards we show the application of the Maximum Principle on linear-
quadratic optimal control problems. In the fourth part of this chapter, we give a
short introduction to discrete optimal control problems and their solution methods.
In the last part of this chapter we discuss robust optimization, present types of
uncertainties, describe different method types for optimal control problems with
uncertainties and give a literature overview of existing methods.

e In Chapter 4 we give a general introduction to Model Predictive Control (MPC).
For this, we consider Model Predictive Control in the general case and the Dynamic
Programming approach with its solution. Afterwards we present both approaches
in the case of uncertainties. We end this chapter with a short section about Feed-
back Model Predictive Control and the theory of tubes in the case of uncertainties.

e In Chapter 5 we introduce and analyze different types of special bilevel optimiza-
tion problems which we need to describe the algorithms in Chapters 6 and 7. In
Section 5.1 we describe a bilevel optimization problem with a trust-region-type
constraint, formulate the optimality conditions, present an explicit solution and
show that this problem is equivalent to a certain optimal control problem. Af-
terwards we similarly describe this also for a bilevel optimization problem with
non-homogeneous cost functional and a bilevel optimization problem with an ad-
ditional quadratic constraint in the upper level problem.

e In Chapter 6 we have a closer look at the optimal control under uncertainties. In
Section 6.1 we examine the closed-loop min-max optimal feedback control with one
correction moment in more detail. We consider a linear quadratic optimal control
problem with an additive unknown but bounded uncertainty. In Section 6.2 we
show how to use the bilevel programming problem from Chapter 5 to reformulate
this approach and derive a practical algorithm for solving the problem. In Section
6.3 we also construct the robust optimal feedback with more than one interme-
diate correction point. As the computational costs of this algorithm are high we
present and analyze approximative approaches of the closed-loop min max optimal
feedback control with intermediate correction moments in Section 6.4 and compare
them in Section 6.5. We also formulate practical algorithms for the approxima-
tions. At the end of the chapter we show a short numerical example to compare
the approximative policies using an application.
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e In Chapter 7 we describe three different generalizations of the approximative con-
trol policies which we present in Chapter 6. First we present a strategy in which we
can control dynamic systems with pointwise state constraints and derive here two
different approaches. Then we present the strategy for optimal control problems
with bounded controls. In Section 7.4 we discuss a strategy for control problems
with uncertainties in which the disturbance is bounded in a norm. We analyze the
problems and discuss the corresponding algorithms.

e We end this thesis with a conclusion, in which we summarize the findings from the
previous chapters and give an outlook on future developments.



2 Static Optimization

In this chapter we give a short overview about convex optimization and bilevel program-
ming. These are preliminaries which we will need later in this thesis as basic information.
In the first part of this chapter we consider convex optimization problems and their opti-
mality conditions in the unconstrained and constrained case. After that we give a short
overview of solution methods. In the second part of this chapter we consider different
types of bilevel programming problems and give a short overview of solution methods.

2.1 Convex Optimization

We consider the following convex minimization problem

min f(z)
s.t. g(x) =0 (2.1)
h(z) >0

withz € DCR", f:DCR* - R,g:DCR* R (I<n)and h: D C R* — RF
convex on D and D C R" a domain. A convex minimization problem has the following
three properties:

e Each local minimum is always also a global minimum of the convex problem.
e The set of all minima is convex.
e If the cost functional f is strictly convex, then the minimum is unique.

These and further information can be found in the work of Avriel [3], Boyd & Vanden-
berghe [17], Ben-Tal & Nemirovski [9], Jarre & Stoer [41], Nocedal & Wright [67].

2.1.1 Optimality Conditions Unconstrained Case

In the case of an unconstrained optimization problem we have [ = k = 0, which means
our convex optimization problem is formulated as follows

min f(z) (2.2)

with € R™ and f : R® — R a convex and sufficiently differentiable function. Since f
is differentiable and convex we can formulate the necessary and sufficient condition for
a point z* to be optimal as

Vf(z*) = 0. (2.3)
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That means, for solving (2.2) we have to find a solution of (2.3). In a few special cases
we can find this solution by solving (2.3) analytically. But usually we have to use an
iterative algorithm to find a solution. We describe methods for solving this problem by
an iterative method in Subsection 2.1.3.

2.1.2 Optimality Conditions Constrained Case

With the definition of the Karush-Kuhn-Tucker Condition we obtain first order necessary
optimality condition for nonlinear optimization problems.

Definition 2.1. (Karush-Kuhn-Tucker Condition / Karush-Kuhn-Tucker Point)
A point (x*, \*, u*) is called Karush-Kuhn-Tucker Point (KKT-Point) if the following
conditions are satisfied

I K
V@) + D AiVai(a) + > pihi(a*) =0

i=1 j=1
g(z") =0 (2.4)
hz*) > 0
pi =0
M;kh(x*) =0,

with f(z), gi(z), hj(z) continuously differentiable. The conditions (2.4) are called
KKT-Conditions.

The necessary optimality conditions are then formulated as

Theorem 2.2. (Necessary Optimality Conditions)
If * is a minimum of the convex problem (2.1) and also fulfills certain constraint qual-
ifications, then there exist \* and p* such that (x*, \*, u*) is a KKT-point.

Proof. A proof can be found in Nocedal & Wright [67]. O

Possible Constraint Qualifications are:

e Linear Independence Constraint Qualification (LICQ): Requires the linear
independence of the gradients of all equality and active inequality constraints.

e Mangasarian-Fromovitz Constraint Qualification (MFCQ): MFCQ holds if
there exists a vector w such that Vg(z*)Tw = 0 for all equality constraints and
Vh(z*)w > 0 for all active inequality constraints.

A more general formulation of the KKT-Conditions are the Fritz-John Conditions
(FJ Conditions) as the constraint qualifications are no longer needed.
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Definition 2.3. (Fritz-John Condition / Fritz-John Point)
A point (z*,x*, \*, u*) € RIFHFE of the optimization problem (2.1) is called Fritz-
John point (FJ point) if the following conditions are satisfied

The conditions (2.5) are called Fritz-John Conditions (FJ Conditions).

And as before, if z* is a local minimum of the optimization problem (2.1), there exist
¥, p*, 2% such that (2%, z*, p*, \*) is a FJ-Point and (z*, u*, \*) is different from the null
vector.

Theorem 2.4. (Sufficient Optimality Conditions)
If (x*, \*, u*) is a KKT-point, then x* is a global minimum of the convexr problem (2.1).

Proof. A proof can be found in Jarre & Stoer [41]. O

2.1.3 Solution Methods

For unconstrained convex optimization problems we have to find a solution of (2.3).
For this we have the initial value xy € D, the search direction in the k-th iteration
step d¥ € R!, the step length in the k-th iteration step t* € R and the iteration step
af = bt 4 b

Definition 2.5. Let f be continuously differentiable and x € R™. A vector d € R™ is a
decent direction of f in z, if there exists a ¢ > 0 with f(z + ¢td) < f(z) for all ¢ €]0, ¢].
We also need the following lemma

Lemma 2.6. Let f be continuously differentiable, z € R™ and d € R™ with VT f(x)d < 0.

Then, d is a descent direction of f in x.

Proof. Determine the directional derivative

/ _ g flettd) - fle) . V@)d o .
[z, d) = tl_l)IJrrlo , = tgr-rs-lo P V' f(z)d <0 for z € [z, x + td].
Hence, wx < 0 for all sufficiently small ¢. O

With this, we can now formulate the following algorithm for descent methods. We
assume to have an initial value 2 for the iteration step k = 0.
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1. Check, if z* satisfies a stop criterion.

2. Determine the descent direction d*.

3. Determine the step length t* with f(z* + t*Fd*) < f(2").

4. Set zFt1 = 2% + tkd* and k = k + 1 and and proceed with step 1.

Further information can for instance be found in Boyd & Vandenberghe [17], Avriel [3]
and Nocedal & Wright [67].

In the constrained case, in which we have equality and inequality constraints, we can
uselnterior-Point Methods, where we apply Newton’s method to a sequence of equality
constrained problems or to a sequence of modified versions of the KKT conditions.
Possible types of interior point methods are the Barrier Method or the Primal-Dual
Interior-Point Method. Other possible methods can be SQP-methods or augmented
Lagrangian methods. Further information to these methods can for instance be found
in Boyd & Vandenberghe [17], Nocedal & Wright [67] and Ye [85].

2.2 Bilevel Optimization

A Bilevel Programming Problem (BPP) is a hierarchical mathematical optimization
problem. The characteristic of a BPP is the formulation of two mathematical pro-
grams in one problem. The constraints of the upper level optimization problem are in
part defined by a lower level optimization problem. Bilevel optimization problems are
nonconvex and nondifferential optimization problem. This section is based on the work
of Alizadeh et al. [1], Bard [4], Bracken and McGill [18],[19], Colson et al. [25], Dempe
(28], [29], [30], Dempe et al. [31], Mersha & Dempe [64] Sinha et al. [77], Starr & Ho
[79] and Wiesemann et al. [83].

A general BPP, which is also called leader’s problem, is stated as follows

min F(x,
iy (z,y

)
s.t. G(z,y) <0 (2.6)
H(z,y) =0
z € ¥(y)
with F': R" x R™ — R, G : R" x R™ — R"6¢, H : R™ x R™ — R"™ . The function

U(y), with ¥ : R™ — R™ is the solution set of the lower level problem, which is also
called follower’s problem and is formulated as follows

min f(z,y) (2.7)
st. g(z,y) <0 (2.8)
h(z,y) =0

with f: R xR — R, g : R"™ x R™ — R™% h : R"™ x R™ — R"™ g € R"
y € R, g(z,y) = (91(2,y),.- ., gn,(x,9))" and h(z,y) = (h(z,y), ..., hn,(z,y)".
We assume that the functions F, G, H, f, g and h are sufficiently smooth. We also
assume that z is a unique choice for any y. The function F' is called the upper level
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objective function and the functions G and H are called upper level constraint functions.
Typical applications of bilevel optimization can be found in the fields of transportation,
engineering or economics.

In the case that the lower level problem has multiple solutions for some of the selections
of the upper level decisions maker. Then the leader may assume that the follower can be
motivated to choose a best optimal solution in W(y) with respect to the leader’s objective
function. This is called the optimistic formulation of the BPP

min: go(y)

s.t. G(z,y) <0
H(z,y)=0
yey

where
Poly) = min{F(z,y) : x € ¥(y)}.

This might not be possible or even not allowed. Then the leader has to bound the
damage that might arise from a choice of the follower. In this case we have a pessimistic
formulation of the BPP

Inyin bp(y)

st. G(z,y) <0
H(z,y) =0
yey

where
Gp(y) = max{F(z,y) : x € U(y)}.

BPPs can be reformulated into usual optimization problems. For instance by using the
KKT-conditions of the lower level problem. If the functions f(x,y), gi(z,y), i =1,...,n4
and hj(z,y), j =1,...,n, are differentiable and a regularity condition is satisfied then
we can replace the BPP (2.6) by

min  F(z,y)
T,Y A
s.t. G(z,y) <0

H(z,y) =0
yey
Vol f(@,y) + XN g(z,y) + 1" bz, y)} =0
A>0, u>0,
9(z,y) <0, Mg(z,y) =0
h(z,y) =0

This transformation is only possible, if the lower level problem is convex. This kind of
problem is called mathematical program with complimentarity constraints (MPCC).
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Other possibilities to transform the BPP into an usual optimization problem are to use
necessary optimality conditions without Lagrange multipliers (cf. Dempe & Zemkoho
[32]) or to use variational inequalities (cf. Kalashnikov & Kalashnikova [43]).

2.2.1 Linear Bilevel Optimization Problem

In the linear case the lower level problem is given as
min ¢’z
x
s.t. Az < a— Ay
x>0

with z € R™, y € R™, g € RP and the matrices A; and A, as well as the vector ¢ are
of appropriate dimensions. This linear problem can be obtained by assuming that all
functions in problem (2.6) are restricted to be affine. We define ¥ (y) by

arg min{cT:U s Arx <a— Agy, x >0}
x
and hence, we can formulate the linear bilevel optimization problem as

min dl z + diy

Y

s.t. Asy =0
y=>0
x € VL(y)

with b € R! and all other dimensions are chosen such that they match with the above
ones.

2.2.2 Stochastic Bilevel Optimization Problem

A stochastic bilevel optimization problem is formulated as

n%a'yX Fl(xa y) + Q(xa y)

s.t. Gi(z,y) <0
min fi(a,y)

s.t. gi(z,y) <0

where Q(z,y) = E¢[®(z,y,8)], & : @ = R", £ being a discrete random vector with
realizations £ and support = and (€, F, P) being a probability space where Q denotes

10
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the set of all random events and F the set of all subsets of 2. For any outcome {(w) € =

O(z,y,&(w)) =max Fy(a'(w),y (w),w)

a/ (w)

st Go(2'(w),y (W), z,y,w) <0
min fa(a(w), ¥ (w),w)

Y (w

s.t. gg(m/(w),y’(w),x,w) <0

(cf. Alizadeh et al. [1]). In this stochastic problem the first stage decisions are made
before the random outcome at the second-stage are observed.

2.2.3 Overview of existing solution methods

There are different possibilities to formulate optimality conditions for bilevel program-
ming problems. One approach is for instance to replace the lower level problem by its
Karuh-Kuhn-Tucker conditions and, by applying the optimality conditions for locally
Lipschitz continuous problems to the problem, we can get F. John resp. Karush-Kuhn-
Tucker type necessary optimality conditions for the bilevel problem which works for
general bilevel programming problems. This approach works only in the optimistic case.
Another approach, which works for the optimistic as well as the pessimistic case is to
denote a region of stability for linear parametric optimization where the optimal basis
of the problem remains optimal. From this local optimality of the bilevel problem it
follows that the cost function value cannot decrease on each of the regions of stability
related to optimal basic solutions of the lower level problem for the parameter under
consideration.

In the literature (eg. Ben-Ayed & Blair [8] and Bard [4]) it often times discussed that
solving a bilevel linear programming problem is A/P-hard, which colloquially means that
the problem cannot in general be solved with a polynomial-time algorithm. As this is not
the main topic of this thesis, we will only give a brief overview of some solving algorithms
without going into further detail. We can distinguish between enumerative algorithms,
descent algorithms and penalty function methods. As bilevel programming problems are
nonconvex and nondifferentiable, it is also a task to search for global solutions. As the
descent algorithms and the penalty function methods rather search for local optima, we
might use enumerative algorithms to search for global solutions. Using an enumerative
algorithm we can search within the vertices of the feasible set. This method is based
on the optimistic problem and can yield a polynominal algorithm for the linear bilevel
programming problem. Further information to this approach can be found e.g. in Bard
& Falk [5] and Liu & Spencer [58]. Another approach in the sense of an enumerative
algorithm is the search for active inequalities. Here, by formulating additional inequal-
ities with artificial variables for the lower level problem one gets a branch-and-bound
algorithm for the search for a global optimistic solution. Further information to this
approach can be found in Hansen et al. [39]. The descent algorithms are rather used to
find local optima for the linear bilevel programming problem. In this approach the nec-
essary optimality conditions for the problem are implemented. This works both for the
optimistic and the pessimistic case. To this approach further information can be found
in Dempe [27]. Using the penalty function methods a penalty function is added to the
problem and the new problem is solved by a decomposition approach. The problem here
is that for each value of the penalty parameter the outer nonconvex problem has to be

11



Chapter 2. Static Optimization

solved globally. But there are already extensions for this approach where the upper level
problem is solved locally but the linear lower level problem is solved globally. Further
information to this approach can be found in White & Anandalingam [82].

The branch-and-bound algorithm also works for general bilevel programming problems.
Here, the root node of the tree corresponds to the convex lower level problem which
is replaced by its KKT-conditions without the complementary constraints. Then lower
bounds of can be constructed. Further information to this can be found in eg. Bard &
Falk [5]. With penalty functions methods nonlinear bilevel programming problems can
be solved. Here, the lower level problem is replaced by a penalized problem and the
optimal solution of the new problem converges to the solution of the original bilevel pro-
gramming problem. Further information to this approach can be found in e.g. Shimizu
& Aiyoshi [76]. Another approach to solve nonlinear or linear quadratic bilevel program-
ming problems is the trust-region method. It is an iterative algorithm which is based
on the approximation of the original problem by a model around the current iterate.
Further information to this method can be found in e.g. Colson et al. [26].

12



3 Optimal Control

Optimal Control is a field of optimization in which dynamic systems are optimized. Op-
timal Control Problems (OCP) go back to the calculus of variations and the year 1696
(cf. Sussmann & Willems [81]). In June 1696 Johann Bernoulli published the Brachis-
tochrone Problem, which is Greek for the Shortest Time Problem, in Acta Eruditorum
as a challenge or an invitation, resp., for all mathematicans. This is the problem as
it was formulated originally in 1696 (cf. Acta Eruditorum, June 1696, p. 269): There

p
Problema novum ad cujus folutionem Mathematici

Brachistochrone Problem inviaor,
. o a Datis in plane verticali duobus punitia A & B (vid Fig. 5) TAB. V.
If two points A and B are given in afignare Mobili M,viam AMB, per quam gr.evitate fua defeendens & Fig.s.
a ver tical plane assign a pa th from moveri incipiens a punilo A, brevifimo tempore perveniat ad alterum
9 paniturm B.

A to B such that the moving point M
fro'rn = un('ler oS 1nﬂ1'1ence @ 153 @ was published in Acta Eruditorum,
weight, arrives at B in the shortest June 1696 on page 269 by Johann
possible time. Bernoulli.

\. J

FiGURE 3.1: The original task that

were several solutions published by famous mathematicans as Johann Bernoulli himself
and his elder brother Jakob Bernoulli, Marquis de L’Hospital and Ehrenfried Walter
von Tschirnhausen. Gottfried Wilhelm Leibniz also had a solution but he renounced
his publication since his solution was very similar to that of Johann Bernoulli. One of
the solutions was published anonymously but Johann Bernoulli identified it later as a
solution of Issac Newton.

At this time, Bernoulli already said, that these kinds of problem are not only useful for
mechanics, but also for other fields of science. After this challenge a lot of work was
done especially by Euler, Lagrange, Hamilton and Weierstrass.

Sussmann & Willems [81] give several reasons, why the Brachistochrone Problem is the
birth of the optimal control:

e It is a true minimum time problem of the kind that is studied today in optimal
control theory.

e It is the first problem ever that dealt with a dynamical behavior and explicitly
asked for the optimal selection of a path.

e A huge part of the calculus of variations, which is based on this problem is the
search for the simplest and most general statement of the necessary conditions for
optimality. These necessary conditions can nowadays be found in the Maximum
Principle of the optimal control theory.

In 1956 L.S. Pontryagin et al. [68] formulated the Maximum Principle. It gives us
the necessary optimality conditions for the trajectory of an optimal control problem to
be optimal and is said to be the birth of the optimal control theory. Since then the

13
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Maximum Principle was improved by several authors using weaker hypotheses, stronger
conclusions or generalizations, like Clarke [24] or Sussmann [80].

The aim of discussing Optimal Control Problems (OCP) is to determine a control or
control law u(t) and an associated state variable x(¢) for a dynamical system in order
to optimize a given objective functional over a period of time. Nowadays most of the
OCPs have too many variables and are too complex to solve them analytically, hence
we need numerical methods.

3.1 Continuous Optimal Control

Optimal Control Problems (OCP) are used in different fields of natural science, engi-
neering or economics. The aim of discussing an OCP is to find a control or a control
law u(t) and an associated state variable x(t) to optimize a given objective functional
J[z(-),u(-)] under certain constraints. The results in this and the following sections are
based on the work of Betts [13], Bryson and Ho [20], Gerdts [35], Lewis et al. [56],
Kwakernaak and Sivan [52], Rodrigues et al. [71], Schéttler and Ledzewicz [73], Sethi
and Thompson [75] and further information can be found there.

A simple example for these kinds of problems is a car driver. We consider two cars. One
car driver has the aim to reach his destination as fast as possible while another one tries
to drive as ecologically as possible. When is the best time to shift? The different aims
are formulated in the objective functions and the constraints describe weather, speed
limit etc. that may influence.

The general formulation of an OCP is as follows. We have the model equation

w(t) = f(t x(t),u(t))

where x : [to,t.] — R are the states, u : [tg, ] — R™ are the control or control laws
and tg and t, can be fixed or free. Then we have the initial value condition

m(to) = X0

and the boundary conditions

r(to, z(to), t1, x(t1), . .., tu, x(ts))
r(to, x(to), t1, x(t1), . .., te, (ts)) > 0.

The control u(t) is bounded in the domain 2 C R™. There are three different standard
types of the cost functional of an OCP. The Mayer type

min@(t*,x(t*)),

u()

the Lagrange type

[

r;l(i.gl/L(t,az(t),u(t))dt

to

14
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and the Bolza type

tx
mm¢uMum»+/i@Jﬁ%mwmt

u(-)
to

Remark 3.1. All three types of cost functionals are theoretically equivalent, in the sense
that hat each type of cost functional can be converted to any other cost functional (cf.
Chachuat [22]).

Altogether we consider the following general OCP

ts

%)/imﬂmmmﬁ+qmﬂm (3.1a)
st. @(t) = F(t 2(8), ut)) (3.1b

z(to) = xo (3.1d
r(te, z(ts)) =0 (3.1e

with ¢ € [to, t.].

Definition 3.2. A control u is called feasible, if there exists a x on [tg,t.] such that
(u,x) satisfies the conditions (3.1b) - (3.1e). The control u* is called optimal if u* is
feasible and (u*,z*) minimizes the cost functional (3.1a).

3.2 Pontryagin’s Maximum Principle

As we already stated at the beginning of this chapter in most cases OCPs can not be
solved analytically, because they have too many variables, are too complex or even both.
Therefore we have to use numerical methods to solve OCPs. We will consider two differ-
ent types of numerical solution methods. On the one hand there are the direct methods.
In this case we first discretize the OCP to reduce it to a nonlinear constrained optimiza-
tion problem. The nonlinear constrained optimization problem can then be solved for
instance with Quasi-Newton methods (e.g. Nocedal & Wright [67]). On the other hand
we can use indirect methods, where the solution is based on Pontryagin’s Maximum
Principle. In the case of indirect methods the problem is reduced to a boundary value
problem which can be solved for instance with Multiple Shooting (e.g. Bock [15]). In
1956 L.S. Pontryagin et al. [68] developed the Mazimum Principle of Optimal Control
which gives us necessary optimality conditions for the trajectory (z,u) to be optimal (cf.
Rodrigues et al. [71] and Schattler [73]).
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Theorem 3.3. (Pontryagin’s Maximum Principle)
Let u* be an optimal control with corresponding state xx. Define

a) Hamiltonian

H(t,z,u,7,A) == —vL(t,z,u) + AT f(t,2,u)

b) Extended Cost Functional

U (te, y(ts), @) i= Y (te, y(ts)) + @l r(te, y(t.)

with A € R™ o € R", v € R and without loss of generality we can assume that

=114fv#0.

Then it holds, that there exist v > 0, o € R A : [to, t«] — R™ with (a, A(t)) # 0 such
that

1. The adjoint variable A(t) satisfies the adjoint differential equation

AT =Lt 2" (), u* (1) = M) falt, 2" (1), u" (1))
= —H(t,27(1), u* (1), (1))

2. Transversality Conditions:

At)T = =W, (t,, 2%, 2% (), a
H(t, 2" (), u*(t), M) = Wy, (ts, 2" (t4), @)

if ts s free.
3. The control u* satisfies the Maximum principle
H(t, 7 (0,0 (1), A1) > H (1, (1), (1), A(1))

with v € Q0 arbitrary almost everywhere on [to,t«]. That means, u* is the solution

of
max H(t, (), v(£), \(t)) = H (£, 2 (), u* (1), \(1))

ves)

almost everywhere on [to, t.].

Proof. First we show the theorem for the following problem

IE,imn /L(t x(t),u(t))dt + ®(ts, xz(t)) =: J(z,u)
st. = f(t,z(t),u(t)), z(tg) = xo, t € [to, t«]
u € §,

16
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that means without boundary conditions r. The basic idea is to construct a feasible
variation of the optimal solution u* with the model response x*:

a(t) = u*(t) + du(t)
#(t) = 2*(t) + Au.

We choose du, get u and insert this in the differential equation to get . Hence, dx =
Z — x* and Jy solves the differential equation

i =7 — " = f(t,x" + Sz, u* + du) — f(t,z*,u")
with 0z (tg) = 0. With the stability theorem (cf. Heuser [40]) we get
[62]] = O(l|dwl])-

For the boundary conditions we consider

0< J(Z,a) — J(z*,u*) + /A(t)T(z — f(t 7 a) — 3+ f(t 2t ut))dt+ o (r(t, Z(t) — r(to, ¥ (ts)) -
to =0

Here, u*, z* are optimal and @ = u* + du and Z * 2™ 4+ dx are feasible variations. We use
the Taylor expansion

0< (gi(t*,x*(t*) + )\(t*)T> Sx(ty)

+/ (—}\(t)T _ aal;l(t, 2", /\)> Az (t)dt

to
ts
+ /H(t,x*,u*, A) — H(t,x*,u,\)dt
to
a2t o (1))ba(t,)
+ terms of higher order.

With the transversality condition

ov 0P or
MNt)T = === (te, 2(ty), @) = ——=—(ts, 2(ts)) — @ —(ts, 2(ts
()7 = =2 (1, a(t), @) = =5 (s 2(02)) — 0 2 (1, (1)
and the adjoint differential equation we get the maximum principle.
The proof of the existence of A and « is not shown here. The proof of the original

Maximum Principle can be found in Pontryagin et al. [68]. O
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3.3 Application: Linear Quadratic Optimal Control Problem

As we show the application of the approaches later in this thesis on linear-quadratic
control problems, we consider now the following linear dynamic process

T = Az + Bu

with x € R?, u € R™ and the quadratic cost functional

t
J(tg) = %:cT(t*)Sa:(t*) + % /(:JJTQx + u” Ru)dt

to

with t € [to, t.], the fixed final time ¢,, S, @ being symmetric and positive semi-definite
and R being symmetric and positive definite. For this problem we have the following
Hamiltonian

H(t) = %(xTQ:U + u'Ru) + \T(Az + Bu)

where A\(¢) € R™ is an undetermined multiplier. The state and costate equations are

OH
t=—=A B
T X T+ bu
. OH
A= — =Quz+ AT\
ox
and the stationary condition is
OH T
0 P Ru + (3.2)

Hence, by solving (3.2) we get the following term for the optimal control

u(t) = —R7'BTA().

3.4 Discrete Optimal Control

A discrete time optimal control problem is formulated as

N
min kzo L(zg,ug) + ®(zN)
st py1 = flag, 2), k=1,...,N—1
h(zg,ug) <0, k=1,...,N—1
r(zo,zn) = 0.
with the controls u; € R™, the states z; € R"*, the time-invariant dynamical system
Zp+1, the path constraints h(zy,uy) and the boundary constraint function r(xg, zxN).

There are two important approaches to solve this OCP numerically. With the so-called
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simultaneous approach we use a structure exploiting nonlinear program (NLP) solver, as
we have a large and structured nonlinear program. Possible simultaneous approaches are
direct multiple shooting and direct collocation. Another important approach is to reduce
the variable space of the NLP by eliminating almost all states by a forward simulation.
As result we obtain a reduced problem, which has much less variables. This problem can
now be solved by Newton-type methods. This approach is called sequential approach,
because the simultation problem and the optimization problem are solved sequentially.
These and further information can be found in Betts [13], Bock & Plitt [16].

3.5 Robust Optimal Control

Nowadays, almost every process or dynamic process in industry, engineering, natural
science or the like are based on mathematical models which are optimized under certain
assumptions. With these models we can simulate processes and gain new information
about unknown meachanisms within these processes. Since the real systems are highly
complex it is impossible to model all the details and therefore almost every model con-
tains certain approximations, uncertainties, disturbances and assumptions. They can
arise during the modeling process due to unknown or unmodeled effects, there might be
an additive or multiplicative disturbance that is unknown, or the state of the system may
be disturbed. During the measurements of a real process observational errors can occur.
And we can obtain discretization errors, which appear while we discretize a continous
(i.e. an infinite dimensional) mathematial model into a discrete (which means a finite
dimensional) computer model (cf. Rawlings & Mayne [69]). But even though there are
uncertainties in these models the goal of robust optimization is to guarantee that certain
significant properties are still fulfilled under the influence of uncertainties or inexactness.
This means that the models have to consider the uncertainties, disturbances or the like
in the model formulation.

3.5.1 Types of Uncertainties

As we just stated systems usually contain uncertainties. In this subsection we will
discuss three different types of uncertainties: the unknown additive uncertainty, the not
perfectly known system state and the inaccurate model of the system. This subsection
is based on the work of Rawlings & Mayne [69].

e Additive Uncertainty: In the case of a, usually bounded, additive uncertainty
the following equation holds

Tr+1 = f(:v,u) +w

with the uncertainty w. An unbounded uncertainty would make it impossible to
guarantee that the state and control constraints can be satisfied. As we will clarify
later in this thesis the uncertainty w is in W C R” which contains the origin. This
is the type of uncertainty which we will consider in this thesis.

e Unknown System State: If we cannot measure the state directly we have to
distinguish between two cases. If we have stochastic optimal control, we have the
output y = Cz + v with the measurement noise v. The measurement noise v is

19



Chapter 3. Optimal Control

assumed to be white noise Gaussian processes, i.e. the values at any pair of times
are identically distributed and statistically independent and therefore uncorrelated.
Then the state of this optimal control problem is the conditional density of the state
x at time k given prior measurements {y(0),y(1),...,y(k — 1)}. As the density
is very difficult to compute and in the linear case the density can be provided by
the Kalman filter, often a suboptimal procedure is used. In this approach, which
is called certainty equivalence the state x is replaced by an estimate & in a control
law, which we get by assuming that the state is accessible. In the other case we
have a linear function f(-) and we denote the state estimate Z as

Tpr1 = f(2u) +€

with € being the innovation process. The actual state x, which lies in a bounded,
possibly time-varying neighborhood of Z has to satisfy the constraints of the opti-
mal control problem.

e Inaccurate Model: If the model of a system, that is supposed to determine the
control is uncertain, i.e. we have a parametric uncertainty, we use

Tp41 = f(%% 9)

where 6 is an unknown parameter which belongs to a compact set ©.

3.5.2 Approaches for Optimal Control Problems with Uncertainties

In this thesis we will distinguish three different approaches to handle optimal control
problems with uncertainties:

1. Open-loop optimal control The robustness is analyzed in the case that the
uncertainties are neglected in the predictive optimal control problem. This means
we just ignore the disturbances. The disadvantage of this method is, that in most
cases we just obtain poor results (cf. Rawlings et al. [70] and Scokaert and Mayne
74]).

2. Open-loop min-max optimal control In the case of open-loop min-max op-
timal control we obtain a control as solution for the predictive optimal control
problem that has the best value of our cost functional while considering all possi-
ble uncertainties that could occur. Hence, we consider the worst-case, that is why
we also call this approach open-loop worst-case optimal control. This approach
does not include any feedback aspects, such that unknown disturbances are not
considered during the process. Therefore we have no possibility to correct our con-
trol during the process. This means these unknown disturbances might affect the
process such that we obtain a feasibility problem (cf. Scokaert and Mayne [74]).

3. Closed-loop min-max optimal feedback control The last approach is the
closed-loop min-max optimal feedback control. In this procedure we add feedback
aspects to the open-loop approach from the previous case. That means, we now
have the possibility to correct a control using the information we gain about the
state during the process. Hence, we can avoid the feasibility problems of the open-
loop approach, but this formulation is very complex. It is very unpractical to
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compute it online and therefore we have high computational costs (cf. Lee & Yu
[55]).

3.5.3 Methods

There has been a lot of research about robust model predictive control. Mayne et al.
[63] give a good overview about the beginnings of the research about model predictive
control until the year 2000. They consider works about constrained linear and nonlinear
dynamic systems and about model predictive control of problems that are difficult to
solve, e.g. control of unconstrained nonlinear systems and time varying systems. Good
and general introductions to feedback, closed-loop and control policies can be found,
e.g., Mayne [62], Kothare et al. [49],Lee and Yu [55] or Scokaert and Mayne [74].
Bemporad et al.[7] and Magni et al. [59] describe methods in their work that combine
dynamic and parametric programming approaches for solving discrete min-max optimal
control problems under the assumption that the perturbations take values in a poly-
tope. Another approach for solving a predictive optimal control problem can be found
in Kerrigan and Maciejowski [42] or in Scokaert and Mayne [74], where single finite di-
mensional optimization techniques are used. Lee and Yu [55] use dynamic programming
by discretizing the state space to solve the predictive optimal control problem in a state
feedback form.

In Magni et al. [60] a model predictive control algorithm for the solution of a state-
feedback robust control problem for discrete-time nonlinear systems is presented. As
the decision variable is infinite dimensional these results are not practically usable. For
this the constructed control laws are suboptimal and, e.g., in Michalska and Mayne [65]
or Chisci et al. [23] the authors show a suboptimal routine to avoid the infeasibilty and
instability by tightening the constraints.

Limon et al. [57] discuss the stability of constrained nonlinear discrete time systems
with bounded additive uncertainty. They use a sequence of nested constraint sets, which
yields to a input-to-state stability of nominal model predictive control if the disturbance
is sufficiently small. This idea is extended to a procedure which does not need the
value function to be continuous and does not require the terminal cost to be a control-
Lyapunov function in Grimm et al. [38].

A good overview of the theory and computation of minimal and maximal robust invari-
ant sets can be found in Kolmanovsky and Gilbert [45].

Other approaches can be found e.g. in Diehl et al. [33]. The authors simplify the ro-
bust nonlinear model predictive control problem using a linearization. They also show
efficient numerical procedures to determine an approximately optimal control sequence.
Nagy and Braatz [66] also use the linearization approach.

Another approach is proposed by Goulart et al. [37]. They use a control that is an

affine function of the current and past states. The decision variables are the associated
parameters.
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4 Model Predictive Control and Dynamic
Programming

Model Predictive Control (MPC), which is also known as Receding Horizon Control
(RHC), is a method of finding a finite control sequence by solving online, at any time
moment, at which we can measure the data, a finite horizon optimal control problem.
In conventional control methods the control law is precomputed offline. However, MPC
also implicitly implements a control law, that can in principle be computed offline. The
basic concept of MPC is that at each time step we compute the control by solving an
open-loop optimization problem for the prediction horizon. Then we apply only the first
value of the control sequence we computed and at the next time step, we measure the
system state and recompute. This basic concept is also described in Figure 4.1. In Figure

Cost function Constraints
Input

. Process Output
Optimizer > Process
u(t) y(t)

Measurements

FIGURE 4.1: Feedback Structure of Model Predictive Control

4.2 the past and future control inputs and the measured and predicted future outputs
are shown. With Dynamic Programming we also obtain an optimal feedback control

past-a————p future target output or set-point
______ TTTTTTTTT T T TeTTeT TeT e e "0 e
Predicted ®
future
y i outputs ® @
paes%sure ® Manipulated variable
past s . u(k+ k), 1= 0,1, ., m—1
® 1
[ ]
° L T
Sampling I I e o o * o 1 !
time >k k+1 k+m-—1 k+p

~q—— prediction horizon p————p
~ag——— control horizon m——

FIGURE 4.2: Basic Presentation of Model Predictive Control (cf. Kohare et al. [44])
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law, that allows to compute an explicit feedback law offline. The complex problem
is divided into subproblems, each of which is only solved once and the results of each
subproblem is stored systematically. In this chapter we will first give a short introduction
into Model Predictive Control and afterwards we will have a closer look at the Dynamic
Programming (DP) approach, formulate Bellman’s Principle of Optimality and we will
compare the concepts of MPC and DP. Then we will consider both methods in the case
that uncertainties are present. We will end the chapter with a short part about Feedback
MPC and tubes. This chapter is based on the works of Rawlings & Mayne [69], Bellman
& Kalaba [6], Langson et al. [53] and Kurzhanski & Varaiya [51].

4.1 Model Predictive Control

This section is based on the work of Rawlings & Mayne [69]. We will consider an infinite
horizon optimal control problem. We assume to have the following differential equation

= f(z,u)

and the cost function
Vo)) = [ 1a®)ut)dt
0

with z(t) and u(t) satisfying & = f(x, u), the so-called stage cost. Therefore the infinite
horizon optimal control problem can be written as

min Vo (z,u(+))

u(-)

for all t € (0,00). In the case that I(-) is positive definite the aim of the control is, that
the state of the system is directed to the origin. The solution of this problem is denoted
by

uge (-5 )
and the optimal value function by
VO (z).

Under this optimal control we can write the closed loop system as

@(t) = f(z(t), ud (t; 2)).

If we do not have any state constraints and the functions f(-) and [(-) satisfy certain
differentiability and growth assumptions then there exists a solution to problem (4.1)
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for all states x and V2 (-) is differentiable and satisfies
Voo () = =1z, u3, (0 2)).

This means that the origin is an asymptotically stable solution for the closed-loop system.
But as we already stated we usually have uncertainties in our systems and hence, we
should rather use feedback control than open-loop control, which, however, leads to
certain problems. If we only compute online the value of u2 (-; ) for the current state
and not for all z, we still have the problem of having to optimize over a time function
u(-) which is infinite dimensional, the time interval [0,00) which is semi-infinite and
the cost function V' (z,u(-)) which is usually not convex. Thus we are facing significant
optimization difficulties. We can not even guarantee the existence of an optimal control.
Therefore we need to approximate our problem (4.1) with a problem which is easier to
compute by restricting the system and the control parameterization. For this purpose
we will now consider constrained nonlinear time-invariant systems. We can describe the
nonlinear system by the following difference equation

Tt = f(a,u) (4.2)

with « being the current state, u the current control and xy41 the successor state. The
equation (4.2) is the discrete time analog of the continuous time differential equation & =
f(z,u) and we assume that the function f(-) is continuous and satisfies f(z(0),«(09) = 0.
For all solutions z(-) of (4.2) with x(0) = ¢ and the input control u(-) it holds that

z(k+1) = f(z(k),u(k)), k=0,1,...
and
z(0) = xo.
Let us introduce the following notations:

e ¢(k;z,u) denotes the solution of (4.2) at time k with the initial state x at time 0
and the control sequence u.

e ¢(k;(z,i),u) denotes the solution of (4.2) at time k if the initial state at time 7 is
x

e (x,i) denotes an event, i.e. the state at time i is x

e ¢(j —i;x,u) denotes the solution of (4.2) at time j > ¢ with the initial state x at
time ¢

The function (x,u) — ¢(k;x,u) is continuous for any k which we will show in the
following proposition.

Proposition 4.1. (¢f. Rawlings & Mayne [69])
Assume that the function f(-) is continuous, then for any integer k € Z, the function
(z,u) — ¢(k;x,u) is continuous.

Proof. (cf. Rawlings & Mayne [69)])
We will prove the proposition by induction. As we know that ¢(1;z,u(0)) = f(x,u(0)),
the function (x,u(0)) — ¢(1;2,u(0)) is continuous. We assume that the function
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(x,uj—1) — ¢(j;x,uj—1) is continuous. With u; we denote the finite control sequence
{u(0),u(1),...,u(j)} for any j € Ng. We consider the function (z,u;) — ¢(j + 1;z,u;).
Given that

¢(.7 + 1;%, U’j) = f((ZS(j;w,’U/j_l), u(]))

with f(-) and ¢(j;-) being continuous and since ¢(j + 1;-) is the composition of the two
continuous functions f(-) and ¢(j;-), we can deduce that ¢(j + 1;-) is continuous. By
induction ¢(k;-) is continuous for any positive integer k. O

In the optimal control problems we usually have constraints which can have the form
u(k) € U, z(k) € X for all k € Ny (4.3)

We can avoid constraints that involve the control at several times by introducing addi-
tional states. In order to do so we can write the common rate constraint |u(k)—u(k—1)| <
x as |u(k) — z(k)| < ¢ with z being an extra state variable which satisfies the difference
equation 2z = u such that z(k) = u(k—1). The constraint |u—z| < ¢ is called mized con-
straint as it includes states and controls. A more general constraint can be formulated
as

y(k) € Y, for all k € Ny (4.4)
with y satisfying
y = h(z,u).

As the constraint (4.4) is more general than the constraint (4.3), we can write (4.3) also
as y(k) € Y with a corresponding choice of the output function hA(-) and the output
constraint set Y.

The cost of an optimal control problem is usually defined over a finite horizon N to
guarantee that the optimal control problem can be solved rapidly enough to permit
effective control. We assume z to be the current state and ¢ the current time, then the
optimal control problem may be posed as minimizing a cost defined over the interval
from time ¢ to time N + i. We can write the optimal control problem as follows:

i+N—1
min > Ux(k), u(k)) + Vi(z(N +1))
k=1

s.t. zpr1 = fz,u) (4.5)
z(i) ==z
u(k) e U
xz(k) e X
for all k € Ng and with Vy the terminal cost and x := {z(7),z(i+1),...,2(i+ N)},u =
{u(@),u(i+1),...,u(i+N—1)}. We assume that [(-) is continuous with 1(0,0) = 0. If we
solve the optimal control problem (4.5) we get the following control and state sequences
{u s (,0)),u° (i + 13 (2,4)), (i + N =15 (,0))}
{2(is (2, 9)), 2%+ 1 (2,9)), ..., 2% + N5 (2, 1))}

u®(z, i
2%(z, i

i)
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with 2°(i; (x,7)) = 2. In the MPC we use the first control action u°(i; (z,4)) in the op-
timal control sequence u’(z, i) as control for the process, that means u(i) = u°(i; (z,1)).
As we know that the system zjy1 = f(z,u), the stage cost I(-) and the terminal cost
V() are all time invariant, we have

And therefore from now on we will consider the optimal control problem (4.1) with i = 0.
For simplicity reasons we will replace u%(z,0) by u°(x) and z%(z,0) by 2°(x). Hence,
we can write the optimal control problem as

N-1
min 3" Ua(k), ulk) + Vy(z(V)
k=0

s.t. zp41 = fz,u) (4.6)

z(0) ==z

u(k) e U

z(k) e X
with v = {u(0),u(1),...,u(N — 1)} and = = {z(0),z(1),...,z(N)}. In (4.6) we also
include the constraint that the state sequence x is a priori a solution of xy11 = f(z,u) to
ensure that we can write the problem in the equivalent form of minimizing, with respect

to the control sequence u, a cost that is only a function of the initial state x and the
control sequence u. Therefore we can rewrite the cost function as

Vn(z,u) = > U(z(k),u(k)) + Vi(z(N)) (4.7)

with z(k) := ¢(k;z,u) for all k € {0,..., N}. We also add to the constraints from before
an additional terminal constraint on the state

z(N) € Xy
with Xy € X and an additional constraint on the control sequence

u € Un(z) (4.8)

with Uy (x) being the set of control sequences u := {u(0),u(1),...,U(N —1)} satisfying
the state and control constraints:

Un(z) = {u|(z,u) € Zn} (4.9)
with the set Zy € RN x RVNm defined as
Zy = A{(z,u)|u(k) € U, ¢(k;z,u) € X, forall k € {0,...,N —1},¢(N;z,u) € Xf}.
Hence, we can write the optimal control problem as

V() = muin{VN(x,u)|u € Un(z)}. (4.10)
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The problem (4.10) is a parametric optimization problem with the decision variable u
and the cost and the constraint set depending on the parameter x. With Zy we denote
the set of admissible (x,u), that means the set of (x,u) for which x € X and for which
the constraints of (4.10) are satisfied. We assume Xy to be the set of states in X for
which problem (4.10) has a solution, i.e.

Xy ={z € X|Un(x) # 0}.
This can be rewritten as
Xy = {z € R"|there exists an u € RY™ such that (z,u) € Zy}

which is the orthogonal projection of Zy C R” x RN™ onto R”™.

With Weierstrass’s theorem we can ensure that an optimization problem has a solution
if the cost function is continuous (in the decision variable) and if the constraint set is
compact. That is what we requested in Proposition 4.1. We will now formulate further
assumptions that have to be satisfied in the sequel

Assumption 4.2. (Continuity of system and cost)
The functions f: X x U — R", [ : X x U — R>g and V; : Xy — R>( are continuous
and f(0,0) =0, {(0,0) =0 and V;(0) = 0.

Assumption 4.3. (Properties of constraint sets)
The sets X and Xy are closed, Xy C X and U are compact and each set contains the
origin.

Proposition 4.4. (Ezistence of solution to optimal control problem) (cf. Rawlings &
Mayne [69])
We assume that Assumption 4.2 and Assumption 4.3 hold. Then

a. The function Vi (-) is continuous in Zy.
b. For each v € Xy, the control constraint set Un(x) is compact.

c. For each x € Xy a solution to Problem (4.10) exists.
Proof. The proof can be found in Rawlings & Mayne [69] p. 98. O

The solution of the optimal control problem (4.10) can then be written as
u’(z) = argmin{Vy (z,u)|u € Un(z)}.
u

In the case that u%(z) = {u°(0;z),u’(1;z),...,u’(N —1;2)} is unique for each x € Xy,
then u¥ : R® — RY™ is a function. If it is not unique, it is a set-valued function, which
means that the values of the function for each z in its domain is a set. Always the first
element of u°(0;x) of the optimal control sequence u’(x) is applied to the process as
control. Afterwards we repeat the whole procedure at the next control point for the
successor state. With MPC it is also possible to compute u(x) and therefore also u(0; x)
for every x for which the OCP (4.10) is feasible. Then we get the implicit MPC control
law kn(-) which is defined as follows

kn(z) == u0(0;2), v € Xy.
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A great advantage of MPC is that we do not have to determine the control law xky(-) as
it is often impossible to determine the control law in the case of constraints or nonlin-
earities.

If the solution of the OCP (4.10) is not unique at a given state x, then the control law
kn(-) = u%(0;-) is set valued and the model predictive controller selects one element
from the set Ky (z).

4.2 Dynamic Programming

Dynamic Programming (DP) is a method of dividing a complicated problem into smaller
and simpler sub-problems and saving of interim results. In the 1950s Richard Bellman
introduced this kind of methods with the formulation of Bellman’s Principle of Optimal-
ity. This section is based on the work of Bellman & Kalaba [6], Kurzshanski & Varaiya
[51] and Rawlings & Mayne [69)].

We consider the discrete time system
Tpr1 = f(z,u) (4.11)
as before with f(-) continuous. The constraints of the system can be described by
(z,u) € Z

with Z being the closed subset of R" x R™ and by P,(Z), which is compact, denoting
the projection operator (x,u) — wu. Often it holds that Z = X x U which means that
x € X,ueU and P,(Z) = U such that U is compact. The constraint on the terminal
state z(IN) can be described by

JZ(N ) e X f
We consider the cost function at the current time 7 which can be written as
VO(x,i).

That means that it is the optimal cost at state x and time ¢ and by X (i) we notate the
domain of VO(-,i). For each time i, (i) = ¢(i, (x,0),u) is the solution at time i of (4.11)
if the initial state is = at time 0 and the control sequence is u. The cost which belongs
to an initial state  at time 0 and a control sequence u := {u(0), u(1),...,u(N —1)} can
be formulated as

N—-1
V(2,0,u) = Vi(a(N) + Y Ux(i), u(i)). (4.12)
i=1
The corresponding OCP is then defined by
VO(x,0) = min V(z,0,u)
st (z(i),u(@)) € Z, i=0,1,...,N—1 (4.13)

x(N) EXf.
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We can rewrite (4.13) as

V2(x,0) = min{V(z,0,u)|u € U(x,0)} (4.14)
with
w:={u(0),u(l),...,u(N - 1)},
U(z,0) == {u € RN™|(z(i),u(d)) € 2, i=0,1,...,N — L;z(N) € X},
(i) == ¢(i; (2, 0), u).

By U(x,0) we notate the set of admissible control sequences in the case that the ini-
tial state is x at time 0. From f(-) being continuous we can deduce that for all i €
{0,1,..., N — 1} and all x € R™ it holds u — ¢(i; (z,0),w) is continuous, u — V' (z, 0, u)
is continuous and U(x,0) is compact. That means that the minimum in (4.14) exists at
all z € {x € R"|U(x,0) # 0}. With DP problem (4.13) for a given state x is contained
in a whole family of problems. For each (x,7) we can define these problems by

VO(x,i) = Hqilln{V(a:,z,ulﬂu’ € U(z,i)} (4.15)
with
u' = {u(i),u(i +1) (N =1},
‘ N-1
Vi(w,i,u') = Vf(x(N)) + Z Uz(5), u(d)), (4.16)
Ulz,i) := {u e RV=Im|(z(j),u(j)) € Z, j=4,i+1,...,N —1,z(N) € Xf} .

(4.17)

In (4.16) and (4.17) by z(j) = ¢(j; (z,i),u’) we denote the solution at time j of the
system (4.11) in the case that the initial state is  at time 7 and the control sequence is
u’. For each i, we denote by X (i) the domain of V°(-,4) and U(-,4), such that

X (i) ={z e R"|U(z,i) # 0} .
For all (z,7) it holds
VO(x,i) = min {V(z,i,u")lu' € U(z,i)}

= mgn {l(l’ u) +min V(f(z,u),i + 1, w1 {u, "'} € U(x,i)} (4.18)

u1+1
with v' = {u,u(i+1),...,u(N —1)} = {u,u"'}. Because of f(z,u) = z(i + 1) it
also holds that {u,u"' € U(z,4)} if and only if (z,u) € Z, f(z,u) € X(i + 1) and
ut € U(f(z,u),i+ 1). With this (4.18) can be rewritten as

VO(x,i) = min {Uz,uw) + VO (f(z,u), i+ 1)|(z,u) € Z, flz,u) € X(i+1)}  (4.19)
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for all z € X (i) with

X (i) = {z € R"| there exists an u such that (z,u) € Z and f(z,u) € X(i+1)}.
(4.20)

The DP recursion for constrained discrete time optimal control problems is then deter-
mined by equations (4.19), (4.20) and the boundary conditions

VO(z,N) = Vy(z) for all z € X(N), X(N) = X;.

In the case that there are no state constraints, that means, that Z € R" x U with
U C R™ is compact, then for all i € {0,1,..., N} it holds X (i) = R™ and the DP
equations revert to the familar DP recursion

V9(z,4) = min {i(z,u) + VO(f(z,u),i+ 1)} forallz € R"
with the boundary condition
VO(z,N) =V for all z € R™.

We can now formulate the Principle of Optimality, which was first done by Richard
Bellman in 1957. The original text was stated as follows

Principle of Optimality (cf. Bellman [6])

“An optimal policy has the property that whatever the initial state and initial
decision are, the remaining decision must constitute an optimal policy with regard
to the state resulting from the first decision.”

In the following Lemma, we will formulate and prove the Principle of Optimality in
a more mathematical way regarding our problem. Afterwards we will formulate the
conditions for the optimal value function and the optimal control law.

Lemma 4.5. (Principle of Optimality) (cf. Rawlings & Mayne [69])

Let v € Xy be arbitrary, let u := {u(0),u(l),...,u(N — 1)} € U(x,0) denote the
solution of (4.14) and let {x,x(1),z(2),...,z(N)} denote the corresponding optimal state
tragectory such that for each i, x(i) = ¢(i; (x,0),u). Then, for anyi € {0,1,..., N —1},
the control sequence u® := {u(i),u(i+1),...,u(N—1)} is optimal for (4.15) (any portion
of an optimal trajectory is optimal).

Proof. (cf. Rawlings & Mayne [69])

Since u is in U(x,0), the control sequence u’ is in U(z(i),i). We assume that u’ =
{u(i),u(i+1),...,u(N—1)} is not optimal for (4.15), then there exists a control sequence
u = {u (i), (i +1),...,u (N — 1)} which lies in U(x(i),4) such that V(z(i),i,u') <
V(z(i),u). We con51der the control sequence @ := {u(0),u(1),...,u(i —1),4/ (i), (i +
1),...,u'(N—1)}. From that we can deduce that @ € U(z,0) and V(m 0,a) < V(z,0,u) =
VO(x,0), which is a contradiction. Therefore, u(x(i),i) is optimal for (4.15). O
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Theorem 4.6. (Optimal value function €& control law from DP) (cf. [69])
We assume that the function ¢ : R" x {0,1,...,N} = R for all i € {1,2,...,N — 1}
and all x € X (i) satisfies the DP recursion

Y(z,i) = min{l(z,u) + Y (f(z,u),i+ 1)|(z,u) € Z, f(z,u) € X(1 + 1)}
X (i) = {x € R"|there exists an u € R™ such that (z,u) € Z, f(z,u) € X(i+1)}

with the boundary conditions

P(x,N) = Vi(x) for allz € Xy, X(N) = Xy.
Then (z,i) = VO(x,4) for all (z,i) € X(i) x {0,1,2,..., N}, that means that the DP
recursion yields the optimal value function and the optimal control law.

Proof. A proof can be found in Rawlings & Mayne [69]. O

In this thesis, we will consider linear quadratic problems and therefore we will now
assume the following linear quadratic problem. The system is defined by

Tp+1 = Az + Bu.

We do not have any constraints and the cost function is defined by (4.12) with

1 1
l(x,u) = §xTQ:L‘ + §uTRu

and Vy(x) = 0 for all z. The horizon length is N. We suppose that @ is symmetric and
positive semidefinite and R is symmetric and positive definite. For this problem we can
formulate the DP recursion as

VO(x,i) = min {i(z,u) + VO(Az + Bu,i+ 1)} for allz € R"
with the terminal condition
VO(x, N) =0 for all 2 € R™.

We assume that V(-,i + 1) is quadratic and positive semidefinite and therefore we can
write it in the form

1
VO(x,i+1) = ngP(i + 1)z

with P(i + 1) symmetric and positive semidefinite. Then we can write

VO(x,i) = %m&n {z"Qx + v Ru + (Az + Bu)"P(i + 1)(Az + Bu) } . (4.21)

The right hand side of problem (4.21) is a positive definite function of u for all x, such
that it is a unique minimizer which is given by

k(z,i) = K(i)z
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with
K(i):=—(BTP@i+1)B+«R)"'BTP(i +1).

By setting u = K(i)z in (4.21) we obtain

with

P(i)=Q+ ATP(i + 1)A — ATP(i + 1)B(BTP(i + 1)B + R)"'BP(i + 1) A.

4.3 Dynamic Programming Solution

In contrast to MPC the Dynamic Programming gives us the value function Vi (-) and
the implicit MPC control law xx(-). We consider the OCP (4.10) with the cost func-
tion Vi (+)(4.7) and the constraints on the control (4.8). The Dynamic Programming
approach provides us an optimal policy u® = {u3(-), u(),..., % _,(*)}, that means we
obtain a sequence of control laws u; : X; — U, i =0,1,..., N — 1. We will later have
a closer look at the domain X;. Using MPC we have the time-invariant system that
satisfies

21 = f(z,6n(2)), i=0,1,...,N — 1,
with kn(+) = pd(-). For DP we consider the time varying controlled system that satisfies
Tpi1 = flz, pd(z)), i=0,1,...,N — 1.

We define for all j € {0,...,N — 1}

j—1
Vi(a,u) = L (k), ulk)) + Vy(2()),
k=0
Uj(z) = {ul(z,u) € Z;}
VO(2) = min{V;(e, u)|u € Uy(2)} (4.22)

just as in (4.7) and (4.9) with N replaced by j. From before we know that we can solve
the following problem

VN = mgn Vn(z,u)|u € Un(x)} (4.23)

for all z € X, which is the domain of VJ with DP, but we can also solve problem (4.22)
for all z € X, which is the domain of Vjo for all j € {0,..., N — 1}. Therefore we can
write the DP equations as follows

Vjo(x) = {fg}} {i(z,uw) + V;(),l(f(x,u))\f(x,u) € Xj_1}, forall z € X; (4.24)
kj(x) = arg 1;%1{]1 {i(z,u) + Vjo_l(f(:v,u))|f(m,u) €Xj_1}, forallzw € X (4.25)

X; = {x € X|there exists an u € U, such that f(z,u) € X;_1} (4.26)
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for j=1,2,...,N (j is time to go) with the terminal condition
V(z) = Vi(z) for all z € Xo, Xo = X;

With Vjo () we denote the optimal cost for problem (4.22) for each j if the current state
is z, the current time is 0 (or ¢), the terminal time is j (or i 4+ j) and X is the domain.
By X, we also describe the set of states in X that can be steered to the terminal set
Xy in j steps by an admissible control sequence, which means a control sequence that
satisfies the control, state and terminal constraints and therefore it lies in the set U;(x).
Hence, for each j it holds that

X; = {a € X|Uj(x) # 0},

Definition 4.7. (Feasible preimage of the state) (cf. [69])
We assume Z := X x U. The set-valued function f7 1. X — Z is defined by

fzl(@)=fH2)nz
with f~1(x) := {z € R® x R™|f(2) = x}.

For all j > 0 we define the set Z; C R" x R™ as
Zj = fz'(Xj1) = {(z,u)| f(z,u) € X; 1} N Z.
We can then describe the set X; as
X; = {z € R"| there exists an u € R such that (z,u) € Z;}.

With DP we do not only get an optimal control sequence for a given state, but we can
also obtain an optimal feedback policy u° or a sequence of control laws with

10 = {po(), (), iv—1 ()} = {on () kn—1()s - 1 ()}
At the event (x,7), where the state is  and the time is i, the time to go to the terminal
is N — ¢ and the optimal control is
i (x) = kn-1(z)

which means, that p;(-) is the control law at time 7. We consider the initial event (z, 0),
which means the state is z at time 0. If the terminal time is N, the optimal control for
(,0) is ky(x) and the successor state, i.e. the state at time 1, is

Try1 = f(z, kN (7).

Then at the event (xg41,1), the time to go to the terminal is N — 1 and the optimal
control is Ky_1(g+1) = kn—1(f(z,kn(2))). If we have a given initial event (z,0) the
optimal policy guarantees to get the optimal state and control trajectories #°(x) and
u®(x) for which the following difference equations hold

z(0) == u(0) = Ky (x)
w(i+1) = f(z(i), u(i)) u(i) = kn-1(z(7))
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for i = 0,1,...,N — 1. In this case the state and control trajectories are the same as
the ones, that we obtain, when we use MPC and solve problem (4.23) directly for the
initial event (x,0) using a mathematical programming algorithm. But the difference
is now, that by using DP we can generate a solution for any event (z,i), such that
i €{0,...,N —1} and z € X;. We will now define positive invariant and control
invariant sets and afterwards we will formulate properties of the solution to each partial
problem (4.22).

Definition 4.8. (Positive and control invariant sets) (cf. [69])
o A set X C R" is positive invariant for zj4; = f(z) if z € X implies f(z) € X.

e A set X CR" is control invariant for z1 = f(z,u), u € U, if for all z € X there
exists a u € U such that f(z,u) € X.

Proposition 4.9. (Ezistence of solutions to DP recursion) (cf. [69])

We assume that the Assumptions 4.2 and 4.3 (i.e. f(-), I(-), V¢(:) are continuous and
X and Xy are continuous and U is compact and each of the sets contain the origin)
hold. Then

1. For all j > 0 the cost function Vj(-) is continuous in Z; and for each x € X; the
control constraint set U;(x) is compact and a solution u’(z) € U;(z) to problem

(4.22) exists.

2. If Xo := Xy is control invariant for x4 = f(x,u), u € U, then for each j € I,
the set X; is also control invariant and X; O X;_1 and 0 € X;. Additionally the
set X is positive invariant for i1 = f(x, ky(x)).

3. For each j > 0 the set X; is closed.

Proof. A proof can be found in Rawlings & Mayne [69]. O

4.4 Model Predictive Control under Uncertainties

An important advantage of the conventional MPC is, that the solution of an open-loop
OCP which we solve online is identical to the one that we obtain, when we use DP
for the given initial state. We also said, that feedback control is superior to open-loop
control in the case of uncertainties in the problem. That means that the OCP that we
solve online has to allow feedback to guarantee that its solution is equal to the solution
of DP. For the online OCP with horizon N we should rather use a problem, where the
decision variable p is a sequence of control laws, than problem (4.23) where the decision
variable u is a sequence of control actions. From now on we will call MPC where the
decision variable is a policy Feedback MPC. In this approach the policy

:UO('%') = {Mg(';'x%/‘(l)('; $), s 7M9V—1('7x)}

is the solution to the OCP. Each of the control laws is a restriction of those which we
determine using DP and hence they depend on the initial state x. We only have to
determine the value u®(x) = uo(x; ) of the control law jio(+; ) at the initial state = the
following laws we only have to determine of a limited range. Even though Feedback MPC
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is superior if we have uncertainties but it is enormously more complex than the OCP
which is used in the deterministic MPC. Furthermore, the decision variable p, which is
a sequence of control laws is infinite dimensional. And therefore each law or function
requires, in general, an infinite dimensional grid to specify it. Feedback MPC is similarly
complex as solving the DP equation. That means that MPC, which replaces DP with
a solvable open-loop optimization problem in the deterministic case is not easily solved
in the case of uncertainties. In the following we will consider the dynamic programming
solution under uncertainties.

4.5 Dynamic Programming Solution with Uncertainties

We consider the system
LTh+1 = f(l’, u, w) (427)

with the bounded disturbance input w which represents our uncertainty. The uncertainty
w lies in a set W which is compact convex and contains the origin. We also have state
and control constraints as well as terminal constraints as follows

re X, ueUand z(N) € Xy.

We notate the solution of system (4.27) with control and disturbance sequences u =
{u(0),...,u(N — 1)} and w = {w(0),...,w(N — 1)} at time k as x(k;z,u,w) if the
initial state is x at time 0. Analogously the solution at time k£ with the feedback policy
p and the disturbance sequence w we denote by x(k;x, u, w). The value of the cost
function is the maximum which is taken over all possible realizations of the disturbance
sequence w due to policy p with the initial state x. We formulate it as

Vn(z, 1) = mgx{JN(x,u,w)]w e W} (4.28)

with W = W" the set of admissible disturbance sequences and Jy(x, i, w) the cost due
to an individual realization w of the disturbance process. This cost is defined by

N—-1
(e, pow) = 3 (i), u(i), w(i)) + Vi@(N) (4.29)
=0

with g = {w(0), p1(+), ..., un—1(-)}, z(@) = ¢(i; x, p, w) and u(i) = p;(x(i)). With M (x)
we denote the set of feedback policies p that for a given initial state x satisfy the state
and control constraints and the terminal constraints for every admissible disturbance
sequence w € W. The first element in p, namely «(0) is a control action and not a
control law as the initial state x is known, afterwards the future states are uncertain,
therefore the following p1(-), ..., un—1(-) are control laws. Hence, we can define M (x)
as follows

M(z) = {p|u(0) € U, ¢(i;2, u,w) € X, ui(¢p(i;z, p,w)) € U for all i € {0,...,N — 1}
and ¢(N;z, p, w) € Xy for all w € W},
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We denote the robust optimal control problem as

nf{Vy (2, p)lp € M(z)} (4.30)

and if there is a solution to (4.30) it is the policy 1°(z) which satisfies

Mo(x) = {UO(O; 95)aﬂ(1)('733)’ R HNfl('vx)}

and the value function is

V(@) = Viv(z, 1 (@)).

As in conventional MPC, the control applied to the system state z is u°(0;z), which is
the first element in p°(z) and therefore the implicit model predictive feedback control
law is kn(+). We define it by

rn(x) = u’(0; ).

As we already mentioned it is often impossible to use DP because of the large com-
putational costs. But it is feasible to use it in certain cases such as low dimensional
constrained optimal control problems when the system is linear, the constraints are
affine and the cost is affine or quadratic. A much better approach is to use min-max DP.
We denote the partial value function by V°(-) and the optimal solution to the optimal
control problem

inf {Vi(a. o)l € M ()} (4.31)

which is defined in (4.30) by replacing N by i with &;(-) for each i € {0,1,...,N}. We
can then write the DP recursion as

Vzo(x) = m%lmagv({l(w, u7w> + Vi(ll(f(x7uvw))‘f(x7uvw - Xi—l}
uel we

i) = ang min max {1z, u,w) + V2 (f (0, 0) | (2,0, W € X1}

ueW we
X; = {z € X|there exists an u € U such that f(z,u,W) C X;_;}

with the boundary conditions
Vo (x) = Vi(x), Xo = X;.

Here, the subscript i is the time to go and for each i the set X; is the domain of V°(+)
and (x(7)). And hence, the set X; is the set of states = for which a solution of problem
(4.31) exists. We can also say, that X; is the set of states that can be robustly steered
by state feedback, which means by a policy p € M(z), to Xy in i steps or less and also
satisfying all constraints for all disturbance sequences. Therefore we can write

Vi(z) = max{l(z, ki(z), w) + Vi (f (@, ki), w))}- (4.32)

As before our aim is to get sufficient conditions to guarantee that the MPC law ky
is stabilizing. Therefore we have to adapt Assumption 4.2 and Assumption 4.3 to the
robust control problem. We will first generalize the Definition 4.8.
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Definition 4.10. (Robust control invariance) (cf. [69])
A set X C R™ is robust control invariant for the system z;1 = f(x,u,w), w € W, if
for every x € X there exists an u € U such hat f(z,u, W) C X.

Definition 4.11. (Robust positive invariance) (cf. [69])

A set X is robust positive invariant for the system x4 = f(z,w), w € W if, for every
xe X, flz, W) C X.

With these definitions we can now generalize the Assumptions 4.2 and 4.3.

Assumption 4.12. (Basic stability assumption in the robust case) (cf. [69])
1. For all z € X

minmax AVy(z, u, w) + l(z,u,w) <0
uelU weW

with AVy(z,u,w) = Vi(f(z,u,w)) — Vi(x).

2. Xy CX.
This assumption implicitly requires that for each = € X there exists an u € U such that
f(z,u,W) C X;. From Assumption 4.12 we can now deduce the following assumption
Assumption 4.13. (Implied stability assumption for the robust case (cf. [69])
The set X is robust control invariant for x4 = f(z,u,w) with w € W,
From these two assumptions we can deduce the existence of a terminal control law
kf: Xy — U which has the following properties:

o AVi(x,kf(x),w)+ l(z,kp(x),w) <0 forall x € Xy and all w e W,

e X; is robust positive invariant for the system z11 = f(x, k¢(x), w),

o X f - X and

® Ky (X ) CU.

Let us outline some preliminary results in the following theorem that are similar to the
ones that we formulated in Section 4.3.

Theorem 4.14. (Recursive feasibility of control policies) (cf. [69])
We assume that the Assumptions 4.12 and 4.13 hold. Then

1. XN 2 Xny-12 -2 X1 2 Xo=Xy.

2. X; is robust control invariant for the system xpiq1 = f(x,u,w) for all
ie{0,1,...,N}.

3. X; is robust control invariant for the system xp11 = f(z, ki(x),w) for all
ie{0,1,...,N}.

4. VO(z) < V2 (x) for all z € X;—1 and for alli € {0,1,...,N}.

5. Vi(x) < Vi(z) for all z € X;.
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6. AV (x, kn(z), w)+1(z, kn(z),w) < VY(f(2, iy (x), w)+ VY (f(z, kin(z),w) <0
for all (x,w) € Xy x W.

7. For any x € Xy, {kn(z),knN-1(-),...,Kk1(:),k — f(-)} is a feasible policy for prob-
lem

inf (Vi (o ) € M(2)}

and for any x € Xn_1 the set {ry_1(x), kn—2(-),...,K1(-),Kf(-)} is a feasible
policy for problem (4.50).

Proof. A proof can be found in Rawlings & Mayne [69]. O

4.6 Feedback MPC and Tubes

Let us again consider the following two systems. First we consider the deterministic
nominal system

Tp1 = f(x,u)

with the control variable u = {u(0),u(1),...,u(N — 1)}. The control u is not only one
variable but a sequence of control actions. In the case that x( is the initial value of the
state at time 0 we generate the state sequence x = {x(0),z(1),...,z(N)} with 2(0) = zo
and z(i) = ¢(i; xo,u). The second system we consider is the following uncertain system

Tpr1 = f(x,u,w)

with the uncertainty w, the control variable p = {u(0), u1(-),..., un—1(-)}. With the
initial state xg the control policy u generates a state tube which we denote by

X (o, 1) = {X(0;20), X (1; 20, 1t), ..., X(N;20,10)}

with X (0;z¢) = {x0} and for all i € Ny it holds that

X (330, p) = {p(4; w0, p, w)|w € W}.

Open-loop as well as feedback control both generate a tube of trajectories in the case
of uncertainties. The state tube X(z,u) is a bundle of state trajectories with each
trajectory corresponding to one realization of an admissible disturbance sequence w.
The tube X represents the solution of the following set difference equation

X(i+1) = F(X(2), pi(-), X(0) = {zo}

with FI(X, () := {f(xo, pi(x),w)|xo € X w e W}. The MPC problem (4.30) at state
xo and with Vx(-) and Jy(-) defined in (4.28) and (4.29), respectively, is the same as
before

iﬂf{VN(azo, w)|pw € M(xo)}
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with M (z0) being the set of feedback policies p = {u(0), p1(+), ..., un—1(-)}. The state
contstraints have to be satisfied by every trajectory in the tube. That means that the
control of uncertain systems can rather be seen as the control of tubes than of trajecto-
ries, which means that for each initial state a tube is choosen in which all realizations
of the state trajectory are bounded. If this choice is suitable we can guarantee that the
state and control constraints are satisfied for all possible realizations of the disturbance
sequence. But to determine an exact tube is very difficult for linear systems and almost
impossible for nonlinear systems. Therefore in Rawlings & Mayne [69] different pos-
sibilities for the construction of simple tubes which bound all realizations of the state
trajectory are presented. These are approximation of the exact tube which lies inside.
Further information about tubes can be found e.g. in Aubin [2] and Bertsekas and
Rhodes [11], [12].
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5 Special Bilevel Optimization Problems

In Chapter 2 we already discussed general bilevel optimization problems. In this chap-
ter we will describe special bilevel optimization problems with trust region constraints.
These problems will be used to describe the algorithms in Chapter 6 and 7.

For completeness we first consider the following bilevel optimization problem, which can
be found in Kostyukova & Kostina [47]

mgn{qﬁ:fgmmgx{gpg: le =7 — Gl < v}} (5.1)

with ¢ € R”, £ € R™ unknown optimization variables, ) € R"*", G € R"*", D € R"*"
given positive definite matrices, r € R™ a given vector and v a given number which will
be used to describe the algorithms in Chapter 6. Our aim is to analyze the problem and
describe an algorithm to solve it. Using the variable transformation

p=Mé b=M"T¢ Q" = M"M
we can rewrite problem (5.1) as
mwin <¢TG1/J + maXpTDp> , st lp—d—Gyl* <w (5.2)
P
where G = MGM”T, D = M~TDM™1, d = Mr. Let us first consider the lower level
problem of problem (5.2):

max p’ Dp, s.t. ||[p—d— Gy|* <. (5.3)
2

This is a trust region type problem and its solution is described by the following lemma.

Lemma 5.1.
A wvector p € R™ is optimal in problem (5.3) if and only if there exists A > Amax Such
that p and X\ satisfy

(=D + XD)p — A\(d+Gy) =0 (5.4a)
lp—d—Gy|P =v (5.4b)
A > Anax- (5.4c)

Here, Apax > 0 is the maximal eigenvalue of D.

Proof. For the proof see Sorensen [78]. O
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Now let us consider the bilevel problem (5.2). Following the third approach of solving
bilevel problems, we can rewrite problem (5.2) as

min f(1)), ¢ € R” (5.5)
with
=T X D R™. :
f@) =y Go+ =~ max,  »Dp,ye€ (5.6)

Using the solution of problem (5.3) (cf. Lemma 5.1) we can rewrite (5.4a) as:

(=D + AD)p = A(d + G2p)
Dp=Xp—d—Gvy)
(p—(d+Gy) ' Dp=X(p—(d+ Gv)) (p — (d + Gv))

=v

(p—d—=G)'Dp=Ap—d—Gy)'(p—d—Gy) = v

and then
pI Dp = (d+ G)T Dp + v.
and hence

max  pl Dp= v+ (d+ Gp)TDX(—=D + A\I)"}(d + Gv)
lp—d—G[[2<v

for some A\ > Apax. Thus, there exists a A > Apax such that
F@) = TGy + M + (d + G)TDN=D + AI) " (d + Gv)).

Function f(%) is convex but non-smooth. Let us consider

-1
Y(\) = — <—£ +D7 1+ G) d. (5.7)
and denote
I -1
0 = §(Ohmm) = < o p G) . (5.8)

Let us note that (—% +D 14 G) is positive definite for A > Apax. The following two
cases can Now OCCUT:

1) [ < At (5.9)

max

2) 971l > Mo (5.10)

In the first case the vector ¢* is optimal in (5.5) (see Kostyukova & Kostina [47]).

2

In the second case, namely ||[¢*| > A% .«

which

v, there exists a unique number A, > Ay« for

[o()[2 = A2 (5.11)
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and 1 (\y) (5.7) is optimal in (5.5) and corresponding
p(X) = ~D~"p(\")
is optimal in (5.3). In Kostyukova & Kostina [47] it was shown that

Theorem 5.2. Problem (5.5)

min f (), ¥ € R"
with

f@)=v¢TGy+ max  p'Dp, p €R®
lp—d—Gy||2<v

(and consequently Problem (5.2)) is equivalent to the following optimization problem
I\ 1
mgng()\) =dr <D_1 +G - )\> d+ M, s.t. A > Amax (5.12)

in the sense that if \° is optimal in (5.12), then the vector 1)(\°) = (% — D71+ G)_l d
solves problem (5.5) and p(\°) = —D~1p(X\0).

Altogether, we can formulate the following algorithm for solving problem (5.5).

Algorithm 5.3. (Solution of Problem (5.5))

COMPUTE Apax = Amax(M~ITDM™Y)
-1
COMPUTE vector ¢* = ( L _p-1_ G) d

Amax

IF Case 1) |[1*]|? < A2,v
THEN solution of Problem (5.5) is given by " = ¢*, p = —D =10
ELSE Case 2) ||*]|? > A\2v

max

THEN solve equation |[tp(\)||? = A2 for A > Apax (e.g. by Newton’s method)
where Y(\) := (§ — D71+ G)_1 d, solution: \*
WRITE solution of problem (5.5) as 9" = ¢(\*), p¥ = —D 10

Using the solution of (5.5) the solution of (5.1) can be computed by using the following
variable transformation

¢0 _ MTTZJO 50 _ M—lp(]
where Q! = MT M. With the transformation
G=MGM", D=MTDM™ d=Mr

we can write 1 as

(4

—1 —1
(i - Dt — G> d= G —~MDTMT — MQMT> d

(MMlMTMT
A

—1
—~ MDD IMT - MQMT> d
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-1

1 -T -1
:(M(M_Dl_g> MT> d

-1 T -1
M <MAM _pt_ g> ML
—1
M (Cf _pt_ g) M-1d

and hence, we can write the solution of problem (5.1) as

1
6= MTy = <§2—Dl—g> .

Therefore we can solve problem (5.1) with the following algorithm.
Algorithm 5.4. (Solution of Problem (5.1))
COMPUTE Amax = Amax(M " ITDM™1)

~1
COMPUTE vector ¢* = (& _p-l_ g) .
IF Case 1) [|¢*]13) < Adaxv

— max
THEN solution of problem (5.1) is given by ¢! = ¢*
ELSE Case 2) H(ﬁ*”é > A2 v
THEN solve equation H(;S()\)HQQ = A\2p for A > Apax (e.g. by Newton’s method)
solution: A*
WRITE solution of problem (5.1) as ¢° = ¢(\*)

Since f(v) is convex, with this algorithm we receive a guaranteed global solution for the
lower and the upper level problems of the bilevel problem (5.1).

The method can be generalized for the following bilevel problem with linear equality
constraints

min {¢Tg¢> tmax {€7De: [l€ —r — Golf1 <. Ag= b}} (5.13)
where A € RP*™ and rank A = p. Indeed, let us consider the lower level problem
mgax ¢'De
st |E—r—Gollg <v, AL =b.
We can write
E=Fz+§

where F' € R™*("=P) ig chosen such that AF = 0, rank F' = n — p and AFz + Aé = b,
where £ is a particular solution of A¢ = b. Then

¢TDe = (zTFT + éT) D <Fz n é) — TFTDF + 26TDF + £TDé

44



Chapter 5. Special Bilevel Optimization Problems

and the lower level problem can be written as
max z! Dz + gTz
z
st. (Fz—7—G¢) Q7' (Fz—F—G¢) <v

when D = FIDF, g7 = 267DF and 7 = r — £. With a few modifications we can use
the methods that we described before.

5.1 Bilevel Optimization Problem with a Trust Region-type
Constraint in the Lower Level

Now we consider another bilevel problem, which we will need to describe the algorithms
for solving the problems that we will present in Section 7.4

min{p’ Gp +max{¢"DE: (d+€-p)"Q 7 (d+E—p) <v}} (5.14)

where ¢ € R*, p € R*, Q = AAT and A invertible. With the following change of
variables

y=A" ¢=A""p
and the notations
G=ATGA, D=ATDA, r=A74
we can rewrite problem (5.14) as

mqgn{ﬂw + mgx{yTDy C(r+y—0) (r+y—¢) <o} (5.15)

with ¢ € R", y € R™ unknown optimization variables, G € R™*" D € R"*" given
positive definite matrices, r € R™ a given vector and v a given number. Let us first
consider the lower level problem

max y! Dy
Y (5.16)
st. (r+y—0) (r+y—9) <w.

We can formulate the following lemma for the necessary and sufficient conditions for a
point y € R™ to be optimal in problem (5.16).

Lemma 5.5. A vector y € R™ is optimal in problem (5.16) if and only if there exists a
number A > Amax such that y and X\ satisfy

(—])I\+D1>Dy+(7°—¢):0

r—¢+y)'(r—¢+y) =v

(5.17)

where Amax denotes a maximal eigenvalue of D.
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Remark 5.6. Note, that for A\ > Apax we have, that the matriz (=D + M) is positive

semidefinite and hence the matrix (D_l — %) s positive semidefinite as well.

Proof. The Lagrangian of problem (5.16) can be formulated as
Ly, N) =~y Dy—Av—(r—d+y)"(r—od+y)
and the corresponding gradient is
V,L(y,\) = 2Dy +2X\(r — ¢ +1) =0 (5.18)

As it holds that
I
(=D + ) = A <—/\ +D_1) D
we can rewrite (5.18)

I
(—A + D—l) Dy=—(r—0)
and with Lemma 2.4 and Lemma 2.8 from Sorensen [78] Lemma 5.5 is proven. O

Let us consider the bilevel problem (5.15) which can be rewritten as

m(gn o(p), » € R (5.19)

with

®(¢) =¢"Gop+ max  y' Dy.
lr-+y—ol3<v

Lemma 5.7. The function ®(¢) in problem (5.19) is convez.

Proof. Let us consider an arbitrary ¢ and assume that

¢=A¢' + (1= N)¢"

with a scalar A €]0, 1] and some vectors ¢’ and ¢". Let § = 7(¢) be a vector solving the
lower level problem (5.16) for ¢ = ¢, i.e.

y=arg min y Dy
Ir+y—ali3<v

and denote

V(¢) =y' Dy
Compute

Y=9—(¢—¢) and " =5— (¢ —¢").
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Then it holds that

rty = =rty—(¢-¢) ¢ =r+y-9¢
r+y'—¢'=r+y-¢
and |l +§ = ¢'|l3 = llr + 5" = ¢"I5 = |Ir + 5 - 3l13 <.

Hence /' and 3" are feasible in the lower level problem corresponding to ¢’ and ¢”
respectively. Since

U(¢p)= max y Dy
lr+y—gll3<v

it follows that

U(¢') > ()" Dy and ¥(¢") > (") Dy"
‘We have

AU(§) + (1= N(¢") > Ay DY + (1= N (F") Dy’ > 5" Dy = ¥(4).
Indeed, it holds that
AT)'DY =Mg—(6— )" DH—(¢—¢))

=M Dy + A6~ ¢)'D(é - ¢) — 225" D(6 — ¢).
Analogously,
1=NF")DY =0 -NF DG+ (1-1)(¢—¢")D(b—¢) 21 - Ny D($ - ¢").
Thus, it holds that

AG")'DF + (1= (@) Dy

=3 DY+ Mo —¢)'D(¢—¢') + (1 =N — ¢")D(d— ¢") = 25" D\ — &) + (1= M) (¢ — ¢))

>71 Dy, since D is positive definite

and

Mo—=¢)+1=N(9-¢")=0-(A+(1-N¢")=¢—-¢=0
This means, that W(-) is convex, and hence ®(-) is convex.

O

To formulate conditions for a solution ¢ of problem (5.19) we need the following notation

-1
p(A) =G~ (g—l +D 7 - D r.

Let us note that (g-l +D 1= %) is positive definite for A > Apax(D). It is easy to
check that the functions ¢(A\) and y(\) = —D~1Gp(N) satisfy

(=D + Ny = =\(r — ¢).
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Furthermore it holds that
D D 1
r= 00430 = (= 1) 50+ 50 = Fo0 =~ 5660,
Hence,

I = &(A) +y(VI3 = %II%(A)H%-

Denote ¢* = ¢(Amax). Similarly to problem (5.5) we distinguish between the following
two cases:

1) 196713 < Mascv (5.20)
2) G613 > Maxv (5.21)
Let us first consider Case 1). Let
A1

D=UTAU, UTU =1, A =
An

with 0 < Ay < -+ < A\, = Anax denoting the eigenvalues of D. Consider the vector
ys = ~D'Go" + Bu
where 3 € R and u is an eigenvector corresponding to Amax with [[u[3 = 1. Then

Dyﬁ = _g¢* + AmaxBu.
-1
Obviously, for ¢* = ¢gl(gl+p1t- L r we have
>\max

(_D + )\maxﬂ)yﬁ = (_D + )\maxﬂ)(_p_lgqb*) + (_Du + Arnaxu) B
=0
= (D + Auax) (=D 7'G") = —Amax(r — 6:)

and it holds that

r—¢"+ys=— (=D + AmaxD)ys + yg
max
D Go*
N )\max yﬁ N _)\max + Bu
1

- — (g¢* - )\maxﬁu)-

)\max

Since ||Go*||3 < A2

fax¥ then there exists a number 3 # 0 that satisfies

1
A2

max

I = &" + ysll3 = 1G¢* — AmaxBull3
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1

max

IG6™(13 — 2AmaxB (u' G&") + MascB” |Jull3
=1
= .

Indeed, 3 should solve the quadratic equation
Hg¢*H§ — 2Amax (“Tg¢*) + )‘2maxﬂ2 = )‘?naxv‘ (5.22)

Obviously, the solutions of (5.22) are the numbers 8; and [

_W'Gs JWTG6)2 + (W20 — G [3)

61 )\max Ama‘x ’
TGor \JWTG6)? + (W — G [3)
g 9 _ | |

For the solution ; we have 7 > 0 and for the solution [y we have 5 < 0 since
A2 v —|Go*||2 > 0 and

max

V@G + (Moo — [1G6°113) > [uTGo" .
Thus we have shown that yg and ¢* satisfy

(1) (=D + Amaxl) Y3 = —Amax(r — ¢¥)

* (5.23)
2) lIr +ys — &3 =
yielding

T T
max y Dy = y53Dyg
Ir+y—o*ll3<v g

and
o(¢*) = (¢")'Go" + yf Dys.
Consider ¢ = ¢* + A¢ and § = yg + Ay with Ay = A¢. We have

r—(¢"+Ad)+ (ys + Ay) =7 — ¢" + ys

¢ Y

and hence
Ir—¢+gl3 =
and

max  y' Dy >y' Dy.
lr—é+yll3<v

49



Chapter 5. Special Bilevel Optimization Problems

Compute

®(9) —(¢") =¢'Go+ max y'Dy—(¢")G¢* —yFDys
||7“+y—¢||2§v
> ¢"Go+ 5 Dy — (¢")7G¢" — yiDyg
= (0" + Ad)TG(¢" + Ad) + (ys + Ay) D(ys + Ay) — (") Go* — y5 Dy
= ApTGAP + 2007 Go* + AyT D Ay +2 Ay Dyg
—~ =~ =~
A¢T Ad} A(bT
= A¢" (G +D)A¢ + 267 (Go* + Dyj)
= AT (G + D)AG + 2807 Apax fu

for all A¢ and
U=ys+ Ay, Ay=A¢, B =P or f= [

with 81 > 0 and B2 < 0. Therefore, in the case A¢pTu > 0 we choose 8 = (31, in case
A¢pTu < 0 we choose 3 = B2 and get in both cases

P(p) — B(¢*) > 0 for all ¢ # ¢*

since G and D are positive definite.
In the case that we have more than one Ap.x. We assume the following set

I*:{lézgn/\z:)\max}

with u, = (uj, @ € I,). Then we consider the vector

ys =—D'Go" + > Biui

1€l

where 3; € R and u; are the eigenvectors corresponding to Apax with ||u1|\% = 1. Then

Dyﬂ = _gé* + Amax Z Bi;

€14

We have that

(=D + AmaxD)ys = (=D + Anax) (=D 'G6" + > Bi (=Dt + Amaxtti

= —Amax(r — ¢*)

and it holds that

’D *
r—¢"+yg = yﬂz—)\g(b +Z/3iui

| *
= b\ (_g¢ + Amax Z /Bzuz> .
fnax i€l
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Since ||Go*|| < A2,,,.v there exist numbers 3; # 0 that satisfy

max

Ir — ¢* + ypll5 = Ag <|yg¢ 13 = 2Xmax Y Bilu] G&™) + Ao D leluzlbm)
max iel. icl. (5.24)
<.
We choose
uingﬁ*
o=

with ¢ € R solving the quadratic equation

1
1G6* |15 — maxc( h\ (uf Go*) ) + A€ (Z 22 (u?g¢*)2> = Aoax¥-
i€l max i€l "~ max
(5.25)

Obviously, the solutions of (5.25) are the numbers

VAt = 199715 + [uf Go* 13

cp =1+ >0
[ulGo* |3
\/)‘maxv — ’g¢*“2 + “uTg¢*‘|2
co=1-— < 0.
[ul Go*[|3
It holds that
b1
p=| : | B
Bir,|

where B are all vectors that satisfy (5.24). That means, we have shown that
ys = —D71Go* + 3 Biu; and ¢* satisfy

(1) (_D + )\maxﬂ) Yp = _)\max(r - qb*)
2) Ir+ys — &"[I5 =0

and hence

i
max Dy = yL Dy
Ir+y—6t 30" o

Therefore ¢* is optimal. Thus, we have proven the following Lemma:

Lemma 5.8. If the vector ¢* satisfies Case 1) (5.20), then ¢* is optimal in the bilevel
problem (5.19).

Let us now consider Case 2). For this case, we can formulate the following lemma.
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Lemma 5.9. If the vector ¢* satisfies Case 2), i.e. ||Gop*||3 > N2

> AoV, then there exists
a unique number AX* > Anax for which

IG(A)]I5 = (A*)?v

where

-1
p(N\) =g (g—l +D ' - D .

Proof. Consider the function n(A\) = [|G#[|3 — A2v. We have that 7(Amax) > 0 and
n(400) = —oo. We denote

PN =¢gt+D1 = %

It holds that

I
=2r' PN <_P(>\)_1 <)\2> P()\)_lr> — 2)w
- *%TTP(WIP(A)‘IP(A)—% — 2\
1 _—
= _FHP()‘) 17””?3()\)—1 — 2 <0,

since P(\) is a positive definite matrix. That means n(A), A > Apax is monotonically
decreasing and there exists a unique number A* > A\ ., satisfying n(\*) = 0. O

If [|Go*|| > A\2,..v, then y(A*) = —D71Gp(A\*) and \* satisfy the optimality conditions
in the lower level problem for ¢*(\*) by construction, hence

y(A) " Dy(X) = max 4" Dy.
lr+y—p(A*)[I5<v

Lemma 5.10. In case ||Gop(Amax)||3 > A2,.v the vector ¢(N*), where \* > Amax 08
found according to Lemma 5.9, is optimal in the bilevel optimization problem (5.19) (or

(5.15)).

Proof. Consider ¢ = ¢(\*) + A¢ and j = y(\*) + Ay with Ay = A¢é. Obviously,
Ir +5 = gl3 = lIr + y(X*) = " ()3 = v.

Compute

D(g) — D(¢*) = 67 Gh + ||r+3i%}f|2<v y Dy — ¢(A) Go(N*) — yT (A)Dy(A*)
> ¢TGo+ 5 Dy — p(A) Go(N*) — yT (X)Dy(\¥)
= APTGAG + 20T Go(N*) + Ayl D Ay +2 Ay Dy(\¥)
~— ~ =~
=A¢  =A¢  =A¢
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= A¢T (G + D)A¢ + 2A87 (GH(N*) + Dy(A*))
=0

=A¢T(G+D)A¢ > 0if Agp#0
since G and D are positive definite. O
The following theorem follows directly from Lemmas 5.9 and 5.10.
Theorem 5.11. Problem (5.19)

min®(g), ¢ € R"
with

(¢p) =¢"Gop+ max y' Dy

ly—¢—rll3<v

(and consequently problem (5.15)) is equivalent to the following optimization problem

I\ !
m/\in g(\) = 1n/\in rT (D‘l +g - A) T+ Av, s.t. A > Amax(D) (5.26)

in the sense that if \° is optimal in (5.26), then the vector

-1
o(\°) =g~ <D—1 +gG - i) r

is optimal in problem (5.19).
Proof. The Lagrangian of problem (5.26) is
L a)=gA\) —a(A—Apax), « €R, a >0

and the derivative is

dL (N, AN AN
Ei)\a):_rT<D—1+g—1_)\) <>\2)(D_1+g_1—>\> v —a

<D_1—|—g_1 — H> r i
A

+v—o.
If A\ is optimal in (5.26), then there exists a scalar @ > 0 such that it holds that

2

%j\)’a) = 0 and a(A\? — Apax) = 0. In the case that Apax = A” we have a > 0 and
(Dt +G! — ﬁ)_lrﬂg < A2 v and if A\pax < A% then @ = 0 and ||(D~' + G771 —
L)t = v. =

Remark 5.12. Following Xing et al. [84] the function g(\) can be considered as a
canonical dual function of (5.19)

Lemma 5.13. Problem (5.26) is convex.

Proof. The function g(\) is convex according to Lemma Al in Kostina & Kostyukova
[46] and the constraint in (5.26) is linear. O
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Remark 5.14. Having \* and ¢(\*) we can easily restore the solution y° of the lower
level problem (5.16). If ||Go*||3 > A2 v the solution is unique and given by y(\°) =
DGp(x). If |Go*||3 < A2 v all vectors yg with B € B can by taken as y°. Note, that
yg 1s not unique, but global.

Altogether we can formulate the following algorithm for solving (5.19).

Algorithm 5.15. (Solution of problem (5.19))
COMPUTE Amax = Amax (D)
COMPUTE vector ¢* = G~ 1 (D™ + G — =)~ }(—r)
IF Case 1) 1963 < Myt
THEN solution of problem (5.19) is given by ¢° = ¢*
ELSE Case 2) ||Go* |13 > A2..v
THEN solve equation ||Gp(N)[|3 = A2v for A > Apax,
where ¢(A) =G 1 (D+G1 — 1)7!r (e.g. by Newton’s method)
solution: A*
WRITE solution of problem (5.19) as ¢" = ¢*(\*)

Let us consider the original problem (5.14), namely
min pGp + max ' D¢ (5.27)
st. (d+&—p)PQ Hd+¢—p) <w. (5.28)
We have ¢ = A7 p,y = A71¢, G=ATGA, D= ATDA, r = A~'d and hence
Go = ATGp, |1G9ll5 = Gpll?,.
The two cases (5.20) and (5.21) now read as

) 1Gplgy < Maxv and 2) [Gplg = X

where Amax = Amax(ATDA) and the Lemmas 5.8, 5.16 and 5.10 can be reformulated
accordingly. Theorem 5.11 can be reformulated as:

Theorem 5.16. Problem (5.27)
min p! Gp + mgax ¢ De
st (d+€&-pTQ N d+E—p)<w

1s equivalent to the following optimization problem

Q

min d’ (Dl +G 71—
A A

—1
) d+ v, A> Anax(ATDA). (5.29)

-1
in the sense that if \ is optimal in problem (5.29), then p® = G~1 (Dfl +G71— Q) d
is optimal in the bilevel problem (5.27).
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5.2 Bilevel Optimization Problem with a Non-Homogeneous
Cost Functional

Let us consider the following bilevel problem with a non-homogeneous cost function
which we will use later to describe the algorithms for solving the problems that we will
present in Chapter 7

min¢ Go+2sT¢+ max  y Dy (5.30)
¢ Ir+y—gll3<v

with given symmetric positive definite matrices G, D € R™*™, given vectors s, r € R"
and a given number v € R. The lower level problem

max y! Dy (5.31)
y
st. [r+o—yl3<v (5.32)

is the same as in the previous bilevel problem (5.15) and hence the optimality conditions
for the lower level problem remain the same (cf. Lemma 5.5). Let us consider the bilevel
problem (5.30) which can be rewritten as

m¢in ®(p), p € R (5.33)

with

D(p) =¢TGp+2sT¢p+ max y Dy
r+y—¢ll3<v

Denote the vector ¢(A) which solves the equation

I I
—1_ L s s
(002 egYoumr (o0 1).
where A > Apax(D) and denote the vector y(A) which solves the equation
Dy(\) = —Go — s.

For A > Apax(D) the matrix D1 —% is positive semidefinite and the matrix D! —%—1—9*1
is positive definite. Furthermore ¢(\) and y(A) satisfy

1
— =D
r+y—¢ Dy
and
9 1 2
Ir+y - 8l = 55Dyl

We denote ¢* = ¢(Amax). Analogously to the previous section wen can prove:

1) If |Go* + s||2 < A2,.v, then there exists an 3 € R such that

ys =-D (G — s) + Bu
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where u is an eigenvector of D corresponding to Apmax, ¢ satisfies the optimality
conditions of the lower level problem (cf. Lemma 5.8) and ¢* solves the bilevel
problem (5.33), cf. Lemma 5.9.

2) If ||Go* + s]|3 > A2 ,.v, then there exists a A* > Apayx such that
IG6(X*) + sll5 = (A*)?v,

the vector ¢(A\*) solves the bilevel problem (5.33) and y(\*) = D~1(-Gg¢* — s)
satisfies the optimality conditions in the lower level problem for ¢(A\*).

Now we want to proof the following theorem (similar to Theorem 5.11).

Theorem 5.17. Bilevel problem (5.33)

min ®(p), ¢ € R"

with

D(p) =¢TGp+2sT¢p+ max I Dy.
lr+y—¢l3<v

1s equivalent to the following optimization problem

W= min (ro@ -5 (07 - Lign) (s D
TN = s py ) ) )
I (5.34)
— 5T <D_1 — )\) s+2rfs+ M

in the sense that if \° is optimal in (5.34) then the vector

s 310) (o (01

is optimal in the bilevel problem (5.33) and it holds that ®(p(\°)) = g(A°).

Proof. The Lagrangian of problem (5.34) is
LA v) =g\ —v(A—Anax), VER, v >0

and the derivative is

dL(\, v)

T S 5TGo0) — 15 (GHNTGHN) — 155+ v

)\2
1
= — 51660 + sl + v -,

If \° is optimal in problem (5.34), then there exists a scalar v > 0 such that it holds
that %;’”) =0 and v(A\° — Apax) = 0. In the case that Apax = A\” we have v > 0 and
1GA(Amax) + sl3 < A2,.v and if Apax < A then v = 0 and ||Gp(A\Y) + 5|2 = (A%)%w.

Hence, with 1) and 2) it follows that ¢(\°) solves problem (5.33).
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Let us now show that g(A%) = ®(#(\?)). The optimal vectors y()\) and ¢()) satisfy
I
<D1—)\> Dy=o¢—r
I +y — ¢l3 = v.
From (D_l — %) Dy = ¢ — r it follows that
y Dy = —(r—¢) Dy.
With Dy = —G¢ — s we get
y'Dy =X+ (r—9) Go+(r—¢)"s.
Hence, it holds that

(¢) =" Gop+ (r— ) Go+ (r— ) s+ 25" ¢+ \v
= rTg¢ + sTgZ) + 775+ .

Using the formulas

-1
+sTg=! (D_l - % + g_1> <T - <D_1 - )H\> s) + sTr + v

Let us consider the following terms

_,,,T fD—l_E_i_g—l - D—I_E S+7”T D—I_E_i_g—l _1g—18
A A A

=rTs — 2T D_l—g—i—g_l - D_l—E s
A A

. STg—l D_l o E + g—l ! D—l . E s
A A

-1
(e (D) o) 3

If we insert these terms now in (5.35) we get

and

-1
(p) =r" <D—1 - % + g—1> r+rls
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T -1 _ T -1 I
—2r (D ) ( ) -5 (D — >\> s

]I
)\
I I - I
T(p! - D! D! r
+ s ( X )\+g —y)sts T+ A
I - I
DY e ()
I
— st (D_l — )\> s+ v+ 2rls.
Hence, it holds that g(A\%) = ®(4(A\?)).
Lemma 5.18. Problem (5.34) is convex
Proof.

e The function g(\), A € R is convex. To show this we compute the second-
order derivative of the function g(\)

0g(A 1
I g6+ sl + o
Pg(n) 2 1 9(G9)
e FHgﬁﬁ +s[l3 — pQ(QQH' S)TW-
Since
-1 -1
g0 (ot (o) ()
S, I N\'I
— <D L X =+ g 1) FS
-1
=z D! +gl) (Go + s)
we have
g(N)
Nz )\3|

—1
96 + 518 + G0+ o)7 (D7 = 1+ (Go+s)

for A > 0 and hence the function g(\) is convex for A > A\(D)
e The feasible set A > A\pax(D) is convex

O
Remark 5.19. Using some reformulations we can also show that g(\) and ¢(\) in
Theorem 5.17 can be reformulated in a different, but equivalent way

Theorem 5.20. Bilevel problem (5.53)

min (0), ¢ € "
with

D(p) =¢TGp+2sTp+ max ¢y Dy.
Ir+y—gl13<v
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is equivalent to the following optimization problem
I -1
g(\) = min (r+ G 's)" (D—l -5+ g—l) (r+67's) —sTG7 s+ 2 (5.36)

in the sense that if \° is optimal in (5.36) then the vector
0 -1 111 0 -1
A =G s +G7 (DT -1 +0 (r+g's)
is optimal in the bilevel problem (5.33) and it holds that ®(p(\°)) = g(A°).

Proof. The proof is similar to the proof of Theorem 5.17, but we now consider the
following terms of (5.35)

_,,,T fD—l_E_i_g—l - ID—I_E S+7”T D—l_g_i_g—l _1g—18
A A A
T (Dt L g B ol igt)s
A A
I —1
= o7 <D_1 -5 + Q_l) G s
and
. STgfl D*l . E + gfl - D*l . E S
A A
I 1
:STg <D1 _ X + g1> gfls . STgils.
If we now insert these terms into (5.35) we get
I -t I -1
o(¢) =r" <D‘1 -5 Q‘l) r+2rT (D‘1 -5+ Q‘1> G 's
I -1
+ STg—l <D—1 _ X + g—l) g—ls _ STg_lS + )\’U
T I -t
=(r+ g—ls) <D_1 -3 + g—1> (r+ g_ls) — TG s + M.

With the reformulation

I -1 I -1
Gp+s= <D1 -5 gl) (r <D1 - A) s) + <D1 - =+ gl) <D1 -+ gl) s
I -1
= (Dl 3 +Ql> (r+67's)
and with the proof of Theorem 5.17 the theorem is proven. O
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5.3 Bilevel Optimization Problem with an Additional Quadratic
Constraint in the Upper Level Problem

Now, let us consider another bilevel problem which we will use to describe the algorithms
for solving the problems that we will present in Chapter 7.3

. T T
min 4+a) G(p+a)+ max D 5.37
¢TS¢§5(¢ )4l ) lr—p+yll3<v vy (5.57)

with given symmetric positive definite matrices G, D, S € R"*", given vectors r, a € R"”
and given numbers §, v € R. With a(§ — ¢7'S¢) =0, a >0, a = 0 if ¢7 S¢ < § we can

reformulate problem (5.37) as

min (¢+a)lG(¢+a)—a(d—¢TS¢)+ max 1y Dy (5.38)
@7 SP<s lr—p+yll3<v

The lower level problem
max yTDy
Y ) (5.39)
st [lr+¢—yllz <v

is the same as in bilevel problem (5.15) and hence the optimality conditions for the lower
level problem remain the same (cf. Lemma 5.5). Let us consider the bilevel problem
(5.38) which can be rewritten as

min  ®(¢), ¢ € R" (5.40)
ol <o

with

®(¢) = o7 (G +aS)p +2a"Gp+aTGa—ad+ max  y'Dy.
[r+o—yll3<v

Denote the vector ¢(\, @) which solves the equation

I I
(27 =3) roes) @ as = (07 =) o
where A > Apax(D) and a > 0 and denote the vector y(\, &) which solves the equation
Dy(\,a) = ~(G + aS)é — Ga.

For ¢(\, ) and y(\, ) it holds that

I
(D_l—)\> Dy=¢—r.
For A > Apax(D) we have that the matrix (D‘l — %) is positive semidefinite and for a >
0 the matrix (G + .S) is positive definite and hence the matrix (D! — % +(G+aS)™)

is positive definite for A > Apax and o > 0. Furthermore ¢(\, o) and y(\, o) satisfy

I
r—¢+y=-Dy
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and hence
1

Consider the case that @ = 0. Then ¢(\, 0) solves

(Dl - % + g1> Gp(N,0) =1 — (D1 - > Ga.

Denote ¢* = ¢(Amax,0). Consider several cases.

Case 1: If ||¢*]|% < 0 and [|G(¢* + a)|3 < AZ.v we can show similarly to (5.23) that
there exists a scalar 3, such that

Yp = _D_lg(¢* + a) + Bua B = 61 or BQ?

where u is an eigenvector of D corresponding to Amax and ¢* satisfies the optimality
conditions in the lower level problem (cf. Lemma 5.8) and ¢* and yg solves the bilevel
problem (5.40), c¢f. Lemma 5.9.

Case 2: Assume the case ||¢*[|% < & and [|G(¢* + a)||3 > A2 .
the following lemma

Lemma 5.21. If |G(¢* + a)|]3 > A2,
such that ¢p(N\*,0) satisfies

v, then we can formulate

v then there exists a unique number \* > Apax

IG(A(A*,0) + a)||5 = (A*)?v.

Proof. Consider the function n(\) = ||G(¢(A, 0) + a)||3 — A2v. We have that 7(Amax) > 0
and 7(400) = —oo. It holds that

1
WA0 _ 2 <<g<¢ fa)” (D-l S g-1> G(6 + a)) ~2)0 <0,

Hence, for a = 0 the function n(\,0) is monotonically decreasing if A is increasing and
hence there exists a unique number A* > Ay such that n(A*,0) = 0. O

Lemma 5.22. Consider the situation
16°]1% < 6, [G(¢" + a)ll3 > Adpay-

Assume the vector ¢(A*,0), where \* > Apax, s found according to Lemma 5.21, satisfy
|¢(A*,0)||% < 6. Then it is optimal in the bilevel optimization problem (5.40).

Proof. Obviously, y(A\*) = —D~1G(¢()\*,0) +a) satisfies the optimality conditions in the
lower level problem for ¢(A*,0) by construction and hence

y" (\)Dy(A*) = max  y' Dy.
llr+y—¢(A*,0)[l3<v

Then following the lines of the proof of Lemma 5.10 we can show that

D(p(A",0) + Ag)) = 2(4(A",0)) >0
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for all Ag # 0 and [|¢(A\*,0) + Ag[|% < 6. O

Let us note that if a = 0 we can formulate the following lemma.

Lemma 5.23. Assume a =0 and consider the situation

lo*115 < 6, 1G6™ (I3 > Afyaxv-
Let the vector ¢p(N\*,0), where X* > Apax, be found according to Lemma 5.21. Then
d(X*,0) satisfies ||p(A*,0)||% < § and hence it is optimal in problem (5.40).

Proof. If a = 0 it holds that

oA 0)[IE < ll6*[1% < 6
because

9llp(A*,0)|%

2 7 a o I -1 -
7 = /\2¢> SG (D /\+g> Ggo <.

similar to positive definite matrix
Hence, if ) is increasing, then ||¢(A\*,0)||% is decreasing and with Lemma 5.22, this lemma

is proven. ]

If [[¢(A*,0)[3 > &, where A\* > Apay is found according to Lemma 5.21, then the con-
struction of the optimal ¢(A*, a*) should be done following Case 4.

Case 3: Assume now the case [|¢*[|% > § and [|G(¢* + a)| < AZ,v. First of all we find
a scalar a* such that

l¢(Ammax, ) |& = 0
following the lemma

Lemma 5.24. If |¢(Amax, 0)||% > & then there exists a unique number o* > 0 such that

16 (Amax, )15 =

(o9

Proof. Consider the function p(a) = [|¢(X, @)[|% — & for fixed X > Apax. We have that
p(0) > 0 and p(+o00) = —§ < 0. It holds that

dz(;) = —2(S¢)T (D—l - i) ((D_l - i) +(G+ 045)‘1)_1 (G + aS) 1 (S¢)

similar to positive definite matrix

< 0.

Hence, the function p(«) is monotonically decreasing for A = A\pnax and there exists a
unique number a* > 0 such that p(a*) = 0. O
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Lemma 5.25. Consider the case ||¢*||% > & and let o* be found according to Lemma
5.24. If (G + a*S)p(Amax, a*) + Gal3 < N2, v then there exists a scalar B € R such
that

ys = —D (G + " 8)(¢(Amax, a*) + a)) + Su

solves the lower level problem for ¢(Amax, ™) (5.39) and ¢(Amax, ™) solves the upper
level problem (5.40). Here, as before, u denotes an eigenvector corresponding to the
maximal eigenvalue Apax of D.

Proof. It holds that

Yp = -p! (G + O‘*S)‘ZS()‘mam a®) +Ga) + Bu
=D (G +a*9)¢ — Ga) + Bu

where ¢ = ¢(Amax, @*). Then it holds that
Dyﬁ = —(g + O[*S)a) — ga + Amaxﬁu.
For ¢ we have

(=D + MnaxD)ys = (=D + Amaxl) (=D ((G + @*9)p + Ga) + B (=D + Amax])u
=0

=(I- )‘maXD_l)((g + a*S)gz_S +Ga) = —Amax(r — ¢)

and it holds that

T*¢3+yﬁ = 7)\ (7D+)\max]l)yﬁ+yﬁ
D g—l—a*S(E—i—ga

Since ||(G + a*S)¢ + Gal|3 < A2,,.v there exists a 3 # 0 that satisfies

1 _
(G + a*S9)¢ + Ga — AmaxBull3 = v.

lr — ¢ +ysl3 =

>\max

Thus, yg and ¢ satisfy

1) (=D + /\maxﬂ)yﬁ = —Amax(" — QE)
2) Ir—¢+yals =v

yielding

T
max _ y Dy =ygDyg
lr—+ygll3<v

and

B(¢) = ¢ (G + ") + 20" G + a’ Ga — ad + y} Dyp.
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Furthermore it holds that ¢4 = §. Consider ® = &+ Ad with Ap # 0 such that
[¢l|% < 6 and § = ys + Ay with Ay = A¢. Then

r=¢+g=r—(0+A0)+ (ys+Ay) =7~ +ys.
Hence, ||r — ¢ + §||3 = v and

max _y Dy > §Dj.
Ir—-+ull3

Similarly to the proof of Lemma 5.8 we have

O($) — (¢) = ¢" (G + a*S)¢p + 2" Go + e, y"Dy — " (G + *)p — 2aG¢ — ysDyp
r+y— g_v

> (¢ +A9) (G +a*S) (¢ + Ad) +2a"G(¢ + Ad) — 67 (G + )¢

—2aGé + " D — y5 Dyp
=2A¢T (G + a*S)p+ AT (G + a*S)d¢ + 2aT GAP

+oy" DAY +2 Ay Dyg

~~ —~—
AP _((G+a*S)p+Ga)+AmaxBu

= AYT(G + a*S)Ad + AyT DAY + Anax SAG u

By a proper choice of  we can assure that SA¢Tu > 0. Therefore we get, that
O(d) — () = ApT (G + a*S)Ad + Ay DAY > 0
for all ¢ # ¢. Hence, ¢ is optimal. O

Lemma 5.26. Assume a =0 and consider the case ||¢*||% > 06, |Go*||3 < A2cv. Let of

be found according to Lemma 5.24. Then ¢(Amax, a*) satisfy ||(G +a*S)d(Amax, a*)||3 <
A2 v and hence it is optimal in (5.40).

max

Proof. Since

(G + aS)p(Amax; @) ||
O

<0, a>0
it holds that

1(G + *8)d(Amax: @) 13 < [G*[13 < Afnaxcv-

O]

In the case ||(G + aS)(d(Amax, @*) + Gal|3 > A2 v, where a* > 0 is found following
Lemma 5.24, then the construction of ¢p(A*, a*) is performed as in Case 4.
Case 4: Consider the situations

H¢()‘maX70)H% Z 57 ”g(¢<)\max,0) +ta= Hg Z )‘I2naxv

or

IG(6(A",0) + )3 = (A)?v, 9(X*,0)[[5 = &, A" > Amax
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or
l6(Amax, &[5 = 6, [[(G + " S)($(Amax, ) + Ga)l[3 > Nyav, @ > 0.

in these situations we search for ¢*, a* > 0, A* > 0 such that the following system of
nonlinear equalities hold:

(P~ = 3) (G +aS)p+Ga) + 6 —r ¢
Flz) = |G + aS)¢p + Gal|2 — N\2v =0, ze|a]. (5.41)
IglI% — o A

The following lemma gives the conditions where the system (5.41) has a solution.

Lemma 5.27. Assume that the functions F : D — R and J = %—i : D —
R(+2)x(n+2) satisfy:

1. J(-) is invertible for all x € D.

2. [T X y)(J(z+tly —x) — J(2)(y —2)| < wt|ly—z||? withw < oo for all t € [0,1]
and z,y € D with v —y = J~*(y) F(z).

\\\7(930)_;7:(10)”“’ <1 and

3. Assume that the initial guess xg € D exists such that §y =
Dy i= B (o, 289700 ¢ p.

Denote D = {(¢,a,N), $ €ER", a € R, A€ R, 0<a<a 0< A< A<,
where & < 00 and A = Amax, A < 00 are some numbers. Then there exist unique
{¢*, a*, N} € Dy such that

F(p*,a*, \*) = 0.
Proof. The lemma follows form the local contration theorem in Bock [14]. O

Lemma 5.28. The vector ¢* constructed by Lemma 5.27 solves the bilevel programming
problem (5.40).

Proof. Let us introduce the following notations

o\, @) = (G +aS)™? (Dl - g + (G + ozS)1>1 (7’ - <D1 - i) ga>

b = dp(\*,a") (5.42)
y(\, @) = =D ((G + aS)p(), @) + Ga)
g=-D ' ((G+a*S)¢+Ga).

Since ¢(A, «) satisfies
(Dl — g + (G + aS)1> (G+aS)p(\,a) =r— (Dl — H) Ga

we have

<D1 - i) (G + aS)p(\, @) + d(\,a) =7 — (Dl - H) Ga
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and hence

Grﬂ—ﬁ)«g+aw¢uﬂo+@n—r—¢@¢w

Then for ¢ and § we have

(-D+ XDy = (-D+ND)(-D ") (G + a*S)¢d + Ga)
=T-XD ) ((G+a*S)d+Ga)
= N(55 = D7) (G + 085 + Ga)
= -\'(=¢+r)
and
r—¢+y= —%(—D+>\*H)§+Q= %y
——%(@+amw+g@

We have shown that ¢ and 7 satisfy the optimality conditions in the lower level problem

1) (=D + X' T)g = —X\*(r — ¢)
2) |Ir — ¢+ 73 = v.

Hence, § solves the lower level problem for ¢ and d(p) = o7 (G + a*S)¢p + 2aTGo +
a’Ga —ad + ngDg. Furthermore it holds that ]34 = 4. Following the proof of Lemma
5.25 we consider ¢ = ¢ + A¢, § =y + Ay, Ay = A¢ with [|¢[|% < J and can show that

®(¢) — @(¢) >0

for ¢ # ¢. O
Theorem 5.29. The function

(o (' -Na,) (pr L N (pa L
g\ a) = <r (D )\> Qa) <D 3 + (G + af) > r D 3 Ga
— (Ga)T (D_1 - )]I\> (Ga) + 2T (Ga) + M — ad + a’ Ga
where D™, G and (D' — % + (G + D)) are positive definite for a > 0 and X >

Amax (D) is convex in X\ > 0 for arbitrary fived o and concave in « > 0 for arbitrary fized
A

Proof. To show the convexity in A > Ayax for arbitrary a we show that

*g(\, )
o 2
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and to show the concavity in a > 0 for arbitrary A we show that

9*g(X, q)
“ o0z =V

For A we have

a A,CV [0 +g(1

-1
(pl SE gl) (G + aS)6(A,a) + Ga) = 0 for A > 0

and for o we have

W) _ o, el -5
2 o (07
P00 _ yso(n,a))r 2600, 64
Compute
—1
aqjga, %) _ _(G+a8)'5(G +as)! (D_l - g G+ aS)_1> (T - (D_l B i) ga>

+(G+aS)"1(-1) (D‘l ! +G+ aS)—1> (G+aS)'S(G+as)™)

A

(—(
(0L gras ) (- (07~ 1) )

-1
—(G+aS) 1Sp(\, a) + (G+ aS)” <D L — 4+ (G+ad)” ) (G +aS) 1Sp(\, a)
=(G+aS)™! (11 - (D—1 - % + (G + aS)” > (G + aS)_1> So(\, )

—(G+a8)7! (D—l - g +(G+ aS)_l) (D_l - i) So(X, ).

If we now insert this into (5.43) we get

*g(A I I

%(aéa) = —2(Sp(\, )" (G + a5) ™! (D—1 -5 +@+ aS)—l) (D—l - A) So(A,a) <0
similar to positive definite matrix

Hence, the function g(A, ) is convex in A and concave in a. O

Let us analyze the min-max problem

min max g(\, «)
A>Amax >0

From Theorem 5.29 we have that g(\, «) is convex in A > Ay for arbitrary but fixed «
and concave in « > 0 for arbitrary but fixed A. The solution {A\*, a*} is a saddle point,
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which means that
g\ a) < g(\%,a") < g(Aa¥)

for all A > Anax and for all @ > 0. We define the curves

Ma) =arg min g(X,a), G(A) = argmaxg(), o).

Z Amax

Saddle points {\*, a*} correspond to points where these two curves meet (cf. Bertsekas
[10])

(1) Consider min g(\, «) for arbitrary fixed o. The optimality conditions read as

Z Amax

L1(A\v) =g\ a) = v(A — Amnax)
OL1(\v)

1 !
o = el as)e+dalz+v—v=0

with the complimentary conditions
V(A = Amax) =0, v >0,
where ¢ satisfies (5.35). Analyzing the optimality conditions A = A(a) satisfies
if A > Amax then v = 0 and ||(G + aS)d(A, a) + Gal)2 = \o.

if A = Amax then v > 0 and [|(G + aS)d(A, a) + Gal)2 < \o.

(2) Consider {m;a%( g(\, )} for arbitrary fixed A which is equivalent to {—m>i%1 -

g(\,a)}. The optimality conditions read as

Lo, p) = —g(A, @) — pax
0Ls(a, v |
200 o)l +a-p Lo

with the complimentary conditions
po =0, p>0.
Analyzing the optimality conditions & = &(\) satisfies
If & >0=p=0and |¢p()\a)|% =9
0

Ifa&=0=p>0and ||¢p()0)|% <0

Summarizing, we get that the saddle points {\*, a*} satisfies the following:

1) If A* > Apax, @® >0, then {\*, a*} solve the nonlinear system

1(G + aS)é(A, @) + Gall3 = X
(N, )5 = 0.
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2) If a* = 0 then [|¢p(\*,a*)[|% <6
3) If \* = )\max then H(g + aS)Cb()\max’Oé*) + ga”2 < )\2

max
Using this analysis we can formulate the following theorem.

Theorem 5.30. Bilevel problem (5.38) is equivalent to the following problem

minmax g(A, @) = <r — <D—1 — i) ga)T <D—1 — % + (G + ozS)_1>_1 (7“ - (D—l - i) ga>
— (Ga)T (D—l - D (Ga) + 27 (Ga) + Mo — ab + a’Ga

s.t. > 0,A > Amax
(5.44)

in the sense that if {\*,a*} solve the problem (5.44) then ¢(N*,a*) solves the problem
(5.38) and it holds that g(\*,a*) = ®(p(X*, a*)).

Altogether we can formulate the following algorithm for solving (5.40).

Algorithm 5.31. (Solution of problem (5.40))
COMPUTE Amax = Amax(D)

COMPUTE vector ¢* = (G +aS)~! (D1 — + G+ aS)_l)_1 (r— (Dt - %) Ga)
IF Case 1) ¢*]2 < 6 and [|G(8" + )} < Nt
THEN solution of problem (5.40) is given by ¢° = ¢*
IF Case 2) |6°]13 < & and 96" +a)[§ > X2,p0
THEN solve equation [|G(¢(),0) + a)||3 = A% for A > Apax,
where ¢(A,0) = G~ 1D~ — % +G¢ H i r— (Dt - %)ga)
(e.g. by Newton’s method)
solution: \*
IF (A, )] < 6
THEN solution of problem (5.40) as ¢° = ¢*(\*,0)
ELSE go to Case 4)
IF Case 3) 6] > 6 and [G(6" + a)[} < Ao

THEN solve equation ||¢(Amax, @)||% = d for a > 0,
where .
¢ (M, @) = (G+aS)~ (D Lo L 4 (G+al) ) (r _ (D*l ~ L) ga)
(e.g. by Newton’s method)
solution: a*
IF |G(6(Amaxs @) + 0)[13 < Nyt

THEN solution of problem (5.40) as ¢" = ¢*(Amax, @)
ELSE go to Case 4)
ELSE Case 4)

THEN solve equations
1(G + aS)p(\, @) + Gal|5 — Nv =0
le(X, e)l[§ =5 =0
M) = (G+aS) L (D=L r(G+a9) ) (r— (D 1=1)Ga) =0
for A > Apax, @ >0 (e.g. by Newton’s method)
solution: A\*, o*
WRITE solution of problem (5.40) as ¢° = ¢*(\*, a*).
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6 Closed-Loop Min Max Feedback Controls

Mathematical models of real processes almost always contain uncertainties or distur-
bances. This is the reason why we will consider optimal control problems with un-
certainties or robust optimal control in this chapter. There are several possibilities of
sources of uncertainties. One source of uncertainties is for instance when observational
errors arise during the measurements. During the modeling process we can obtain errors
because of certain modeling assumptions and simplifications, unmodeled effects or even
errors in the model. Errors might also arise during the discretization procedures. To
consider those uncertainties we will need robust optimization for optimal control un-
der uncertainties, such that the obtained solution of the optimization problem will be a
guaranteed good solution for all possible realizations of uncertainties that could occur in
the model. For a robust solution we will include state feedback. We assume a predictive
optimal control problem on the control interval [r,¢] and a corresponding optimal control
u®(t;7,7), t € [7,t.] depending on the current time 7 of the system state x. To obtain
a robust solution there is a need of state feedback and this feedback is constructed by
the following implicit law

u*(r,z) = ul(m;7,x), T €[0,t.], € R™ (6.1)

As we already stated in the introduction, we can distinguish between three different
approaches for robust feedback (6.1): Open-loop optimal control, Open-loop min-max
optimal control and Closed-loop min-max optimal feedback control. The third approach
with one correction moment is topic of the following section. To present a practical algo-
rithm in Section 6.2 we will reformulate the problem as a bilevel programming problem
and discuss an algorithm for its solution. Closed-loop min-max optimal feedback control
with several correction points will be discussed in Section 6.3. Section 6.4 presents ap-
proximative control policies and a comparison of them. In the last section we will shortly
describe a numerical example with which we can compare the different approximative
policies.

6.1 Closed Loop Min-Max Optimal Feedback Control Problem
with One Correction Point

In this section we will consider a linear-quadratic optimal control problem with uncer-
tainties. We will first formulate linear-quadratic optimal control problems without and
with uncertainties and we will present problems that can arise if we ignore the uncer-
tainties. We will then modify the problem formulation by including a feedback aspect,
to obtain a guaranteed optimal control and avoid infeasibility problems.
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We examine the following optimal control problems. First we consider the optimal
control of the nominal system without uncertainties

min J(u) = /uZ(t)dt (6.2)

u

T
s.t. & = Ax(t) + bu(t)
2(0) = o (6.3)
z(ty) =0

The second optimal control problem takes into account uncertainties in the model dy-
namics

min J(u) = /u2(t)dt (6.4a)

T
s.t. 2= Az(t) + bu(t) + gw(t), 2(0) = 2o (6.4b)
|2(te; (), w(-))||3 < 62, for all w(-) € W. (6.4c)

In these two problems we have t € T' = [0,¢.], z(t) € R" and z(t) € R" the states of
the systems, respectively, u(t) € R the control, w(¢) € R an unknown perturbation and
the matrix A € R™ "™ and the vectors b € R", g € R" and zp € R" are given. The
control u(t), the unknown perturbation w(t) and the time ¢ € T are assumed to belong
to La(T'). Here, z(t;u(-), w(-)) with ¢t € T'in (6.4c) is a trajectory of system (6.4b) which
is generated by the control u(-) and the perturbation w(-).

We assume that the unknown perturbation w(-) is in the class of all admissible distur-
bances W, which is defined by:

t1 tx
W= qw() = (w(t),t €T) e Ly(T) : /wQ(t)dt < vl,/wQ(t)dt < vy, for some t; € T
0 t1

Therefore we use uncertainties, that have to satisfy the integral quadratic constraint,
which was introduced in the work of V.A. Yakubovich in 1988. The problem of stabiliz-
ing a system with uncertain parameters is of interest in the control theory. The methods
that treat this kind of problems usually differ in the concept of stability and the form
of the uncertainty. A description of the uncertainty sets can be found in the works of
Savkin & Petersen [72] and Lee & Zhenghong [55]. In the time-invariant case, there is
the ellipsoidal set, which we use in this thesis, and also the axis-aligned polyhedron. The
ellipsoidal set has been used by many researchers (eg. Goodwin et al. [36], Kosut et al.
[48], Lau et al. [54]) as the parameter estimation under the Gaussian noise assumption
naturally yields ellipsoidal bounds. In the case of the axis-aligned polyhedron the Eu-
clidean norm is replaced by the oco-norm and was also used by many reasearchers(e.g.
Campo & Morari [21], Zheng & Morari [86], Genceli and Nikolaou [34]).

The class of bounded disturbances

"U}(t)’ <a,te T, = [to,tl], tely = [tl,tg], to = tx
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belongs to the class of admissible disturbances with the following choice of the numbers
Uy

v = OéQ(ti — tz;l), 1= 1, 2. (6.5)

Lemma 6.1. We consider the two sets

PofpeR":p—d+ /s(t)w(t)dt;/wQ(t)dt < sol,

P={peR":(p—d)"S~(p—d) < so}

with s(t), t € [11,T2] a given function, d € R™ a given vector and sy a given number such
that the matrix

T2

S = /s(t)sT(t)dt

T1

is nonsingular. Then the relation P = P holds.

Proof. (cf. Kostyukova & Kostina [47]).
We assume that p lies on the boundary of set P. Hence,

T2 T2

p—d= [awsta [ a0 =

T1 T1

To show that P = P we will use a proof by contradiction and therefore we assume that
p ¢ P. That means

(p—d)"S ' (p—d) > s

A new perturbation is then constructed by the rules @(t) = a(p—d)T S~ 1s(t), t € [11, 7]

with o? = W. Hence, the new vector p is given by
s—1

T2

b= d+/u7(t)q(t)dt

T1

with ¢(t) = F(ts,t)g and F(¢,7) the fundamental matrix of & = Az. We use the
notations A = p — d and A = p — d and calculate
T = AlG — 1A15-
=||A - AJA +2ATSTHA - A)
T2
- _ w(t)(w(t) —w(t
A~ Alg vz O = wit)) (6.6)

T1
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T2 T2
We know that it holds that [@?(t) = [w?(t)dt, therefore
T1

T1

T2 T2

2 / B @) — B(t))dt + / ((t) — (t))2dt = 0. (6.7)
T1 T1
If we now multiply the upper equation (6.7) with —é and add it to (6.6) we obtain

o 1 7
T =118 - Al - o (@) - 0P =0
T1

with o < 0. Hence, HAH%_l > ||Al[3-1 > so. But it also holds A = aA and therefore
HAH%_l = o?||A|[%-; = so. This means we have a contradiction and it has to be p € P.

We still need to show, that P C P. We consider p € P and that means it holds
that (p — )7 S~%(p — y) < so. The new perturbation is now constructed by the rules
w(t) = (p—y)T S~ s(t), t € [r1, 7). This perturbation satisfies the relations

T2

[t == uli-s < 5o

T1

This means we can deduce p € P and therefore P C P. ]

To ensure that our system 6.4 is controllable, we assume that the following relation
holds:

rank(b, Ab, ..., A"b) = n. (6.8)

Altogether, we can now formulate the stated problem as follows:

OLOCP

Find a control u(-) = (u(t), t € T') that minimizes the quadratic cost functional
(6.4a) such that for any perturbation w(-) from the class of admissible disturbances
W a trajectory x(t) of the system (6.4b) lies in a dp-neighborhood of zero at the
final moment ¢ = t,, which is formulated in the inequality (6.4c).

This problem is an open-loop min-max optimal control problem (cf. Section 3.5.2) as
we consider the uncertainty but do not have the possibility to correct the control. The
open-loop problem can graphically be described as in Figure 6.1. The tube shows the
trajectories corresponding to a fixed control u(-) that drives the system state to 0 at ¢,
and a particular realization of the uncertainty. The constraints have to be satisfied by
every trajectory z(-) = z(-; @, w) in the tube ||z(t,; @(-), w)||? < d2, Yw € W(cf. Rawlings
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0, - Neighborhood

1 t.

FIGURE 6.1: Trajectories in Open Loop Min Max Optimal Control Problem
for some u(-)

[70]). The ellipsoidal shows the dp-neighborhood of zero at the final moment ¢ = ¢, inside
the set Z(t.) = {z(ts;u(-), w), z(to) = zo, w € W}.

Remark 6.2. For a more general case, we will later in this thesis use a different for-
mulation for constraint (6.4c) as we will not consider the trajectory to be in the d0g-
neighborhood of zero but in the 6,-neighborhood of x.. We will then use the formulation

2t u(), w()) — .3 < 62 for all w() € W.

As mentioned in Section 3.5.2 with this problem formulation we could have the problem
of not finding a feasible control. To avoid the problem of not finding a control that drives
the system in the §2-neighborhood of zero at the time moment ¢t = t,, we will modify
the problem formulation and include a feedback aspect at one time moment. To show
the necessity of the feedback we will use Lemma 2 from Kostyukova & Kostina [47] that
shows the problem of not finding a feasible control. For this purpose we consider the
following two min-max problems

= i [ 2
Vr)i= i ma EE)]

st. 2=Az+bu+ gw, t € [1,t.]
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and

:= min max ||z(t,)]|?
7= Min ma [12(E)]]
st. 2= Az +bu+ gw, t €[0,t.] (6.10)
2(0) = 2o

w(-)eWw
with the given moment 7 € [t1,t,] and the given value va(7) > 0.

Lemma 6.3. The following relations hold for the values of the cost functionals of the
problems (6.9) and (6.10)

V(1) = p(T)va(T) (6.11a)
v = fwr + plt)vs. (6.11D)

Here, (1) and i are the mazimal eigenvalues of the matrices

Q(r) = / o(t)qT (B)dt, T € [t,1.]
(6.12)

t1
and Q = [ q(t)q" (t)dt,
/

respectively, with q(t) = F(ty«,t)g and F(t,T) the state transition matriz of the system
T = Ax.

The proof of Lemma 6.3 can be found in Kostyukova & Kostina [47].

The lemma shows, that without a feedback aspect it could occur that vy + p(ty)vy >
52. In this case a control that drives the trajectory of the system (6.4) into the &o-
neighborhood of zero at the final time moment ¢t = ¢, for any perturbation w(-) € W
does not exist. As we already stated, we will now modify the problem formulation
by including a feedback aspect to avoid this problem. By including feedback we avoid
the infeasibility problem on the one hand but on the other hand the problem may
become more complex and unpractical to solve. For this feedback we divide our interval
in two smaller intervals 71 = [0,¢1] and T5 = [t1,¢*] and choose a new control u(-)
at the second interval. Therefore at a given time point ¢; € ]0,t,] we measure the
current state and update the control for the second interval [t1,¢,], considering the new
information. Thus, we construct a control like in the closed-loop approach (cf. Section
3.5.2) with one correction moment. This process is graphically shown in Figure 6.2. As
in Figure 6.1 we have the tube that shows the trajectories corresponding to a particular
realization of the uncertainty. The constraints have to be satisfied by every trajectory
in the tube and the red ellipsoidal at the time moment ¢; shows the reachability set
Z(t1) = {z(t1;u1(-), w1), 2(to) = zo;w(-) € W} where we measure the current state and
choose a new control. The black ellipsoidal shows the dg-neighborhood around zero in the
end point ¢, and the red ellipsoidal at ¢, shows the set Z7 (t.) = {z(ts; u2(:), w(+)), 2(t1) =
x1 € Z(t1), w(-) € W} both inside the set Z(t,).

It can be shown that in this modified formulation there always exists a control that
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0, - Neighborhood

FIGURE 6.2: Trajectories of Open-Loop Control problem with one correction
moment for some @;(-) = u(t), ¢ € [to,t1] and Ga(-) = u(¢), ¢ € [t1, 1]

guarantees to drive the trajectory of the system (6.4) in the dp-neighborhood of zero at
the final moment ¢ = ¢, for any perturbation w(-) € W if for the time moment ¢; €]0,,]
the inequality

p(ty)vg < 62 (6.13)

holds.
The idea:
We have two time intervals 77 = [0,¢1] and Ty = [t1, t«]. We choose an arbitrary
control for the first interval and we assume that with this control the trajectory
of the system (6.4) is driven to the state x(t1) = & at the time moment ¢t = t;
under the perturbation w(t) € T;. At this time point we choose a new control for
the interval 75 such that the trajectory of the nominal unperturbed system

T = Ax + bu, t € Ts, ."E(tl) =4 (6.14)

takes the zero value at the final time point t = t,.

\. J

We know that such a control exists because of the fact that the system is assumed to
be controllable. With Lemma 6.3 it follows that the trajectory of the actual perturbed
system

Z=Az4+bu+gw, t €Ty, 2(t1) =&

appears in the dg-neighborhood of zero at the final time moment ¢ = ¢, for any pertur-
bation w(t) € W, t € Ts.

This means that we can always find a control that guarantees to drive the trajectory of

the system in the dp-neighborhood of zero at the final moment ¢ = t, with this modified
approach. This control is called feasible guaranteed program control. Without loss of
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generality we assume that

p(t1)ve = do. (6.15)

This is possible for the right choice of dgp. We will now take the cost functional (6.4a) into
account. The aim is to find a feasible guaranteed (worst-case) program control which
delivers the minimal value to the cost functional (6.4a). The control is constructed by
the just described rules above. To solve this problem we start by considering the second
interval Ty = [t1,t.] and we assume that at time moment ¢; the state is z(t1) = . We
now know with equality (6.15) and Lemma 6.3 that any feasible guaranteed program
control drives the trajectory of the unperturbed system from z(¢;) = € to x(t.) = 0. To
find the best feasible guaranteed program control for the interval T we have to solve
the following program

min / u?(t)dt

B (6.16)
s.t. £ = Ax + bu

x(t1) =& z(ty) = 0.

As it is shown in Pontryagin et al. [68] we know that problem (6.16) has a solution. We
denote by (u(-;€) = u(t;€),t € T») an optimal control of problem (6.16) and

[

T

the corresponding optimal value of the cost functional. Now, we consider the first interval
Ty = [0,t1] and choose the control u;(-) = (u1(t),t € T1). In the case of the nominal
system

&= Ax +buy, t €1, x(O) =Xy (6.17)

the state at time t; takes the value

Yy = y(aﬁg,ul) = F(tl,O)wo + /f1 (t)ul(t)dt, fl(t) = F(tl,t)b.
T

In the case of the actual perturbed system
z2=Az+buy +gw;, t €Ty, 2(0) = 2o (6.18)

where w;(-) € W1(0), the state at time ¢; can take any value from the ellipsoid

§=E&(z0,u1,w1) € ¢ pER" 1 p=y(20,u1) + /Ch(t)wl(t)dtv wy(-) € Wh(0) o,
" (6.19)

Wi(r) = { wt) € Lo(jrt1]) - / w(t)dt < v1(7) (6.20)
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with ¢1(t) = F(t1,t)g and v1(7), 7 € T1 a given function with v1(0) = v;. With Lemma
6.1 we can rewrite relation (6.19) as

€=¢&(z0,ur,w1) € PeR": (p—y)"Q ' (p—y) <v1}, Q=Q1(0)

with
t1

(= [a@d @, re 1 (6.21)

T

This means, that we can write the best guaranteed value of the cost functional (6.4a)
for any chosen control u;(+) as

/u%(t)dt—!— max /u2(t;£)dt (6.22)
€ER™ [lo(t1)—€l1Z, 1 <v1
Ty T
where z(t), t € T} is a trajectory of the unperturbed system (6.17) and u(¢;€), t € To
is an optimal control of problem (6.16).
With this cost functional we can formulate the deterministic problem to find the best
control u; () to the corresponding cost functional (6.22):

r

min /u%(t)dt—i—max/uQ(t;f)dt
ul(')vy E
1

T
st lly— €l <u
&= Ax +buy, t €[0,t1], z(0) =0, z(t1) =y

u(-;€) = argmin [ u?(t)dt
/
&= Az +bu, t € [t1,t.], z(t1) =&, z(ts) =0

(6.23)

\

This is the problem of finding a control with one correction moment only. The more
general case is to use a problem formulation, in which we want to find a control law, by
using more than one correction moment at fixed intermediate time points ¢; € T, i =
1,...,m, m > 1. We will consider this in Section 6.3.

6.2 Analysis of problem (6.23) and the Corresponding Bilevel
Optimization Problem

In this section we will analyze problem (6.23), which is a bilevel optimization problem.
The lower level problem of (6.23) is the problem (6.16). The solution of the optimal
control problem (6.16) can be written as

u(t;: &) = —fL ()G F (ty, t1)E, t € Ty (6.24)
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with f(t) = F(t«, t)b, G« = G.(t1) where the matrix G.(7) is given by

t
0.(r) = [ 1 . (6.25)
The optimal value of the cost functional of (6.16) is equal to
/ u?(t; €)dt = €TDe (6.26)
1>
where
D= FT(t,,t1)G F (L, ). (6.27)

Remark 6.4. The matriz
[2)

Q1(t1,t2) = /F(tg,s)g(F(tg,s)g)Tds

t1
where t1 is free and ty is fixed can directly be computed by
p(t) = —Ap(t), p(t2) =g, peR"
Q) =p()p" (), Qt2) =0, Q € R™"

with t € [t1,t2] and

Q1(t1,t2) = Q(t1).
It holds that

1%

Qoltr) == / F(te, $)9(F(t, 5)g)Tds = Qu (t1.1.).

t1
The matrix
D := FT(t,,t1)G,  F(ts, 1)

with
t*

Gu(th) = / F(t., $)b(F (L., 5)b)Tds

t1

can directly be computed by

D = —ATD(t) — DT (t)A — D(t)b(D(t)b)".
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We can show that problem (6.23) can be rewritten as the following bilevel program

min(¢? Gp + max €1 DE)
¢ ¢ (6.28)
st |E—r—Golly <u

with r € R", ¢, & € R™ unknown given vectors, G and D given positive definite matrices
and vy a given number. In order to show this, remind that for a fixed y € R"™ the
ui(+), t € [0,1] is a solution of the problem

min/u%(t)dt
t (6.29)

s.t. & = Az + buy, t € [0,t1] z(0) = xo, x(t1) = y.
The optimal control for problem (6.29) can be written
ui(t;y) = ¢T fi(t), t € Tos fr = F(t1,t)b (6.30)
where ¢ satisfies the following system of linear equations
y=F(t1,0)z0 +Go (6.31)

and f1(t) = F(t1,t)b, G = G(0). The matrix G(7) is given by

G(r) = / oo (6.32)

With the assumption (6.8) the matrix G is nonsingular. We obtain the following value
of the cost functional of problem (6.29)

/ Wt y)dt = TG,

T

With these statements we can rewrite (6.23) as in problem (6.28). Therefore we choose
the control for the first interval for problem (6.23) as

W) = ()" fi(1), t e Ty (6.33)

where ¢ € R™ is the solution of problem (6.28). For the second interval we choose the
control

u(t; &) = =1 ()G, ' F(te, )€, t €T (6.34)

with € = z(t1;ul(-),wi(+)) the state of the system (6.18) at the time moment ¢ = t;
under the control u;(-) and the actual perturbation w;(-) € W1(0). Thus the behavior
of the dynamic process (6.4) with this constructed guaranteed program control can be
formulated as follows

s { Az + bul(t) + gw(t), teT

Az + bu(t;z(t)) + gw(t), teTy 2(0) = . (6.35)
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Thus in problem (6.28)

Q) = / F(te, )g(F (b t)g)Tdt, Q = Q(t1)

t1
g —9(0) with 6(r) = [ (O] (et
D := FT(t,,t)G, ' F(t,, 1))

G, = Gu(ty) with Gu(7) = / ST (t)t,

are positive definite matrices, r = F(t1,0)xo and vy is defined as in (6.5). Using the
variable transformation ¢y = M~T¢ where M is defined by Q~! = MT M we can rewrite
problem (6.28) as

rrb)in(wTGw +maxz' Dz), st. |z —d—Gy|? <n (6.36)

where G = MGMT, D = M_lTDM_l, d = Mr and Q7! = MT M. This means we
now have the same problem as the problem (5.2) in Chapter 5.

Hence, we can directly formulate the following theorem.

Theorem 6.5. Problem (6.36) is equivalent to the following optimization problem

1\ L
) d+ M, 8.t A > Amaxs (6.37)

min g(\) := d” <D_1 +G — 3

where )\glax is the mazimal eigenvalue of D, in the sense that if \° is optimal in (6.37),

then the vector (A\°) = (% — (D7t + G))_1 d solves problem (6.56).
Altogether, following the first part of Chapter 5 we can formulate the following algorithm
for solving problem (6.36):

Algorithm 6.6.
_ (1
COMPUTE vector 9* = (/\—

max

-D-G) d
IF Case 1) [[9°]2 < Aot
THEN solution of problem (6.36) is given by ¢° = *
ELSE Case 2) [|*]|? > A2 v1
THEN solve equation ||/(A)||? = A%v for A > Apax (e.g. by Newton’s method)
solution: A*

WRITE solution of problem (6.36) as ¢ = ¥(\*)

To obtain a solution of problem (6.28) we use the notations
@) = MTY0, & = M~1p°

where p¥ = —D~ 1.
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6.2.1 Robust Optimal Feedback

In the last section we discussed a problem reformulation where we include a possibility
to correct a control in one point. In this subsection we will discuss the algorithm for
the robust optimal feedback using the solution of bilevel optimization problem. We will
start with constructing the feedback at the first interval, then we will consider the second
interval. We have to consider both intervals separately since the rules of constructing
a robust feedback are different at the first and second interval. For constructing the
feedback we will use a family of problems

t1
min /u2(t)dt+mgx/u2(t;§)dt

ul(')i’!
T T

s.t. Hy - 5”2@;1(7) < Ul(T)7

T =Ax+buy, z(t) =p,z(t1) =y, (6.38)

u(;€) = argmin [ u?(t)dt,
/
&= Az +bu, x(t1) =&, z(ts) =0

T

with v1(7) = v1 — [(w*(t))%dt, w*(t), t € [0,7] a realized perturbation till a current
0

moment 7. We can rewrite the problem (6.38) analogously to the previous section as
min ¢7 G(7)¢p + max T DE,
’ ‘o (6.39)

s.t. Hg - T(T7p) - g(T)¢HQ;1(T) S U1<7_)

with r(7,p) = F(t1,7)p, the positive definite matrices D and

Qi(7) == /F(tl,t)g(F(tl,t)g)T

and the positive definite matrix G(7). Now we assume ¢{(7,p) € R™ to be a solution of
problem (6.39) 7 € [0,¢1], p € R™. We can then construct the control law uj(t,z), t € T}
at the first interval as

ui(t,x) = ¢t x)T f1(t), t € Ty, x € R™. (6.40)
We can describe the dynamic process with control law as
&(t) = Az(t) + bui(t, z(t)) + gw(t), t € T1, z(0) = xo. (6.41)
To construct the function
M (r,p), T €Ty, peR" (6.42)

we use the described rules from the previous section. With 2*(7) we denote a real system
state at the current time 7. We are able to construct function (6.42) online only along the
realized trajectory x*(t), t > 0 of system (6.41) generated by the realized perturbation

83



Chapter 6 . Closed-Loop Min Max Feedback Controls

w*(t), t > 0. To construct the function
¢*(1) = $l(r,2*(7)), T€Th (6.43)

we will use the following rules which can be implemented online.
We assume that for the current position (7,x) = (70, 2*(t9)) we know the vector ¢*(79)
which is constructed as in the previous section. We also assume that the inequality

16" (70) 1, r0) < Anax (T0)v1(70)

holds with Apax(7) the maximal eigenvalue of the matrix D(7) = M~ (7)D(7)M~L(7)
where Q7' (7) = MT(T)M(7).

For T € (19, 71] we compute the vector ¢*(7) from

(2%

- (D7 + Q(T))> ¢*(1) = F(t1,7)"(1) (6.44)

until the moment 7 for which 7, = ¢; or 79 < 71 < 1 and H(ﬁ*(n)Hél(ﬁ) =2 __(m)v(n).
The matrix functions G, Q1(7), F(t1,7) and the scalar function A\pax(7) € R, 7 € T}
depend only on the elements A, b and g of the initial problem and can therefore be
computed previously offline.

We now consider the two cases. In case one it holds that 7 = ¢; and hence the con-
struction of the feedback at the first interval is finished.

In the second case it holds that 7 < ¢;. Then we compute the vector ¢*(7) and the

number A(7) uniquely from

Q) _ (p- T (1) = )z (T
(%8 - 0t vo)) 07 = Pl (), (6.45)

16" (M1, () = AT ?01(7), A(T) > Amax(7)

for 7 € (11, 12| with 75 such that 7 = t; or 71 < 7 < t1 and A\(72) = Apax(72). Again we
have two cases. In case one it holds that 79 = ¢; and the construction of the feedback
at the first interval is finished. In case two it holds that 7 < 79 < t1; then we start the
procedure again and compute the vector ¢*(7) for 7 > 79 from system (6.44).

Remark 6.7. 1. For the construction of the functions Q1(7), Amax(7) € R, 7€ T}
we can use approximations, for example

Ql(T) = Q1(91)7 S\max('r) = )\max(ei), T € [91‘,91'4,_1), 7= 0, - ,N — 1,
with N > 1 an integer and 0;, i =0,..., N any numbers that satisfy the relations
0=0y< b1 < - <On_1<Oyn=11.

But if we use an approximation, the quality of the control can become worse, because
it holds that

{§ ER™: H§ - T(T,p) - g(b”é;l(.,.) < Ul(T)}
C{EeR" 1 [|§ = r(r.p) = Gollgyr () S 0a(7)}
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2. It also holds

T+AT

Gr + Ar) = /,ﬁ YH( (6.46)
Hence, we can compute the function G(T) recursively online using path following
methods with respect to the parameter T € [0,t1].

3. To compute a feedback control ui(r,x) at the first interval for any current position
(1,x) we only need to solve system (6.44) or system (6.45).

After constructing the feedback for the first interval, we will now consider the second
interval Ty = [t1,t.]. We assume, that at the moment 7 € [t;, ¢,) the state of the system
(6.4) is equal to z(7) = p. We choose a control us(t) at the interval [7,¢,]. Then at the
final moment ¢ = ¢, the unperturbed system

@ = Az +bug, t € [r,t.], z(r)=p

appears in the state

yﬁmwﬂszﬁm+/f®w®ﬁ

and the perturbed system
&= Az +bug + gw, t € [1,t.], (1) =p

can appear in any state of the form

z=y(7,p,u2) + /q(t)w(t)dt, w(:) € Wi(r)

with
Wa(r) = {w(t), t€ [rt.] / W2(1)dt < va(r) = vg — / (w* (£))2dt},

w*(t), t € [t1,7] a realized perturbation till the current moment 7. We can deduce from
Lemma 6.3 that

max w/ (]2 = p(r)vs(7).

VEWL(T

Hence, ||z — y(7,p,u2)||?> < p(T)va(7), and the control ug(t), t € [1,t.] is feasible guar-
anteed if

ly (7, p, u2) | < 6%(r) := 65 — p(r)va(7).
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We consider a family of problems

t

min / u?(t)dt
w(t),tE[T,tx]

(6.47)

T

st &= Az +bu, z(1) = p, |z(t.)]* < 6(7).

Based on the Maximum Principle (cf. Pontryagin et al. [68]) we can formulate the
following proposition:

Proposition 6.8. An optimal control of the problem (6.47) has the form
ult;7,p) = 63 (1,0)f(t), t € [1,t.]
with ¢o(1,p) € R™ constructed by the rules
1. ga(7,p) = 0 if | F(ts, T)p)|* < 6%(7)
2. ¢ = ¢a(7,p) € R™ and the number A = \(7,p) are uniquely defined by the system
(L+AG(1))¢ = =AF(te, T)p, [[6]° = A?6%(7), A >0,

in the case that |[F(t., 7)p||> > 0%(7). Here the matriz G.(T) is defined by (6.32).

We can then compute the feedback control uwi(¢,z) at the second interval T3 using the
rules

us(t ) = 65 (t,2) f(t), t € Ta, w €RT, (6.48)
and the behavior of the dynamic system (6.4) is described by
&(t) = Az(t) + bus(t, z(t)) + gw(t), t € Ty, x(t;) = =z* (6.49)

with z* the state of the system (6.41) corresponding to the actual perturbation w*(t), ¢ €
T1. Summarizing the construction of the feedback at the first and second interval we
can conclude, that the behavior of the dynamic system (6.4) at the whole interval T is
described by

&(t) = Az(t) + bu*(t, z(t)) + gw(t), t € T, x(0) = xo,

with the feedback

(b z) = 4 o), LE T, (6.50)
’ ;(t,x), tels.

6.3 Closed-loop Min-Max Optimal Feedback Control Problem
with Several Correction Points

In the previous section we allow to correct our control at one time point. In the CLOCP
approach we include feedback aspects at fixed intermediate time points t; € T, i =
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1,...,m, with m > 1. We assume that at the control interval T there are given time
moments t;, ¢ = 1,...,m with

0:t0<t1<t2<"'<tm<tm+1:t*.

We assume now that we estimate the current state z(t;) := z(t;; uy, (+), wy,;) of the actual
system at each time moment ¢; and then correct the control with the new information
about the state.

r

CLOCP
Construct a control policy

W:(ui(gzi_l), iZl,...,Tﬂ—f—l) (651)
consisting of control laws
wi(+;zi—1) = (ui(t; zi—1),t € T3),2i-1 €R™, i =1,...,m+1 (6.52)

at each interval T; = [t;—1,¢;], @ = 1,...,m + 1, such that for any admissible
disturbance w(-) € W the state

o) = 2(t;mw(), tET
of the system

2(t) = Az(t) + bu;(t; 2(ti—1)) + gw(t), t€T;, i=1,...,m+1

6.53
Z(O) =20 ( )
satisfies the relation
|2 (ts; T, w(:)) — 4|3 < 62 for all w(-) € W (6.54)
and the cost functional
J(m) = J(m, w(-
(M) = max J(m.()
with
m—+1
J(mw() =Y /u?(t;z(ti_l;w,wti1(-)))dt (6.55)
=1
takes the minimal value
min J (7). (6.56)

We assume that the disturbance w is from the class of admissible disturbances:
t;

W = {w() € La(T) : / W2t < vg, i = 1,...m+1) (6.57)
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with given numbers v; >0, ¢ =1,...,m+ 1.

An interpretation of the optimal control problem (predictive problem) as a dynamic game
between the disturbance and the control allows us to better illustrate the advantages of
the closed-loop prediction. In the open-loop prediction the whole disturbance sequence
plays first, while the control sequence is chosen to counteract the worst disturbance
realization. In this case, the effect of the uncertainty may grow over the prediction
horizon T" and may easily lead to infeasiblity of the predictive problem. On the other
hand in the closed-loop schemes the disturbance and the control play one move at a time,
thus reducing the influence of the disturbance. Let us derive the worst case optimal
control policy 7 (6.51) using Bellman’s Principle of Optimality (see Section 4.2) and
dynamic programming. As before we distinguish between the actual system and the
nominal system. The actual system with disturbances is given by

A(t) = Az(t) + bu(t) + guw(t)

6.58
2(0) = 2o (6.58)
and the nominal system without disturbances is given by
2(t) = Ax(t) + bu(t
(6) = Aalt) +bu(?) 6.59)

x(0) = xo

with z(t) € R™ the state of the actual system, z(t) € R™ the state of the nominal system,
A e R™™ and b, g € R™ given matrix and vectors, respectively and ¢t € T = [to, t«].

We denote the optimal control policy, that solves CLOCP by

70 = (Wd(5zi1),i=1,...,m+1)

ud(zim1) = (Wt 2 1)t €TY), i=1,...,m+1.

)

(6.60)

CLOCEP is a closed-loop worst case optimal feedback control problem (cf. Section 3.5.2),
as we consider the disturbance and are able to update the control at certain time mo-
ments. The control is not a single control as in the open-loop case, but it is a control
policy which includes control laws that depend on the current state of each correction
moment. The control policy might also be different for a different realization of the dis-
turbance w(-). We note that the policy 7 and the control laws u?(+; z;_1) also depend
on the data of the initial problem. Therefore mathematically correct we should write
them as

7020, Ty, 1,0 = 0,...,m 4+ 1) and ud (- 21, Te ts,s =i —1,...,m + 1),

but for simplicity reasons, we will neglect the initial information in the cases in which
they are fixed. As in relation (6.13) for the existence of a feasible control in the open-loop
worst-case problem formulation, we formulate the necessary and sufficient condition for
the existence of a feasible policy 7 that satisfies (6.54) as

(1) Um1 < 5z, (6.61)

Here, u(t;) denotes the maximal eigenvalue of the matrix

t;
Q; ::/ F(t;,t)g(F(ti,t)g) 7 dt, i=1,...,m+ 1. (6.62)

ti—1
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Therefore relation (6.61) is significantly weaker than relation (6.13).

As in equality (6.15) we assume, without loss of generality, that the parameter dg > 0 is
minimal in the case that there exists a feasible control policy if we choose a suitable &g.
Therefore we can write

ptms1)vmi1 = 03 (6.63)

Let us describe the construction of the control policy using dynamic programming. We
will first consider the last interval Ty, 41 = [tim, tm+1]- In this interval the aim is to find
a control u(t) that minimizes the function

t'm+1

/ W2(1)dt (6.64)

tm

and also satisfies relation (6.54) for the actual system (6.58). Therefore the control
u(t), t € Typy1 should drive the nominal system (6.59) from the position z,, at t,, to
the position z, at t,,4+1. With Pontryagin’s Maximum Principle (see Theorem 3.3) we
can write the optimal control law for this interval T}, 11 as

u(t) = udy 1 (t2m) = (24 — Frpgr2m) Gl i F(tmg1, )b, t € T (6.65)

with
Fj:= F(t;,ti 1) (6.66)
Gi = /F ti, Ob(F(t;, t)b)dt, i=1,...,m+ 1. (6.67)

At this control we obtain the following value of the cost functional (6.64)

Im(zm) = (x4 — FmHzm)TG;l_H(:U* — Frt12m)

_ o 2
= |2 erlzmH(;;Llel

Therefore the control law u?n 41(t2m), t € Tpyy1, from the optimal policy 70 is com-
puted by the relation (6.65). We will now proceed with constructing the control law
ud (t; 2m-1), t € Ty, from the optimal policy 7°. We assume that the actual system
(6.58) is in some state z,—1 at the moment ¢ = ¢,,_1. Let a control u(t), t € T,
be found that drives the nominal system (6.59) from the position z,,—1 at t,, to some
position x,, at t,,. Among all such controls we choose the control that minimizes the

function
/uZ(t)dt — (). (6.68)
Tm

The control that drives the actual system (6.58) from the position z,,_1 at t,,—1 to some
position x,, at t,, and minimizes the functional (6.68) is given by

w(t; zm—1,Tm) = (Tm — szm,l)TG;llF(tm,t)b, teT, (6.69)
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and

Jm(u(, Zm—l’xm)) = (xm - szm—l)TG;nl(xm - szm—l) = ||37m - szm—lHérnl‘

From the information (6.57) about admissible disturbances at the interval T,, we can
show that the actual system (6.58) appears at the moment t = ¢, in a state z,, € Zp,(zy,)
with

Zi(x) == {z ER™: [z — x|l < v} i=1,....m+1, (6.70)

where @; is defined by (6.62), cf. Lemma 6.1. That means, if z,,_1 is a state of the
actual system (6.58) at the time moment ¢ = ¢,,_1 and if the control laws (6.65) and
(6.69) are used at the intervals 75, and T},4+1 respectively, then the sum of the last two
terms of the cost functional (6.55) is equal to

I (U5 2m—1,Zm)) + max  Jyu(zm)- (6.71)

ZmEZm(xm)

The control law (6.69) is optimal if the state x,, minimizes the functional (6.71), which
means

Im—1(2m—1) := min <||xm - szm_1HQG_1 + max Jm(zm)) . (6.72)
Tm m 2mEZm (Tm

We assume that 29, = 20 (2,,1) solves the problem (6.72). Then, by taking into account

(6.69) we can conclude that the control law u0, (¢; z), t € T, from the optimal policy 7°
is given by
0 (4o _ (20 T ~—1
Uy, (8 2) = (2,,(2) — Finz)' G F(tm, t)b, t € Tpy,. (6.73)

m

If we use the optimal control laws (6.73) and (6.65) at the intervals T,,, and Tp,+1,
respectively under the assumption, that the state of the actual system at t = t,,_1 is
Zm—1, we get the result that the cost function takes the value Jy,—1(zm—1), cf. (6.72).
Analogously, we suppose that z;_1 is the state of the actual system (6.58) at the time
moment ¢;_1 then the cost functional is equal to

J¢_1(zi_1) = Hi«lln (sz — Ezi_1||éi_1 + zzng?(};z) Ji(zi)> (6.74)

if we use the optimal laws

ul(t;zs—1), t €Ty, 2s 1 €R™, s=i4+1,...,m+1 (6.75)
and the control

u(t; zim1, ;) = (z — Fiz¢_1)TGi_1F(ti,t)b, teT,.

We assume that 2¥ = 20(z;,_;) solves the problem (6.74). Then the optimal law

7

ud(t; 2), t € T; from the optimal policy 7 is given by

ui(t; z) = (20(2) — Fi2) TGy F (8, )b, t € T (6.76)
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We apply the previous idea successively for ¢ = m,...,1. As a result we obtain the
min-max cost functional (6.56) as

J? = J(7%) = Jo(z9) = min <||£L‘1 - FleHé,l + max Jl(x1)> . (6.77)
1 1 z1€2Z1(x1)

We calculate the optimal control policy 7 (6.60) using (6.76). The states 2¥(z;_1), i =
m,...,1in (6.76) solves problem (6.74) for i =m,...,1.
We can rewrite problem (6.74) as the following (m — i)-level min-max problem

Ji—1(zi—1) =min max ...min max P(xs 25, S=1,...,Mm) (6.78)
Ti 2z, €Z;(x;) Tm  2m€Zm(Tm)
with
m+1
. 2
é(l's, ZSv s = Za e 7m) = Z HxS - FSZS—lHG;1
s=1
Lm+1 = Tx
and the decision variables zs; € R”, z, € R™, s = 1,...,m. This multi-level problem

consists of nested min-max optimization problems. Figure 6.3 shows the tube where the

. - Neighborhood

FIGURE 6.3: Optimal feedback control with correction at intermediate time moments
for a policy = (+).

trajectories corresponding to a particular realization of the uncertainty are inside. The
constraints have to be satisfied by every trajectory in the tube. The red ellipsoidals show
the reachability sets Z;(z;) at the corrrection points. At those points we can measure the
current state and correct the control. The black ellipsoidal shows the §2-neighborhood
at our final moment t = ¢,.

6.4 Approximative Control Policies

As we cannot solve the problem analytically we have to solve each program at each stage
numerically which yields high computational costs as we have to first discretize each state
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to compute and store the min-max cost functional J;_1(z;—1) (6.74) and the vectors
29(z;—1) for all combinations of the discretized states and for all stages i = 1,...,m.

Therefore we now present an approximative approach which is suboptimal but it is
a more computationally amenable algorithm, which can be implemented online. We
formulate and analyze approximative control policies denoted by 7(x°), w(A°), m(A*), *

and 7. First we show some results, that are needed to formulate the policies.

We consider the following two optimization problems
h:qmnmm<@x—ﬂﬂw4+wb—ﬂﬂ@4) (6.79)
T zeZ(x) 0 *
with Z(z) = {z € R" : ||z — z[|%_, < v} and
,L:::{ggi<Hb——FBaH%,%A)+—Av> (6.80)
with Fy € R™" a given matrix, F, € R™"*™ a given nonsingular matrix A € R, A\, :=
Amax (NTF*TG*_lF*N) where ), is the maximal eigenvalue of the matrix NT FI' G 1F,N
and where Q! = (N"1)T N1 € R™" and

F.QFT
>\ b

G(\\) = F,GoF! + G, —
Fy = F.F,.

In both problems let the vectors a,b € R", the matrix Fp, the nonsingular matrix
F, € R"™" the positive definite matrices Gg, G, € R™ ", the nonsingular matrix
N € R™™ and the positive number v € R be given. The matrix G()) is positive definite
for all A > A, by construction.

Lemma 6.9. The equality Iy = I, holds. Given an optimal solution \° € R of the
problem (6.80), a solution x° € R™ of the problem (6.79) is defined by

LEO == Foa - GOFEG_I()\O)(FOCL - b)

Proof. Using the variable transformation

p=F.(z — Fya), = = F.'p+ Fya
E=b—F,z, z=F 1 (b—¢)

and the notations

we can apply Theorem 5.16. It is easy to verify that

mM=D4+G4—%
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and Apax (Fx N)TG7H(FN)) = Amax (ADA)
in problem (5.29). According to Theorem 5.16 it holds that

2% = Foa+ F71p° = Foa + F7Y(E.GoFD)GN)7Hb — Fya).

O
In what follows we use the following notations

t;
Qi = / F(t;, t)g(F(ti,t)g)"dt, Qi = N;N;" (6.81a)

ti—1
F, = F(ti,ti—1), F; = F(ts,ti—1) (6.81Db)

t*
Gai = /F(t*,t)b(F(t*,t)b)Tdt (6.81c)

t;

t;
Qui = / F(ty, t)g(F(te, t)g) T dt (6.81d)

ti—1
Gi = /F(ti,t)b(F(ti,t)b)Tdt, i1, ml. (6.81e)

T;
Gmi1 = Gmi1 (6.81f)
~ _ - Qs
Gi(Aiy. o, dm) = Guim1 — ; X (6.81g)
_ i—1 Qz

Gi(A1, .. hie1) = G(ti, to) — ; 7 (6.81h)
A; = F 1 N; (6.81i)
Hm = )\max(Az—‘nGm—i-lAm) (681J)
Nz() = ,ui()\H_l, ey )\m) = )\max (AlTéz__i_ll ()‘i+17 NN )\m)Az> (6811{)
i = tom (6.81)
M;k = Mz’(#;“ﬂ»#fw» RS :u;kn)7 t=m— 17m - 27 R 1 (681111)
i = )\rnax(NZTF‘ZTHGZ;llFiJrlNi) (68111)

Fiz iy Am) = ||z — Fizugfl(%m,km) +3 s, i=1,...,m (6.810)

m
SO Am) = [loe — F(ts, t0)20||2@;n1+1(%“7m) +> A (6.81p)
i=1
m+1
O(xs, 25, §=1y...,m) = Z |zs — Fszs,lHé;l (6.81q)
s=1
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6.4.1 Problem Formulations

As before we will need the following functions to construct the optimal control policy
In(2) = 22 = Froa2lPs
m—+1

Jio1(2) : = min max <||mi—E~z||é_,1+J¢(zi)), i=m,...,1,

x ziEZi(wi)

Jo(z0) = min <||;r1 - F120||é—1 + max J1($1)> ,
z1 1

z1€2Z1(x1)
Ji—1(zi—1) =min max ...min max P(zs 25, S=1,...,m).
Ti z;€Z;(xi) Tm  2m€Zm(Tm)

Further, we define recursively the following problems

I,(2) = Jn(2)
P (2) : = Jn(2)
=

I 1(z min min .. min  min (6.82)
AmZpim Am—12pm—1(-)  Nip12pit1(r) Ti
max (Hxl — FiZHé_,1 + fi+1(zi, Aitlyeees Am)> (6.83)
Z»;EZZ'(IZ') K
P;_1(z) : = min max (H:L‘, — FizHé_l + Ii(zi)> ,i=m,..., 1. (6.84)

With Lemma 6.9 we can deduce that

Ii_l(Z) L= )\,flnziﬂm )\milgl/ijifl(.) . )\Zgl!ljl() fz(z, AZ’, v ,)\m) (685)

Additionally to J;—1(z), I;—1(z) and P;_1(z) we consider also the following problems

Vo= min max O(xi, zi,i=1,...,m), (6.86)
z; ER™i=1,....m zlEzl(I‘l),Z:l ..... m

WO := min f()\)
AeR™ (6.87)
s.t. )\i > ,ui()\lqu, ey )\m), 1= 1, e, M.
and

W™= /\Igﬂi@r}n fN) (6.88)

st. i >pp,i=1,...,m.

6.4.2 Analysis of Problem Formulations

Let us now analyze the properties of the problems we formulated in the previous sub-
section.
First we consider problem [;_1(z) (6.85)

I (2) = Jm(2)
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I;_1(2): = min min ... min oA
i-1(2) A2t A1 fian—1(-) A>uz()f’( iv s Am)

In the following propositions we summarize characteristics of the problem

Proposition 6.10. The set of feasible solutions to problem (6.85) is convex.

For the proof of Proposition 6.10 we need the following lemma:

Lemma 6.11. We consider the matriz

k
( Zf) = (A1,... M) €A,

with the matrices A, B;, i = 1,...,k being positive definite and the set A C Rﬁ being
convex. We assume that S(\) is positive definite for all X\ € A. Then, the function
Amax(S7H(N)) is convex at A.

Proof. (cf. Kostina & Kostyukova [46])

We can show the convexity of the function Amayx(S~1())) at A by proving the concavity
of the function A\pin(S())), as it holds that Apax(S™H(N)) = m

We consider the matrix

Slar+(1—a)y)=A->) (6.89)
— ax; +( 1 —a)y;

with z,y € A and o € [0,1]. With the inequality m < 24 I_TO‘, for all

a>0, b>0and « € |0,1], we can rewrite matrix (6.89) as

k B, k B k
S(aw+<1—a>y>=a<A—Z;> (1-a) (A Z ’>+ZB@
v i=1

i=1
=aS(z)+ (1 —a)S(y)+ B (6.90)
_ k
with 5; > 0, i = 1,...,k some numbers and matrix B = »_ B;; positive semidefinite.
i=1

With the rewritten matrix (6.90) and the inequalities

Amin(S(az + (1 — a)y))
>Amin(aS(z) + (1 — @)S(y))
> min(S(2)) + (1 — @) Amin(S(v))

we can deduce the concavity of the function Apin (S(A)) (cf. Magnus & Neudecker [61])
and therefore the convexity of the matrix Apax(S™1(N)). O

Using Lemma 6.11 we can now prove Proposition 6.10.

Proof. (of Proposition 6.10)
We will use induction to show Proposition 6.10.
For s =m — 1 the set Ap—1 := { A\, € R : iy, < Ay, is convex and as we constructed the
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matrix G’m()\m) it is positive definite for all A\, € A,—1.
We now assume that for some index ¢ < s < m — 1 the set

Ag ::{()\erla---a)\m)eRm_i:ng)‘mvuj()‘j+1""v/\m)g)‘jv j=m-—1,...s+1}

is convex and the matrix é5+1()\3+1, .+ +y A 18 positive definite for all (As41,...,A\m) €
Ag_1.

We now consider the index s — 1. With Lemma 6.11 for the index k = m — s, the
matrix S = ASG;&I(AsH, ...y Am) A and the induction assumption we can deduce that

the function

fs(Ast1y -y Am) for (As1,...,Am) € Ag (6.91)
is convex. Therefore the set Ag_q is also convex. We know that the matrix G sAsy oy Am)
is positive definite for all (As,...,A) € As_1 by construction and therefore we can
deduce that the sets A;, s = m — 1,m — 2,...,7 are convex. The set of the feasible
solutions to the problem (6.85) coincides with the set A; and therefore the proposition
is proven. O

The following proposition follows directly with Proposition 6.10 and Lemma 6.17:
Proposition 6.12. The cost function of problem (6.85) is convez.

Remark 6.13. In the proof of Proposition 6.10 we showed that the functions (6.91),
i=m,...,1, are convex. In general case, these functions may not be nondifferentiable

at the values (Nit1, ..., A\m) for which the matriz
ATGL Ny Am) A

has several maximal eigenvalues.

In the following lemma we show the relation between the problems J;(z;), P;(z) and I;(2)

Lemma 6.14. The following inequality holds:

Ji(z) < Pi(z) < Ii(2), i=0,...,m. (6.92)

Proof. The proof is done by induction. By construction we have J,,(z) = Pp(2) =
I,(z) and Jp,—1(2) = Pp-1(2) = In—1(2). Therefore the inequalities (6.92) hold for
i =m,m — 1. We assume that for some i < m — 1 the inequalities (6.92) hold. We want
to show

Jic1(2) < Pi_i(z) < Liq(2). (6.93)
With (6.74) and (6.84) it follows that the inequality J;(z) < I;(z) implies the inequality
Ji—1(z) < Pi_1(2). (6.94)

With the min-max inequality

. < i
max min fy,w) < min max f(y,w)
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where Y and W do not depend on w and y, respectively, and with (6.83) it holds that

I;_1(2) > min max z; — Fiz|%.1 + min ... min i 1(Zi N1y ooy A
! 1( )_ Ty z€Z;(x;) <‘ ! ! HGil Am > pm >\¢+1Z#i+1(')fl+1( b ’ m))

= min_max (||;L~Z- — Fz| + Ii(zl-)>

Ti z€Zi(x;
= Pia(2)
With the last inequality and with inequality (6.94) we can deduce inequality (6.93) and
therefore the lemma is proven. O

For problem (6.86)

V9= min max D(xi, 2,0 =1,...,m),
z; €ER™i=1,...,m ZZEZZ(IZ)7Z:177m

we can formulated the following proposition

Proposition 6.15.
The inequality J° < VO holds for the optimal values of the cost functionals in the prob-
lems (6.78) and (6.86).

Proof. We apply the min-max inequality

. o
mapx min, fly,w) < min ma fy,w),

where Y and W do now depend on w and y respectively and get

J°=min max ... min max min  max  P(z,2;,0=1,...,m)
1 ZlEZl(CL’l) Tm—1 anfleanfl(anfl Tm ZmEZm(Im)
<min max ...min min max max Dz, z,i=1,...,m)
1 z1€Z1(%1)  Tm—1 Tm zpm_1€Zm—1(Tm—1) 2mE€Zm (Tm)
<. <L min max (i, 25,0 =1,...,m) =V

J?iERn,i:l,...,m ZZEZL(J,‘L)J:L,TTL

O

The problem (6.86) is a two-level optimization problem in the variables z; € R", i =
1,...,m (at the upper level) and z; € R", i = 1,...,m (at the lower level). In general,
such problems are non-convex and non-continuous and are assumed to be very difficult
for computations. However, special properties and structures of problem (6.86) allow us
to derive an effective method for its solution.

To apply Lemma 6.9 to problem (6.86) we rewrite the problem in the following form

m+1
V% = min...min <S1(:z:2) + max ... max : g ||z — Fizil||él> (6.95)
2 i
=3

Tm 22€Z2(x2) 2m € Zm (Tm
with

Si(x2) = min  max <||a:1 — Figl|A o + ||z — F2Zl”é—1) .
1 Zlezl(wl) 1 2
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If we now apply Lemma 6.9 we get

_ : _ 2
S (1'2) = /\r1nzlg1 (ng F2a1HG2_1(>\1) + )\1’01) (696)
with
[ =Amax (N1TF2TG2_1F2N1) , a1 = Fizg,
- Q1 Ff 2
GolNy) =FrGr FT + Gy — % = Gt 1) — % (6.97)
1 1
t1
@1 = [ F(tn.09(F(t1,0)9)"dt = NNT
to
t; t;
G(t),ti) Z/F(tj,f)b(F(tj,t)b)Tdt, Q= /F(tj,t)g(F(tj,t)g)Tdt. (6.98)
t; ti—1
If we now substitute (6.96) into problem (6.95) we get
m—+1
V0= mi in...min | S ,A 1)+ Av1+ max ... max z; — Fizi_1||%-
iy, i 1 ( A ) A i 2 I Pl
(6.99)
with
i 2 2
st =g (b~ Pl = i)
Applying Lemma 6.9 to the latter problem yields
. 2
Salirs, i) = min (ng — Fyaal%oi 0+ )\21;2) (6.100)
with
fii =Amax (N} F G FiiNs) i o= Fai—,
= = FiQiFF
Gi(M, .- A1) =FGici(M, .., i) F + Gy — %
i1
Gty L@ Y 6.101
(ti,to) N N (6.101)

Qi = / F(ti,t)g(F(ti t)g)" dt = NNl

ti—1

G(tj,t0) and Qg are defined by (6.98). If we now substitute (6.100) into (6.99) and
perform recursively m — 1 times the described application of Lemma 6.9 we get the
following formulation of V°

VY= min min ... min f(A;, Aoy .., Am)
)\12}11 )\22/12 )\mzﬂm
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with
f(Alﬂ)\27"‘7>\m): H:Eerl_Fm+1am||G 1 LA, +Z/\ Vi,
Qm = F(tm,to)ZO, Tm+4+1 = T,
B m Qm—i-l
Gt A1 Ay -3 Am) = Gt to) — o
i=1 t

This means, that we transformed the two-level min-max problem (6.86) in the variables
r; € R" i =1,...,m at the upper level and z; € R",i = 1,...,m in the lower level to
the one-level minimization problem in the m variables A = (A1, ..., Am)?. We can write
this problem as

0 .

= A 102
Vo= i ) 10
st. A>n

with f(A) := dTGmH( Yd+vT )\, the vectors i = (fi1, ..., fim)?, v = (v1,...,0m)T, d =
d(z0, ) = T« — F(t«, t0)z0 being given.

Proposition 6.16.
The function f(X) is continuous and conver at A = {\ € R" : X\ > i}.

The proposition follows directly from the following lemma:

Lemma 6.17. We consider the function f(\) = d' S(\)d, for X\ € A, with the matriz S

being defined through S = S(A\) = A—>_ %, and with d € R™ a given vector, A € R"*™
i=1""

a given matriz, B; € R™", i =1,...,m given positive definite matrices and A C R}
a convex set. We also assume that the matriz S(\) is positive definite for each A € A.
Then the function f(\), A € A is convex.

Proof. To show the lemma we will show that the Hessian of f(\)

() . .
VR 2(D +diag(aj,j=1,...,m))
with
dTS_lBjS_ld
aj:#, ] :1,...,m
J
and

b <BlS‘1d ”_Bms—ld>T51 <Bls_1d Bms—1d>
22 X2, 22 52,

is positive definite for all A € A. The matrix D is positive definite since the matrix
S~1(\) is positive definite for all A € A and it holds that a; > 0, j = 1,...,m because
of the inequalities \; > 0, j = 1,...,m. Therefore the Hessian is positive definite. ~ []
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Problem (6.102) has a solution that can be found by standard methods of nonlinear
programming.

For problem (6.87)
1170 . :
Y= >ty

st A > i1y o s Am), i=1,...,m

we need the following reformulations for J° and P;_1(z;_1)

m—1
J° =min max ... min max Z ||x; — Fizi_lﬂé_l + Pr—1(2m-1)
1 z1€Z1(x1) Tm—1 zm—1€Zm—1(Tm—1) P i
(6.103)
where
Py 1(2m_1) = mi (llem = Fonzn 112, - 2 ).
m—1(2m-1) min - max l2m = Emzm-illgs +l2e = Frnirzmllg-s

Using Lemma 6.9 we can write

Pr-i(2m-1) = min (Hx* — Frzmoal% + )\mvm> (6.104)

m = HUm

where F and G(\,) are defined in (6.81). If we now substitute (6.104) into (6.103) we
obtain an expression for JY

m—2
J°=min max ... min max Z |zi — Fizic1||21 + Pr_a2(zm—2) | ,
1 z1€Z1(x1) Tm—2 z2m—2€Zm—2(Tm—2) 1 G;
(6.105)
where
Py—2(zm—2) := min max min

Tm—1 Zm—lEZm—l(wm—l) )\mzﬂm
(me—l - Fm—lzm—QHé:nl_1 + H-%'* - _mzm—luégll(/\) + )\m'Um>
With Lemma 6.9 we can conclude that

Pr—2(zm—2) < Iym—2(2m—2) := min min max
)‘z.u‘m Tm—1 2m—1 eZm—l(xm—l)

(me—l - Fm—lzm—QHZG—lil + H"L'* - szm—luér—nl()\) + Am”m)

m
. . . — 2
=  mn min () (H.T* - milzmizné’;l_l()\m—l,/\m) + Z )\svs> . (6106)

Am > m Am—12Mm—1 s—m—1
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Here, the matrices F; and G(\) are defined as in (6.81). Using (6.105) and (6.106) we
get

JO <min max ...min max
z1 Z1621(m1) Tm—3 Zm73€Zm73(.1‘m73)

=3 ) (6.107)
<Z |z; — Fyzia |Gy + Pm—S(Zm—?)))

i=1
where

Py_3(2m—3) := min max min min
Tm—2 Zm—QEZm—Q(Im—Q) Amzuﬂm )\m—lz,ufm—l(‘)

m
(me—Q - Fm—QZm—S”éT—n172 + H«T* - Fm_lzm_QHéfnl,l(/\m—h/\m) + Z As”s) .
s=m—1

If we again use Lemma 6.9 we obtain

Pr—3(zm—3) < I;—3(2m—3) := min min min
)\mzﬂm )\m—lzﬂm—l(‘) )\m—QZHm—Q(‘)

) m (6.108)
Hx* o m—QZm—3Hé:n172(/\m727)\m717)\m) + Z )\Svs

s=m—2

By substituting (6.108) into (6.107) and continuing the described operations recursively
we get the inequality

J° < Py(z)
with

Py(z0) = min min ... min
A Am—12pm-1  A>pa ()

m
<||1'* - F120||C~;1—1()\1’,_7>\m) + Z )\sUs> .
s=1

This means that the optimal value of the cost functional in problem (6.109) may be taken
as an approximation for the optimal value of the cost function in the original problem
(6.77). By analyzing the relations (6.81) we can easily verify that

(6.109)

||$* — F120||é171(>\17m7>\m) + Z AsVs = f()‘)
s=1
where f()) is defined as in (6.102). Therefore we can rewrite problem (6.109) as W?°
(6.87)
WO := min f(\)
AER™ (6.110)
site N > i Nig1y -y Am), 1=1,.0.,m.
Problem (6.88)
W* := min f()\)

AER™
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st. A >pl,i=1,...,m

is a problem of convex function minimization subject to bounds on variables. We will
now analyze the relations between the problems (6.102) and (6.88). For this we will need
the following lemmas:

Lemma 6.18. Let the matrices Ax = AN, ..., AY) and A= A(Am, ..., \;) be defined
by

with the matrices M, Bs, s = i,...,m being positive definite, As = A\ + AXg, A% >
0, AXs >0, s =1,...,m. We assume further that the matriz A, is positive definite.
Then it holds that

)\max (A_ ! ) > )\max (A_l ) .

— m
Proof. 1t is easy to verify, that A = A, + B with the matrix B =} B)\%‘;\AS being positive
5=t s
definite. Then it holds that

Amin (A*) S )\min (le) .

Lemma 6.19. The mazimal eigenvalues of the matrices
M = A?ﬁléi_l()\;k, ceey /\jn)Ai—l and M = Ni_lFiTGi_lFiNi_l
with the matrices A;_1 and G;l()\f, .., AL being defined by (6.81) satisfy the inequality

Amax (M) > Amax(M).

Proof. To prove the lemma we have to show that

)\min(M_l) < Amin(M_l)-

By (6.81) it holds that M = M + B with the matrices M, M, B being positive definite.
And with Magnus & Neudecker [61] we can deduce that Apax(M) > Apax(M). O

The Lemmas 6.18 and 6.19 yield the inequalities
i >y, i=1,...,m

and therefore any feasible solution in problem (6.88) is feasible in problem Iy(zp). There-
fore the following inequalities hold

VO>wr > W, > .

This means, that we can use the optimal value of the cost functional in (6.88) as an
approximation of the cost functional of the original problem (6.78).
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6.4.3 Approximative Control Policy 7(z°)

We consider the control policy m# = m(z1,...,2,,) for a fixed set of system states
T1,T9,...,T, with the following control laws
ui(t;2) = (xi — Fi2) TG F(t, )b, t € Ty, i =1,...,m+ 1. (6.111)

We can interpret this policy as follows. We assume z;_1 to be the state of the actual
system at the time moment ¢t = t;_;. We choose a control at the interval T; = [t;_1, ;]
which drives the nominal system (6.59) from the actual position (t;_1,2;—1) into the
given position (¢;,z;) by minimizing the function [ u?(t)dt.
T;
We can now define an optimal control problem with a cost functional J(7) that depends
on the policy m but does not depend on the disturbance w(-) € W. A conventional choice
is
J(m)=J(m(x1,...,2m)) =V(x1,...,2m) = max O(x4,2i,i=1,...,m).
ziGZi(mi),i:I,...,m

(6.112)

Here, we take into account that for any admissible disturbance w(t), ¢ € T; the state
of the actual system z; and the state of the nominal system x; are related through
zi € Zi(x;), with Z;(z) defined in (6.70). We then choose among all policies m with
control law (6.111) a policy that minimizes the cost functional (6.112). The problem can
be formulated as VO (cf. 6.86)

VY= min max O(xi, 2,0 =1,...,m).
z; €ER™i=1,....m ZZGZZ(:E’L)’Z:177m

The optimal value of the cost functional of problem (6.86) satisfies Proposition 6.15 which

means that we can consider the problem (6.86) as an approximation of problem (6.78)

and a policy m = ﬂ'(.%'(l), ...,x2), which is constructed by a solution x(l), co,2d € R™ of

problem (6.86) can be considered as an approximation of an optimal policy 7° with the
control laws (6.76).

Algorithm 6.20. (Determination of control laws of an approximative policy 7(z?))
GIVEN Initial state zg = z(to)
COMPUTE the matrices F;, G;, Q;, p; fori=1,...,m+1

FORMULATE and SOLVE (offline) the problem

0 _ .
VI
st. A>n

SOLUTION: A0 = (A9,..., A0)T
FOR i =m,...,1 (offline)

START and SAVE z) ., =z,
COMPUTE
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@ |n=.

_ i—1
Gi(A\, ..., A% ) = G(ti, to) — s; <

di = 95?+1 — F(tiz1,t0)20
¥ = FLaGEL (O, A
af = Gi(AY, . AW + F(ti, to) 2o
SAVE ¥
END
FORi=1,...,m+1
GIVEN state z;_1
DETERMINE the control law at t € T;
wi(t; zi) = (29 — Fizi)TGy Y F(t, )b, t € T,
END
DENOTE the control policy composed of the control laws by 7(z°)

We want to underline that the described policy 77(3;(1], ...,22) is an optimal guaranteed

policy at the set of policies of type (6.111) with respect to the worst-case performance
(6.55). The policy w(x9,...,2Y,) guarantees for any admissible disturbance w(-) € W

e that the initial state zp of the actual system (6.58) is steered into the
d,-neighborhood of the terminal state z, in m steps,

e and the value of the cost functional at the realized control does not exceed Vj.

For the cost functional, the estimate V? is exact in the class of policies (6.111), namely

J (w2, ... 20)) = VO < J(r(21,. .., 2m)).

6.4.4 Approximative Control Policy 7(\")

First we will use an optimal solution A\° = (A\},..., A% )T of problem (6.87) to construct
an approximative control policy 7 = 7(A°) which guarantees that for all admissible
w(-) e W

e the terminal state of the actual system (6.58) remains in the d,- neighborhood of
the terminal state x, at the time ¢ = ¢,

e and the value of the cost functional at the realized control does not exceed WV.
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Given the solution 29 = 29(2g) of the problem

m

E 0
= )\2 V;

=2

(6.113)
+min <||$1 Fazollgr + Lol — Faallgziag,.. a0
we construct the control law u(-; zp) at the first interval by the rule
uy(t; 20) = (29(20) — Fi20)T G F(t1,1)b, t € Ty. (6.114)

We will describe the rules of solving problem (6.113) later. Using Lemma 6.9 and the
previous computations it yields

m
Wo(Zo) = )\In>1n (Hl'* — F120’|?~;1,1(/\87W7/\9n) + /\1’01) + Z)\zvz

1= ILL1 i=2

where 1§ = 1 (Ay, ..., AY). The control (6.114) at the interval T has the cost

/u%(t; 20)dt = ||29(20) — F120H2Gl‘1 = AW (2p).
T
Using (6.113) we may estimate
Wo(z0) >||2 (z0) — F1z0||é;1 + [|zs — F221||G AL, A ) T Z)\Ovz

ZAWl(Z()) + Z )\?vi
1=3

4+ min (H:p* — nglHG A9, A0,) + )\21)2)
)\2>N‘2 s\ m

=AW (20) + Wi(z1) for all z; € Z1(29(2)).

(6.115)

Here and in the following Y denotes pf := p;(A), 1, ..., A%), i =2,...,mand W;_1(zi—1)
denotes

Wi-1(zi-1) :=min (sz Fizia|?

(6.116)

+ max ||ze— z ) Z )\Ov
ZiGZi(xz)H : H_l ZHG +1’ A s=t+1 .

By construction the control (6.114) drives the nominal system from the position zy at
t = 0 into the position 29(zg) at t = ¢;. Hence, the actual system (6.58) at the moment
t = t; appears at some state z; € Z1(29(20)). Thus, the inequality (6.115) holds for any
state z1 of the actual system (6.58), generated by the control (6.114) and any admissible

disturbance w(t), t € T1.

Let us now consider the case for i > 2. Depending on the state z;_; of the actual system
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(6.58) at the moment ¢ = t;_; we define the control law at the interval T; by the rule
wi(t; zio1) = (2Y(2i-1) — Fizio1) TG ' F(ti, )b, t € T, (6.117)

where 20 = 29(z;_1) solves problem (6.116). The control (6.117) at the interval 7; has
the cost

/u?(t; z0)dt = ||x?(zi,1) — Fizi,1||2G_,1 =: AW;(zi—1).

T;

Using (6.116) and Lemma 6.9 we may estimate

Wi—1(zi—1) >AW;(zi-1) Z PYEIR

s=1+42
. o (6.118)
+ /\nglilgﬂ <||9C* Fz+1ZZHG LT YIRI I )+ )\z+1vz+1)
=AW;(zi_1) + Wi(z) for all z; € Z;(29(z;1)).
Repeating recursively the arguments for 4 = 3, ..., m we obtain the control policy 7(\°)
with the control laws (6.117) for each stage i« = 1,...,m. This means, that for any

admissible disturbance w(-) € W the inequalities (6.118) hold at all stagesi =1,...,m~+
1. Hence, for all w(-) € W we have

m—+1
Zm+1 € Zm+1($9n+1(zm)) = Zm+t1(xx) Z AW;(zi—1) < Wo(z0) = wo.
=1
Lemma 6.21. It holds that
m+1
max Z AW Zz =

2 €Z;(29(2i-1)
or in the other notations (see (6.55))

J(m(\%) = W,

The latter expression means, that for the policy 7(\%) the estimate W0 of the cost
functional is exact, which means that there exists an admissible disturbance w(-) € W
under which realization and under the policy m(A") the cost functional at the resulting
control has the value W9.

Let us now discuss the rules of constructing solutions z9(z;_1) of problem (6.113) and
(6.116). According to Lemma 6.9 we have to compute a solution A = &(A°, 2;_1) to the
problem

Argzlo (Hx* Fizi- 1HG LOGAY A )+/\z”Uz‘>- (6.119)

i

Problem (6.119) is a convex one-dimensional optimization problem at the subspace A\; >
1. We can construct its solution by the following algorithm
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Algorithm 6.22. (Determination of & (A, zj—1))
INPUT S (st Nit1s---> Am)s Fis Guiy Quiy Niy sy Ni fori=1,...,m+1
FORi=1,...,m
TF [|NEEL 87 (i Aty - - Am) (@ — Fizio1)|[2 < () s
THEN &(A, zi-1) =t
ELSE
COMPUTE root of
||N?F£1§;1(§i, Xit1s - Am) (@ — Fizi 1) |12 = (&)%v;.
THEN &(A, zi—1) = & >
DENOTE the solution by &;(A, z;—1)

END

Remark 6.23. Given the solution &(\°, z;_1) we construct a solution w?(/\o,zi_l) of
problem (6.116) by

TIN, 20) i= FLL GG, 2im1), Ay, oo A0 (w0 — Fizioq)

)\O, Zi—l) = EZZ' + Gi\If?(AO, Zi—l)-

SO 2O

(

By including 9 into the control law (6.117) it yields

ui(t; zim1) = (2 — Fizim) T GHEO, 2im1), N1y A0 F (L, )b
tET, i=1,....m+1.

Altogether we can formulate the following algorithms for constructing optimal control
laws which define the control policy m(AY).

Algorithm 6.24. (Determination of control laws of an approximative policy m(A"))
GIVEN Initial state zp = z(to)
COMPUTE the matrices Fy, F}, Gi, Gui, Quis Niy G1(M, ..., Am) fori=1,...,m+1

FORMULATE and SOLVE (offline) the problem

m

Io(20) = min  fi(20, A1, Am) = [|74 — F120H2@;1(/\17”_7)\m) +) A,

i, 1=1,....m o

(6.120)
ste N > i Nty -5 Am), i=1,....m

SOLUTION of (6.120): A% = (A9,...,A0)T
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FORi=1,...,m

GIVEN state z; 1

~ m
COMPUTE Giy(NY,..., A),) = Guim1 — 3 &5
S§=1

COMPUTE &;(\°, 2;_1) using Algorithm 6.22 with

S(ttis Nig1s - Am) = G2, A0), A = A and p; =
DETERMINE the control law for ¢t € T;
wit; zi1) = (2w — Fyzio1) TG H &N, 2i-1), Mg, A )F (b, t)b
END

DENOTE the control policy composed of the control laws by 7(\%)

6.4.5 Approximative Control Policies 7(\*) and 7(\)

As we already mentioned in Remark 6.13 the functions p;(Aig1,...,A\m), ¢ =1,...,m
in the constraints of problem (6.120) are convex, but in general, can be nondifferen-
tiable. The nondifferentiability can cause numerical difficulties to the solution of prob-
lem (6.120). Hence, along problem (6.120) we consider now problem (6.88). With the
solution A* = (Af,..., A%)) of problem (6.88) we define the policy 7(\*) following the
rules that we described in the previous section where the upper index 0 is changed to *,
e.g. \) — Af. The policy 7(\*) drives the actual system into the d.-neighborhood of the
terminal state z, for any admissible disturbance with the cost which does not exceed
the value W*. While the bound W79 is exact for the policy m(A\°) the bound W* might
be inexact for the policy 7(A*). In general, we have the following inequalities

max AW (z) < W™ or J(w(\")) < W™ 6.121
ziEZi(yf(zi_l)),izl,...,mZ,Z_; ( ) ( ( )) ( )

An inequality in (6.121) can appear since an inequality

1= i Nrs s M) < g = pa(fy, - i) (6.122)
can hold in the problem of the type (6.119).

That means we can formulate the following algorithm for constructing the control policy
T(A*)

Algorithm 6.25. (Determination of control laws of an approximative policy m(A*)).

GIVEN Initial state zo = z(to)

COMPUTE the matrices Fj, Fj, G;, Gvi, Qxis Ni, p; fori=1,....m+1
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FORMULATE and SOLVE (offline) the problem
W* := mi A
2 T
st. N>, i=1,...,m
SOLUTION A* = (A},..., A%)
FORi=1,...,m

GIVEN state z;_1

_ m
COMPUTE G(\f, ..., \5) = Guiog — Y 9o
s=i °

COMPUTE &;(\*, z;—1) using Algorithm 6.22 with

S(is Mt 15, Am) = Gi(AL .. A5), A = Af and p; =

(2

DETERMINE the control law for ¢ € T;
it 2im1) = (2 — Fizio1) TG &N 2im1), Ny Ap ) F (s, 1D
END

DENOTE the control policy composed of the control laws by 7(\*)

Remark 6.26. With the solution & (\*, zi—1) we can restore the solution x0(\*, z;_1) of
problem W* with

TIN, zi1) = FL G (GO 2im1) Ay -, Al (T — Fizieq)
) (N, zim1) = Fizio1 + GiUd(\, 2i1).

(2

Remark 6.27. Let us note, that for any feasible solution 5\~: (5\1, e ,S\m) of the problem
(6.120) the policy () with the guaranteed cost W := f(X) can be defined by the rules
from the previous section with )\? being replaced by i, © = 1,...m. The estimate W 1is

exact for the policy w(X\) if and only if the following property holds.

Property 6.28. At each stage i, 1 < i < m, the number \; solves the problem of
type (6.119), with z;_; being chosen by z;_1 = Z;_1(9i—1(Z2i—2)). Here Z;_1(z;—2) and
Zi—1(Zi—1(Zi—2)) are optimal solutions of the outer and the inner problems in (6.116)
respectively, with i being replaced by i — 1 and \? being replaced by Xs, i=1,...,m.

The relation of type (6.122) is necessary for Property 6.28. We will now describe a
simple method of computing a feasible (possibly non-optimal) solution in the problem
(6.120) that possesses the Property 1 and satisfies f(\) = W < W*. For this we solve
problem (6.88). Let A\* be a solution of (6.88). We set Ay = %, fign = pt,, i =m —1
and perform recursively the following steps:
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1. We assume, that we already know at stage i, 0 <7 < m — 1 the numbers 5\8, s =
m,m —1,...,7+ 1 that satisfy the inequalities

5\5§[Ls = g (5\5+1,...,5\m), s=m,m—1,...,1+ 1.

2. Form and solve the convex programming problem with simple bounds on variables

e o (6.123)

St. As=As, s=i+1,....m, Asg > fis, s=1,...,1
with

/:LS:MS (ﬂ8+17"')ﬂia)\i+la"'7)\m)) S:i)i_lv"'71'

3. We assume, that (5\1, N 5\i+1, . )\m> is an optimal solution in (6.123). Then

we put \; := N replace ¢ with ¢ — 1 and repeat the operations 1.-3.

In the described procedure there is no necessity to solve the problem (6.123) at each
stage. Indeed, assume that at the stage j the optimal solution

(il,...,}j,ﬂj+1,...,ﬂm> (6.124)
of the corresponding problem (6.123) satisfies the relations
Xj_l > /lj_l or 5\j_1 = ﬂj_l and ;\j = ﬂj.

Then the optimal solution of problem (6.123) corresponding to the next stage j —1 coin-
cides with the solution (6.124) from the previous stage j. This means we can formulate
the following algorithm for constructing the control policy 7(A).

Algorithm 6.29. (Determination of control laws of an approximative policy m()))
GIVEN Initial state zg = z(to)
COMPUTE the matrices F;, F;, Gy, Guiy Quiy Niy pf fori=1,....m+1
FORMULATE and SOLVE (offline) the problem

W

st. A >pl,i=1,...,m

SOLUTION A* = (A%, ..., %)
SET A\ = N5y flan = 4,

FORi=m—1,...,1
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FORMULATE and SOLVE problem

min f(\)
ACR™ N (6.125)
St. ds=As, s=1+1,....mA; > fig, s=1,...,1

~ ~ ~

SOLUTION (A1, ... Aj, Ajits -« - Am)
SET \; := \;

END

FOR:=1,...,m

GIVEN state z;_1
~ o~ ~ m ~
COMPUTE G;( Ny ...y Am) = Guio1 — Z Qxs/ s
S$=1

COMPUTE &;(, z;_1) using Algorithm 6.22 with

S(pis Mis1s - Am) = Gi(Ni, -, ), Ai = AY and gy = i

DETERMINE the control law for t € T;

wit; zi1) = (2w — Fizio1) TGN EN 2im1), N1y -« o Am) F (ti, )b

END

DENOTE the control policy composed of the control laws by 7(A)

Remark 6.30. With the solution &(S\,Zi,l) we can restore the solution x?(S\,zi,l) of
problem (6.125) with

(N zi1) o= FELGTHEN, 2im1), Mg - s Am) (2 — Fizi1)

29\, zim1) = Fiziq + G0\, 21).

)

o

)

6.4.6 Approximative Control Policy 7*

We can introduce another approximative control police 7#* which is described by the
control laws

Ui(t; Zifl) == (I{g(zifl) - Fizifl)TG;lF(ti, t)b (6126)

with t € Tj, zi-1 € R, i = 1,...,m + 1 and 2¥ = k{(z) solves problem (6.83). It is
supposed to better approximate the optimal control 7(A?) because of the inequality

Jio1(2) < Tioa(2) < Wii(2) (6.127)

111



Chapter 6 . Closed-Loop Min Max Feedback Controls

which we can deduce from (6.93) and (6.116). If we use this control policy 7* instead
of the control policy (6.117) we have to solve online the problem (6.83) at every time
moment ¢t = t;_1. Because of Lemma 6.9 this is equivalent to the convex programming
problem I;_;(z;—1) (6.85) depending on the state z;_; of the actual system (6.58) with
respect to the decision variables A, ..., A;.

Altogether we can formulate the following algorithm for constructing the control policy
*

.
Algorithm 6.31. (Determination of control laws of an approximative policy 7*)
GIVEN Initial state zg = z(to)
COMPUTE the matrices Fj, F;, G, Gyi, Qui, Njfori=1,...,m+1
FORt=1,...,m

GIVEN state z;_1

FORMULATE and SOLVE (offline) the problem

Ii_1(zi—1) = H}\ln fi(20, iy -5 Am)
st As > ps(Ast1y -5 Am)y S=14y...,m

SOLUTION \? = (A0, ... A0)T

- m
COMPUTE G(X0, ..., AQ,) = Gaio1 — 3 %5
S=1

COMPUTE ¢(A°, z;_1) using Algorithm 6.22 with

S(ptis Mgty m) =GN 00, A = A and p; = 10
DETERMINE the control law for t € T;
ui(t; zio1) = (24 — Fyzim1) TGN &N, 2im1), A qy - o, AD) F (£, 1D
END
DENOTE the control policy composed of the control laws by 7(\%)

Remark 6.32. With the solution &(X\°, z;_1) we can restore the solution x?()\*, zi—1) of
problem (6.120) with

\II?(A07 Zi—l) = Flﬂléz’_l(fi()‘ov Zi—l)a A?«Hv R 7)‘21)(‘%* - Fizi—l)
.TUQ()\O, Zi—l) = FiZi_l + Gi\I/?()\O, Zi—l)-

(]
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6.4.7 Approximative Control Policy 7

Using the idea of classical feedback, we can introduce another approximative control
policy, which we will denote by 7. For this control policy, we assume that the actual
state of the system at a time ¢;_1 is z;_1. We compute a control such that it drives
the state of the nominal system (6.59) from the position z;_1 at ¢ = ¢;—; to the given
position z, at t = t, and the control minimizes the cost functional

ta

/ u?(t)dt.

ti—1
Now, this optimal control can be written as
u(tition, 2ie1) = (@ — Fta,ti1)zi1)  Gu1 F(ta, )b, t € [tioy, L] (6.128)

with G.—1 as in the definition (6.81c). We use this control for the actual system at the
interval [t;_1,t;] to drive this actual system to a state z; at the moment ¢;. At the new
position (t;, z;) we update the control by the rule (6.128) using this new position. We
then continue the process. With these rules we obtain a control policy

= (u;(;2zi-1), t=1,...,m+1)
which is determined by the control laws

ﬁi(t, Zi—l) = (:IZ* — F(t*, ti_l)zi_l)TG_l F(t*, t)b

*7—1

witht € T;, zi-1 € R", i=1,...,m+ 1 as in (6.60). The guaranteed value of the cost
functional (6.55) of the control policy 7 is given by

J(7) = s J(7,w(-))

with

J(@,w(") = . /u? (t; 2 (tim1; 7, wr,, () dt.
T,

2

Here, z(t; 7, wy(+)) is the state of the system (6.53) at the moment ¢ which is generated
by the control policy 77 and the disturbance wy(-). Altogether we can formulate the
following algorithm for constructing the control policy 7.

Algorithm 6.33. (Determination of control laws of an approximative policy 7)
GIVEN Initial state zg = z(to)

COMPUTE the matrices F; and G,; fori=1,...,m+1

FORi=1,...,m

DETERMINE the control law for ¢t € T;
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wi(t; zim1) = (22 — Fizio1)T Gui F (te, 1)b
END

DENOTE the control policy composed of the control laws by 7

6.5 Comparison of Different Control Policies

In this section we will first summarize and then compare the different policies we pre-

sented in this chapter. We considered the following policies:

1. The optimal policy 7° with the control law

ud(t;2) = (2%(2) — Fi2) "G F(t, )b, t €Ty, i=1,...,m+1,

0

where z;(2) solves the problem

Ji,l(z) = Hélln <||l’1 — FZzHé;l + zzénZ?();:Z) Jz(zz)> .

2. The approximative policy 7(z°) with the control laws

w(t;2) = (20 — Fi2)TG7 R (t,t)b, t €Ty, i =1,...,m + 1,

0

where x/, 7 =1,...,m solves the problem

V0= min max O(x, 25,0 =1,...,m).
wiER”,i:L...,m ziEZlv(xi),i:L...,m

3. The approximative policy m(A°?) with the control law

(6.129)

wd(t;2) = (Y2 (2) — Fi2) ' Gy F(t, )b, t €Ty, i=1,...,m+1,

with g;(2)" solving the problem

Wica(e) = min (s = Fisl +_ma o = Funraillos o

2 €24 (Yi

4. The approximative policy 7* with the control law

ud(t;2) = (2) — Fi2) TG F(t, )b, t €Ty, i =1,...,m+1,

0

where z;, 1 =1,...,m solves the problem

Ii_1(z) = min min ... min min max

Am 2 pm Am—1>pm—1(+) Xig12pir1(s) Ti zi€Z;(my)

(i = Bzl + fian(zi Aisns o Am))
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= min min coooomin fil(2, Aiy e A
AmZHm Am—12>pm—1(+) Xig1>pig1(0)

5. The approximative policy 7 with the control law
wi(t; zi1) = (2 — Fizio1) T G F(te, )b,
which is constructed based on the classical feedback.

For the values of the policies we have
Ji—1(2) < Ii-1(2)
and from (6.130) we can deduce that it also holds that
Lio1(2) < Wioi(2)
and therefore
Ji—1(2) < Li—q1(2) < Wi—1(2). (6.131)

Due to the inequalities (6.131) the policy 7* should better approximate the optimal
policy, but the disadvantage of this policy is that at each time moment ¢ = t;_; we have
to solve the following nonlinear programming problem depending on the state z;_; of
the actual system

Ii—1(zi-1) = min <dT(Zi—1)éi_l()\ia coo Am)d(zio1) + Z)\m)

(6.132)
Ste As > ps(Ast1y -5 As), s=mym—1,... 1.

with d(z;—1) = x« — F;2z;_1 we denote the vector known at the moment ¢ = t;. This prob-
lem is a convex programming problem in (m —i+ 1) variables A;, ..., Ay,. In comparison
to this policy, using the policy m(A?) we only have to solve off-line the convex program-
ming problem (6.120) instead of solving the convex programming problem (6.132) online
at each time ¢t = t;_1 if we use the policy 7*. This means that the policy 7* is compu-
tationally impractical even thought it might yield better results.

Altogether we can conclude the following:

e Control Laws and States: All policies 70, 7(2), 7(\°) and 7* have the same
expression for the control laws but differ in the states at the time ¢;, to which
the control law w;(t; z), t € T; drives the nominal system from the actual position
(ti—1,2). In policy m(z°) the state 2 solves problem (6.129) which is fixed through
the process, that means that it does not depend on an actual position (t;_1, z). In
the policies 7%, w(A\Y) and 7* the state always depends on the actual position and
solves one of the problems J;_1(z), W;_1(z) or I,_1(z), respectively.

e Cost Functions: The optimal values of the cost functionals are related through
the inequality (6.131).

e Transformation: Problem J;_1(z) can be transformed into an (m — i + 1)—level
min-max problem in the variables x5 € R", z9 € R", s =14,...,m (see for instance
the problem (6.78)). Problem W;_1(z) can be transformed into an one-dimensional
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convex problem with a bound on a variable (see problem (6.116)). Problem I;_(z)
can be transformed into a constrained convex programming problem in (m —i+1)
variables A\ € R, s =14,...,m with (m — i + 1) constraints (see problem (6.132)).

e Nonlinearity: The control laws of policy m(z?) are time-dependent but linear in

the state z. The control laws of the policies 7, 7(A?) and 7* are time-dependent
and nonlinear in the state z.

6.6 Numerical Example

Example 6.1. Simple Pendulum

We consider a simple pendulum which is a idealized string pendulum. It is a simple
model to describe pendulum swings. In the case of a simple pendulum the following
simplification assumptions are made. We assume that the cord on which the bob swings
is massless, inextensible and always remains taut. Furthermore we assume that the bob
1§ a point mass and that motion only occurs in two dimensions. We also neglect any
friction or air resistance. The gravitational field is uniform and the support does not
move. Then we can write the motion of a simple pendulum as

éz—(%) sin9+u(lt).

with g the acceleration due to gravity, | the length of the pendulum and 6 the angular
displacement. For linearizing the system we use the small-angle approximation, which
means, we consider

sinf =0

Therefore we can transform the upper system in a system of first order ordinary differ-
ential equations and add a control u(t) as follows:

il (t) = X9

Fo(t) = (—%) o1+ u(t).

For our purposes, we also add an additive uncertainty w(t). We assume g = 9.81m/s?
and l = 5em. This means we consider the following problem

2(t) = Az(t) + bu(t) + gw(t)
2(0) = 2o

with

and
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The policy was tested on the correction points
T={t1=1, tg =2, t3 =3, ty =4}.

In Table 6.1 the results of the tests of the different policies are presented that confirms
the theoretical analysis. We compared the policy m(\°) with the classical feedback 7 and
with the control method, in which we do not take into account any uncertainty (nu). We
can see that the values of the cost functionals of the classical feedback and of the one
without any consideration of the uncertainty are always better than the values of the cost
functionals of 7(\°). But on the other hand, the values of x% and xy differ from the
actual x*. As we already stated, the computation of the policy 7 is not practical. In
the case of w(t) = 0.32(cos(t) +sin(t)) in the upper example we obtain the cost function
values

J(m*,w()) = 120.15 J(m(AY)) = 120.85,

which means, that the policy © is, in this case, slightly better than w(\°) but it is not
efficient at all, as we have to solve a minimization problem in every iteration.
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7 Generalizations

In this chapter we generalize the approximative policies which we considered in the
previous chapters. In the first part of this chapter we consider a policy with which we
can control dynamic systems with pointwise state constraints. After that in the second
part we generalize the policy by adding additional constraints to the control and in the
last section we consider a disturbance which is bounded in a norm. We also formulate
practical algorithms for determining the control policies.

7.1 Guaranteed Control for Systems with State Constraints

Again we assume to have the actual dynamic system as before
2(t) = Az(t) + bu(t) + gw(t)
2(0) = 2o (7.1)
rank(b, Ab, ..., A" b)) = n.

and the nominal system

2(t) = Az(t) + bu(t)
2(0) = 2o (7.2)
rank (b, Ab, ..., A" b)) = n.

with the time interval 7 = [0, 7] and we have given time moments 7; € T and tj; €
T =I[rj-1,75], i=0,...,m, j=1,...,N with

O=1m0<m < - <TN =T«
Tj_lztj0<tj1<"'<tjm<tjm+1:7'j.

The disturbance w is from the class of admissible disturbances which is defined as

tji
W ={w(-) € La[T] : / w?(t)dt < vy, i=1,....,m+1, j=1,...,N} (7.3)
tji—1
with vj; given. As before we can correct the control at the time moment ¢;; using
the information about the current state zj; = 2(¢; u;(+), we(+)) of the actual dynamic

t=t;;
system (7.1) with the control u(t), t € [0,t;) and the actual disturbance w(t), t € [0, t;;).

The problem can then be described as
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Construct a control policy

W(T) = (7'('](7;),3 = 17"'7N)

consisting of control laws
Uji(';Zjifl) = (Uji(t;ij;l),t S 7;), Zji—1 € Rn, t1=1,....m+1, j=1,...,N

for each interval T;;, j=1,...,N, i =1,...,m+ 1, such that for any admissible
disturbance w(-) the trajectory

2(t) = 2(t;mw()), tET;
of the system
A1) = Az(t) + bujit; 2(mjio1)) + gu(t), t€ T (7.4)
satisfies
12(755 wry (-), wr; (+) — 5115 < 6

and the cost functional
N
~ max Z/ Wt 27131, wj_1 ())dr
=17

takes the minimal value

min J (7). (7.5)

™

\.

We can now correct the control at every time moment ¢;; using the information of the
current state. Therefore the set of feasible guaranteed policies is much wider than the

set of feasible guaranteed program controls.

Theorem 7.1. (Ezistence of a guaranteed problem control)

There always exists a control that guarantees to drive the trajectory of the system (7.4)
in the dp-neighborhood of zero at the final moment t = tj,41 of each interval T; for any

perturbation w(-) € W if and only if the inequality
N(t;)vm—&-l < o7

holds. Here, u(t;;) is the mazimal eigenvalue of

jS = /F(tji,t)g(F(tji,t)g)Tdt, 1= 1, co,m o+ 1.

T

The Theorem follows directly from the lemmas 6.1 and 6.3.
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As in equality (6.15) we assume, without loss of generality, that the parameter d, > 0 is
minimal in the case that there exists a feasible control policy if we choose a suitable J,.
Therefore we can write

() oms1 = 62, (7.6)

Let us first consider the last interval 7j,+1 on the interval 7;, 7 = 1,...,N. In this
interval the aim is to find a control u(t) that minimizes the function

tim+1
u?(t)dt. (7.7)
tim
The optimal control law for the interval 7T;,,1 can be written as
u(t) = i1 (5 2im) = (€ = Fimi12im)" Gyt F(tjma1, 0)b, t € Timpa (7.8)

with

G]’Z‘ = /F(tji,tj)b(F(tji,tj)b)Tdtj.
T

Hence, at this control we obtain the following value of the cost functional (7.7)
Jjm(zjm) = (&5 = Fjm112im)" G 1 (25 — Fjmy12jm)

2
— 13} = Fyms12iml31

Therefore the control law ugm 11t 2jm), t € Tjme1 from the optimal control policy
7j(7;) is computed by the relation (7.8). Let us now consider the previous time interval
and construct the control law u?m(t; Zjm—1), t € Tjm. We assume that the actual system
(7.1) is in some state zj,—1 at the moment ¢t = t;,,—1. Let a control u(t), t € Tjm be
found that drives the nominal system (7.2) from the position zj,—1 at t = tj,,—1 to some
position z,, at t;,,. Among all such controls we choose the control that minimizes the
function

u?(t)dt =: J(u(-)). (7.9)

tim—1

The control that drives the actual system (7.1) from the position zj,,—1 at t = tjp,—1 to
some position 2y, at t;y, and minimizes the cost functional (7.9) is given by

u(t; Zim—1, :Ejm) = (l‘jm — ijijfl)TG;nllF(tjm, t)b, t € 7;m (7.10)
and
Tjm (u(*; Zjm—1,Tjm)) = (Tjm — ijzjm—l)TG}rll(iEjm — Fjmzjm-1)

= lzjm — Fimzjm-1ll5-1-

jm
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Using the admissible disturbance (7.3) at the interval 7}, we can show that the actual
system (7.1) appears at the moment ¢t = t;,, in a state zj, € Zjm(xjm) with

Zji = {zeR”:Hz—ﬂé_l §vji}, i=1,...,m+1.
Jji

That means, if zj,,—1 is a state of the actual system (7.1) at the time moment ¢ =
tjm—1 and if the control laws (7.8) and (7.10) are used at the intervals Tj,, and Tjm+t1
respectively, then the sum of the last two terms of the cost functional is equal to

Jim(u(-; Zjm—1,Tjm)) + max  Jjm(Zjm)- (7.11)

2jm€Zjm (Tjm)

The control law (7.10) is optimal if the state z,, minimizes the functional (7.11), which
means

ij,l = Ig?in <||l‘jm — ijij71||é_,1 + max ij(zjm)> . (7.12)
jm jm

2jim€Zjm (Tjm)

We assume that x?m = a:?m(zjm_l) solves the problem (7.12). Then, by taking into
account (7.10) we can conclude that the control law u?m (t;2), t € Tjm from the optimal
policy 7;(7;) is given by

ugm(t; z) = (a:?m(z) — ijz)TG;}lF(tjm,t)b, t € Tjm.- (7.13)

If we use the optimal control laws (7.13) and (7.8) at the intervals 7}, and Tjm+t1
respectively under the assumption that the state of the actual system at ¢ = t;,,_1 is
Zjm—1 we get the result that the cost function takes the value Jjy,—1(2jm—1) as in (7.14).
Analogously, we suppose that zj;_; is the state of the actual system (7.1) at the time
moment ¢j;,_1 then the cost functional is equal to

. 2
Jji-1(zji-1) == min <H%‘i — Fizjiallga + e sz‘(Zji)) (7.14)

if we use the optimal control laws

u?s(t;zjs,l), teTjs, 2js—1 €R", s=i+1,....m+1
and the control

u(t; Zji—1, I‘ji) = (ZL‘ji - jz’zji—l)TGJ'_ilF(tji7t)a le 731

We assume that x?i = x?i(zji,l) solves the problem (7.14). Then the optimal control
law ugi(t; z), t € Tj; from the optimal policy 7;(7;) is given by

Uji(t; Z) = (a:?l(z) — FjiZ)TGj_ilF(ti,t)b, t e 7}2
We use the following approximative policy

m(T) = (mj(z,2},t5i,i=0,...,m+1),j=1,...,N)
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as it is practically impossible to construct the policy numerically. To describe the rules

for constructing each j-th control policy
ﬂj(z,x’;,tﬁ,z’ =0,....,m+ 1)

we will need the following definitions

ti*
G5 = [ Pt
tj;
tj;
Q= [ F;t)0(F (o)t
tji—1

Gm+1 = Gjm—H

Gii(Njis - - Ajm) = Gji1 — ZQ;,S/)\S

Fji = F(t5, tji1)

15i(-) = 13i(Njir1s -5 Ajm) = Amax(M;Gjic1 (Njiga, - -

Mj; = Fjiy1Nj;

m
Fji(z Njis s Agm) = 1125 = Fiizll i1 o,y T D AdsViss =1,

s=1
In each j-th step we need the following functions
— ||* , 2
Jjm(2) = Hl‘j - Fﬂmr12|’(;jfwll+1
Jii—1(2) *=min ma xj; — Fj 2020+ Tz
Ji 1(2) 2, Zﬂezﬁﬁji)(!l Ji Jm+1 ngil J”L( JZ))
T=m,...,1
and let us also introduce the following functions
Ljm(2) = Jjm(2)
Pjm(2) = Jjm(2)

Iji—1(2) == min min
Aijij /\jm—IZij—l(')

(7.15a)

(7.15b)

(7.15¢)

(7.15d)

(7.15¢)
Ajm) Mj;)
(7.15f)
(7.15g)

,m. (7.15h)

(7.16)

min min max (Hxﬂ - FjiZHQGil + fiit1(Zjis Njig1s - - - )\jm)>
Ji

Ajiv12pgiv1 () Tii zji€Z5i(xji)

With Lemma 6.9 we can equivalently write

Iji—1(z) := min min ... min )sz-(z, Njiy o -

AjmZtim Njm—1>pim—1(:) Xji> i (-
P;;_1(z) :==min max xii — Fizl|2on + Li(zi
() immin o (o= Bl + 1)

t=m,..., L.
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And we can formulate the following lemma

Lemma 7.2. The following inequality holds:

Jji(2) < Pji(2) < Iji(2), i =0,...,m. (7.20)

Proof. As it is constructed it holds that
Jjm(2) = Pjm(2) = Ljm(2)
and
Jim-1(2) = Pjm-1(2) = Ljm-1(2).

Therefore the inequalities (7.20) hold for i = m, m — 1. We assume that for some
i <m — 1 the inequalities (7.20) hold. We want to show

Jji—1 < Pjio1 < Ijia. (7.21)
With (7.16) and (7.18) it follows that the inequality J;;(2) < I;;i(2) implies the inequality

Jji-1(2) < Pji—1(2). (7.22)
With the general min-max inequality

. < mi
Iynea}zcolgrgv% fly,w) < uI;IéIVI& glea}ii fly,w)

where Y and W do not depend on w and y, respectively, and with (7.17) it holds that

Iji—1(2)
. 2 . .
> max min <”sz — Fjiz”G_l + min .. min Fiit1(Zjis Njit1s - )\jm)>
Tji zj€2Z54(x5) ji Gmtim A1 > it (-

— max min xii — Fizl|>on + Lii(24
Tji zji€2Z5i(Tj <|| 7 7 HGjil il JZ))

= Pji_1(2).

With the last inequality and with inequality (7.22) we can deduce inequality (7.21) and
therefore the lemma is proven. O

With ¢ = 0 it holds that
Jio(zj0) < Ljo(zj0)
where

Lio(zi0) = min min ... min 1(250) Adly e v vy A 7.23
50(250) AjmZHim Njm—12Mjm—q()  Aj1>pj1(0) Jin(zj0 A im) ( )

and with fj1(z, A\j1,..., A\jm) and pji(-), @ = 1,...,m being defined in (7.15). This
means, that we can use the optimal value of the problem (7.23) as an approximation
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for the optimal value of the cost functional of the original problem. Therefore, we can
rewrite problem (7.23) as

Ij()(ZjO) = min fjl(zj07 >\j17 NN )\]m)
Agi (7.24)
s.t. )‘ji Z,Ll,ji()\jiJrl,...,)\jm), izl,...,m

We assume that we have found an optimal solution )\9 = ()\?1, cee Agm)T of problem 7.24

for a given zjp and we will now construct the policy m;(7;).
By 27 we denote x?m _H()\?, zj) and by x?i()\g, zj) we denote the solution of the problem

Wji—l = Z )\?S'Ujs
s=i+1 (7.25)

: R 2 Rzl
+ Hxljlzn (ijz jiZj HGjil + ZjiEmZi)({zji) ij ”'HZ]Z‘|G¢+11(/\?¢+1»~~-7>‘?m)>

For the interval 7; we define the control law by

wji(ty; zji-1) = (05 (A], 2ji1) — Frizjio1)T G Fy(tyi, )b

7.26
ti €T, zici€R", i=1,...,m+1 ( )

The control policy, which is composed of control laws (7.26) is denoted by 7;(7;). Let
us note that the solution )\? of problem (7.24) depends on the data (zjo,},ti,i =
0,...,m + 1) of the initial problem and therefore it would be correct to write )\? =
)\?(Zjo,:tj,tji,i = O, e, M+ 1) and also 7Tj(73) = Wj(E(Zjo,x;,tji,i = 0, e, m+ 1))

Theorem 7.3. For a given initial state z;(0) = zjo, the constructed policy 7;(T;) guar-
antees for all admissible w(-) € W that

e the terminal state of the actual system remains in the d,-neighborhood of the ter-
minal state .CE; at the time t = t;f.

e the value of the cost functional at the realized control does not exceed the number
Tjo(zj0) = Wjo(2jo)-

For the policy 7;(T;) the estimate Wjo(zj0) is exact.

Proof. We assume 7 = 1 and we let zj;_1 be an actual system at the time moment
t =tj;—1. We consider the problem Wj;_1(2;;—1) (cf. (7.25)). With the solution a:?i =
x?i()\o, zji—1) of the problem Wj;_1(zji—1) we can construct the control law w;(+; zj,—1) at
the interval 7; as in (7.26). The corresponding cost functional for the control wj;(¢; zji—1)
at the interval 7; is then

[ it i)t = [0, 20) = Bz
= AWﬂ (Zji—l)-
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With (7.25) and Lemma 6.9 it holds that
Wii-1(2ji-1)

m
0 (0 2 n 2 0
> |75 (A7, 2i-1) — sz‘ij‘—l”Gj—il + ||} — Fji+12ji‘|é;1+1(>\?i+1,m’)\?m) + ZH AjsUjs
S=1

m
>AWji(zji-1) + Z /\95%
s=i+2

+  min (H:L’;k - Fji.’.lzj‘iuéiil()\ + )\ji+1vji+1>
Ji

y 0 0
)‘ji-HZM?H—l 51 A 4200 Agm)

=AW;i(zji—1) + Wii(25i)
(7.27)

for all Zji € Zﬂ(xgl()\?, Zjifl))-

The control law (7.26) drives the nominal system from the position (¢j;—1,2;;—1) into
the position (tji,a:?i()\g,zji_l)). Therefore we know that the actual system (7.1) is at
some state zj; € Zji(x?i()\?,zji_l)) at the time moment ¢ = ¢;;. That means that the
inequality (7.27) holds for any state z;; of the actual system (7.1) which is generated by
the control w;;(t; zji—1) at any admissible disturbance w(t), t € 7;.

We repeat this procedure recursively for the arguments ¢ = 2,...,m. We get the result
that for any admissible disturbance w(-) € W the inequalities (7.27) hold at all stages

i=1,...,m+ 1. Therefore, for all w(-) € W it holds that

Zime1 = 2(t5 (A, w () € Zjma1 (@541 (A, 2jm)
= Zjm+1(75)
and
m—+1
> AWji(zji-1) < Wio(zj0)-
i=1
Also, the following equality holds
m—+1
max AW;i(zji—1) = Wio(z40)
ZjiEZji(xgi()\?,Zjifl)L i=1,....m ; Jr J J

which can be rewritten as

J(mi(T;)) = Wjo(zj0)-

Hence, the estimate Wy (2jo) of the cost functional is exact for the control policy m;(7j).
This means that there is an admissible disturbance w(-) € W such that under the policy
7j(7;) the cost functional at the resulting control has the value Wj(2;o). O

We will now construct the solution of the subsidiary problem (7.25). From Lemma 7.2
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it follows that we need to compute a solution )\;‘fi = fji()\?, zji—1) of the problem

n 2
min ||z — Fjizji-1]|% 0 0
)\Jzziu‘ﬂ ! 7 G (’\J“)‘m—l’ - Ajm)

+ )\jivji- (728)

This problem is a convex one-dimensional optimization problem at the subspace \j; >
,u?i. We can construct the solution by the following rule: If it holds that

NTFT 0 10 0 a 2 012
| ]ZE]Z+1 (Mji» )‘ji—l-l? cees Ajm)(x; — Fjizji-1)|” < (sz‘) Uji
then
(MY, zjio1) = p;
else sz’()\g, Zji—1) = &ji > ,u?i is a unique root of the following equation
T —1 0 0 - 2 2
N Gt (i Ay - Ad) (&5 = Fjizgioa)|I” — (&50)vj6 = 0.

With the solution fji(Ag-), zji—1) of the problem (7.28) we can construct a solution
l‘?i(kg,zﬁ,l) of problem (7.25) as

RN, Zjic1) o= Fly 1 GL(&i(A), 2jic1), Ay, - AD) (@ — Flizjica)
25\, zjio1) = Fjizjio1 + Git(A], 2j-1)
Using this the control law (7.26) can be written as
wjits zjio1) = (5 = Fjizjio1) TG (&GO 27im1), i1y - ) F (8, 17)b

with t; € 7j, i = 1,...,m. With these rules we can construct the control of the actual
system (7.1) as follows for the first two time intervals:

1. Determine the policy
m1(2(0), 27, t15,0=0,...,m+1)

by constructing the control laws as in e.g. (7.26) using the information about the
current state zp = z(0) of the actual system.

2. Use the control laws of the policy to control the actual system (7.1) at the interval

Ti.

3. At the moment ¢ = 71 the actual system is driven to some state z(71) satisfying
I2(m) — 2713 < ot

4. Use the policy w2 (2(11), 3, t2i,7 = 0,...,m + 1) with the state z(71) of the actual
system at the moment ¢ = 71 and a given vector z5 to control the system at the
interval 7Ts.

We repeat this strategy for the rest of the time intervals. Altogether the policy

W(T):(Trj(ﬁ)? ]Zlva)
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is then constructed by the control policies
mi(T;) = (uji(:; Zjim1),i=1,...,m + 1)

for each interval Tj; = [tji—1,t5], j=1,...,N, i =1,...,m+1. And the control policies
7j(7;) consist of the control laws

wji(+s 2ji-1) = (uji(t; 2ji-1), t € Tji
Zji—1 eR™ i=1,....m+1, j=1,...,N.

With these information we have shown that there exists a control policy (7)) for con-
trolling the system (7.1).

Theorem 7.4. (Existence of the control policy 7(T))
For a given initial state z(0) = zy the constructed policy w(T) guarantees for all admis-

sible w(-) € W that

e the terminal state of the actual system remains in the d,-neighborhood of the ter-
minal state x, at the time t = 7.

e the value of the cost functional at the realized control does not exceed the number

Io(20) = Wo(20)-
For the policy w(T) the estimate Wy(zo) of the cost functional is exact.

Remark 7.5. The value of the cost functional at each interval T; is equal to 3; for the
described strategy:

ﬁj :zeén(zl}*{ )IO (z,x;f,tji,i:O,...,m—kl)
J

o1
with

Zix)={2€R":If €R" 2 =2+ Nj_ 11 f, fL f <Vj—1mi1}
and

Io(Z,I';,tji,i:O,...,m—Fl)

is the optimal value in problem 7.24.

We can also use this strategy for the case that the constraint satisfies a given accuracy
0 at the moments 7; := jAT, A7 >0, j = 1,2,... over the infinite horizon. The value
of the cost functional

/ u?(t)dt

7

with 7; = [7j_1,7;] is then guaranteed to be smaller than some number f; that is
computed before.

Algorithm 7.6. (Determination of control laws of an approximative policy 7(7))

FORj=1,...,N
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GIVEN Initial state zjo = 2(t;o)
COMPUTE the matrices Fj;, Fji, Gjl‘, G*ji, Q*ji7 Nj; fori=1,....m+1

FORMULATE and SOLVE (offline) the problem

Ljo(zj0) = min fi(zjo, A1, - Ajm)
7 (7.29)
s.t. )\jz’ Z Uji()\ji+17 ceny )\jm), 1= 1, oo,
SOLUTION of problem (7.29): XY = (XY}, ..., A )T

FORi=1,....,m

GIVEN Zjifl

COMPUTE Gj;(\%, ..., A%,) = Gujio1 — ZQ*JS//\JS

71 > Im
COMPUTE ()Y, zji—1) using Algorithm 6.22 with
Sty Xig1s - Am) = Gya(A, . A0), A = A% and py =

DETERMINE the control law
wii(tys zjio1) = (@ = Fjizji1) TG (&N, 2im1), Ay, AL F (8], 85)b
END
DENOTE the control policy composed of the control laws by 7;(7;)
END

DENOTE the control policy composed of the control policies 7;(7;) by 7(T)

Remark 7.7. Given the solution f()\?,zﬂ_l) we can restore the solution of problem
(7.29) by

W3S, 2ji-1) = Fji 1G5t (&5 2gi-1), Ay -, Aj) (@ — Fizjio1)
xji()‘j? zji-1) = Fjizji1 + Gji\IJ?i()\?, Zji—1)-

7.2 Alternative Approach to Guaranteed Control for Systems
with State Constraints

Another possibility to solve such problems is the following approach. We assume to have
the same actual dynamic system (7.1) with the time interval T' = [0, ¢,,+1] and the given
disturbance (7.3) as before. The optimal control law at the interval Ty, 411 = [tm, tm+t1]
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is given by
u(t) = (€1 — Fmi12m) Gl F(tmy1, )b, t € T (7.30)
and the cost functional at the control (7.30) gets the value
Tm(2m) = @11 = Fms1zmligs (7.31)

Consider the moment t,,_1 and assume that the system is at the position z,,_1 at
t = t;n_1. The control that drives us from the position z,_1 at t = t¢,,_1 to some
position z,, at t = t,, is

u(t; Zm—1, Tm) = (Tm — Fpzm—1)T G L E (t, )b (7.32)

and the corresponding cost function can be written as

I (2(53 2m—1,2m)) = ||Tm — mszlué;g-
The actual state at this moment is z,, € Z,,(z,,) with
Zm(zm) ={z e R"|||z — :cm||27_n1 < U}
Any state z,, € Z,(zy,) should additionally satisfy
| 2m — ‘Ty*an'm < m
where S, and 4, are given. That is why x,, should satisfy
Tm € B = {zll|lz — a7, |13, < o}

where 6, is such that

|zm — x;an%m < O, forall z,, € Zp ().
If z,,—1 is the state of the actual system at the time ¢ = t,,_1 and if the control laws
(7.30) and (7.32) are used at the intervals 7,11 and T,,, respectively then the sum of
the last terms in the cost functional is equal to

I (u(s; 2m—1,2m)) + max  Jy(zm). (7.33)

ZmEZm(mm)

Clearly, for the position z,,—1 at t,,—1 the control law (7.32) is optimal if the state z,
minimizes the functional (7.33), that is

tont = iy (o= Bl + o= Bty )
(7.34)

We assume that 29, = 20 (2,,_1) solves the problem (7.34). Then, by taking into account

(7.32) we can conclude that the control law u2 (¢;2), t € T, from the optimal policy
7(T) is given by

ul, (t; 2) = (22,(2) — Frnz) G E (t, t)b, t € Ty (7.35)
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If we use the optimal control laws (7.35) and (7.30) at the intervals T}, and Tp,41,
respectively under the assumption, that the state of the actual system at ¢t = ¢,,_1 is
Zm—1, we get the result that the cost function takes the value Jy,—1(zm—1), cf. (7.34).
Analogously, we suppose that z;_; is the state of the actual system (7.1) at the time
moment ¢;_1 then the cost functional is equal to

Ji_l(zi_l) = xrzréléll (’Z’Z — Fizi—lHé;l + ZlénZ?();l) Jl(Zz)> (7.36)

where B; = {z|||z — x}|| < §;} where §; is chosen such that
|2 — 2} |3, < 6 for all 2; € Zi(x;),
if we use the optimal laws
w(t;zs 1), t €Ty, 2e1 €R™, s=i4+1,...,m+1 (7.37)
and the control
u(t; zi—1, ;) = (m; — Fizi,l)TGglF(ti,t)b, teT,.

We assume that 20 = 2¥(z;,_1) solves the problem (7.36). Then the optimal law

%

ud(t;2), t € T; from the optimal policy 7(7) is given by
ui(t; 2) = (22(2) — F;2)T G F (4, t)b, t € T, (7.38)

We apply the previous idea successively for i = m,...,1. As a result we obtain the
min-max cost functional (7.5) as

P i (7)) = o) = iy (llor = Fially s +_max AGe). (729)

z1€Z1(x1

where By = {z|[|[x—z%|| < 61}. We calculate the optimal control policy 7(7") using (7.38).
The states 29(2;_1), i =m,...,1 in (7.38) solves problem (7.36) for i = m,..., 1.
We can rewrite problem (7.36) as the following (m — i)-level min-max problem

Ji—1(zi—1) = min max ... min max  P(xs, 25, S=14,...,m) (7.40)
2, €B; 2, €Z;(x;) TmE€Bm 2m € Zm (xm)
with
m—+1
. 2
O(xg, 25, s =1,...,m) = E |zs — Fszs_ll\G;l
s=1
_ *
Tm+1 = Ty
and the decision variables zs € R”, z, € R™, s = 1,...,m. This multi-level problem

consists of nested min-max optimization problems.
Let us consider the following problem

. 2 2
Tem)= min  max (lam ~ Fnenallys + a5 = Fniznlf ) (741
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where

By = {zlz = a7, 15, < om}

m

o (Tm) = {2]||z — me2 1 < U}
and let us introduce the following variable transformation and notations

p=Fnt1(®m — Frnzm—1)
Tm = FT;}Hp + Fozm—1
§=—Tp1 T Fnt12m
m = Pl (€ + ), 10)
G = (Fm+1Gvaz;ﬂ)71
D= G;z1+1
Q= Fn1QmFh
d=xp1 — Fni1Fnzm—1
6 =0m, V="
S = (Fnj;+1)_15mF7;J1r1
a=—Fni1Fnzm—1+ Foiix,, = —Fnp1(Fnzm—1 — ).
With these transformations and notations we can rewrite problem (7.41) as
n%in pIGp + mfax ' De
st (d+&=p)'Q Nd+&—p)<w (7.42)
(p—a)'S(p—a)<é.

And with the introduction of one more variable transformation

Q = AAT7 Yy = Ailgv ¢ = Ail(p - d)
G=ATGA, D=ATDA, r=A"Y(d—a)
a=A"'la, S=A"T54

we can rewrite problem (7.42) and hence problem (7.41) as
m(gn (¢ +a)'G(¢p+a)+ max yI'Dy

st (r+y—0) (r+y—¢) <wv (7.43)
¢"Sp < 6.

Here G, D, S € R™"™ gsymmetric positive definite, a, r € R", v, § € R are given
matrices, vectors and scalars. We make use of Theorem 5.30. Then problem (7.43) is
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equivalent to the following problem
-1

T I
m/\inmgx (7' +(G+as)™! ga> (D_l DY + (G + OéS)_l> (r+ (G + aS)"'Ga)

—(Ga)T(G+ aS)1Ga+ I —ad
st. a >0, > Apax(D)

(7.44)
in the sense that if & and A solve problem (7.44), then
H _1
p(\, ) = (G +aS)! (D—l -2 tG+ aS)—1> (r+ (G +aS)'Ga) — (G +aS)'Ga
solves problem (7.43). For the solution of (7.44) we get
- Frn1QmF]
R (CAREC 0 ( (Fh) G (Fms = ) + (G — P01 et

-1
+ Fm+1(G;¢1 + aSm)_1F£+1> (-T:n-f-l - Fm+133:z - FmH(Gr_nl + aSm)_lGr_nl(szmfl - x;kn)) > .
(7.45)
Using (7.45) we get

Lemma 7.8. The original problem (7.41) is equivalent to

m/\in max Hl":ﬁ-l — Fony1 (25, — (G + aSm) G (Frnzm—1 — ) Hé—l()\,a)

G (Fnzmt = 221 g, 11 & AVm = a0
st A > Amax(NLFE Gl B Ni)
a>0

— T
where Qm = NuNZ and G(\, ) = Gy g — 229 fmis 4 g (Gl 4+ aS,,) T FT

We want to investigate approximative policies. For simplicity of notations and better
readability we assume that @ = 0. Then the problem of Lemma 7.8 reads as

m}%n max [ Fm+1x;§1]%,1(>\’a) + Ao, — by,

.60 A > Amax(NLFE Gl Froi Niy)
a>0

Altogether we formulate recursively the following problem for the original control policy
Tn(2) = i1 = Frosr2ls
Jm—1(2) = min ma; (a:—FzQ,—i—J z)
m—1(2) 2B zmeZm)((xm) | m HGml m(2)

Ji_l(z) - xrzrélgl zlénz?éz) (sz B FizHQGZII + JZ(ZZ))
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Jo(z) = min max ... min max D(z,21,21,...,Tm, 2 7.46
(2) ©1€B1 21€Z1(x1)  TmE€Bm 2m€Zm (Tm) (2,120, Tm, Zm) (7.46)

where

m—+1
O(z,21, 21, Ty 2m) = Y @ — Frzica ]|}
K
=1

* . J—
Tm+1 = $m+1a 20 — <.

As in Chapter 6 we cannot solve this problem analytically. This yields to high com-
putational costs and hence we will now introduce approximative control policies. To
construct these policies we formulate the problems Iy, Vy, W and W* similar to Chap-
ter 6.

Problem I
Define for i =m,...,0:

In(2) = Tn(2) = 241 = Fro12ls

_ : _ 2 * o 2
Ij—1(2) = min Zmergi)((zm) (me sz”G;ﬁ + ||t Fm+1ZHG,;1+1) (7.47)
Ip(z) = min m ( — Fozll2 1 + |20 — F . ) 7.48
0(2) xelgzeéa();) Hx OzHgol ”xm+1 m+1z||Gm1+1 ( )

With Lemma 7.8 we can rewrite problem (7.48) as

N : * 2
I—1(z) = min max |1 — Fmgs1Em Z”G;Ll(km am)
A Amax(NEFT G2l | Fony1 Npn) 02 i :
Fm

= minma 2, A, O
N aZ(%(fm( y Amyy m)a

where f,(2z, Am, @) is constructed as follows. We define the matrices

Gm+1 = Gerl

~ Frny1QmF

G Ay o) = Gng1 — - + Fr1 (Gl + amS) EL

Using the Sherman-Morrison formula we can rewrite
(Gt + amSm) ™ = Gy — @G (St + amGr) ™ G
and then we define

Gm+1 + Fm+1GmF£+1

tmt1 tm

- /(F(tm+1,t)b)(F(tm+1,t)b)Tdt—|—F(tm+1,tm) /(F(tm,t)b)(F(tm,t)b)Tdt FT(tmi1,tm)
tm tm—1
tm+1

_ / (F(tmsr, 00) (F(bms 1, £)b)Tdt

- G*m—l-
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Analogously we can write for Q,,

tm
FrosrQmEL ) = F(ts, tm) / Fltn, g (F (b 1)g) Tt F (b, 1)

tm—1

tm

- / F(te, 0)g(F(ta, )g) T dt

= Q*m

Hence we can rewrite Gy, (A, i) as

ém()\ma am) = Gim—1 — Ci*m - amFerle(Sn_—Ll + ame)_leng;_H

For the simplicity of notation we denote H,, = Hp(aum) := Gu(Syt + amGm) G
With

Ay = _m+1N

Mm = )\max(AT Gm+1A )

we get
Fin(2: Ay @) = 500 = FnG 1 a, + Am? = amd.
To find an expression for I;_1(z) we successively compute

I,_2(2) = min ma min ma Tt — Fon12||%— Zim—1, Am, O
" 2( ) AmZHmamZ)%zm—leBm—l melesz)l((ﬁmfl)” m-l m—l HGmlfl +fm( m—L Am; m>

= min max ()\mv — o0
Am > pom am >0

. R a2 x 2 )
+:cm—r1rggm71 zm_legi)f(xm_l) ||:Bm 1 m 12||Gm1_1 T ||l‘m+1 mZm 1||Gm1(/\m,04m)

= min max ()\mvm — O,
Am > pm am >0

2
+ min max ||33m+1 melszlHé—l LA + Am—1Vm-1 — am716m71>a

Am 12 Um—1 Am—1>0 m71704m717>\m704m)

where

HUm—1 = ,Umfl()\my am) = )\max( NT Frjy; Gm ()\ma am) Fyz;Nmfl )
Az—’ ~—

AL Am-1
Q m
~ *S T
Gmfl()\mflyamfla Am, am) = Gum—2 — Z Z s+1H as)Fs-i-l
s=m—1 s=m—1

m m
n 2
fm—l(z; Am—l; am—lv Am? (Xm) - Hx;kn“l‘l B Fm_leé;nl_l()‘m—l,am—h)\m,am) + Z )\S’US o Z 04555.
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Analogously we can write

I;_1(2) = min max... min max min max
Am > pm om >0 Ait12pit1 Qi+1 20 2,€B; z,€Z;(x;) (7 50)
<||xz - Fiz”éfl + fi+1(zi7 >"i+1a CIRIEINS >\ma (075 I ,Oém)) .
1
Problem V°

Problem V7 is formulated as
Vo Z F. _ 51
(o) = min 2% s — Fuzooals (7.51)

i=1,....m i=1,. s=1

To apply Lemma 7.8 to problem (7.51) we rewrite the problem in the following form

Tm€Bm T2€DB2 29€7Z2(x2) 2m € Zm (Tm,)

m+2
V%)= min ... min (Sl(azz)—i- max ... max Z i — Fizi— 1’0‘)
(7.52)

with

Si(r2) = min max

— Fizo||? - — Bz 7.53
z1€B1 z1€Z1 (21) 21 1ZDHGl 1l 221”G2 ! ( )

If we now apply Lemma 7.8 (where a = 0) we get

Sl(l‘g) = )\I1n>12 g}ax HQS‘Q — F2a1||G Lag,a1) + Avp — a101

where

fit = Amax(N{ FY G5 ' FaN1), a1 = Fizg

Q1 Ff

Go(M, 1) = Go — N

+ Fg(Gl_l + Oélsl)ilFQT
2

= G(tg,to) - ?11 - OélFQHl(Oél)FQT.

Hence, if we now substitute problem (7.53) into problem (7.52) we get

V%= min max min ... min Sa(xs, A1, 1) + A\v1 — a1y (7.54)
A>p1 o120 xm E€Bm r3€B3

23€Z5 (x3) 2m€Zm (Tm) “

m+1
+ max ... max Z |z — Fizi— 1HG_ ) (7.55)

with

Sa(x3,A1,1) = min  max ng—FgalHG

T2E€ DBy ZzGZg(wg )\1 al

) + 1z = Faza |,
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Applying Lemma 7.8 to the latter problems yields

Sa(z3, A\1,1) = min max ||zg — F3a2||G + Aavs — 99, (7.56)

A2>fig ae>0 LA A2,a1,02)
where

fi2 = Amax(Ng F§ G5 F3No), as = Faay

A1 FQaFf ~ 1
G537 (M, A2, a1, a9) :Gg—TJrF(G YA, 1) + anSe) TR
3 3
G(tg,to) i\gl a1F2H1F2 - % - 042F3H2F:;T.

If we now substitute (7.56) into (7.54) and perform recursively m —1 times the described
application of Lemma 7.8 we get the following formulation of V°

V% = min max min max... min max f(Ai,..., Ap,Q1, ... Q)
A12pn 0120 A2 >fio a2>0 Am 2 fim am >0
with
m m
*
FOd, oo A, ar, ey ap) = ||wm+1 — Fm+1amHG_+l()\1, S VP —l— E Ajv; — E @;0;

Am = F(tmptO)ZO’

Gerl()‘lv . -,)‘m,al’ s 7am) = G(t*,to)

§ a; Fip1 Hi F, z+1

This means, that we transformed the two-level min-max problem (7.51) in the variables

—_

1=

x; € R", ¢ =1,...,m at the upper level and z; € R",i = 1,...,m in the lower level to
the min-max problem in the m variables A = (\1,..., A\n)? and
a=(a1,...,a,)". We can write this problem as
V0= A 7.57
r)\n>12 rggx f(\ @) (7.57)

with f(A, ) = dTGml_H()\, a)d + vT'\ — 6T, the vectors i = (fi1,...,fim), v =
(1, om)T
§=(01,...,6m)7, d= d(z0, %), 1) = Ty, 1 — F(ts, to) 20 being given.

)

Problem W°
Let us consider the following problem
WY = minmax f(\, )
A a

s.t. )\i > ,u,'()\iﬂ, ey )\m,ai+1, ce ,am), 1= 1, B (758)
a>0.
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To analyze this problem we need the following reformulations

m—1
J°= min max ... min max Z ||z — Fizi,lHé,l + Pr—1(zm-1)
z1€B1 z1€Z1 (21) Tm—1€Bm-12m-1€Zm—1(Tm—1) i1 i
(7.59)
where
P_1(zm—1) = min ma (a:— m-1ll?1 + |zt — F, 22,).

m 1( m 1) TmE€Bm ZmEZm)((CEm) H " mem 1||Gml || m+l ml m”Gmi—l

Using Lemma 7.8 we can write
_ . * n 2
Pr—1(zm—1) = Aflzlﬁm rggéc (Hx — szm_lHG&l(Am’am) 4+ AUy, — am5m> (7.60)

where G (Am, @m) = G = G(Am, am) If we now substitute (7.60) into (7.59)we get
an expression for .J

m—2
J'= min max ... min max E l|xi — Fizi_lHé,l + Pr—2(zm—2) |,
r1€B, Z1€Z1(QE1) Tm—2€Bm—2 Zm72€Zm72(1'm72) i=1 @
(7.61)
where
Pr—2(zm—2) :=  min max min max
Tm-1€Bm_1 Zm71€Zm71(-Tm71) Am 2> pm am >0
2 * n 2
(mefl - melzm72HG;L171 + ||33m+1 - FmZm*lHé,_nl()\,a) + A Um — am6m>
With Lemma 7.8 we can conclude that
Pr—2(zm—2) < Ljp—2(2m—2) := min max  min max
Amzﬂm am>0 T 1€EBm_1 Zm—1 Ezm—l(wmfl)
|Zm-1 — F—1zm—2||%1 + 251 — Fmzm—1]|%- + A Um — amd
m— m— m— G;_l m+1 m~m— G;L ()\,Oé) mvYm mYym
= I;m—2(2m—2) (7.62)

= min max min max
Am > pm am >0 Am712um—1(>\m) am—120

m m
(Hw:sm—Fmwm2\|éml_1@m_mm,am_l,am>+ PDREED'S 6) (7.63

s=m—1 s=m—1
where fi,,—1 and G,,_1 are defined in (7.49). Using (7.61) and (7.63) we get

JY< min max ... min max

r1€DB, z1€Z1(x1) Tm—-3€EBm—3 Zm—3€Zm_3(CCm_3

m—3 (764)
> lwi = FiziaallZ-1 + Po3(2m-s3)

=1

where

Pp_3(2m—3) :=  min max min max min max
Tm—2€EBm—_2 Zm_QEZm_Q(ﬁm_Q) Am > pm om0 Ay —q zﬂm—l(') am—1>0
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2 * n _
(rxm-2 Fn-azmalsor + [1 = Fotzim-alla,t s dmson v
m m
+ E AsUg — g a0 |-
s=m—1 s=m—1
If we again use Lemma 7.8 we obtain

Pr—3(zm-3) < Ln—3(2m—3) := min max min max min max
/\mZMm am Am—lZ,Uf'm—l(‘) Am—1 )\m—QZ,U/m—Q(‘) am—220

m m
% —
me+1 o Fm_22m_3HG:nl_g()\m—Qv)‘m—ly/\m:am—Qzam—l704771) + Z )\SUS B Z as(ss :

s=m—2 s=m—2

7.65)

By substituting (7.65) into (7.64) and continuing the described operations recursively
we get the inequality

J% < Py(20)
with

Py(z0) = min max  min max ... min max
Am 2 phm @m0 A —1 2 ftm—1 Qm—1>0 AIZMI(') a1>0

m m
. _
me+l - FlzoHG;1(Al,...,)\m,al,...,am) + 2 :)‘Svs o Z ass | -
s=1 s=1

This means that the optimal value of the cost functional in problem (7.66) may be taken
as an approximation for the optimal value of the cost function in the original problem
(7.46). By analyzing the relations (7.49) we can easily verify that

(7.66)

m m
17501 = P12l 3y ) T D2 Aot = Dl = F )

s=1 s=1
where f()\, ) is defined as in (7.57). Therefore we can rewrite problem (7.66) as WY
(7.58).
Problem W*

Problem W* is formulated as

W* := min max f(\, «
AER™ >0 FA @)

st A > p, (7.67)

CKZ‘ZO, i=1,...,m.
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where

,U,:n = Um = AmaX(Az;;GerlAm)
Wi = Mi(,u;kH, ey iy 0,0..,0) = )\maX(A?G;ll(uf_H, ey, 00000 ) Ay
Gmt+1 = G+ (7.68)

Gi()\i"“’)\m’()?""()):Giflfz%.

Following the rules of Section 6.4 we can now construct the different approximative
control policies based on the solution of the problems presented in this section.

For example we can formulate the following algorithm for the approximative control
policy m(A?, a?).

Algorithm 7.9. (Determination of control laws of approximative policy 7(\?, a?))
GIVEN Initial state zp = z(¢o)
COMPUTE the matrices F}, Fj, Gy, Gy, Qui, Njfori=1,...,m+1

FORMULATE and SOLVE (offline) the problem

min max f(zp, A, @)

AER™ aeR™
st A > pi(Nigts o Ams Qg1 -, Qi) (7.69)
a>0,1=1,...,m
SOLUTION of problem (7.69): A% = (A},..., AT a® = (a¥,...,a0)7
FORi=1,...,m
GIVEN z;_1
SOLVE problem
jin max a5y = Fizicallan a0, iy, ety T A0 = @b (7.70)

SOLUTION of problem (7.70): \Y, of
DETERMINE the control law
wit; zi1) = (2 — Fyzio1) TGN, Mg, A0, a al el ) F (L, )b
END

DENOTE the control policy composed of the control laws by 7(\?, a?)

Remark 7.10. The solution of problem (7.70) can be computed using Algorithm 5.31.
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7.3 Bounded Control

As we stated at the beginning of this chapter, we can also generalize the strategies from
Section 6.4 for problems with additional constraints on the control. For this we now
assume the following problem

( w

Construct a control policy
= (ui(;2zi—1), t=1,...,m+1)
consisting of control laws
wi(s;zi—1) = (ui(t; zi—1),t €T;), zi1 €R™ i=1,....m+1

for each interval T;, ¢ = 1,...m+1, such that for any admissible disturbance w(-)
the trajectory

2(t) = z(t;mw()), teT
of the system
2(t) = Az(t) + bui(t; 2(tic1)) +gw(t), t€T;, i=1,...,m+1, 2(0) = 2o
and the control laws satisfy
/uf(t;z(ti_l;w,w(-)))dt T .
T;

and the cost functional

m+1

J(r) = max ¥ (z(tmw() — )" Di(z(ti; m,w() — )
w(-)EW im1

takes the minimal value
min J ()
s

with given matrices D;, given vectors x; € R"™ and given numbers r; € R, i =
1,...,m+1.

\

The policies and problems J°, Iy, Py, V°, W9 and W* can be formulated in a similar
way as in Section 7.2 with the difference that B; is defined as

Bi(z) ={z € R": |z — F;z||,+ < i}
7.4 Disturbances Bounded in Norm

In this section we will consider another generalization. We will analyze a system in
which the disturbance is bounded in a norm. Before, we used the class of admissible
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disturbances (6.57). In the case of class (6.57) the number of correction points and their
values t;, i = 1,...,m are determined by the class (6.57). Now, we will construct a class
of admissible disturbances with which we are able to choose the number of correction
points arbitrarily. The set

W ={w() € Li(t) : |w(t)| < a, t €T} (7.71)
with « being a given number is a subset of the class of admissible disturbances (6.57)
with an arbitrary choice of moments ¢;, ¢« = 1,..., and the choice of numbers v; as
following

Ui:az(ti—ti_l), 1=1,....m+ 1.

With the choice of (7.71) as class of admissible disturbances we now have the possibility
to arbitrarily choose the correction points t;, ¢ = 1,...,m. The larger the number of
correction points, which means the smaller max(¢;y1 —t;), ¢ = 0,...,m, the better the
original class of admissible disturbances (6.57) approximates the set (7.71). Therefore
we can apply the results from the previous sections. From Kurzhanski and Varaiya [50]
we can deduce that for the reachability set

t;

X; =z e Rz = / Pt )gn(t)dt, |a()] < o

ti—1
there exists a matrix N; € R™*” and a number #; > 0 such that
X, C M; .= {ac eR":z = sz,fo < ?_)Z'}

and the ellipsoidal is minimal. The minimality of M; and constructive rules of computing
the matrix N; and 9; are described in Kurzhanski & Varaiya [50]. Hence, we may
choose arbitrary correction points t;, i = 1,...,m and compute the matrices N; and the
numbers v;, i = 1,...,m + 1 by the rules in [50]. Then, we use the strategies described
before in Chapter 6 where we change Z;(x), i =1,...m +1 (6.70) by

Zi(x) == {there exist fi;z=x+ Nifi, fLfi <@}, i=1,...m+ 1.
Let us show how the problem Iy(z) changes in this case. Consider the problem

: 2 * 2
min [m — szm—ln(;;ll + zmergi}(cxm) @41 — Fm-l—lZmHGmH (7.72)

where Z,, () = {2|2 = Tm + N fon, fEfm < Om} and Ny, € R™7 and let us introduce
the following variable transformation and notations

p=Fnt1(Tm — Fnzm+1)
Ty = Fn_l_al + FZm+1

§= _xv*nJrl + Fmt12m
m = Frig (€ + T

G= (Fm+1GmF£+1)*1

-1
D = Gm+1
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d= x:nJrl - Fm—f—lszm—l
6= 0m, V="
A=Fpni1Np, = fm-

With these notations we can rewrite problem (7.72) to the following bilevel optimization
problem

min p! Gp + max &7 DE
P &f
st.d+E—p—Af =0, fTf<w.
Let us first consider the lower level problem

max &1 DE
&f (7.73)
st.d+&E—p—Af =0, fIf <w.

Then we can formulate the following lemma

Lemma 7.11. The vectors §, f € R™ are optimal in problem (7.73) if and only if there
exists a number A > Amax such that A\, &, f satisfy

(~ATDA+ X f — ATD(p—d) =0
fff=w
d+&—p—Af=0

where Amax denotes the mazimal eigenvalue of the matriz ATDA.

~1
Denote p(A\) = G~* <D*1 +G - #) d. Similarly to Chapter 5 we can prove the

following lemmas.

Lemma 7.12. If p* = p(Amax) satisfies the condition

IGP* 5 ar < Aaxv

then p* is optimal in the bilevel optimization problem (7.72).

Lemma 7.13. If the vector p* satisfies ||Gp*||,2AAT > \2

2 axV then there exists a unique
number \* > Amax such that it holds that

IGPN) P ar = Adpax?

and the vector p(\*) solves the bilevel optimization problem (7.72).

The following theorem follows directly from Lemmas 7.12 and 7.13.

Theorem 7.14. Problem 7.72 is equivalent to the following optimization problem

AAT\ !
g(\) = min dr <D—1 +G71 - ) d+ v

A (7.74)

5.t A > Amax(ATDA)

143



Chapter 7. Generalizations

in the sense that if \° is optimal in problem (7.74) then

AATN !
p’=G"1 (D—1 +G -5 > d

is optimal in problem (7.72).
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8 Conclusion

In this thesis we considered optimal control problems of dynamic systems with unknown
but bounded uncertainties. For solving these problems the uncertainties had to be
taken into account and for this, usually two different approaches are suggested. On the
one hand feedback controls, where the nominal optimal control is updated as soon as
the actual state and parameter estimates are available and on the other hand robust
optimization, for example worst-case optimization, where it is searched for an optimal
solution that is good for all possible realizations of uncertain parameters. We were
interested in using a combination of feedback control and robust optimization.

Below, we will summarize the major contents of this thesis and give an outlook on future
work.

After a general introduction to the motivation and contributions of this thesis in Chapter
1, we started in Chapter 2 with an overview of convex and bilevel optimization problems.
We discussed the optimality conditions of convex optimization problems and presented
a summary of solution methods. In Section 2.2, we described different types of bilevel
optimization problems and also gave an overview of solution methods. In Chapter 3
we introduced the basic ideas of optimal control problems. For the continuous opti-
mal control problems we formulated Pontryagin’s Maximum Principle and showed the
application of it on linear-quadratic optimal control problems. We also shortly intro-
duced discrete optimal control problems and corresponding solution methods. In Section
3.5 we discussed robust optimization. We stated types of uncertainties and three dif-
ferent approaches to handle optimal control problems under uncertainties. Here, the
third approach, the closed-loop min-max optimal feedback control approach, was very
important, since this was the basic approach, we used throughout this thesis. We also
presented a literature overview of robust optimal control. These two chapters were the
basic preliminaries for the rest of the thesis.

In Chapter 4 we introduced the theory of Model Predictive Control. We also discussed
the concepts of Dynamic Programming and in this context we formulated Bellmann’s
Principle of Optimality. We compared both approaches and also presented them in
the case of uncertainties. In the case of uncertainties we also discussed the theory of
Feedback Model Predictive Control and the theory of tubes.

For describing approximative control policies for optimal control that are described in
Chapter 6 we needed special bilevel optimization problems. For this we introduced and
analyzed three different types of special bilevel optimization problems in Chapter 5. For
all three problems we formulated and proved the optimality conditions, presented an
explicit solution and showed how to construct the optimal solution of a certain feedback
linear quadratic optimal control problem using the solution of the bilevel optimization
problem. These bilevel problems can be solved explicitly and offline. We also presented
practical and efficient algorithms to solve these problems.
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In Chapter 6 we considered the closed-loop min-max optimal feedback control. As the
computation of such a control is rather difficult and slow and the costs are often too
expensive we suggested to solve this kind of problem successively by dividing the time
interval and computing the controls of these smaller time intervals at intermediate time
points. We started by discussing this strategy with one correction moment in more
detail. As application problem we used a linear quadratic optimal control problem with
an additive unknown but bounded uncertainty. We used the special bilevel programming
problems of Chapter 5 to rewrite this optimal control problem and formulated and
discussed a practical algorithm for solving it. We also presented closed-loop min-max
optimal feedback control with more than one correction points. We were able to show
that we can guarantee for all admissible disturbances that the terminal state lies in a
given prescribed neighborhood of a given state at the given final moment and that the
value of the cost functional does not exceed a given estimate. As the computational costs
of this algorithm are really high we formulated different approximative approaches which
are suboptimal but can be implemented online. We compared these different approaches
theoretically and in a numerical example.

In Chapter 7 we discussed three different generalizations of the approximative policies
that we presented in Chapter 6 using the newly introduced special bilevel optimization
problems of Chapter 5. The first generalization was a strategy in which we can control
dynamic systems with pointwise state constraints. For this generalization we derived two
different approaches. Afterwards we introduced a strategy for optimal control problems
with bounded controls and the last generalization was a strategy in which the distur-
bances was bounded in a norm. For these generalizations we analyzed the problems and
discussed corresponding algorithms.

In future work it is desirable to develop the approximative control policies that were
shown in this thesis for nonlinear systems and to include efficient methods for solving
the convex/saddle point problem and the problem with bounded control.
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